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COMPANION LINEAR FUNCTIONALS AND SOBOLEV INNER
PRODUCTS: A CASE STUDY*

ANTONIA M. DELGADO? AND FRANCISCO MARCELLAN?

Abstract. The present paper deals with the solution of an inverse problem in the theory of
orthogonal polynomials. It was motivated by a characterization result concerning sequences of poly-
nomials orthogonal with respect to a Sobolev inner product when they can be recursively generated
in terms of orthogonal polynomial sequences associated with the measure involved in the standard
component. More precisely, we obtain the set of pairs of quasi—definite linear functionals such that
their corresponding sequences of monic orthogonal polynomials {P,} and {R,} are related by a
differential expression

R4y (2) b R} (x)
n+1 "

= Pn(x) + anPnfl(x)v
where b, # 0 for every n € N.

Key words. Semiclassical linear functionals, orthogonal polynomials, inverse problems, pertur-
bations of linear functionals

AMS subject classifications. Primary 33C45, 42C05

1. Introduction. Consider a linear functional I/ in the linear space P of polyno-
mials with real coefficients. P,, denotes the linear subspace of polynomials of degree
at most n.

We introduce the sequence {u,} of moments associated with the linear functional
U, where u, = (U, z™), n € N. The linear functional I is said to be quasi—definite [5]
if the principal submatrices of the Hankel matrix H = (u;4;)75_, are nonsingular. In
such a situation there exists a sequence {R,} of monic polynomials such that

(i) deg R,, = n,

(i) U, RnRm) = knOnm, n,m € N,
with k, # 0. {R,} is said to be the sequence of monic polynomials orthogonal
(SMOP) with respect to the linear functional Y. If the principal submatrices of H
are positive definite, then the linear functional ¢/ is said to be positive definite. In
such a case, there exists a positive Borel measure p supported in the real line such
that (U, p) = [, pdu, p € P.

It is very well known (see [5]) that {R,} is a SMOP with respect to a quasi-
definite linear functional ¢/ if and only if there exist sequences of real numbers {3, }
and {7y, } with ~, # 0 for every n € N such that

(1.1) 2Ry (z) = Rpt1(2) + BnRn(x) + YnRn-1(x).

This is the so—called three—term recurrence relation that plays a key role in the analysis
of sequences of orthogonal polynomials.
In the last years an increasing attention was paid to inner products like

(1.2) (p,q) =/pqduo+/\/p’q’ dp,
R R
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where 19, 1 are positive Borel measures supported in the real line, A € RT, and
p,q € P.

In such conditions, we can define a sequence of monic polynomials {Q,(z;\)}
orthogonal with respect to (1.2) such that

(1) deg Qn(xv )‘) =n,

(ii) (Qn(x; A), Qm (x5 N)) = kpdpm and k,, # 0.

In [6] the concept of coherent pairs of measures is introduced as follows.

Taking into account that the coefficients of @, (z;\) are rational functions of A
with numerator of degree less than or equal than the degree of the denominator, there
exists a monic polynomial W, 1 of degree n + 1 such that

Witi(z) = Jim Qni1(z5 ).

It is straightforward to prove from (1.2) that

/ (z)dp1 =0

for every ¢ € P,,. This means that W/ ,(z) = (n + 1)P,(z), where {P,} denotes
the sequence of monic polynomials orthogonal with respect to uq, i.e. fR P, Pdu, =
On,mkn with ky, # 0. Furthermore

(1.3) / Wht1(z)dpo =0, n>0.
R

On the other hand, from the expansion

n+1

where {R,,} is the SMOP with respect to o, we get

n+1
Rl 5 Sz
ie.,
n+1
(1.5) Waia(z) ib >0
. n+1 n,k , =2 U,

taking into account the constant of integration vanishes according to (1.3).

Ifin (1.4) by =0for 1 <k <n-—1andb, = by, # 0, then the pair of measures
(1o, 111) is said to be coherent [6].

On the other hand, from the Fourier expansion of the polynomial W, in terms
of the polynomial sequence Q,(z; \) we get

Wit1(2) = Quir (@A) +Zﬁn+1d )Qj(x;A), n = 0.
7=0
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Assuming that (uo, 1) is a coherent pair of measures we get for 0 < j <n—1
(Whi1(), Qj(;A))
N TPV ERY)
e Was ()@, (e o + X fy W4 (1)@} 5 N,
(Qj(z;A), Qj (x5 N))

=0

taking into account (1.5). Thus Wy 11(z) = Qniy1(x;A) + ¢ (AN)@Qn(z; A), and together
with (1.5) we get

n+1
n

(1.6) Qn+1(x3 ) + en(N)Qn (25 A) = Rnya(2) + bRy (x), n > 1,
where ¢, (A\) # 0.

The relation (1.6) has been used as a basic tool for analysis of asymptotic prop-
erties of the polynomials {Q,(z; A)} (see for instance [8, 12, 13, 15]).

In [14] the description of all coherent pairs of measures is done. As a conclusion,
if (o, 1) is a pair of coherent measures, i.e., the corresponding sequences {R,,} and
{P,} of monic orthogonal polynomials are related by

RZH(ZC) +b R, ()
n+1 "on

P.(z) = n>1

) )

then (1.6) holds. That the converse result is not true in general was proved in [7].
Indeed, if (1.6) holds, then

(1.7) /R ( 22(5) +bnR;;Ex))p/(:zr)du1 =0,n2>1,

for every p € P, 1. This means that

R;z+1(17) b R, ()

1.
(1.8) n+1 n

= P,(z) + anPr—1(x), n > 1,

with b, # 0. Notice that we recover the coherent case if a,, = 0 for every n € N.
Conversely, if (1.8) holds, then we have (1.7) for p € P,,_1. But, on the other
hand, it is straightforward to prove

/R (R::(lx) +bn Rnf))p(fr)duo =0,n>1.

Then, thrll(z) + by, R"n(””) is a monic polynomial orthogonal to P,,_; with respect to
the Sobolev inner product. As a consequence, (1.6) follows.

Our work is focused in the analysis of the pair of linear functionals (V,U) such
that the corresponding sequences of monic orthogonal polynomials {R,} and {P,},

respectively, are related by (1.8).

If we write T, (x) = R/T;;ll(m), then relation (1.8) becomes
(1.9) Tn(x) + bpyTh—1(x) = Pp(x) + anPp-1(z), n > 0.

Notice that if V is a classical linear functional (Hermite, Laguerre, Jacobi and Bessel),
then {T,} is again a sequence of classical orthogonal polynomials. This problem has
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been solved in [1] in the context of inverse problems for orthogonal polynomials. In
[3] and [4] some particular examples of (1.6) when V is a polynomial perturbation of
degree 1 of the Laguerre or Jacobi linear functional are studied. These remarkable
examples prove that (1.6) holds despite the fact that (ug, 1) is not a coherent pair.
Some partial extensions of the above questions have been considered in [9], [10] as
well as [11].

Applying the linear functional U to equation (1.9), we can compute (U, T},) in
terms of (U, Ty—1),

(U, T, = —b (U, Tp1), n > 2.

On the other hand, if we assume that the linear functional I/ is normalized by (U, 1) =
1, then we easily get (U, T1) = a1 — by. For technical reasons, we will assume a1 # b;.

The structure of the paper is as follows. In Section 3 we characterize the pairs of
linear functionals (V,U) such that (1.8) holds. We prove that, under this assumption,
one of them must be a semiclassical linear functional of class at most 1. In Section 4
we analyze the companion of V if we assume that )V is semiclassical of class at most
1. We describe all of their companions taking into account that V is either classical
or semiclassical of class 1. In particular, we obtain coherent pairs which appear when
a, = 0 for any n € N. In Section 5 we study the companion of U/ if we assume U
semiclassical of class at most 1. We describe all their companions when U is either
classical or semiclassical of class 1. We obtain coherent pairs when a,, = 0 for every
n € N.

As a conclusion, we deduce all the pairs of linear functionals such that (1.8) holds.
The study of the sequences {Q,(z;\)}, when they exist, will be the main aim of a
future work.

2. Background. In the linear space P’ of linear functionals we can introduce
some algebraic operations as follows [9].

DEFINITION 2.1. Given U € P’ and p € P, the linear functional pU is defined by

(pU,q) = U,pq), q€P.

This linear functional is said to be the left multiplication of a linear functional by a
polynomial.
m
Notice that if p(z) = Z arz®, then the sequence of moments for the functional

k=0
pU is given by

m
iy = (PU,2") = ) axtugin.
k=0

DEFINITION 2.2. Given U € P’ and p € P, the linear functional p~'U is defined
by

q(x) — L(z;9)

-1 o

), q€P,

where L(z;q) denotes the interpolatory polynomial of q in the zeros of p taking into
account the multiplicity.



LINEAR FUNCTIONALS AND SOBOLEV INNER PRODUCTS 241

For instance, if p(x) = x — a, then

(@ —a)y U, q) = @, L =4, p

Tr—a

If p(z) = (x — a)?, then

(@ —a)-2U,q) =, W) =@ —d(@)@ = a),

P.
’ (x —a)? 7€

DEFINITION 2.3.  Given a linear functional U we can introduce a new linear
functional U such that

U,p(z)) = U,plaz + b)), peP.

This means that the moments of U are @i, = (U, (az + b)), n € N.

Notice that if ¢ is a quasi—definite linear functional and denote by { R,,} the corre-
sponding sequence of monic orthogonal polynomials, then U is a quasi-definite linear
functional and the corresponding sequence {Rn} of monic orthogonal polynomials is
given by R, (z) = a" R, (Z2). Indeed

(U, R (2) R () = (U, Rz + ) R (a0 + b))
= (U, aan(x)amRm(l'»
= a”“"(bl, Rn(fE)Rm (I)>

L W .

DEFINITION 2.4. Given a € C, the Delta Dirac linear functional at a is defined as

(0(z — a),p(x)) = p(a)
for every p € P.

Notice that the moments of this linear functional are u, = a". As a straightfor-
ward consequence, the linear functional d(x — a) is not quasi—definite.

DEFINITION 2.5. Given U € P, the derivative of this linear functional is a new
linear functional DU such that

(DU,p(x)) = —U,p'(x)), peP.

Notice that the moments of DU are @, = —nu,_1, n € N. As in the previous
case, DU is not a quasi—definite linear functional taking into account uy = 0.

DEFINITION 2.6. Let {R,} be a sequence of monic polynomials with deg R,, = n
for any n € N. A sequence of linear functionals {a,} is said to be the dual basis of
{Rn} if {an, Rm) = On,m, for n, m € N.

In particular, if {R,} is a sequence of monic polynomials orthogonal with respect
to a quasi—definite linear functional V, then
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PROPOSITION 2.7. The linear functional o, can be explicitly expressed by

R,V

(2.1) ap = VR

That is, {an,p) = (V,R2)"1 (V, R,, p) for any polynomial p € P.

LEMMA 2.8. Let {R,} be a sequence of monic polynomials orthogonal with respect
to a linear functional V, and denote by T,, the monic derivative of Rpy1, (n+ 1T, =
R; ., forn>0. Then

Do/

n

= _(n + 1)an+1a n > 07
where {al,} is the dual basis of the sequence of polynomials {T},}.

DEFINITION 2.9. A linear functional U is said to be classical if there exist two
polynomials ¢ and ¥, with deg ¢ < 2 and degy = 1, such that the following differential
relation holds

(2.2) D(oU) =yU.
This relation is called a distributional Pearson equation.

Taking into account the constraint about the degree of the polynomial ¢, if ¢)(z) =
ax + b then we can consider three situations.

1. deg¢ = 0. In such a case (2.2) becomes DU = U and thus the sequence of
the moments {u,} satisfies au,11 + buy, + nu,—1 = 0, n > 0 (Hermite case).

2. deg¢ = 1. In such a case we can use a change of variables such that ¢(z) =
2. Thus (2.2) becomes D(zld) = U and the sequence of moments {u,} satisfies
atni1 + (b+ n)u, =0, n > 0 (Laguerre case).

3. deg » = 2. In such a case three situations appear.

3.1. ¢ has a double zero. In such a case we can use a change of variables such
that ¢(z) = 22. Thus (2.2) becomes D(z*U) = yU, and the sequence of moments
{un} satisfies (n + a)un 1 + buy, =0, n > 0 (Bessel case).

3.2. ¢ has two simple and real zeros. In such a case we can consider a change of
variable such that ¢(z) = 22 — 1. Thus (2.2) becomes D((z? — 1)U) = U, and the
sequence of moments {u,} satisfies (n + a)un 1 + bup, — nuy—1 = 0, n > 0 (Jacobi
case).

3.3. ¢ has two conjugate complex zeros. In such a case we can consider a change
of variable such that ¢(x) = 22 + 1. Thus (2.2) becomes D((z? + 1)U) = yU, and the
sequence of moments {uy, } satisfies (n+a)uy11+buy,+nu,—1 =0, n > 0 (Romanovski
case). The Romanovski case will not be considered taking into account a complex
linear change of variables reduces it to the Jacobi case.

On the other hand, the sequence {u,} is well-defined in cases 1 and 2 if a # 0
and in case 3 if —a ¢ N. This is the so—called admissibility condition in [9].

In order to the above linear functionals be quasi-definite we get

1. U="m=H, P(z) = —2z.

2. U=L, Y(E)=—c+a+1l, —a¢N

31. U=B, @)= (a+2)x+2, —a¢N.

32, U=J@B  (x)=(a+B8+2)z—B+a,
—a¢N, - ¢N, —(a+f) ¢ N\{1}.
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DEFINITION 2.10. A linear functional is said to be positive definite when the
principal submatrices of the Hankel matrix associated with its moments are positive

definite.

In such a case, parameters 7, > 0 in the three—term recurrence relation (1.1),
and we get an integral representation for such a linear functional

Wm@b=4ﬂ@@@%

with p a positive Borel measure supported in R. In particular, in the classical cases:

L (Hpl)) = [ plo)e " de

R
+oo

2. If a > —1, then (L) p(z)) = / p(z)x*e " du.
0

1
3.2. If a > —1, > —1, then (7(#) p(z)) = / p(@)(1 — ) (1 + z)da.
-1

Notice that the Bessel linear functional is an example of quasi—definite but not positive
definite linear functional.

The sequences of monic polynomials orthogonal with respect to a quasi—definite
classical linear functional can be characterized in several ways.

THEOREM 2.11 ([5, 9]). The following statements are equivalent,
(i) {Rn} is a SMOP associated with a classical linear functional.

(ii) {221} is o SMOP.

(iii) There exists a polynomial ¢ of degree at most two such that

¢(w)R;1+l () = rnRnt2(7) + snRpt1(x) + R (),
with t, # 0.

As a natural extension, if in (2.2) we assume the only constraint degy > 1 and ¢
a polynomial, then the linear functional I/ is said to be semiclassical. A deep study
of semiclassical linear functionals has been done in [9].

Notice that for a semiclassical linear functional there exists an infinite family of
pairs of polynomials (¢, ) such that (2.2) holds.

DEFINITION 2.12. A semiclassical linear functional U is said of class s when

s = InUin{max(deg¢ —2,degtp — 1)},

where U denotes the set of pairs of polynomials (¢p,1)) such that (2.2) holds.
In particular, classical orthogonal polynomials are semiclassical with class s = 0.

THEOREM 2.13 ([9]). The following statements are equivalent,

(i) {Rn} is a SMOP associated with a semiclassical linear functional of class s.
(i) There exists a polynomial ¢ such that {i*_‘:ll} 18 a quasi—orthogonal family of
monic polynomials of order s with respect to the linear functional ¢U, i.e.,

/
(oU, = p) =0

for everyp € Py _5_1.
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(iii) There exists a polynomial ¢ such that

n—+t

S@)R), 1 (2) = Y anyRy(2)

j=n—s
with ap n—s # 0. Here t = deg ¢.

A classification of semiclassical linear functionals of class s = 1 is done in [2]. Tt
will be very useful for our work.

3. Classification of the pairs (i, V). In this section we asume V, U be two
quasi—definite linear functionals such that the corresponding sequences of monic or-
thogonal polynomials, which we will denote by {R,} and {P,} respectively, satisfy
the relation

RZH(ZC) +b R, ()

3.1
( ) n+1 n

= P,(x) + anPr-1(x),

with b, # 0 for any n > 1. As in the previous section, we will denote by T}, the monic
derivatives of the polynomials {R,}.

From now on we assume that a; # b; and we study different relations between
the linear functionals ¢/ and V.

LEMMA 3.1. Let n € N. Then there exists a monic polynomial r,, of degree n
such that (r,U,Tp,) =0 for any m > n+ 1.

Proof. Let 1, be a monic polynomial of degree n. Then, from relation (1.9) we

get (rpU, Tpn) = —bu (rold, Tpp—1) for every m > n + 2. If we write

n—1

Tn = Pn+ ZAn,kPk;
k=0

and using again (1.9), then we can consider the expansion of the polynomial T},4
with respect to {P,},
Tn+1 = Pn+1 + (a;nJrl — bn+1)Pn + ...+ (—1)nbn+1bn ot bQ(CLl — bl)Po.

Thus we compute the action of the linear functional r,Uf over the polynomial T, 1,

<Tnu7 Tn+1> = (an—i-l - bn+1)<u7 P7%> - bn—l(an - bn)An,n—1<u7 P7%71>
+...+ (—1)nbn+1bn Ceelt bg(al - bl)An70<u, P02>,

Finally, because of a; # by, we can choose real numbers A, ,,_1,..., A, o such that
(rond,Ty1) = 0, and then the result follows. O

We observe that, a priori, we will eventually have some free parameters. In
particular, we can choose A, ,,—1 =...=A4,1 =0,

(_1)n+1(an+1 —bni1){U, P7%>
bn+1bn-...-b2(a1—b1) ’

An,O =

and then we have r,, = P, + A, 0.
As a consequence of the previous lemma, we prove the next result.
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LEMMA 3.2. For any n € N, the linear functionals U and V are related by
(32) D[Tnu] = —QDn+1V,

with r,, a monic polynomial of degree n and p,+1 a polynomial of degree at most n+1.

Proof. Let 7, be the monic polynomial of degree n introduced in Lemma 3.1. We
consider the expansion of the linear functional r,U in terms of the dual basis for the
polynomials {7},

/
Tnz/{ = E An7k06k,

k>0

where A, = (rpld, T)). From Lemma 3.1 these coefficients vanish for & > n + 1, i.e.

n
rnL{: E )\nﬁka%.
k=0

Taking derivatives in the previous relation, Lemma 2.8 yields

Dlrald] = =Y Ak + o1
k=0

Finally, using the expression (2.1) for the linear functionals a1 we get the announced
statement (3.2), with

i An k(k + 1)
Pn+1 = — Rk+17
2 R

which is a polynomial of degree at most n + 1. O

For a sake of simplicity we will introduce the notation (U, R2) = || R,||?.

The previous results will be particularly useful for n = 1,2 as well as the explicit
expressions for the polynomials 71, r2, @2, and 3. More precisely, for n = 1 we have
T = Pl + A with

A= (a2 =Bl P]?
52(01—51) ’
and,
2a || 21| (ag —by) || P1[?
3.3 = Ry + R;.
(33) b TR 2 B (= o) [Ral2

For n =2, ro = P, + BP; + CFy with B and C verifying
(ag — b3)HP2H2 — bg(ag — bg)”PlHQB + bgbg(al — bl)C = 0,
and,

2(B||P1]* + C(a1 — b1)) C

3az || P2|?
= 2ds 2l Ry +
[| Ra||? [ R

— Ry.
7T b Ry 2 !

Rs +

As a consequence of these lemmas, we get
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COROLLARY 3.3. In the previous conditions, there exist polynomials 1, 3, and
«, with degy =2, deg 8 < 4, and deg o < 3 such that

(3.4) V(@)U = B(z)V,
(3.5) alx)U = B(x)DU,
(3.6) Y(z)DU = a(z)V,
where

(3.7) b =riry — 1o,

B = rapa — 193,

/
O = P3 — T'yP2.

Proof. From Lemma 3.2 with n =1 and n = 2 we get

(3.8) U+ DU = —pV,
(3.9) roU + ro DU = —p3)).

Then, by elimination of DU we obtain (3.4), by elimination of V we get (3.5), and,
finally, by elimination of & we deduce (3.6). O

4. V is semiclassical of class at most 1. Since v is a polynomial of degree
2, we will give a classification for the linear functionals U, V considering the different
cases for the zeros of 1. First, we deal with the case when 1 has a double zero &.

4.1. Characterization of the pairs (/,V). In this section we study the case
when the polynomial v in Corollary 3.3 has a double zero. In fact, we prove that if
(1.8) holds and % has a double zero, then the linear functional ¥V must be semiclassical
of class at most 1. Furthermore, we will characterize the linear functional U as a
rational transformation of V.

THEOREM 4.1. In the previous conditions, if the polynomial v in (3.4) or (3.6)
has a double zero § € R, then V is a semiclassical linear functional of class at most
1, i.e. there exists B € P of degree at most 3, and pa of degree al most 2, such that

(4.1) DIAV] = —gaV.
Moreover,
(4.2) U = 3V.

Proof. If we take derivatives in (3.7) then ¢’ = 2r;. Since £ is a double zero of
1, we deduce that £ is also a zero of rq, that is, r1(z) =z — .

Then, from (3.7) we get ro(§) = 0. Thus we can write 73 = r151, with $1 a monic
polynomial of degree 1.

On the other hand, since (&) = r2(&)wa(€) — r1(&)ps(€) = 0, then 3 = 713,
where 3 = 51¢2 — 3 is a polynomial of degree at most 3.

In such a situation, (3.8) and (3.9) become

s$1U + ro DU = —s102V,
(7‘1 + Sl)u 4+ ro DU = — 3V,
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from where we obtain in a direct way (4.2).
In order to prove (4.1), we take derivatives in (4.2) and use (3.2) with n =1,

D[3V] = D[ril] = —p3V.

Finally, since deg 3 <3and deg w2 < 2, then V is a semiclassical linear functional of
class at most 1. O

The previous theorem allows us to give a complete classification of the pairs of
linear functionals in this situation. To do that, we will discuss the cases where the
relation (4.1) can be reduced to a classical condition.

From (4.1), we get

(4.3) BDY = —(pa + F)V.

Then, we must study the cases where the polynomials B and @9 + B’ have at least one
common zero as well as we assume that (4.3) can be simplified without the addition
of Dirac masses in the resulting relations.

First, we will see how a linear change of variable affects a relation of Pearson—type
for a linear functional.

LEMMA 4.2. Let U be a linear functional satisfying the Pearson equation
Dip(x)U] = ¢ (x)U.

Consider the linear functional u defined from U by a linear change of variable as
follows

Wopta)) = W p(*=2 ) pe®.

Then, the linear functional u satisfies

D[%M@x +0)U] = P(ax + bO)U,

at—1

where t = deg ¢.

Next, we introduce some notation. We recall the expressions for the polynomials
®2 and ﬁu

2as || P2 (az — ba) | P1||?
- Ry + R,
T 0 Rl T by (ar — by) R
B = s192 — ¥3,

where s1(x) = & — ¢ is a monic polynomial of degree 1. If we make a linear change
of variable y = ax + b, for convenient values of a and b in each particular case, then
we will denote by ¢o(z) = A~ta'tps(az +b), and B(z) = A~ *a"tB(ax + b)/a the
corresponding transformed functions, where ¢t = deg 3 and A is the leading coefficient
of 3. We write

@2(x) = maa® + ma + o,

with |ne| + |m1| # 0. Taking into account Lemma 4.2, up to this change of variable,
relation (4.1) becomes D[3V] = —@2V.
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Keeping in mind this notation, we will analyze the possible classical cases in terms
of the zeros of the polynomial 5.

JACOBI AND BESSEL CASES: degB =3. ~
With the help of Lemma 4.2 all the possible cases for § can be reduced, by a
suitable linear change of variables, to the following three canonical situations:

?(.’L‘) = ‘Tsv
@(x) =2?(x — 1),
Bx) = z(x — 1)(z — A)

Then, we may assume that f3 has this expression without loss of generality.

THEOREM 4.3. If B(I) = a3, thus V is a classical linear functional if and only if
no =0 and (n2 +1) By +m1 = 0, where Y = —R1(0). Then, V is the classical Bessel
linear functional BY) satisfying

D[z*V] = —[(n2 + Dz +m]V,

under the admissibility conditions m1 = —2 and n2 + 3 ¢ N. Moreover, the linear
functional U is given by

U= (x— &) BT 4 Moz — &).

Proof. [¢2 + 3](0) = 0 if and only if ¢2(0) = 7o = 0. This gives us the first
condition. Then ¢g + ' = x ¢1(x), where

$1(z) = (N2 +3) x +m.

Thus, we can simplify in (4.3) and obtain 22 DV = —¢(z)V + Md(z). In such
conditions, the linear functional V is classical if and only if M = 0. Previous expression
applied to 1 yields M = 0 if and only if

(> DV, 1) + (¢ (z) V, 1) = 0,

that is, (V, ¢1(x) —2x) = 0. Finally, we get the second condition, (12 +1) Y +n1 = 0.
The last statement is a direct consequence of (4.2). O

THEOREM 4.4. If 3(x) = a*(x — 1) then, V is a classical linear functional if and
only if one of the following situations appears.

i)no =0 and (na +1)BY +m —1 = 0. In this case, V is the translate of the
classical Jacobi linear functional to the interval [0, 1], satisfying

Dlz(z — 1)V] = —[(n2 + L)z +m — 1]V,

under the admissibility conditions —m —n2 +1 ¢ N, 1 ¢ N, and —n2 +1 ¢ N.
Moreover, if the linear functional V = J(*5) is the Jacobi linear functional associated
with the measure dug = (1 — z)*(1 + x)dx, then the linear functional U satisfies

U= (z—& 1 gt 4 Moz - ¢),

with €] > 1.
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i) m4+m+n+1=0and (n2+1)3Y —no = 0. In this case, V = B is the
classical Bessel linear functional, satisfying

D[z*V] = —[(n2 + 1)z — no]V,

under the admissibility conditions ng = 2 and n2 — 3 ¢ N. Thus, the linear functional
U is

U=(x—& " (xz—1)Br? £ M§(x —¢).

Proof. In a similar way than in the previous theorem, we get condition i) from
the case [p2 + 3'](0) = 0 and condition ii) from [p2 + G'](1) = 0. O

THEOREM 4.5. If 3(x) = z(x — 1)(x — \), then V is a classical linear functional
if and only if one of the following situations holds.

i)no+A=0and (na+1)BY +n1 — A —1=0. Then, V is the classical Jacobi
linear functional translated to the interval [\, 1] or on [1, ], satisfying

Dz =1)(z = 2V] = =[(n2+ Dz +m - A-1]V,

under the admissibility conditions (m —A(1—n2))/(1=X) ¢ N, (1—n1—n2)/(1-A) ¢ N,
and 1 —n9 ¢ N.

i) ne+m +nm0—A+1=0 and (na+1)B8Y —no = 0. Then, V is the Jacobi linear
functional supported either on the interval [0, A] or [A,0] and satisfying

Dz(x — \)V] = =[(n2 + 1)z — no]V,

under the admissibility conditions no/A —n2 ¢ N, 1 —no/A ¢ N, and 1 —n2 ¢ N.
i) (2 + DA+ (m — DA+ 100 =0 and (n2 +1)3Y —no/X\ = 0. In such a case, V
is the Jacobi linear functional on the interval [0,1] satisfying

De(a — 1)V] = [~(2 + D + LIV,
under the admissibility conditions no/A —n2 ¢ N, 1 —no/A ¢ N, and 1 —n2 ¢ N.
Moreover, in any of the three previous situations, if V = J®P) is the Jacobi
linear functional associated with the measure dug = (1 — 2)*(1 + z)8dx, then the
linear functional U is given by

U= (z—&) " (x—&) TP L Moz — &),

with either |&ol, |&1] > 1, or & = &1 and |§] > 1.

Proof. In a similar way than in the previous theorem, we get condition i) from
the case [@2 + 3](0) = 0, condition ii) from [@2 + #'](1) = 0, and condition iii) from
(g2 + #)(\) = 0. i

Notice that in every case with deg 8 = 3, the admissibility conditions yield 7y # 0.
This means that the degree of the polynomial @2 in relation (4.1) must be 2.

Proceeding in the same way as above, we analyze the cases when deg =2 and
deg 8 = 1.

LAGUERRE CASES: deg /3 = 2.
If B is of degree 2 then, by a linear change of variables we can make
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Bla) = a?,
Blx) = z(x —1).
Hence, we may assume that B has this expression without loss of generality.

THEOREM 4.6. If 3(z) = x2, then (4.1) reduces to
DlaV] = =[nax +m + 1]V

if and only if no = 0 and n2 BY +m = 0. As a consequence, V is the classical Laguerre
functional under the admissibility conditions no = 1 and n1 +2 ¢ N. Moreover, if V =
L) is the Laguerre linear functional associated with the measure duy = x®e~*dz,
then the linear functional U satisfies

U= (z—E&) L 4 Moz — &),
with & < 0.
THEOREM 4.7. If B(:v) =x(z — 1), thus V is a classical linear functional if and
only if one of the following situations holds.

i)no=1and e By +m +1=0. In this case, V is the translated of the classical
Laguerre functional satisfying the Pearson equation

Dl(z = 1)V] = —=(ner +n1 + 1)V,

under the admissibility conditions ne =1 and m + 3 ¢ N.
i) e +m +no+1=0and ne By —no = 0. Then, V is the classical Laguerre
functional verifying the Pearson equation

D[zV] = —(n2x — o)V,

under the admissibility conditions ne =1 and 1 —ng ¢ N.
Moreover, if V = L% is the Laguerre linear functional associated with the mea-
sure dpg = x*e~*dx, then the linear functional U satisfies

U= (z—&) o —&) LT + Mé(x — &),

with either £y,& <0 or & = & > 0.

HERMITE CASE: deg 3 = 1.

THEOREM 4.8. If degﬁ~ =1 then, with an appropriate linear change of variable,
we have B(x) = x. In that situation, V is a classical linear functional if and only if
no+1=0 and 28y +n1 = 0. Thus, V is the translated of the classical Hermite

linear functional verifying the Pearson equation
D[V] = —(nex +m)V,

under the admissibility conditions 1o = 2 and m = 1. Moreovezr, if V = H is the
Hermite linear functional associated with the measure dug = e~* dx, then the linear
functional U satisfies

U=H+ M)
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Notice that in this case, both linear functionals ¢ and V are symmetric, and then
for n = 1 relation (1.8) becomes,

R/
P1—|—a1:72—|—b1.

This relation means a; = b1, a contradiction with our hypothesis. Then, the case
stated in Theorem 4.8 is not possible.

4.2. Classification. Taking into account the results obtained in Section 4.1 we
give a description of the linear functional U/ according to the different possibilities for
V to be a classical or a semiclassical linear functional of class 1.

From Theorem 4.1, we have the following pairs of linear functionals when the
polynomial ¢ in Corollary 3.3 has a double zero.

1. If deg B < 2 and deg s = 1, then the linear functional V associated with the
measure dyg is a classical one, and we have the following possibilities for the measure
dp associated with U,

dio = (1 - 2)°(1 + 2)°da,
(J1.1) 1 a+1 B+1
with o, 8 > —1 and [£| > 1.

1
(L11) dpo =x% %dx, dp = garo‘Jrlef””dzzr + Mé(x —¢),
T —
with o > —1 and £ <0.
These cases correspond to the positive-definite coherent pairs described in [14].
They satisfy relation (1.8) with a,, = 0 for any n € N.

If V = B is the Bessel linear functional, then we have
(Bi1) U= (z—& BT 4 Mz - €).

In the same way we have discussed before, we can see that in this situation the
Hermite case is not possible with a; # b;.

2. When deg § = 3 and deg 2 < 2, under the conditions described in Theorems
4.3-4.7, V is a classical linear functional. If we assume V = J(®#) is associated with
the Jacobi measure, then we have the pairs

dpo = (1 — 2)*(1 + x)%dz,
(J12) z —&o at1 B+1
d'ulzx ¢ 1—2)*"(1+2) " de+ Md(x — &),
— &1
with a, 6 > —1 and [, [&1] > 1, as well as
(J13) dpo= (1 —2)*(1+x)de, du = (1 —2)* (1 +z)de + Mé(x - €),

with o, 6 > —1 and [£| < 1.
If we assume V = £(®) is associated with the Laguerre measure, then

(L12) dpo =a¥e *dx, du = L?):Z:O‘He*mda: + Mé(z — &),
T —q1

with o > —1 and &p, & <0, and
(Li3) dpo =a%e *dx, duy =a*Tle "de+ Mé(z — &),
with @ > —1 and £ > 0.
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In the above cases, the linear functional V satisfies the conditions described in
[1]. For example, in (J;2) we have (z — &)U = (z — &)T @AY, Then, the
results shown in [1] give us a 2 — 2 relation between the polynomials P, and the
Jacobi polynomials P,&““*" +), Taking into account that R, = P,&“'ﬂ ) as well as the
differentiation formula for the Jacobi polynomials, R, = nPr(LOflrl’B +1), then it is easy
to prove that the pair (Ji 2) satisfies a relation of the type (1.8). In a similar way,
we can check this relation for (J1,3),(L1,2), and (L1,3). Furthermore, cases (J1,2) and
(L1 2) appear in the examples given by Sri Ranga et al. in [3].

Finally, if V = B(®) is the Bessel linear functional, then we have

(Bio) U= (z—8&) " (z—&) B 4 Moz — &).

We conclude this section with the cases when the linear functional V is semiclas-
sical of class 1, and we will describe the different pairs according to the classification
given by S. Belmehdi in [2].

3. If B(z) = (22 — 1)(x — \), then for the measures uo and p; associated with V
and U, respectively, we have

dio = (1— 2)*(1 + 2)° |z — Ada,
(S1.1)

i = — (1) (14 2)"* o = AP o+ Moa = ©)

with a, 8,7 > —1, |a| + |B]| + |7| # 0, and |£| > 1. The support of these measures is
the interval [—1,1].

4. If B(:z:) = 2%(z — 1), then we have the pair of linear functionals supported on
the interval [0, 1] associated with the measures

dpo = (1 — 2)*zPe~ du,
S 1 -
(51.2) dpy = —5(1 — 2) P T doe + Mo(x — €),
7 _
with a, 8 > —1, v > 0, and & ¢ (0, 1).
5. If B(x) = 23, then we have the pair

1
(Si3) dpo=aes Fdr, dus = —gcc“”eg‘z%dx + Mé(z —€).
T —
This is the analog of Bessel linear functional in the classical case, and the support of

the measures is not on the real line.
6. If B(x) = 22 — 1, we have
dpo = (1 — 2)*(1 + x)Pedz,
(S1,4)

i = (1 =) (14 ) e s £ Moo ),

with o, 8 > —1, |€] > 1, and supported on the interval [—1,1].
7. When 3(x) = 22, the measures are supported on the half line [0, +-00),

1
(S15) dupo = e "+ 5de, duy = x—xa”e_””*%d:z: + Mé(z — €),

¢
with & > -1, 6 <0, and £ < 0.
8. For B(x) = x we have

1
(S16) dpo = 22 ATy = x—xQ‘LHe*zz*Mda: + Mb(x —€),
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supported on [0, +00) with 4 > —1/2 and £ < 0.
9. Finally, if 8(x) = 1, then we have the pair of complex measures

d,[t() — e%fzeri(acfl)zd‘r7
(51.7)

i3 .
duy = 5w il gy 4 Moz — &).

z—&o
supported on the whole real line R, with & ¢ R.

In order to check that all these pairs of linear functionals satisfy (1.8), we just
have to take into account that the linear functional V is semiclassical of class 1. The
key property is shown in the next lemma.

LEMMA 4.9. Let V be a semiclassical quasi-definite linear functional of class 1,
satisfying D[9V] = ¥V, with deg¢ < 3 and degy < 2, and let {R,} be the corre-
sponding sequence of monic orthogonal polynomials. Assume that the linear functional
Vi = @V is quasi—definite, and denote by {S,} the corresponding sequence of monic
orthogonal polynomials. Then, R, is quasi-orthogonal of order 1 with respect to Vi,
and

/
RnJrl

:Sn nSn—7
n+1 e !

with p, # 0.

Proof. Taking into account that V is semiclassical of class 1, it is well known
[9] that we can represent the polynomial ¢R;, | as a linear combination of Ry, for
n—1<k<n+ 3, that is

/
¢Rn+1 = Cn,n+3Rn+3 + Cn,n+2Rn+2 + Cn,n—i—an—i-l + Cn,an + Cn,n—an—l .

If we write R, | = (n+1)S, + ZZ;& dp 1Sk, then it is easy to prove that d,, x =0
for £ < n — 2, and then we deduce the result. O

In our cases, the linear functional V satisfies D[BV] = —p9V, and the deriva-
tives R, constitute a sequence of polynomials quasi-orthogonal with respect to the
linear functional V; = BY. Moreover, in all these cases V; is again a quasi—definite
semiclassical linear functional of class 1. If we denote by S, the sequence of monic
polynomials orthogonal with respect to V;, then we have

/
n+1

:Sn nSnfv
n+1 T !

with p, # 0. Moreover, we can compute the coefficients j,, taking into account
V1 = BV. Indeed

SuctlPrim = V0, b,y — v, Busts, - gy, Tty )
n—1 Hn = 177’L+1 n—1, — ,TL+1 n—1 ,TL+1 n—1

RnJrl

=V

[<P2Sn71 - BS;—1]>-

Finally, from (3.3) as well as § = (x — ¢)@2 — @3, we obtain

3(n—1) as||Pf*  2(n —2) az||P*] | Rt |

n+1 bsl|Rsll>  nA41 bofRell?)[[Sna]*

n =
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On the other hand, the linear functional V; is related to U by (z — )U = V.
Thus (see [9])

Pn = Sn + )\nSnflv
with A, # 0. More precisely, this coefficient is

W WLPS ) U@ —OPS. ) P
e [ESE [k

taking into account Vy = (z — §)U.
Since (n 4 1)P, # R}, ,,, then A, # p, for every n € N. Thus there exist a,, and
by, such that (1.8) holds. In fact,

()\n - Nn)ﬂn—l b — ()\n - Mn)/\n—l

anp = s .
" /\nfl — MUn—1 /\nfl — MUn—1

Finally, next table shows a list of all the possible cases of pairs of linear functionals
satisfying (3.1), when V is a semiclassical linear functional of class at most 1,

(J1,1)
dpo = (1 — 2)*(1 + 2) dx & ff>—1
1 |§| > 1 [_L 1]
dpy = x—_gu —2)* M (14 2) M de + Mo(x — €) -
(J1,2)
dpo = (1 —2)*(1 + x) dx a, B> -1
v g, ol a1 [0
din = g2 (1 =)™ (L) da + Moo - &)
(/13) a,f>-—1
dpg = (1 — 2)*(1 + z)Pdx |§’| <1 [-1,1]
dpy = (1 — )t (1 + 2)%* de + Mé(z — €)
(L1,1)
dpo = :vaf“"”dw, ?<>0_1 [0, +00)
dpy = x_gxo‘+le_md:c+M5(:zr—§) B
(L1,2)
d — %7 > —1
140 ng z, 2‘0 £ <0 [0, +00)
(L13) a>—1
dpo = z%e~*dz, £>0 [0, +00)
dpy = x%te%da + M(x — €)
(S1.1)
dpo = (1 — 2)(1 + z)P|z — A\|da 1§l =1
__1 _ oyt BH1|, _ |+l @, B,y > -1 1.1
dpn = o (1= @) (14 2)" e = AP de | +6]+ 7] £0
+Mé(x—¢§)
(512) o, B> -1
dpo = (1 — z)°aPe= do 4> 0 [0,1]
dpy = —5(1—x)a+1x5+26?dI+M5(x—§) £€¢(0,1)
R
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(S1,3)
L_ 2
dug = %= " =2dx
1
duy = x—_fxo"meg*m%d:c + Mé(x — &)
(51.4)
dpg = (1 — 2)*(1 + z)Pe " dx a, B> —1
) ’ ~1,1
dpy = ——(1 - :C)O‘H(l + :E)Bﬂe_’\wdac 1€l >1 | !
T _
+Mé(x—¢§)
S
(S1,5) N a>—1
duo= x%e = dx B<0 [0, +00)
dpy = 202678 gy + Mé(x —¢) £<0
(S16)
_ 2, -z —
dpo=x “16 dx gzo 1/2 [0, 4+00)
dpy = :C_ExQ“Jrle*xz*MdI—i-M(S(:z:—{) -
(S1,7)
QxS .
duo= e 712+1(a71)zdx I3 ¢ R R
QxS .
d,ul _ - eszZJﬂ(a—l)zdl,_i_Mé(x _ 50)
—&

5. U is semiclassical of class at most 1.

5.1. Characterization of the pairs (i, V). In this section we analyze the case
when the polynomial ¢ in Corollary 3.3 has two simple zeros. As in Section 4, we
will see that with this assumption, if (1.8) holds, then the linear functional &/ must
be semiclassical of class at most 1, and moreover, the linear functional V can be
represented as a rational modification of U.

THEOREM 5.1. If the polynomial vy in (3.4) or (3.6) has two simple zeros, &1 # &a,
then U is a semiclassical linear functional of class at most 1, that is, there exist
polynomials B, € P, with deg f < 3 and degp < 2, such that

(5.1) D[AU] = oU.
Moreover, the linear functional V is determined by

BY = (z - U,
where & € {&1, &2}

To prove this theorem, we need several previous results.

LEMMA 5.2. If £ is a simple zero of ¢ such that 5(§) = 0, then «(§) = 0 and
r1(§) # 0.

Proof. First, since £ is a simple zero of ¢, if we derive in (3.7) then we obtain
P(&) = r5(&) + 2r1(§) — r5(§) = 2r1(§) # 0, thus ri(£) # 0.

On the other hand, multiplying by £ in (3.8), from (3.4) and (3.5) we get ra =
—B — ¢21p. Then, we evaluate in £ and obtain 71 (§)a(§) = 0. Since r1(§) # 0, finally
we deduce a(§) = 0. O
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LEMMA 5.3. If € is such that ¥(§) = 0 and B(§) # 0, then there exists a non—zero
constant C' which is independent on n such that

() + Cri(€) =0,
for alln € N.
Proof. Multiplying by 8 in (3.2) and using (3.4) and (3.5) we get
(5.2) ary + By, = —gni1th, n > 1.

Then, evaluation in £ yields a(&)r, (&) + B(&)r,(§) = 0. In particular, for n = 1 we
have a(&)r1(§) + B(§) = 0. Since B(§) # 0, it must be a(§) # 0. Thus the result
follows taking C' = 8(§)/a(§). O

LEMMA 5.4. If there exist &1, &, C1, and Cy such that
(5.3) (&) + Cirp (&) =0, n > 1,
fori=1,2, then & = & and Cp = Cs.
Proof. We remember that r,, can be expressed in terms of the polynomials {P,},

n—1

Tn = Pn+ ZAn,kPk;
k=0

where the coefficients A, ; were given by condition (r,U,T,+1) = 0, that is,
(an-i-l - bn+1)<uv Pr%> —bp_1(an — bn)An,n—1<uv Pr%—1>
+ ...+ (—1)nbn+1bn taelt bQ(CLl - bl)An10 =0.

As we noticed after the proof of Lemma 3.1, we can choose the coefficients
An,n—l =...= An,l = 0, and

(_1)n+1 (ant1 — b)) {U, P3>
bn+1bn-...-b2(a1 —bl) ’

so that we have r,, = P, + A,,. Thus, (5.3) yields

An = An,O =

Pu(&i) + CiPy(&) = —An, n > 1,
for i = 1,2. Or, equivalently,
P (61) + C1P,(&1) = Pa(&2) + C2 Py (62), n > 1,

and the relation holds in a trivial way for n = 0. Then, every polynomial p € P
satisfies

p(&1) + Cip' (&) = p(&2) + Cap'(&2).

In particular, for the polynomials p(x) = (z — &)™ we get
(G —&)"+COm(& — &) =0,n> 2,

from where we deduce & = & and, finally, Ch = Cy. O
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Now we are ready to prove the Theorem.

Proof of Theorem 5.1. Let & # &2 be simple zeros of 1. Then, from Lemma
5.3 and Lemma 5.4, one of them must be a zero of 3. We can assume that (&)

B(&1) = 0. Then ¢(z) = (z — &1)(x), with (z) = (z — &) and B(z) = (z — &1)B(w),
with deg 8 < 3. Moreover, from Lemma 5.2, £&; must be a zero of a. Then, a(z) =
(x — & )a(x), with deg & < 2.

In such a situation, relations (3.4), (3.5), and (3.6) become

Pt = Ble)V + Moz = &),
(5.5) oz(ac)bl = B(z)DU + No(z — &),
Y(x)DU = a(z)V + Ké(x — &),

and (5.2) becomes
(5.7) ary + Brl, = —pn1th, n > 1.
Then, using (3.2) and the previous relations we get
(arp 4 Br!))V = —pn 1 Drold] = (' U + r, DU).

Thus we deduce r, (&V — ¢ DU) = !, (U — FV). Taking into account (5.4) and (5.6),
we obtain

(5.8) Kry (&) =—-Mr) (&), n> 1.
Moreover, from Lemma 5.2 for n = 1 we have r1(&;) # 0, as well as r] (&) # 0. Then
K=0&M=0.

_ Now, for {&; we have either B(&) # 0 or B(&) = 0. First, we assume that
B(&) # 0. From Lemma 5.3 there exists C' # 0 such that r, (&) + Cr] (&) = 0 for
n > 1. Thus, since & # &, by Lemma 5.4 we deduce K = M = 0 in (5.8). On the
other hand, if /3 (&2) = 0 then, in the same way that we have done the analysis for &,
we get

(5.9) Krp(&) = =M1l (&), n > 1,
with 71(&2) # 0 and r} (&) # 0. Thus, in this case we also obtain the condition
K=0&M=0.

As a consequence, Lemma 5.4 means that either (5.8) or (5.9) must be a trivial
condition.

Then, we can assume that K = M = 0in (5.4) and (5.6). This proves the second
assertion 3(z)V = (z — &)U.

Furthermore, from (3.8) and (5.7) we deduce for n =1

—pa BV = BU + 11 BDU = —(p2tp + 118U + 11 3DU,

and taking into account (5.5) we get Nri(&1) = 0. Finally, from Lemma 5.2, r1(&1) #
0, thus N =0 in (5.5), and, as a consequence, the first statement follows with ¢ =
a+p.0
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In a similar way than in the case where the polynomial 1) has a double zero, we
need to describe the cases when relation (5.1) can be reduced to a classical one. That
is, the polynomials B and & have at least one common zero and moreover this zero can
be simplified without addition of Dirac masses in the distributional Pearson equation.

We remember that the linear functional U satisfies BDZ/{ = ald, and a priori the
non—classical cases are those with either degﬁ~ = 3 and dega < 2, or degB <2
and dega = 2. If 3(z) = Az + l.d.t., then we define 3(z) = A~'a~'B(ax + b) and
a(z) = A~ ta'~ta(az+b). As a consequence, from Lemma 4.2, up to the linear change
of variable y = ax + b, the linear functional U/ satisfies

BDU = ald.

Moreover, we denote &(z) = asx? + aqx + . ~
We classify the different cases according to the degree of the polynomial 5.

JACOBI AND BESSEL CASEs: deg 3 = 3. i
As in Section 4.1, taking into account Lemma 4.2, all the possible cases for § can
be reduced, up to a linear change of variables, to the canonical situations,

Ba) = o
Ba) = 2(e 1),
B(x) = x(xz — 1)(x — A).

Hence, without loss of generality, we may assume that f3 has this expression.

THEOREM 5.5. If B(z) = 23, then U = B®) is the Bessel linear functional
verifying the equation

D[z*U) = [(ag + 2)z + s JU

if and only if ag = 0, (g + 2)BY + a1 = 0 and the admissibility conditions a; = 2
and —ao ¢ N hold. Moreover, the linear functional V is given by

V=273 (x — OB + Mod(x) + M8 (x) + Mad"(z).

THEOREM 5.6. If 3 has a double zero, then 3(zx) = z2(x — 1). The following two
CASES Can appear.
1) U is the classical Jacobi linear functional satisfying

Diz(z — U] = [(a2 +2)z + a1 — 1JU

if and only if ag = 0, (e +2)3Y + a1 — 1 = 0, and the admissibility conditions
a+a1+2¢N,2—a; ¢ N, and as +4 ¢ N hold. Moreover, if U = J@T18+2) js the
Jacobi linear functional associated with the measure du; = (1 — ) TH(1 + )% 2dz,
then the linear functional V wverifies

V=(x-— g)j(aﬁ),
i) U = B®) is the classical Bessel linear functional satisfying

D[z?U] = [(ao + 2)z — ol
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if and only if ag + a1 +ap =0, (ag +2)85 — g = 0, and the admissibility conditions
ag = —2, and —as ¢ N hold. Moreover, the linear functional V is given by

V=a22(x—1)"" (x - &B + Myd(x) + M1’ (z) + No(z — 1).

THEOREM 5.7. If B(z) = a(x — 1)(x — \), then the following three cases can
appear.
1) U is the classical Jacobi linear functional satisfying

Dz —1)(z =AU = [(e +2)x + a1 — A= 1|U

if and only if ap =0, (g +2)8Y + a1 — A — 1 =0, and the admissibility conditions
(an +aA+2A=3))/(A-1)¢N, 2A+1)—a1 —a2)/A-1)¢Nandas+4 ¢ N
hold.

1) U is the classical Jacobi linear functional satisfying

Diz(x — MU = [(a2 + 2)z — g — AU

if and only if aa + a1 +ag = 0, (ag +2)8% — ag — A = 0, and the admissibility
conditions 2 — ag/A+as ¢ N, ag/A+2 ¢ N and s +4 ¢ N hold.

1) U is the classical Jacobi linear functional satisfying
Dlz(z — 1)U] = [(a2 + 2)x — ap/N — 1JU

if and only if as)® + car A+ g =0, (a2 +2)8Y — /A — 1 =0, and the admissibility
conditions as —ag/A+2 ¢ N, ag/A+2¢ N, and as +4 ¢ N hold.

Moreover, if U = J@TL8+YD) s the Jacobi linear functional associated with the
measure duy = (1 — )%+ (1 + 2)P*1dz, then the linear functional V' satisfies

V=(z-&)" (& —&) T + Mi(z - &),

with |§ol, [§&1] = 1 or §o = & and [§| < 1.

LAGUERRE CASES: deg 3 = 2.
In this case, by a linear change of variables we can make

B(‘T) = 1'2,

B(z) = z(x — 1).
Then, we may assume that f3 has this expression without loss of generality.
THEOREM 5.8. If B(I) = 22, then U is the classical Laguerre linear functional
satisfying
D[zU] = [agz + an + 1]U

if and only if ag = 0, B4 + a1 + 1, and the admissibility conditions az = —1 and
—ay ¢ N hold. Moreover, if U = L) is the Laguerre lineal functional associated
with the measure duy = x2e~%dx, then the linear functional V satisfies

V= (x—&6)LY + Ms(x).
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THEOREM 5.9. If 3(z) = x(z — 1) thus, the following two situations can appear:
i) U is the translated of the classical Laguerre linear functional satisfying

D(z — 1)U] = [aex + a1 + 1JU

if and only if ap = 0, Sy + a1 +1 =0, and the admissibility conditions as = —1
and 1 —ay ¢ N hold.

ii) U is the classical Laguerre linear functional satisfying
DiaU] = [agx — ap + 1|U

if and only if az + a1 + ag = 0, a5 — apg + 1, and the admissibility conditions
ag = —1 and ap ¢ N hold.

Moreover, if U = LY s the Laguerre lineal functional associated with the
measure dyy, = e ?dx, then

V=(z—-&) (& —&) LY+ Mix - &),
with §,&1 < 0 or §o =& > 0.

HERMITE CASES: deg 3 = 1.
THEOREM 5.10. If B(x) = x then U is the classical Hermite linear functional
satisfying
DU] = [agz + a1 U
if and only if ap =0, azfY + a1 = 0, and the admissibility conditions as = —2 and
a1 = 0 hold.

Notice that, as in the previous case, the Hermite case can not happen. In fact, if
U = H is the Hermite linear functional associated with the measure dy; = e™* dz,
from (4.2) we have an analog situation for the linear functional V to that in Theorem
4.8, which is not possible.

5.2. Classification. We finish our study with the description of the linear func-
tional V when U is semiclassical of class at most 1.

From Theorem 5.1, we have the following classification for the pair of linear
functionals ¢ and V associated with the measures du; and dug, respectively.

10. When deg@ < 2 and degp =1, by (5.1) U is a classical linear functional.

In the Jacobi case, U = J(@+1.+D)  Theorem 4.1 gives the pairs

(J2,1) dpo = (x — (1 —2)*(1 +2)Pdz, dps = (1 —2z)*t1(1+ z)PHd,
with o, 3 > —1, |{] > 1 and
(Jo2) dpo = (1+z)Pde + Mé(x — 1), duy = (1 + 2)°*dx,

with g > —1.
In the Laguerre case, U = L@t we obtain the pairs

(LQ,I) d:U’O = (I - g)xaefzdl,, dlul = xa+1efxd‘r7
with a > —1, £ <0, as well as
(Lo2) dpo=e “dx+ Mo(z), dus =e “dx.

All the previous cases are positive—definite coherent pairs described in [14], and
satisfy (1.8) with a,, = 0.



LINEAR FUNCTIONALS AND SOBOLEV INNER PRODUCTS 261

Finally, when U = B(®) is the Bessel linear functional, then V is defined by
(Bz1) V=a"%x—&)B + Myd(x) + M8 (z) + No(x — &).

11. On the other hand, when either degB <2 and degyp = 2, or degﬁ~ =3 and
deg p < 2 and U is a classical linear functional under the assumptions from Theorem
5.5 to Theorem 5.9, the classification of the pairs & and V is as follows.

If U = J(@+1.B+1) ig the Jacobi linear functional, then we get the pairs

_ =% N
(g 0= g (1m0 (L) de+ Mz — &),

dpy = (1 — )+t (1 + x)P+dx,
with o, 8 > —1 and either |£|, [£1] > 1 or & = & if |&1] < 1, and finally

(Jos) dpto = %_50 +2)°de + Mo(w =€) + No(w— 1), dpy = (1+ )" da,

with 8 > —1 and |¢] > 1.

In case (Ja,3), the linear functional V satisfies the conditions described in [1], that
is, (x — &)V = (xz — &)T@P). Then, as the authors show in [1], we have a 2 — 2
relation for R, and the Jacobi polynomials Pr(f"ﬁ )
this pair verifies (1.8).

To conclude with the Jacobi cases, we will analyze the pair (J2 4). We have that
(x—1)(z =€)V = JIP). Thus, (see [9]) we can express R,, as a linear combination of
(1 s ), and P,El g), and as a consequence, the derivatives
2, ﬁH) , and P,Eigﬂ),

, from where we obtain directly that

Jacobi polynomials P(1 A , P,
R}, can be given as a hnear combination of P(2 A1) , P,
Ry

U= PR 4 o PRI e P2, 2,
n

with &, # 0. On the other hand we have that the linear functional U verifies (x —
12U = JZA+D . Then (see [9]) P, can also be represented as a linear combination
of the Jacobi polynomials

P, = P&OHD 4 g, PP 1 4, pO0Y >0,

with d, # 0. Then, it is easy to deduce that there exist a,, and b, # 0 such that
(1.8) holds if and only if the coefficients Verlfy the relations ¢, + b, = d, + an,,
Cp +bpcn_1 = d + and,_1, and b,é,_1 = andn 1. Then, taking into account ¢, =
[ )= D] R a [PPSO |2 amd d = [[Pa 2] PEED =2, o compatibility
conditions are needed,

1Pu? 1 | R
I " (1) = 1) | D)2

(5.10)

(511) (dn - Cn)(cznflcnfl - énfldnfl) = (Czn - 671)((2”,1 - énfl)y n > 2.
In such a case, the coefficients a,, and b,, are given in terms of ¢,, and d,, by

[P

(| Pa—1?
5.12 _9 — )by =dy — o, an = n(n—2
( ) (n(n ) ) c a n(n — 2) EAE

by
1B 2

In the Laguerre case, U = £t we have the pairs
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(L23) duo = ;; : ZJ % dx + Mé(x — &), duy =2 Te %du,
with a > —1 and either &p,&; <0 or § =& > 0, as well as

(La,4) duo = . i 5e_””dﬂc + Mé(x—&) + Né(x), du =e “dz,
with £ < 0.

Condition (1.8) for the pair (Lg 3) follows in a similar way that in case (J23),
because the linear functional V satisfies the conditions studied in [1].

The case (L2.4) can be analyzed in a similar way to (J24). Here, U and V are
related with the Laguerre linear functional by z(z—¢)V = £ and 2?1 = £®). Then,
taking into account that lel_i)r/l =(n+ 1)L£L2) as well as the results in [9], we deduce
that both R;,; and P, can be expressed as a linear combination of the Laguerre

polynomials Lg), Lg_l, and Lff_)g,

!
Tl 1@ e, LP ) + 6, LP,, n>2,
n+1
with é, # 0, and

Po=L®+d,L® +d,L?, n>2

n—22°

with d,, # 0. Then, as in case (Ja4), (1.8) holds if and only if the compatibility
conditions (5.10) and (5.11) hold. Moreover, coefficients a,, and b, are determined
from ¢, and d,, by (5.12).

The last classical case, when U = B(®) is the Bessel linear functional, gives us the
pair
(Ban) V=a2(x—&) Yo —&)B + Myd(x) + M6 (z) + No(x — &).

Finally, when U is a semiclassical linear functional of class 1, we describe the pairs
of linear functionals using the classification in [2].

12. If B has three simple zeros, we deduce the pair of linear functionals associated
with the following measures supported on the interval [—1, 1],

dpg = (x — &)(1 — 2)*(1 + 2)%(x — ¢)Vdx,
dpy = (1 — 2)*t (1 + )% (z — ) lda,

with o, 8,7 > =1, |a| + 8] + |7] # 0, and |¢| > 1. Notice that, in case that v = 0
(and the analogous o = 0 or 8 = 0), we recover the example studied by Sri Ranga et
al. in [3].

13. If 3 = 22 (x —1), we have three different pairs supported on the interval [0, 1],

(S22) duo = (x —&)(1 —x)*zPe/%dx, dpy = (1 —z)*Halt2e /74y,
with o, 8 > —1, |a| + |8] # 0, and v > 0, as well as

(S23) duo = 2Pe™V/*dx + M(x — 1), duy = 2P+2e=7/7dz,

with 8 > —1, 3# 0, and v > 0, and

(S24) duo = (1 —x)%e /% + Mé(z), duy = (1 —2)* oe V/?dz,

with o > —1, a # 0, and v > 0.
14. If g has a zero of multiplicity 3, then

(S2,1)

(S25) dpo = (x — {):Eo‘eg_z%dx, dpy = wot3e s T dy.
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This is the analogous of Bessel in the classical case, and its support is not on the real
line.

15. If 3 = 2% — 1, then we deduce the pairs of linear functionals associated with
the following measures supported on the half line [1, +00),

dpg = (x — &)(1 — 2)*(1 + x)Pe " dz,
dpy = (1 — 2)*+t (1 + z)ftle A2 qy,

with @ > —1, |a| + 8] # 0, A > 0, and £ < 1. Notice that for 8 = 0, we recover
the example given by Sri Ranga et al. in [3], up to a linear transformation of the
variable x.

(52,6)

(S2,7) dpo = i : ?1) (1—x)% Mde + Mo(x — &), dup = (1 —z)*He .

with a > -1, « #0, A > 0, and &,& < 1, and
(Sa8) duo= (1+x)Pe " de+ Mo(x —1), dus = (1+ )P le 2,

with 3 # 0 and A > 0.
16. If B has a double zero, then the linear functionals are associated with measures
supported on [0, +00), and we deduce the pairs

(S2,9) dpo = (x — Oae "t edr, duy =z 2e~+ 2 dx,
with 0 <0 and a > —1 and &£ <0, and
(S2,10) duo = e~ e dr + Mé(z), du = ze "% da,

with 8 < 0.
17. If 3 is a polynomial of degree 1, then we have the pair of linear functionals
associated with measures supported on the half line [0, +00),

(So,11)  dpo = (z — &)z e "Nodx,  dpy = a?Hle " ~Ndy,
with ¢ > —1/2 and £ < 0, and

(Sa10) dpo = e Ndx + Md(x), dps = e P da.
18. Finally, when deg 3 = 1, we have two complex measures

(S2,13) dpo = (z — 5)6i§_m2+i(a_l)wd$, dpy = 6i§_m2+i(o‘_l)md%

supported on the whole real line R.

Notice that all the previous cases, but (S23) and (S2,4), (S2,7) and (S2.8), (52,10)s
and (S2,12), respond to the same pattern. We will study the first case, (S2,1), to check
that (1.8) holds.

We have that the linear functional U is semiclassical of class 1 verifying D[3U] =
@U. If we consider the linear functional U, associated with the measure

dipy = (1 — 2)*(1 + )% (x — ¢)Vdx,

then we have Bul = U. Moreover, U; is semiclassical of class 1 verifying D[Bul] =T1l.
If we denote by {S,,} the polynomials orthogonal with respect to U; then, by Lemma
4.9, the derivatives S, are quasi-orthogonal with respect to the linear functional
U. This means,

!
n+1
:Pn nPn—u
n+1 te !
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with ¢, # 0. On the other hand, the linear functional V is related with U; by
V = (x — &)U;. Thus (see [9]),

Sp =Ry, +dpRp_1.

Finally, both previous relations yield (1.8).

In the remaining cases, (S2,3) and (S2,4), (S2,7), and (S2.8), (S2.10), and (S2,12),
relation (1.8) follows in the same way, similar to the case (J2,4). We will analyze here
the case (S2,3). Let denote by S(®#) the semiclassical linear functional associated
with the measure dji = (1 — 2)®2zPe~7/*dx, that verifies the Pearson differential
equation D[z?(z — 1)S(®A)] = 78(@A) " and {S,({l'ﬂ)} the corresponding sequence of
monic orthogonal polynomials. Then, the linear functional V is related with S(1%) by
(x — 1)V = SIA). Then (see [9]), R, can be represented as a linear combination of
S and 37(117,61). Then, from Lemma 4.9 we have the derivatives R;, |, in terms of
SS?’BH), 57(127,61+2)’ and Sr(i’gﬁ). On the other hand, the linear functional U verifies

(x — 1)U = S*P+2). Thus, P, can also be expressed as a linear combination of
Si2AT2) 51(12_,[?2)7 and S,(f_’gﬂ). Then, proceeding in a similar way than in case (Jz,4)
we obtain necessary and sufficient conditions so that (1.8) holds.

Finally, next table shows a list of all the possible cases of pairs of linear functionals

satisfying (3.1), when U is a semiclassical linear functional of class at most 1.

(J2.1)

dho = (& — €)(1 — 2)°(1 + 2)°d R [ R)

dpy = (1 —2)* (1 + @) da _

(J2,2)

dpo = (1 + )Pdx + Mé(x — 1) B>-1 [—1,1]

dpy = (14 2)P+ldz

(J2,3) a,f>—1

duo = x_&)u_x)a(1+x)ﬁd:c+M5(x—§1) €0l [&1] = 1 [—1,1]
AL §o=E&1 if [61] <1

dpy = (1 — 2)*+t (1 + 2)Hde

(J2.4)

dpg = x%(l—l—x)ﬁd:c—l-M(S(I—f)+N5(:C—1) E|>Z_11 [-1,1]

dpy = (14 2)P+ldz

(L2.1)

dug = (z — §ax*e dx ?<>0_1 [0, +00)

dpy = x*te %dx B

(L2,2)

dpog = e *dx + Md(x) [0, +00)

dpy = e *dx

(L23) a> -1

dpy = — So e dr + Mé(x — &) §0,61 <0 [0, 400)
T & o=8&>0

dpy = x*te %dx
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(L2.4)

duozxigefzda?—i—]\/[(;(x—é)—i—NCS(:c) £<0 [0, +00)
dpy = e *dx

(S2,1) o, B,y > —1

dpo = (& — )(1 — 2)°(1 + )Pz — c)da jal +181 1120 | (1,1
dpy = (1 —2)* (1 + 2)P (2 — o) Hlde le| > 1

(S2,2) a, B> —1

dpg = (v — €)(1 — z)*2Pe™/*dx la| + 18] #0 [0,1]
dpy = (1 — ) ol +2e=7/2dy 7>0

(52,3) B>-1

dpo = 2Pe™/%dx + M&(x — 1) B#0 [0,1]
dpy = xPt2e=7/%dx v>0

(52,4) a> -1

dpo = (1 — )"/ *dx + Mo(x) a#0 [0,1]
dpy = (1 — 2)*tlge™/2dx 7>0

(52,5)

dpg = (z — f)zaeg_zld:c

dpy = wot3eE = g

(S2,6) a>—1

dpo = (z — €)(1 — 2)*(1 + x)%e *dx |/\a|>—|—0|ﬁ| 70 [1,+00)
dpp = (1 —2)*H (1 4 2) e dg <1

(S2,7) a>-1,a#0

duy = x_go(l—x)o‘e_’\””dx+M6(:v—§1) A>0 [1,4+00)
dpy = (1 — 11')a+1€_)‘1d$ f.brs1

(S2,8)

dpo = (1 + 2)Pe " dr + Mo(x — 1) f 7; 8 [1,400)
dpy = (14 x)PHle 2y

(52,9)

dpo = (z — {)xae_m+§dx ?;g’ @>-1 [0, +00)
dpy = 2o +2e=m+ 2 gy B

(52,10)

dpo = e~"+ % dw + M6(x) f<0 [0, +00)
dpy = ze= 2 dx

(S2,11)

dug = (z — a?te " Ardy g<>0_1/2 [0, +00)
dpy = a2 tle=2" e gy B

(52,12)

dug = e~ =2 dx + M§(z) [0, +00)

dpy = e~ ey
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(S2,13)
dpio = (x — £)ei 5" +ila=Dz gy R

dp = &% il Degy
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