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A PRODUCT FORMULA FOR GROMOV-WITTEN
INVARIANTS

CLEMENT HYVRIER

We establish a product formula for Gromov—Witten invariants for
closed relatively semi-positive Hamiltonian fibrations, with connected
fiber, and over any connected symplectic base. Furthermore, we show
that the fibration projection induces a locally trivial (orbi-)fibration
map from the moduli space of pseudo-holomorphic maps with marked
points in the total space of the Hamiltonian fibration to the correspond-
ing moduli space of pseudo-holomorphic maps with marked points in
the base. We use this induced map to recover the product formula
by means of integration. Finally, we give applications to c-splitting and
symplectic uniruledness.
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1. Introduction

We consider rational Gromov—Witten invariants (GW-invariants) of Hamil-
tonian fibrations with closed connected fiber over any closed connected sym-
plectic base. In a symplectic manifold (X,w) with w-tame almost complex
structure J, GW-invariants are given by counting the (algebraic) number
of unparameterized J-(pseudo)-holomorphic genus 0 maps with [ distinct
marked points, representing a fixed spherical homology class A € Hs(X,Z),
and intersecting transversally [ given cycles of X at the marked points.
Roughly speaking, if Mg ;(X, A, J) denotes the moduli space of unparame-
terized (genus 0) J-holomorphic maps with [ markings, (u,x1,...,2;), rep-
resenting the class A, and if My,..., M; are cycles in X representing given
classes c1,...,¢ € Hy(X,Q), then these invariants can be seen as the values
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of the homomorphism:

( Dopa: (H(X, Q)% - Q
L@ Q¢ evp - (M x - x M),

the intersection pairing - being taken with respect to the evaluation at the
marked points:

evl)i] : MO,Z(XaAa ‘]) - Xlﬂ (U,l’l, s 7$l) = (u($1)> s 7u($n))

It is well known that when the symplectic manifold is semi-positive the GW -
invariants are generically well-defined Z-valued invariants of the symplectic
manifold, and the classes ¢; can be chosen in H,(X) the singular homology
of X modulo torsion (see [17, 21]).

In the case where the Hamiltonian fibration is a product of two symplectic
manifolds, Ruan and Tian [21], and shortly after Kontsevich and Manin [9],
showed that when both the base and the fiber are semi-positive, the GW-
invariants of the total space are given by products of related GW-invariants
in the base and in the fiber, giving rise to splitting of the quantum product.
A priori, we cannot expect for such a splitting to hold in the non-trivial
case as even the cup product may not split. Nevertheless, one may still ask
about the algebraic relations that can be established out of the invariants
of the base, the fiber and the total space. We give such a relation under
some assumptions, in particular when the reference fiber of the Hamiltonian
fibration is semi-positive relative to the total space. We now explain in detail
the setting, our main results and some consequences.

Hamiltonian fibrations. By definition, a symplectic fibration is a smooth
locally trivial fibration 7 : P — B with symplectic reference fiber (F?"F, w)
whose structure group lies in the group of symplectic diffeomorphisms
of the fiber, denoted Symp(F,w). It follows that each fiber F} := 7 1(b)
is naturally equipped with a symplectic form wy. A symplectic fibra-
tion is Hamiltonian if the structure group can be reduced to the group
Ham(F,w) of Hamiltonian diffeomorphisms. Extending results of Guillemin—
Lerman—Sternberg for Symplectic fibrations with simply connected fibers
([5], Theorem 1.4.1), McDuff and Salamon showed the following criterion
for Hamiltonian fibrations:

Theorem 1.1 ([16], Theorem 6.21). A Symplectic fibration as above is
Hamiltonian if and only if:

(H1): P is symplectically trivial over the 1-skeleton By of B;

(Ha2): there exists a connection Hory; C TP with holonomy in Ham(F,w),
induced by a unique closed 2-form 7 € Q?(P) extending the family
{wptven, and such that the integration of T"F*1 along the fibers of w
vanishes.
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The closed 2-form is usually referred to as the coupling form. Since B is
assumed to be closed and symplectic, the existence of such a form is sufficient
to give P a symplectic structure compatible with the family {wy}sep by
considering the form

Wpy =T+ KT Wp,

where £ > 0 is a real number chosen large enough, so that wp, is non-
degenerate. A simple example of such fibration is the trivial product of the
base with the fiber. A less trivial class of examples is that of Hamiltonian
fibrations over S2. These latter fibrations correspond (up to isomorphism)
to homotopy classes of loops in Ham(F,w). This direct connection with the
fundamental group of Ham(F, w) makes these objects particularly interesting
from the point of view of symplectic topology as pointed out by Seidel [22].

Product formula. Let 0 € Hy(P;Z) be a spherical homology class such that
op 1= T.0 is non-zero. Also, consider classes in H,(P) that are either lying
in the image of /& : H.(F) — H.(P) or in the image of the “shriek” map

m : H(B) — Hopgi«(P), a— PDp'r*PDg(a).
Explicitly, we will consider classes c? € H.(B), ¢!’ € H.(F) and ¢! €
H.(P),i=1,...,l, such that the following conditions are satisfied for some
integer 0 <m < [:

(%)

B _ P _ P(.F L
¢ =pt, ¢ =ip(c), fori=1,...,m,
T

CzF:[F]v =

In this paper, we provide a product-type formula giving the GW-invariant
(cP,... ,clp)glp of P as the product of GW-invariants (c?,... ,cf”)&lﬁB of
B with a term involving GW -invariants of a Hamiltonian fibration over S2.
Such a product formula was suggested in [10].

For this purpose, we equip P with an (almost) complex structure Jp
compatible with w and a Hamiltonian connection T, which means that Jp
projects to an wp-tame almost complex structure Jp via dm, Jp preserves the
horizontal distribution Hor,, and Jp restricts to an wp-tame almost complex
structure J, on TFy. For simplicity, we will say that such Jp is fibered. It
follows from this choice of almost complex structure that 7 induces a map
between moduli spaces of unparameterized pseudo-holomorphic maps:

(1.1) T Moy(P,o,Jp) = Moi(B,oB,JB), (u,x)+— (m(u),x).

In fact, the third term in the product formula, that we have not defined yet, is
related to the fibers of this map. Let us describe the fiber of 7 over (up, x).
Let C' denote the image of the Jp-holomorphic map up representing op,
and let Po denote the restriction of P along C. Then, Pc is a Hamiltonian
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fibration over S? with coupling form given by the pull-back of 7 under the

natural inclusion Lgc : Po — P. Moreover, the restriction of Jp to Po defines

a fibered almost complex structure Jo on Po. Then 7' (up,x) consists of
unparameterized Jo-holomorphic maps in Po with fixed marked points x
representing classes belonging to the set

B, :={0' € HQ(PC;Z)|L§CU’ =0},

where Lgc stands for the induced map in homology. Roughly speaking, the

third term in the product formula is actually a sum over B, of GW-invariants

of Pc involving the classes L?C (cF), where C is the image of some map

7
counted in (cP,...,cP )Uﬂil’ o5+ and where L{jc denotes the map in homology
induced from the natural inclusion of F' into Po. We will provide two proofs
for this formula.

The first proof rests on a transversality result for fibered almost complex
structures. The formula is then obtained by explicitly identifying the curves
entering the definition of the involved GW-invariants. To achieve transver-
sality we will assume that the fiber is semi-positive relative to the total space:
let ¢V denote the first Chern class of the vertical subbundle kerdr C TP
(induced by a family of wp-tame almost complex structures on Fp); we say
that (F,w) is semi-positive relative to P if and only if

(xx) VA€ m(F):w(A) >0, c’"(4A)>3-1/2dimP = c"(A) >0,

where A is seen as an element in 75(P) via the natural inclusion (£ : ' — P.
Note that P need not be semi-positive, but the fiber must be. We also
require that op only admits irreducible effective decompositions for some
Jp: this means that any stable Jp-holomorphic map with /-marked points
representing op is simple, i.e., admits no multiply covered component or
any two components having the same non-constant image in B. This is in
particular realized by effective primitive classes (see Section 4.1.2).

Theorem A. Let w: P — B be a Hamiltonian fibration with semi-positive

fiber (F,w) relatively to P. Let o € Hy(P,7Z) and suppose op := my(c) # 0

only admits irreducible effective decompositions for some Jg. Let CZP, clB,cf

be as in (x). Then, for a generic fibered complex structure the following
equation holds:

Pc
P P\P B B\B Pc( F Po (. F
<Cl s ey (] >07l,0’ - <Cl yee e (g >0,l,o‘B ' Z <LFC(01 )"' "LFC(cl >>Olal’
o'€Bys ”
where C' 1s a curve counted in <c{3, .. .,CZB>OBI op

By Gromov’s compactness the above sum is finite. It is even possi-
ble to simplify the expression of the formula by considering equivalence
classes on the preimage 7, (o) C Ha(P,Z). More precisely, we say that



252 C. HYVRIER

01,09 € m; Y (op) are equivalent if and only if
T(01 —02) =0 = c’(01 — 02).

Let [0]s, denote the equivalence class of o in the product formula. Note
that, under the pull-back by Lgc, any element in 7, '(op) defines a section
class of Pg, i.e., a class projecting on [S?] under .. Moreover, it is not hard
to see that the preimage of [0],, under Lllic gives rise to an equivalence class
of section classes in Po. If o denotes this equivalence class then the sum
in the product formula disappears:

P P\ P B B\B P P P,
(12) (Cl RREERY] >07l7[U]UB = <Cl 3o C >07l,aB ’ <LFC (Cf)7 ) LFC (CIF)>07(lio-c'

Also, let us mention that the case op = 0 leads to the Parametric GW-
invariants, which are well known [2, 12].

An important issue in the proof of Theorem A is establishing that the
GW-invariants involved are generically and simultaneously well-defined.
More precisely, the problem is to realize generically both moduli spaces
in (1.1) as smooth oriented manifolds together with preserving 7. In the
general context of a symplectic manifold (X,w) it is well known that the
irreducible component Mg (X, A, J) of Mo (X, A, J) consisting of simple
maps is actually an oriented open manifold of finite dimension for a generic
choice of w-tame structure J [17, 19]. Here we cannot directly apply this
result since tame almost complex structures of the total space do not coin-
cide with fibered almost complex structures. Nevertheless, generalizing a
result of McDuff and Salamon in the case of Hamiltonian fibrations over
Riemann surfaces ([17], Theorem 8.3.1) we prove that:

Theorem B. Suppose op # 0. There exists a second category subset, Jpreg,

of fibered almost complex structures such that for every Jp € Jpreg

(1) the subset M§4(P,o,Jp) of Moi(P,0,Jp) consisting of simple maps
that project to isimple maps under T, and the moduli space Mal(B,O'B,
JB), are open-oriented manifolds.

(2) for any countable set Z of elements in MS,Z(B7 op,JB), for everyu € Z,
the preimage T (u) is an open oriented manifold.

The dimensions of the manifolds in (1) are respectively given by the
indices of the linearizations, D¥ and DP?, of the Cauchy Riemann opera-
tors 07, and 0, while the dimension of the moduli space in (2) is given
by the index of DV, the restriction of D¥ to vector fields along the curves
that are vertically valued. The proof of Theorem B is based on the relation

ﬂ*oDP:DBOﬂ'*.

Consequently, 7 induces a submersion of Fredholm systems (see Section 2)
between the Fredholm systems relative to the operators d;, and 0, as
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defined in [3]. From this we derive an exact sequence
0 — ker DV — ker DY — ker DP — coker DV — coker DY — coker DF — 0.

The result then follows by ensuring that the cokernels vanish, at least at
the level of the universal moduli spaces, for example the hypothesis on op
ensures that the last term of the sequence vanishes. It is worth pointing out
that without this assumption standard transversality may fail a priori, due
to multiple coverings as shown in [18]. The remaining obstructions are dealt
with by perturbing the Hamiltonian connection as in [17], Chapter 8. More
generally, 7 extends to a map, still denoted 7, between the compactifications
My (P, o, Jp) and Mg (B,op,Jg) of the moduli spaces. These compact-
ifications are stratified spaces for which the strata can be represented by
stable stratum data S, as pointed out by Kontsevitch, that is, by connected
trees with tails together with an effective decomposition of the represented
second homology class. We can repeat the arguments above for each stra-
tum Mg, (P) mapped to a stratum Mg, (B) under 7, in order to show that
transversality is generically realized for the irreducible elements in Mg, (P)
whenever M, (B) does not contain reducible elements. Then condition (%x)
ensures that the “boundary” of the compactified moduli spaces above, given
by lower strata, has codimension at least 2 with respect to the top stratum
consisting of simple maps.

Once transversality is established, the product formula is obtained along
the following lines. First, using the following commutative diagram of eval-
uation at the marked points maps:

(evd) 7 Y up,x) —= Mgi(P,0, Jp) i>M37l(B,JB,JB)
|t |t |t
7l (t5)! pl 7l Bl

where

l
€V(up x) 7 Nug, x) — Fl, (u,x) — (u(z1),...,u(x;)) € HFUB(I'L)7
i=1

we consider the respective (transverse) intersections of these evaluations with
product cycles, CB ¢ B!, ¢ ¢ P! and CF ¢ F!, representing the products
over i = 1,...,1 of the classes c?, ¢/’ and ¢! in (x). The formula follows
by observing that the intersection of ev,, x) with CF does not depend on
(up,x) counted in the intersection of evaB with CB, which is actually a
consequence of the symplectic triviality of Hamiltonian fibrations over the

1-squeleton of their base (Hj).

Remark 1.1. At this point, it is worth mentioning that the restriction to
the genus 0 case is not essential. Although we have not treated the case of
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higher genus curves, all the results should still go through with minor mod-
ifications, except regarding the applications to c-splitting and symplectic
uniruledness below. Another noteworthy observation is that the restrictions
on op and the relative semipositivity conditions are only of technical order.
It is believed that those ad hoc hypotheses can be avoided by using virtual
perturbations (see [3, 13, 20, 24]), which have been developped in order to
deal with transversality issues for general symplectic manifolds. Removing
these assumptions, is part of a joint work in progress with Shengda Hu.

The second proof of the product formula is more global in essence: it
rests on a better understanding, under some transversality assumptions, of
the structure of the map 7. This is explained in more details in the next
paragraph.

Fibration structure. It is natural to study the structure of the map
T : Moy(P,0,Jp) = Moi(B, 0B, JB).

In particular, it would be interesting to understand when 7 is a fibration,
at least above the top stratum of the target space. When this is the case,
we can recover the product formula using integration over the fibers of 7.
Assuming the linearized operators involved in the exact sequence above are
all surjective, it follows that the restriction of 7 to Mg (P, o, Jp) is a smooth
submersion onto M (B, op, Jg). However, this map is not proper. This lat-
ter condition is important, as one can easily construct a smooth submersion
that is not proper and which does not induce a fibration structure. To solve
this problem, we consider the fiberwise compactification of 7. The proper-
ness issue then “disappears” but at the cost of losing the obvious smooth
structure. Nevertheless, Chen and Li recently showed in the general case
of a symplectic manifold (X,w), that one can define a differentiable orb-
ifold atlas on My (X, A, J), where the charts are given by gluing maps [3].
There are many variants in the gluing of pseudo-holomorphic spheres pro-
cedure (see [3, 14, 17, 20, 23], among others), which appears naturally in
the GW theory as well as in the Floer theory. The approach followed in [3]
is to use balanced curves in order to define a natural slice for the action
of the group PSLy(C) of reparameterizations of S2, reducing the action of
this latter non-compact group to that of S'. As a consequence, they obtain
gluing maps that are well-defined after quotient by the reparameterizations.
Adapting their ideas to the Hamiltonian fibration case we construct gluing
maps GIF' and GIP satisfying

ToGIF =GiP o
Those maps are constructed under the assumption that Jp is split reqular

(SR) with respect to o (see Section 6, introduction). Roughly speaking, this
means that on every stratum of My (P, o, Jp), mapped to a stratum of
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Mo, (B,op, Jp) under 7, the operators in the exact sequence of the preced-
ing paragraph are all surjective. Under the (SR) assumption we obtain the
following result that can be seen as the global geometric incarnation of the
product formula:

Theorem C. The moduli spaces Mg (P,o,Jp) and My (B,op,Jg) are
Cl-orbifolds, and the map T restricts to a C1 locally trivial fibration (of
C*-orbifolds) above each stratum of Mo (B, op, Jg). Moreover, the product

formula can be recovered using integration over the fibers of ™ above the top
stratum of Mo (B,oB, JB).

Proof. We only show how to recover the product formula assuming the first
assertion of the theorem. The rest of the proof is postponed to Section 6.
In order to simplify notations, set M(P) := Mgy (P, 0, Jp) and M(B) :=
MG (B, op, Jp). It actually follows from the split regularity assumption that
the lower strata in M(B), in M(P), and in 7 !(upg,x) for every (up,x) €
M(B), are of codimension at least two (see Section 6, Introduction).

Now, let ¢, ¢P and ¢f", i = 1,...,1, be classes as in (x). We can rep-
resent these classes by submanifolds after multiplying them by well chosen
integers, if necessary. Represent the Poincaré duals of ¢, ¢? and cf, by
differential forms af , aZB and aZF , compactly supported in a small-enough
tubular neighborhoods around the submanifolds. Without loss of generality

we can assume that the evaluation maps ev?, ev? and EV(yp x) N (evd),

are respectively transverse to the product cycles C¥', CP and C¥'. Since the
inferior strata of the moduli spaces involved are of codimension at least two,
the pull-backs of the alP, ole and af, along ev”, ev? and EV(yp x); are also
compactly supported in M(P), M(B) and in 7 !(up,x). For i = 1,...,m,
let p; : Nj — F denote a deformation retract associated to a tubular neigh-
borhood A of the fiber above cZ = pt. From condition (x) we deduce that

(1.3) aP =vol(B), oaf =7*vol(B) Apial, fori=1,...,m,
' af =1p, of =7*(aP), fori=m+1,...,1,
where 1 stands for the constant function on F' equal to 1. Here, we have to
make sure that the support of 7*vol(B) does not strictly contain the support
of pfal’, but this can be realized by decreasing the support of vol(B) if

necessary. By definition, (see [19]) we have that:

l l
P D = evt)* of | = Tu(ev?)* af
<Cl ] >0,l,o - /M(P)( ) </\ i ) /M(B) ( ) (/\ i ) )

i=1 i=1
where 7, stands for integration along the fibers. Using (1.3), we get
k

l
(cf,...,cf}éflp :/ o (ev?)* (/\(W*afB A praf) A /\ w*af) .
M(B)

i=1 i=k+1
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Let evip be the projection of ev” on the ith component of P! and define

evP and €V(yp x),i Similarly. For i =1,...,1, 7o evd = evB o7, so that
l k
P P\P = By, B P F
{15 s oo = (—1)a/ T | N\ (vl ) al A N(eof ) pial |,
M(B) i=1 i=1

where a = Ei:k 41 dega Zle degal” is odd (by a simple dimension argu-
ment). Furthermore, since m,(a A 7*b) = (m.a) A b for any form a and b, we
finally have:

! k
cP,...,cPPU:/ ev?)* N\ oP | AT, evl ) pral’ |,
(e 10, o) (ev™)" )\ Aev!)

i=1 =1

where the term involving integration over the fibers of 7 must be a function
1 on M(B) given by:

k l
Y(upg,x) = / evzkuB,x) /\ af = / ev{uBJ) /\ af
71 (up %) 7! (up,x)

i=1 i=1

Po
Po/ F Po/ F
— Z <LFC(61),...,LFC(CZ )>0l0/,

O—IEBO'

where C denotes the image of up. By lemma (2.3), ¢ does not depend on
(up,x) and we can withdraw it from the integral. This ends the proof. [

An example. We illustrate the results above by giving an example of com-
putation using the product formula. We also describe the corresponding
induced fibration of moduli spaces and show that it is non-trivial.

Let 7 : P — CP? be the Hamiltonian fibration with fiber (F = CP!, wrs)
where P is the projectivization of the rank 2 holomorphic vector bundle

7:V = Ogp(l) ® C — CP2

Let Jy be the standard complex structure on CP? that is compatible with
wrs. Let Jp be the integrable structure on P induced by Jy, the structure
of complex fibration on V' and the holomorphic Hermitian connection on V'
(inducing the coupling form here.).

Let h € H%(P,7Z) denote the pull-back under 7 of the positive generator
in H?(CP?,Z) Poincaré dual to the class L € Hy(CP? Z) of a line in CP2.
Let also & € H?(P;Z) be the first Chern class of the dual of the tautological
bundle over P. The following description for the cohomology ring H*(P;Z)
is standard (see [1], Chapter IV):

D Z[h,¢]
HP2) = G5 =0 e 4 he =0y
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Then, Ho(P;7) is generated by the duals of the classes h? and h¢. Let Lg €
Hy(P,Z) denote the Poincaré dual of h? 4 h¢. If m, represents integration
along the fibers of 7 then m,Lg = L.

The map 7 induces the projection

7: M(P, Ly, Jp) — M(CP? L, Jy) = (CP*)*.
The source moduli space is made of two strata: Sy the top stratum of simple
maps, and &7 the stratum consisting of stable maps having two components,
one being a m,-stable component (cf Section 4.1.1) representing the class of
the exceptional divisor, PD(h§), and the other being a m,-unstable compo-

nent (cf Section 4.1.1) representing the class PD(h?) = [F]. Observe that
the second stratum contains only irreducible elements.

Lemma 1.1. The fibered complex structure Jp is SR for Ly.

Proof. First, since L is Jy-indecomposable, coker D? vanishes in the exact
sequence of linearized operators. Thus, we have to verify that coker DV =
on every stratum. But, for every u € Sy, we have

coker DY = H*(CP',w*TP") = H*'(CP*, Ocp2(1))
~ H%(CP', O(-3)) = 0.
Now consider (u1,u2,y12,y21) € S1, where u; denotes the m.-stable compo-

nent, and ug denotes the m,-unstable component. Again, we have to check
that coker Dy and coker Dy, vanish. Moreover, we have to show that for

every line £ € (CP?)* the edge evaluation map
ev: T HONS — 7' (b) x (), (ur,u2, y12,¥21) — (ua(y12), w1 (y21)),

is transverse to the diagonal A -1, where b := 7(b) and b denotes the
unique intersection point between u; and us. Again, for every holomorphic
map representing [F], coker D;,, can be identified to H 0.1(CP!, TCP'), which
vanishes, and similarly

coker Df} = H"!'(CP',uiTP") = H"'(CP',O(-1)) = 0.

Finally, transversality of ev follows since for every Xy € Tym 1 (b) there exists
a holomorphic vector field on CP! 2 771(b) with value Xy at b. O

As an example, we compute (pt, pt)ép’ 9.Lo Since the homology of the fiber
injects in the homology of the total space, the product formula simplifies to
give:

(Pt P02 1, = (Pt P1)GEL - (P D)o
where ¢ is the line in CP? passing through two given points and B is the
Poincaré dual of the restriction of h2+h¢ to P|,. Note that the restriction of
P to a line in CP? is the projectivization of Ocpt (1) @ C, hence is isomorphic

—~ 2
to CP”, the one point blow-up of CP2. Then, the class B corresponds to the
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sum of the fiber and the exceptional divisor in the blow up. It follows that
both members of the above product give 1, hence
<pt7pt>§2,L0 - 1

Next, we show that 7 is non-trivial, more precisely that it is a CP2-
fibration obtained as the projectivization of a non-trivial rank two holomor-

=2
phic bundle over (CP?)*. The fibers of 7 are given by M(CP", L, J), where .J
is the complex structure associated to the Hirzebruch surface P(Ogp1(1)®C),
and Lg is the class represented by the zero section. Furthermore,

M*(CP”, Lo, J) = HO(CP!, Ogpa (1)) = C (u, ) ,

where [u : v] stands for the homogeneous coordinates on CP!. The Gromov
closure then corresponds to adding the line at infinity, so that we have

M(@/PQ, Lo, J) = CP?. Now, consider the incidence variety:
W = {(p,£) € CP* x (CP*)*|p € ¢},

and let 71, mo denote the projections on the first and second factors. Note
that (W, 72) is the projectivization of O ¢pz2).(—1) ® C. Consider the direct

image sheaf over (CP?)*,
R = mo, m O¢p2(1).
whose germ at £ € (CP?)* is given by
HO(m3 (8), Ogpr (1)],_1y) 2 HO(CP', O (1)).

Hence R = Sp. Let D be a line in (CP?)*. Then 7, }(D) can be identified to
2
CPP , where the blown-up point is given by the intersection of all the lines
generated by D. In fact,

Dt x CP' UD~ x CP!
Ol o)) ~ O, D o) A £ 0
where DT and D~ respectively denote the complements of [0 : 1] and [1 : 0]

in CP'. Hence, the restriction of R to D is the direct sum of Ogp1 (—1) with
C, so that 7 is non-trivial.

m (D) =

Applications. In 1997, Seidel defined in [22] a representation of the
space of Hamiltonian loops of a given symplectic manifold in the automor-
phism group of the corresponding quantum homology. Lalonde, McDuff and
Polterovich have shown, under the relative semi-positivity assumption, that
the rational cohomology of the total space splits as a module for any Hamil-
tonian fibration over S? [11]. McDuff removed the semi-positivity assump-
tion using virtual techniques [15]. In general, we say that a fibration is
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rationally c-split if
H*(P;Q) = H*(B;Q) ® H*(F; Q)

as modules. This splitting is realized when LIFD : F—P induces an injection
in rational homology, and if, in addition, the second page of the Leray—Serre
spectral sequence splits. More generally, Lalonde and McDuff conjectured
that every Hamiltonian fibration verifies the c-splitting property [10]. They
showed that this splitting property holds for a large panel of Hamiltonian
fibrations, in particular for Hamiltonian fibrations over CP". Below we pro-
vide an alternative proof that Hamiltonian fibrations over CP" with relative
semi-positive fiber are c-split, using the product formula and the invertibility
of Seidel’s morphism [11, 22].

Another consequence is the symplectic uniruledness of Hamiltonian fibra-
tions over rationally connected bases. As defined in [6], a symplectic man-
ifold (X,w) is (symplectically) uniruled if there is a non-vanishing GW-
invariant with at least one point as a constraint. In other words, if there
exists A € Hy(X,Z) and homology classes ca,...,c; € H.(X) such that:

(pt,ca,c3, ... ,cl>éfl7A # 0.

A symplectic manifold is rationally connected if there is a non-zero GW-
invariant involving two point insertions [6], i.e., the equation above is still
true with cg = pt. In summary:

Corollary. Let w: P — B be a Hamiltonian fibration. Assume B is ratio-
nally connected with respect to a class op € Ha(B;Z) verifying the hypothesis
of Theorem B. Then, P is c-split and symplectically uniruled.

Proof. Let C be the image of a map counted in (pt, pt,c?, ... ’ClB>(?,l,UB £ 0.
As already mentioned, Po is a Hamiltonian fibration over S?, and by a
result of Lalonde, McDuff and Polterovich, [11] (Corollary 4.C.), for every
a € H(F) there is an equivalence class o’ of section classes in P, as well
as an element b € H,(F'), such that:

0 # (17 (), i (0))65 o = (e (@) i€ (0), 15 ([F]), -, 5 ([FD) g o

where the last equality is a consequence of the Divisor axiom ([17], Sec-
tion 7.5.). Applying the product formula, as given in (1.2), we conclude
that:

(1.4) (t (@), e (b), 7 (eg), - W_I(CZB»(I)D,Z’LgC(g) 7 0.

Hence, by taking a = pt we obtain that P is uniruled. Now, suppose 7 is
not c-split. Then there exists a € H,(F;Z) in the kernel of (£. Therefore,
the GW-invariants having £ (a) as an entry, must vanish. But this would
contradict (1.4). O
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The proof of this corollary indicates that unless we have a good knowledge
of Seidel’s morphism the number of point insertions should a priori decrease.
Still, as a result, every Hamiltonian fibration over (CP",wpg) is ¢-split and
uniruled, where wgg is the standard Kéhler form on the complex projective
space. The same applies for Hamiltonian fibrations over (52 x .52, w®w) since
in that case there is only one curve representing the diagonal and passing
through two points.

The paper is organized as follows. Section 1, introduces the basic ingre-
dients needed. We also define a particular affine connection on P, whose
torsion is given by the symplectic curvature associated to the coupling form.
In Section 2, we describe the linearization of the Cauchy—Riemann problem
associated to the fibered almost complex structures. It is shown that the
linearization is compatible with the projection m. Then we prove the struc-
ture theorems in Section 4, ensuring the GW-invariants are well defined. In
Section 5, we give the proof of the product formula. Section 6, is devoted to
showing the locally trivial differentiable (orbi-)fibration structure of 7.

2. The framework

In this section, we set the basic notions that will be needed in the rest of the
paper. We recall that symplectic and Hamiltonian fibrations are classified
by BSymp(F,wr) and BHam(F,wr), respectively. Again, for b € B, let wy
be the induced symplectic form on the fiber F, := 7~1(b). For the sake of
clarity, we begin by recalling the notions of Hamiltonian connections and
coupling form. This exposition follows [5] (Chapter 1) and [16] (Chapter 6),
where the proofs of all the claims can be found.

2.1. Hamiltonian connections and coupling form. Consider the ver-
tical subbundle, Vert C TP, over P, whose fiber at each point, p € P, is
given by the subspace Vert, := kerdm(p). A connection on the fibration,
m: P — B, is defined by a splitting of T}, P for each p € P:

T, P = Hor(p) @ Vert,,

where Hor(p) is called the horizontal plane at p. The notations, X" and X,
will refer to the horizontal and vertical parts of a vector field X on P with
respect to the above splitting. Also, given a vector field X on B, we will
denote by X its horizontal lift to TP. Now, let R denote the the symplectic
curvature associated to the connection. This is the 2-form on B with values
in Vert such that, for v and w two vector fields on B,

R(v,w)(p) = [v,w]"(p), peP

Any closed extension 2-form 7 of wg defines a connection with horizontal
planes:
Hor.(p) :={v € T,P | 7(v,w) = 0 Yw € Vert,}.
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In fact, any form 7/ € Q2(P) such that ker(7’ — 7) is in Vert defines the
same horizontal plane field. Nevertheless, a specific choice can be made by
requiring that the integration of 7"*! over the fibers of P is zero. Such 7 is
called coupling form associated to the connection and its values on pairs of
horizontal vectors is determined by the curvature of the connection:

—d(7(p)(v,w)) = t(R(d7(p)v, dr(p)w)(p))wr () (P)-

This results from the fact that the holonomy of the connection is Hamilton-
ian.

For transversality purposes we will need to allow the connection to vary.
For b € B, let C§°(Fp) denote the space of smooth functions on Fj having
zero mean value. We will consider Hamiltonian deformations of the coupling
form 7. By this we mean exact deformations,

T =T — dH,

where H is a section in C™®(nm*T*B), i.e., ﬁp is a cotangent vector in Ty, B
and it satisfies the property that for fixed b € B and X € T, B the function
Hy, x(p) := Hp(X) belongs to C§°(Fp). The subset of C*°(7*T™*B) having
this property will be denoted by H. By definition, 77 is a closed extension
2-form of wp, and one verifies that its associated horizontal distribution is
given by:

HOI'TH (p) = {’U - Xﬁp(v) (p) |1) € HorT(p)}, pE P:

where X i, (v) denotes the (unique) Hamiltonian vector field on Fy ;) induced
by the function I:Tp(v).

Remark 2.1. Since we are working with functions having zero mean value,
TH is nothing else but the coupling form associated to Hor,,,. Also, observe
that the symplectic curvature changes under exact deformation.

2.2. Almost complex structures. An almost complex structure J on a
symplectic manifold, (F,w), is a smooth section of the bundle of endomor-
phisms of the tangent space of F' such that:

VpeF, (J(p)*=—idp,.

Let J(F) denote the set of almost complex structures on F and let
Jr = J(F,w) be the subset of J(F') consisting of w-tame almost com-
plex structures, i.e., such that w(-,J-) is positive definite. A choice of such
a J gives TF the structure of a complex fiber bundle. Let ¢!/ ¥ € H?(F,Z)
denote the corresponding first Chern class. Since Jr is contractible and non-
empty ([16], Chapter 2), this class is well defined and does not depend on
our choice of compatible almost complex structure. Let 7 : P — (B,wp) be
a Hamiltonian fibration with fiber (F,w) and coupling form 7.
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Definition 2.1. An almost complex structure Jp € J(P) is compatible with
m and T, or fibered, if and only if there exists Jp € J(B,wp) such that:

e droJp =Jpgodnr,
o J, = JP‘Fb € j(Fb,wb) for all b € B,
e Jp preserves the horizontal distribution induced by 7.

We denote by J (P, T, m) the set of such almost complex structures.

Each fibered almost complex structure determines a family {Jy}pep of
wp-tame almost complex structures. Let JV = J V(P,w,w) denote the set
of almost complex structures of the vertical subbundle, which are wj-tame
on each fiber F,. Also, let ¢V € H?(P,Z) be the corresponding first Chern
class. Conversely, for any J € JV and Jp € Jp, there exists a unique
fibered structure Jp extending J and defined as the horizontal lift of Jg
on the horizontal distribution. Furthermore, when deforming the coupling
form using H € H, the unique extension of J that projects on Jp and that
preserves the distribution induced by 74 is given by:

Jg(p)(v) = JP(p>(U> + J(p)XHﬂ.(p)(ﬂ*p’v) - XH,r<p)(JB(7r(p))7r*pv)7 p € P7

where v € T, P. Let Jp = J (P, 7) denote the union of the J (P, w, 7f) over
all deformations 7z of a given coupling form 7. We have:

Lemma 2.1. The space Jp is parameterized by the product Jg x JV x H.

The above isomorphism is given by the choice of 7. In fact, the dependence
is on the factor ‘H corresponding to affine space of Hamiltonian connections.
The choice of 7 simply fixes the origin.

Remark 2.2. Note that, for any family {J;}sep € J" and any given Jp,
we can find a positive k € R such that Jp is wp-tame for wp = 7 + k7*wp.

2.3. A specific affine connection. Fix a coupling form 7. We define an
affine connection on T'P extending the vertical Levi-Clivita (L-C) connection
introduced in [17] (Chapter 8) and lifting the L—C connection on 7'B. This
construction will be needed in order to relate the linearization of the Cauchy—
Riemann associated to Jp = (Jp,J, H) € Jp, to the linearization of the
Cauchy-Riemann operator associated to Jp (see Section 2). First, let ¢,
be the Hermitian metric on P defined as

9ip =91 BT Gy,

relatively to the splitting T'P = Vert @ Hor,,,, where

1
9Jp = i(wB(.,JB.) —wp(JB..)),
and g7 = {9, }rep is the analogous family of Hermitian metrics on Vert.

Let VP denote the L-C connection on T'B relatively to g J- Also, set VvV to
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be the L-C connection on T'Fy, with b € B, relatively to g;,. For any vector
fields X and Y on P, set
VXY = [Xh,YU]U + Viﬂy’u + [ijyh]h + (vB

BonmY'h).

This operation is clearly bilinear in X and Y. In fact, the sum of the
first two terms corresponds to the wertical L-C' connection, V', which is
the unique connection on Vert induced by the Hamiltonian connection and
which restricts to the L-C connection on F. The remaining part is what
is needed to extend this vertical connection to an affine connection on P
lifting the L—C connection on B, which torsion 7' is given by the symplectic
curvature:

T(X,Y)=—-R(X,Y)=[X"Y"", XY cX(TP).

We show below that V is indeed a connection. Since V' is a connection,
it suffices to show that for f € C°°(P) and £ € Hor,, and any w € T'P:

wa§:(w(f))(f)+fvwf, vfwfzfvwg-
Suppose that w is vertical. Then, by definition:

Vufé= [w7 fg]h = f[wvé.]h + w(f)f
Analogously, we have [fw,&] = flw,&] — £(f)w, implying that

[fw, " = flw,&"

since w is vertical. Now, suppose that w is horizontal. Let a4, t € (—¢,€) be
the flow of w starting at p, and let PtB (m4,wp) denote the parallel transport
along the projected curve 7(ay)(p). Then,

d
(VuwfE)p = at o (f(at(p))PtB(”*pwp)ﬂ*at@)f)g

= df (p)ws + f(P)(Vuwé)p,
where the first equality is given by linearity of the parallel transport in B.
We further have that
d

Vfwg = %

d

(P (e f (P)10p) T )€y = dt (PtB(W*pwP)W*%(mp)g)Z
t=0 t=0

for some reparameterization ¥ (t) of the interval, so that finally fV,¢.

Remark 2.3. Note that V" may not preserve the metric g; along hori-
zontal directions, whereas V¥ = V¥ — 1.J(VV.J) does ([17], Lemma 8.3.6).
Furthermore, given any vector fields w, &1 and & in TP, one can show that
(Vwg)(&1,&2) coincides with (V ,ng) (&7, £5). It follows that the Jp-preserving

connection V := V — 1Jp(V.Jp) preserves g,,..
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Let exp stand for both the exponential maps with respect to V and
VB. The following straightforward identities will be useful in the gluing
section:

Lemma 2.2. Forp € P, X € T,P and q € P 1in the injective radius of
exp,, we have

(2.1) m(exp, X) = exPrip) T, X, T, exp, " (q) = exp_ (7(q))-

2.4. Curve independence. From (H;) in the characterization of Hamil-
tonian fibrations we deduce the following lemma, which plays a crucial part
in the proof of the product formula:

Lemma 2.3. Let: P — B be a Hamiltonian fibration as above. Assume we
have u1,ug € C®(S?, B) such that [u1(S?)] = [u2(S?)]. Then the restricted
bundles P|, and P|,, are isomorphic as Hamiltonian bundles.

Proof. If B is simply connected then it follows directly from Hurewicz iso-
morphism between mo(B) and Ha(B,Z). Assume B is not simply-connected.
As Ham(F,w) is connected, any classifying map for P, say f, factorizes up
to homotopy through a map f’ : B/B; — BHam(F,w). In other words, if
7p, denotes the projection from B to B/Bj, the maps f and f’' o wp, are
homotopic. Let P’ := (f")* EHam(F,w) and consider

. I
Uy = TR, OUl, Uy:= TR, OU.

These two maps represent the same homology class 7p, (o) € Ha(B/By;Z),
so that v} and v}, are homotopic and:

ul

3. The Cauchy—Riemann problem in Hamiltonian fibrations

Let jo denote the complex structure on S? = CU{co} inherited from the mul-
tiplication by i := \/—1. In a general symplectic manifold (X, w) with w-tame
almost complex structure J, a rational J-holomorphic map is a smooth map,
u: S? — X, satisfying the Cauchy-Riemann equation,

— 1
dju = 5(du+J0du0jo) = 0.
The set of all such solutions representing a given class A € Hyo(X,Z),
M(X, A, J) = {ue C=(5% X)[0,u=0,[u(S?)] = A},

is the moduli space of parameterized J-holomorphic maps representing A.
Consider the Fréchet space,

Bx(A) := {u € C®(S% X)|[u(S*)] = A},
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and the space

Ex(A D)= || &xu)= || =5 (S*uwTX)).
u€EBx (A) u€EBx (A)

The obvious projection from Ex(A,J) to Bx(A) defines a locally trivial
bundle between Fréchet spaces. Then, 0 is a section of this bundle and
M(X, A, J) is the corresponding zero set. The linearized operator D;X of
0y at u € //\/lv(X, A,J) is defined as the differential of J; at u composed
with the projection on the fiber £x ,,(J). To give a meaning to this vertical
projection outside of the zero section, we consider the Hermitian connection
on & X (A, J ),
VX =X —1/2(0(VX)),

where V¥ is the L-C connection on X with respect to the metric gs. Set
Xx .y 1= C°°(S?,u*TX). Then,

Di( : XX,u - ng“(J)’
£ TED, () = (VE)IE — 21 @)(VED) @),

where (VX)%1 is the J-anti-linear part of VX. It is well known that D;X is
Fredholm for u € M(X, A, J). Moreover, if d; is transversal to the zero sec-

tion, then the moduli space is a smooth finite-dimensional oriented manifold
with dimension given by the index of DX (cf [17], Theorem 3.1.5):

dim M(X, A, J) = Ind(DY¥) = 2nx + 2¢TX(A).

Now, let 7 : P — B be a Hamiltonian fibration with coupling form 7,
let Jp be a fibered complex structure relatively to 7, and let o € Ho(P,Z).
The connection V we constructed induces a splitting of the tangent space
of Ep(o, Jp) at all points and projection to the fiber direction can again be
defined. Hence, the linearization DE of 0, can be defined for all u € Bp(o).
Note that V is not Levi-Civita since its torsion is given by the symplectic
curvature. This is what gives rise to the extra curvature term in the following
expression for ij :

Lemma 3.1. Let u € Bp(o) and £ € C®°(S?,u*TP). Then,
1
Dy¢ = (Vau) '€ = 5 Tp(u) (Ve p) (Ospu) + B (du", "),

where VO and R stand for the Jp anti-linear parts of V and R.

Remark 3.1. When £ is vertically valued, the curvature term disappears
and we recover the vertical linearized operator introduced by McDuff and
Salamon ([17], Chapter 8). In the rest of the paper we will designate by D"
the restriction of D¥ to vertically valued vector fields.
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3.1. Splitting of Fredholm systems. Since we consider fibered almost
complex structures on P, the projection 7w naturally induces a map,

7: M(P,o,Jp) — M(B,og,Jg), u m(u),
where op := m,o. As we will see, ™ induces a submersion betweerl the
Fredholm system (Bp(o),Ep(o,Jp),0,) and (Bg(op),Ep(op, JB),01p)-
We recall the notion of Fredholm system as given in [3], Section 14.2.
Definition 3.1. A Fredholm system of index d is a triple (B, £, s) such that:

(F1) & is the total space of a Banach orbifold bundle over a Banach orbifold
B, with fiber £, over xz € B,

(F») s: B — & is a section such that, for all z € s71(0), the linearization
L, :T,B— &, of s at x, is Fredholm of index d.

When, in addition, s is proper, we say that the system is compact.

We call the set, s~1(0), the moduli space of the system. The use of orb-
ifolds in the definition above is due to the presence of non-simple maps in
the concrete problem of Cauchy—Riemann Fredholm system. This will be
relevant in Section 6.

Example 3.1. Let (X,w) be a general symplectic manifold with A €
Hy(X,Z) and w-tame almost complex structure J. Fix an integer p > 2. For
u € Bx(A), we respectively equip Xx, and Ex,(J) with WP (Sobolev)
and LP norms (relatively to the metric g; and a fixed volume form on S?).
Explicitly, given £ € Xx,, and n € Ex ,(J):

1 1
P P
letwso = ([ Gelg, + 1968, ydvolse )" i = ( | lelp vl )

We denote by X )I(Z and €% (J) the completed vector spaces with respect to
these norms, and by B}(’p (A) and EX (A, J) the corresponding completions
of Bx(A) and Ex (A, J). Under these completions D;X is Fredholm, and the
triple

(BY(4),€%(4, 1), 01)
satisfies conditions (F}) and (F3). This Fredholm system will in general not
be compact.

Next, we define the following natural notion of morphism between two
Fredholm systems (B, &, s) and (B,&', ).

Definition 3.2. A map Il := (m,7) : (B,&,s) — (B',&', ") between Fred-

holm systems is a Banach orbifold vector bundle morphism, i.e.,
T:B—-B, 7:&—-¢&,

such that
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(i) s or=Tos,

(i) L;(l,) odm(x) = dr(z,0) o Ly, for every x € s71(0).
We say that II is a submersion if, furthermore, dm and d7 are surjective.
When II is a submersion we directly extract the following exact sequence:

(3.1) ker L » ker L, — ker L;(I) — coker L] — coker L, —» coker L;(x).

where x € s71(0) and L” : kerdr — kerdr is the restriction of L, to
ker dm(x). This exact sequence is an instance of the cohomology long exact
sequence of 2-step complexes determined by L”, L and L’. From exactness
of this sequence we deduce splitting at the level of operator indices, i.e., for
every r € s~ (0):

Ind(L;) = Ind(L;(m)) + Ind(LY).

Obviously, if both L] and L () 2re unobstructed (i.e., their cokernels

vanish), then L, is also unobstructed. As a result, ker L, is isomorphic to
ker L} © ker L. () UP to a choice of a section from ker L (x) O ker Lg.

Definition 3.3. A submersion II between Fredholm systems is a splitting
if the sequence (3.1) is obstruction free, i.e., if for all z € s~1(0):

coker L7 = coker L, = coker L] ) = 0.

3.2. Splitting of Fredholm systems for Hamiltonian fibrations.
Here, we show that a Hamiltonian fibration 7 : P — B with coupling form 7
induces a submersion between the Fredholm systems (Bp(c), Ep(a, Jp),0.,)
and (Bg(op),Ep(0p, JB),d,). In fact, m induces the maps:

7 :Bp(o) — Bp(op), f+—molf,
and
7:Ep(o,Jp) — Ep(op,JB), n+— m(n).
That 7 induces a submersion between Fredholm systems can be summarized

as follows:

Lemma 3.2. The following diagrams are commutative:

7 dm(u,0)
Ep(o,Jp) —=Ep(op,JB)  Epu(Jp) — = EBx(u)(IB)

ol el ool ]

us dm(u
BP(U) BB(UB) XP,u ® XBJr(u)

Proof. For the left hand-side diagram, commutativity follows from the fact
that Jp is fibered. Thus, 7 maps (9.5,,)~*(0) into (9,)~1(0). We prove that
the second diagram commutes. First, note that dm and dm are surjective
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since we can use the Hamiltonian connection to lift vector fields on B to
vector fields on P. Next, we show that for every £ € X (u*TP):

m.Dy,E = DB m.c.

mou k¥

This is a consequence of the following three identities: let £ and X be vector
fields on P and let p € P, then

(i) m[e”, JpX"] = Jpm.[e¥, X",
(i) me(Vedp)pX = (VE ¢ JB)n(p) (1 X),

(i) m(V &) = (V2 3, )"l = m (D ()", €71
Assuming these are verified we obtain that

T Du€ = (V gmou)) ™ 1 =705 (w))", €] = 5 Tp(m0u) (V¢ JB) (1,05 ,),

since Vg;}f” and R%!(du, ¢) are vertically valued. Moreover, since .0, u =
Ojzup it only remains to show that:

(@15 ()", €Ny =0 ¥z €57

If (9 7,u)(2)" # 0 for some z, consider the horizontal lift X of (9,5, (7(u)))(2),
which is defined on T'(7~!(u(z))) and agrees with (97,u)(2)" at u(z). Then,

[(EJP (u))h7 gv]u(z) = [Yv gv]u(z)v

where the right hand-side vanishes since X is constant along vertical direc-
tions.

Now, equality (i) follows by definition of the bracket, by holomorphicity
of the projection, and since the flow of a vertical vector field starting at a
point p remains in the fiber above 7(p). Equality (ii) is just a consequence
of (i) since this latter is equivalent to

[€", Jp X" = Jple", XM,
which by definition of V is the same as:
Ve (JpX") = TpVeo (X1,

Hence, (V¢o Jp)(X") = 0, which combined with the fact that the connection
is vertically valued when its two entries are in Vert, gives us the second
equation.

For (iii) we have that:

1 :
Vi€ = 5 (Vedu + Jp(u)Ve(du o jo) — R (du.§).
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Hence, by definition of the connection and because the curvature is vertically
valued, we get

2. (V1) = m.Vedu + Jp(m(u))m.Ve(du o jo)
= V2 cd(mou) + m[", (dw)")" + Jp(m(u))VE cd(m o u) o jo
+ Jp(m(w))m[€”, (du o jo)"]"
= V fmouyT™& + IB(T(W))V ffrou)ojo &
+ml€”, (du) + Jp(u)(du o jo)"]"
= 2(V o) Tl + €7, 2( 7 ()P,
where the third equality is due to (i) and the fact that V5 is torsion free. The

last follows since Jp preserves the horizontal distribution and the vertical
subbundle. 0

The symplectic connection on P induces the splittings:
0,1 * 0,1 * .
Epu =T (A} (S* w*TP")) @ D(A}L(S*, w*TPY)) =: €}, (Jp) & Ep,(Jp)

and
Xpo = D(S%,u'TP") & D(S%,u"TPY) = X, & X,

In this splitting, DY takes the following matrix form:

(3.2) <(D7§<Z>>h l‘;)

u

where L, is linear and given by:
1
(33)  Lu: &, — by € —o T @) (Ved) (@) + RO (du",€).

Thus, applying the diagram (3.1), we obtain the exact sequence:

(3.4)
ker DY ~— ker DX — ker Df(u) — coker DY — coker DY — coker Df(u)

where the connectant is given by the restriction of L, to the kernel of Df(u).

In the next section we will show that, for generic fibered almost complex
structure, the last two terms of this exact sequence vanish. We also show
that, generically, the induced projection between the moduli spaces is a sub-
mersion along countably many fibers of this projection, i.e., the fourth term
vanishes on countably many fibers. In fact, this will be proved by estab-
lishing that the projection of the Hamiltonian fibration induces a splitting
of Fredholm system when we allow the fibered almost complex structure to
vary as well.
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4. Structure theorems

Let M{)J(P, o,Jp) be the moduli space of parameterized Jp-holomorphic
maps with [ marked points representing o. This space consists of tuples,

(u,1,...,2;) € M(P,0,Jp) x (S?),

where the points x1,...,2; € S? are pairwise distinct. The group G :=
PSLy(C) of reparameterizations of S? acts (diagonally) on this moduli
space. The quotient of Mg ;(P, o, Jp) under this action is usually not com-
pact. Still, its “Gromov’s compactification”, Mg ;(P, o, Jp), is a stratified
space consisting of stable holomorphic maps [7, 17, 21]. Concretely, the
stratification is given by the combinatorial-type of the labeled connected trees
with tails modeling the stable maps. When these strata are automorphism
free they can be given a manifold structure for a generic choice of fibered
almost complex structure. After giving the description of the stable holo-
morphic maps in Hamiltonian fibrations, we show that the latter structure
theorem holds compatibly with the projection 7. This is the content of The-
orem B’ which is a slight extension of Theorem B. We conclude by observ-
ing that changing of generic almost complex structure induces a cobordism
between the corresponding moduli spaces.

4.1. Stable holomorphic maps and Hamiltonian fibrations. In order
to fix notations and terminology we begin by introducing, first, the combina-
torics needed to describe stable holomorphic maps, and second, the moduli
space of stable pseudo-holomorphic maps.

4.1.1. Labeled graphs. This exposition is mostly taken from [4]. Nev-
ertheless, emphasis is put on how the combinatorics change when given
a homomorphism of semi-groups. This will be particularly relevant when
describing how the combinatorial-type of a pseudo-holomorphic stable map
in P changes when projected to B under 7.

Let S be a graph with tails; let V' denote its set of vertices, let F denote
its set of edges, and let T denote its set of tails. In order to indicate that
there is an edge between the v and the w vertices of &, we will use the
notation vFw. The genus g(S) of the graph is the Euler number of S, i.e.,

9(8) = VI - [E] + 1.

If all the connected components of S have genus 0 we say that it is a forest;
if, furthermore, S is connected we say that it is a tree. In the rest of the
paper we will only consider forests. We will use the notation C' to denote
the set of connected components of S.

To describe the combinatorics of the graph it is convenient to see the tails
as half-edges and the edges as two half-edges that are attached together.
Let FI denote the set of half-edges of S. This set comes with a natural map,
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pr : FI — V, assigning to a half-edge the vertex it is attached to. Hence,
Fl, := pr—!(v) gives the set of valences at v € V. We set

o] := # (o™ (v))-

The incidence relations between the vertices of S are encoded using an invo-
lution g : F1 — Fl. More precisely, E corresponds to the 2-elements orbits
of o while the fixed points of ¢ give T'. The graph S is determined uniquely
by the tuple (V,Fl;pr,p) and we write S = (V,Fl;pr, p). The subgraph
({v}, Fly; pr|p, ,id) is called the star of S at v. Note that S can be obtained
from its stars by gluing them according to the involution p; see Figure 1
below: in that picture g fixes a; and b;, 1 = 1,2, and sends ¢; to cs.

Given an Abelian semi-group B, a B-labeling of S is simply a map [ :
V — B. We denote by (S, ) the corresponding labeled graph. A B-labeling
(B induces a B-labeling of C"

Bo:C— B, Bolc):=> B).

vee

For example, when each vertex of the graph corresponds to a Riemann sur-
face, as is the case for the stable maps, we can consider the genus-labeling
h :V — N assigning to each vertex the genus of the corresponding Riemann
surface. Since we are only dealing with genus 0 stable maps, the genus-
labeling will always be trivial.

Next, we define a partial order on graphs. For this purpose we introduce
the following notion of composition of graphs: the composition S" := (§' =
S) of the graph &' with the graph S is the graph obtained by replacing
the vertices in S by the connected components C’ of &’. Concretely, one
replaces each star at a vertex of S by a connected component of S’; this is
illustrated in Figure 1. Composition is realizable if and only if there are set
isomorphisms ¢ : 77 — Fl and ¢ : C" — V such that ¢ oprs = pro ¢, where
pros : T' — C' is the map assigning to a tail the connected component it is
attached to. If such isomorphisms exist, we say that S’ and S are composable.
It is not hard to see that S” is given by (V',Fl';pr’, ¢”) where ¢ coincides
with ¢’ on edges of &’ and coincides with ¢ otherwise (using the identity
¢ o 0" = po¢on tails of S').

Example 4.1. In Figure 1, the isomorphisms ¢ and 1 are given as follows:
(V) = v;, ¢(a)) = ai, ¢(b;) = b; and ¢(c) = ¢;, where i = 1,2.

2

Labeled graphs are also composable: let (S,3) and (S’,3) be labeled
graphs such that 8’ is composable with S, and let 7 : B’ — B be a homo-
morphism of semi-groups. The graphs are w-composable if 5 = 7o Bcr.

There are two natural possibilities of labeling for the resulting graph S”,
namely 3" := w08’ or 3. The 7-composition is the B-labeled graph (S”, 3"),
while the labeled composition is the B’-labeled graph (S”,3').
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Figure 1. Composition of graphs.

The partial ordering < is now defined as follows: §” < S if and only if
there exists a graph &’ such that §” = (8§’ = §). This inequality can also be
understood in terms of contractions: S is obtained from S” by contracting
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some subgraph of §”. The components of this subgraph are called contracted
components. This contraction procedure is not well-defined. For example, the
graph with one vertex and no half-edge can be obtained in two different ways
from the graph with two vertices, v; and vy say, and no half-edge: we can
either contract vy or ve. In fact, the contraction procedure is determined up
to a choice of section of the composition of graphs. We explain this in more
details.

The composition of graphs induces surjective maps v : V” — V and
vr @ F1” — FI via the isomorphisms ¢ : 77 — Fl and ¢ : C' — V. A
section of the composition is a pair of right inverses, + : V. — V” and
tp1 - F1 — F1”, such that ¢ o pr = pr” o tp). In other words the section sends
a star of S to a star of §”. If the graphs are labeled, we further require that
3" ov=mopB o= . In that case, we say that (i, cp)) is a labeled section.
Note that a section always exists while a labeled one may not.

Now, let (8", 3') be a labeled composition of (', 3") with (S, ), and let
(¢, 1) be a labeled section. The image of S under the section is a subgraph
' = (V,FLpr, or) of 8”, where or = ¢ whenever ¢”o = 10 p, and otherwise
or = id. Then, the contracted components are by definition the components
of the complement (S”\T', ﬂ'|5/,\r). In this situation, we will say that (S, 3)
is the contraction of (8", ).

In Figure 1, the black spots in the graph of S” represent the image under
a section of the vertices of S. The contracted components, there are four
of them, are the complement of the stars at the black vertices; hence they
are given by the connected chains of white vertices together with their half-
edges.

Finally, we introduce the notion of stability of graphs. This will be par-
ticularly relevant in the case the graphs are represented by stable maps. Let
S be a forest. A vertex v € V is said to be stable if |[v| > 3. The forest S
is said to be stable if all its vertices are stable. Given a B-labeling 3 on S
we say that a vertex v € V' is B-stable if either 5(v) # 0 or v is stable. The
labeled graph (S, ) is B-stable when all its vertices are B-stable. In this
language, a {0}-stable labeled graph is simply a stable graph.

Observe that stability depends on the given labeling. For instance, if we
have a B’-labeled stable tree (S”,3’) and a homomorphism 7 : B’ — B
of semi-groups, the induced B-labeled graph (8", 7 o 4') may not be stable
(since  may not be injective). If it is not B-stable, we may try to stabilize the
tree by inductively contracting all the unstable vertices until the remaining
vertices are all B-stable. By contraction of an unstable vertex v € V" of §”
we mean the following. First, we delete the star at v, possibly creating one
or two tails (since |v| < 2). If v has no edge, then the tree 8" disappears. If
v has one edge and no tail, then we also delete the created tail. If v has an
edge and a tail, then you do not delete the new tail created on its neighbor.
If v has two edges, we replace the deleted vertex by an edge obtained from
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gluing together the two created tails. This operation is called elementary
contraction. At the end of the inductive procedure, we either end up with a
stable tree or with one vertex with less than two tails implying that there
were less than two tails in §” to begin with. The reason for this is that
elementary contractions preserve connectedness of the graph and do not
change the number of tails unless S” had less than two tails to begin with.
This is essentially the content of the first statement of the following standard
lemma:

Lemma 4.1. Let m# : B’ — B be a morphism of semi-groups. Suppose
(8”,3') is a stable B'-labeled tree, then we have one of the following: (1)
there exist a stable tree (S, 3) and a stable forest (S', ') such that (8", mo3")
is their w-composition; (2) 8" has no more than two tails. Moreover, in case
(1), there is a natural labeled section of the composition.

Proof. the tree S is obtained from the construction in the paragraph preced-
ing the lemma. The labeling [ is simply the restriction of To 3’ to the vertices
of §8” remaining after the stabilization procedure. Also, from the construc-
tion of (S, 3) we have natural inclusions ¢ : V < V" and tp) : F1 — F1".
These inclusions provide the desired labeled section in the last statement.
Now, suppose (S, ) is stable. We describe the forest (S’, 3'). By construc-
tion, 8’ has the same set of vertices, the same set of half-edges and the same
vertex assignment map as S”. More formally, S’ = (V”,Fl”;pr”, o'). The
involution ¢ remains to be described. First, observe that ¢’ coincides with
0" on every edge of &', since any edge of &’ is also an edge of S”. Finally,
we set o'(f) = f on each tail f of &', since each tail of &’ must be a fixed
point of the involution. O

The natural section mentioned in the proof will be called mw-section.

Definition 4.1. Let 7 : B — B be a homomorphism of semi-groups. We
say that the tree (S, 3) above is the m-stabilization of (S”, 3') and we denote
it Sx(S”,5’). The vertices in S are called m-stable, and the contracted com-
ponents are called w-unstable.

Let (S, 8) = Sx(S8”, ). The vertices in the image of the section are said
to be B-stable. Now, let ¢ be one of the contracted components in S”. Then
c is a tree with at most 2 tails. A tail of ¢ is called ezterior if it is also a tail
of §”. Otherwise, it is called interior. In the case ¢ has 1 interior tail, we say
that ¢ is a (7-)contracted branch. In the case ¢ has two interior tails, we say
that ¢ is a (w-)connecting branch. For a connecting branch there is a unique
path of vertices connecting the 2 tails. This path forms a connecting chain.

Example 4.2. Consider Figure 1 above. Let § be the {0}-labeling on S,
and let 3 be a Zo-labeling on &’ defined by 3 = 1(mod2). Obviously,
B = mo 3 for any morphism 7 : Zy — {0}. Note that (S”,3’) is stable but
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(8", ) is not. In fact, (S, B) is the w-stabilization of (§”, 3'). The contracted
component given by the white vertex lying between the two black vertices
is a m-connecting branch. The other three contracted components define
m-contracted branches.

4.1.2. Moduli space of stable maps. The discussion below is taken from
[17], Chapter 5, and [21], where the proofs of all the claims can be found.
Denote by ﬂgyl the Deligne-Mumford moduli space of stable curves with
genus g and [-marked points. We shall only consider the case g = 0. Points
in ﬂo,l are given by isomorphism classes of elements,

i= &g, x = (x1,...,29)),
where (X, ) is a nodal Riemann surface of arithmetic genus 0 with no self-
intersection, together with [ pairwise disjoint marked points on ¥ denoted x,
which are disjoint from the nodes. Furthermore, each component of ¥ has at
least three special points (i.e., marked points or nodes). Two pointed nodal
curves, (3,j,x) and (X',j,x), are isomorphic if there is a diffeomorphism
2 — Y/ satisfying:

¢'i'=j, and ¢(x) =
We denote by Aut(X,j,x) the automorphisms of (X,j, x), i.e., the subset
of diffeomorphisms of nodal surfaces, ¢ : ¥ — X, such that ¢p*j = j and
¢(x) = x. This group is invariant under isomorphism of nodal curves. Also,
it is standard that the elements of My, are automorphism free.

Let My (X, A, J) denote the compactified moduli space of stable J-holo-
morphic maps from (nodal) curves of genus 0 with [ marked points into
the symplectic manifold X, representing the class A € Hy(X,Z). Points
in ﬂo,l(X ,A,J) are given by isomorphism classes of parameterized stable
pseudo-holomorphic maps (j,u) = ((3, j,x),u), where (¥, j, x) is a Riemann
nodal curve of genus 0 with [ marked points (not necessarily stable), and
u: ¥ — X is (j,J)-holomorphic and such that each component on which
u is constant has at least three special points. We say that (j,u) is iso-
morphic to (j,u') if there is an isomorphism of pointed nodal curve, ¢,
between j and j' such that p*u = «’. Let Aut(j,u) denote the correspond-
ing automorphism group. It is well known that stability implies finiteness
of the automorphism groups. Moreover, if the map w is reduced, or simple
in the sense that (j,u) has no ramified component or any two component
having the same non-constant image in X, then Aut(j,u) = id; when the
map u has only one component, this notion of simple map coincides with
the notion of somewhere injective map meaning that there exists a point
20 € S? such that du(zp) is injective and u~!(u(z0)) = 2. It is well known
that any stable pseudo-holomorphic map can be reduced to a simple stable
map. The reduction process however changes the homology class of the map
([17], Proposition 6.1.2.).
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The moduli spaces MOJ and Mo,l(X ,A,J) are stratified, with strata
labeled by stable labeled trees of genus 0 called stable stratum data of the
strata, or combinatorial type. For a tree S = (V, Fl; pr, o), the set V corre-
sponds to the components of (X, j), while F1 corresponds to the set of special
points on the curve. For Mg (X, A, J) we have a Hy(X,Z)-labeling giving
the homology class represented by the image of each component in X. Note
that Mo, and My ,(X, A, J) coincide when X = pt and A = 0. A strata
with stratum data S will be denoted Ms or Ms(X,J), and M(X,J) will
denote the subset of Ms(X, J) consisting of simple stable maps. Further-
more, the partial order < on labeled graphs induces inclusions of strata in
the sense that Mg C Mg if and only if S’ < S, and similarly for Ms(X, J).
Note that there are finitely many strata in the compactified moduli space
since for fixed [ and A, the set of possible combinatorial types for genus 0
stable map with [ markings representing A is finite.

As we are only considering genus 0 stable maps, we can in fact fix
the complex structure on each component of the nodal surface to be the
standard one. Let Mgs(X,J) denote the moduli space of parameterized
stable J-holomorphic maps (X, u,x) representing S, and let Gs be the
reparameterization group of the domain (X,x). The stratum Mg(X, J) is
then identified to the quotient of MVS(X ,J) under the (proper) action of
Gs. We describe it for the reader’s convenience. First, note that a sta-
ble map, (X,u,x) € Mg(X,J), is determined by a triple, (u,y,x), where
Y = {Yuv' Jopw for v,v’" € V, is the data given by the nodal points in X. Let
>, denote the component of ¥ corresponding to v € V', and let u, be the
restriction of u to 3,. The group Gg consists of pairs ({¢y }vev,7y), where
v € Aut(S) is a tree-with-tails automorphism, and ¢, : 3, — ¥,(,) is an
element of PSLy(C). Then, the action of Gs on Mg(X, J) is given by

({QOU}, 7) ’ (u, Yy, X) = ({U’U o 90171}7 {Sav(yvv’)}va’; {(pp(xk)(xk)}ke{l,...,l}) .

Before carrying out the description of stable Jp-holomorphic maps in
a Hamiltonian fibration 7= : P — B, we first make sure that we have the
appropriate energy bounds in order to apply Gromov’s compactness ([7]
Chapter V, [17] Theorem 5.5.5, [21] Proposition 3.1.).

4.1.3. Energy identities. Suppose Jp is a fibered structure obtained from
a connection 7, an element Jg € Jp and a family J € JV, and let gJp be
the corresponding split metric on P. For a smooth map u : S — P, we
define its total energy to be its Dirichlet norm with respect to g;,:

1

E(u) := 3 /52 Hdu||ZJPdV0152.
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Since g, is split, E(u) can be written as the sum,

1 1 )

3 [ 1 )IE, dvolse + 5 [ @) dvolss = Bn(ru) + B a),
S 52

where Ep(m(u)) is the energy of up := m(u) (with respect to Jg), and

EY'*(u) is the vertical energy. When u is Jp-holomorphic, it turns out that:

EB(uB):/ upwp, and E"ert(u):/ u*T—i—/ R(u)dvolge,
52 S2 S2

where the second identity is obtained since:
7(du, Jpdu) = w(du®, Jdu') — R(du", Jpdu").

Consider the Hofer norm of the symplectic curvature,

IRl = [ (xR - mip 7)) 7.

pEF, pEF},

which is bounded by compactness of P. We obtain the upper bound:

Lemma 4.2. For every Jp-holomorphic map u:
(4.1) E(u) S/ utT + HRHH—i—/ URWE.
52 52

Applying Gromov’s compactness, we conclude that any sequence of simple
Jp-holomorphic map representing ¢ must converge (up to taking a sub-
sequence) to a stable Jp-holomorphic map. From the upper bound 4.1 and
the stability condition for stable maps, we deduce the following result that
is analogous to Lemma 4.5 in [21]:

Lemma 4.3. Let Dg,z denote the set of possible combinatorial types for
genus 0 stable map with | markings representing o. Then |D{,| < oco.

4.1.4. Forgetful maps and Hamiltonian fibrations. The natural map,
e © X — pt, induces the map mp, : Ha(X,Z) — {0} on the labeling
groups. We denote by Sy, the corresponding  -stabilization map on
labeled graphs defined in Definition 4.1. The forgetful map is the map:

Tpt : Mog(X, A) = Moy, Tpe(j,u) =5,
where j** denotes the stabilization of j, that is j5 is obtained by contracting

the unstable components recursively. It is well known that, when restricted
to strata, the forgetful map defines maps:

T Ms(X) — Ms,, ()

This procedure can be generalized to any Hamiltonian fibration 7 :
P — B with coupling form 7. Again, the moduli spaces of stable pseudo-
holomorphic maps in P and B are stratified, with strata labeled by stable
labeled trees. Note that 7 induces a map 7, : Ho(P,7Z) — H2(B,Z) between
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the labeling groups. Let Jp be a (7, 7) compatible almost complex structure
on P projecting on Jp. Given a stable stratum data Sp for Jp-holomorphic
maps in P representing o € Ha(P,Z), we have that Sp := S;,(Sp) is a
stable stratum data for Mg (B, m«(0), Jg), and we have a m-forgetful map:

WSP : MSP(Pa JP) - MSB (Ba JB)7 (j,U) - (jStﬂrauB = ﬂ'(’U,)) 5

where j°™ is the Riemann nodal surface consisting of the components deter-
mined by the m,-section of the 7,-stabilization of labeled graphs (which has
combinatorial type Sy, (Sp)), and up restricts to the m,-stable components.

We further have a reparameterization-group-equivariant map:
TSp MSP (P’ JP) - MSB (P> JB)a (U, Y, X) = (UB, YB = ySt’”, X)

lifting 7s,. Note that, a priori, Ts, may not respect simplicity of pseudo-
holomorphic stable maps (e.g., by sending a simple Jp-holomorphic map to a
multiply covered Jp-holomorphic map). This has dramatic effects regarding
transversality within the range of fibered almost complex structures. For
each stable stratum data Sp, we will consequently restrict our attention
to the subset, M3 (P, Jp), of simple stable elements in Ms, (P, Jp) lying
in the preimage of MEB (B, Jp) under 7s,. In particular, we denote by
(7r§; (up))* the set of simple parameterized stable pseudo-holomorphic maps
lying in the fiber of 75, above up € MEB (B, Jp), and we use the notation
(ﬁ;}l (up))* to denote the corresponding quotient under reparameterizations.

4.2. Transversality on every strata. We begin by recalling some stan-
dard notations and facts concerning transversality for a symplectic manifold
(X,w). Then, we apply it to Hamiltonian fibrations. Finally, we formulate
the corresponding cobordism invariance.

4.2.1. The non-fibered case. Let Sx = (V,Fl;pr, g) be a stable stratum
data for My ;(X, A, J) with homological labeling 3. For every v € V, let
oy = B(v), and set

M*(X,ﬁ,jx) = {(u ={uy}vev,J)|J € Ix and wu, € M*(X,JU,J)}.
This defines a subset of

BY(8,Jx) = [] BY (00) x Ix.

veV

We describe Mvgx (X,J) as a subset of M*(X, 8, Jx) x I(Sx), where the
incidental subvariety I(Sx) is the subset of tuples

(y,x) = ({yvv’}va’awla co,xp) € (52)2|E‘ X (SZ)WI



A PRODUCT FORMULA FOR GROMOV-WITTEN INVARIANTS 279

such that for every v € V' the points, y,,» with vEv', and x,, with pr(z,,) =
v, are disjoint. First, to each edge of the graph Sx we associate a copy of the
diagonal Ax C X2 and set the edge diagonal Ar C X2 El to be the product
of these diagonals over the set E of all edges. We have a natural map

evy /T/lJ*(X,ﬁ,jX) x I(Sx) — (X)Q‘Ela

called universal edge evaluation map, assigning to each pair (u, J,y,x) the
corresponding “evaluation at the nodes”:

u(y) = {(uv (yvv’>7 Uyt (yv’v))}va’-

The preimage of Ag under evg is the (parameterized) universal moduli space
denoted M3 (X, Jx). Then, it is easy to see that

M (X, J) = (p7) 7 (J) N M, (X, Tx),

where p7X denotes the projection from M*(X, 3, Jx) x I(Sx) to Jx. The
standard transversality theorem asserts the following:

Theorem 4.1 ([17] Theorem 6.2.6, [21] Theorem 4.7). There is
a subset Jx req(Sx) of second category in Jx, such that for each J €
IxX reg(Sx) the moduli space M3 (X, J) is a smooth oriented manifold of
real dimension:

dim(ME, (X,J) =2n+2Y ¢ ¥ (o) + 21 — 2|E| - 6.
veV

The set Jx reg(Sx) of regular w-tame almost complex structure for Sx is
explicitly given by the following conditions:

(i) for every v € V, for every u € MV*(X, 0y, J), the linearization D;X of
0j at u is surjective. -
(ii) the restriction of evg to M, (X, J) is transversal to Ag.

It follows from (i) that for regular J the moduli spaces M*(X , 0y, J) are
naturally oriented manifolds of dimension Ind(DX) = 2n + 2¢7% (4,). Point
(ii) then implies that .K/lvfgx (X, J) is a smooth oriented manifold. Since the
6(] E|+1)-dimensional group Gs, acts freely and properly by orientation pre-
serving diffeomorphisms on this latter manifold, it follows that M, (X,J)
is a smooth oriented manifold of the stated dimension.

We briefly sketch the idea of proof for the genericity of Jx reg(Sx). We
refer to [17] (Chapters 3 and 6) for the details. The main idea is to show
that the universal moduli space is a separable Banach manifold and that p7/x
is a Fredholm map between separable Banach manifolds in order to apply
Sard—Smale. Of course, this does not apply straighforwardly here since, for
instance, Jx is not Banach. Instead, we consider the set Jy of w-tame
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almost complex structure of class C” with r > 2. Now, set

&B = | (@ 8§,UU<J>) :

(u,J)EBYP (B,T%) \WEV

By a standard argument £5"(3) is a locally trivial C"~! Banach fibration
over B;’vp (B, J%). This Banach fibration admits the section

sx : (u,J) — 95(u),

and clearly M*(X, 3, J ) is a subset of sy'(0). Moreover, the linearization
D@J) of sx at (u,J) is given by:

(4.2) Dy P A, e TrT — P ek, ()
veV veV

(€Y) = D&+ 3V.(du) o

One can further show that this operator is onto for every (u,J). It fol-
lows that M*(X,,Jx) is a separable Banach manifold. One concludes
that Mv*(X ,J%) is a Banach manifold by showing that the edge evalua-
tion map evg is transversal to Ag. This is done recursively on the set of all
labeled forest, the induction argument being made on the number of edges of
the forests. Finally, a simple computation shows that pjfrf is Fredholm with
the same kernel and cokernel as the linearized operator DX. Thus, by Sard-
Smale (when r is big enough) one obtains a generic subset J ., (Sx) C Jx,
which in fact coincides with the regularizing set defined above, but with C”
elements only. One concludes in the C'° case by an argument due to Taubes
(see [17], Chapter 3, Proof of Theorem 3.1.5).

4.2.2. The Hamiltonian fibration case. Let 7 : P — B be a Hamilton-
ian fibration with coupling form 7. We fix some notations before reformu-
lating Theorem B and giving its proof.

Fix a stable stratum data Sp = (V,Fl; pr, o) with homological labeling
Bp, and set Sg = Sr,(Sp) = (Vp, Flp; prg, o) with corresponding labeling
Op. Let E and Ep denote the corresponding set of edges. We will assume
below that the homomorphism f% := 7, o fp is non-zero, thus forcing fp
to be non-zero. Set o, := (p(v).

Let M**(P,Bp,Jp) be the restriction of M*(P, Bp, Jp) to simple maps
having simple projection under 7 and let

ME(P,Jp) = evz'(Ap)

be the corresponding universal moduli space. Similarly to the general
case, we say that Jp € Jpreg(Sp) if and only if: (i) Vo € V, Vu €
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M**(P, oy, Jp), the operator DY is onto; (ii) the restriction of evg to
MG, (P, J) is transversal to Ap.
We have a natural map

s, : M**(P,Bp, Jp) x 1(Sp) — M*(B, 85, Tp) x 1(Sp)
(’U,7 JP7YJX) = (U’B7 JBayBax)a

induced from 7 and the projection p; : Jp — Jg. In fact, the restriction of
IIs, to M:;’;(P, Jp) induces a map between universal moduli spaces:

%SP =TSp X P11t ME;(P, jp) - M§B<B7JB)-
Since the edge evaluation maps commute with 7s, and the projection from
P2El ¢ BQ‘EB‘, it follows easily that if Jp is regular for Sp then Jp is
regular for Sp.
Now fix a regular Jg. Also, let po3 : Jp — J" x H denote the obvious
projection. Note that

(fg; (ﬂB))* = (p23 o p'jp)_l(J, H) N Hg; (’U,B7 JB) N QUEI(AE N F2|E|)

A pair (J, H) € JV xH turning this intersection into an oriented manifold is
said to be fiber regularizing. More precisely, a pair (J, H) is fiber reqularizing
for (ﬁg}l (up))* if for every (u = {uy}tvev,y,x) € (W;;(EB))* the following
conditions are satisfied:

(a) Yo €V, Vu, € M**(P,0,,Jp), the operator D”(JUU’JP) is onto;

(b) the restriction of evg to (7@; (@g))* is transversal to Ag N F2El

We will denote by JHreg(Un, JB,Sp) the set of fiber regularizing pairs for
(fgi (up))*. It follows from (a), (b), and the exact sequence (3.4), that for
a regularizing pair (J, H), the set 775; (up)* is a smooth oriented manifold
with dimension:

dim(rg! (@p)*) = dim ME, (P, Jp) — dim M5, (B, Jp).

Since we are only considering vertical deformations of the maps, the dimen-
sion of the reparameterizations is 6(|E| — |Ep|), thus giving after quotient:

dim(75) (Up))" = 2np +2 Y _ ¢"(0y) — 2|E| + 2| Egl.
veV
We give the proof of the following extension of Theorem B to any strata,
which can be seen as a mild extension to the Hamiltonian fibration case of
Theorem 4.1.
Theorem B’. Let Sp and S be as above.

(1) Tpreg(Sp) is of second category in Jp.
(2) For any Jp € Tp,reg(Sp) and any up € M5, (B, Jp) the set of regu-

larizing pairs JHreqg(up, JB,Sp) is of second category in TV x H.
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Proof. The notations used here are the same as the one introduced in
Section 4.2.1. Following the guideline given in the preceding section, we show
that

Fsp : ME,(P,JF) — M5, (B, JE), 122,

defines a submersion between separated C"~! Banach submanifolds of
Bllg’p(ﬁp, Jp) and B}B’p(ﬁg, Jg). By the discussion in Section 4.2.1, we already

know that M5 (B, Jg) is a Banach manifold. We will then proceed as fol-
lows:

(I) we show that M**(P, Bp,Jp) is a Banach manifold and that the
restriction of the natural map,

Pi=Tsp X1t leﬁp(ﬁPajlg) - ng(ﬁijé)v (’LL, JP) = (W(u)aJB)7

to this product moduli space is a smooth submersion onto the moduli
space M*(B, B, Jg)-
(II) Assuming evg, is transversal to A, we show that 7s,, is a submersion.
(III) We show that for every labeled forest Sp with [-tails, the restric-
tion of devp to kerdlls, is transversal to the subspace TAg|;pe.
This implies that evg is transversal to Ag for any labeled forest
Sp since evg, is transversal to Ag, for every labeled forest. Hence,

/\7?; (P, Jp) is a Banach manifold.

The rest of the proof is verbatim the same as in the non-fibered situation
and we omit it.

Proof of (I). First, by a standard argument ([8] Lemme 2.3.2, which is a
simple adaptation of Proposition 3.2.1 in [17] to the fibered case) involving
the use of both the connection induced by 7 and the L-C connection on
TB, the sets E5"(Bp) and EL"(Bp) are locally trivial C"~! Banach fibra-
tions over Bllp’p (Bp, Jp) and B]lg’p (BB, J4), which can be locally trivialized
compatibly with p. Let sp and sp be the corresponding Cauchy-Riemann

sections. The linearization Dch,JB) of sp at (up, Jp) is given by (4.2), while

the linearization 5@ Jp) Of sp at (u, Jp) is given by:

_ 17
D(spy - €D Xph, © 10T — D Ep,, (Ip)
veV veV

1 ,
(57 va K f) = Du€ + §(Yd7r(u)]0)h
1 v v g 0,1
+ §Y (du)’.jo + Xtlau)-
Let p be the fibration map corresponding to the projection p:

p:EM(Bp) — EE"(BB), (n,Jp)— (dn(n), Jp).
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By definition, posp = spop. Furthermore, from Lemma 3.2 and since X]?élu)

and Y".(du)".jo are vertically valued, we deduce that:

NP _ B
&0 Diy,yp) = Di(u), i) © -

The maps dp and dp being both surjective, the pair (p,p) defines a submer-
sion of Fredholm systems, and we end up having the exact sequence:

0— ker D — ker D¥ — ker D? — coker DV — coker D¥ — coker DP — 0,

where D? denotes the vertical operator associated to DF.

To prove the claim, we show that the pair (p,p) defines a splitting when
we restrict sp to /W**(P, Bp,Jp) and sp to M*(B,BB,JJQ). It is enough
to prove this when the tree structure of Sp is preserved under S, . Let
Vo denote the subset of V' on which (% vanishes, and denote by V, its
complement in V. Since DB is onto for every (up,Jp) € Mv*(B,/BB, Jg), it
suffices to show that the vertical operator DY is surjective at every points of
M**(P, Bp, Jp). Note that DY is closed and suppose it is not dense. Then,
by Hahn—Banach we would have a non-zero element:

11
{mo}vev € @ LU (S2 wiTPY)), ~+ - =1,
veV P q

such that each 7, is of class WP, is in the cokernel of Dy, , and verifies:

0:/52 >

veVy

1 v v o 0,1
<2Y (duv) '=70+Xf(duv)’nv>

1 v v 4
+ Z <2Y (duy) .30,771,> dvolgz.

veV)

Next, we show that we can find YV and f such that all the components in
the sum must be strictly positive unless all the n, are identically zero. Let
Z(uy) denote the set of non-injective points of w, and consider the subset

in S2:

X(uy)i=Zu)U |  w'ws(SHU | uy (w(S?).

v eV v'#v v'eVp,v'#v

Since we consider simple maps, the complement of this set is open dense in
S?. Let x, be a point of the complement of X (u,). Then, there is a neigh-
borhood V of z,, which is embedded via u, into a neighborhood U, of u(x,)
in P and which does not intersect the image of any other u,,. Now assume
v € V. From transitivity of the action of Hamiltonian diffeomorphisms on
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the manifold, we can find a function f € Ty'H = H supported in U, such

that:
/S 2 <XJ(3(1 ) nv>dv0152 > 0.

When v’s in Vj, we can also find an element Y € T; 7" supported in U,

and such that
1
/ <Y”.(duv)”.jo,77,;> dvolg2 > 0.
52 \2

The neighborhoods U, can be chosen small enough so that they are pairwise
non-intersecting. Set Y|, =0 for v € V} and f|, =0 for v € Vy. Then
Y and f are well- defined on the whole manifold P which implies that all
the n,’s are vanishing. This ends the proof of the first claim.

Proof of (II). Assume evg is transversal to Ag when Sp is any labeled
forest. Furthermore, suppose that the graph structure of Sp is preserved
under Sy, . This is enough since we can always place ourselves in this situa-
tion by adding marked points in the fiber components so that they are all
equipped with at least three special points. This procedure does not alter
the transversality for evp as the latter does not depend on the infinitesimal
movement of the marked points. Let Sf; be the stable stratum data resulting
from adding the marked points and consider the map

For” : Mg, (P, Jp) — ME, (P, Jp)

that forgets the k£ added marked points together with stabilizing the resulting
map. Define For? in a similar way. Then:

For® o TSp = TSp O For”.

Clearly For? is a submersion. It is not hard to see that For? is also a
submersion. Moreover, using an adaptation to the fibered case of Lemma
3.4.7 in [17], one can show that 7s, is also submersion [8].

Proof of (III). The proof proceeds by induction on the number of edges of
the labeled forests Sp. When the forest has no edge the assertion is vacuous.
Suppose it is true for forests with at most N edges and suppose Sp is a forest
with N 41 edges. Pick any edge given by the pair (Y., Yu'v), cut it out and
replace it by the two new marked points ¥,,» and y,/,. This procedure gives
a new forest S, with two more tails, which satisfies the induction hypothesis
and such that the sets I(Sp) and I(S}) coincide. Let E’ denote the set of

edges of Sp. Then evpy is transversal to Agr so that Nf; (P, Jp) is a Banach
P
manifold. Consider the evaluation

EVyy! : MZ‘Z(P7 j;;) — P X P, (U7Yax7 JP) = (uv(yvv’)auv’(yv’v))-

We prove that ev,, is transversal to the diagonal Ap C P x P. Assume
that = preserves the tree structure of S (if not we can add marked points).
Let 61)5}, be the analog of ev,,, but in the case of the base B. It is known
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that ev?, is transversal to Ap C B x B at every point of M;ﬂ (SID)(B’ JIE)
([17], Proposition 6.2.8). Furthermore,

eva/ o %333 = (T X ) 0 eVyyr,
Since both m x 7w and 7 are submersions it suffices to check that:
Vau e M}Z(P, Jp),  coker devyy (U)o, gz (@) = O-

By the symmetry arising from quotienting TF @ TF by TAr, it suffices to
show that the restriction of dev,, () to V' surjects onto Ty, F x {0}.
But:

W = {({&}.0,0.0.Y". ) € TME; (P.Jp) &, € W'P(;TP"), Yo e V.
Hence, by definition of ey, :

devvv’(a)({fv}v 0,0,0, va f) = (&1 (yvv’)u fv’ (yv’v))'
Now let (v,0) € Ty, (y,
i.e., is not constant. Then choose any &, € X Ilg’z’vv such that & (yy) = v.
Adapting Lemma 3.4.7 in [17] to the present situation, we can find Y
or f supported in a small enough neighborhood in P (such that it does
not intersect the image of any other component) and a vector field ( €
WP(u*TPV) such that: ((yy) = 0 for vEV, and (£, — ¢,0,Y",0) or (& —
¢,0,0, f) lies in ker Dy, j,). Then set

£y =0 YU #0.

If w, is ghost, then consider Vg, (v) the vertices of the largest subtree in S}
containing v € V and consisting only of ghost components. For all k € Vyp(v)
we must have £, = w. Consider now all the elements k € V\Vp(v) such that
there exists v/ € Vg (v) for which kEv" and write this set as K. All these
components have a point in commun in the image of the stable map, namely
Uy(Xy) = Uy (Yoo ). Then, for every m € K choose any &, € X}Dﬁi such that
Em(Yme) = w. Applying the argument used in the non-ghost case to all the
components indexed by K we find vertically valued vector fields {(m }mer
such that

X {0} and suppose the i component is not ghost,

C(Yme') = 0 when mEj,m € K and v’ € Vg, (v),

and such that, for all m € K, either (&, — (,0,Y",0) or (§n — ¢,0,0, f)
lies in the kernel of Dy, ,). Finally, set , = 0 for every component not
indexed by K U Vg (v). O

Remark 4.1. In the above proof it is essential that we allow the connection
to vary. In particular, such perturbations enable us to avoid horizontal Jp-
holomorphic maps, i.e., maps u such that Im(du) C Hor for which the index
of DY is negative (see [17], Remark 8.3.2.).
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4.2.3. Cobordisms. We end this section by stating the invariance of the
moduli spaces under changes of the regular structures. Let Sp be a stable
stratum data and let Sp be its projection. Given two regular structures J]g
and Jp in JTpreg(Sp), we designate by Jp(J%, Jb) the set of paths {J5}
in Jp, s € [0,1], with endpoints J% and Jp. Similarly define Jg(J%, J%)
for pairs J% and J113 in JB reg(Sp). For elements v € jp(JIOD, J},) and yp €
TIp(J%, JL) we set:

Wi (PATp}) = v" M5, (P,Jp) and W5, (B, {J3}) == 75M5, (B, Tn).

It is not hard to see that if ~ is transversal to p”7, and respectively g is
transversal to p’B, the quotient under Gs, and G, of the above pullbacks
are then oriented manifolds with boundaries and with dimensions:

dim(ME, (P, J)) +1 and  dim(ME, (B, J3)) + 1.
In such case, we say that the paths are regular and denote by
jP,reg(SPaJJODaJ]l?) and jB,reg(SBaJ%aJé)

the set of such regular paths. Note that a regular path v in Jp projects to
a regular path vg := p1(y) in Jp.

For fixed Jp € JBreg(SB) and up € /W:“SB (B, Jg), and for pairs (J, H)®
and (J, H)' in JHyeg(up, J5,Sp), let TH((J, H)?, (J, H)!) denote the set
of paths in JV x H with endpoints (J, H)" and (J, H)'. For any such path
v, set

Wi (r (up), Jp {(J, H)*}) = 7" ()" (up. Tp).

If v is transversal to the restriction of pa3 o p/P to the fiber (7)™ (up, JB),
then the quotient under G5, of the corresponding pullback is an oriented
manifold with boundary, of dimension

dim(7 ! (up) N M**(P, JD)) + 1.

In such case, we say that ~ is regular and the set of regular paths is denoted
by jHreg(qu JB; SP) (J7 H)07 (J, H)l)

Proposition 4.1. The sets Jpreg(Sp,J%, Jb), TBreg(Sp, IS, J5) and
T Hreg(up, Jp,Sp, (J, H)®, (J, H)') are of second category.
5. The product formula

In this section we establish the product formula. Before doing so, we recall
the definition of GW invariant for a semi-positive symplectic manifold
(X,w). For a detailed exposition of the following standard facts, we refer
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to [17] or [21]. Let A € Hy(X,Z), and consider the [-pointed evaluation
map:

evl)f] : ./\/lal(X,A,J) — Xt (u,z1,...,27) — (u(z1),...,u(z])).

This defines a dim(Mg (X, A, J))-pseudo-cycle of X! for every J € Jx reg C
Jx where

(5-1) jX,reg = m jX,reg(S)'

SeDa‘fl

Note that Jx reg is of second category since Dél is finite. Moreover, Jx reg
depends on w.

We recall that a d-dimensional pseudo-cycle in a manifold X is a pair
(M, f) where M is an oriented manifold of dimension d and f: M — X is a

smooth map such that the closure f(M) is compact and such that its omega-

limit ¢ is of codimension at least 2 in X. Given classes c{( ey ch € H.(X),
it is possible to represent them by pseudo-cycles (M, f1),..., (M, f;) in X,
of respective dimensions dim M; := deg(c;*). We can further assume that

these cycles are in general position and such that evff] is strongly transverse
to the product cycle

C = (M, f1) x - x (My, fr).

Then, the corresponding GW invariant is the algebraic number of isolated
points in the preimage of C under evl)’(J

X X\X,J ._ X

(e, ...,¢ )07170 = ev] ;.C,
which is set to be 0 unless:
l
on(l—1)+ 275 (0) + 21 - 6 + Zdeg(cf() =0.
i=0

This number only depends on the bordism class of the pseudo-cycles
involved. In particular, it does not depend on the regular almost complex
structure, which we will drop from the notations.

Now, let 7 : P — B be a Hamiltonian fibration with coupling form T,
and let « denote the inclusion of F' in P. Consider o € Hy(P,Z) with
op = mo # 0. Let (up,x) be an element of M{,(B,op,Jp). According
to diagram (evd) in the Introduction, the product formula is obtained by
considering the (respective) intersections of ev(,, x), eleJB, and 6leJP’ with
the product pseudo-cycles:

l l

€, 1)y =TT 1), (P, 87) = [P, 1P)

i=1 i=1
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and
l

€, 7y =TI, 1),

i=1
where, (MZ-F , fiF ), (MZB ) fZ-B ) and (MZ-P , fiP ), respectively represent torsion

free homology classes, ¢, ¢ and ¢!, verifying condition (x). In particular,

(MEP, fB) = (pt, fP), fori=1,...,m,
(MZF,fZF):(F7ZdF)7 fori:m—l—l,...,l.

Furthermore, a d-dimensional pseudo-cycle (M, f) in the fiber F' of P defines
a d-dimensional pseudo-cycle (M, £ o f) in the total space. Similarly, any
d-dimensional pseudo-cycle (M, f) in B defines a d + dim F' pseudo-cycle
(f*P, f) in P, where f stands for the bundle map associated to f. These
operations actually preserve the bordism classes. We conclude that:

(MZP,fZP):{(Mfabg(ff)), ifi=1,...,m,

(fB) P, EB), otherwise.
Regarding orientations of the product pseudo-cycles, the exact sequence,
Pyl 1
0 — dfF(Tcp) T afP (TCp) T dfB(TCp) — 0,
gives:
det df”(TCp) = det df®(TCp) ® det df*' (TCr).
Therefore, if we choose the cycles (Cp, f?) and (Cr, ff') to be positively
oriented the cycle (Cp, f¥) must also be positively oriented. Now, assume
the evaluations are pseudo-cycles and that strong transversality with the
product cycles is achieved. Then (ev?)~1(f5) is a finite set {(up a,Xa) taca
of isolated simple [-pointed Jp-holomorphic maps. For each « let Lﬁ ., denote
the embedding of F' into FLZLB (xa)" Also, in order to simplify notations set

- F._ P F
Vo = EV(yp 4,xa) fa = Llpa© I,
and write:
Ne = eva.fL, np:=evP.fB and np:=evf fr.

It follows easily from a dimensional argument that np is necessarily zero if
and only if either n, or np is necessarily zero. In the notations above the
product formula now reads:

(PF) VYa € A, np=mnqyng.

We will prove this relation, and then prove the Corollary in the last sub-
section, Before doing so, we make sure that the evaluation maps are simulta-
neously pseudo-cycles that remain in the same bordism class under change
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of regularizing almost complex structure. This will give meaning to all the
numbers in (PF).

5.1. Evaluation maps as pseudo-cycles. We begin by fixing some nota-
tions. Define Jpree C Jp and Jpreg C Jp as in (5.1). These sets are of
second category. For Jp € JB e and up € M*(B, 0B, Jp), we set

T Hreg(up, JB) == m T Hreg(up, JB,SP),
(Sp1Sn. (Sp)=S47}

where Sg)p denotes the top stable stratum data for M(B,op, Jg), i.e., the
stratum having only one vertex as a tree structure. By Theorem B’, this set
is also of second category. Furthermore, for fixed Jp we say that the class
op € Hy(B,Z) only admits irreducible effective decompositions with respect
to Jp if every stratum Mg, (B, Jp) is only made of irreducible elements.
This condition is in particular realized by primitive classes, e.g., the class
of a line in CP" or the diagonal in S? x S? with the standard product
complex structure. Let Ji(0p) denote the subset of Jp with respect to
which op admits only irreducible effective decompositions. Then Ji.(0p5) is
open in J(B,wpg). Nevertheless, nothing guarantees that it is non-empty.
In the theorem below, the restriction to Ji(op) is essential in order to
avoid simple stable maps having a reducible projection. We show that all
the evaluation maps in the above diagram are pseudo-cycles.

Theorem 5.1. Assume (xx) and that Jur(op) # 0. Then:

(i) For every Jp € Jpreq with Jg € Jirr(0B), the evaluation maps, evaB
and evl}ijp, are pseudo-cycles. Moreover, changing the reqular structure
along a reqular path induces a bordism between the relevant evaluation
maps, as long as the almost complex structure on B wvaries in a con-
nected component of Jirr(0pB).

(ii) Fiz a regular structure Jg, and let (up,x) € MSVZ(B,JB,JB) Then,
for any element in T Hyeq(up, JB), the couple (T~ (up,X), ev(y, x)) s
a pseudo-cycle that remains in the same bordism class, under change
of reqularizing pair along regular paths.

Proof. We only show the first statement, the proof of the second being sim-

ilar. Fix Jp = (Jp, J, H) € Jpreg- Hence Jp € Jp reg and therefore evaB is

a pseudo-cycle ([17], Theorem 6.6.1). By Lemma 4.3, there are only finitely

many stable stratum data Sp representing geometric limits of curves in
Sﬁ(P, o, Jp). Hence, by Gromov’s compactness

Jp

Qevﬁ - Uele,DJp (M:kSt: (P7 JP)):
Sp
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where the union is taken over all reduced stratum data. Let ﬂffd denote
the homological labeling associated to a reduction S}Bed of Sp. Let Vfd
denote the set of m-stable components in S%9 and let VF°d denote the set of
m-unstable components in S}?d. Since op only admits irreducible decompo-
sitions, only m-unstable components of Sp are contracted in the reduction

process. Therefore, there exist integers m, > 0 for all v € Vbred such that:

o= 3 B+ Y mBEi).

veyied vevged

Condition (%) further implies that c¢’(8%%(v)) > 0 for every v € Vged, and
we conclude that

dim M54 (P, Jp) < dim MG(P, 0, Jp) — 2,

red
SP

for every stratum reduction. Hence, ev!, is a pseudo-cycle. The indepen-
’ l,Jp

dence statement is shown as follows. Let J% be a regular path of fibered
almost complex structures between regular fibered structures projecting
on a path in jBJeg(J%, Jé) N Jir(op), where J%, Jé lie in the same con-
nected component of Ji(0p). Then, any Gromov limit of a sequence in
o1 (P o, {J%}) is such that its non-trivial roots are irreducible, while its
fiber components may actually be reducible. Arguing exactly as above, the
lower strata in Wg*l (P,0,{J5}) have codimension at least 2 in P. Thus,

evl{){J}fD} : Wg:;(Pa g, {J;;}) - Pl

is a pseudo-cycle inducing a bordism between ele o and ev O
P

P
LJL
Remark 5.1. Note that in this context we do not need to impose any semi-
positivity assumption on B due to the specific decomposability hypothesis
imposed on op. Note also that if opg is undecomposable, we can drop the
restriction on Jiy(0B).

5.2. Proof of Theorem A. We begin by proving that all the terms in (PF)
are well-defined. From Theorem 5.1 and since Jir(0p) # ), the evaluation
maps ele and ele generically define pseudo-cycles. Choose (generically)
the cycles (MP, fB) so that evP is strongly transverse to (Cp, fZ). Then
(ele )~Y(f®) is finite and, as already mentioned, the corresponding GW-
invariant np only depends on the bordism classes of (M2, f¥), and on the

connected components of Jir(0B) N JB reg. Thus,

(evf) " (f7) = {(up,as Xa)|ov € A},
is finite, and for every o€ A the map ev, also defines a pseudo-cycle for
generic fiber regularizing pairs. Consequently, (F, fI') is a pseudo-cycle of

F iB(xa) for every av € A. Since A is finite, we can furthermore choose the

cycles (MF, fI) such that ev, is transversal to fI” for every a € A. This,



A PRODUCT FORMULA FOR GROMOV-WITTEN INVARIANTS 291

together with the fact that ele is transversal to fZ, implies that ele is
transversal to f£'. The independence of n, and np with respect to the choice
of regularizing triple follows from Theorem 5.1.

Next, we prove (PF). Let C,, C B denote the image of up o, let P, be

the restriction of P to Cy, and let ¢, : Po, — P and L?Ca : F'— P¢, denote
the natural inclusions. Consider the subset of section classes in P,

By = {0’ € Hy(Pc,,Z)|(ta)«0" = 0}
Then,
P, P, P
(52) Ng = Z <[’Fca (Cf)7 ey LFCO‘ (ClF)>O,?,(;’
o'eBY

Indeed, let Jp, denote the restriction of Jp to Pc,, then i, naturally
induces an identification:

Za : |_| M(PCQ, JPCa 9 OJ) - f_l(uB,OH XO&))
o’'€BY

which is an orientation preserving diffeomorphism when restricted to any
stratum. Furthermore, by simplicity of up, the [ marked points are nat-
urally identified to the 2/-dimensional manifold M ;(Cq, [C4]). We obtain

the following diagram:

UU’EBg‘ M* (P, 0") —— Ug/eBg MS,I(PCM o) T Mg,l(ccw [Cal)

IS P c
ievxga J{evl Ca J{evl o
(102!

F! P, s cl

where the complex structures are omitted in order to simplify notations. By

definition, evffo‘ is the composition of ev,, with ¢, hence is a pseudo-cycle for
generic fiber regularizing parameters. Using the above diagram we conclude

that eleC“ is generically a pseudo-cycle. Then, equation (5.2) follows since
there is only one positively oriented curve in M ,(Cq,[Cs]) intersecting

transversally | points at the [-marked points (giving (pt, ... ,pt>g§* Ca] = 1).
Now, consider the sign functions ep, €p, and ¢, respectively associated
to the curves counted in np, ng and n,. We have to make sure that the
signs of the counted curves are given compatibly with 7!, i.e., that:
Vae A, e€p=¢p X €q4.

However, this is the case since for every fiber regularizing pair we have the
exact sequence:

0= Ty (7 (uBarXa)) = Tl (u)xa) Mo (P, 0)
- T(uB,avxa)MEk),l(Ba UB) — 0.



292 C. HYVRIER

Consequently:

np=3Y_ > eplialu)

a€A fucevy ' (F)}

ZZ €B(UB,as Xa) Z €Pe, xa (W) | 5

acA {ucevs ' (f)}

which, by Lemma 2.3, coincides with ny,np for any ag € A. Il

6. Gluing and fibration of moduli spaces

The aim of this section is to show that, under some circumstances, 7
defines a locally trivial differentiable orbi-fibration above the top stratum of
Mo (B,op, ), with op # 0. We start with the following simple observa-
tion. From the transversality theorem the restriction of 75, to M**(P, o, Jp)
is generically a smooth submersion onto M*(B,op,Jg) over countably
many points. It is natural to ask if there exists a fibered Jp with respect to
which the latter map is everywhere regular. For fixed Jp and J, we say that
H € H is parametric if D}, is surjective for every u € M**(P, o, Jp). From
exactness of (3.4) 7 is a smooth submersion for parametric H. As a result,
if we assume that o is an undecomposable effective class projecting onto a
non-trivial undecomposable class in B and that H is parametric, then 7s, is
a locally trivial fibration (Indeed, since o is undecomposable, M**(P, g, Jp)
is compact so that mg, is proper, as desired).

Remark 6.1. The set of parametric H’s may be empty. Consider the
(CP!, wpg)-fibration,

7 B :=P(Ocp2(—2) ® C) — (CP?, wrg).

Denote by L the homology class of a line in CP?, and let Ly € Ho(FE,7Z)
be the class such that L = m.(Lo) and Lo N [F] = [pt], where [F] stands for
the class of a fiber in E. If u is a holomorphic curve in E representing L,
the fibration «*T'E is isomorphic to the direct sum of O¢p1(2), Ocp1 (1) and
Ocpt(—2). A straightforward computation then shows that the index of the
vertical linearized operator must be —2, hence there are no parametric H.

We will make the following assumption on the fibered structure Jp
throughout this section:

Split Regularity Assumption (SR). For every stable stratum data
Sp for pseudo-holomorphic maps in P representing o, for every u €
Ms, (P, Jp):

e the operators DY and DB

w(u) OT€ surjective;
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B

e the edge evaluation maps ev® and Ung  (u) GTE transversal to the cor-

responding diagonals.

This implies that for every u € M, (P, Jp) the operator DY’ is surjective,
and ev? is transverse to the associated diagonal (see Section 3). By a stan-
dard argument the quotient spaces Ms, (P, Jp), Ms, (B, Jp), and the fiber
of Ts,, over s, (u), are smooth orbifolds. Furthermore, the commutativity
7,0 DP = Dfs (u) © T+ implies that these orbifold structures can be chosen
compatibly Witlfl Tsp. We will drop the almost complex structures from the
notations since it is understood that we made a choice here.

Under the split regularity assumption, we will prove Theorem C. Namely,

Theorem 6.1. Under hypothesis (SR), the moduli spaces Mo (P,o) and
M()J(B,O'B) are Cl-orbifolds, and the maps Tsp extend to a map

T MO,Z(P,O') - Mﬂ,l(Bvo-B)a

which restricts to a C' locally trivial fibration (of orbifolds) above each strata

Ofﬂ(],l(B, O'B).

The main idea of the proof is to construct gluing maps compatibly with
the projections 7s,. We explain this. In general, a gluing map will refer to a
map Gls, with values in M (P, o) and with domain the complement Egp
of the zero-section of an orbibundle of complex vector spaces (the gluing
parameters) Ls, over Mg, (P). In the fibered context, under hypothesis
(SR), we will construct gluing maps Gls, : L5, — Mo (P, o) and Gls, :
L5, — My, (B, op) such that:

T o GZSP = GZSB o a,

where s, : Ls, — Ls, is an appropriate orbibundle map. More pre-
cisely, let Up C Mg, (P) and Up C Mg, (B) be proper open subsets
such that Ts,(Up) = Up. For ep a positive real, let Ls, , denote the ep-
neighborhood of the zero-section in Ls,, and let Ls, ¢, v, be the restriction
of Lsy.ep to Up. Define Ls, ¢ v, similarly. We will prove the following:

Theorem 6.2. For small enough positive constants ep and €p, there are
(C1)-diffeomorphisms:
Glgp : ‘CEP,EPaUP - M()’l(P,O'), GlsB : ‘CEB,EBJJB - M()J(B, O'B)

such that:
o GlSp = GZSB o a.

The gluing maps in Theorem 6.2 will provide C'-differentiable atlases on
the moduli spaces involved, giving the desired extension 7. The fibration
structure statement then follows easily since each 7s, is a submersion (in
the topology induced by the gluing maps). This implies that when restricted
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to a given strata of Mo (B,op), the projection 7 is a proper surjective
differentiable submersion, hence we have a locally trivial fibration.

This section is divided in three parts. The first two parts deal with the
gluing procedure. The first part, Section 6.1, is expository following Chen
and Li’s work [3]. In the second part, Section 6.2, we give the proof of
Theorem 6.2. The proof is an adaptation to the fibered case, of Chen and
Li’s work, presenting no major difficulty. Finally, we prove Theorem 6.1 in
Section 6.3: namely, we show that gluing maps provide differentiable atlases
on the moduli spaces compatibly with the projections 7s,,.

6.1. Gluing in the non-fibered case: B = pt. We give the gluing pro-
cedure in Mg (X, A) with (X,w) a general symplectic manifold. This will
be our guideline when considering more general base. We start by gluing in
My ;. We follow standard approaches in the literature such as [3, 17, 20, 23],
among others.

6.1.1. Gluing for nodal curves. Let S := (V,Fl; pr, o) be a stable stra-
tum data for Mg, and let j = (X,j,x) € Mgs. For v € V, let ¥, denote
the corresponding (irreducible) component, and for f € F1, denote by z; the
corresponding special point on X,. By definition each ¥, is stable. Then, up
to isometry, there exists a unique isometric action of a Fuchsian group I" on
the hyperbolic half plane H with respect to which:

S \ {zslpr(f) = v} = H/p.

The induced metric belongs to the conformal class given by the complex
structure on X,. If D C H denotes a Dirichlet region of I', then each zy
corresponds to a vertex at infinity, and we can choose the fundamental region
D such that zy corresponds to infinity with edges x = 0 and x = 1. It is well
known that given a real b > 1, the horocycle at zy,

{z +iy € H2ry > b}/ (z — z + 1),

defines a neighborhood of zy, which can be identified to a punctured disc
D*(e!?) C C via the map z — 2™+, We have such neighborhoods for
each zy, and we denote them D}(ry), with small ry > 0. Now, Dj}(ry) is
conformally equivalent to a cylinder with negative end:

(—o0,Inr¢] x R/27Z = D;;(Tf) L (s,1) oSt
or with positive end:
[—Inry, +o00) x R/277Z = D;ﬁ(rf) L (s,8) — e

Let e s be an edge of S between the vertices v := pr(f) and v" := pr(f’).
For a complex number

(6.1) por 1= € BooF0ur = oo g e [0, 27),
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such that |pyy| < min{rg,rp}, we can glue the components ¥, and X,/ at
zr and zp as follows. Put positive (resp. negative) cylindrical coordinates
on D}(ry) (vesp. D} (rys) and identify the annuli:

[—Ruy /2 — 1, =Ry /2 + 1] x R/20Z 5 [Ry /2 — 1, Ry /2 + 1] x R/27Z,
(s,t) = (s + Ryyry t + Opyr).

This gives the patching procedure between Ay := D}(rf)\D;‘Z(e*va’) and
Apr = D7 (Tf/)\D},(e_va’). The resulting curve ¥, ,(f, f’) has a natural
complex structure and is the gluing of j at ey ;» with parameter p,,.

Note that p,,» can be naturally identified to an element of

(Cm,/ = Tyw, Ev ® Tyu,v Ev/ = C, ’UE’U/.

Denote by C; the direct sum of the C,,s over all edges in §, and by B, the
ball of radius € at the origin of C;. Then, for small enough € > 0, the gluing
gives a map:
gly: Be CC; — Moy, prjp, =2,

which coincides with the identity map when p = 0. Note that gl; is Aut(j)-
equivariant (for the linear action of Aut(j) on C;), and it follows from sta-
bility of the curve that gl; is injective. Taking the union over M of the C;
actually defines an orbibundle

ps: Ls — Ms.

Let Ls . denote the restriction to an e neighborhood of the zero section, and
let L5 be Ls with the zero section removed. Given a proper open subset
U C Mg, there exists € > 0, depending on U, such that the above gluing
map extends to a diffeomorphism:

gls : £:kS,E,U = £‘§75‘U - ﬂ[),ly (jvp) = gl.](p)

More generally, given two stable stratum data such that S < &', there
exists a subbundle Ls s of Ls with fibers identified to C/#'I=1F1 | E| being
the number of edges in &', as well as gluing maps (defined on proper open
subsets):

gls,g/ : E§73/7€ — ./\/l,s.
When S is unstable, one can still define Ls over Mg, as well as a gluing
map gls, but gls is injective and a local diffeomorphism if and only if § is
stable.

6.1.2. Gluing stable components. Let Sy := (V,Fl;pr,0) be a stable
stratum data. Here we assume that the forgetful map S := Sz, (Sx) and
Sx have the same tree structure. Then fgtx coincides with the forgetting-
the-map map:

Fx : Mg (X) = Ms, (w,j) —].
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Let Ls, denote the orbibundle F% Ls over M, (X). In local coordinates,
an element in Ls, is given by a triple (u, j, p). Consider the bundle map:

jS . .

7rpt X :ESX _>£87 (ua.]vp) — (.]Jp)
The gluing consists in constructing, compatibly with ﬁT,tSX , a J-holomorphic
map with domain gls(j, p) out of any (u, j, p). More precisely, the following
holds:

Theorem 6.3 ([3] Theorem 12.1, [17] Theorem 10.1.2, [20] Theorem
3.34). For every proper subset Ux C Mg, (X), there exists a constant,
ex > 0, and a diffeomorphism:

GZSX : ng,eX,Ux - MO,Z(X7 A)7 (uajvp) = GlSX (uajap)v
such that
(6.2) Tpt 0 Glsy = gls 0 Tpr ¥

Proof. We give a sketched proof of this theorem that serves as a guiding
principle when gluing pseudo-holomorphic curves. This is done in several
steps.

Step 1: pregluing. Here, we construct an approximatively J-holomorphic
smooth map out of (u,j, p) € L, . ForveV, let uy : ¥, — X denote the
corresponding component of u. Also, for an edge e ¢ of Sx with pr(f) =v
and pr(f’) = v/, let y, ,» denote the corresponding node on 3. Let p,,» € C*,
defined by (6.1), denote the gluing parameter associated to ¥, ,s. Further-
more, let § : R — [0, 1] denote a smooth cut-off function with uniformly
bounded derivative, |3 (r)| < 2, such that g(r) = 0if r <1 and f(r) =1
for r > 2. The pregluing of (u,j) with parameter p is the smooth map,

u, = pgl™ (u,j,p) : £, — X,
defined as follows: for each v € V, for every v/ € V such that vEv/,

Pov = Uy (Yp,0r) = Uy (Yo ,07), if z € Df(rlln/;l)\Df(Tgl/f),
1/4 _ . 1/4 1/4
up(2) = S exp,  (B(zl/ril ) expy ! un(2))),  if z.€ Dp(2r)\Ds(ri)}),

exp, (B /12 (expy L uw(p/2))), if 2 € Dy(rl\Dy(r20} /2)

and u,(z) coincides with u,(z) away from the annuli above. Here, we need
/ 4)
,U/

to assume p small enough, so that the discs Dy (4ri are sent under u, in
a normal neighborhood of p,, . Note that the mapping png is continuous

with respect to p.

Estimates from the pregluing. The following estimates are all standard and
their proofs can be found in [3] (Section 10) or in [17] (Section 10.3 and the
proof of Lemma 10.6.3). The first estimate tells that u, is approximately
J-holomorphic. The second gives a quadratic estimate ensuring existence
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and unicity of the gluing map. Finally, the third is needed to derive that the
constructed gluing map is a local diffeomorphism.

Lemma 6.1. Let p>2 an integer, and Ux a proper open subset of Ms, (X).

There is a uniform (with respect to p) constant ¢ such that for every (u, j)
Ux:

(6.3) ldupllze < X, 1Bupllze < ¥(pV?P.
Consequently, there is a uniform constant c{( such that

(6.4)  [IN2 (&) = No(&)llee < & (Iallwrr + 1€2llwrn) 161 = E2llwre,
where Nj( denotes the non-linear part in the Taylor expansion of Oy at u:
NX(€) =0jexp, & —0yu— Di¢, €€ WH(w'TX).

Finally, let ug := {(uyt, Upr) Yoo, t € [0,0) be a path in B;(’p, with

C= (GG = ) e
Let u,; denote the corresponding path of preglued curves and set (, :=
%|t:0 upt. There is a uniform constant ¢~ such that

(6.5) [IGollwro < E¥MI¢lwros 1D Gollor < 1D3CN e + X1V liC -

In particular, if uy is a path of holomorphic curves, i.e., if ¢ is in the kernel
of Dif), the first term of the right handside of the second inequality vanishes.

Step 2: Right inverses. The gluing operation will give a holomorphic map
with domain ¥, obtained by perturbing the preglued map in directions that
are transverse to the kernel of fop , i.e., lying in the image of a uniformly
bounded family fop of right inverses for DuXp . Below we sketch the proof of
the following:

Proposition 6.1 ([17], Proposition 10.5.1). Let p > 2 and Ux as before.
There exists a uniformly bounded family fop of right inverses for fop, i.e.,

there is a uniform constant ¢X such that for every (j,u) € Ux:
(6.6) 1@z, nllwrs < <linllLo-

Proof. First, one constructs an interpolation w, := {uy, : ¥y — X}ipevy
between u and u, as follows: for v € V,

: 1/4
Uy p = up(z)’ if z € E”\ U{v/|va’} Df(rm// )7
" Uy (yv,v’) = P/, otherwise.

where f is the half-edge in pr—!(v) associated to the edge between v and
v'. As as p goes to 0, the “flattened” map wu,, converges to u, in wip
norm. Thus, fov , converges to fov in the operator norm, and since Di{) is



298 C. HYVRIER

surjective then Di(v y also is. As a result, Dv)gp is surjective. Therefore, DV)SP
has right inverse Qigp, which can be chosen uniquely by requiring that its
image lies in the L?-orthogonal complement of ker Dv)gp. Moreover, Qf,v{p is
uniformly bounded. Next, we construct a quasi-right inverse RuXp for fop
out of Qigp, defined by

(6.7) Rffp : 55(7% — X)l(’zp, n—To Qgp o A(n).

We give the definitions of A and T'. For vEv’, with corresponding edge
ey ¢, recall that X,(f, f') is obtained by patching together the annuli A
and Ay. Consider the circles in ¥, corresponding to the circles

{=Ryw/2} x R/27Z = {Ryy /2} x R/27Z,

and let C be the union of all these circles. Consider the biholomorphism
(onto its image),

Tyt Xp\C — X,
defined as the identity map outside the annuli Ajf g :=A;~Ap and
given by:

wo(zf, 2p1) = z izl > [zpl,
PREf 2] Zf/7 lf |Zf/| > |Zf|
Observe that
e JWeO T, on 3,\C,
- uv(yvv’) = Uy’ (yv’v) = Pwy’y, ON C.

Now set
0,1 * 0,1 *
A LP(A; (Zp,upTX)) — LP(A7 (Z,prX)),
*\—1
n (ﬂ-p) n, on Im(ﬂ-p)a
0, otherwise.

Next, we define I'. Set &,/ = &(yp,v) and By, ,(2) == B(4log|z|/log Ty ),
where 3 is a cut-off function as before. Then I'" is an interpolation between
& and &y
Ir: Wl,p(w;TX) — Wl,p(u;TX), €= {&vev — &,
where
e JEn) + B (e Eep) —Eo), when [zp] < |2l < Jruw !,
P &y = &(z) otherwise.

It follows from the estimates (6.8) in Lemma 6.2 below that the maps are
fop RuXp is invertible for small enough gluing parameters. Consequently,

w =R (D Ry )™
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is the unique right inverse for Dfp having the same image as RuXp . U

Right inverses estimates. The first estimate below gives the invertibility of
Dfp pr . The second estimates how the right inverses pr vary along a path

in B;lp of preglued maps, which is needed to show that the gluing map is a
local diffeomorphism. For detailed proofs we refer to Proposition 10.5.1 and
Lemma 10.6.2 in [17].

Lemma 6.2. Let p > 2. The operator Rffﬂ depends smoothly on (j,u) and

there are constants CX and CX independent of p, such that:

DXRX L R < g
(6.8) | = nllee < Tog |l pllllees 1Ry, nllwe 71l o

Moreover, let {ut}icio,0) be a path of stable maps, with ¢ := %}tzo ug. Let
{upttieiow) be the corresponding path of preglued maps, with u,o = w,.
there is a uniform constant ¢~ such that

d _
(6.9) I < [l

dt

X
Up,t

t=0
Proof. We only give the proof of estimate (6.9).
Sloal, = (5 R OXRETERE S
dt [,y e = |, e ) e e o dt
On the one hand,
d
=" —
-G

since || 5 }t 0 X |l is bounded above by C/||¢||w1s for some positive con-
stant C' (see [17} Lemma 10.6.2). On the other hand,

X —
(D Rupt) L

Up,t
t=0

FS 5) A < il

tO t=0

d
X X X -1
( u R ) dt (DU,p tRup t)
(DXRX) af px Ry + DY di - px .
up dt|,_, et Yo dt|,_, e

But the norm of derivative of fop , is bounded and the estimate follows. O

Step 3: the gluing map Gls, . Let Ux be a proper open subset of Mg, (X).
For §x € R*, let By, (0) denote the dy-neighborhood around the 0-section
in E%(J). Also, let Bsy u,(0) denote the corresponding ball in €%, (J).

Then, for each (u,j, p) we can find a unique element
(6.10) FX(u,3,p) € Bsy u,(0) € LP(AT'(S?, upT X))
verifying:

(611) 5J(expup QuXp(fX(uh]ap))) =0.
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The gluing map is then defined by
(6.12) GZSX : £2X7€X7UX — Moyl(X, A),
(uvjap) = (jpaexpup uXp<fX(u7jap)))7

for some positive constant e€x given by the Implicit Function Theorem below.
Note that we directly have the commutativity (6.2). Moreover, in reality,
the gluing map is defined on local uniformizing system for Lsy e, vy, but
since Sx and § are stable, the gluing is invariant under Aut(j), hence well-
defined after quotient by the reparameterizations. Existence and unicity of
f*(u,j,p) are given by the following standard parametric version of the
implicit function theorem (Theorem 9.5 in [3], Theorem 3.5.2 in [17]).

Implicit Function Theorem. Let p > 2 and let c{( denote the positive
constant in (6.4). There is a constant €x such that, for every (u,j,p) €
LSy ex,Ux We have a uniform positive constants dx, eX and ¢, verifying:

1Bsupllr < &, 11Qu |l <3y & <Ox/4 e < (8¢ ()7,
and we have a map,
fX : ‘CSX,EX,UX - B5X (0)7

which is continuous in the p coordinate and smooth in the (u,j) coordinate,
such that fX(u,j,p) is the unique solution to (6.11). Furthermore,

15 (w,d, o)l e < 267

Proof. The constants e{( and cf are given by the estimates in Lemma 6.1,
while ¢ is given by Proposition 6.6. Consider the Fredholm fibered map:

FX o (pel™ )" TBx — E%(J),
(4,3, 0),€) = Fioyj p)(6) = @%, ()5,,1(expy, €)

where ®x is the parallel transport induced by the Hermitian connection
induced from the L-C connection VTX with respect to g;. When & = 0, this
map coincides with 9;, ju, so that

DF(};,,(0)(€) = DiX¢.

For every z := (u,j, p) € Lsy.cx.Ux, We want to find fX(z) in Ex »(J) such
that FX(QX fX(z)) = 0, in other words such that

0=F}(0)+ f*(x) + N (QX ¥ (2)),

where N;X is the non-linear term of the expansion of F:X around ¢ = 0.
Consider the family of operators

Hy,: €5 (J) = EX (), n— —F}(0) = N(Q¥n).
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We have

1Ha (e < IEF(O)]le + INZ Q2 mlze < & + et (e3)? 12,

so that H maps the ball Bj, (0) into itself whenever e + e (e )20% < dx.
This is realized when e < dx /4 and 4eff (e )26 < 1/2. Furthermore,

|Hy(m1) — He(n2) e = [IN; (@3 m) — N (QXm2) | v
< 26 (3 )?6x||Im — el
< |lm = m2llze-

Thus, H is a contraction map so that existence and uniqueness follow. One
can further show that the map H defines a contraction from Bzﬁf(O) to

itself when 4ci (c2)%e* < 1/2. This gives the estimate || fX (z)||zr < 2¢5¥.
Smoothness of f* with respect to (j,u) follows from implicit function the-
orem since DF;X is an isomorphism from QX (£5.(.J)) to E5.(J). O

Next, we prove that Gls, is a local diffeomorphism. We will in fact show
that for every fixed (j, p), the gluing map Glis, (.,j, p) is a local diffeomor-
phism. Then the statement follows since, as the gluing map gls is a local
diffeomorphism by our stability assumption, we can treat the pairs (j, p)
as actual parameters (cf [3] Section 12, [20] Section 3). Without loss of
generality we can assume that Uy is the preimage under Fx of a neighbor-
hood of jo € Ms. Fix (j,p), and let uyo be the pregluing with parameter
p of some ug in the preimage of j. Let W be an open nelghborhood of 0 in
Wl’p(SQ,u;TX) Also, let U; be the image of Ux NFy 1(j) under pgl* (.,j, p).
Decompose Gls, (., ], p) as follows:

X

1X f:
Uy “3 Uy x By (0) 2 W~ Mo, (P),
where ®(u,,n) = &, + QuXpn, where exp, ~§, = u,, and where fffo(u) =
fX(u,j, p). Also, for any path up, starting at u,,, with derivative £ at t = 0,
differentiating the equation
0= gJupt + fX(upt) + Nziit( upth(uPt))

and using the estimates proved so far, one obtains the estimate:

df
I

This ensures that for small enough gluing parameter, the differential of
the gluing map is well defined. Therefore, it suffices to check that ®
is a diffeomorphism. To prove this, we identify Wl’p(Sz,upOTX) with
ker fopo @ LP(5?,u} TX) via the map

< O]l wra.
p

¢ = ((Id— @y, Dy ), Dy £),

Upo uPO
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and then rewrite ® as

D(up,m) = (Id— Q¥ DY )&, + Q). DY, (6, + QX m)).

UPO

Then, DXCP(UMI) = Id+ Ky, where
QX
(1d- QX Dfpo>(§+ 2 n>—5 (14— Q¥ DX Q¢
K(up,n) (57 C) = QX N N
upo <£+ dg > ( upoDupo - Id)C

Hence, we deduce from Corollary 6.1 and Lemma 6.9, that for proper subset
U{ C Ui, and for 61 < dx, the operator Dxé(upm is invertible for any
(up,m) € U' x Bg, (0), and that

IDX®(, ol < 2.

(upom)|
For the injectivity of @, let N(€,,7) be the non-linear part in the expansion
of ®(u,,n) around (u,,,0). Then,

N¥X(&pym) = ((Id = Q3 D Q. n, Diy, Qi n — 1)

Upo U’PO

Assume that ®(up,, 1) = P(up,,12), for (up,,m) # (upy,n2). Then

||DX‘I)(UPO’O)(§/,1 - 5,027771 - 772)HLP = ||NX(§p1,T]2) - NX(pr,’OQ)HLp.

But, by standard arguments the right handside is bounded above by

CUIEprsm)llwre + [1(Epas m2) w12 )[[(€pr = Epasmm = 2) llwrir

for some positive constant C. Since |[(§,, —&p,, 11 —12) |lwir > 0 by assump-
tion, we have

0 < [D¥ @, 0)llze < CUI s m) lwro + [1Eparm2) i),

which is impossible for small enough (&,,,7;), ¢ = 1,2. (|

As such, the construction above still applies when the domain is not sta-
ble, but the obtained gluing maps are only defined at the level of param-
eterized maps, i.e., before quotienting by Aut(j), even though these maps
are Aut(u,j) equivariant. The reason is that so far we have parameterized
our gluing maps according to the gluing for the domains, but the gluing for
nodal surfaces is neither injective, nor a local diffeomorphism in the unstable
case. Therefore, we cannot treat the gluing parameters p as parameters. The
problem is to find a slice for the action of the group of reparameterizations
of the domain.
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6.1.3. Gluing unstable components. Let (u,j) € Ms, (X), and let v €
V' be a mp, -unstable component. Note that |v| > 2 is possible. Following
Chen-Li [3], we describe the notion of balanced component when |v| < 2.
For the commodity of the readers, we furnish the details below, as it will
be generalized to the case of general base B. Let tr =2 C C G denote the
subgroup of translations, and let m = C* C G denote the subgroup acting
on S? = CU{oo} by complex multiplication. Then, the semi direct product
G :=t x m acts on C by

(m,t) € G, (t,m)-z:=m(z—1t).

(1) Balanced maps. First assume |v| = 2. Up to the action of m, the com-
ponent v can be parameterized by CP' with special points 0 = [1 : 0] and
oo = [0 : 1]. Identify 3,\{oco} with C. The parameterization is balanced if:
(6.13) L / |du||?dvolS? = h,

2 Jiz11
where h denotes the minimal energy of a non-constant pseudo-holomorphic
map in X. Next, when |v| = 1, up to the action of G, the component v can
be parameterized by CP! such that the special point is co. Identify 3, \{co}
with C. The parameterization is balanced if (6.13) holds and if the center of
energy of u is 0:

/szu||2dv0152 =0, where z €C.

We will say that u is centered if it is the case. The m,;, -unstable component
>, with balanced parameterization is called a balanced component. Recall
that the reparameterizations of a 7, -stable component is of finite order.
Here, the reparameterizations of a balanced component is given by S'. Note
that the neighborhoods of the special points in a balanced parameterization
for 3, can be put in standard cylindrical coordinates: for oo

[0,00) x R/27Z & D*(roo) : (s,t) — €5,
while for 0
(—00,0] x R/27Z = D*(ro) : (s,t) s e*Tit.

To each unbalanced map u, : ¥, — X smoothly corresponds a unique
element ¢§((uv) € G consisting of the pair of translation and real dilation
such that: the center of energy of

(6.14) uh =y 0 (¢ (uy))

is zero; half the total energy of ug lies in the unit disc around zero. Let
./\/lg’i(X, Ay), i = 1,2, denote the sets of balanced J-holomorphic maps rep-
resenting A, with one and two marked points. The map u, +— u’ sends an
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orbit of G to an S' orbit where S! acts by rotations around the origin, hence
we have the following natural identifications:

Mo (X, A) = MY (X, A)/sl, P=1,2.

More generally, we say that (u,j) € MSX (X) is balanced if each of mp, -
unstable component v with |v| < 2 is balanced. Let /\7%}( (X) denote the
subset of all balanced stable maps, and call it moduli space of balanced
J-holomorphic maps for Sx. On va’gx (X) the action of the reparameteri-
zations reduces to the action of AutX ;:

(6.15) AutX, 2 (SHIVl % Aut(Sx).

where Vj, C V denotes the subset of 7, -unstable components v with |v| < 2.
From the discussion above we have the identification:

(6.16) Mey (X) = Mb_(X) / AutX,.

Next we define the gluing maps for balanced curves.

(2) Gluing balanced maps. Let S := S, (Sx). Set 8" := Fx(Sx), and let

Mgu denote the set of parameterized nodal curves having S* as stratum
data. Let Lsu be the corresponding fiber bundle of gluing parameters. Also,
let Ls, denote the bundle F5Ls« over Mg, (X), and let ng denote its

restriction to M%X (X). The forgetful map ﬁif induces a map:
—S ~b ~ . —S .

(6.17) Tt~ Lse = Lsy o (u,j,p) = (@ (u,§), ),
where pst leaves unchanged the gluing parameters between 7, -stable com-
ponents, forgets about all the gluing parameters of components lying in
contracted branch and sends the gluing parameters of a connecting branch
to the product of the parameters of the corresponding connecting chain.

Note that the group Autfgd acts naturally by rotations on Ef’gx. Since we
consider balanced parameterizations, p* is invariant under the reparameter-

Sx

izations of j, and Ty~ is well defined after quotient:

jS pY
T Lh = Loy / AutX, - Ls.

Now, by hypothesis (SR), for any element of ./W%X (X), the linearization
of the Cauchy—Riemann operator is surjective. It follows from Theorem 6.3
that for any proper open subset Ux of MV%X (X), that we may choose to be
Autﬁgd—invariant, there exists ex > 0 and a map

E;VZZX . LY — /(/lvgﬁl(X, A).

Sx,ex,Ux
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This map is Autfgd—equivariant, thus the gluing map is well-defined after the
quotient by the action:
Gl : L% / Auty — Moy (X, A).

Sx,ex,Ux

Note that the domain of Glf’gx (u,j, p) is gls«(j, p). Since S* is not stable,
glsu is not injective nor a local diffeomorphism and p cannot be treated as
a parameter anymore. Moreover, note that for [ > 3, this gluing map takes
value in Mo (X, A), while for [ < 3, one needs to make sure that the image
of the gluing gives a slice for the action of the automorphisms of S? with
less than three marked points.

Theorem 6.4 (Chen-Li [3], Theorems 12.2 and 12.10). Glgx is a
local C*-diffeomorphism. Furthermore,

(6.18) T 0 Gl = gls oy X

Proof. The gluing among m.-unstable components is divided into two cases:
(1) the gluing between a balanced component and a stable component; (2)
the gluing between two balanced components. Let ¥, and ¥, be the two
components to be glued at the edge ey ;. We may write

Ev = (527 Zf = 07 {mk}kzl,...,m) and Zv’ = (527 Zp = 00, {x;g}k‘:l,...,m/)'

Then (1) and (2) can be deduced from: (a) ¥, is m.-stable while ¥, is not,
m > 3 and m’ = 0; (b) both components are m,-unstable and m = m’ = 0.
Case (a). For simplicity we forget about the marked points on ;. Let V.,
denote a neighborhood of z¢, then gls« sends the neighborhood V., x C* of j
to (52, 00). Let NuO x V,, denote a neighborhood of (ug, po) in MVSX (X)xCj,

in local coordinates for ZSX. We want to define a gluing map:

Nyy X Vi,
g

By choosing a proper slice for the action of G we can construct a well-defined
gluing map, namely Glf’SX, locally given by:

Gl Nygj x Vi x Vg — Moy(X, A),

Gl — Moy(X, A).

where Ny, j stands for an S! slice in MVE’SX (X) N Fx'(j) around ug. To see
that this map is a local diffeomorphism, we compare it to a gluing map
already encountered. To do this, use the identification of m with V,; to
obtain a new map:

N,
to X {,00} — MO,Z(X, A)

Next, add two marked points on the second component, {0} and {1}, in
order to stabilize, and let Sx(2) denote the corresponding stratum data.

Gly -
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of

ug in Fy'(§) QMSX(Q) (X). Then, we use the natural identification between t
and V, in order to obtain a gluing map G1; defined on Ny, ., X {27} X {po},

Then ]VUO can be written as a product of V, : with a neighborhood N,

0,2 f

which we know is a diffeomorphism. This map is in fact C'-close to Glgx SO
that Glgx is a local diffeomorphism.

Case (b). We may assume that zy = 0 and zp = oo in the balanced
parameterizations. This time X, = (52, 0) and X,/ = (52, c0). Furthermore,
Aut(E) = Ql X (]2 = (tl X ml) X (tg X IIlQ).

Again, Aut(X) acts on Cf,, and we set Aut,,(X) to be the normal sub-
group that fixes the gluing parameters under this action. Hence, Aut,,(3)
is isomorphic to t1 x to x C}, where C} := A~%(1) and

A mi; X myp — m, (ml,mg) = mi1ma.
The complementary of C] in m; X my is denoted by C5 and is naturally
identified with C?, . The map Glf’SX comes from a map on Mg, (X) locally
given by:

Glsy : Uug X Vpy — Moo(X, A),

where U, denotes a G; X Go-invariant neighborhood of uy € M, (X), and
Vi, is a neighborhood of pg € C; . The map Glgx is obtained by choosing
an appropriate slice for the action of Aut(X) once we restrict ourselves to
balanced maps. Quotienting by the automorphism group we get a map

Uy XV,
Gls, : —=2 -1
S TG X Gy
which we would like to take values in /Wo,o (X, A)/Aut(S?). Using the iden-

tification between V,, and a neighborhood of the identity in C3 we get a
new map:

- MO,O(X7 A)7

' wo Moo(X, A)
Glox s gy X Wb = —xiss)
which is a well-defined local diffeomorphism close to Glf’gx. That this map is
indeed well-defined follows since Aut,, (X) and Aut(S?) are locally diffeo-
morphic around the identity.

Proof of (6.18). First consider a contracted branch. It is connected to a
unique m.-stable component. The subgraph is a tree with a distinguished
root that is attached to the m,-stable component. We can parameterize each
component ¥, of the branch by CP', such that the special point closest to
the root is given by co = [0 : 1]. By gluing from the farthest component to
the closest, it suffices to consider the case of only one component attached
to a root. But in that case, the glued surface j, is isomorphic to the domain
of the root component for every small enough p, so that the forgetful map
takes the corresponding glued maps to the same point.
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Now consider a connecting branch. Observe that we can treat the com-
ponents that are not in the connecting chain in the same way as the the
components of a contracted branch. Therefore we only consider the case
where the connecting branch coincides with the connecting chain. This chain
is connected to exactly two m,-stable components. The subgraph is a tree
with two distinguished components, a root and a top that are attached
to m.-stable components. We can parameterize each component ¥, of the
branch by CP!, such that the special point that is the closest to the root is
given by co = [0 : 1], and the point that is farthest is given by 0 = [1 : 0].
Let k denote the number of components of the connecting chain. By adding
one marked point, say {1}, on every component of the chain, the resulting
nodal Riemmann surface j' becomes stable. Then for every p, the gluing ¥,
is obtained from Z; by forgetting the added marked points. Note that each
such choice of point {1} fixes one gluing parameter on each component of
the chain. For p = (p1,..., pr+1), starting from the top, we can fix all gluing
parameter to a fixed small pg, except for the gluing parameter associated to
the root and the m,-stable component, which is given by p the product of
all the p;’s. Now, E; and E%t are isomorphic since they are both realized by
gluing on a cylinder of length > log|p;/|. O
6.2. Gluing for general B. It is completely parallel to the special case
B = pt treated above. We mainly point out the differences. Let Sp :=
(Vp,Flp;prp, op) be a stable stratum data for Mo (P, o), and let Sp :=

(Vp,Flp;prg, op) be its image under Sy, . Also let S denote the image of
Sp (or Sp) under the forgetful map.

6.2.1. Pregluing. Let (u,j) be a Jp-holomorphic stable map in P, repre-
senting the stratum data Sp. We show that the pregluing of (u,j) projects
under 7 to the pregluing of (7(u),j) with same gluing parameter:

Lemma 6.3. For every (u,j) stable map, and gluing parameter p:
m(up) = m(pgl” (u,§)) = pgl® (m(u),j) = 7(w),.
Proof. Assume for simplicity in the notations that |V| = 2 with elements v
and v, and let ef ¢ be the corresponding edge. Set
Euo(2) = exp, | uy(2),  Eu(2) = exp,t uy (o /2),

and let BT and (B~ respectively denote the functions [3(|z|/ rqln/)fl) and
ﬂ(r%%/]z\) From (2.1) we deduce that on %,
(), it 2 € S,\Dy(2rl0),
. 1/4 3/4
7 (pur) = (e (o)) = Tt (o)), i 2 € Dyl \Ds(ril)),
expﬁ(pm}/) (IB+7T*pm/ fv (Z
+ 87T, & (2)), otherwise.

m(up) =
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We can rewrite this last expression as follows:

XDy (B exp, (r(un(2) + 57 exprl, (s (pur/2))

(Do
so that 7(u,) coincides with the pregluing m(u),. O
Remark 6.2. The map obtained is not the pregluing of the stabilized map
T(u,j). If u is only made of m,-stable components, these two pregluings
coincide. Furthermore, u, may not necessarily lie in the restriction P| (u)
e.g if u has only one m,-stable component ug. Nevertheless, we will see that
the glued map projects to m(up).

Let p > 2 and let (j,u) € Mgp (P). Here are some estimates that follow
directly from Lemma 6.1 in the B = pt case. From (6.3) there are uniform
positive constants ¢ and ¢” such that: [dupllLe < ¢, [ldm(u),lpe < cB,
and:

1@ pup)” e < (o2, 1 sm(u)pllie < Plp]'/?P.
Moreover, by definition of gj,:
[dupllLe < lldup pllLe + ldupllLr,
hence there is a positive uniform constant ¢ such that:
(6.19) ldupllzee < ¢, NOspupllLe < lp] .
Also, from (6.4) there is a uniform positive constant ¢!’ such that:
(6:20) (1N, (&) = Ny (&2) e < e (I lwre + &2llwr2) 160 = €2l
Furthermore, from (6.5), if u; := {(uyt, wyrt) bope, t € [0,v) is a a path in

17 1 o— d

BpP, with ¢ := E}t:(]
with (, = %‘ 1o Up,t, there are uniform constants ¢P and ¢P such that
B < and
(6:21) IGollwro < IClwn, 1Dy, (Gollze < IDgCllze + 1ol [I¢llon

and

ug, and if u,; is the corresponding path of preglued

B

ImGollivin < mac e,
B B ~B
IDZ,, oy mGollie < DBy mellizo + |02l .

6.2.2. Right inverses. We give the description of right inverses for DX,
which are induced by right inverses for D}, and right inverses for Df(u). By

B

assumption, D ()

and D}, are surjective and we can therefore consider their
unique L2-orthogonal right inverses, Qf(u) and @}, with respect to g;, and
qj. Set

P _ ( fu )h 0
(6.22) QF = < L(;) Qo )
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From the matrix expression (3.2) for DY, we get
B \h
P P ._ P (Qw(u)) 0 . Id 0
Dy 0@y -—Du°< L, Q) \Luo(Q5,)'+DyoL, Id )

where L is given by (3.3). Thus QY is a right inverse, if L' : (€p)! — (Xp)?
verifies

Lyo (QZ,)" + Dyo Ly, = 0.

m(u

A natural choice for L' is L' = —QV o L o (QP)".

Remark 6.3. By definition, L, is bounded. Namely, ||L,|| < C” for some
constant C” depending on ||J||c1, ||du| L, and || R| 4.

The following is immediate.

Lemma 6.4. Let QF be a right inverse for DY and suppose Qf(u) and Q)

are as above. Then L., is uniquely determined by (6.22) and the requirement
that QL has for image the L?-orthogonal complement of ker DY . In this case,

I v B h
L= _Qu oLo (Qﬁ(u)) :
In particular if HQf(u)H < C" and ||QY|| < C?, for some positive constants
C" and C" depending on ||du||L~, then |L'|| < CPC"C®.

Remark 6.4. The L?-orthogonal complementarity condition is a commod-
ity assumption. The lemma above still holds for different choices of right
inverses as long as we ask that the image of Q¥ is given by the images of

QP and Q.

Let p>2, and let (j,u) € MVSP(P). From Assumption (SR), Lemma 6.2
and Proposition 6.1, we have uniform constants, ¢® and ¢?, and right inverses
QB . and QU for DB . and DY such that:

m(u)p Up m(u)p Up

6.23)  11Q% nllwis < Pllnlle, QL llwis < lnlles.
Similarly to Proposition 6.1 we have:

Proposition 6.2. There exists a constant c* independent of p and right
inverse QY for DY such that for (u,j) € Ms,(P):

(@B, )" 0
(6.24) = < o et
—Qy, © Lup o (Qw(u)p) y

and such that

(6.25) Qs nllwe < lln s
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Proof. The right inverses QB W, and Qgﬂ are obtained from quasi-inverses
RB  for DB

m(u)p m(u)p’

construct a quasi-inverse for D,f :

and Ry for Dy, constructed as in (6.7). From these we

R : &, =Eb @&h — Xph =Xphh e apht
(n",n") — ((Rf(mpmn '+ Ly 0" Ry n).
In fact,
(6.26) Rl :=ToQi oA.

where, w,, A and I', are defined as in the B = pt case. Note that I' and A
preserve the splitting induced by the Hamiltonian connection on T'P, hence
they have the following matrix representation

_ (A" 0 /T 0
() = (70,

It follows from the matrix form of Qgﬂ that

Ry, = ( P Qo)A : ) N ( R, 0 )
Uy v B hAh v v = R v )
: T pr( )rAR TUQY, A Lt Ry

“(Wp)

we end up with the desired expression for pr. Note that R® = dro R". We

show that R is bounded and that Dprfjﬁ is invertible for small enough
gluing parameters:

P P
DF RE 5 — | ic e, 1B lwer < &

for uniform constants cr ang C’P . But from Lemma 6.2, there are uniform
constants, CB, CB, CV and CV, such that:

B CB
HDqu qu77 nllr < W”UHM HRuB p77||W17p < THWHLP

and

Cv ) Cv
< WHUHLM |7, nllwre < 7”77HLP-

Set §p:RP 1. Suppose without loss of generality that |V| = 2, and let

= {v,v'} with edge ey s». Outside the patched annuli D¢(r /4)\Df( 3/4)
we have that {, = { = Qgpn and u, = w,, which implies that Dupfp = 1.

1Dy, Ry n —nllee <

Therefore, the desired estimate for RP is trivially realized on this part of the

curve. Then, it suffices to understand what happens on D f( " )\D 77, 1/ 2)
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P

In that region u, and w, are constant with value p,, . Hence, Dfp s Dy, )

and DY | coincide with the standard Cauchy-Riemann operator:

Uyt
Qs rtpp) 0
0 8Jw<pw/> .

Furthermore, pr must vanish since Ly, vanishes pointwise. Then, the result
follows from the estimations of R” and RV: the first estimate in (6.26)
is obtained by choosing C* > max(C?,C"?), and the second by taking
ct > max(aB ,5”). Hence, D{j’pR{j’p is invertible for small enough gluing
parameters and we set:

QL =RL (DY RE ).

Now Dprfp is of the following form:

h ph
DR:(DR 0 >

Lpprer DYRY
where
Lprge o, = Lu, Rl — D'TQY, Lu, (QF ), )"A".
Furthermore,
(DPRP)™" = < (Dth): h phy—1 0 -1 ) :
L(DPRP)fl = (DURU) LDR<D R ) (DvRv>

Since all the operators involved are lower triangular, we must have that
P ( (QFw, )" 0 )
v LI/U,‘P Zp .

We identify LZP. To simplify notations we will omit the u, subscripts and we

will set (DP)" = D". Again, Ly, vanishes in the region Df(riéfl)\Df(rg/fl),

VU
so that the image of Ly, must lie in the image of A”. Now, this latter map

is injective, therefore
L% = —R(A") ' Ly, (QF ), )"\
A simple computation then gives:
L" = L"(D"R")™" + R*Lprgry-1 = —Q"LR"(D"R")™' = —Q"L(Qp)".
O

. . 1

Finally, let {u;}c0,,) be a path in BpP, where (:= %’t:a ug. Let
{Up,t}te[o,v) be the corresponding path of preglued curves, with wu,o =: u,.
There are uniform constants ¢ and & such that:

d B P
Qw(up,t) Qup,t
0 t=0

(627) | =

< elI¢lwr

_ d
<Pl |5

t=
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6.2.3. Gluing stable components. We assume here that both S, and
Fgf preserves the tree structure of Sp. Then 7P = F P, ﬁgf = Fp and

pt =
Tsp : Msp(P) — Mg, (B),  (u,j) — (up :=7(u),j).
This induces a map between orbibundles:

E : ‘CSP = ‘7:1*3‘65 - ﬁSB = fgﬁs (uajap) = (W(U),j,p)

Let Up C Mg, (P) and Up C Mg, (B) be proper open subsets such
that 7s,(Up) = Up. To simplify the exposition, we assume that the maps
involved do not have automorphism. If not so, the gluing maps Gls, and
Gls, obtained below are actually defined on local uniformizing systems for
neighborhoods W and W¥ around the stable (holomorphic) maps (u,j)
and (7(u),j), which are compatible with the projection 7s,.

From Theorem 6.3 there exists a positive constant eg, and a diffeomor-
phism

CNSB : ‘C:kS'B,eB,UB - MO,I(B7O-B)’ (UB,j,,O) = GlSp(quja P)
Similarly to Theorem 6.3 we have:

Theorem 6.5. For small enough positive constant ep, there is a diffeomor-
phism:

GlSp : £Z§P7€P,UP - MO,I(Pv U)a (u7j7p) = GZSP (uvja P),

such that:
(6.28) 7o Glg, = Glg, oTs,.
Proof. First, recall that for (7(u),j,p) € L5, ., v,

Gl (1(u),§,p) = (pr €XPru), Qriay, (7 ((1), §,0))),
where fP is as in (6.10):

FP(m(w),J, p) € Bspmiw, (0) € LP(ASH(S?, m(u);T'B))
for a positive (uniform) constant 5 given by the Implicit Function Theorem.

From the estimates (6.19), (6.20), (6.25), Implicit Function Theorem applies
here, and there are uniform constants ep and dp, and a map

fP : £3P7€P7UP - B5P (0)
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such that
. 1 *
FP(u,j, p) € By, (0) C LP(AS (S%,u}TP))
is the unique solution to 9y, (exp,, f; (fP(u,j,p))) = 0. Then the gluing
map Gls,, is defined by

GlSp (U,j, p) = (jp’ expup pr (fp(u’jv p)))
The proof that this is a local diffeomorphism is verbatim the proof of
Theorem 6.3 using the estimates (6.21) and (6.27).
Next we show (6.28). We begin by showing that
dro ff' = fBows,.
By Lemma 6.3, 7(u,) = 7(u),. Let £ denote prfp(u,j,p). Then,

71-(expup (gP)) = €XDPr(u), dﬂ'(fp)

Since ¢F is the unique solution to 9, eXPy, (¢P) = 0, we deduce that

EJB €XPr(u), dw(ép) = 0.

Moreover,
8 = dn(¢") = dr(QL f"(u..p)) = Q%) dr (" (u,3,p)),
implying that ¢7 is in the image of Q2 | so that dr(f¥(u,j,p)) is in the

UB,p )
image of f¥ (by the implicit function theorem and choosing dp smaller than

0p). Finally,
T(Glsp (u,§, p)) = m(exp,, Qu, [ (u,], p))
= eXPW(u)p(dW(Qupr(%L )
= exXPr(u), (Qr(w, f ((1), 3, p))

= Gl ((u). ], p).
O

6.2.4. Gluing: the unstable case. Let (u,j) € Mg, (P), and let v € Vp
be a m.-unstable component. Again, |v| > 2 is possible. Generalizing the
approach in [3], we describe the notion of balanced component when |v| < 2.
(1) Balanced maps. First assume |v| = 2. In this case u, : ¥, — P can
be parameterized by CP! with special points 0 = [1 : 0] and oo = [0 : 1].
Identify ¥, \{occo} with C. If 7(u,) is non-constant, we say that u, is balanced
if it is horizontally balanced, i.e., if 7(u,) is balanced in the sense of (6.13).
On the other hand, if 7(u,) is constant, we say that wu, is balanced if it is
vertically balanced, i.e., if half the vertical energy (") of u, is contained in
the unit disc around 0.
Next, when |v| = 1, 3, can be parameterized by CP! with special point
oo = [0 : 1]. Identify 3, \{oco} with C. If m(u,) is not constant, u, is balanced
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if it is horizontally balanced, as in the |v| = 2 case, and if w, is horizontally
centered, i.e., if the center of energy of m(u,) is zero. If w(u,) is constant, we
say that wu, is balanced if it is vertically balanced as above and if vertically
centered, i.e., if the mean value for Hdu}ng 5, Is zero.

Fori=1,2, let Mvg’?(P, Oy), TESp. Mg’g(P, oy), denote the set of horizon-
tally, resp. vertically, balanced .J p—holomérphic maps with ¢ = 1 or 2 marked
point representing o,. In order to simplify notations, M871(P, o) will desig-
nate the set of (vertically and horizontally) balanced Jp-holomorphic maps
with ¢ marked point. When w0, # 0, the projection 7 naturally induces a
map:

(6.29) T M1 (Poy) = MGE(P, o) — M} (B, m0y).

As in the B = pt case, there is a natural smooth surjective map between the
moduli space of holomorphic maps to the moduli space of balanced maps,
u, — ub, where uY is given by (6.14), and it is not hard to see that

(6.30) m(up)? = m(ud) if meoy # 0.

We conclude that
Mo (P,ay) = M§,(P, av)/Sl, i=1,2,

and when 7.0 # 0, the map 7 in (6.29) descends to the (expected) map:
T Moi(P,oy) = Moi(B,moy), i=1,2.

Finally, we say that (u,j) € Mg, (P) is balanced if each of its 7.-unstable
components u, with |v| < 2 is balanced. The corresponding moduli space of
balanced Jp-holomorphic maps is denoted Mvgp (P). Similarly to (6.16), we
have a natural identification,

Mesp(P) = M, (P) [ Autl,

where Aut® ; denotes the group of reparameterizations acting on ./\7?3}) (P)

(see (6.15)). Observe that the projection ms, restricts to an Aut? , Aut?,
equivariant map

Tsp : M% (P) — M (B).
and descends to Ts, : Ms,(P) — Mg, (B) after quotienting by the repa-
rameterizations.

Remark 6.5. Let P denote the bundle (S? x S% wg + wp) over the base
B := (52, w), where wy denotes the Fubini-Study form on S2. Here, 7 rep-
resents the projection to the first factor, Jp is the product complex structure.
Consider the holomorphic section u(z) = (z,z + b). A simple computation
shows that 7(u) is balanced (the map z — az + b is balanced if and only
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if |[a| = 1 and b = 0). In addition, one sees that u(z — b) is vertically bal-
anced. Note that if we had adopted the definition for balanced maps in P
with respect to the energy density Hdu||§ . the mapping (6.29) would not
necessarily exist. Indeed, the map u(z — b/2) is balanced in this sense, but
projects to z — b/2 which is not balanced.

Finally, had we defined a balanced map in P as being both horizontally
and vertically balanced, the compatibility (6.30) may not be realized. For
example, consider the maps u(z) = (z,az), for a € RT, with a # 1. Then
the center of energy of u is 0, so that it is horizontally balanced. However,
the map is not vertically balanced, and if A" denotes the energy of the
projection m(u), then the energy of w in the unit disc around 0 is given by

A+ (1 — ﬁ), which gives 7 if and only if a = 1.

(2) Gluing of balanced maps and compatibility. Let S} and S* respectively
denote the projections of Sp under 7, and Fp. These stratum data are not
stable here. Note that Sp and Sp have the same tree structure but the
homological data for §% are the projection of the homological data for Sp
under 7. B

Let Ls, and Ls, denote the bundles of gluing parameters over the bal-

anced moduli spaces Mvgp (P) and MV%B (B) obtained by pull-backing Lgu
under Fp and Fp, respectively. Consider the bundle map lifting 7g,:
a : ZSP - ZSBa (u7j7p) = (fSp(uaj)nOSt)’

where pst denotes the stabilization of p with respect to m, this time (see
(6.17)). This map descends to a well-defined map:

Tsp i Lsp = ESP/Autﬁ;d — Lsy = ﬁgB/Autgd.

Let Up C Mg, (P) and Up C Mg, (B) be proper open subsets such that
7Tsp(Up) = Up. From the discussion in Section 6.1.3, we have a gluing map,

Gl + Ly eprp | Authig — Moy (P,0),
and a gluing map GlgB above Up defined similarly. We prove the following
generalization of Theorem 6.4:

Theorem 6.6. The gluing maps Glgp and Glf’sB are local diffeomorphisms
such that

(6.31) ToGly, =Gl oTs,.
Proof. The diffeomorphism issue follows directly from Theorem 6.4. The
compatibility (6.31) is obtained as follows. Let Mb%(B) denote the image

of Mng(P) under 7: (u,j) — (m(u),j). Note that the parameterization of
the domain 7(u) comes from the parameterization of the domain of u, which
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is fixed up to an S'-action. Now, let LNE’S% denote the pull-back of ESu under
the forgetting-the-map map. Then, by assumption (SR), we can construct
—~b —~
a gluing map GI S with value in Mg (B, Jg), and domain a neighborhood
of the zero section in ESJ% restricted to m(Up). This map is equivariant with
respect to the balanced maps automorphisms, but since S% is not stable, it
~b
is not a local diffeomorphism nor injective. Nevertheless, Gl S still verifies
the compatibility:
~b —~b
mo GZSP = Glsg o Tr.

Again, the problem is localized in the contracted branches and the connect-
ing branches.

Contracted branch. Set (up,jB) = 7sp(u,j). As in Theorem (6.4), for
every p the glued surface j, is isomorphic to jg, i.e., to the domain of the

—~b
m.-stable component. Therefore, up and Glg,, (u, j, p) have the same domain.
Fix pp with small radius. We show that

—~b . .
Glsy (m(u),J, po) = (uB,jB)-

By definition, the pregluing of (w(u),j, po) coincides with m(u) except on
disc with radius determined by pg on which

7(w)po (2) = Rl (T ()., p0)(2) = exPryy (B(z/ ") exvrl,  (w(uo(2)) ) |
Doo being the image under w of the point of the root identified to co. Set
&= expl,_\(w(uo(2)) and By = Bz/p).

Then, Glsy (m(u),j, po) coincides with up = €XDr(u),, (1= Bpy)E)-
Connecting branch. As in Theorem (6.4), we can assume the contract-
ing branch is a connecting chain. By adding k-marked point, one for each
component of the connecting branch, 7(u) becomes stable. Let j’ denote the
conformal structure resulting from this operation. Let //\/lvg}lé (k,)(B) denote

the stabilization by adding k-marked points. We have a gluing map
Glsu k) : ZZg(k) = 7'%5]:3(3;;(@) — Mo k(B oB).

By definition of the gluing, and since the components of m(u) coming from
the connecting branch are constant, the maps

i 0 Nb 0
Glsg(k)(ﬂ(u),J/,p) and Glsg(ﬂ(u),J,p)

coincide for every p and any choice of balanced parameterization on the
domain ¥ of j (here the Aut(j)-equivariance of Glsu is needed). Note that
Jjp is obtained from j;) by forgetting the added marked points. We compare
the gluing of (7(u),j’) with that of (up,jB) := ms,(u,j). Note that (up,jp)
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is the image of (mw(u),j’) via the map that forgets the added marked points
and stabilizes. The fiber over (up,jp) corresponds to the set of all possible
reparameterizations for j', since up and 7(u) have same image. Thus, it
suffices to identify the gluings of the corresponding domains but this follows
from Theorem 6.4. Finally,

™o azSp(uuivp) = asg (W(U),j,p)
= GlS%(k:) (W(u),j’,p) = GZSB (uBaijpSt)

= Gls,, o Tsp (u,j, p).
O

From now on, we will always assume that gluing maps are obtained by
considering balanced maps, and we will drop the b indices from the notations
for the gluing maps.

6.2.5. Gluing maps between strata. One can generalize the preceding
discussions and introduce gluing maps between different stable strata. Let
Sx and S% be stable stratum data for Mg (X, A), such that Sx < S%. Let
S and &' denote their projections under Fx, and consider the bundles Ls s/
and ESX,SS( = FxLs,s. For a proper open subset Uy of Mg, (X) there
exists a positive constant ex and a diffeomorphism:

Glsxvs% : £2X7SS(,€X,UX - MS% (X)7
which coincides with the identity on the zero section. Also, from the def-
inition of ESX,SS(’ a point of Ls, is locally given by a tuple (u,]j, p1,p2)
where (u,j,p1) € Ls,, Sl and where py accounts for the remaining gluing
parameters. Therefore, Glg, Sl induces a map

ﬁsx - ES%? (uvjnOlapQ) = (GZSX,SS( (uajapl)aPQ)'

It follows that Ls, coincides with the pullbacks Gl:‘;’x 5 ﬁij. Suppose now
X

we have a third stratum data Sk such that Sy < S%. Since Gls, s/ is a

local diffeomorphism, we can define a new gluing map:
/ o —1 .k
GZSSOSS/( T GZSX,SS'( © GZSX,S;( : £S§(’$3/(’6X’Im(GlSX,S%) - MSS( (X)7

extending the identity map on the zero section. This new gluing does not
necessarily coincide with GI Sl S The equality would mean that the gluing
procedure is associative, which is a priori not true due to the numerous
choices made along the gluing construction (in particular the independence
with respect to the choice of right inverses). Nevertheless we can see that
these maps are close, in the C'™° sense, which is enough to give the moduli
spaces the structure of smooth orbifolds, as we will see in the next Section.

Now, consider the Hamiltonian Fibration case 7 : P — B. Let Sp and S}
be stable stratum data for MO,Z(P, o) such that Sp < Sp, and let Sp and
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S} be their corresponding projections via Sr,. We see that Sp < S. By
the discussion above, for Up and Up proper open subsets of Mg, (P) and
Ms;(B) such that 7s,(Up) = Up, we do have gluing maps Gls, s, and
GZSP,SQD such that:

Gl537$;3 o ﬁSp :ﬁsjp OGZ5P751D.

s, s

Suppose now we have a third stratum data S} projecting on S% and such
that S < S}. Then we also have the commutativity:

!/ = = !/
GlslB78go7T853 —WS%OGlsg;Hle/).

L: ! 1
Sh, St

6.3. Fibration of moduli spaces: proof of Theorem C. Following [3],
Section 13.2, we show below how the compactified moduli spaces can be
given the structure of a differentiable orbifolds compatibly with the 7s,. As
observed at the beginning of Section 3, this will imply Theorem 6.1.

6.3.1. Charts data and admissible gluing maps. Consider a Fredholm
system (B, €, s) with moduli space M = s71(0), modeled on maps. Assume
that the linearization L,, at g € M is surjective. Then, a standard con-
struction gives a local coordinate chart around xzg. Such a chart is given by
a triple (U, ¢, f) where:

(i) U is a submanifold of a neighborhood V;, of zero in Ty,B (which we
identify to a neighborhood V,, of z¢ in B via the exponential map);
(ii) ¢ : U x Bs — V,, is a diffeomorphism where Bs C &, is an open ball,
V,, is a neighborhood of 0 in V;
(iii) f is a smooth section f : U — Bs;
with the property that

v U v Ly

is a diffeomorphism from U onto V; N M. Here x¢ serves as a reference
point. More generally, fix zg € B, which may not belong to M, and let
Vzo C B be a neighborhood of zg.

Definition 6.1. A triple (U, ¢, V), or (U, ¢, f), verifying conditions (i), (ii)
and (iii) above, is a called chart data for M.

Remark 6.6. It immediately follows from the definition that the triples
(Up, f¥,Gls,) and (U, fB,Gls,) give charts data for both My, (P) and
M, (B). Moreover, these charts are compatible with 7.

In fact, one can construct chart data for Mg, (P) from pairs, Qp :=
(Up,QF), where Up is a smooth submanifold of B‘lg’lf, and where

QY ={Q}|u e Up}
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is a smooth Up-family of right inverses for DX’ In order to do so, we assume
the following conditions (that we actually met when constructing the gluing
maps):

Assumption 6.1.
e for every u € Up,

HduHLp <Cp and HEL]PUHLP < ep,
e forall £ € T,Up,

dspu| < epllEllwre,

[
o the family QF is Lipschitz contmuous for the constant Cp and for all
u € Up:
IRyl < Cp,
the constants Cp and ep being such that Cpep < 1, with ep small.

The chart data are then given as follows. Fix ug € Up, and let W be a
neighborhood of 0 in T, uoB}g’ﬁ- Denote by Up, the lift (around ug) of Up in
W via exp,,. Then set

¢p:Up x Ep, (Sp) — prtov (&n) — £+ QL.

From the assumptions above, there is a unique smooth map f¥ : Up — By,
around ug, such that

Dp expy, ¢r(& FF(€)) = 0.

By reducing § and the neighborhoods involved, we further have that ¢p is
diffeomorphic, hence (Up, ¢p, f) is a chart data for Mg, (P).

Remark 6.7. Regarding compatibility of the coordinate charts one needs to
be careful, as pointed out in Section 3 [20]. In fact, the C*° compatibility is
ensured if we restrict our attention to smooth stable maps, which is sufficient
to study pseudo-holomorphic stable maps (by elliptic regularity).

From the data Qp, we can furthermore define another type of gluing map.
We explam this. Suppose that (Up,¢p, f¥) is a chart data for a proper
subset Up of Ms,(P), ie. , Up is the image of the diffeomorphism: Up :
épo (1 x fF). By further reducing Up if necessary, we can find a pair

Q'p = (Up :=pgl(¥' (Up)), Q")
where @' is a family of right inverses for the elements in U}, constructed from

the original family of right inverses QF. These data provide a new gluing
map defined by the composition:

Glop : ‘CSp’ﬁP — ¥p £SP|UP — Mo (P, o).
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Following the terminology used in [3] (Definition 11.1), we say that Glg,
is admissible. Moreover, if Up C Mg, (P), we say that Glg, is of type-1,
otherwise we say that it is of type-2. In particular, the gluing map Gis,
constructed directly from Up is admissible and of type-1.

Using gluing maps we introduce a topology basis on My (P, o): an open
neighborhood of (u,j) € Mg (P,o) will be the image of some gluing map
Gls, previously constructed. Hence, a neighborhood is given by charts data
of the type (Lsp.cp.Up, Glsp). By a standard argument these charts are C°
compatible ([3] Theorem 11.2), hence they indeed define a topology basis
on HO,Z(P, 0) .

That these charts are C° compatible is proved by comparing any admis-
sible gluing map Glg, arising from a chart data Qp for a proper subset
Up C M, (P), with the type-1 gluing map Gls, on Up. Concretely one
shows that for small enough p, the map (Gls, ) 1Glg, is close to the identity
map, hence continuous. Thus, the moduli space Mg (P, o) has the structure
of an orbifold in the topology given by the gluing maps.

The differentiable (C') orbifold structure is given by the two lemmas
in the next subsection. In these two lemmas we prove more. Namely, we
construct differentiable atlases on Mo (P, o) and Mg, (B,op) compatibly
with 7.

6.3.2. Structure of orbi-bundle. Consider the fibration context. We
begin by the following observation. Let Qp := (Up,QF) projecting onto
Qp := (Up,QP) in the sense that 7s,(Up) = Up and QF is of the matrix
form (6.22). Also, suppose that both pairs satisfy the assumption (6.1),
and that they generate charts data, (Up,¢p, f) and (Ug,¢g, fB), for
some proper open subsets, Up C M, (P) and Ug C M, (B), such that
TSp ((7 p) = U B. Then, repeating the arguments in the gluing map section
we obtain that

e GlQP = GZQB OE.

This implies that the orbifold structures on the compactified moduli spaces
are defined compatibly with 7, which is continuous, open and surjective,
in the topology of the gluing maps. We now construct C' atlases on both
Mo (P,o) and Mo, (B,op) compatibly with 7. In order to do so we intro-
duce stratum-coverings.

Definition 6.2 ([3], Definition 13.2). A strata-covering of My (P, o)
consists in pairs (Up, es,,) for each stratum data Sp such that:

e Up is a proper open subset in Mg, (P),
e there exists a well-defined gluing map Gls, with domain £5P7E$P,UP,
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e letting Ws, be the image Gls, (LSP7€SP>UP)7 we have that for any two
(effective) stratum data Sp and Sp:

Wsp mWS}; £0 iff Sp<8p, or Sp=<Sp,
e the family {Ws,}0.7p yields an open covering of Mo, (P, o).
0,1

Lemma 6.5. There exists strata-coverings (Up,esp) and (Up,esy) for
MO,Z(P,U) and MO,Z(B,JB), such that WSP(UP) =Upg.

Proof. The proof is an induction on the stratum data in DP := Dy¥ B and

Dr = Dg”l‘jp. Let Sp o be the set of lowest strata in DB, For Sp in Sp,o set
Up = Mg, (B). Since Sp is minimal Up is compact and there exists €5, and
a gluing map Gls, defined on the restriction of LZ«B’esB to Up. Furthermore,
the minimal strata are isolated and for each Sp € Sp o we can choose a small
enough ep so that the resulting gluing neighborhoods never intersect. Now
let Spo0,s, be the set of lowest strata in DPHS;*I (SB), where Sp is minimal.
For any Sp € Spo,0,s; set Up = M, (P). Argumenting as above, there is
esp and Gls,, with domain L':"Spﬁsprp, such that 7 o Gls, = Glg, o Ts,.
Once again, we can choose the €s, such that Ws, N WS} = (), for any two
strata in Spp,s5-

Define inductively Sp ) as being the set of minimal strata in DB\SB,k_l,
and Spj m, as being the set of minimal strata in DP ﬂS;*l (SBE)\SPkmp—1-
Suppose that each pairs (Up,€s,) and (Up,€s,.), for Sp € Sp,, and Sp €
Spnm, With n < k —1 and m, < m; — 1, have been chosen so that the
induction holds. Set

Wsp.sy, = Glsg,st (Lsp sy es,.Us)-
Then, for S € Sp we can choose a proper open subset Up such that

{(Wsp.s,,1S8 < Sp}UUg, is a covering for Mg, (B). Furthermore, there
is € st and a gluing map

GZS/B :ﬁg/

B765/Bv

vy, = Moi(B,oB),

and we can make sure that for all S, € S, and Sp € |_|i-€:0 Sa,i, the inter-
section W% N Ws, is empty unless Sp < S (by choosing smaller €st, and
€sy if necessary).

Since the gluings commute with the projection, it suffices to fix Sp € Sp,
and to apply the arguments given for k = 0 to the elements of Spy m, sz =
SpPkmy N S;*l (SB). Set

Wsp.st, = Glsp,s,(Lsp.stes,,Up)>

where Sp, projects onto Sp. Note that W, s, also projects onto W (s,) x(st,)-
We can choose Ugy, such that {Ws, s/, |Sp < Sp}UUp, covers Mg, (P), and
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for a well-chosen €sy, we have a map Gl st whose image does not intersect

the neighborhoods obtained so far unless it comes from a stratum Sp such
that Sp < Sp. O

A strata-covering gives an atlas. If the transition functions were to be
smooth we would directly have a smooth orbifold structure on the consid-
ered moduli spaces. However, this may be hard to show and even not true in
full generality. Instead, we show as in [3], Section 13.2, that for each stratum
data there are charts Gls, such that the composition Gls, oGl;; s, is differ-
entiable for every S < Sp, which provides, not canonically, a differentiable
atlas.

Lemma 6.6. There are strata-coverings (Up,es,) and (Up, €sy,), and gluing
maps, Gls, and Gls,, compatible with Ts,, such that for every stratum data
Sp and Sp, the maps Gls, and Gls, coincide with any other gluing maps

Gls, = Gls, oGl 5, and Gl =Gls, 0 Glg, o .
where S, < Sp and S < Sp.

Proof. The proof is again by induction. Let Spx and Spj m,, as in lemma
6.5. We see that the result holds for Sp o and Spoo. Suppose it is true for
all Sgp € Sy, and Sp € Spym, such that n < k —1 and m, < my — 1.
Let Sp € Spx and set Ws,, 1= Usr 15, Wy s, Let Gl (Sp) be the gluing
map induced by S5 < Sp. Recall that this map is defined above WSIB’ Sk
We must show that

(6.32) Gls, (Sp) = Gls,(SB),
on Ws s, N Wsy s, But this latter intersection is non-empty if and only if
S < Sp. But from the induction, Gl’, (S%) = Gls,, on Wey s NUp. Thus
Gls,(Sp) = Glsy o Gls//
= Glgy o Gls,, sy, ° Glsy s1. © GZS,,

_Gls/ OGlsll S/ OGZS//S )

giving (6.32). As a result, we obtain a gluing map GlgB defined on Ws,.
Now, given a gluing map GlgB on Up, we derive a third map Gls,, which is
obtained as an interpolation between Gl . and Gl using a cut-off function.
This ends the induction for Mg (B, op).

We explain in details how to interpolate GlfsB and GlgB. By definition
Gls, (Sp) is of type-2 with domain:

Wsp sp = Glsy s (5553,53,6553,%) = Wsy, s5(€sy,)-
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For admissible Gl SL.Sp the associated chart data are given by the triple
(V= pgl(£$b733,65%), ¢, F') where:

F:VvV - MSB(B)7 (UB,p>jp) — expuB’p QEBmeB (uBajvp)‘
Consider a function

0 si[p] <0.5es,

v:L / R, v(,p)—
Fo(Sy)Fo(Se)es;, Wo= g g lp| > 0.75¢s, .

We now “glue” the domains of the chart data for Gl and Gls,(Sp), i.e.,
we glue Up and V. The new domain

V' :=1Im <expuByp (V(J',P)QEB,pfSB (up, J; P))) )

coincides with V' for |p| < 0.5¢s,, and with Us,, when [p| > 0.75¢s, . We can
make sure that the pair, (V/,{QZ |ug € V'}), satisfies hypothesis (6.1) since
V' is a uniform deformation between V and Up (v does not depend on up).
Denote by Gls,, the gluing map arising from the pair (V’, {QEB lup € V'}).
Th//en7 Gls, coinci,des with C.?lng (Sp) on VNV '=Ws s5,(0.5¢s, ), and with
Glg, on Up NV'. In particular, this map extends to Up\Ws, s, (€sz).
Regarding Mo (P, o) we proceed similarly. Fixing Sp € Sp i, and apply-
ing the same arguments as above to the elements Sp € Spj m, s, ends
the proof. O
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