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ON THE ANTI-DIAGONAL FILTRATION FOR THE
HEEGAARD FLOER CHAIN COMPLEX OF A BRANCHED
DOUBLE-COVER

EAMONN TWEEDY

Seidel and Smith introduced the graded fixed-point symplectic Kho-
vanov cohomology group Khgsymp, iny(K) for a knot K C S3, as well
as a spectral sequence converging to the Heegaard Floer homology
group ﬁ'(E(K)#(SQ x S1)) with E'-page isomorphic to a factor of
Kheymp, inv(K) [22]. There the authors proved that Kheymp, inv is a
knot invariant. We show here that the higher pages of their spectral
sequence are knot invariants also.

1. Introduction

Heegaard Floer homology was introduced by Ozsvath and Szabé in [13],
and has proven to be a very useful tool in studying manifolds of dimen-
sions three and four. We will be particularly interested in the invariant H F,
which assigns to a 3-manifold M an abelian group ﬁ(M ). Given a knot
K C 83, the present paper will study HF (E(K)#(S2 X Sl)), where X (K)
is the two-fold cover of the sphere S® branched along the knot K. The
Heegaard Floer homology of branched double-covers was studied in [14], in
which Ozsvath and Szabd constructed a spectral sequence from the reduced
Khovanov homology group Kh (—K;Z/27) to the group HF (3X(K);Z)27),
where — K denotes the mirror of K.

Given a presentation of a knot K C S? as the braid closure of a braid b,
Seidel and Smith introduced in [21] the symplectic Khovanov cohomology
group K hgymp(b), which is defined by taking the Lagrangian Floer cohomol-
ogy of two Lagrangian submanifolds inside an affine variety. Clearly there
may be different braids, which have isotopic braid closures. However, Seidel
and Smith proved in [21] that K hgymp is a knot invariant. In [16], Rezazade-
gan proved the existence of a spectral sequence from Kh(L) to Khsymp(L)
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with Z /27 coefficients. Recent work-in-progress of Abouzaid and Smith [1]
indicates that in fact rko K h(L) = rkoK heymp(L).

Furthermore, by studying the fixed-point sets of an involution on the
variety, Seidel and Smith further define in [22] the fixed-point symplectic
Khovanov cohomology group K heymp, inv(b) for a braid b. Via the choice of
a particular holomorphic volume form, one obtains gradings (in the sense of
[20]) on the totally-real submanifolds 7 and 7" used to define K hgymp, inv(D);
the gradings on these submanifolds induce an absolute Z-valued Maslov
grading R on the set 7 N7".

We will consider braids in Bs,, the braid group on 2n strands (where
n € N), and obtain knot diagrams by taking plat closures. Although Sei-
del and Smith [21,22] and Manolescu [9] considered braid closures instead,
our convention will be chosen for computational reasons (note that Waldron
illustrated in [25] that Kheymp can be defined for bridge diagrams com-
ing from such plat closures). We will recall the definition for the set G of
Bigelow generators, unordered n-tuples of distinct intersection points in a
fork diagram obtained from the braid b. Following [3,9], we will then define
functions @, P,T : G — 7, which can be computed from this diagram in an
elementary fashion.

In [9], Manolescu used the fork diagram to give a description of the
group K hgymp, inv(b), and in particular showed a one-to-one correspondence
between G and a set of generators for the Seidel-Smith cochain complex. In
this context, one can view the totally real submanifolds 7 and 7’ as admis-
sible Heegaard tori for the manifold (K )#(S? x S1). Thus the set G is also
in one-to-one correspondence with a set of generators for the chain group
6?‘(2([()#(82 x S1)). This identification provides a function R : ¢ — Z,
and following [9] we have that R =T — Q + P.

The function R is obtained from R by a rational shift sp which depends
on some properties of the braid b € B, and the knot diagram D which is its
plat closure. Let e(b) be the signed count of braid generators in the word b
and let w(D) be the writhe of the diagram D for K given by the plat closure
of b. Then define

e(b) —w(D) —2n
1 .
Furthermore, for s € Spin®(M) torsion, Ozsvath and Szabd used surgery
c/oEordismS to define an absolute Q-valued grading gr on the subcomplex
CF(M,s) which is an absolute lift of the relative Maslov Z-grading. Then
for torsion s, we define a filtration p on the Heegaard Floer chain complex
CF(S(K)#(S? x SY),5) by p= R — gr.
Two braids with isotopic plat closures can be connected via a finite
sequence of Birman moves [4], which in turn induce sequences of isotopies,
handleslides, and stabilizations (and associated chain homotopy equivalences

R=R+sp(b,D), where sp(b,D)=
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on the Heegaard Floer complexes). We will prove the following theorem
about the filtration p in Section 5.2:

Theorem 1.0.1. Let the braids b € B, and b/ € Bs,, have plat closures,
which are diagrams for the knot K. Let H and H' be the pointed Heegaard
diagrams for S(K)#(S? x S') induced by b and V', respectively, in the sense
of Proposition 4.2.1 below. Let s € Spin°(S(K)#(S? x S1)) be torsion. Then
the p-filtered chain complexes E‘I\T(H,s) and 6’?(7’(’,5) have the same filtered
chain homotopy type.

More concisely, we can state the following:

Corollary 1.0.2. For each torsion s € Spin®(%(K)#(S% x S1)), the p-

filtered chain homotopy type of the complex 51?'(2(K)#(S2 x S1),s) is an
invariant of K.

In a standard way, the filtration p provides a spectral sequence (whose
pages we will denote by E*) computing the group ﬁ(E(K)#(SQ x SH).
Furthermore, the page E! is isomorphic to the subgroup of K hsymp, inv (D)
obtained by taking cohomology of the subcomplex whose generators corre-
spond to generators of CF in the torsion Spin® structures on S(K)#(S? x
S1). This spectral sequence is the same as the one defined by Seidel and
Smith in [22]. There they proved that Khsymp, inv is & knot invariant, and
so the the factor corresponding to E' is also. Because higher pages are deter-
mined by the filtered chain homotopy type of EY, Corollary 1.0.2 implies the
following.

Corollary 1.0.3. For k > 1, the page E* is a knot invariant.

Under certain degeneracy conditions of the spectral sequence, the func-
tion R in fact provides a homological grading on Heegaard Floer theory.
We say that a knot K is p-degenerate if the spectral sequence collapses at
E! aglg the induced filtration p on E* is constant on each nontrivial fac-
tor HF(X(K)#(5% x S1),s5). The following is an easy consequence of the
definitions.

Proposition 1.0.4. Let K C S® be a knot. Then the following are equiva-
lent:
(i) K is p-degenerate.
(ii) The filtration R is a grading and lifts the relative Maslov Z-grading on
each nontrivial factor lfIF(Z(K);@é(S2 x S1),s).
Moreover, the grading R is a knot invariant when the above hold.

2. Topological preliminaries

In [13], Ozsvath and Szabé define the Heegaard Floer homology group
HF (M) associated to a connected, closed, oriented 3-manifold M. A genus-g
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Heegaard splitting for such a manifold can be described via a pointed Hee-
gaard diagram H = (X; a; 35 2), where X is the splitting surface, o and 3 are
g-tuples of attaching curves for the handlebodies, and z € (X — Ua; — US;).

Definition 2.0.5. Let (X; «; 3; z) be a pointed Heegaard diagram, and let
Dy, ..., Dy, be the connected components of ¥\ (Ua; )\ (UB;), where z € D,,.

Then a two-chain
m—1

Pi=> mD; with n;€Z
i=1
is called a periodic domain if its boundary is a sum of « and (3 circles.

Definition 2.0.6. A Heegaard diagram (X; a; 3; z) is called admissible if
every periodic domain has both positive and negative coefficients.

If H is an admissible pointed Heegaard diagram, then one can compute the
chain complex CF (H) and its homology group HF (M) is the Lagrangian
Floer homology of the tori T and Tg lying inside of the symplectic manifold
Sym? (X \ 2).

More precisely, the group 61\7(7'{) is generated by the set of intersections
TaNTg C Sym?(X), and the differential is given by

o) = 3 > (#M©9) | ¥

yeTaNTs \{¢ema(x,y)|u(¢)=1,nz(¢)=0}

where M (¢) denotes the reduced moduli space of pseudo-holomorphic rep-
resentatives for the class ¢, p(¢) denotes the Maslov index of ¢, and
n:(¢) == Im(¢) N ({2} N Sym?~ ().

Recall that there is a function
s, : Tao N Tg — Spin(M)

partitioning T, N Tz into equivalence classes Us. In fact, this function s,
induces decompositions

CF(H)= P CF(H,s) and HFE(M)= P HF(M,s).
s€Spin® (M) s€Spin® (M)

For each s € Spin(M) the chain complex CF (M,s) carries a relative
grading gr defined via the Maslov index. For s € Spin“(M) torsion, Ozsvath
and Szabd use surgery cobordisms to construct in [15] an absolute Q-valued
grading gr on i which lifts the relative grading in the following sense: if
X,y € U, then

gr(x) —gr(y) = gr(x,y).
Whenever b1(M) = 0, all Spin® structures on M are torsion and so the
group HF (M) can be absolutely graded via gr. In particular, this holds
for M = X(K) for a knot K C S3. However, although Spin®(3Z(K)#(S? x
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S1)) contains non-torsion elements, the group ITIF(E(K)#;&(S2 x S1),s5) is
nontrivial only if s is torsion.

2.1. 3-gon chain maps and 4-gon homotopies.

Remark 2.1.1. There can be some ambiguity surrounding terms like “tri-
angle” and “quadrilateral”, in particular when distinguishing between the
polygons in the symmetric product Sym? (%) and the regions which are their
shadows in the surface ¥. We will follow Sarkar’s convention in [18] in using
neither of these words. The Whitney polygons in symmetric products will
be referred to as n-gons and regions in surfaces will be referred to as n-sided
TEGLONS.

In [13,15], maps between Floer homologies are constructed by counting
pseudo-holomorphic 3-gons in a certain equivalence class. We review these
ideas below.

First recall the notion of a pointed Heegaard triple-diagram (¥; o; 357; z),
where Y is an oriented two-manifold of genus ¢, a, 3, and « are complete
g-tuples of attaching circles for handlebodies U,, Ug, and U,, respectively,
and z € (X \ Ua; \ UB; \ Uv;). We then have pointed Heegaard diagrams
Hap = (10585 2), Hay = (5:857;2), and Hay = (X; a;7; 2), depicting
manifolds Yog, Y3, and Ya~, respectively. There is an analogous notion of
a pointed Heegaard quadruple-diagram (X; a; B;7;9; 2).

There are notions of triply-periodic domains in triple-diagrams and
quadruply-periodic domains in quadruple-diagrams, and the definitions are
analogous to that of a periodic domain. Multi-diagrams also have analogous
notions of admissibility.

Definition 2.1.2. A pointed Heegaard triple-diagram (resp. quadruple-
diagram) is admissible if every triply-periodic domain (resp. quadruply-
periodic domain) has both positive and negative coefficients.
If the pointed triple-diagram (X; «; 3;4; z) is admissible, then there is a
chain map
fapy 1 CF(Hap) ® CF(Hgy) — CF(Haxy)
given by the formula

Japr(x®y) = > > (#M () | w
weTaNTy \ {yema(x,y,w)|u(y)=0,n(1)=0}
where M (1) is the moduli space of pseudo-holomorphic representatives for

the class . The induced map on homology will be denoted by ﬁam.
If the pointed quadruple-diagram (X; ai; 3;7; d; z) is admissible, then one
can define a map

Bopys : CF(Hap) ® CF(Hpy) © CF(Hqs) — CF(Has)
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by the formula

hagrs(x @y @wW) = Y > (H#M (V) | 2

ZeTanT& {1/16772(xuy,W7z)|#(¢):—17”z(w)zo}
A 4-gon map actually provides a chain homotopy between two composi-
tions of 3-gon maps:
Theorem 2.1.3 ([13]). Let (X; a; B;7;9; z) be an admissible pointed Hee-

A

gaard quadruple-diagram. Then for £ € CF(Hag), n € ﬁ'(?‘[ﬁ.,), and
C € CF(H’Y&);

Ohapys (€@ N B C) + hapy(DE RN ®C))
= Fors(fapy (€@ 0) @ C) — fass(€ ® Fay6(n ()

Classes of Whitney n-gons can be studied by examining their ‘shadows’
in the Heegaard surface . We recall the definition of the domain of a 2-gon
class, though there are analogous notions of domains of n-gon classes.

Definition 2.1.4. Let (X;a;8;2) be a pointed Heegaard diagram, and
denote by Dy, D1, ..., Dy the connected components of ¥\ (U;a;) \ (Ui ;) ,
where Dy is the component containing the basepoint z. Then for 0 < j < N,
choose a point z; in the interior of D;. For some class ¢ € ma(x,y) for
x,y € Ta NTg, the domain of ¢ is the 2-chain

N
D(¢) := Znﬂ)j where n; = Im(¢) N ({z;} x Sym?"1(¥)).
=0

We will say that ¢ avoids the basepoint if ng = 0 (equivalently, n,(¢) = 0).

2.1.1. Some index-zero 3-gon classes. We are interested in 3-gon classes
of Maslov index zero. To calculate index, we will follow Sarkar’s work in [18]
on Whitney n-gons, which we will review here. Some labeling conventions
have been modified to fit our notation, and we will specialize to the n = 3
case for this discussion.

Let (3; a; B;7; 2) be an admissible pointed Heegaard triple-diagram, and
let ¢ be a 3-gon class connecting x, y, and w as defined above. Denote
by a(v), b(¢), and (1)) the boundaries 9D (v)|q, OD(¥)|g, and ID ()|,
respectively.

Now given some 1-chains a supported on « and b supported on 3, Sarkar
defines the number b.a as follows. Assuming some orientation on the « and
(G circles and on X, we have four well-defined directions in which we can
translate b so that no endpoint of a lies on the translate b’ and no endpoint
of V' lies on a. These can be thought of as ‘northeast”, “northwest”, “south-
east”, and “southwest”. After a small translation in some direction, we can
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Figure 1. Decomposing the obtuse 6-sided component of D(1)).

calculate the intersection number of ¥’ with a. Then b.a is defined to be the
average of these numbers over the four possible translation directions.

Some element x € ToNTg is an unordered g-tuple {x1, x2, ..., z4}. Define
the number p, () = > piz, (¢), where g, (1) is the average of the local
coefficients of the 2-chain D(¢) over the four quadrants around z; € X.

The Euler measure of D(1)) will be denoted by e(¢)). The Euler measure
is additive, and it is enough for our purposes to know that the measure of
an n-sided region is (1 —n/4).

Equipped with these concepts, we present the following formula of Sarkar:

Theorem 2.1.5 ([18]). Let (3;a;3;7;2) be a pointed Heegaard triple-
diagram, and let ¢ € ma(x,y,w) be a 3-gon class connecting x € To N Tg,
y € TgNT,, and w € To N T+. Then the Maslov index pu(1)) satisfies the
formula

() = e(¥) + px(¥) + py (¥) + a(¥).c(¢) — g/2.

Here we will discuss two types of 3-gon classes in Sym? ().

A 3-gon 9 of the first type has domain D(v)) given by the sum of g disjoint
3-sided regions, each with coefficient +1. A 3-gon 1 of the second type has
domain D(¢') given by the sum of (¢ — 1) disjoint regions, consisting of
(g —2) 3-sided regions and a single 6-sided region with one angle larger than
m, each with coefficient +1. Components of «, 3, and = are solid, dashed,
and dotted arcs, respectively. Components of x, y, and w are dark gray,
white, and light gray dots, respectively.

The reader can verify that u(¢) = 0 in either case (in the second, it
will help to split the obtuse hexagonal component of the domain as seen in
Figure 1).

2.1.2. 3-gons and 4-gons in Heegaard moves.

Definition 2.1.6. Let (E; o 3; 6 z) be a pointed Heegaard triple-diagram.
(i) Let g3} differ from B; by an isotopy (avoiding z) such that 3} inter-
sects (3; transversely in two canceling points and 8; N 3, = () when
i # j. Then we say that @ differs from B by a pointed isotopy. A
pointed isotopy, which preserves the set of intersection points ToNTg

in the obvious way will be called a small pointed isotopy.
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(i) Instead let (1, (2, and (3] bound an embedded pair of pants disjoint
from z such that ] intersects 3 transversely in two points. Assume
also that §; N G for i # j, and that for i > 1, ] relates to [3; as (7)
above. Then we say that @' differs from 3 by a pointed handleslide.

In either of the cases above, (Z; 3;3; z) is an admissible pointed Heegaard
diagram for #9(S* x S?) and there is a canonical intersection point Opp €

T N Tg representing the top-degree homology class in I:T-F’(Yﬁﬂ/). If the
triple-diagram is admissible, we have a well-defined chain map
faﬁﬁ’(' ® 955') : CF(Haﬁ) - CF(Haﬁ’>'

Note that in the original proof of invariance in [13], isotopies were not
treated in terms of chain maps, which count pseudo-holomorphic 3-gons.
Lipshitz proves in Proposition 11.4 from [8] that this can be done.

Now let <Z; o; 38 E) be an admissible pointed Heegaard quadruple-
diagram, where 5 differs from B by a small pointed isotopy, and 3 differs

from B3 (and necessarily from 3) by a pointed handleslide or a pointed iso-
topy. We can identify To N Tg with To N Tfﬂ via the canonical nearest-

neighbor map N 53 - X X, and extend this linearly to a chain complex
isomorphism N g7 : 5?’(7‘(043) — GF(HQB) (note that ( > 6-1=Ngg).
We then have that

= '}/C\aﬁ,é <x® 05@') =x forall xeToNTg,

where the last equality is due to Lemma 9.28 of [6] (cf. Proposition 9.8
of [13]). Then by Theorem 2.1.3, we have that

faﬁl (fa,@ﬁ (X® 055 ) ® 051 ) —X
=0 (hopep (X2 055 ©045)) +hopes (0 (x 2055 ©045)).
Letting ,5 differ from B’ by a pointed isotopy and studying the admissible

pointed Heegaard quadruple-diagram (E; o; 3 B; ,[;I; z), one finds that for
X € Ta N T,G/7

fopd (faﬂ’ﬁ (x®0g5) @ %g’) - X

=9 <haﬁ’ﬁé’ <X ©0pp 955’)) T o oa <8 (X ©0pp eﬁé’)) '
Therefore, we see that when @' differs from (3 by a pointed isotopy or

a pointed handleslide, the chain map fopp (- ® 9551) is a chain homotopy
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equivalence with homotopy inverse given by faglg(‘ ® 05 3). Furthermore,
the associated homotopies relating their compositions to the appropriate
identity maps are given by

NBﬁOhaﬁﬁlé (®03ﬁ/®0ﬁlé> and

Naw ©log s (x ©0p8© 965’) '

Remark 2.1.7. Given admissible pointed Heegaard quadruple-diagrams
(3; 05055 8;2) and (E;&';a;a’;,@;z), where o' differs from « by a

(2.1)

pointed isotopy or a pointed handleslide (with & and &’ analogous to B
~ —~ —~

and (3 ), one can define the chain maps fo/ag(0aa®-) and faag(faa ©-).

These two maps are chain homotopy inverses to one another, and the asso-

ciated chain homotopies are

N&a o /};&o/aﬁ (0&0:’ X ea’a [%9] ) and

(2.2) R
Ny o © h&/aa’ﬁ (ea/a ® O ® ).

2.2. Periodic domains. Recall that a periodic domain in a pointed Hee-
gaard diagram (¥;a;3;2) is a domain avoiding the basepoint z whose
boundary is a sum of the a and 3 circles. Denote by Ilag C Hs (¥;7Z)
the group of such periodic domains and let Sqg = S+ Sg C H1 (X;7Z) be
the span of the a and (3 circles.

Recall also the analogous notions of triply- and quadruply-periodic
domains in Heegaard triple-diagrams and quadruple-diagrams.

In [10], it is shown that if (¥; a; 3; 2) is a pointed Heegaard diagram, then
IIop is a free Abelian group of rank 2g — rank(Sag). It can be shown in a
completely analogous way that for a triple-diagram (respectively, quadruple-
diagram), the group Ilagy (respectively Ilogys) is free Abelian of rank
39 — rank(Sqgy) (respectively, 4g — rank(Sag~s)). One should note that
because we do not permit periodic domains in a pointed Heegaard diagram
to intersect the basepoint, our ranks are 1 lower than those stated in [10].

Let a and 3 be two g-tuples of attaching circles on a genus-g surface X
such that 3 differs from « by a pointed isotopy. Then for each 7, the circles
«; and (3; are separated by two 2-sided regions, and we denote by Df‘ﬁ the
periodic domain which is their difference — these domains look like the ones
shown in Figure 2(a).

Now instead let a and 8 be two g-tuples of attaching circles on a genus-g
surface ¥ such that 3 differs from a by a pointed handleslide of oy over as.
For ¢ > 1, the circles a; and §; are separated by two thin 2-sided regions,
and we denote by D P the periodic domain which is their difference. The
circles a1 and (3; are separated by a thin 2-sided region, and we denote by
Df‘ﬁ the periodic domain, which is the difference between this region and
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Figure 2. The periodic domains D" A for the handleslide
of a over ap. The «a circles are solid and the 3 circles are
dashed. The domains of interest are shaded and local coef-
ficients are labelled. (a) The handleslide domains Dia'e for

i > 1 and (b) The handleslide domain Df‘ﬂ .

(a)
@

the annular region bounded by a1, as, and 1. These domains can be seen
in Figure 2.
The following facts are exercises in linear algebra:

Proposition 2.2.1. Let (3; a; 3; 2) be a pointed Heegaard diagram of genus
g such that B is obtained from o via a pointed isotopy or pointed handleslide.
Then the set {D?B, . ,Dgaﬂ} is a generating set for the group Ilag.

Proposition 2.2.2. Let (X; a; B;7; 2) be a pointed Heegaard triple-diagram
of genus g such that v is obtained from B via a pointed isotopy or pointed
handleslide. Then the set {D?ﬂy, e ,Dg’y} is a genmerating set for the group

Mog-

Proposition 2.2.3. Let (X;a;8;7;6; 2) be a pointed Heegaard quadruple-
diagram of genus g such that ~ is obtained from 3 via a pointed isotopy or
pointed handleslide, and & is obtained from B wvia a small pointed isotopy.
Then the set {Dlﬂ'y, . ,Dg'y} U {D'l&s, e ,Dg(s} is a generating set for the
group Ilag~s.

The above facts imply the following useful fact about admissibility of
multi-diagrams:

Proposition 2.2.4. Let (3; «; 3;7;8;2) be a pointed Heegaard quadruple-
diagram of genus g such that ~ is obtained from B via a pointed isotopy or
pointed handleslide, and & is obtained from B wvia a small pointed isotopy.
Then if the siz pointed diagrams formed by choosing any two tuples out of c,
B, v, and § are all admissible, so is the quadruple-diagram. Moreover, each
of the four triple-diagrams composed of three of the tuples is also admissible.
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Proof. Let Dy, D1, ...,Dyn denote the connected components of

S\ (Uies) \ (UiBi) \ (Uia) \ (Uidi)

where Dy is the component containing z. Consider some nontrivial
quadruply-periodic domain

N
P = Z Cij.
j=1
Then by Proposition 2.2.3, we can write
5 B 5 B
_ PBY A
(2.3) P = Znﬂ)j + Zm]Dj .
j=1 J=1
Now at least one of ny,...,ng,m1,...,my is nonzero — without loss of

generality, let it be n;. Now the domain ’Dlﬁ 7 is the sum of two regions,
which have coefficients +1 and —1, respectively. Neither can be canceled by
any other terms in the right-hand side of equation (2.3), and so there are
both positive and negative numbers among the c;.

The argument for triple diagrams is similar, making use of Proposition
2.2.2. 0

2.3. Filtrations and spectral sequences. Let (C, d) be a chain complex
generated by {z;}" ; and equipped with a filtration grading f : {z;} — Z.
We can view the filtration as the nested family of subcomplexes {Fj}rez,
with

Fi, = span{w; : f(z;) < k}.

Definition 2.3.1. Let (C,9) and (C’,d’) be chain complexes with filtrations

{Fi} and {F}.

(a) A chain map F': (C,0) — (C',d") is called a filtered chain map if for all
k, F(F) C FL.

(b) Let H : (C,0) — (C',d') be a chain homotopy connecting two maps
F,G:(C,0) — (C',d). We call H a filtered chain homotopy if for all k,
H(}-k) C (/k+1)'

(c) Let F: (C,0) — (C’, ) be a chain homotopy equivalence with homotopy
inverse map G : (C',9") — (C, ) and associated homotopies H : (C,9) —
(C,0) from G o F to ide and H' : (C',0') — (C',9') from F o G to ider.
We say that F'is a filtered chain homotopy equivalence if both F and G
are filtered maps and both H and H’ are filtered chain homotopies.

For each i,k € Z, let F.C; :== Fj N C;. Now note that the filtration on C,
induces a filtration on the homology of C, given by

FiH; (Cy) := {a € H; (Cy) ‘a = [2] for some z € FiC; }.
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One can associate to a filtered complex a spectral sequence, which is
defined recursively. First, for each p,q € Z, define the associated graded
module by

Eg,q 1= FpCptq/Fp-1Cptqg-

The differential 0 induces a differential dy : E)  — qu_l,

the chain complex (EO,(?O) as the E%-page of the spectral sequence. The
homology of this associated graded complex is denoted by

E117,q 1= Hpyq (FpCi/ Fp1Cs)

and we refer to

and 0 induces a differential 0; : E;yq — (vielding the E'-page

(E',01)).
Continuing this process, one obtains a sequence of chain complexes

(E*,0)) (the E*-pages), where 9y, : Eﬁq — E;ffk ¢+k—1 and

1
p—1y4q

K . Ik k
Eo er (ak : Ep,q — p—k,q-‘rk—l)
p,q " :
. LT k
Im <8k : Ep—r,q—r+1 — Ep7q>

Since C, was finitely-generated, eventually these pages stabilize and are
isomorphic to the homology of C.. More precisely, for k sufficiently large,

Equ = ‘FPHerq (C*) /fple}H»q (C*) and 8k = O

If K denotes the smallest such &k such that the above holds, we say that the
spectral sequence collapses at EX.

One should note that the spectral sequence will collapse at E' if 0 pre-
serves the filtration, i.e., if for each j,

8(1’]) = Z A;T;.

J(zi)=f(x5)

3. Braids and the Bigelow picture

Let Bs,, denote the braid group on 2n strands. This group is generated by
{o1,...,09,_1}, where o} denotes a half-twist of the k'* strand over the
(k + 1)%t strand. Given a braid b € B, we can obtain a diagram of a knot
or a link (the plat closure of b) by connecting ends of consecutive strands
with segments at the top and bottom, as shown in Figure 3.

ikl

Figure 3. The left-handed trefoil.

I
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Figure 4. The Birman move b +— bB.

Any knot K can be presented as the plat closure of an element in Ba,.
Many distinct braid elements can have isotopic plat closures, but such braids
are related.

Definition 3.0.2. Let K5, be the subgroup of the braid group Bs, gener-
ated by A =01, B= 0’20%0’2, and C; = 09;,09;—109;4109; for i =1,2,...,2n.

Theorem 3.0.3 (Theorem 1 from [4]). Let b € By, and b’ € By, be two
oriented braids. The braids b and b’ have isotopic plat closures if and only if
they are related by a finite sequence of the following moves:

(i) b — gbh where b € Bay, and g,h € Koy,
(ii) b < 02,b where b € By, and 02,b € Bap42

We will refer to the local moves appearing in the statement of Theorem
3.0.3 as “Birman moves” - one of these is illustrated in Figure 4.

3.1. The Bigelow generators. Let Dy, C C denote the unit disk with
2n punctures pq, ..., fo, evenly spaced along RN D. We can view the braid
group Bs, as the mapping class group of Ds,, where the generator oy is a
diffeomorphism, which is the identity outside of a neighborhood of the k"
and (k + 1)% punctures and exchanges these two punctures by a counter-
clockwise half-twist. Any braid can be written as a word in the o} s, and we
view them as operating on Dy, in this way, read from left to right.

Let b € By, be an oriented braid on 2n strands. We will establish some
terminology, following Bigelow in [3].

Definition 3.1.1. Let D C C be the unit disk.

(i) Let the standard fork diagram in D, be a collection of maps
al,...,an I — D and hy,...,h, : I — D called tine edges and
handles, respectively, such that the following hold:

(a) The segments «;|(g,1) are disjoint embeddings of (0,1) into Doy,
such that for each k, ag(0) = pok—1, ag(l) = pok, and ag(t) € R
forall t € I.

(b) The segments h;|(1) are disjoint embeddings of (0,1) into Da,
such that that for each k, hi(1) = dp € 9D, hx(0) = my is the
midpoint of the segment «j, and the segment hy is vertical.

(ii) Let a fork diagram for b be the standard fork diagram along with
the compositions bo ay,...,boa, and bo hy,...,bo h,. We will let
Bk = bo ay.
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(@) (b)

> C >

Figure 5. Structures in fork diagrams (a) Tine edges ay and
(b) Figure-eights Fj.

(iii) Let an augmented fork diagram for b be obtained from a fork diagram
by replacing each arc (B with bFEy, where Ej is a figure-eight encir-
cling pog_1 and por, where Ej, is oriented such that it winds counter-
clockwise about poy.

A standard fork diagram in D4 and an augmented version of it are
depicted in Figure 5.

The reader should note that by drawing a picture containing just the «
and ( arcs and treating the « arcs as undercrossings at each intersection,
we get a diagram of the plat closure of b.

We will define some notation. Let Conf™(C) denote the configuration
space of C, i.e., the set of unordered n-tuples of distinct points in C. Let Z
be the set of intersections between o and § arcs. Then if 7 denotes the set of
puncture points, we see that 7 C Z. Then we construct a set Z by doubling
the points in Z \ 7 by introducing for each x € 7 one element e, € Z and for
cach z € Z \ 7 two elements ey, €/, € Z. The set Z can then be seen as the
intersections points between « arcs and figure-eights bEy. We distinguish
between e, and e/, by requiring that the loop traveling along a figure-eight
from e, to e/, and back to e, along an « arc has winding number +1 around
the puncture point.

Remark 3.1.2. Via an abuse of notation, we will often refer to the points
corresponding toz € Zasx € Z (ifwx € 1) or z,2’ € Z (ifx € Z\ 7).

We then define G = (ag X -+ X @) N (B1 X -+ x Bp) € Conf™(C), the
set of unordered n-tuples of points in Z such that no two points are on the
same « or [3 arcs.

Similarly, define G = (a1 X -+ X ay,) N (bEy X -+ x bE,) C Conf™(C),
which will be referred to as the set of Bigelow generators for the diagram.

Remark 3.1.3. From this point forward, something of the form zy will
denote an element in G or g such that z € Z or x € Z is some component
of the n-tuple and y is the rest of the n-tuple.

2. Gradings on the Bigelow generators. We will define some gradings
Q,T,P : G — Z based on loops in the configuration space of the disk. Our
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Figure 6. The augmented fork diagram induced by o3 € By.

Table 1. Distributions of T, P*, P, Q*, and Q for o3 € By.

T | G elements P* | Z elements
0 | 2124, 21U, 210, txg, t'2y 0 |1, 4
1 | xov, 290, szs, s'x3, sv, s'v, sv’, s'V" || 1 |s, v
3 ) 3 3 ) ) ) )
2 | tu, tu, tu', 'y 2 1§t u, v
3 | zox3 3 |t xo, w3, U
P | G elements G elements
Q* | Z elements @
0| x4 0 o1 0. 1a 0 | x124
2 | ziu, txy, sv 1 v’l’ ! 2 | x1u, try, SU
3| mu, t'zy, s'v, sv’ 5 T L u s 3 |z, t'xy, s'v, sv’
4 | xov, sx3, sV, tu il 4 | zov, sx3, sV, tu
5 Tl Y. tu 3 ', u, s 5 ol . tu
xov’, s'ws, t'u, tu xov’, §'ws, t'u, tu
77 4 T2 77
6 | roxs, t'u 6 | x3xs, t'u

definitions of  and T are identical to Bigelow’s in [3], while our definition
for P is adapted from Manolescu’s definition for P in [9] (in which he used
braid closures).

For the sake of concreteness, a sample calculation will accompany the
description of the gradings. We will study the left-handed trefoil knot
depicted as the plat closure of o3 € By, as seen in Figure 3.

Figure 6 depicts the augmented fork diagram for our example. Label the
elements of Z from left to right in the diagram as Z = {x1, s, ¢, t,t', 22, 23,1/,
u, v, v, 24}

One can verify that the set of Bigelow generators is given by

/ /

/ / /
tay, sv, sv, sv/, sV, tu, tu, tu, t

We will turn to defining various gradings on the set G. Grading distribu-
tions for our trefoil example can be found in Table 1. Figure 7 illustrates
how to compute the gradings in practice.

3.2.1. The @ grading. The grading @) on G will be computed additively
from a grading Q* : Z — Z. Consider some x € Z, where z € o; N DE;.
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Figure 7. Computing the gradings @, 7, and P. (a)
Q*(z3) =2, (b) T'(z2x3) = 3, (¢c) P*(x3) = 3 and P*(z1) = 0.

Define an arc 7, in the disk by starting at d;, traveling along —bh; to
bm, traveling along bE); to x, traveling along «; to m;, and traveling along
h; to d;. Then let 7;; be the arc traveling along the lower portion of 9D from
d; to dj. Then ~,7;; is an arc from d; to itself, and we define Q*(z) to be
the winding number of this loop around the set of punctures.

Then for each e = ejesy...e, € G, define

Qe) =S (e).
=1

3.2.2. The T grading. Given e = ejez--- e, € G, we have that for each
k, el = ey, or e = e;:k for some z; € Z. Now let x = 21292, € G.

Then denote by 7., the arc obtained by replacing the figure-eight seg-
ments of 7,, with the corresponding (3 arc segments. Then T'(x) can be
computed as twice the sum of the pairwise winding of the 7,, around each
other. In other words, if 7,, and 7, make a half-twist counter-clockwise
around each other for k # m, this contributes +1 to the value of T'(x).
Define T : G — Z by letting T'(e) = T'(x).

3.2.3. The P grading. This grading will be computed additively from a
grading P* : Z — Z, which measures twice the relative winding number of
the tangent vectors to the figure eights bFj at the points in Z.

For x € Z, where x € o; N bE;, we define P*(z) in the following way.
We view the arc bh; as being oriented downward at the point where it
intersects 0D. Let bE; have the orientation induced by the orientation on
E; in the standard fork diagram. Then we let P*(x) be twice the winding
number of the tangent vector relative to the downward-pointing tangent
vector at the point bh; N OD. In other words, if the tangent vector makes
k counter-clockwise half-revolutions and m clockwise half-revolutions as we
travel first along bh; from bh;(0) to bh;(1) then along bE; to x, then we set
P*(x) = m — k. This number is an integer because we assume that at any
point x € Z, the figure-eight intersects the a arc at a right angle.

Then for e = e1eq--- €, € G, we define

n
P(e) =Y P*(ey).

=1
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4. The anti-diagonal filtration

We review here how one obtains from the above picture a filtration on the
Heegaard Floer complex, following Manolescu in [9] and Seidel and Smith
in [22].

We will first recall in Section 4.1 a formal construction involving graded
totally-real submanifolds, as discussed by Manolescu in [9]. This repeats the
construction of graded Lagrangians by Seidel in [20], following the ideas of
Kontsevich in [7].

Then we will apply the formalism in Section 4.1 to define Seidel grad-
ings on two particular totally real tori in the n-fold symmetric product of a
Riemann surface X. It is illustrated in [9] that by taking the Lagrangian
Floer cohomology of these tori in the complement of a certain divisor
V C Sym"(X), one obtains the fixed-point symplectic Khovanov homol-
ogy group Khgymp, inv (). However, Manolescu also showed that these tori
can be viewed as Heegaard tori Tg, T for the manifold S(K)#(S? x S1). A
holomorphic volume form on W = Sym"(X)\ V induces an absolute Maslov
grading R on intersections of these tori when viewed inside W.

Furthermore, we have an identification of the set of Bigelow generators
g with a generating set for the Heegaard Floer chain groups. This allows
us to view R as a function on G, and it in fact coincides with P — Q + T
However, when we view these tori inside all of Sym™(X), this grading is no
longer a priori consistent with Maslov index calculations (but rather also
records intersections of 2-gons with the factor V).

We can use R (a shifted version of R) to define a filtration p on
5?’(2([()#(52 x S1),5) for each torsion s € Spin®(X(K)#(S% x S1)). The
definition for p will appear to depend heavily on the braid b chosen to rep-
resent the knot K. However, we will obtain an invariance result for this
filtration in Section 5.2 in the form of Theorem 1.0.1.

4.1. Graded totally real submanifolds. First recall the following defi-
nition:

Definition 4.1.1. A real subspace V' C C" is called totally real (with
respect to the standard complex structure if dimgV = n and V NiV = 0.
A half-dimensional submanifold 7" of an almost complex manifold (Y, .J) is
called totally real if T, 7 N J(T,7) =0 for all z € T.

We will first work in the setting of a K&hler manifold (Y,€2) such that
2 is exact and ¢1(Y) = 0. Recall that Y then carries an almost-complex
structure J which is compatible with the symplectic form 2 — in this con-
text, a totally real submanifold (with respect to J) is a generalization of a
Lagrangian submanifold (with respect to Q). Let 7 and 7’ be two totally
real submanifolds of Y, intersecting transversely.
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Under these conditions, there is a well-defined abelian group HF™*
(7,7") = H(CF*(T,T'),d) with a relative Z-grading given by a Maslov
index calculation. However, by a construction of Seidel in [20], this relative
grading can be improved to an absolute Z-grading.

Let € — Y be the natural fiber bundle whose fibers ¥, are the manifolds
of totally real subspaces of T, Y. Choosing a complex volume form © on Y
determines a square phase map 6 : T — C*/Ry =2 S! defined by (V) =
O(e1 A -+ Aep)?, where eq,. .., e, is any orthonormal basis for V C T,Y.

Let T — T be the infinite cyclic covering obtained by pulling back the
covering R — S! via the map . Consider the canonical section sy : 7 — T
given by s7(x) = T, 7. This section induces a S'-valued map 7 = fosz. In
some cases, the section sz can be lifted to a section 37 : 7 — T (inducing
a lift 57 : T — R of the map 67). Let us assume such a lift exists.

Definition 4.1.2. A grading on 7T is a choice of lift 0r: T —R.

Given such gradings on the submanifolds 7 and 7”7, one can define the
absolute Maslov index p(z) € Z for each element z € 7 N7’ [20]. This index
is constructed using the Maslov index of paths in ¥, which is _discussed
in [17]. We will sometimes refer to the grading structure on 7 as 7, and we
will refer to the absolutely-graded Lagrangian Floer groups for the graded
submanifolds 7 and 7' as HF*(T,T").

If®:Y — Y is a symplectic automorphism with respect to the Kéhler
form Q, let ®* : ¥ — T denote the map given by ®¥(V) = D®(V). We
recall the following definition:

Definition 4.1.3. Let ® : Y — Y be a symplectic automorphism, and
suppose that there is a Z-equivariant diffeomorphism ® : T+ T which is a
lift of ®*. Then the pair (P, <I>) is called a graded symplectic automorphism.

A graded symplectic automorphism (P, <I>) acts on a graded Lagrangian
submanifold (L, L) by
(®,®)(L,L) = (®(L),®o Lod ).
Remark 4.1.4. We will often write ® to refer to the pair (®,®) (and thus
&(L) will denote (®,®)(L, L)).

As discussed in [20], many Lagrangian Floer identities can be extended
to the absolutely-graded case. For instance, as absolutely-graded complexes,

-~ ~ ~ \V
CF(T, T = (C’F(T T’)) where “V 7 denotes the dual complex.
Furthermore, if D is a graded symplectic automorphism, then there is

a natural isomorphism of absolutely-graded complexes CF(®(T), ®(T"))
CF(T,T).
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Figure 8. Stabilizing near +o0.

4.2. From fork diagrams to Heegaard Floer homology. We summa-
rize Manolescu’s work in [9], describing a connection between Bigelow’s fork
diagram and a Heegaard diagram for the manifold L(K)#(S? x S1).

We represent a knot K as the plat closure of a braid b € By, the braid
group on 2n strands, and obtain a fork diagram for b by following the action
the braid on the standard fork diagram, as described in Section 3.1.

Now let P, € C[t] be a polynomial with set of roots {u1,... p2,}, which
is exactly the set of punctures in C. We define an affine space S = {(u,z) €
C?:u?+ P,(2) =0} C C2

Also , for k =1,...,n, define the subspaces oy, and Bk of § by

ap ={(u,z) € C: z = oy(t), for some ¢ € [0,1];u = +£4/—P,(2)} and
B ={(u,z) € C: z = B(t), for some t € [0,1];u = + —P,(2)}.

Note that the map S — C defined by (u,z) — z is a double branched
covering with branch set equal to {y1, ..., p2,} C C. This means that S can
be seen as X,,_1 — {£o0}, where ¥,,_; is a Riemann surface of genus (n—1).
Furthermore, the a; and Bk are simple closes curves in S which induce
totally real tori Tg = a7 X --- X &n,’ﬂ‘ﬁ = Bl X ... X Bn C Sym" (§) We
want a Heegaard diagram, so we stabilize this surface as shown in Figure 8
to acquire ¥,, — {£o0}.

Proposition 4.2.1 (Proposition 7.4 from [9]). The collection of data
H=(Zp;01,...,0n;01,...,0n;+00) is an admissible pointed Heegaard dia-
gram for S(K)#(5% x S1).

Now note that with respect to the covering map above, each puncture
i € C has a single point as its preimage. However, the preimage of a point
x € (B; Nint(a;) consists of a pair of points upstairs. This gives a bijection
between the intersection Tg N Tﬁ and the set G of Bigelow generators as
defined in Section 3.1. However, this identification isn’t canonical, since for
some z € Z — 7 it is only required that the pair {e,, e/} is identified with
the two preimages of x upstairs. In any case, the grading function R defined
below will satisfy R(e,) = R(el,).

x
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4.3. A grading induced by a volume form. Define a subset W =
Sym"(S) — V, where the anti-diagonal V is defined by

V ={(uk,2zx),k=1,...,n: uz—l—PM(zk) =0,
(ui, zi) = (—uy, z;) for some i # j}
When we restrict to W, the Maslov grading on Tg N T,@ can be lifted to
an absolute Maslov Z-grading by endowing the tori Tg, TB with gradings in

the sense of Section 4.1 via the choice of a particular holomorphic volume
form.

Proposition 4.3.1 (Proposition 7.5 from [9]). There exists a complex
volume form © on W so that we can endow Tg and T4 with gradings on
the sense of Section 4.1. The resulting absolute Maslov grading (in W) on
the elements of Ta N'Tg is P — Q+T.

~

Proof. One can describe points in Sym"(.S) by their coordinates {(uj, zj)};,
where u? + P,(z;) = 0. Following Manolescu, we let the C-valued n-form ©

~

on Sym"(S) be given by

@: H (Zi—Zj)' %

1<i<j<n k=1

By using a basis of symmetric functions in the z; near any point on the
diagonal A C Sym"(§ ), Manolescu shows that © in fact gives a well-defined
volume form on W := Sym™(5) \ V.

As described in Section 4.1, one can obtain from © two functions 6, :
Ta — S and 6p : Tz — St A point x € T4 has coordinates {(uj,25)};
where z; = (3;(t;) for some t; € [0,1], and uj; = +/—PF,(5;(t;)). So, we can
write

0= I (o) - s [ 22
’ 1<i<j<n o Y k=1 —Pu(Bi(t;))
and write 0, (x) similarly for x € Tg.

A choice of R-valued lifts §a and 55 of 0, 03 will induce an absolute Maslov
grading on Tg N Tfa C W. Note that 0, has a constant value of 1 € S*; it
is shown in [9] (by examination of the function 63) that any choice of lifts
50“ gg will induce a Maslov grading, which agrees with P — @ + 1" upto an
overall shift, and the same argument applies here.

In [9], the absolute Maslov grading is fixed to be exactly P — Q + T by
choosing 5g to be obtained continuously from O by following the family of
crossingless matchings (induced by the braid action) starting at {a1, ..., o}

and ending at {f1, ..., Oy }; this effectively sets R(xg) = 0 for a distinguished
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Table 2. Distributions of R and R for o3 € Bj.

R G elements R | G elements

0 | z114, T1u, T/, tay, /2y 1/2 | mixyg, z1u, 210, tay, t'zy

1 | zov, 200, sx3, s'w3, sv, s'v, 3/2 | wou, xov', sxs, s'z3, sv, s'v,
sv', s’ sv', s’

2 | tu, t'u, tu’, t'u 5/2 | tu, t'u, tu, t'u’

3 | xox3 7/2 | xoxs

generator xg € Tg N T[a' In our case, there is no such distinguished gener-

ator. Instead, we set ga = 0 and then choose the lift 5@ in a way that the
induced Maslov grading R satisfies R(x) = (P—Q+7T)(x) for some choice of
generator x € TaﬁTB- Necessarily we will then have that R = P—Q+7T. [

We can now view R as a function both on Ta N TB and on the set G of
Bigelow generators. Now we define a rational number sg(b, D), which will
depends on properties of the braid b and of the oriented link diagram D
which is its plat closure. Denote by €(b) the sum of the powers (with sign)
of the braid group generators making up the word b, and denote by w the
writhe of the diagram D. Then let
—w(D) —2n cQ.

4
Then for e € G, define R(e) = R(e) + sg = P(e) — Q(e) + T(e) + sg.

One should note that for any z € Z \ 7, we have that Q*(¢},) = Q*(e,)+1
and P*(el) = P*(e;) + 1. As a result, R(e,y) = R(e,y); following [9], we
say that the grading R is stable.

sn(b, D) = )

4.4. Computing R for the left-handed trefoil. Here we have that n =
2, € =3, and w = —3, and so

b0y~ B =8 =20) 1

4 S
Combining this with Table 1, one obtains the distributions of R and R seen
in Table 2.

4.4.1. Drawing Heegaard diagrams. Given a fork diagram, it is straight-
forward (albeit sometimes tedious) to construct the admissible pointed Hee-
gaard diagram discussed in Proposition 4.2.1. Figure 9(a) shows a standard
fork diagram with six punctures (where the handle arcs are omitted). Cut-
ting along the dashed arcs produces three disks, each with two punctures.
The double cover of each such disk branched over the punctures is an annu-
lus, as shown in Figure 9(b). One can reglue the annuli to form a genus-two
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Figure 9. Producing a pointed Heegaard diagram from a
fork diagram. The dotted arcs (resp. circles) represent the
(resp. their covers @;) and black dots represent punctures.
(a) A fork diagram cut along dashed arcs, (b) The annuli
covering the three pieces from Figures 9(a) and (c) The glued-
up genus-two surface.

surface with two boundary components, as shown in Figure 9(c). Capping off
the boundary components and stabilizing the surface with a handle whose
feet lie near +oo yields the required pointed Heegaard diagram.

During the invariance proof, we will exhibit local pictures of Heegaard
diagrams covering local pictures of fork diagrams with three punctures. In
this case, one should cut the fork diagram into two disks (one with two
punctures and one with one), as in Figure 10(a). The branched covers of
these pieces are an annulus and a disk, respectively; gluing yields a genus-
one surface with one boundary component, as seen in Figure 10(c).

4.5. Intersections with the anti-diagonal. However, as observed in [22],
the volume form © has an order-one zero along the antidiagonal V. There-
fore, R is not compatible with Maslov index counts in all of Sym”(&S).

Let ¢ € ma(x,y) be counted by a term in 5(){) If ¢ intersects V with
multiplicity k£ € Z (it can be arranged that k£ > 0, with equality only if ¢
completely avoids V), then [22] gives that R(x) — R(y) = 2k + 1.

More generally, one can say that if ¢ € ma(x,y) with n4o0(¢) = 0, then

R(x) = R(y) = u(¢) +2([¢] - [V]) = gr(x,y) +2([¢] - [V]).
Now for each torsion s € Spin®(X(K)#(S? x S1)) define p : {5 — Q by

p(x) = R(x) — gr(x). Then we have that if x,y € U, for s torsion and
¢ € ma(x,y) with n400(¢) =0, p(x) — p(y) = 2[¢] - [V].



ON THE ANTI-DIAGONAL FILTRATION 335

Figure 10. A local region of a pointed Heegaard diagram
covering a thrice-punctured region of a fork diagram. (a) A
region of a fork diagram cut along dashed arcs, (b) The annu-
lus and disk covering the two pieces from Figures 10(a) and
(¢) The glued-up genus-one surface.

X
L U 72 =Y A
\ /
\ N /
N /
~N 7
~ -

Figure 11. A portion of a fork diagram. The domain

m(D(¢)) is shaded, the o arcs are solid, and the 3 arcs are
dashed.

Now p provides a filtration grading on the factor 6’?7(7'[,5) for each
torsion s.

4.5.1. A schematic example of non-trivial intersection. For the sake
of concreteness, let us see an example of a 2-gon whose intersection number
with the anti-diagonal is nonzero. Figure 11 shows a portion of a fork dia-
gram induced by some braid in Bg. Let X,y € G be the Bigelow generators
whose components are indicated in Figure 11.

Figure 12 shows the Heegaard diagram of genus 3 obtained from the fork
diagram via Theorem 4.2.1, and let 7 denote the branched covering map.
Let X,y € Tz N TE’ have components as indicated in the Heegaard diagram,

where 7(z;) = x; and w(y;) = y; for i = 1,2,3. The shaded region in
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Figure 12. A Heegaard diagram induced by Figure 11. The
domain D(¢) is shaded.

Figure 12 is the domain D(¢) of a 2-gon ¢ € ma(X,y) and the shaded region
in Figure 11 is its image m(D(¢)).

Note that for each i, 7—1(x;) contains two points; the point Zo and 7
are both chosen to be the preimage of z9 = y9 which lies outside of the
domain D(¢).

One can see that gr(X) — gr(y) = pu(¢) = 1. However, [¢] - [V] = 1, and
one can verify from the fork diagram that indeed R(x) — R(y) = 3.

4.5.2. The anti-diagonal and Heegaard multi-diagrams. Throughout
the rest of Section 4, we will assume that ¥ is a genus-n Heegaard surface
arising as the double branched cover of S2, as described in the discussion
preceding Proposition 4.2.1, with basepoint +oc € 3. Further, assume that
a, 3, and B’ be n-tuples of attaching curves on ¥ such that @' differs from
B3 by a pointed handeslide or pointed isotopy.

We will find in Section 5 that Birman moves will induce sequences of
Heegaard moves such that only the initial and final o and [ circles are lifts
of arcs from fork diagrams. However, one should consider V C Sym™(X) as
being determined by the branched covering map 7 : ¥ — C (and thus being
a well-defined feature of intermediate Heegaard diagrams).

We will analyze several types of 3-gons in the invariance proof in Section 5.
For x € Ta NTg and y € T N T, let ¢ € ma(x,054,y) be a 3-gon class
avoiding the basepoint with p(¢) = 0, where the domain D(1)) has one of
the two types discussed in Section 2.1.1. If D(v)) is of the first type (a sum
of n disjoint 3-sided regions Dy, ..., D, ), a point in Im(y)) C Sym"(X) is of
the form x = {z1,...,z,}, where each z; € D;. Further assume that at least
n — 1 of the regions D; are small 3-sided regions of the type appearing in
Figure 13. It can easily be arranged that

(4.1) Dint L (n (D) =0 for i+j,

and so x ¢ V.

However, in Section 5.3.4, we will encounter a case in which D(1)) is of the
second type (a sum of (n —1) disjoint regions Dy, ..., D(,_1), where the first
(n — 2) are 3-sided regions and the last is a 6-sided region with one obtuse
angle). Additionally, assume that Dy, ..., D(,_g) are as shown in Figure 13.
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Figure 13. A small 3-sided region appearing in a small isotopy.

In this case, a point in Im(¢)) C Sym™(X) is of the form x = {z1,...,z,},
where x; € D; for 1 < i < n —2 and z(,_1),7n € D(,_1). An analog of
equation (4.1) can also be achieved here; as a result, x ¢ V as long as it
is not the case that vy # x(,_1) and 7(z,) = m(z(,—1)). We will show that
this is impossible by arranging that 7! (7r (D(n_l))) has two connected
components (one of which is D1 itself).

4.5.3. The anti-diagonal and periodic domains. Let a; N j3; = {x;,yi},
as labelled in Figure 2, and let x = {x1,...,2,} and y = {y1,...,yn}.
Assume without loss of generality that such a handleslide is of a1 over as.
Then let the domains Dia'6 be the ones defined in Section 2.2. In this context,
we have the following fact:

Lemma 4.5.1. Let (X;a;3;+00) be the pointed Heegaard diagram men-
tioned above. Let ¢ € my (v, V), where v.=x or v =1y. Then ¢ avoids the
anti-diagonal V.

Proof. Without loss of generality, let v = x. Letting D" ? be as in Sec-
tion 2.2, one can see that for each i, there is a class ¢; € ma(x,x) with
D(¢;) = D

First assume that 3 differs from a by a pointed isotopy. Then every point
in Im(¢1) C Sym"(X) is of the form {z,x9,...,x,}, where x € D{*. It can
be arranged that Df‘ﬂ avoids the branched covering pre-image “twin” of x;
for each j > 2, and so ¢, avoids V.

Instead assume that 8 differs from a by a pointed handleslide of o over
a2, as in Figure 2. The argument for the isotopy case above implies that ¢;
avoids V for ¢ > 2. Note that we can write ¢1 = @11 + ¢1,2, where ¢11 €

m2(x,y) has domain given by the annular component of Dla'e (with local
coefficient +1) and ¢ 2 € m2(y,x) has domain given by the small two-sided
component of Df"@ (with local coefficient —1). By an argument analogous
to that in the isotopy case, ¢1 2 avoids V. Note that any point in Im(¢q 1)
is of the form {z,z9,...,2,}, where x lies in the annular component. It
can be arranged that this annular component avoids the branched covering
pre-image “twin” of x; for each j > 2, and so ¢11 avoids V as well.

In either case, ¢ can be written as a sum (concatenation) of the classes
¢i, and so it can be arranged that ¢ avoids V. 0
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4.5.4. The anti-diagonal and the homotopy for a small pointed
isotopy.

5. Invariance of the filtration
Here we will prove a few facts that we will use in our invariance proofs.

Remark 5.0.2. From now on, we will suppress the hat when discussing a
lift @ of an arc « unless the distinction is not obvious from the context.

Now let (X;a@'; at; B; 2) be a pointed Heegaard triple-diagram, where the
set of attaching circles o’ is obtained from « a pointed handleslide or pointed
isotopy. Then (X;a;3;2) and (X;a’;3; 2) are two pointed Heegaard dia-
grams for the same 3-manifold M. Recall that in fact (¥;a/;a;2) is an
admissible pointed Heegaard diagram for #,(S1 x S?). There is a natu-
ral choice of top-degree generator Oy € Toy N To. We also assume that
Hap = (Z;a;8;2) and Hyg = (¥;0;3; 2) are admissible — Proposi-
tion 2.2.4 thus implies that the triple-diagram is admissible also. Recall that
there is a 3-gon counting chain homotopy equivalence

fa’,a,ﬁ(oa’a & ) :CF (Haa) — CF (Ha’a) .

Now for any x € Toy N T, y € Ta NTg, and z € Ty N Tg, there is a

well-defined map
S5zt T2 (Xa Yy, Z) - Splnc(X)7

where X is the cobordism induced by the Heegaard move. Since X is induced
by a handleslide or any isotopy, the cobordism is in fact a cy/li\nder. Therefore,
if @ e € Tow NTg represents the top-degree generator of CF(#"(S% x S1)),
then for some 1 € M2 (O, y, %), 6.(10) is completely determined by either
restriction s, (y) or s, (z).

We will need the following fact about the absolute grading gr:

Lemma 5.0.3. Let (X;a; o 3; 2) be an admissible pointed Heegaard triple-
diagram such that o differs from a by a pointed isotopy or pointed han-
dleslide. Then if x € Uy C Toq NTg for s € Spin®(Yog) torsion and
y € Tow NTg is a generator appearing with nonzero coefficient in the expan-
sion Of fa’,a,,@(aa’a b2y X)) gNT(y) = .gA';"(X)

Proof. Let X be the cobordism induced by the Heegaard move and choose
some t € Spin®(X) restricting to s on Yog and s’ on Yy/g, where y € ty C
T NT . The absolute grading gr is uniquely characterized in [11] by several
properties, one of which implies that

ci(t) — 2(X) - 30(X)
1 )
Since X is in fact a cylinder, the right-hand side vanishes. O

gr(y) —gr(x) =
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Letting a differ from « by a small pointed isotopy and working in the
pointed Heegaard quadruple-diagram (¥;a; @'; ar; 3;2), one can make an
analogous observation regarding Spin® structures associated to 4-gons.
/\Recall that the filtration p is only well-defined on the summands
CF(S(K)#(5% x S1),5) with s € Spin®(Z(K)#(S? x S1)) torsion. However,
due to the observations above, everything in sight will be Spin®-equivalent
and we will suppress Spin® structures in notation when proving many of the
lemmas in this section.

Below we discuss Heegaard diagrams obtained from braids. The Birman
stabilization move on braids induces in the Heegaard diagram a Heegaard
stabilization followed by two handleslides. For a Heegaard diagram H, stabi-
lization amounts to taking a connected sum with Hy, the standard genus-one
pointed Heegaard diagram for S® with a N 3 = {x}, where the connected
sum is performed near the respective basepoints of the diagrams. Ozsvéth
and Szab6 showed in [13] that as chain complexes, CF(H) = CF(H#H,).
If H is a Heegaard diagram for X (K)#(S? x S') obtained from a braid
b, we extend R and p to C/'I\’(H#Ho,s#so) for each torsion s by setting
R(zy) = R(y).

Let us first establish some terminology that will be used in Lemma 5.0.6
to follow.

Definition 5.0.4. Let (X; «; 3;2) and (E; o 3 z) be two admissible Hee-
gaard diagrams of genus n appearing in some sequence of Heegaard moves
connecting two diagrams covering fork diagrams, and let V C Sym" (%)
denote the anti-diagonal.

(i) If 3" = B and ' differs from a by a pointed isotopy or pointed han-
dleslide, then a a-triangle injection is a function g : To N Tg —
To N Tg such that the following hold:

(a) There is a Heegaard triple-diagram (3; a™; «; 3; z) (where for each
k, ozz is isotopic to o and intersects oy, transversely in two points)
such that for each x € To N Tg, there is a 3-gon class 1/); €
To(Oata: X,y 1) with u(y)) =0, ¥ NV =0, and n.(y)) = 0,
where y* € Ty N T+ is the nearest neighbor to g(x).

(b) There is a Heegaard triple-diagram (¥; ;™ ;3;2) (where for
each k, o is isotopic to «), and intersects aj transversely in
two points) such that for each x € T,, N Tg, there is a 3-gon
class ¢, € m(0qa-—,y ,x) with u(y) = 0, ¢, NV = 0, and
n:(¢,) =0, where y~ € Ta NT,- is the nearest neighbor to g(x).

(ii) If @’ = a and @ differs from B by a pointed isotopy or pointed han-
dleslide, then a B-triangle injection is a function g : ToNTg — TaNTg
such that the following hold:
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(a) There is a Heegaard triple-diagram (Z;a;ﬁ;5+;z) (where for
each k, 5,‘: is isotopic to [, and intersects [ transversely in
two points) such that for each x € Tq N Tg, there is a 3-gon
class 1) € ma(x,0g5+,y") with p(¢f) = 0, ¥ NV = 0, and
n.(¢y) =0, where y* € TgNTg4 is the nearest neighbor to g(x).

(b) There is a Heegaard triple-diagram (Z;a;,@‘;,@;z) (where for
each k, (B, is isotopic to [ and intersects [ transversely in
two points) such that for each x € Tq N Tb, there is a 3-gon
class ¥, € ma(y™,05-g,%) with pu(y;) = 0, ¥y NV = 0, and
n:(1y ) =0, where y~ € TgNTg- is the nearest neighbor to g(x).

Remark 5.0.5. Recall that when constructing chain homotopies associated
to triangle-counting chain homotopy equivalences in Section 2.1.2, we com-
posed them with nearest neighbor maps so that compositions were honestly
chain-homotopic to identity maps.

For instance, if (X;a;3;2) and (X;a/; 3;2) are two admissible pointed
Heegaard diagrams such that o’ is obtained from « via a pointed isotopy
or handle slide, then

analﬁ <0aa’ & fa’a,@ (Oa/a &® )) — idé}(ﬁaﬁ) = gH + Hg and

where H and G are given by the expressions in equation (2.2) appearing in
Remark 2.1.7.

Lemma 5.0.6. Let H = (X;50;2) and H' = (3; ;85 2) be two admissi-
ble pointed Heegaard diagrams for the manifold L (K)#(S? x S') which are
obtained from braids b and V' (possibly after Heegaard stabilization). Assume
that there is a sequence of pointed isotopies or handeslides

H=H’—-H' - ... o H"=H,

where each pointed Heegaard diagram H* = (E; ot Bk z) 1s admissible.
Also, let g = g™ o---0g" be a composition of triangle injections

gk : Ta(ky—l) NnT y — Tak N Tﬂk

ﬁ(k—l

and assume that R(g(x)) = R(x) for each x € To N Tg. Now for 1 <
k<, let f*: ﬁ’(H(kfl)) — (/Z'I\T(Hk) denote the 3-gon-counting chain
homotopy equivalence induced by the k" Heegaard move in the sequence,
let h* - 61\7(7—[]‘3) — 6?'(7{(’“_1)) denote its homotopy inverse, and let H" :
CF(H* D) = CF(H* D) and G* : CF(H*) — CF(H*) be associated
homotopies as described in Remark 5.0.5.
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Now let H : 6?’(7—() — 61\7(7-() and G : CF(H') — CF(H') be given by

H:= H1+Z ohf) o Ht o (flo---oft) and
(5.1)
Gi= G”+Z( o) 0 Glo (hH D oo nn),

so that

hf —idgp gy, =0H +HO and fh—id = 0G + GO.

CF(H")
Then for each torsion s € Spin°(S(K)#(S? x S1)), the following hold:
(i) Ify € Tw NTg is a term in the sum f(x) for some x € Us C ToNTg

and if w € To N Tg is a term in the sum h(z) for some z € U, C

Tor NTg, then p(y) < p(x) and p(w) < p(z).
(ii) Ify € Ta NTg is a term in the sum H(x) for some x € s C To N T
and if w € Toy N Ty is a term in the sum G(z) for some z € U C

To N Ty, then ply) < p(x) and p(w) < p(z).

Proof of part (i). Let x € s C T NTg and let y € Toy N Tz be a term in
the sum f(x). Then there are two sequences

x=y'yh...,y"=y and x=x"x!.. . x"=g(x)

such that y’/,x/ € Toingis y’ is a term in the sum f7(yU—1), and x7 =
¢’ (xU=1) for each j.

We proceed by induction. Without loss of generality, assume that the
jt" Heegaard move in the sequence is one among the a curves. i.e., that
B =pU~Y and ¢’ is a a-triangle injection.

Recall that we have a class ¢y, € 7T2(0aja(j71),y(j_1), y’) with a pseudo-
holomorphic representative such that p(vs;) = n.(1y;) = 0. Furthermore,
the triangle injection ¢7 provides a class Vgi € T2(0 gi -1 xU=1 x7) avoid-
ing V such that p(1py;) = n. (1) = 0.

Assume that we have already obtained a 2-gon class Nati-ng € T2
(xU=1,y0=1) with p(nau-1p) = 1:(at-08) = Mau-ngl - [V] = 0. For
the base case, we note that x’ = y? = x and we let 7405 € T2(x,x) be the
class with trivial domain. Then the concatenation @Zj = (Ngli-Dg + Vi)
is an element of 7r2(0aja(j_1>,x(j_1),yj). The classes @Zj and tg; are Spin‘-
equivalent, and thus there are 2-gons 7;_;) € mo(xU—D, xU-1), Neig €
ma(x7,y7), and N a1 € T2(0ni -1 O aiqti-n) such that

Vi =g +13-1) + Naig + Nadali-1 -



342 EAMONN TWEEDY

Now D(1(j—1)) + D(Npiat-n) can be viewed as a triply-periodic element
of HoG-1giai, and so by Proposition 2.2.2 can be written as a sum of

the doubly-periodic domains D,‘j‘(j_l)aj € II_,-1)4i- For each k, let ni €
. . j—1 j
2(0 0 0i-1)» O nii—1)) denote the 2-gon whose domain is Dl‘j‘(J Jad by

Lemma 4.5.1, 7], avoids the anti-diagonal V (and of course the basepoint).
The class & := nj_1) + NaiaG-1» can be written as a sum of elements of

classes in the set {n{,...,n5}, and thus [¢;] - [V] = n.(¢;) = 0. Thus,

1(Maig) = (Wi + Nat-na) — M(Wgi) — u(§5) =0,
Maigl - V] = [V + NgG-val - [V] = W] - [V] = [§] - [V]
=[] [V] 20, and n.(n4g) = 0.

where the last inequality follows from the fact that iy, has a pseudo-
holomorphic representative. After n steps, we obtain the required class

Narng € m2(9(x), ).
Now since R(x) = R(g(x)) > R(y), n iterations of Lemma 5.0.3 give that
p(x) = R(x) — gr(x) = R(y) — gr(x) = R(y) — gr(y) = p(y)-

On the other hand, let z € U C Toy N Ty and let w be a term in the
sum (h'o---o0h™)(z). A similar induction argument provides a 2-gon class
n € m (g(w), z)) such that

p(n) =n-(n) =0 and [n]-[V] <0.
Now we have that R(w) = R(g(w)) < R(z), and so

p(w) = R(w) — gr(w) = R(z) — gr(w) < R(z) — gr(z) = p(z)
O

Proof of part (ii). Without loss of generality, assume that the k' Hee-
gaard move is among the a curves (so that gk = B(k_l) and ¢ is a
a-triangle injection). We work in the pointed Heegaard quadruple-diagram
(E;&(k_l);ak;a(k_l);,@k;z), where a*~ is a set of attaching circles

obtained from a*~Y by a small admissible isotopy. Suppose that y €
To NTg appears as a term in the sum

(hlo...oh’f)oH(’““)o(f’“o---Ofl) (%),

then p(y) < p(x).

Then there are z7,u’ € T, ﬂng for j =0,...,k with 2 = x, u’ =y,
z' a term in f1(z0~Y), uf a term in H*#TD(2F), and ul~Y a term in h*(u?)
fori=1,... k.

Recall that

HED .= N, o PNI(k'H),
o
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Figure 14. A component of the domain of the 3-gon 1y €
7T2(0aka(k+1)70 k+1)ak,9 ko )

where Nk : V — Vv is the nearest neighbor isomorphism and

HED = b e g (Ot e © Oatienan © )

is a map counting pseudo-holomorphic representatives of 4-gon classes.
There is then such a 4-gon class 0 € m2(0 4k yir1), Oqtt1) ok, 2, UF) such
that p(o) = —1 and [o] - [V] > 0.

Now for 0 < j <k, 5,(u/) = 5,(2/) and by Lemma 5.0.3,

gr(2’) — gr(w) = gr(z") — gr(u*) = gr(z") — gr(u¥) = p(o) = ~1

As a result, there are 2-gon classes ¢/ € my(2z/,u’) such that u(¢7) = —1.

There are also index-zero 3-gon classes 1 € T2(60 4 i, u”, UF) (with
domain components as in Figure 13) and ¢y € mo(Ozk k1)
0 o (k+1) ok, O 500 o) (With domain components as in Figure 14); it can be
arranged that these classes have small domains, so that {/; NV =YyNV =10.

Note that ¥ + by + ¢F € 7T2<0aka(k+1),ea(k+1)ak,zk, u"), and so there is
some 4-gon 7 with quadruply-periodic domain such that J +apg+CF = o4n.

But recall that n can be written as the concatenation of 2-gons which
avoid the anti-diagonal V and the basepoint z, and so

[CF]- (V] = [o] - [V] + [n] - [V] = [¢] - [V] =[] - [V] = [0] - [V] 40— 0~ 0 = 0.

Consider the sequence x? := x = z%, x!, ..., x* with x/ = gj(x(j_l)) for

each j (here x) e T, N Tﬁj). Recall that the proof of the first part of this
lemma provided 2-gon classes ¢' € mo(x", z*) with u(¢') = 0 and [¢']-[V] > 0
fori=1,..., k. We will show that for each ¢ with 1 <7 <k

(52) VT VT4 V] V] 2 [ V] + [ [V,
where ¢° denotes the class with trivial domain connecting x° = z
itself.

Fix ¢ with 1 < i < k and assume (without loss of generality) that the
ith Heegaard move is among the o curves. The triangle injection ¢* provides
a class 9, € WQ(aa(ifl)ai,Xi,X(i_l)) such that (1) = n.(gi) = 0 and
[Vgi] - [V] = 0. Additionally, there is a class ¢y € WQ(Oa(i—l)ai,ui,u(iil))
with pseudo-holomorphic representative such that p(¢yp:) = n, () = 0.

0= x to
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Note that %i + C(iil) + ¢(i71)a ¢z + CZ + whi S 7T2(0a(i—1)ai,xi, u(ifl)).
Then there is some 3-gon 7' with triply-periodic domain such that

gt + ¢V 007D = 61 ¢ g

Since [¢,] - [V] = [1'] - [V] = 0 and [¢h:] - [V] > 0, equation (5.2) holds.
Therefore,

- VI 2 (¢ [Vl + [0 V) = - 2 [¢M] - [V] + [6F] - [V] > 0.

On the other hand, given some z,w € Ty N Ty such that w is a term
in G(z), a similar argument produces a 2-gon class £° € m(z, w) such that

[€9] - [V] = 0 and pu(€0) = —1. 0
We formulate the following restatement of Lemma 5.0.6.

Corollary 5.0.7. Let H = (Z; ; 8; 2) and H' = (35 o'; 8’ 2) be two admis-
sible pointed Heegaard diagrams for the manifold Y (K)#(S? x S') which
are obtained from braids b and b’ (possibly after Heegaard stabilization), and
related by handleslides and isotopies in the sense of Lemma 5.0.6, where the
intermediate pointed Heegaard diagrams are all admissible. Assume also that
there are triangle injections corresponding to each of these Heegaard moves
such that their composition g : To, N Tg — Tor N Ty satisfies R(g(x)) =
R(x) for all x € To N Tg. Then for each s € Spin°(S(K)#(S? x Sh))
torsion, the following hold:

(i) The composition f : 61\7(7{,5) — 6?'(7-[’,5) of chain homotopy equiva-
lences induced by the moves and its homotopy inverse h : CF(H',s) —
CF(H,s) are p-filtered chain maps.

(ii) The homotopies H from go f to id@( and G from fog to id@(ﬂ,,ﬁ)

H,s)
are p-filtered chain homotopies.

In particular, the p-filtered complezes 51\?(7'{, s) and 51\7(7{’, s) have the same

filtered chain homotopy type.

We turn to a few lemmas which will later allow us to restrict our attention
to multiplication of braids in Bs, by elements of K5, on the right side only.
Note first that the symplectic automorphism induced by the braid b € By,
on the punctured disk induces a symplectic automorphism f : Sym"™(¥) —
Sym"(3).

One can see that there is an induced graded symplectic automorphism f;
with respect to gradings provided by the volume form.

Lemma 5.0.8. Let f, : Sym™(¥) — Sym"™(X) be the automorphism
discussed above and let V C Sym"(X) denote the anti-diagonal. Then
fo(V) = V.
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Proof. Let x € V. Then x contains components (u1,21) and (ug, z2) such
that zo = 21 and ug = —uy. Suppose that ug # 0. Then fy(x) = (vg, wg)
contains components (vy,w1) = fp(u1,21) and (ve,w2) = fp(ue, 22). Since f
is induced by a map on the punctured disk, we have that wy = w;. Therefore,
(v2)? = (v1)? and so vy = +vy.

Now let x' = (uj, z;,) € A be such that uy = —ug, uj = u; for j # 2, and

z; = zjfor j =1,...,n. Then if f,(x’) = (v}, w},), we then have that v; = v;
for j # 2 and wj = w; for j = 1,...,n. Further, vy = v} = v; = Fv;. But
x # %/, s0 vl # vy and thus vy = —v;.

Now suppose that ug = u; = 0. Then 25 is a puncture point. However, a
braid element diffeomorphism on the punctured disk fixes the set of punc-
tures, and so vg = v; = 0 also. So, f,(x) € V in this case also.

One can similarly show that f, (V) C V. O

As shorthand, let f, (Te) be denoted by bTe from now on. Since R
provides an absolute grading on CFj (Tq,bTs), when computed inside
Sym"™(X) — V, then one can define a grading R* on CF~* (T, bTq) by
letting R* (x*) = —R(x) for each x € To N 0T 4.

Lemma 5.0.9. Let b € By, be a braid. Then when computed inside
Sym™(X) =V, the complezes CF, (Tq,bTy) and CF~* (']Ta, b_l']I‘a) are 1so-
morphic as absolutely graded chain complexes equipped with the gradings R
and R*, respectively.

Proof. The grading R arises as an absolute grading induced by gradings on
totally-real submanifolds, and so as R-graded complexes,

CF, (Ta,bTq) = CF"* (bTq, Ta) 2 CF"* (Ta, b 'Ta) .
But since sg(b™1) + sg(b) = —n, the result follows. O

When one computes these complexes inside all of Sym"(X), recall that
CF™ (Tq,bTq) = CF (Hp) , where Hy, is the admissible Heegaard diagram
for (K )#(S? x S') provided by Proposition 4.2.1 and K is the closure of
b. It is clear that R* provides a filtration on this complex.

Lemma 5.0.10. Let b € Bsg, be a braid and denote by Hy and Hy-1 the
admissible Heegaard diagrams induced by the braid b and b~"', respectively.

Then the complezes CF, (Hy-1) and CF (Hp) are isomorphic as filtered
chain complezes equipped with the filtrations R and R*, respectively.

Proof. When one extends the computation of the Floer complexes to all of
Sym"(3), the differentials may have additional terms which count classes of
2-gons intersecting V. By Lemma 5.0.8, the chain isomorphisms in the proof
of Lemma 5.0.9 induce identifications between such classes which preserve
intersection counts with V. O
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@ {4 0

Figure 15. Local pictures of fork diagrams, where corre-
sponding points are marked with matching dots. (a) The
diagram F*, (b) F, the mirror of F* and (c) The
diagram F .

k1
iy e

Now given a braid word b = ¢ O'f:: € By, let —b denote the braid

word ‘72_7&11 - Ugfjnim € Bap.

Lemma 5.0.11. Let b € By, be a braid whose closure is the knot K, let s €
Spin (L (K)#(S?x SY)) be torsion, and denote by Hy and H_y the admissible
Heegaard diagrams induced by the braids b and —b, respectively. Then the
complexes CF (Hp,s) and CF (H_p,s) are isomorphic as filtered chain
complezes equipped with the filtrations R and R*, respectively.

Proof. Let F+ and F~ be the fork diagrams induced by b and —b, respec-
tively. Note that if the closure of b is the knot K, then the closure of —b
is — K, the mirror image of K. Therefore, H4; is a Heegaard diagram for
+3(K)#(52 x SY). Let ¢ : C — C be the map given by z — —z, and let F
denote the “fork-like” diagram obtained by applying ¢ to FT. Note that if
one ignores the handles, then Fis isotopic to F~. Figure 15 compares local
pictures of these diagrams.

This map induces a diffeomorphism 7 : ¥ — —X, where H, =
(3, e, B,40) and H_p = (—%, a0, 3, +00). Recall that for any closed, con-
nected, oriented 3-manifold Y, Spin°(Y’) = Spin°(—Y’). For each torsion
s € Spin®(S(K)#(5?% x S1)), Ozsvéath and Szabé described in [12] a natural
chain isomorphism

D CF(S(—K)#(S% x S%),s) — CF  (S(K)#(S? x S1),s),

which in our case is realized by ®(x) = ({Tl(xl)})* for each generator x
for CF.(X(—K)#(S? x S1), 5).

Figure 15 displays a suitably general local picture of the fork diagrams
involved. Let z™ be a generator in F7, let z be the tuple in F such that
Zj = L(Zj), and let z— be the corresponding generator in F—. Define the

functions @, P, T, and R on F in the obvious way. One can verify that
(P*=Q")(z)=(P" = Q) () +1=—(P" = Q") () +11,
andso (P—-Q)(z7)=—(P—-Q)(z") +n.
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Figure 16. An isotopy in a fork diagram introducing two
intersections between a « arc (solid) and a ( arc (dotted).
(a) Before the isotopy and (b) After the isotopy.

Furthermore, T(z~) = —T(z"), and
e(b”)—w(D7)—2n —e(") +w(DT)—2n

- D_ = pu—
SR(b ? ) 4 4
_e(d) —w(DF)-2n i
= 1 .
Therefore, we have that R(z~) = —R(z"), and so both ® and ®~! are
filtered. O

5.1. Fork diagram isotopy. The identification of a braid b with its asso-
ciated fork diagram is only defined up to isotopy of the fork diagram. We
should verify the following:

Proposition 5.1.1. Let 5 € Spin®(X(K)#(S? x S1)) be torsion. Then the

—

p-filtered chain homotopy type of CF(S(K)#(S? x S1), ) is an invariant of
the braid b.

Remark 5.1.2. The reader should note that in the original proof in [13] of
the invariance of the group HF (M) under isotopies of the Heegaard diagram
for M, pseudo-holomorphic 3-gons were not used. Lipshitz observed in [8]
that the induced chain map could be defined in terms of counting 3-gons.

Proof. We omit explicit analysis of isotopies which do not introduce or anni-
hilate intersection points between « and [ arcs (i.e., preserve Z and G);
these just induce intersection-preserving isotopies on the Heegaard diagram.
Below we will study two type of isotopies, which introduce new intersection
points — we need not study isotopies, which remove intersection points,
since filtered chain homotopy equivalence is an equivalence relation and is
this symmetric.

First consider an isotopy of the type illustrated in Figure 16. This type of
isotopy induces a pair of analogous isotopies of the Heegaard diagram, and
one can define the obvious triangle injection. All components of associated
domains appear far from the new intersection points and are of the form
shown in Figure 13.

One could also perform an isotopy of a fork diagram near a puncture
point, as shown in Figure 17.
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(@)

Figure 17. Introducing new intersections via an isotopy.
(a) Before isotopy and (b) After isotopy.

Figure 18. Isotopic Heegaard diagrams for ¥ (K )#(S%x S1)
covering the fork diagrams in Figure 17. (a) Before isotopy
and (b) After isotopy.

s/
H

Figure 19. Local regions in domains of the 3-gons
Y (dark gray) and +,  (light gray).

(@ (b)

i R
Figure 20. Loops used to compute gradings for z(a) and u(b).

Taking the two-fold cover of this local fork diagram branched on the one
puncture gives the local Heegaard diagrams for X(K)#(S? x S!) shown
in Figure 18. The isotopy on the fork diagram amounts to an isotopy on
the Heegaard diagram, and by Lemma 5.0.6 it is sufficient to construct a
B-triangle injection gis, and check that it preserves R.

We see from the 3-sided region in Figure 19 that we can define the
injection giso such that giso(2z) = uz. Furthermore, the loops in Figure 20
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show that Q*(u) = Q*(x), P*(u) = P*(x), and T'(uz) = T(xz). Therefore,
R(uz) = R(zz). O

5.2. Invariance under choice of braid.

Proof of Theorem 1.0.1. It suffices to verify that if b and & (inducing Hee-
gaard diagrams H and H’ for S(K)#(S? x S1)) are related by a Birman

2

move, then the p-filtered complexes CF(H,s) and CF (H',s) have the same
filtered chain homotopy type for each torsion s € Spin®(S(K)# (5% x S1)).

We first claim that we do not need to explicitly examine Birman moves of
the form b — gb, where b € Bo, ailgg € Koyy,. Well,/liy Lemmas 5.0.10 and
5.0.11, the R-filtered complexes CF,(Hgp,5) and CF.(Hys,5) are filtered
chain isomorphic, where f = —g~!. We will not explicitly analyze moves of
the form b — b(—g) for generators g of Ky, but the local pictures would be
mirror images of those for b — bg and the arguments would be completely
analogous.

We will see that each Birman move induces either a diffeomorphism of
the Heegaard surface or a sequence of isotopies and handleslides relating
Heegaard diagrams for (K )#(S% x S') induced by the fork diagrams before
and after the move (also preceded by a Heegaard stabilization in the Birman
stabilization move).

For the case of a surface diffeomorphism, one obtains a chain complex
isomorphism which will be shown to preserve R. By Lemma 5.0.8, such an
isomorphism also preserves the filtration p.

We saw in Section 2.1 that isotopies and ha/ngleslides on Heegaard dia-
grams induce chain homotopy equivalences on CF(X(K)#(S? x S')) which
count pseudo-holomorphic 3-gon classes of index zero. For each isotopy or
handleslide taking o and 3 to o’ and @', we will define a triangle injection
g:TaNTg — Tos NTg. By Corollary 5.0.7, it suffices to construct these
injections g and verify that R(g(x)) = R(x) for each x € G. Note that since
the moves induce local changes only, we will only demonstrate local regions
in the domains of the 3-gons lying in neighborhoods of the moves. We exhibit
such domains and check gradings in Section 5.3. O

5.3. Local effects of Birman moves.

5.3.1. b — bAT! = bo'lil. The fork diagrams for b — bA can be seen
in Figure 21. This move induces a diffeomorphism on the Heegaard surface
for ©(K)#(S? x S1) (in fact, a single Dehn twist) which sends z; — y;
for i = 1,2 and sends {u,u'} — {v,v'}. One thus obtains a chain isomor-
phism g4 on Heegaard Floer complexes, and we verify that for each w € G,

R(ga(w)) = R(w).
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—

(a)/ ] \ ®)

Figure 21. Fork diagrams associated to the move b — bA
(a) Local diagram for b and (b) Local diagram for bA.

(@ (c)

CD( X;-

Figure 22. Loops associated to elements of Z affected by
b— bA. (a) x1, (b) y2, (¢) u, (d) v, (e) x2 and (f) y;.

Figure 23. Fork diagrams associated to b — bC;. (a) Local
diagram for b and (b) Local diagram for bCj.

Since R is stable, we only need to examine one Z representative for each
element of Z\ 7. By examining the local pictures in Figure 22, one can verify
that Q(ga(w)) = Q(w)+1 and P(ga(w)) = P(w)+1 and all w € G. Since
moves are local and at most one component is modified, T is preserved. The
number of strands n is also preserved, but ¢ and w each increase by 1. So,
sr(bA) = sg(b), and thus R(ga(w)) = R(w) for all w € G. The details for
the move b — bA~! are analogous.

5.3.2. b — bCz-:l:1 = b(aziazi_lo'z,H_lazi)iI. Figure 23 depicts local
pictures of fork diagrams before and after this move. This move induces a
sequence of two Dehn twists, mapping intersections via x1 — ys3, To — Y4,
T3 > Y1, Ty — Y2, 18,8’} — {v,v'}, and {u,u'} — {t,t'}. By examining the
local pictures in Figure 24, one can verify that for each w € G, Q(g¢,(w)) =
Q(w) + 2, P(gc,(w)) = P(w), and T'(gc,(w)) = T(w) + 1. Here n and
w are unchanged, but € increases by 4. So, sg(bC;) = sr(b) + 1, and thus
R(gc;(w)) = R(w) for all w € G. The proof associated to the move b —
bC;~ L'is analogous.
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Figure 24. Loops associated to elements of Z affected by
b bC’L (a') I, (b) Y3, (C) S, (d) v, (e) 2, (f) Ya, (g) Z3, (h)
y1, () w, (j) t, (k) 24 and (1) .

5.3.3. b — bBTl = p (020’%0’2):&1. The fork diagrams before and after
this move can be seen in Figure 25. To better understand the fork diagram
for bB, we perform the isotopy resulting in Figure 25(c).

It is clear that only «s is altered by the move. To be more precise, we
take a look at the Heegaard diagrams for Y (K)#(S? x S!) which are the
branched double-covers of the fork diagrams for b and bB. These can be seen
in Figure 26.

To get from the left diagram to the right, we can perform a sequence of
two handleslides as shown in Figure 27.

We first address admissibility of the intermediate pointed Heegaard dia-
gram (E;aQ;,@; +oo).

Label the m domains of (E;al;ﬁ;—i-oo) as indicated in Figure 29(a),
where Dy, lies entirely outside of the picture for k& > 11; label the (m + 4)
domains of (E; a?; B3; +oo) as indicated 29(b), where Dj, corresponds to Dy,
for k£ > 11. Now consider some periodic domain in (E; a?; B; +oo)

m
P'=&Di +&Dy+aDs + Dy + ) D
=1
Note that

01—010251—010205—09:@—@ for 1§i§4 and

C2 —Cg =C3 —C=C4— C7r=C10— Co-
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Figure 25. Fork diagrams associated to b — bB. (a) Local
diagram for b, (b) Local diagram for bB and (c) Isotopic to
Figure 25(b).

Figure 26. Heegaard diagrams for ¥(K)#(S?x S1) covering
the fork diagrams in Figure 25. (a) From b and (b) From bB.

As a result,

cit=c1 and cg—cCg=c3—Cg=1C4— C7T=C1— Cg.

So, we can conclude that there is a periodic domain in (E;al;ﬁ; +oo) of

the form
m
P = Z Cﬂ)i.
i=1

But since (E; al; B; —i—oo) is admissible, there are both positive and negative
integers among the ¢;, and thus (Z; a?: B; —i—oo) is also admissible.
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Figure 27. Two handleslides connecting Heegaard diagrams
for b and bB. In each picture, the pair of pants is shaded, the
new circle is dotted, and the old one is dashed. (a) a = a!

o? and (b) a? — o = o’

(' |

Figure 28. Local regions in domains of 3-gons 9™ (dark
gray) and ¢~ (light gray) for ¢%. White dots are compo-
nents of Oore, Oaer € Tao N Topr. (a) U — w, (b) T — S,
(c) v — w', (d) 3 — s9, (€) T3 — s3.

Figure 29. Domains of on Heegaard surfaces before and
after the handleslide o' — o2 induced by the Birman move

b+— bB. (a) 2\ (Uia}) \ (Uzﬁz) and (b) E\ (Uia?) \ (Uzﬁz)

Let the injection gp act as 2123y = Y193y, L2703y = Yaysy, UL3y = Vy3y,
u'xgy — v'y3y, 112 — Y12, 12z — Y2z, uz — vz, and u'z — v'z. Note that
z is an (n — 1)-tuple whose component on the ao arc is not shown in the
local fork diagram.
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(b) II () I
()

Figure 30. Local regions in domains of 3-gons 9" (dark
gray) and ¥~ (light gray) for g%. White dots are compo-
nents of Opo, 0y € Tar N T (a) w — v, (b) s1 +— y1,
(C) w' — UI, (d) S Yo and (6) S3 — Ys3.

(@) (b) (c) (
© . 0 . © . D

Figure 31. Loops associated to elements of Z affected by
b bB. (a) 21, (b) y1, (c) u, (d) v, (e) z2, (f) y2, (g) ¥3 and
(h) ys.

When viewed as a function on T, N Tg, gp is a composition gg’2 ) gg’l
of triangle injections corresponding to the two handleslides. Local regions in
domains of 3-gons for gg’l (resp. gg’z) can be seen in Figure 28 (resp. 30).
One can verify that if two of these regions appear in the domain of a 3-gon
associated with gg’l, then there are neighborhoods of these regions which
map to disjoint neighborhoods in the fork diagram downstairs (and likewise
for those associated with gg’2). As a result, all 3-gons presented here avoid
the anti-diagonal V.
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@ — 1 )
//, \\ / AT \\
[ Ton \ 5” ! “Yanid

Figure 32. Fork diagrams associated to b € Bsy, — bog, €
Bopito. (a) Local diagram for b € Bg, and (b) Local dia-
gram for bog, € Ban42. (a) Local diagram for b € Ba, and
(b) Local diagram for bog, € Bapta.

@ — [T () [

/ . j
- \ / W!;/Zrﬁ»l\ iY2n+2
\ / - ~. 1 ,==~ -
Ton [ e SNy N T
g 9 s

Figure 33. Heegaard diagrams for $(K)#(S?x S1) covering
the fork diagrams in Figure 32. (a) From b € Bs,, (b) From
bUQn S B2n+2‘

We see from Figure 31 that Q(y1ysy) = Q(x1x3y) + 3, Q(vysy) =
Quxsy) + 3, Q(n1z) = Q(z12) + 1, Q(y2u3y) = Q(w213y) + 3, Qy22) =
Q(z2z) + 1, Q(vz) = Q(uz) + 1, and P(gp(w)) = P(w) for all w € G.

Furthermore, one can check that T(y1ysy) = T'(z123y) + 2, T (vysy) =
T(uzsy) +2, T(1z) = T(x12), T(y2ysy) = T(2223y) + 2, T(y22) = T'(v22),
and T'(vz) = T'(uz). This move preserves n and w, but increases € by 4.
Thus sg(bB) = sg(b) + 1 and R(gp(w)) = R(w) for all w € G. The proof
associated to the move b — bB~! is analogous.

5.3.4. b € Ba,, <> boa, € Bz, 2. Fork diagrams before and after stabi-
lization can be seem in Figure 32, and the induced Heegaard diagrams in
Figure 33.

The stabilization braid move corresponds to a Heegaard diagram stabi-
lization followed by several handleslides, which can be seen in Figure 34. The
destabilization braid move induces the inverse of this sequence of Heegaard
moves.

We first address admissibility. Clearly stabilizing or destabilizing an
admissible Heegaard diagram yields another admissible one. By analyzing
domains, it is not hard to verify that the handleslides in Figure 34 pre-
serve admissibility; we will demonstrate this explicitly for third handleslide
(,32 — ﬁg), and leave the rest as an exercise to the reader.
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Figure 34. Four handleslides connecting Heegaard dia-
grams for b and bog,. In each picture, the pair of pants is
shaded, the new circle is dotted, and the old one is dashed.
(a) B = 8" — B (b) a —» o, () B2 — B and
(d) B°—pB'=4"

(@) ®)5 —

: D
N2 )

D2 Ds B, % D, | Ds 5

Figure 35. Domains on Heegaard surfaces before and after
the handleslide 8 — 3% induced by Birman stabilization.

(a) T\ (Uiew) \ (Uif37) and (b) X\ (Uiai) \ (UifF).-

Assume that (E;a;BQH—oo) is admissible. Label the m domains of
(E;a;ﬁz;—l—oo) as indicated in Figure 35(a), where Dy lies entirely out-
side of the picture for k > 7; label the (m + 2) domains of (E; a; B3 +oo)
as indicated in Figure 35(b), where Dj corresponds to Dy, for k > 7. Now
consider some periodic domain in (Z; o; 32 +oo)

m
/ ~ N ~ /
P =¢1D1 + oDy + E CzDz
i=1
Now because P’ is periodic, we have that
Co—c1 =cy—c1, andso ¢y = co.

Therefore, there is a periodic domain in (E; o; 3% +oo) given by

m
P = Z CiDz’-
=1

Because (Z; a; 3% —i—oo) is admissible, there is at least one positive ¢; and
at least one negative ¢;. So, P’ has positive and negative coefficients, and
thus (E; a; 3% —i—oo) is also admissible.

Let x9,41 denote the additional intersection obtained via Heegaard sta-
bilization. We define the injection gstqp as TonTon+1V — Yopr1Y2n v and
Ton41%Z — Yon42%, where v is an (n — 1)-tuple not contained in the local
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Figure 36. Local regions in domains of the 3-gons 1™ (dark
gray) and ¢~ (light gray) for gggb. White dots are compo-
nents of 052,055 € Tg N Tge. (a) Tans1 = wopt1, and

(b) ZanTont1 > WopWapt1.

Figure 37. Local regions in domains of the 3-gons 1™ (dark
gray) and ¢~ (light gray) for ¢& ,. White dots are compo-
nents of o, Ocvr € Tae N To. (2) Want1 — Yont2 and (b)
W2nW2n+1 F— Y2n+1Y2n-

U

Figure 38. Arranging that a 3-gon avoids the anti-diagonal.
The dark gray region is the domain D, and the light gray
region is the other connected component of 7(7~1(D)).

picture, and z is an n-tuple not contained within the local picture. In fact,

'b 3 143 ﬁ73 :872 (82 B:l 3
Jstab Can be written as a composition g7, © g © g, © Geryy Of triangle
injections corresponding to the four handleslides in Figure 34. All of the

3-gons required for gﬁfb and gf‘tfb are 3-gons with “small” domains, and we

will not exhibit these in figures. Local regions in domains of 3-gons for gggb

and g, are exhibited in Figures 36 and 37, respectively. Note that the
3-gon appearing in Figure 37(b) is of the second type (cf. Figure 1).

It can be arranged that these 3-gons avoid the anti-diagonal V (making
use of the discussion in Section 4.5.2). In particular, if D denotes one of
the six-sided regions appearing in Figure 37(b) and 7 : ¥ — S? is the
branched covering map, it suffices to show that 7(7~!(D)) has two connected
components. This is illustrated in Figure 38.
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(©

Figure 39. Loops for elements of Z affected by b € By, <
boan € Bapya. (a) xan, (b) y2nt1 and (c) y2, and (d) y2np42-

(@)

Figure 40. The effect of the move b — bB on a pass-through
arc appearing in a grading loop. (a) Grading loop for ux,
(b) Grading loop for u'x.

By examining the local pictures in Figure 39, one can verify that
QY2n+1Y2nV) = Q(72,V) + 1, Q(y2n+22) = Q(2), P(y2n+1Y2nV) = P(12,V),
P(yani2z) = P(z), T(yan192nv) = T(x2nv) + 1, and T'(y2n422) = T'(2).
Stabilization adds two strands, increases € by 1, and decreases w by 1. Thus
sgr(boa,) = sr(b) and so R(y2n+1y2nv) = R(z2,V) and R(yan422) = R(z).

We need not explicitly analyze the destabilization move at all, since fil-
tered chain homotopy equivalence is an equivalence relation.

5.4. Generality of local pictures. It remains to justify that our local
pictures above were sufficiently general:

(i) There could be some u € Z such that ux € Z and one of the loops used
to compute gradings for ux contain vertical arcs that pass through the
local diagram, as seen in Figure 40. One can verify that the grading
contributions of such arcs are preserved by Birman moves.

(ii) Several  arcs intersecting the interior of the same « arc can be iso-
toped to be very close to one another and thus behave identically under
moves.

(iii) We assumed above that all # arcs shown belong to distinct g;. If two
[ arcs share the same f;, then fewer Bigelow generators are allowed.

(iv) The local pictures in Section 5.2 never have handles passing through
them. A handle bh; contributes a vertical arc as in (5.4) to each loop
associated to a point on ;.

(v) For arcs terminating at punctures near the boundary of the local pic-
ture, we can modify the entrance trajectory (i.e., from above or from
below) by applying an isotopy to the  arc and shrinking the scope of
the picture (see Figure 41).
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Figure 41. Modifying the entry trajectory of a § arc termi-
nating near the boundary. (a) Dashed arc enters from above
and (b) Now from below.

Figure 42. Modifying the entry trajectory of a 3 arc ter-
minating far from the boundary. (a) Dashed arc enters from
above and (b) Now from below.

Figure 43. The Heegaard diagram for L(3,1)#(S' x S?)
obtained from O'% € By.

Entrance trajectories of 3 arcs terminating far from the boundary
can be modified in the same way, but at the expense of adding a pass-
through arc to the local picture (see Figure 42).

6. The left-handed trefoil and the lens space L(3,1)

The fork diagram for the left-handed trefoil obtained from oj € By
induces the admissible Heegaard diagram (X, {ay,da}, {31,32},—1—00) for
L(3,1)#(S* x S?) shown in Figure 43. Label the intersections on a; from
left to right as s’,t',z2,t,s, and 1, and label those on @y from bottom top
as x4,V , v, x3,u, and v.
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Let us perform the calculation with Z/27 coefficients; this can be done
combinatorially, since the diagram in Figure 43 is nice in the sense of [19].
The differential is thus

O(wows) = ut’ +u't, O(ut) = sws+vara, O(ut') =0(u't) = sv' +s'v,
A(u't) = s'ws + v'wa, I(s'V) = O(sx3) = d vae) = u'wy + t x4,
5(5'1}) = 5(51}') =x124 + 2124 =0, 5(1}'@) = 5(5%3) = 5(51}) =txry + uxy,

~

and  O(u'wy) = O(t'ws) = O(w134) = O(tw4) = O(uay) =0,

Now recall that L(3,1), has three Spin® structures s;, ¢ = 0,1,2. These
induce three Spin® structures on L(3,1)#(S! x S?) given by s;#s, where s
is the unique torsion Spin‘-structure on S? x S'. One should observe that
the diagram in Figure 43 can be related via handleslides to one which is
the disjoint union of a diagram for ¥(K') and the usual admissible genus-
one diagram for S? x S'. As a result, all generators x in Figure 43 have
$400(X) = si#s. They partition this set of generators as

Uy = {xomws,ut’, u't,s'v, sv', 2114},
Uy = {ut, 8"V, sz3, veo.uzy, t 14},

Up = {ut' v'wg, s'xg, sv, twy, uzy }.

Note that the differential always lowers the R-grading by 1 in this case,
and thus the left-handed trefoil is evidently p-degenerate. The R-grading
then provides an absolute Maslov grading on the group HF(L(3,1)#(S"* x
S2):7/27).

One can see that homology group decomposes with respect to the
R-grading as

HF(L(3,1)#(S" x S2);Z/2Z) = [(Z/QZ)%}R

ol

R=1/2

7. Reduced theory

The sequel to the present paper [24] outlines a reduced theory which pro-
vides a filtration on the Heegaard Floer chain complex for ¥(K). The
reduced version is easier to compute, and it is shown in [24] that the spec-
tral sequence discussed in the present paper is completely determined by
an analogous reduced spectral sequence. The reduced theory can be shown
to have some nice formal properties with respect to taking connected sums
and mirrors of knots, and can be used to show that all two-bridge knots are
p-degenerate. It would be tempting to speculate that all alternating knots
are p-degenerate, but this is not known.
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8. Future directions

8.1. Relationship with Khgymp,inv. Given a pointed Heegaard diagram
H for X(K)#(S? x S') coming from a braid, we saw that the filtration p
can only be defined on generators in torsion Spin® structures. It would be
interesting to investigate whether Heegaard diagrams encountered in this
context actually contain generators in non-torsion Spin® structures; if not,
then E' is in fact all of K hsymp, inv (/). In particular, we would obtain that
when K is p-degenerate,

HF (S(K)#(S? x §1)) 2 Kheymp, iny (K).

Since all Spin® structures of X(K) are torsion, one can define a reduced
filtration p on the entire complex Ef'(E(K)) — this is done in [24]. The E*
page of the induced reduced spectral sequence is a reasonable candidate for
a reduced version of Khsymp, inv(K).

8.2. The Khovanov—Heegard Floer spectral sequence. Ozsvath and
Szabé showed in [14] that the groups HF(X(L)), HF(X(Loy)), and HF
(3(Lq)) fit into a long exact sequence:

- — HF(Y(Lo) — HF(S(Ly) — HE(S(L) — - -,

where the diagrams for Lo and L; exhibit the two smooth resolutions of
some crossing ¢ in L and coincide with L away from c. The existence of this
sequence is a consequence of the surgery exact sequence for H F', and Ozsvath
and Szabé use it to construct a spectral sequence whose E? term is isomor-
phic to the reduced Khovanov homology K h(L;7Z/27) of the mirror of L and
which converges to the Heegaard Floer homology group 0F (3X(L);2/27).
Let § = (j — i) denote the quantum grading, the collapse of the bigrading
on the group

Kh(L) = P Kn(L).

It was shown in [10] that the class of quasi-alternating links is Khovanov-
thin, with KA (L) # 0 only if § = (j — i) = —o(L)/2 = o(L)/2. In the
sequel [24], we describe a function R defined on a set of generators for
CF (X(K)). If K is p-degenerate, R indeed provides an absolute Maslov
grading on ﬁ‘(Z(K )). In [24] we show that when K is a two-bridge knot,

—

then K is p-degenerate and HF(3(K)) is supported entirely in the level
R=0(K)/2.

Baldwin [2] conjectured the existence of an induced d-grading on higher
pages in the spectral sequence, and Greene [5] conjectured that a term
arising in his spanning tree model could provide a quantum grading on
HF (X(K)). If the gradings conjectured by Greene and Baldwin indeed exist,
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it would be interesting to compare them to the R-grading for p-degenerate
knots.

Furthermore, Szabé [23] constructed a geometric spectral sequence in
7./27 Khovanov homology. Although this spectral sequence is not known to
abut to the Heegaard Floer homology, the construction is similar to that
for the spectral sequence in [14]. Szabd’s spectral sequence preserves the
Khovanov d-grading, and it would be interesting to compare the induced
grading on the E*°-page with the reduced function R.
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