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HYPERBOLIC CONSERVATION LAWS ON MANIFOLDS: TOTAL
VARIATION ESTIMATES AND THE FINITE VOLUME METHOD*
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Abstract. This paper investigates some properties of entropy solutions of hyperbolic conserva-
tion laws on a Riemannian manifold. First, we generalize the Total Variation Diminishing (TVD)
property to manifolds, by deriving conditions on the flux of the conservation law and a given vector
field ensuring that the total variation of the solution along the integral curves of the vector field is
non-increasing in time. Our results are next specialized to the important case of a flow on the 2-
sphere, and examples of flux are discussed. Second, we establish the convergence of the finite volume
methods based on numerical flux-functions satisfying monotonicity properties. Our proof requires
detailed estimates on the entropy dissipation, and extends to general manifolds an earlier proof by
Cockburn, Coquel, and LeFloch in the Euclidian case.
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1. Introduction. In this paper, following [1], we investigate some properties
of entropy solutions to the Cauchy problem for hyperbolic conservation laws on a
manifold :

(1.1) Ou+Vy-flu,)=0, u=u(t,z) eR, t>0,ze M.

Here, M is a d-dimensional, smooth manifold endowed with a Riemannian metric
g and, for each constant @ € R, the map z — f(@,x) is a smooth vector field on
M, i.e. a section of the tangent bundle T'M. The well-posedness theory for the
hyperbolic conservation law was recently established in Ben-Artzi and LeFloch [1].
As in Kruzkov’s theory [5] which applies to conservation laws in the Euclidian setting
M =R?, one is interested in weak solutions of (1.1) in the sense of distributions that
are constrained by entropy inequalities. For instance, in the case that f is geometry
compatible [1], in the sense that

(1.2) Vy-f(@,-) =0 for every constant ,

the entropy inequalities read

(1.3) U (u) +Vg4-F(u,-) <0,

for every convex U : R — R, where the vector field z — F(@, ) is
O F (u,z) := 0,U(u) 0, f(u,z), weR, zeM.

Let us emphasize that the equation (1.1) is a geometric partial differential equa-
tion which naturally depends on the geometry of the manifold, only. In particular,
all estimates derived on solutions to (1.1) should take a form that is completely inde-
pendent of any particular system of local coordinates of M, although in practice, for
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the proofs it will often be convenient to introduce a particular chart to represent the
manifold. Throughout, the convention of implicit summation over repeated indices
will be used. In local coordinates = (27)1<j<q, we will use the short-hand notation
dj == 0/0x7. Recall that the divergence operator arising in (1.1) takes the form

Y, flult,z),z) = ﬁ 0;(v/19(@)] £ (ut, z), ).

where (g;;) are the coordinates of the metric tensor ¢g and |g| := det(g;;). Here,
f7(u,x) are, for every %, the coordinates of the vector field f(w,-) at the point z.

The present paper supplements the well-posedness results established in the com-
panion paper [1] and has two main objectives.

First, we investigate some properties of the total variation of solutions of (1.1) on
a manifold. Precisely, we generalize the Total Variation Diminishing (TVD) property
to manifolds, by deriving conditions on the flux f and a given vector field X ensuring
that the total variation of the solution along the integral curves of X is non-increasing
in time. Recall that TVD schemes for nonlinear hyperbolic problems play a central
role in scientific computation, for instance in gas dynamics. Our diminishing total
variation properties provide certain a priori estimates which, for instance, can be
tested numerically and may help in designing robust schemes that are consistent with
large-time asymptotics. Note that solutions of a conservation law on a manifold need
not have a total variation that is bounded uniformly in time. The geometric effets
may contribute to amplify the wave strengths, and the total variation of a solution
may blow-up in the large as t — co. We also investigate here in some detail the case
where the manifold is the sphere S? embedded in R3. Examples of flux (as vector
fields in R? tangent to the sphere) are discussed from both the intrinsic and embedded
standpoints.

Second, we consider the numerical approximation of the entropy solutions of (1.1)
and we establish the convergence of the finite volume scheme on manifolds when the
numerical flux-functions depend monotonically upon their arguments. Our result is an
extension to general manifolds of a theorem due to Cockburn, Coquel, and LeFloch [2]
(see also [3]) in the Euclidian case. While the convergence of the finite volume scheme
is easily established on a cartesian mesh, due to the invariance by translation of both
the equation and the mesh, the convergence proof for non-cartesian meshes is more
involved and, as was pointed out in [2], requires DiPerna’s concept of measure-valued
solutions [4]. To handle (1.1), we therefore rely on Ben-Artzi-LeFloch’s extension to
manifolds [1] of DiPerna’s theorem.

An outline of this paper is as follows. In Section 2, we derive conditions on the
flux and the vector field X ensuring that the function X (u) satisfies a conservation
law whenever u is a solution of (1.1). This leads us to a diminishing total variation
property for a class of flux and vector fields. In Section 3, we discuss the structure
and general properties of conservation laws on the sphere S2. In Section 4, we apply
the framework of Section 2 to the case of the sphere and derive total variation bounds.
Next, Sections 5 and 6 are devoted to the statement and to the proof of the convergence
of the finite volume scheme.

2. Total variation diminishing estimates on a general manifold. In the
present section, we derive conditions on the flux f of the conservation law (1.1) which
ensure that the total variation (at least along certain vector fields) of the entropy so-
lutions of (1.1) is non-increasing in time. We will first state the main results (Propo-
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sition 2.1 and Theorem 2.3) and then recall some elementary notions from differential
geometry, before giving the proofs of the results.

2.1. Statement of the estimate. Throughout, M is a smooth, d-dimensional,
Riemannian manifold (M, g), which has no boundary and need not be compact. The
following result provides us with a key identity on directional derivatives of solutions
of (1.1).

ProposITION 2.1. Let u : Ry x M — R be a smooth solution of the con-
servation law (1.1) on M where, f = f(u,-) is a (smooth) vector field depending
on the parameter w. Then, given any (smooth) vector field X on M the function
w:=X(u) : Ry x M — R satisfies the (linear) hyperbolic equation

(2.1) Orw + Vg-(w fu(u, )) = —g(Vgu, (Lx fu)(u, )) - X(Vy-flu,-),

where V, denotes the covariant derivative operator associated with g and (Lx fu)(u,-)
denotes the Lie bracket of the vectors fields X, fu, that is

Lx fu(U,) = [fu(@,-),X], ueR.

The first term in the right-hand side of (2.1) depends on the gradient of the
unknown function u while the second term depends on the function itself. Observe
that our formula is non-trivial even when M is the Euclidian space R%. In that case,
the equation (2.1) becomes

w4V - (wfy(u,x)) = =Vu- [X, fu](u,2) = X - V(V - ) (u,x),

where w = X - Vu. When the flux is independent of z it is obvious that for any
constant vector field the right-hand side of (2.1) vanishes and we can recover the
total variation diminishing property for scalar conservation laws in R

We denote by TV the total variation functional for functions defined on the
Riemannian manifold (M, g). We introduce here a generalization, which extends to
discontinuous functions the formula, valid for smooth u,

TVx(u) := /M | X (u(t, x))| dvg,

where dvg is the volume element on M.

DEFINITION 2.2. 1. To any function u and vector field X defined on the manifold
M one associates the quantity

TVx(u) == sup/ uVy- (¢ X)dvg,
¢ Jm

where the supremum is taken over all smooth functions ¢ : M — R satisfying ||¢||pe <
1. When TVx(u) < oo the function u is said to have bounded total variation
along X.

2. A flur f = f(u,-) on M is said to be geometry compatible [1] if

Vy-f(@, ) =0, u € R.
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It follows from Proposition 2.1 and the existence theory in [1] that :

THEOREM 2.3. (Total variation estimates.) Let u be an entropy solution of the
conservation law (1.1) on the manifold M where f is a smooth fluz.
1. The total variation of u along a vector field X satisfies

y  TVXOO)STVE@O)+ s [(Ex ), / TV (u(r)) dr

X (Vg ) ) Lo, x -
2. Hence, when f is divergence-free and the Lie bracket of f,, and X wvanishes,
Lxfu(@,-)=0, uER,

then the solution has bounded total variation along X for all times t > 0, if this
property holds at the time t = 0, and moreover,

At this juncture, it is important to recall from [1] that entropy solutions of (1.1)
have bounded variation (in the standard sense) at every time ¢, if this is true at the
time ¢ = 0. Actually, one has the general estimate

TV (u(t)) < e TV (u(0)) + Co,

where C,Cs depend on the metric g and on derivatives (up to second order) of the
flux f. In contrast, our result in Theorem 2.3 solely assumes that TVx («(0)) is finite
and concludes that TVx (u(t)) is finite for all times. The property (2.3) should be
useful when designing approximation schemes for (1.1), and it is natural to require
(2.3) to hold at every time-step of the discretization.

Let us now recall some basic notions and notations that will be used throughout
this paper. The differential of a function uw : M — R is the field of 1-forms defined by

du(X) := X (u),

for every vector field X. It is convenient to choose a basis of the tangent space
T,M at a point x € M together with its dual basis associated with the cotangent
space 1M, so that we can introduce coordinates for vectors and covectors relative to
these bases. As usual, to each vector (X*) € T,,M we associate its covector (g;; X*)
by lowering indices using the metric (implicit summation on repeated indices being
used). Denoting (¢%/) the components of the inverse matrix associated with (g;;),
then, to each covector (n;) € TxM we can also associate the vector (¢ n;).

Recall also that the gradient of a (smooth) function u : M — R is the vector field
V u associated with the field of differential forms du. The divergence of a (smooth)
vector field f on M is the function V- f : M — R defined by

/Muvg-fdv = —/Mdu(f)dvg

for all smooth v : M — R, where dvg is the volume element on M.
Consider now a coordinate chart (2*) together with the associated basis of vectors
(0/0z*) and covectors (dz"). The differential of a function w is given by

ou

= — dz'.
ox’ v

du
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In view of the relations Viu := (Vyu)' = g* (du);, we see that the components of
Vgu in the basis 0/0z" of T, M are

o Ou

i gl 2
(Vqu)' =g Eh

If the support of a function w is included in the domain of definition of the coordinate
chart («"), recalling that |g| denotes the determinant of the metric tensor we can write

[ autryan, = [ (2 7Y Vit --aa
0

_/Rd\/% el CARVATT) VAT

o M\/%aii (7 V1gT) vy

so that
1 0 i
(2.4) Vg-f = \/ﬁ Oz (f \/E)

The expression of V- f follows also from computing the covariant derivatives of
the vector field, as follows. Given a local chart (z¢) for M, the covariant derivative of
the vector field f is the (1,1)-tensor field Vj f7 defined by

Vif? =0 f + T, f1,

where Ff;l are the Christoffel symbols given by

S y
Iy, = 3 (Orgii + Orgri — Oigra)g" .

In particular, we have Fij = 19Y0g;; and, since 0;|g| = |g|g*' O;gui,

1 1
I = —0dilg| = dilog \/]g] = —=0:(\/19])-

The divergence of a vector field f is the trace of the covariant derivative, i.e.

Vo f = Vift = 0pf* + T f1 =0 f* + —ﬁamgwi
1
= f* + ——=(— VIglonf* + o (\/]gl f*

1 k
= mak(\/ﬁf ),

which is (2.4).

2.2. First approach. The proof of Proposition 2.1 will follow from the following
two technical lemmas.

LEMMA 2.4. For every smooth function u : M — R the following identities hold
(xeM):

(2.5) Vg (f(u, ) = du(fulu, z)) + (Vg f)(u, z)
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(2.6) Lx(Y(u,x))=X(w)Yy(u,z)+(LxY)(u,z) for all vector fields Y =Y (u,z).

(2.7) X(h(u,z)) = X(u)hy(u, ) + X(h)(u,z) for all functions h.
Proof. In local coordinates we have

Vo (F(u,2)) = ﬁai(mf%u,x))

1 ) .
= —0;(I|g|f*) (u,x (U, x)0u

= (vqf)(uvx) + du(fu(u, z)),
which proves (2.5). To prove (2.6) we note that
(Lx (Y (u, a:)))Z = [X,Y(u,z)]" = X70;(Y'(u, ) — Y (u,2)9; X"
= (X79;Y" = Y70, X") (u, ) + X7V} (u, x)0;u
= [X, Y] (u, ) + X7 0;uY} (u,z).
This shows (2.6). The proof of (2.7) is completely similar. O

LEMMA 2.5. For any (smooth) function uw : M — R, vector field X, and fluz
f=f@,-), the following identity holds :

X (Vg (f(u,2)))

(28) = Vg-(X(u)fu(u, x)) + g(Vgu, (Lx fu)(u, x)) + X (Vy f)lu,x).

Proof. Using (2.5) and (2.7) we find
X (Vg (fu,2))) = X (Vg f)(u,2)) + X (9(Vgu, fu(u, z))
= X (Vg f)(u,2) + X (u)(Vg- fu)(u,2) + X (9(Vgu, fulu,z)).
On the other hand,
Vo (X (W) fu(u, 7)) = X (W) Vg (fulu,2)) + g(Vo(X (), fulu, z))
= X(u)(Vg-fu)(u, ) + X(w)g(Vgu, fuu(u, ) + g(Ve(X (u)), fulu, z)),

using (2.5). Thus, we arrive at

X (Vo (f(u,2))) = Vg (X (u) fulu, z))

= X (Vg f)(u,2) + X (9(Vgu, fulu,z)) — X (u) 9(Vgt, fuu(u, 2)) = g(Vg(X (w)), fu(u, z)).
Expressing the Leibnitz rule for the Lie derivative we obtain

X(g(v9U7 fu(U7 l’))) = (EXg) (vguv fu(u,x)) +g(£xvgu, fu(u,x)) +g(vguv [:X(fu(uvx)))

Therefore, we have
X(vq(f(u’ ‘T))) - VG(X(u)fu(uvx)) = X(qu)(u,x) + (‘CXQ) (vguv fu(uv ‘T))
+ Q(EXVQU = Vy(X(u)), ful(u, x))
+ g(vgua ‘CX (fu(uu x)) - X(u)fuu(uv 1‘)))



HYPERBOLIC CONSERVATION LAWS ON MANIFOLDS 297

Using (2.6), the last term above equals g(Vgu, (Lx fu)(u, z)).
The proof of the lemma will be complete once we check that, for all vector fields
X, Z and functions u,

(2.9) 9(LxVgu—Vy(X(u)),Z) = —(Lxg)(Vgu, Z).
To this end, in local coordinates we can write
(LxVyu— V(X (1) = X7 0;Viu—Viud; X' — V' (X7 d;u)
= X7 (0;V'u—V'Oju) — VIud; X' — V' X7 0;u.
For the first term above we have
X7 (9;Viu — V'0ju) = X7 (9;(9")0ku + g™ (9;0pu — 0405u))
= X(9"™)guV'u
= —X(gr)g""V'u.
For the remaining two terms, a tedious but straightforward computation gives
~VIug; X' = V' XT 9u = —Viug"((Lxg)j — X(g17)),
where the components of £Lxg are computed from the formula
X(9(Y,2)) = (Lxg)(Y, Z) + 9(LxY, Z) + g(Y. Lx Z).
Therefore, we find
(ExVgu = Vy(X(u)' = ~g"VIu(Lx o).
and, finally,
9(LxVgu—Vy(X (W), Z) = ~gimg" VI u(Lxg) 2™

= —Viu(Lxg)Z*
=—(Lx9)(Vyu, Z),

which proves (2.9). This completes the proof of Lemma 2.5. O

Proof of Proposition 2.1. Applying the vector field X to the conservation law
(1.1), we find

0 X (u) + X(Vg-(f(u, :v))) = 0.

The first term is precisely d;w. Using Lemma 2.5 to evaluate the second term, we
find the desired identity (2.1). This completes the proof. O

2.3. Second approach. We provide here a second approach to Proposition 2.1.
To any vector field X we associate the (local) one-parameter group of diffeomorphisms
@ : M — M (defined for all sufficiently small s) from the integral curves of the vector
field X,

dol

(2.10) e

(x) = Xi(‘/’s(x))v 900(17) =x.



298 P. AMORIM, M. BEN-ARTZI AND P. G. LEFLOCH

Given a function v : M — R we may consider the composite function u o ;.

LEMMA 2.6. Let X be a smooth vector field on M and (ps) its associated one-
parameter group of diffeomorphisms. Then, for any smooth function v : M — R it

holds
Vg (f(u © Ps, ))

2.
B 0, () o= s (X(T, D) + (T (Lxf)(w)) + O2).

Proof. We will first check that for any vector field Y,
(2.12) YI(ps(x)) — 0;00 Y (2) = s Lx Y7 + O(s?).
First, it is obvious that
Yiops =Y 45Xk, Y7 + O(s?).
Second, observe that for all 7, j

d

_ d . . _
200 = =9 (XTI — J .
dS 8'L<PS az dS QDS aZ(X © ‘PS) (8kX ) °Ps al(Ps'

Also, since po(z) = x, we have 8i¢£| 0= 67 and so dis@mQ o, = 0iX7. Therefore,

Ss= s=

Taylor expanding yields us
Dipl =6 + 59, X7 + O(s?).
In consequence we find
YI(ps(z)) — 0;07 Y (2) = s X0, Y — s Y0, X7 + O(s?)
=sLxY7 +O(s?),

which is precisely (2.12).
Setting v := u o ¢4, we start from (2.5) which, for the function v, reads

(2.13) Vo (f(v,) = (Vg £)(v,7) + dv(fu(v,-)).
Let us compute the last term of the above identity. In local coordinates, we can write
(dv); = 0iv = 0;(u o vs)
= ((95u) 0 ) Bipl,
and therefore
dv(fu(v,)) = ((Oju) 0 @) Bl fu (v, )
(@50) 0 0s) (0 Filv, ) = Filu ) 0 00 ) + (Bu filu, ) o

(@5u) 0 s) (9id Fiv,) = Filus ) 0 03 ) + dulfulu, ) o oo

Taking (2.12) into account and noting that

((O5u) 0 ws) Lx fi(v,") = Dju Lx fl(u,-) + O(s)
= g(vguv Lx fu(u,-)) + O(S)v
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we arrive at
dv(fU(Uv ))
=5 (6ju) O Ps (‘Cng)(Uv )+ du(fulu,-)) o ps + 0(32)'
= —59(Vgu, (Lx fu)(u, ) + du(fulu,-)) 0 s + O(s%)
= —59(Vgu, (Lx fu)(u,-)) + Vg-(f(u,")) 0 ps = (Vg-f)(u,-) 0 o5 + O(s?),

where we have also used (2.5) with the function u.
Returning now to (2.13), using the identity for dv(f,(v,-)), and re-ordering the
terms, we find

Vg'(f(’l), )) = vg'(f(u= )) o s + (vg'f)(vv ) - (vqf)(UJ ) O PYs
— sg(Vgu, (Lx fu)(u, )) + O(s%).
Finally, observing that

(Vo 1)02) = (Vg D)(00(a)) = = (V- D)0,y + O()
= —s X" 0(Vy-f)(u,) + O(s”)
— s X (V- )(u,) + O(s?)

concludes the derivation of (2.11). O
Proof of Proposition 2.1. We provide here a second proof of this proposition. If
u is a smooth solution to (1.1) then, observing that dyv = (;u) o @5, we can rewrite
(1.1) in the form
v+ Vg (f(u,-)) ops =0.
So, using (2.11) we get
(2.14) O+ V- (f(v,) = —s (X(Vg-f)(v, )+ 9(Vgu, (Lx fu)(v, ))) +0O(s?).

Now, recalling the conservation law (1.1) and the equation (2.14), we obtain

o5t —0) + 9, (5000 - f(w.)

(2.15)
= _X(vg'f)(vv ) - g(ng, (['Xfu)(vv )) + 0(8)7
in which
o1
lig < (0 =) = X (1)
and
1 . d
lim —(f(v,) = f(u,)) = lim —=(f(v,"))

= fu(u,-) X0 = X (u) fulu,-).

So, letting s tend to zero in (2.15) yields the desired identity (2.1). O
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3. Conservation laws on the sphere S2. Following [1] we include here a
discussion of basic properties of the conservation law (1.1) in the case (so important
in the geophysical applications) that the manifold M is the sphere S2. We discuss here
the choice and properties of the flux in (1.1) and we emphasize differences between
the intrinsic and the embedded representations of the sphere. Certain properties will
be closely related to the fact that the sphere S? can be embedded isometrically in the
Euclidian space R3.

3.1. Spherical coordinates on S2. One convenient approach consists in para-
meterizing the smooth manifold S? punctured at the North and South poles, by using
a single chart in spherical coordinates (¢, ), where ¢ € [0, 2] denotes the longitude
and 6 € (0,7) the latitude. Set

Q:=T" % (0,7),

where Tt = [0, 2] with the identification of the points ¢ = 0 and 27. By definition,
a smooth function defined on 2 is extendable to a smooth periodic function for all
@ € R. Indeed, in all what follows, we always consider smooth functions defined on
S? represented as functions of (p,#) outside the poles and extended to the poles by
continuity. We imbed S? in R?® according to

x=2x(p,0) = (coscp sin 6, sin ¢ sin 6, cos 9).

The Riemannian metric tensor of the punctured sphere, when expressed in spherical
coordinates, reads
sin?0 0
(gij ) = 0 1/

Recall that the inverse matrix of g = (g;;) is denoted by (g%).
The components of the gradient V,u of a function u : S? — R in the basis

(0/0p,0/00) of T,,S? are

1 Ou ou
o _ g it
(Vgu) Sin2 9 6907 (Vgu) ae .
According to (2.4), the divergence operator on the sphere is given by
1 0 0
) = (Y e Y 0
(3.1) A\ g (&P(f Sln9)+89(f s1n6‘)),

for every smooth vector field f on S?, where f¥ and f? are the coordinates of the
vector f in the basis (8/ 0p, 0/ 89). Similarly, the Laplace-Beltrami operator is defined
for all u : S? — R by

1 0 ou 0 (ou
(3:2) Agui= V- (Vgu) = sin 0 (%(sin@&p) + a6 (@ Sme))'
We now turn to the following conservation law on the sphere :
(3.3) Ou+Vy-f(u,)) =0, (t,r) € Ry x 52

where the flux f : R x §? — T'S? is a smooth vector field. In view of (3.1), when
spherical coordinates are used the conservation law (3.3) takes the form

(3.4) Oy(u sind) + %(f“"(u, ©,0) sinf) + %(fe(u,cpﬁ) sin) = 0.
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A periodic boundary condition is imposed in the variable ¢ € [0, 27], that is,
(3.5) u(t,0,0) = u(t,27,0), 6€][0,7],t>0.

On the other hand, no boundary condition may be imposed along # = 0 and 6 = 7.
Observe that the equation (3.4) is singular (sin® = 0) precisely at the poles.

If w is a smooth solution of the equation (3.4), a natural question is whether u
satisfies some additional conservation laws. We have already noticed that the Total
Variation Diminishing property is available for solutions to conservation laws in R¢
when the flux-function is independent of the spatial variable. We have seen also that,
when writing the conservation law in local coordinates, the flux in general depends
explicitly on the space variables. It would be meaningless to require that the flux
s “independent of x”. A natural approach is to restrict attention to flux that are
divergence-free, which in spherical coordinates is expressed as

(3.6) (f“"( ,0) sinf) + %(fe(ﬂ,%@) sinf) = 0.

Recall that an entropy / entropy flux pair for the conservatlon law (3 1) 1s a palr (U, F)
in which the function U : R — R is arbitrary and F(u,z) = [“U'(u , &) du.
For the sake of completeness we recall :

PropoSITION 3.1. (Intrinsic description.) Consider the conservation law (3.
on the sphere S? with a divergence-free vector field f = f(u,z), and let (U, F)
(U(u), F(u,x)) be any entropy / entropy flux pair. Then, smooth solutions u = u(
of (3.3)-(3.5) satisfy the additional conservation law

i
)

(3.7) QU () + Vg F(u,-) = 0.

In particular

(3.8) // ) dvg =0, t>0.

Of course, for weak solutions, (3.7)-(3.8) will hold as inequalities, only. In spher-
ical coordinates, equation (3.7) reads

2(Fe(u, ©,0) sinf) = 0.

Ot (U(u) sinf) + i(F“’(u,(p,@) sinf) + 50

¢
Proof. Following [1] we multiply (3.3) by U’(u) and get
Ou(U (u)) + U'(w)Vy- (f(u(t, z),z)) = 0.
Using (2.5) with F instead of f, we find
V- (F(u(t,z), 2)) = (Vy-F)(u, ) + du(F,(u, z))
= /Ou U'(0)(Vy- fu) (0, 2) dv + U’ (w)du(fu(u, z)).

Again by (2.5), since f is divergence-free, the first term above vanishes and

U' (u)du(fu(u, z)) = U'(u)Vy- (f(u, 2)),
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so that
Vg (F(u(t,z),2)) = U'(w)Vy-(f(u,)),

which proves (3.7).

Furthermore, since S? has no boundary, the integral of the divergence of any
vector field vanishes, thus yielding (3.8).

It is illustrative to also derive the equation (3.7) using spherical coordinates. To
simplify the notation we set

ht = fisin®, i=p,6; &lzi, a=p,0.
Ja

We denote here by hi, hi, h respectively the derivatives of h' with respect to the

wr Y

first, the second, and the third variables. Then, the equation (3.7) becomes
O (u sin @) + 9, (h? (u, ¢, 0)) + 99 (h? (u, ¢,0)) = 0.
Multiplying it by U’(u), we get
0= 0,(U(u) sin@) + U’ (u)d,(h?) + U’ (u)dp(h?)
= 0,(U(u) sin @) + U’ (u) (h% + hgdpu) + U’ (u) (hg + hidu),
or equivalently, with H := F'sinf, so that H. = F’ sin#,
Ou(U (u) sin @) + HZOpu + HEOpu + U'(u)(he + )
= 0y(U(u) sin@) + 0,H? + 9gH’ + Q = 0,
where
Q=U"(u)(h§ + hg) — HE — H.
Suppose now that the condition (3.6) is satisfied, that is, A% + h§ =0 for all u € R.
Then, we have

H5+Hg=/ U'(0)(he, + B ) do :/ U/ (0)(h% + B)u do = 0,
0 0

and therefore @ = 0, which completes the derivation of (3.7) in spherical coordinates.

3.2. Embedded representation of S2. In the embedded approach, the sphere
52 is regarded as a submanifold of the Euclidian space R3, via some isometric em-
bedding h : S? — R3. The canonical Riemannian metric g on S? is induced by the
canonical metric § on the Euclidian space R3, by g = h*g, where, by definition, the
pull-back h* maps the 2-tensor field § on R? to the 2-tensor field g on S2, as follows:

(3.9) (h*g)(&n) == G(he&, han), & e TS
The tangent vector h.& is the push-forward of £ € T'S? into R?:
(3.10) (h&)(f) :=&(f o) for every function f: R* — R.

From now on we fix some local coordinates (x%);—1 2 on S? (for instance, the spher-
ical coordinates described above) as well as some orthonormal coordinates (Z%)a=1,2,3
on R3. In particular, we have g,3 = dap (the Kronecker symbol).
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We have

(3.11) (he) = 2l

so that we may compute the expression of the metric tensor g in these local coordi-
nates:

9556 = Gap (he&)™ (hum)”
_ 0% 0o s

T ox 0w T

where T, := §aﬁ§5. From this, it follows that

0T 0%

(3.12) 9ii = 307 D

In other words, we have (g;;) = J' J, where J = (92%/dx7) is the Jacobian matrix of
the embedding h.

In what follows, all vectors are considered to be in R?, unless otherwise stated. A
vector tangent to the submanifold S? of R? is regarded as an element of R? through
the identification

T,8% C T,R3 ~ R3.

Consider now the spherical coordinates introduced earlier. The outward unit vector
to S% in R3 at the point z = (¢, ) is given by

h(¢,0) = n(x) := (sin6 cos p,sin sin ¢, cos ).

At any given point z = (¢,6), a normalized basis of the tangent plane to S? in R3
(now viewed as a two-dimensional subspace of R3) is given by the two vectors

1 9
ti(x) := m£ = (— sin ¢, cos ga,O),
to(z) = —% = (—cosf cosp, — cosf sinp,sinb).

Given a vector £ in T'S? with (intrinsic) spherical coordinates (£7, &%), we associate
to it the vector £ € R3 defined by (3.10). The components of £ in the basis (t1, t2, n)

of R? are denoted by (£%)1<;<3. The vector £ is tangent to the sphere: using (3.11)
to compute its coordinates, we find

= 0 0 .
§= 5,67+ gt =simb&h — 'ty

so that in spherical coordinates the intrinsic and embedded coordinates of a tangent
vector are related by

(3.13) g =sinher, £=-¢  S=o.

Observe that the normal vector is well-defined for all § (and ¢). However, the
North (8 = 0) and South (§ = 7) poles are singularities for the tangent vectors in
spherical coordinates. Namely, the particular value of ¢ is irrelevant when 6 = 0 or
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m; however, the tangent vectors to S? do depend upon ¢ when § = 0 or 7, so that
a basis of the tangent space is not uniquely specified at the poles. This is consistent
with the well-known fact that any globally smooth, tangent vector field on the sphere
must vanish at least once.

In (embedded) spherical coordinates, the flux f : R x Q — R? has the general
form

Flu,0,0) = FH(u, 0,0) t1(0,0) + F*(u, 0,0) ta(p, 6).
Note that f is tangent to the sphere. In view of (3.1), (3.13), we have
fr=sim0f?, f2=—f
and the divergence operator takes the form

1 (afl d

Vg f = %—%(F sin@)).

sin 0
In terms of the unknown function u = wu(¢, ¢, 0), (3.3) is a conservation law with
non-constant coefficients posed in the rectangular domain (¢, ¢, 0) € Ry x Q:

(3.14) O (u sin) + g(fl (u, ,0)) — 2(J‘:Q(u, ©,0) sinf) = 0.
® 00

For the sake of clarity we will always state the final results in the intrinsic notation

f%, f%, but in the course of the calculation it will be convenient to use the embedded

notation f L f 2, which has the advantage to be based on an orthonormal basis of R3.

Let us now define the tubular neighborhood T' C R3 of S? consisting of all spheres

with radius 1/2 < r < 3/2, so that S? corresponds to 7 = 1. Then, any smooth

tangent vector field f(u,z), € S?, may be represented at each point of the sphere
by

(3.15) f(u,z) =n(z) x ®(u,n(z)),
where ®(u, ), z € T is a smooth vector field in T C R3. We can thus write ®(u, z) =
D(u,n(x)).
LEMMA 3.2. With the notation (3.15) the equation (3.14) takes the form
8n) 0

55) ~ %(rb(u,n(cp,@)) . 8_n) =0,

(3.16) (’“)t(u sin@) + 8%0 (@(u, n(p,0)) D

Proof. Setting

sinf cosy —sing —cos# cosy
A:=|sinfsing cosp —cosf sinp
cosf 0 sin 0
we have
1 0 0
n=A 0 y tl =A 1 s t2 =A 0 s
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and A=t = A*. Since det(A) = 1 the basis (t1,t2,n) is positively oriented and
nxt; =to, nxty=—ty.
Using coordinates, we have

(i)i(uv n(p,0)) = @(u,n(p,0)) - t:(¢,0)

and

£, 9,0) = n(,0) x (& (u,n(p,0)) t1(,0) + ¥*(u, (0, 6)) t2(,0))
=o' (u7 n(% 9)) t2(p,0) — (i)2(u7 n(yp,0))t, (907 6‘)?

so that fl =92 f2 = &l But

and so

or equivalently using the intrinsic notation

fsa:siio(q)'%)’ fez_siio(@'g_;)’

which, in view of (3.14), leads to (3.16). O
Observe that, for smooth solutions, (3.16) takes the equivalent form

. Ou On  Ou On
(3.17) 0, (u sin ) + 9, (u, (g, 0)) - (6—90 5~ 59 a_so) = 0.
We have the analogue of Proposition 3.1:

ProposITION 3.3. (Embedded description.) Suppose that the vector field ®
satisfies the divergence-free condition: for allw € R and (p,0) € Q,

B18) o (e@ne0) Ge0) - 5 (e@n.) ) =0

or, equivalently,

0b, _ On 0P, On

(3.19) 5™ 55~ 5™ 50 =

Let U:R — R and ¥ : R x S? — R3 be smooth maps such that
v 0
(3.20) W(un(e.) = [ V@) 58w n(s.0))dn
0

Then every smooth solution u of (3.16) satisfies

(321) 8 (U(u) sinf) + a% ((un(e,0) - %) _ 9 (. n(e,0)) - —w) =0.
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Proof. Multiplying the equation (3.16) by U’(u) we obtain

on

8,5(U(u) sin 9) — 0, (u,n(p,0)) - dgu g_:; + 0, ¥ (u,n(p,0)) - Opu 20— 0,
thus
9 (U(u) sinf) — 89(\11(u n(p,0)) - @) +0 (\If(u n(p,0)) - 8—n) +Q=0
) ) aQO © ) ) 96 )
where
on on
Q=W 50~y
_ [y On _ /u ’ on
= / U'(v) Dy du&p U'(v) Py dv 50

u ) )
:/ U’(v)(<1>9-£ —@W-(?—Z)udu:o,

by the condition (3.19). O

REMARK 3.4. The constraint (3.18) can also be written in the form

On\ JOn On\ On
D(I)-—)~——(D<I>~—)-—:O
( op/ 00 00/ Oy
In particular, if the map ® coincides with the gradient of some potential h, that is,

® = Dh for h : T — R, then the divergence-free condition (3.18) is automatically
satisfied.

4. Total variation diminishing estimates on the sphere S2. We are now
in a position to discuss the total variation of solutions to scalar conservation laws on
the sphere. We are going to investigate the conditions discovered in Theorem 2.3.
After comparing the intrinsic and embedded description it turned out that the second
approach led to simpler (but still not so straightforward) and more intuitive formulas.
In view of Section 3, a vector field tangent to the embedded sphere S? can be expressed
as the cross product between the exterior normal n(z) and some other vector field
which can always be chosen to be tangent to the sphere. So, given arbitrary flux f
and vector field X let us introduce (smooth) maps ® : R x T'— R3 and ¥ : T — R3
(which are not unique) such that

fu,0,0) =n(p,0) x (u,n(p,0))
X(¢,0) =n(p,0) x ¥(n(p,0))
(where T' C R? is the tubular neighborhood of S? defined in Section 3). It should be

kept in mind that all the vectors under consideration here belong to R3.
Having in mind the class of divergence-free flux, we introduce :

(4.1)

DEFINITION 4.1. The fluxz f and vector field X are said to satisfy the gradient
condition if there exist functions a : R x R?> = R and b: R? — R depending solely
on n = x/|z| and smooth in a neighborhood of the 2-sphere such that

(4.2) ®(u,z) = Dyalu,z/|x|), U(x) = Dgb(z/|z|), zel.
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From the gradient condition we deduce that, for instance,
® = D,a = Dya- Dy(z/|x]).

Clearly, D, (z/|z|) - n vanishes identically, since it is the derivative of the map z/|z|
in the direction of the vector n. Therefore,

® - n=".n=0,

that is, the vectors ® and ¥ are tangent to S?. Observe also that as in Remark
3.6, the divergence-free condition is automatically satisfied for fields satisfying the
gradient condition.

Here is the main result of this section.

THEOREM 4.2. Let f and X be a fluz and a vector field defined on the sphere S2
respectively, satisfying the gradient condition (4.1)-(4.2) for some maps ®,¥. Then,
the flux f is divergence-free and one has

(4.3) Lx fu(@,-) =0 if and only if fu,(u,-) =C(w, )X, u € R,

for some scalar-valued fluz-function C = C(u, ) satisfying X (C(w,-)) = 0.
When (4.3) holds, and when (V4-f)(u,-) = 0, the conservation law (3.14) decou-

ples into a one-parameter family of independent, one-dimensional conservation laws.

Hence, in the case of flux which are “gradients”, we are able to identify the class
of flux satisfying the condition of Section 2. For each @, the vectors f, (@, ) and X are
parallel and C(a@, -) is constant along the integral curves of the vector field X. The
curved geometry of the sphere restrict the class of flux enjoying the TVD property.
This should be compared with the case of equations in the Euclidian space R where
no such condition is implied on the flux.

Throughout the rest of this section, a value u € R is fixed and so we omit it.
Recall from Section 3 that the components (f1, f2) of f in the basis (t;,t2) of the
tangent plane to S? at a point x(ip, #) read :

- ~ 1
1 2
=—®(n)-n = ®(n) -n
f ( ) 05 f sin 6 ( ) ©
where we have used subscripts to indicate differentiation. Using the equation (3.13)
which connects these components with the intrinsic components (f%, f) of f, we find

1= _siioq)(n) ad
A similar formula holds for X :

X7 = sirllﬁqj(n) e

X0 = —sirllekll(n) ‘Ng,.

Observe now the following elementary identities:

- ) .
n,, = —sin” 0 n — sin 0 cos 0 ny,

cos

4.4 =
(44) el sin 6 e

Ngg = —1.
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We are now in a position to reformulate the condition Lx f,, = 0.
LEMMA 4.3. The condition Lx f, = 0 is equivalent to the requirement that
U = U(n) satisfies the following system of partial differential equations with unknown
X :
(Py - mg) (¥ - mp) — (P - 1) (Vo - 1)
= —(V - ny)((Pug - mg) — (P - n))
— (¥ -n)(P, - ny,) + (V- ng)(Py, - ng),
(@y - mp)(Vy - my) — (P4 - 1y)(Pg - 1yp)
= (V- ng)((Puy - my) — sin? 0(®,, - n))
+sin? 0(¥ - n) (@, - ng) — (V- n,)(Pyp - ny).

Proof. The condition on the first component, (Lx f,,)?, of the vector Lx f, reads
(X#0y + X 09) [ — (f£0p + [109)X ¥ =0,

that is
1
sin 6

(U - 11g), (B - 1) — (¥ - ng,)ag(si%(@u )
1
sin @

(® - 119)0, (¥ - ng) + (@ ng,)ag(i(qf ng)) =0

sin 6

This equation takes the form

(¥ - 1) (Pug - 1g) — (¥ - 1y,) (Dyyp - 1) + F’n

+

0
— (®u-m5)(¥y - mg) + (P - 1y) (Vo - mg) — —
(V- 10p)(Py, - ) — (V- 1) (Py - 1)

)

In view of (4.4), all terms above which contain the factor (cos@/sinf) cancel out.
Using that ngg = —n and re-arranging the terms leads to the first equation.
The second equation is obtained similarly, by developing

(Lx fu)? = (XP0, + X0) ] — (f£0, + f005) X°
and using (4.4). O
We now show:

LEMMA 4.4. A point T € S? being fived, there exist non-trivial fluz f and vector
fields X satisfying the gradient condition, and possibly defined in a small neighborhood
of T only, such that Lx f, = 0. These vector fields are characterized explicitly by the
condition

Xxfuzan

for some scalar C = a(u) (independent of x). Among these solutions, the only flux
f and vector field X that are globally defined and smooth on the whole sphere S? are
given by
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where C = C(,-) is a (scalar-valued) function such that X (C(u,-)) = 0.

Vector fields that are defined locally on S? may still be useful to control the total
variation in a domain of dependence, but they do not provide information on the
large-time behavior of solutions.

Proof. First, let us show that for ¢ = ¢,0 we have a; = ® - n; and b; = ¥ - n;
(subscripts indicate differentiation). A straightforward calculation shows that

D.a— Dya-D, (i) — Dua. (M) ,

|| ||

In particular, restricting the formula to the sphere we find D,a = Dpa - (Id —n®n),
and therefore

a;=Dna-n;=Dpa-(Id—n®n)+ Dpa-(n®@n) -n; =D,a-n; =P ny,

because (n ® n) - n; = 0. In consequence, we now simply write Da, Db. Recalling
that by assumption we have Da-n = Db-n = 0, we can rewrite (4.5) in terms of b:

Ay ((%,Db . 1’19) — aw(ang . 1’19) = —bw(agDau . 1’19) + bg(ag,Dau . 1’19),

4.6
( ) A0 (apr . nw) — aw(ang . nw) = bg(apDau . n@) — bw(aeDau . nw).

This is now a system in the scalar variable b. Furthermore, using (4.4) we find

avoo = 0p(Day - ng) = dpDay - ng — Day - n = dpDay - ng,
Oupp = OpDay -1y + Day - nypp = 0pDay - ng — sin 0 cos 0 aye,
cos cos
S

Guop = OpDay -ng + Day - nyp = OpDay - ng + WDau ‘Nny = 0y,Day - ng + mauw

so that

OsDay, - ng = auge,

0p,Day -y = ypyp +5in 6 cos b ay,

cosf
0,Day -ng = ays, — maw,.
Similarly, we obtain
(%Db Ny = b@@
0,Db-ny, = by, + sinf cosd by
cosf
(%,Db-ng:bgg,—m ©

and, therefore, the first equation of the system (4.6) becomes

cos

bga Gugo + bga@ Gy — Quyp bog — by Qypd = S

m(au‘g b<p — bg aug,).

This is equivalent to saying

(auﬁ bap - bG au«p)e = m (auﬁ bap - bG au«p)v
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which, after integration, leads to
auo by — by ayy =sind eC(#)

for some function G = G(y).
As for the second equation in (4.6), we have

Qud by + by Guop — bo Qupp — Gup bpo + sin B cos 0 a,ebg — sin 0 cos 0 bgaye
cos
= snd (ausa by — by aw’)v
so that

(au(.) b«ﬂ — b(-) aw)@ =0

and ayug by, — bg ayy, is a function of § alone. Therefore, G = G(y) is a constant and
we find

aup by — by ay, = C sind

for some scalar C' = C(u).
The condition above can be written in terms of the original components of f,, and
X, yielding

C
GXLp _ LPXH _
Ju fi sin 6

and, for the embedded components,
pXi-px—c

Since X and f, are both tangent to the sphere, the last equation means that there
exists a constant C such that

Xxf,=Cn
for all z € S2, so
X x fu|=C, x¢€82%

This formula describes vector fields that satisfy the constraint but may not be globally
smooth.

Imposing now that X is smooth, we deduce that it must vanish at least once
on the sphere, as must the flux f,. By continuity, we necessarily have C' = 0 so
that f, and X are colinear. This means that there exists a function C(u,x) such
that f, = C X for all x € S2. Finally, substituting f, for C X in Lx f, = 0 yields
X (C) = 0. This completes the proof of Lemma 4.4. O

Proof of Theorem 4.2. The first claim of the theorem is an immediate consequence
of Lemma 4.4.

The equations are written along any integral curve of the vector field X. To see
this, fix a point x € S? and introduce a parametrization s — ¢(s) of the (unique,
integral) curve passing through = and such that the velocity vector %gp(s) equals the
vector X for every s. Then define the function

a(t, s) :== u(t, ¢(s)), t>0, seR.
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Note that since X (C) = 0 we have C(i(t, s), p(s)) =: C(a) for all s. Therefore, using
(4.3) and (2.5), we deduce that

(@t )X (12(s)) (u) = du(Culult, ¢(5))) X (¢(s)))

0,C(u(t,s)) = C,,
Vg (fult,0(s)), () = =0rul(t, p(s)) = —deult, s),

thus
dyu(t, s) + 9,C(ul(t,s)) = 0.

Note that this is a one-dimensional conservation law in which the flux C' does not
explicitly depend on the spatial coordinate. By Theorem 2.3, these conservation laws
admit total variation bounds of the form (2.3), provided that f is divergence-free. O

5. Finite volume method. The rest of this paper is devoted to establishing
the convergence of the finite volume method on a d-dimensional Riemannian manifold
(M, g). We will construct approximate solutions to the Cauchy problem associated
with the conservation law (1.1) and the initial condition (ug € L*(M) N L>°(M))

(5.1) u(0,2) = up(x), x€ M,

using a finite volume method based on monotone numerical flux-functions, and we will
establish that such approximations converge strongly to the unique entropy solution
of the problem. We need not assume that the flux f is divergence free (see (1.2)), and
on the map V- f we require the following growth condition

(52) |ng(uax)|§01+02|u|a (U,CC)GRXM,

for some constants Cy,Cy > 0.

Let us introduce a triangulation 7" of M, that is, a set of curved polyhedra
K C M whose vertices are joined by geodesic lines. We assume that M = [Jxc7n K
and that for every distinct elements K1, Ko € ’Th, the set K1 N K> is either a common
face of K1, K5 or else a submanifold with dimension at most (d —2). To each element
K we associate the set K of its faces e, and we denote by K. the unique element
distinct from K sharing the face e with K. The outward unit normal to an element
K at some point = € e is denoted by n. x(x) € T, M. Finally, |K| and |e| denote
the d- and (d — 1)-dimensional Hausdorff measures of K and e, respectively, and
PK = Y .cor €| is the measure of the boundary of K. When N is a submanifold of
M, we denote by dvy the volume element on N induced by the metric g.

We impose that

(5.3) h:= sup dy4(z,y) — 0,
z,ye K
KeTh

where dy(+,-) is the distance function associated to the metric g. In particular, el-
ements may become flat in the limit as h tends to zero. Interestingly enough, this
condition on h is slightly more general than the corresponding condition in [2], where
the exterior diameter of the elements was considered. We denote the time increment
of the discretization by 7 = 7(h), and set t,, := 7n for n = 0,1,.... We also assume
that, as h tends to zero,

(5.4) T — 0, h?/T — 0.
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To each element K and each edge e € 0K we associate a family of locally Lip-
schitz continuous, numerical flux-functions f. x : R x R — R satisfying the following
properties.

e (Consistency property :
1
65 Joxlww =1 [o(fna)nos@) du, wek

e (Conservation property :
(56) feyK(u?v) = _feyKe(’U?u)a u,v € R.

e Monotonicity property :

0 0
. — > — <0.
(5 7) 8ufe,K = 07 81) fe,K >~ 0

Note that, in the Euclidian case and when the flux depends only on the conser-
vative variable, the consistency condition (5.5) reads fe x (@, u) = f(u) - ne, i, which
is the usual consistency condition (cf. [2]). For the sake of stability we impose the
following CFL condition, for every element K € T:

TPK max sup feyK(ua 1)) B feyK(’Uv U) < 1,
59 KT sefon it o

TPK ;.

T Llp(f) < 15

||
where

df
Li = ‘— u,
p(f) sup du(u )
u€ER

g

and | - |4 represents the norm induced on each tangent space T, M by the metric g.
As in the Euclidian case, the finite volume method can be motivated by formally
averaging the conservation law (1.1) over an element K and using Stokes’ theorem:

d 1 1
0=—— ude—i-—/ Vg flu,z) dvp
dt |K| Jx Kl Jk ¢
e o+ g [ () () d
=—— [ udv — g(f(u,z),n(x)) dvy
dtIK] i K ox "
d 1 udvp + ! Z/g(f(u z),ne i (x)) dv
= T M T ) y e, K e
dt |K| Jx K| e

e€OK

We then introduce the approximation
ug ~ = [ wdon, fer(uie,uk,) & [ 9(f(u,2),ne k() do
K| Jx lel Je

and discretize the time derivative with a two-point scheme.
Based on the above the finite volume approximations are defined by

n n 7'|e| n n
(5.9) UKH = U — E Kl fe,K(UKvuKe)-
ecOK | |
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The initial condition (5.1) gives us
(5.10) ufy = L/ uo(x) dops.
K] Jk

Finally we define the function " : Ry x M — R by
(5.11) u'(tr) =ul, r €K, t, <t<t,.

We can now state our main convergence result.

THEOREM 5.1.  Consider the Cauchy problem (1.1)-(5.1) associated with a
conservation law on the Riemannian manifold (M,g) and some initial data ug €
LY(M) N L>=(M). Suppose that the flur satisfies the growth condition (5.2). Let
T" be a triangulation and T = 7(h) be a time increment satisfying the conditions
(5.3)-(5.4), and let fo.x be a family of numerical fluz-functions satisfying the consis-
tency, conservation, and monotonicity conditions (5.5)~(5.8). Letu : Ry x M — R
be the sequence of approximate solutions constructed by the finite volume method
(5.9)~(5.11).  Then, for all T > 0, the sequence u" is uniformly bounded in
L>°([0,T), LY (M) N L>(M)) and converges almost everywhere towards the unique
entropy solution u € L™ (R, L*(M) N L>®(M)) of the Cauchy problem (1.1)-(5.1).

The proof of this theorem is the subject of the next section.

REMARK 5.2. Without loss of generality, we may assume that Lip(f) > 0. In-
deed, in the trivial case Lip(f) = 0, f does not depend on w and the conservation
law (1.1) has the explicit solution u(t,x) = uo(x) —tVy-f(z). Thus, for any triangu-
lation, if we set fer := % [, 9(f(z),n(x)) dv., we immediately find from (5.9) that
u = uly —ntVy-f(x) for all K. This gives u"(t,x) = u"(0,2) — tV,- f(z), and so
limy, o u"(t, x) = ug(z) — tV,- f(x), which is the exvact solution.

6. Proof of convergence. This section contains the proof of Theorem 5.1.
We follow the strategy of proof proposed by Cockburn, Coquel, and LeFloch in the
Euclidian case [2]. As we will see, the derivation of the required estimates for a
conservation law on a manifold is significantly more involved.

6.1. Discrete maximum principle, entropy dissipation and entropy in-
equalities. We begin with the discrete maximum principle and the L' contraction
principle.

LEMMA 6.1. The finite volume approzimations satisfy

(6.1) max luk| < (I?éaTXh lul| + City) e,

and, given another approzimation sequence v" (defined in the obvious way from a
different initial data vy € L*(M) N L>(M)),

(6.2) [+ 7) = 0"t + 7)) < ") = " ()] 22 any-

Proof. Let us first point out the following discrete version of Gronwall’s inequality:
if w, is a non-negative sequence satisfying wg < a and

n—1
(6.3) wnga—l—waj, n>1,

j=1



314 P. AMORIM, M. BEN-ARTZI AND P. G. LEFLOCH

for some non-negative constants a, b, then it follows that
(6.4) wy, < ae’

Namely, let us define ¢,, by ¢9 = a and

n—1
bni=a+by o
j=1
We have ¢, — pp—1 = bpp,—1, or ¢, = (14b)¢,,—1. By induction we get ¢,, = a(1+b)",
and the desired estimate now follows from 1+ b < e® and w,, < ¢y,.
Let us turn to the proof of (6.1). Using (5.9) and the consistency condition (5.5),
we easily write

(6.5)
e i (U, u e i (U, u
u}z(ﬂ <1_|__ Z J. K( K Ke) an( K K)| |>
K| cCOK U, —UR
T Jex (Wi, w, ) = fe e (ufe, u)
TR Z = Ii: o R le|ug, — /V fluy, x) doas.
K 2 ke, i 5

The monotonicity condition (5.7) implies

Z feK uK,uK)—feK(u?(,u?{)

>0

)

| | ecdK uK - uK

so that, using the CFL condition (5.8),

U U — u, u
7'|€| ZfeK K K) ferx (U K)STpKLip(f) 1
K] |8€8K Uk, — Uk K]
Thus, we see that u’};rl is a convex combination of uf and (uf )ecox, up to a
divergence term in (6.5). Therefore, we can write

]
i < max(ue ma ) = o [ Ve fluge) don,
K

e€OK
uhtt > mln(uK,emér;{uK ﬁ /K Vg fug, ) du,
and, by induction,
n—1 1 ‘
| < g Wi+ 3 e [ (Vo] don
-

< Sl +> C1 + Colu
_Igé%}u[{l—i-j:ozggg(h( 1+ Calu)

n—1
< max. |u%| + nrCy + ZTCQ max | |

j=0 KeT
for all n > 0. Using Gronwall’s inequality (6.3)-(6.4) we arrive at the desired inequality
(6.1).
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We now turn to the proof of the L' contraction property (6.2). It will follow
immediately once we check that

(6.6) Dol =K < Y Juk — ok |IKL
KeTh KeTh

Introduce the discrete solution operator H,

ut = (W Y gern = (Hr (W) gern =1 H(u™).

Using the CFL and monotonicity conditions (5.8) and (5.7), it is easy to check that
H is a monotone operator:

(ufe <vi, KeT') = (Hx(uk) < Hx(vi), KeT").
Setting a A b = max(a,b) and a Vb = min(a,b), we have Hy (uf Vo) = upt v ot
and Hp(u Avp) = ulit Aot Next, using the definition (5.9) we find

n+1 n+1 n+1 n+l _ n n n n
up Voo T — ANV =Up VU — U NV

T|6|
Z K| (fe,xe (ufe Ve, (ufe V Vi)e) = fe,ic (Whe A, (e AR )e))-
e€COK

Observe now that

(ug VUg)e < uf, Vg, and (ux Avk)e > U, AV, .
This, together with df, x/0v < 0, implies that
fe e (We VU, (Wl VU )e) = fe i (Wie AV, (Wi Avi)e)
> fex (g V Vi, Uk, V Uk, ) = fex (uk A Vi, uk, AV, ),

so that

n+1 n+1 n+1 n+1 n n n n
Up VU —up  Avg " Sug Vug —ug AUk

T|€
= 3 T e v v,V vk, — Fo (e Aok, Av,))
ecdK

The inequality (6.6) now follows by multiplying by | K| and summing in K € 7", since
the conservation property (5.6) allows us to cancel all of the numerical flux terms.
The proof of Lemma 6.1 is complete. O

The discrete entropy inequalities will be formulated in terms of the following
convex decomposition of u}.. For each K, e, define (cf. [2], formula (3.6))

~T n TpK n n
(6.7) K+e1 = U — |K| (fe K(quuK ) — fe,K(quuK))
and set
~T T n
(68) u}?_el = U’K—t_el - m ~/K vqf(qux) dUM-

In view of (5.9) and the consistency property (5.5), we have

(6.9) uhtt = — Z |e|u"+1.

eGBK
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The following lemma establishes the existence of numerical flux terms and a first
entropy inequality relating @' and u%. We omit the proof and refer to [2] and the
references therein.

LEMMA 6.2. Let (U, F) = (U(u), F(u,z)) be a convexr entropy pair. Then there
exists a family of numerical fluz functions F. i : R? — R satisfying the following
conditions:

o I i is consistent with the entropy flux F':

Fe. i |/ x), e i (x )) dve, u € R.

o Conservation property :
Fek(u,v) = —F¢ i, (v,u), u,v € R.

e Discrete entropy inequality:

TPK

(6.10)  U(ajt)) — U(“?(”W

(P (e wie,) = Foe (uhe, ui) ) <0.

We can now write the discrete entropy inequality in terms of u”Jr1 and ufp
(see (6.10)) :

Uui)) = Uluie) + o (Fexc (i, i) — Ferc (e, i) < R,
(6.11) K|
R?{Tel = U(u’;{"'el) U(u’}{"'el).

The following entropy dissipation estimate is the key to the proof of convergence,
as was observed in the Euclidian case by Cockburn, Coquel, and LeFloch [2].

PROPOSITION 6.3. Let U : R — R be a strictly convex, smooth function. Then,
for all n we have

K
Z U n+1 |K|—|— Z €Z|)| || n+1 7]1{+1‘2

KeTh KeTh
(6.12) ceoK ellK]
(&
< D UWR)IK|+ Y TlelFo(uf,uf) + > —— R,
KeTh KeTh KeTh PK
ecOK ecOK ecOK

where o denotes the modulus of convexity of U.

Proof. First, we observe that from an elementary lemma on convex functions
(Lemma 3.5 of [2]) and (6.9) one easily obtains

n lel[ K|, » |2 lel| K|,/ n
(6.13) Y |K[U(upEY) E - S -t p—U(uKTel)-
KeTh KeTh KeTh K
ecdK ecOK

Next, we sum up the inequality (6.11) with respect to all K and e, and divide by px
to obtain

(6.14)

el| K o " n el|K| .
> v - ¥ vt - X rlelrcioni) - 3 D R <o
KeTh KeTh KeTh KeTh

eCcOK ecOK ecOK
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Note that, again, all of the flux terms Fe x (u},u} ) cancel out due to conservation.
Combining (6.14) with (6.13) gives (6.12). The proof of Proposition 6.3 is complete. O

As a consequence of the entropy dissipation estimate (6.12), one can deduce the
following bound:

le]| K|
(6.15) E E e ‘ Ke_uK‘ <H“0||L2(M +C(T),
n=1 gerh
ecOK

where C(T) is a constant depending only on T and N is an integer such that T— N7 <
7. For instance, it suffices to take U(u) = u?/2 in (6.12).

We now derive a local entropy inequality which does not involve the numerical
flux and is a consequence of the inequality (6.11). The proof is completely similar to
that of Lemma 3.6 in [2] and we omit it. This inequality will then allow us to prove
a global discrete entropy inequality.

LEMMA 6.4. Let (U, F) be a convex entropy pair. Then for all elements K and
all faces e € OK, we have

K K Ke n K€ n
Blotug - Hlowg + Eduwge - Eduag,)
PK. PK.
(6.16) K] K|
+o / (e, ) = Pl 2).m e (w) dve < S RGH 4 SELRGEL
K ) . ey

where R’;(Tel is defined in (6.11).

PROPOSITION 6.5. Let (U, F) be a convex entropy pair and let ¢ = ¢(t,x) €
Cc([O,T) X M) be a test function. For each element K and each face e of K, set

(6.17) o = i/ml o(t,@) dvedt, = lel 4
' ©rlel i, Jo o K ok PK ¢
" 1 in in—1
(6.18) Orbx = (9 = P )-

Then, u'l satisfies the following inequality:

S [ (G o(P k) Baoth,0)) do

(6.19) n=0 KeT™
+ Z/ (%)% dvpr < E" + Q" + R,

KeTh
where the error terms E", Q" and R" are given by

(6.20) Z > le |K| Uuid)(Sh — 62),

n=0ge7h
e€cOK
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ZN:ZQ}?,

n=0KeTh

(6.21) Q= > / (ufe, ), 0,k () dve &7

Q"

e€OK
n+1
/ / F(uf,z),Vyé(t,z)) dugdt,
Z 3 |K||€ Tl g gt
(6.22) n=0 gerh

ecOK
Ry = Uugl)) = U@gt).

Proof. Multiply the inequality (6.16) by ¢"|e| and sum over all K € 7", e € K.
Note that the first four terms in (6.16), as well as the last, give the same result whether
they involve K or K. (since the sum is taken over the same set of elements). We thus
obtain

2 3 Bl - vaios:

KeTh
e€OK
n 1 n n K € n
+ 3 rlelor (o7 [o(Pui o) =~ Pl a)mex() o) <2 30 gy,
KeTh € KeTh
e€OK e€COK

Also, due to the conservation and consistency properties of F g we have

> o [P a @) do = = 3 = [Pl ) me(@) doe
KeTh KeTh
eGBK eeaK

which implies

S B gy v o

K%Y;' PKr
(6.23)  “© Kllel
e
T|e|¢" / (Ui, ), ne k (2)) dve < Z R en
KeTh | | KeTh PK 7
ecOK ecOK

Observe now that, setting Q% as in (6.21), we deduce from the definition of @7
(see (6.17)) that

T|e|¢”| |/ (U, ), ne k (2)) doe

KeTh
(6.24) ecOK
n+1
/ / F(ul, ), Vo(t,z)) doprdt + Y Q.
KeTh tn KeTh
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From the convexity of U and Jensen’s inequality, we see that

K
KeTh KeTh PK
e€cOK

Thus, from (6.23), (6.24) and (6.25) and after summation in n, we obtain

Z Z |K| n“ ¢K—Z Z /nH/ F(uk,z),Vo(t, ac)) dvprdt

n=0 KeTh n=0 KeTh
|K||€| +1
< B +ZZQK+ZZ — —CREL,
n=0 KeTh n=0 ge7h
e€dK

with E" given by (6.20). Summing by parts in the first term, one obtains the desired
entropy inequality (6.19). The proof of Proposition 6.5 is complete. O

6.2. Measure-valued solutions and convergence analysis. We now prove
the strong convergence of the approximate solutions u” given by the finite volume
method towards the entropy solution to the Cauchy problem under consideration. To
this end, we need to rely on the framework of measure-valued solutions to conservation
laws developed in [4] in the Euclidian case and extended to manifolds by Ben-Artzi
and LeFloch [1]. The key question is to justify the passage to the limit as h — 0 in
the inequality (6.19) and use the entropy dissipation estimate (6.15) to control the
error terms.

It is well-known that to the sequence u” (which is uniformly bounded in
L>([0,T) x M) for every T > 0) we can associate a subsequence and a Young measure
v :[0,T)x M — Prob(R), which is a family of probability measures in R parametrized
by (t,z) € [0,T) x M. The Young measure allows us to determine all weak-* limits
of composite functions a(u”), for arbitrary real continuous functions a, according to
the following property :

h

(6.26) a(u") > (v,a)  when h — 0

where we use the notation
(v,a) ::/a(/\) dv(N).
R

In view of the above property, the passage to the limit in the left hand side of
(6.19) is (almost) immediate. The key uniqueness theorem [4, 1] tells us that once
we know that v is a measure-valued solution to the conservation law, we can prove
that the support of each probability measure v , actually reduces to a single point
u(t,x), if the same is true for ¢ = 0, that is, v;, is the Dirac measure dy,(;,z). It is
then standard to deduce that the convergence in (6.26) is actually strong, and that,
in particular, v converges strongly to u which in turn is the unique entropy solution
of the Cauchy problem under consideration.

LEMMA 6.6. Let v :[0,T) x M — Prob(R) be a Young measure associated with
the sequence u". Then, for every convex entropy / entropy-flux pair (U, F) and for

every non-negative, smooth function ¢ : [0,T) x M — R with compact support, one
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has
(6.27)

/ / Ve, U())0ed(t, @) + g((vt,2, F (-, 2)), Vé(t,z)) duardt + /M U(uo(z))p(0, z) duas

S-/(; /M<ut,,,vg.F(-, )6 txdedt—/ /M Ve, U (Vg (- 2))(t, ) donsd.

Proof. First, we claim that the discretizations (6.17), (6.18) satisfy the following
estimates, whose proofs are elementary:

|0:d(t, ) — Oedr | < (T + b )|l 2t b a) x )
t€[tn,tnt1]
zeK

and, for each face e,

|62 = S| < (7 + hic) 19l et 1) x )

In view of these estimates and (6.26), the left hand side of (6.19) converges to the
left-hand side of (6.27).

We now consider the error terms on the right-hand side of (6.19). First, note
that E" equals the corresponding one in [2], so we refer the reader to that paper for
a proof that E” converges to zero. Note that the use of estimate (6.15) is essential in
that proof.

Next, let us prove that

T
(6.28) lim R = —/0 /M@m,U'(-)vg-f(-,x»qs(t,x) dva dt.

Recall that R" is given by (6.22). Introducing the averages

Lo dvpsd
= — t,x) dvpsdt,
e / /K b(t, ) duns

we claim that it suffices to prove that

(6.29) lim (RMZ > U /v f(uf, )dUM¢K) -

n KeTh

Indeed, we have

-3 X Uir [ VS dow o

n KeTh
tni1
—- S v [ [ Vst do
n KeTh tn K
tnt1
_ZZU’(u / /v ful,x dUMK/¢t;vdedt
n KeTh | |

_ / " / Vo f (e, 2)0(t, ) duaydt ),
tn K
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so that taking the limit as h — 0 we find, for the first term,

lim — // MV, f(ul, 2)p(t, ) dvyy dt

h—0
//V”’ Vg (-, 2))o(t, x) dupdt,

while the second term easily converges to zero.
We now prove (6.29). First, observe that from the definition of ¢%, it is easy to
see that we may as well consider the term R" with @' instead of ¢7. We thus have

-
B! U i) [ VS i) doas
n—= OK Th | | K
ecOK
h |K||€| / n+1 n+1 n+1
n= OKETh
ecOK
K
+ Z | ||e| /V f (ufe, @) dvpg O
=, K]
ecOK
- |5 e]
=Y 3 S (U ~ U + Ui ) g [ o o) don)
—0 n PK ' |K|
n=VKeT
ecOK
S | Je]
+Z Z U n+1 K/v f n+1, )d’UM( 1}1{+1_¢7I1()
nZOKGTh' Pk | |
ecOK
- 3 U [ VS doas = A+ B+ C
KeTh K

Note that all sums in n may be written from 0 to N because of the compact support
of ¢.

Consider the first term, A. From the bound (5.2) on the divergence of f and from
the maximum principle (6.1) we conclude that

|K|/ Vo g z) dopr = O(7).

Thus, Taylor developing U around the point @ K ., and using (6.8), the definition of
u}’{"'el, we find

<3 S |K||6

n KeTh
ecOK

K € n n T
supU”Z Z | || || +1 K+1|¢K'

n KeTh"
e€cOK

(Wi HO(T) + 0(7) - U' (w07 | o

K,e
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Next, using the estimate (6.15) and the Cauchy-Schwartz inequality, we find that the
term inside the sum above is bounded, so that A = O(7).

Consider now the second term, B. The function ¢ is regular, so that ¢7}(+1 — P =
O(7). Therefore, we have

IBI<> > [K|O(F?) = O(r).
n KeTh

Finally, using again the bound (5.2), we see that the last term C tends to zero with
7. This concludes the proof of (6.28).

Next, consider the term Q" =" Q% given by (6.21). Using Green’s formula,
we can write )

n+1
Q% = | / (U, ), ne Kk ( dve/ qb (t,z) dvedt

EBK

n+1 n+1
/ / F(uk,z)¢(t,z),n(z)) dvoxdt + / / Vg F(ufk,z)d(t, ) dupdt.
oK Jt, Ik
We wish to obtain

(6.30) lim Q" = //um,v (-, 2))p(t, x) doprdt,

h—0

so that according to the above equality we must prove that

. 1 n fnt
%%Z Z (H /g(F(uK,x),neyK(x)) dve/t o(t, z) dvedt
n KeTh © n €

(6.31) cCOK

n+1
/ / (U, 2)p(t, ), ne k() dvaKdt) =0

Let x. be any point on the edge e. Note that

Z Z /n“/ (uf, @), me e (2 ||/¢tw dve — ¢(t, :c))dvedt

n KeTh
ecOK
tnt1
= Z Z / / uKu ne,K(x)) _Q(F(u}l(axe)ane,K(xe)))'
n gerh’tn

e€cOK
(%/f@“ﬂ) dve —¢(t,w))dvedt,

so that taking absolute values and in view of the regularity of F' and ¢, we can bound
the last term by

CT > pxh®.
KeTh

using the CFL condition (5.8), we can finally write
2
//V Fux txdedt’_L ZpKh
K "

K2 _ P2 g
<C —_— = —
<C Y = o),
KeTh
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so that taking the limit as h — 0 and using (5.4) yields

T
Qh—>/0 /M<yt,x,vg-F(-,x)>¢(t,x) dvyydt,

which is (6.30). This completes the proof of Lemma 6.6. O

REMARK 6.7. From the proof of the previous lemma, we see that if the divergence-
free condition (1.2) is satisfied, then the error term Q" converges to zero with h and
R wvanishes altogether. In that case, we obtain, instead of (6.27), the usual weak
formulation

T
[ [ @ UD0(t0) + 9110, P ), Ve, ) dons
+

/ U(uo(2))¢(0,x) dupr < 0.
M

Proof of Theorem 5.1. According to the inequality (6.27), we have for all convex
entropy pairs (U, F),

(9,5<V, U()> + Vg-(<l/,F(-,.’L')>) < <V7 (qu)(v‘T» - <V7 U’()(qu)(,x))

in the sense of distributions in [0,7) x M. Since, for ¢t = 0, the Young measure v is
the Dirac mass &,, (because ug is a bounded function), we know from [1] that there
exists a unique function u € L>([0,T) x M) such that the measure v remains the

Dirac mass §,, for all time 0 < ¢ < T'. Moreover, this implies that the approximations

u” converge strongly to u on compact sets at least. This concludes the proof. [
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