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FLOER TRAJECTORIES WITH IMMERSED NODES AND
SCALE-DEPENDENT GLUING

YONG-GEUN OH AND KE ZHU

Development of pseudo-holomorphic curves and Floer homology in
symplectic topology has led to moduli spaces of pseudo-holomorphic
curves consisting of both “smooth elements” and “spiked elements”,
where the latter are combinations of J-holomorphic curves (or Floer
trajectories) and gradient flow line segments. In many cases the “spiked
elements” naturally arise under adiabatic degeneration of “smooth
elements” which gradually go through thick-thin decomposition. The
reversed process, the recovering problem of the “smooth elements” from
“spiked elements” is recently of much interest.

In this paper, we define an enhanced compactification of the mod-
uli space of Floer trajectories under Morse background using the adi-
abatic degeneration and the scale-dependent gluing techniques. The
compactification reflects the one-jet datum of the smooth Floer trajec-
tories nearby the limiting nodal Floer trajectories arising from adiabatic
degeneration of the background Morse function. This paper studies the
gluing problem when the limiting gradient trajectories has length zero
through a renomalization process. The case with limiting gradient tra-
jectories of nonzero length will be treated elsewhere.

An immediate application of our result is a complete proof of the
isomorphism property of the PSS map: a proof of this isomorphism
property was outlined by Piunikhin—-Salamon—Schwarz [PSS] in a way
somewhat different from the current proof in its details. This kind of
scale-dependent gluing techniques was initiated in [FOOO2] in rela-
tion to the metamorphosis of holomorphic polygons under Lagrangian
surgery and is expected to appear in other gluing and compactification
problem of pseudo-holomorphic curves that involves ‘adiabatic’ param-
eters or rescaling of the targets.
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1. Introduction

Development of pseudo-holomorphic curves and Floer homology in sym-
plectic geometry has led to moduli spaces consisting of both “smooth ele-
ments” and “spiked elements”, where the latter are combinations of J-
holomorphic curves (or Floer trajectories) and gradient flow segments. For
example, they appear in the generalized holomorphic building in symplec-
tic field theory [BEHWZ], in the quantum structure and cluster com-
plex for Lagrangian submanifolds [BC, CL], and even earlier in the works
[Fu2,0h1,PSS,Scl, MT]. In many cases the “spiked elements” naturally
arise from adiabatic degeneration of “smooth elements” which gradually
decompose into “thick parts” and “thin parts”.

The adiabatic degeneration and its reversal process of the type stud-
ied in this paper has appeared in [FOh, Ek, R]. The paper [SW] stud-
ied another type of adiabatic degeneration in a different context. All these
papers are, however, restricted to the case without quantum contribution,
i.e, without bubbling phenomenon. The papers [Oh5, Oh3, MT]| studied
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adiabatic degeneration with quantum contribution close to the one studied
in this paper. However, the recovering problem was only mentioned and left
as a future work in [Oh1, MT].

Part of the difficulty for the recovering problem lies in finding good local
models near the junction points where the J-holomorphic curve and gradient
flow intersect. It turns out the derivative information of the J-holomorphic
curve and the gradient flow at the junction point is needed to determine
the local model. Besides a good local model, appropriate Fredholm theory
and implicit function theorem are needed in order to glue the “spiked ele-
ments” to “smooth elements” in a controlled way to reflect the adiabatic
degeneration. It turns out that the scale-dependent gluing technique carried
out in chapter 10 [FOOO2] of [FOOO1] in relation to metamorphosis of
J-holomorphic polygon under the Lagrangian surgery, which treats a small
region near the junction point as about the same size as the original target
manifold, is needed to retain the geometric features of the local model under
the perturbation via implicit function theorem. Large part of the analysis
used in this paper is motivated by those in [FOOO2].

1.1. Adiabatic degeneration of Floer trajectories. In this paper, we
study the adiabatic degeneration of maps v : R x S1 — M satisfying the
following one-parameter (0 < € < g¢) family of Floer equations:

(1.1) (du+ Pg. (u))gg’l) =0 or equivalently d;_(u) + (PKE)S(Z’l)(u) =0,
We refer to Section 3 for detailed exposition of (1.1), the invariant form of
the Floer equation. The expression of the degenerating Hamiltonian K, :
R x S' x M — R is given by

kI () - H(t,x), for 7> R(e)
(1.2) K.(1,t,x) = § p(7) - ef (), for |7| < R(e)

ko (1) H(t,x), for 7 < —R(e)

where xkF and p. are suitable cut-off functions (see (5.34) for the precise

definition). This type of equations, for example, appears in the study of
isomorphism property of the PSS map introduced in [PSS].

Roughly speaking, the adiabatic degeneration occurs because K. restricts
to Morse function ef on longer and longer cylinder [—R(¢), R(g)] x S! in
R x S!. A basic assumption that we put on this paper is that R(e) satisfies

(1.3) limeR(e) = 0.
e—0

The general case of lim._,geR(e) = ¢ for £ > 0 will be studied in a forthcom-
ing paper [OZ2]. Under this assumption, it is proved in [Oh5, Oh3, MT]
that as ¢ — 0, a degenerating sequence of Floer trajectories converges to
a nodal Floer trajectory denoted by (u_,u4). Descriptions of nodal Floer
trajectories and immersed nodal points are now in order.
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Let Z+ be the Riemann sphere with one marked point o4 and one positive
puncture e;. Choose analytical charts at oy and at ey on some neighbor-
hoods O and E, respectively, so that conformally Oy \o; = (—oc,0] x St,
and E,\ey = [0,+00) x S*. We use t for the S coordinate and 7 for the
R coordinate. Then {—oo} x S and {+o0} x S! correspond to o4 and e,
respectively.

We consider a vector-valued one-form K, on 3 with its values in the set
ham(M,w) of Hamiltonian vector fields on (M, w), and 3 = CP'\{ey, 0, } =
C\ {0} 2 R x S1. We denote by (,t) the standard coordinate on R x S1.
With respect to this coordinates, we require K satisfy

{K+ =0, near oy

(1.4)
Ky =H,(t,z)dt, near e;

H, :S'x M — R is a Hamiltonian function independent of the variable .

Let z, : S' — M be a nondegenerate periodic orbit of H, and consider a
finite energy solution u, : 3 — M of the Floer equation (1.1) associated to
K. By the finite energy condition and since K = 0 near oy, uy extends
smoothly across o4 and can be regarded as a smooth map defined on C that
is holomorphic near the origin 0 € C.

Similarly we consider one-form K_ on ¥ and ¥ = CP!\ {o_,e_} =
C\ {0} 2R x S*. We denote by (r,t) the standard coordinate on R x S!, so
that +o0 corresponds to o_ and —oo to e_. With respect to this coordinates,
we require K satisfy

(1.5) K_=0, near o_
K_=H_(t,x)dt, near e_

Hi : S' x M — R are a pair of Hamiltonian functions independent of the
variable 7. Let z4 : S — M be a nondegenerate periodic orbit of Hy and
its lifting [z4, wy] of z4.

A nodal Floer trajectory is, by definition, the gluing u_#u4 at u_(o_) =
U4 (04 ) where ug are the solutions of the Floer equation associated to Kt
respectively. We say that a nodal point of u_#uy is immersed if uy are
immersed at o4, respectively.

One of the main results of the paper is the following enhanced compactifi-
cation theorem in Section 12 (Theorem 12.1) for gluing and its surjectivity:

Theorem 1.1. Suppose that u_,uy are immersed at the node

p=u_(0-) =uy(o4).
Let Glue(u—_,uy) be the nodal Floer trajectory formed by u_ and uy
with nodal points p = u_(o—) = u4(o4). Suppose that u, converges to
Glue(u—,u4) in level 0. Then there exists a subsequence u,, and a sequence
g; — 0 such that uy,,; converges to (u—,u4,ug) in the {e;}-controlled way.
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A more detailed description of the local model ug above is in order now.

The convergence in level 0 is the usual Gromov convergence (Definition
12.3). The convergence in e-controlled way is in Definition 12.4. Roughly
speaking, we magnify suitable small neighborhood of the center of the neck
of uy, to keep track of the degeneration in microscopic level, and in the limit
we get a proper holomorphic curve in C" with asymptotic convergence to
simple Reeb orbits v_ and v, of the standard contact form A on $?"~! in
the cylindrical end R x (§%?"~1 \) of C". Such a holomorphic curve can be
identified as a degree 2 rational curve in CP" intersecting the hyperplane at
infinity at two points z¢ and x,,. We have the following classification result
of such rational curves (Proposition 6.1):

Proposition 1.1. Fiz a hyperplane H in CP™ and two points xg, oo € H.
Then there exists a unique rational curve passing through xg, x1 and of
degree 2 modulo the action of Aut(CP™; H), which is the group of auto-
morphisms of CP™ fixing H.

We can give an explicit formula for such rational curves. (See Remark 6.1
for such formula.) We refer to Theorem 6.1 for the explanation how this
proposition can be used to provide the local model ug. (Strictly speaking the
microscopic adiabatic limit has some remnant from the background small
Morse function ef put in the middle of K. (5.34) above and is a proper
holomorphic curve perturbed by a linear vector 7V f(p), i.e., has the form
uo + 7V f(p) See Proposition 7.2.)

We call (u_,ut,up) an enhanced nodal Floer trajectory. For a given
enhanced nodal Floer trajectory, we glue a 1-parameter family of smooth
Floer trajectories and show that they are all possible nearby smooth Floer
trajectories according to the topology defined by the above enhanced con-
vergence. (See Theorem 10.1 for the precise statement.)

Equation (1.1) is nothing but a coordinate free expression of the equation
arising in the framework of the PSS map described in [PSS]. A key step
during the PSS scheme of proof of the isomorphism property is to resolve the
nodal Floer trajectory to a 1-parameter family of smooth Floer trajectories.
Unlike the smoothing trajectories obtained via the more conventional gluing
outlined in [PSS, MS] (see also [Lu]), our resolved Floer trajectories is
more closely tied to the limiting configurations arising through adiabatic
degeneration in that they are aligned in the gradient flow direction near the
node and is related to the disk-flow-disk elements.

Remark 1.1. As far as we know, the detail of a key gluing result needed
in the proof of isomorphism property of the PSS map announced in [PSS]
has not been given yet in any previous literature and our paper is the first
one that provides a full detail of the proof of isomorphism property of the
PSS map. Our proof uses a somewhat possibly “overkilled” gluing result
obtained in Theorems 12.1 and 10.1: Although we did not check it, it is
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conceivable that one might be able to write down a proof, without rescaling
target manifolds, following the more standard approach of Floer’s gluing
[F11]. However we strongly believe that to materialize such a proof one will
still need to assume that nodes are immersed as we do in the present paper.
Such a requirement has not been addressed in the proposed PSS scheme
in [PSS] or in any other existing literature related to it. We refer to the next
subsection for more discussion on the nontriviality of this gluing theorem
involved in the PSS scheme. See also Remark 5.2.

In this paper, we take the PSS framework as a test case to apply our
scale-dependent gluing scheme thereto because the PSS picture appears as
the simplest case for an adiabatic degeneration yet manifests the general
technique. Our gluing scheme can also be applied to other context such as
in the story told in [Ohl] where the adiabatic degeneration of holomor-
phic polygons under the total collapse of k Lagrangian graphs Graph df;,
i=1,...,k in a Darboux neighborhood of a given Lagrangian submanifold
L C M was outlined which involves configurations of holomorphic curves
joined by gradient trajectories of k different Morse functions in a general
symplectic manifold (M, w). In this general case there are non-constant holo-
morphic spheres or discs around unlike the case of cotangent bundle studied
in [FOh]. This is a subject of future study [OZ2].

1.2. Nodal Floer trajectories with immersed nodes. Temporarily we
denote by M. the general moduli space parameterized by € for —gg < e < gg
with some phase change at ¢ = 0. We will focus on the one that appears
in the above mentioned PSS scheme but the same story can be applied to
more general setting. In relation to the scheme of proof of the isomorphism
property of the PSS map, for example, one would like to prove a certain
parameterized moduli space

M= | ) M. — [0, 2]

—e0<e<eo

defines a piecewise smooth compact cobordism between M_., and M.,:
there occurs a ‘phase change’ at € = 0. Due to the ‘phase change’ at € = 0,
one needs to prove a bi-collar theorem of My C MP?™@ to materialize the
PSS-scheme. From —¢g to 0, one can construct the left one-sided collar by
finite dimensional differential topology (see Section 9). On the other hand,
for the right one-sided collar over [0,e], [PSS]| attempts to produce the
collar by a ‘standard gluing method’ of ‘some’ perturbed Cauchy Riemann
equation. More specifically, [PSS] attempts to produce a diffeomorphism

U Ms = MU X [0,60]

0<e<eg
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for a sufficiently small eg > 0. However the details of this gluing theorem
are given neither in [PSS, Lu] nor in the recent book [MS]. As far as the
authors understand, construction of this diffeomorphism is not as standard
as [PSS, MS] indicated.

The main result of the present paper is to construct this one-sided col-
lar, at ¢ = 0 (not at oo), by producing a one-parameter family of Floer
trajectories out of the nodal Floer trajectories (out of My) by the adia-
batic degeneration [Oh5, Oh3, MT| and a scale-dependent gluing method.
We would like to emphasize that due to the phase change at ¢ = 0 the
standard gluing theorem of parameterized moduli space over € cannot be
applied either here.

If we only consider the usual stable map convergence a € — 0, we only see
the standard nodal Floer trajectories as a degenerate limit when we ignore
bubbling-off-spheres. But to recover the nearby resolved Floer trajectories
for ¢ > 0 and construct the above mentioned one-sided collar, we need
extra one-jet data that is lost into the node during the standard stable
map convergence. For this purpose, it is essential to assume that nodal
points are immersed. For the purpose of completing the proof of isomorphism
property of the PSS map, consideration of such nodal Floer trajectories will
be sufficient.

Let [z, w4] be periodic orbits with caps of Hy, respectively. We denote by

dal
Mgtoan%i([z—v w—]v [Z+7 w—i—]; (K7 J))
the set of nodal Floer trajecotories in class B € my(z—, z4) that satisfies

fw_]#B#[w,] = 0.

Here 72 (z_, 24 ) is the set of homotopy class of maps w : [0,1] x St — M sat-
isfying w(0,t) = z_(t), w(1,t) = z4(t). Note that the gluing u_ #u canon-
ically assigns a class in ma(z_,z4). A general index theorem [SZ] says that
the virtual dimension of the moduli space M™% ([2_ w_], [z4, wi]; (K, J))
is given by

pr [z w-]) = pa ([24, wi])

where pp([z,w]) is the Conley—Zehnder index [CZ] of the periodic orbit
z with cap w associated to the Hamiltonian H. The sign conventions of
[CZ,SZ] are different from those used in the present paper one way or the
other. We refer to Appendix of [Oh4] for a discussion of the index formula
in the convention used in the present paper.

The following theorem enable us to consider only the nodal Floer trajec-
tories with immersed node for the purpose of proving isomorphism property
of the PSS map.
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Theorem 1.2. Let (K4, Jy) be a Floer datum with the asymptotic Hamil-
tonian Hy. Suppose that

it (e w_]) = par, (24, wy)) < 20— L.

Then there exists a dense subset of J, consisting of J’s such that for any
quadruple

(U_, u+,r_,r+) € M?titdr?cli([z—7w—]a [Z+,’LU+]; (Ka J))

with u_(r—) = uy(ry), r— and ry are immersed points of u— and uy respec-
tively, and
(du_(r)] # [dus(ry)]  in P(T,M)
with © = u_(r_) = uy(ry). The same holds for a one parameter family of
such (K4, Jy).
In particular, these hold when u([z—,w_]) — p([z4,w+]) =0, or —1.

1.3. Related works and organization of the content. Our gluing the-
orem involves two moduli spaces in different scales. This kind of gluing the-
orem first appeared in [FOh]| in symplectic geometry, in which Fukaya and
Oh glued holomorphic discs with boundary punctures at the intersections
of several gradient trajectories of different Morse functions after they are
shrunk with a prescribed scale depending on the degeneration parameter e.
Another scale-dependent gluing theorem has been also used in [FOOOZ2] in
relation to the Lagrangian surgery and metamorphosis of holomorphic poly-
gons. Furthermore the kind of analysis that has been used for the analysis of
proper pseudo-holomorphic curves in symplectic manifolds with cylindrical
ends [Ho,HWZ1,HWZ2,HWZ4] also plays a crucial role in our analysis.
This analysis is further complicated by the fact that we have to work out
the relevant estimates in the setting of asymptotically cylindrical ends on
incomplete manifolds, especially in the proof of surjectivity of the gluing.

Finally it would be worthwhile to mention that the analysis given in the
present paper is a first step towards a full understanding of the conjectural
picture described in [Oh1], which would require this type of scale-dependent
gluing theorem of pseudo-holomorphic curves under the background Morse
function, or twisted by the Hamiltonian flow of a Morse function. Based on
the argument of adiabatic degeneration, the senior author indicated that
‘homology’ of the quantum chain complex will be isomorphic to that of the
Floer complex, if they defined. Study of some related collapsing degener-
ations has been carried out by the senior author in [Oh5, Oh3] and by
Mundet i Rierra and Tian [MT].

We would like to mention one potential application of our gluing scheme.
In [FOOO2], scale-dependent gluing was used to compare the moduli
space of J-holomorphic triangles ending on 3 Lagrangian submanifolds
(Lo, L1,L2) and the moduli space of J-holomorphic 2-gons ending on
two Lagrangian submanifolds (Lo, L1#xL2), where Li#) Lo is obtained by
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Lagrangian surgery from L; and Ls. Similar to the Lagrangian surgery to
smooth the singular Lagrangian submanifolds L; U Ly to Li#)La, we expect
our scale-dependent gluing can be used to understand J-holomorphic curves
in singular target spaces, or its change when the target manifold undergoes
some surgery.

A Dbrief summary of each part of the paper is in order. In Part I, we
set up a new geometric framework which addresses an enhancement of the
description of standard nodal Floer trajectories. In this enhancement, it is
essential to assume that the nodes of nodal Floer trajectories are immersed
and to insert suitable local models at the nodes in one-jet level, so we prove
Theorem 1.2 (Theorem 5.1).

In Part II, we carry out a scale-dependent gluing analysis to glue two
outer pseudo-holomorphic curves and the local model in different scale
which is somewhat reminiscent of the ones in [FOh,FOOOZ2]. In this scale-
dependent analysis, the immersion property of nodal points and a proper
choice of scales of neck-stretching relative to the adiabatic parameter is
essential.

In Part III, we combine these with the standard deformation-cobordism
argument to explain how our gluing theorem can be used to give a proof of
the isomorphism property of the PSS map.

2. Review of the classical Floer’s equation

Throughout this paper, (M,w) is a compact symplectic manifold. We will
always identify S' with R/Z, which in particular has the canonical mark-
ing 0 (mod 1) € S'. Denote by S = R x S! the infinite cylinder with the
unique complex structure, denoted by j. We denote by (7,t) be the associ-
ated cylindrical coordinates such that

T+it, 7€R, teS'=R/Z

provides the standard complex coordinates on .S identified with the quotient

space S = C/iZ which lifts to the standard coordinates z = 2™("+1) on C.
Let J = J(7,t) be a two-parameter family of almost complex structures

compatible with w for (7,t) € R x S' satisfying the asymptotic condition

(2.1) J(1,t) = J(£oo,t), forT>R;y and 7<-R_
for some R4 > 0. Denote the set of all such J by J = 7, and by T the
set of such J’s independent of 7.

Next, we consider two parameter family of smooth functions on M param-
eterized by (7,t) € R x S*

H = H(r,t,x)

such that H(7,t,z) = Hi(t,z) for 7 > Ry or 7 < R™. We call H cylindrical
if H is independent of 7. For each given cylindrical H, we consider the
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Hamilton equation
&= Xu(t,z), t € S,

where Xp is the Hamiltonian vector field of H, and denote by PerH the set
of one-periodic solutions z(t), i.e., those satisfying z(0) = z(1). We note
that 2(t) can be written as z(t) = ¢k (x) for some z € M, where ¢%; is the
Hamiltonian flow for H at time ¢. Then z(t) is periodic if and only if z is a
fixed point of the time-one map gzﬁll{ of Xy.

For each given periodic orbits z4(t) at 7 = oo of Hy, respectively, the
Floer’s perturbed Cauchy Riemann equation associated to the pair (H,J)

has the form
ou ou
(2.2) 67+J<at_XH( )>_0’

u(—00,t) = z_(t), u(oo,t) = z4(t)

for a map u: R x S' — M. We call this equation Floer’s perturbed Cauchy-
Riemann equation or simply as the perturbed Cauchy-Riemann equation
(associated to the pair (H,J)). This equation may be regarded as the neg-
ative gradient flow equation of an action functional defined on the Novikov
covering space. The Floer theory largely relies on the study of the moduli
spaces of finite energy solutions u : R x S — M of the kind (14.5). The
relevant energy function is given by

Definition 2.1. For a given smooth map u : R x S' — M, we define the
energy, denoted by Eg 7)(u), of u by
2
dtdr.
Ji

Em,py(u) =5 <

Equation (14.5) has translational symmetry for the cylindrical pair (H, J)
and counting the isolated trajectories of such pair defines the Floer bound-
ary map, and counting isolated trajectories of generic (noncylindrical) pair
defines the Floer chain map. This finishes the summary of Floer’s original
setup of the Floer homology.

When one considers the product structure on the Floer homology, one
needs to consider general Riemann surfaces, Y of genus zero with punctures.
We denote by ¥ a closed Riemann surface, possibly with nonempty bound-
ary 0%, and ¥ the corresponding punctured Riemann surface with a finite
number of marked points in Int .

[

3. Invariant setup of the Floer equation

In this section, we will formulate the setup for the general Floer’s perturbed
Cauchy—Riemann equation on compact Riemann surface with a finite num-
ber of punctures. This requires a coordinate-free framework of the equation.
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3.1. Punctures with analytic coordinates. We start with the descrip-
tion of positive and negative punctures. Let 3 be a compact Riemann surface
with a marked point p € 3. Consider the corresponding punctured Riemann
surface ¥ with an analytic coordinates z : D — C on a neighborhood D C 3.
By composing z with a linear translation of C, we may assume z(p) = 0.
We know that D\ {p} is conformally isomorphic to both [0, 00) x S! and
(—00,0] x St.
(1) We say that the pair (p; (D, z)) has a incoming cylindrical end (with
analytic chart) if D = z71(D?(1)) and the chart induces the biholo-
morphism

(7,8) € (—00,0] x 8 1 7410 & D2(1)\ {0} > 271 € D\ {p}.
We call the corresponding puncture p € 3 a positive puncture.
(2) We say that the pair (p; (D, z)) has a outgoing cylindrical end (with
analytic chart) if D = z~1(D?(1)) and the chart z induces the biholo-
morphism

(1,t) € [0,00) x St — 27T+ 2 D2(1)\ {0} — 271 € D\ {p}.

In this case, we call the corresponding puncture (p; (D, z)) a negative
puncture (with analytic chart).

3.2. Hamiltonian perturbations. Now we describe the Hamiltonian per-
turbations in a coordinate free fashion. Such a description was given, for
example, by Seidel in [Se2,Se3, MS].

Let ¥ be a compact Riemann surface and ¥ denote ¥ with a finite number
of punctures and analytic coordinates. We denote by Jy,, the set of almost
complex structures that are cylindrical near the puncture with respect to

the given analytic charts z = e+27(7+i) Define J5 or Js, to be the set of
maps J : 2, ¥ — Jo,w, respectively.
We recall that the standard d-operator
_ ~ du+Joduoj
Oy :uwr— dju:= %

defines a section of the vector bundle
Q"D M) — (s, M),
where the fiber thereof at w is given by the vector space
QD) = (AP (wrT M),

where A?’l)(u*TM) is the set of anti-J-linear maps from (7%, j) — (T'M, J)
lifting w, or in other words, u*T M-valued (0, 1)-forms on ¥. Recall we have
the decomposition

O (w M) = O8O0 (wrTM) @ Q0 (T M),
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In the cylindrical coordinates (7,t), the map
0 01), « % 0o, *
pl[OF Q" TM) — QO(w* T M) = C®(u*TM)

defines a local isomorphism and the expression g—Z—I—J % in the Floer equation

is nothing but
- 0
20 — .
" (8)

We want to regard the perturbation term —JXp(u) in a similar way. It
will be the value of the (0,1)-part of some one-form Py(u) € Q' (u*TM).
Furthermore, the term involves a Hamiltonian vector field, not a general
vector field. We recall the exact sequence

0—R—C®M)— ham(M,w) — 0,

where ham(M,w) is the set of Hamiltonian vector fields on (M,w) and we
assume that M is compact and connected. This sequence canonically splits:
we have the integration map

/ :C’OO(M)—>]R;h»—>/ hdp.
M M

Therefore, this induces a natural exact sequence
0 — QY R) — QYE,C°(M)) — Q(2, ham(M,w)) — 0.
If we restrict the Hamiltonians to the mean-normalized ones, i.e., those in
the kernel of the above integral map, we have the isomorphism
QNZ, Crp (M) = Q(X, ham (M, w)).

We denote Co (M) = ker [},

Now let K € Q1(X,C°°(M)) and denote by Pk the corresponding one-
form of 2!(3, ham(M,w)). Then for each choice of & € C®(TY), K(£) gives

a function on M and so a Hamiltonian vector field Pk (§) = Xg(¢) on M. In
cylindrical coordinate (7,t), we want K to satisfy

2P ) (57 ) =~

It is easy to check that one such choice of K will be
(3.1) K(r,t)=H(t)dt
on the cylindrical ends for an arbitrary choice of H.

Definition 3.1. We call K € QY(X,C®(M)) cylindrical at the puncture
p € X with analytic chart (D, z), if it has the form

K(r,t) = H(t)dt
in D\ {p}. We denote by K, the set of such K’s.
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One important quantity associated to the one-form K is a two-form,
denoted by Rp, and defined by

(3.2) R (&1,82) = &1[K(&2)] — &K (&1)] — {K(&2), K(&1)}

for two vector fields &, &, where &;[(K(£2)] denotes directional derivative
of the function K (&2)(z,x) with respect to the vector field & as a function
on X, holding the variable x € M fixed. It follows from the expression that
R is tensorial on 2.

Remark 3.1. This quantity has the interpretation as the curvature of a
symplectic vector bundle over ¥ in the following way [Ba, Sel]. We regard
the product E = ¥ x (M, w) as a bundle of symplectic manifold whose struc-
ture group is Sympy(M,w), the identity component of Symp(M,w). Each
one-form K defines a horizontal subspace of T}, ,)E given by the subspace

DK(p,CE) = {(é’XK(f)(‘T)) | §€ szv T e M}
and so can be regarded as an Ehresmann connection of TE — Y. Then
Rk is the corresponding curvature of this connection K. Note that the
distribution D C T'FE is integrable if and only if Rx = 0 and also equivalent
to saying that locally Px can be integrated as the two-parameter family of
Hamiltonian isotopies

A (s,t) — ¢(s,t) € Hom(M,w),

where Ham(M,w) is the Hamiltonian diffeomorphism group on M. This
last statement was essentially proved by Banyaga [Ba]. Motivated by this
observation, we will call R as the curvature of the connection K.

3.3. Floer moduli spaces. Now we are ready to give the definition of the
moduli space of perturbed Cauchy—Riemann equation in a coordinate-free
form. The Hamiltonian-perturbed Cauchy—Riemann equation has the form

(3.3) (du+ PK(u))SJ’I) =0 or equivalently 0;(u) + (PK)SO’I)(u) =0

on X in general. Following Seidel [Se3], we call a pair (K, J) € Ky, x Js, a
Floer datum.

For each given such pair (K, J), it defines a perturbed Cauchy—Riemann
operator by

Biscyu = Dyu+ Pic(w) V) = (du+ Prc(u)) .

Let (p,q) be a given set of positive punctures p = {p1,...,pr} and with
negative punctures q = {qi,...,q¢} on X. For each given Floer datum (X, J)
and a collection Z' = {2, }«epuq of asymptotic periodic orbits z, attached to
the punctures * = p; or * = ¢;, we consider the perturbed Cauchy-Riemann
equation

(3.4) {a(K,J) (u) =0,

w00k, t) = 2z4(1).
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One more ingredient we need to give the definition of the Hamiltonian-
perturbed moduli space is the choice of an appropriate energy of the map u.
For this purpose, we fix a metric hy;, which is compatible with the structure
of the Riemann surface and which has the cylindrical ends with respect to
the given cylindrical coordinates near the punctures, i.e., hy, has the form

(3.5) hy = dr* + dt*

on D, \ {*}. We denote by dAs, the corresponding area element on X.
Here is the relevant energy function

Definition 3.2 (Energy). For a given asymptotically cylindrical pair
(K, J), we define

1
Bucap() = 5 [ ldu= Picw)f3 das,

where | - | j(ou(s)) is the norm of AOD(y*TM) — ¥ induced by the metrics
hy and gy == w(-, J-).

Note that this energy depends only on the conformal class of hy, i.e.,
depends only on the complex structure j of ¥ and restricts to the standard
energy for the usual Floer trajectory moduli space given by

2 2
Cx J

in the cylindrical coordinates (7,t) on the cylinder C, corresponding to
the puncture *. E j(u) can be bounded by a more topological quantity
depending only on the asymptotic orbits, or more precisely their liftings to
the universal covering space of Lo(M), where the latter is the contractible
loop space of M. As usual, we denote such a lifting of a periodic orbit z by
[z, w] where w : D? — M is a disc bounding the loop z.

We recall the definition of the standard action functional Ay : Lo(M) —
R on the Novikov covering space [HS] given by

1
Ay w]) = / whe - /0 H(t.A(1)) dt.

The following lemma can be derived by a straightforward computation. See
[Sc2,0h3, Se2] for related calculations.

J

Lemma 3.1. Assume (K, J) is asymptotically cylindrical. Let {[2zy, Ws]}xepuq
be a given collection of asymptotic periodic orbits and let u have finite energy.
Then we have the identity

k l
B9 Euea(w) = 3 Anm, (507D = 3 A, (5507 + [ RicCu,
i=1 j=1

where R € Q2(%,C®(M)) is the curvature two-form of the one-form K.
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Here, we remark that the last curvature integral converges as Ry (u) will
have compact support by the hypothesis that K is cylindrical near the ends
of 3.

We also consider the real blow-up of ¥ C ¥ at the punctures and denote
it by ¥ which is a compact Riemann surface with boundary

o= [T st

*EpUq

where S} is the exceptional circle over the point *. We note that since there
is given a preferred coordinates near the point *, each circle S} has the
canonical identification

0,:S; —R/Z=1[0,1] mod 1.

We note that for a given asymptotic orbits Z, one can define the space of
maps u : X — M which can be extended to X such that u o 0, = z(t) for
x € pUg. Each such map defines a natural homotopy class B relative to the

—

boundary. We denote the corresponding set of homotopy classes by ma(2)
When we are given the additional data of bounding discs w, for each z,
then we can form a natural homology (in fact a homotopy class), denoted

by B# (H*Epuq[w*]) € Hy(M), by ‘capping-off’ the boundary components
of B using the discs wy, respectively.

Definition 3.3. Let {[2, ws]}vepuq be given. We say B € 7(2) is admissible
if it satisfies

(3.7) B# < 11 [w*}> =0 in Hy(M,Z),

*€pUq

where
#:m2(2) x| ma(z) — Ha(M, Z)
*€pUq

is the natural gluing operation of the homotopy class from mo(2) and those
from ma(z,) for x € p Uq. Now we are ready to give the definition of the
Floer moduli spaces.

Definition 3.4. Let (K, J) be a Floer datum over ¥ with punctures p, g,
and let {[z«, ws]}repuq be the given asymptotic orbits. Let B € ma(2) be a
homotopy class admissible to {[z, ws]}«epuq- We define the moduli space

(3.8) MK, J; {20, 0s]}s)

to be the set of u : ¥ — M that satisfies (3.4) and [u]#(H wepuglws]) = 0.
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We note that the moduli space M(K, J;{[z«, w«]}«) is a finite union of
the moduli spaces

M(K, J; Z; B); B#( H [w*]> =0:.

*EpUq

It follows from the energy estimate (3.6) and Gromov compactness that
there are only finitely many elements B € my(Z) admissible to the given
collection {[zy, w.]}xepug-

4. Formulation of the PSS maps

In this section, we will give a precise formulation of the so called PSS-map
introduced in [PSS].

Let f: M — R be a back-ground Morse function on M and H = H (¢, z)
and J = J(t,x). The goal of the PSS-map is to establish an isomorphism
between the Morse homology of f and the Floer homology of (H, J).

One of the moduli spaces entering in the construction of the PSS-map is
the space of solutions of (3.4) with one puncture, which can be either positive
or negative, and with one marked point playing the role of the origin of 3.

4.1. The smooth moduli space M5, s ) (K, J; B). We consider the
triple

p:{pla'°'7ps+}) Cl:{(I1a~wq$_}7t:{Tl,---ﬂ”so}

of positive and negative punctures, with analytic charts assigned, and
marked points respectively. We assume they are all distinct points. We
denote by

Msgisiso)
the set of all such triples and by M., s ) the quotient space by the action
of automorphisms of the punctured Riemann surface with marked points.
We call a triple (t;p,q) stable if it has a finite automorphism group. The
space M .5, s_) 18 non-empty as long as sp + sy +s— > 3.
Next we define M., s (K, J; 25 B) in an obvious way,

(41) M(SO§S+,57)(K7 J; Z; B) = {(ua t§P7CI) | U, satisfies (34) [u] = B}a

where B is a given homotopy class of maps u satisfying the asymptotic
conditions at the punctures. Here 2’ = {2, }.epuq is a given set of asymptotic
periodic orbits. To avoid having continuous automorphisms, we will always
assume that the asymptotic Hamiltonian H at the puncture is not time-
independent when we consider the moduli space corresponding to

(80;8-1-78—) = (17 170) or (1707 1)
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We will not need to consider the case where r = 0, s + s = 1. This
assumption rules out the possibility of a circle symmetry for the asymptotic
solutions at infinity.

In addition, we will also assume that K and J satisfy

(4.2) K =0,
(4.3) J =Jy, near the marked point r € 3,

respectively, where Jy is a (time-independent) compatible almost complex
structure of (M,w). We assume Jj is generic.

This assumption together with the condition on the asymptotic Hamil-
tonian being nondegenerate makes such K prevent from having continuous
symmetry and so a genuinely two-dimensional family over 3. In particular,
any solution in these moduli space has automatically a finite automorphism
group which can be trivial. The following can be derived by a standard
argument.

Proposition 4.1. Let Jy be a given compatible almost complex structure
on (M,w). Suppose that all the asymptotic pairs (Hy,J.) are Floer-reqular
in that H, are mon-degenerate in the sense of Lefshetz fixed point theory,
and in that the corresponding Floer moduli space is transverse. Then there
exists a generic choice of such (K, J) € Ky, x Js, such that the moduli space
Mspisi s (K, J); 25 B) become transverse. Furthermore, the dimension of
the moduli space is given by

dimM(so;s+,s_)(K7 J; 7 B) = ZHHj([Zj7 wj]) - ZMH; ([2;7 w;])
+ 250 + n(sy —s_),
where [z.,wy| are the liftings of the asymptotic orbits with B satisfying (3.7).

From now on in the rest of the paper, we will exclusively concern % of
genus zero.

4.2. The PSS maps ® and W. In this subsection, we recall the definitions
of the two PSS maps ® and ¥ from [PSS] except that we follow different
grading conventions using the ones from [Oh2] for the various grading issues
(Figure 1). And we also use Morse cycles of —f, instead of f, to represent
the homology of M: In particular, the grading of Morse cycles is given by

Index_s)(p) = 2n — Index;(p).

The issue of grading is not essential for the proof and so can be largely
ignored. We just put this here for the consistency with the papers by the
senior author [Oh2]-[Oh4].

Let 2+ be the Riemann sphere with one marked point o and one positive
puncture e,. We identify ¥4 \ {or} = R x S' and denote by (7,t) the
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4 P
2 - ¢ & 2+
p p

Figure 1. The PSS maps ¥ and ®.

corresponding coordinates so that {+o0o} x S! correspond to e;. We note
that the coordinates (7,t) is defined modulo the the action of R x S! = C*

(1,t) — (T +a,t + ).

We consider the one form K, € Q'(2, ham(M,w)) such that in the above
mentioned coordinates K, as a one-form in Q!(3,ham(M,w)) can be
written as

(4.4) K, =0, near o4,
Ky =H,(t,z)dt, near e,

where Hy : S' x M — R is a t-dependent Hamiltonian function. By
the remark on the coordinate (7,¢) made above, the phrases “near e;” or
“near o4” put on the above definition of K does not depend on the choice
of coordinates and has well-defined meaning.

Let Lo(M) be the contractible free loop space of M and Ly(M) the
Novikov covering space Lo(M). Let zy = z.(t) (t € S*) be a nondegen-
erate periodic orbit of Hy(t,z) We denote by [z4,w4] a lifting of 2z, to
Lo(M) and denote

Per(Hy) = {[z,wi] | 1 = Xu, (24)}.

We note that IBE“(H+) is precisely the set of critical points of the action
functional Ay : Lo(M) — R. Using the bounding disc w, : D* — M, we
trivialize the symplectic bundle 2% (T'M) and get a loop in Sp(2n), which
gives rise to the Conley—Zehnder index pup, ([24,wy]) € Z.

Now we consider the moduli space

MK, Ty [z, wy i Ay) = {u: % — M | 5(K+,J+)u =0,
u(+oo,t) = 21 (1), [u#er] = A4},

where Ay € Hy(M,Z) is in the image of the Hurwitz map mo(M) — Ha
(M, 7).

For generic J; or K., the moduli space is regular and its dimension is
equal to

Index DOk, 7,y = n — pr, [z, wi]) + 2c1(A4).
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Here we follow the conventions from [Oh2] (See section 6.2 [Oh2]). Similarly
for u in the moduli space

MK J sz w ;A ) ={u:% — M| g(Kﬂ‘L)u =0,
u(—00,t) = z_(t), [W_#u] = A_},

where A_ is similar to A.
Index DO g y=n+ pa_([z—,w_]) +2c1(A").

Recall that the quantum homology QH,.(M) = H.(M) ® A, where A, is
the Novikov ring defined as

(4.5) A, = {Z rAq_A

Ael

ra € Q, such that for all A € R,

#{AEF[TA#O,w(A)>/\}<oo}.

Here I' C Hy(M) is the image of mo (M) under the Hurewicz homomorphism,
and ¢ is a formal variable. If we use the Morse homology of — f to represent
H,(M), then we can represent QH.(M) as the homology of C.(—f) ® Ay,
where C,(—f) is the chain complex of the Morse homology of — f generated
by the critical points of f. The grading of [p]g~4 is t(—p)(p) —2c1(A), where
[p] € Cix(—f), and p_z)(p) is the Morse index of f at p.

We are going to define the PSS map

®, : QHy(M) — FH,_z(M).

Following [PSS], we first define the chain level map ® : Cy(—f) ® A, —
CF.(M) by defining it on the generators [p] of C.(—f) and then linearly
extending over ring A, as

®:[p] — > H(M(p, [z, wil; A 24, wilg 4.
[24 wy]€Per(Hy)
Here, roughly speaking, the moduli space M (p,[z4,w]; A+) consists of

“spike discs” emerging from the critical point p and ending on the periodic
orbit z4 in class [u#w4] = Ay in T'. More precisely, we have the definition

M(p, [z, wi]; Ap) = {0, us) [ ug s B — M, [ug#wy] = Ay,
u(+00,t) = 24 (t), (k. 7, )u+ = 0,
X+ = VI (X+), X+ (=00) = p,x+(0) = ug(04)}.
Here we put index condition such that M(p, [z4,wi]; Ay) is a zero-
dimensional oriented manifold so we can do algebraic count “#”. The index
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condition is

(0 — (24, w] + 261(A4)) + (20 — a(p)) — 20 =0,
fe. (e, wi]) = n— (u(p) - 2e1(A4)).

Standard gluing argument shows that ¢ is a chain map (similar to the con-
tinuation map that proves Morse homology is independent on the Morse
function), so it passes to homology and we get the PSS map &, : QHy(M) —
HE, _,(M).

Next we define the inverse of ®

For any [z_,w_] € ]S\e/r(K_), define ¢ : CF,(M) — Ci(—f) ® Ay,

Uz, w] — > #M([z-,w_],p; A )p@ g -,
pECrit(—f);A_ema (M)

where M([z_,w_],p; A_) consists of “spiked-discs” emerging from the peri-
odic orbit z_ and ending on the critical point p, namely

M([zo,w_],p; A) = {(u_,x_) |u_ % — M, [5_#u_]=A_,

u(—o0,t) = z_(t), Ox_,j_yu— =0,
X- = Vf(x-), x=(+00) =p,x-(0) = u—_(0-)}.

Here we also put the index condition

pr_ ([, w-]) =n = (n-p(p) - 2c1(A)),

so M([z—,w_],p; A_) becomes a zero-dimensional (orientable) manifold.
The same continuation map argument shows ¥ is a chain map so it induce
the homomorphism VU, : HF,, (M) — QHy(M).

4.3. The PSS-scheme of proof of the isomorphism property ®.. In
this section, we sketch the argument of Piunikhin—Salamon—Schwarz towards
a proof of isomorphism property of the PSS-maps based on some picture,
which describes a deformation leading to the chain isomorphism between
the composition
Vod, id:CF*(M)— CF*(M)

and the identity map. The deformation involves the moduli spaces of three
different types in the course of deformations (see Figure 2):

(1) disk-flow-disk,

(2) nodal Floer trajectories,

(3) chain map Floer trajectories.

For the sake of following discussion, we denote the deformation param-
eter by A € [—1,1], so that the nodal configuration occurs at A = 0. As
long as A > 0 or A < 0, the deformation involves the same type of moduli
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Figure 2. The PSS scheme.

spaces and so can be applied the standard argument to construct a cor-
bodism over [—1, —g¢] or [eg, 1] for € > 0. To complete the cobordism over
the whole interval [—1, 1], one needs to connect the two cobordisms to one
over [—egp,ep]. However, there occurs “phase change” in the moduli spaces
over the interval [—eg,g9] at A = 0. Due to the “phase change” at A = 0,
one can a priori expect only a piecewise smooth corbodism and needs to
prove a bi-collar theorem of My C MP¥? to materialize the PSS-scheme.
From —&g to 0, one can construct the left one-sided collar by finite dimen-
sional differential topology (See Section 9). For the right one-sided collar
over [0, gg], we will construct the collar by the method of adiabatic degener-
ation [Oh5,0h3,MT] and scale-dependent gluing of immersed nodal Floer
trajectories developed in the present paper

This then implies the following isomorphism property as stated in [PSS].
We refer to Part III in the present paper for the details of proof of this iso-
morphism property based on this bi-collar neighborhood theorem and the

adiabatic degeneration result. This final step largely reproduces the argu-
ment used in [PSS].

Theorem 4.1. Let (f;g) be a generic Morse—Smale pair of a Morse function
f and a metric g on M and HM°"¢(f: g) the Morse homology of (f;g) and
(H,J) be a generic time-periodic Hamiltonian function H and a family of
compatible almost complex structure J = {J;} on M. Let ¥, ® be the PSS
maps given in [PSS]. Then there exists a homomorphism

hpss : CF*(H,J) — CF**Y(H,J)
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that satisfy
(4.6) Vo ® —id= 0,y 0 hpss — hpss © O ,9)-
In particular, we have ¥, o ®, = id in homology.

This shows ¥, o ®, = id. The other identity ®, o ¥, = id is much easier
to prove. Details of the proof are given in Section 15.

Remark 4.1. The adiabatic degeneration of the moduli space of solutions
of the Floer trajectory equation with a Morse function ¢f in the middle
does not produces just nodal Floer trajectories as used in the PSS-scheme
but produces the nodal Floer trajectories with some one-jet datum which
reflects the back ground Morse function f. This datum enters in our scale-
dependent gluing which is the correct reversal process of the the adiabatic
degeneration of the moduli space as € — 0.

Part I. Geometry: Floer trajectories with
immersed nodes

5. Definition of the deformation-cobordism moduli space

In this section, we will provide the precise mathematical formulation of
the moduli spaces appearing in each stage of the deformation-cobordism
described in Subsection 4.3 which was proposed by Piunikhin—Salamon—
Schwarz [PSS, MS].

5.1. Moduli space of “disk-flow-disk” configurations. This subsec-
tion is the first stage of the deformation of the parameterized moduli space
entering in the construction of the chain homotopy map between W o ® and
the identity on HF(H, J).

A “disk-flow-disk” configuration consists of two perturbed J-holomorphic
discs joined by a gradient flow line between their marked points. In this
section we will define the moduli space of such configurations.

For notation brevity, we just denote

ME(KE, J5; [z, wy), f3 Ar) = ME([za, wil, f; As),

respectively, omitting the Floer datum (K, J%), as long as it does not cause
confusion.

Given the two moduli spaces M([z—,w_]; A_) and M ([z4,w+]; A+) and
the Morse function f, let the moduli space of “disk-flow-disk” configurations
(u—, x,uy) of flow time £ to be
(5.1)

ME([Z—a w—]; J; [Z-i-v w-‘r]; A:I:) = {(U_, X U+) ‘ ut € M(Kia Ji; Za; A:l:)v

X [0,e] = M, x = Vf(x) =0, u_(0-) = x(0), uy(o4) = x(e)}-
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Then the moduli space of “disk-flow-disk” configurations is defined to be
(5.2) MPY™ ([, w_]; fi [, wi s Ax) i= | MOy w-]; f; o4, wi); As)
e>0

Note we have included the € = 0 case, which corresponds to the nodal Floer
trajectory moduli space.

We now provide the off-shell formulation of the “disk-flow-disk” moduli
spaces. We first provide the Banach manifold hosting the moduli space

ME([z—, w-]; fi 24, wi]s Ag).
We define
(5.3) BY(z  2) = {(u_,x,uy) | usx € WHP(S, M; 24),
x € WH([0,¢], M), u—(0-) = x(0), us(o+) = x(e)}
for p > 2. Then for each u = (u_, x, u4) € BE®(2_, z4), we define
P (2, zy) = LP(AODw* T M)
and form the Banach bundle

LR U R {CRE

weBI (2 z)

over BI(z_ | z,). Here the superscript “dfd” stands for “disk-flow-disk”. We
refer to [F12] for a more detailed description of the asymptotic behavior of
the elements in B¥(z_, z,) in the context of Floer moduli spaces.

For u = (u_,x,uy) € B¥(z_, z,), its tangent space T, B#I consists
of ¢ = (€_,a,&y), where & € WYP(uiTM), a € WYP(x*T M), with the
matching condition

(5.4) {—(0-) = a(0), &+(o4) = ale).
We denote the set of such & as WaP(z_, z; ).
We let
B 2= | BMeo,z) and £%(z)= ) £, zy).
€€(0,e0) e€(0,e0)

Remark 5.1. If we regard v in BY instead of Bgfd, then its tangent
space consists of & = (£_,a,&4, 1), where £ € WYP(ui,TM), a € WP
(X*TM),n € T.R = R, with the matching condition

(5.5) §-(0-) = a(0), &ilor) = ale) + uVf(x(e))

Here the p comes from the variation of the length ¢ of the domain of gradient
flows.
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Now we fix € > 0 and consider a natural section
(5.6) e B 2y) > L9 2)
such that e(u) € L(z_, 24 ) is given by
e(u) = (Ox_ g_yu—, X — VI(X), O(kcy 10 Ut ),

where the uy and x satisfy the matching condition in (5.3). The linearization
of e at u € e71(0) = M®([z—,w_]; f; [z4+,w4]; A+) induces a linear operator

(5.7) E(u) := Dye : T,BY (2 2,) = LP(2_, 2y),
where we have
TBI(_ 20) = {(€-,€0,0) | &2 € WIPATM), € (o)
= a(0), &1 (o4) = a(e)}

and the value D,e(£) =: n has the expression

_ Da _
n=m-,bny)= <Dua(K_,J_)(€—)v i vagrad(f)vDu+8(K+,J+)(§+)>
for £ = (£-,a,&4). For the simplicity of notation, we denote the tangent
space

T,BY (2, 2) C WP (u TM) x WP (x*TM) x WhP(u?, TM)

by Wi (z_, 24 ; dfd). Now we show E'(u) is Fredholm and compute its index.
Denote by 1I§ the parallel transport along the path x and A, the diagonal
subspace in T\ M X Ty M.

Proposition 5.1. The operator E(u) is a Fredholm operator and we have
(5.8) IndexE(u) = pn_([z—,w-]) — pa ([z4, w]) + 2c1(A-) + 2¢1(Ay).
for any
u=(u_,x,us) € M*([z—, w_|; f [o4, wi]; A).
Proof. We compute the kernel and the cokernel of
E(u) : WhP(2_, zy;dfd) — LP(z_, z).
By the matching condition (5.5) it is clear that

(5.9) kerB(u) = {(5,f+,a> €1 € KerDy, Diges s,

o= Vamadf(3) = 0.6 (o) = a(0), §4(0) = a(2)}.

It is easy to see

(6-(0-),6+(04)) = (doF x id) T (Ay, (oy)):
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for any (£-,&4,a) € ker E(u) noticing that a is determined by its initial
value a(e) and by the equation

Da

(5.10) -

— Vagradf(x) = 0.

Then we derive

(5.11) dimker E(u) = dim ker Dufg(Kf’Jf) 4 dim ker Du+5(K+,J+)
—2n+dimA,_,_)N Graph((IT5) ! o dg%).

Next we compute the cokernel of E(u). Let E(u)* be the adjoint operator
of E(u), such that

B(u)* : LP(z_, 24 )* — WYP(2_, 2, ; dfd)*.
Using the nondegenerate L? pairing
LP(ACY*TM) x LA TM) — R,

we identify L5 (z_,zy)* with LI(ALDy*TM). On the other hand, we can
identify W1P(z_, z,;dfd)* with the space

{6, a,64) e WHP(2_,24) | €-(0-) = a(0), &(04) = ale)}
in the direct product
W h (2, 20) = W H(u* TM) x W H(x*TM) x W4 (u* TM),

where (-)* denotes the L?-orthogonal complement. Here we have 1 < ¢ < 2
since 2 < p < o0.
We denote by

E)t: LAY TM) — W (2, 2, ; dfd)

the corresponding L2-adjoint with respect to these identifications.
Now we derive the formula for E(u)!. Recall by definition, we have

(E(u)§,n) = (& E(u)n).
Then for any given 7 := (n_,b,11) € kerET(v) C W=14(2_, z,) it satisfies

0= /0 <Za)j — Vegradf(x)a, b>

JF/2 <Du8(K,J)§—777—>+/2 (Do, 0k, .7,)6414),
- +

for all (&4,a,6_) € WaP(2_, z4: dfd), i.e., for all the triples satisfying the
matching condition

(5.12) & (0-) =a(0), &(o4) = ale).
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Integrating by parts, we have
€ Db
(5.13) 0= {a(e),b(e)) — (a(0),b(0)) +/0 <_8T — Vgradf(x)b,a>

_/2<(Du—a(K—,J—))Tna§> —/ <(Du+5(K+,J+))T77+v§>'

pIES

Here Dy, O+ j+y) is the formal adjoint of Dy, 8+ j+)) which has its
symbol of that of the Dolbeault operator 0 (near z = 0 in C) and so elliptic.
Here we note that we are using a metric on X4 = C that is standard near
the origin and cylindrical near the end.

Substituting (5.12) into this we can rewrite (5.13) into

© Db
0= /0 <_(97' — Vgradf(X)b,a> + (€1 (04),b(e)) — (€_(0-),b(0))
_ /E<(Du_a(K_,J—))T7],§> —/2+<(DU+8(K+J+))T,7+7£>'

Note a can be varied arbitrarily on the interior (0,¢) and can be matched to
any given &1 (o4) at 0, e. Therefore, considering the variation {- = & = 0,
we derive that b must satisfy

<—Db — Vgradf(x)b,a> =0
or

for all a with a(0) = 0 = a(e). Therefore, b satisfies

Db
(5.14) —— — Vegradf(x)b=0
or
on [0, ¢] first in the distribution sense and then in the classical sense by the
bootstrap regularity of the ODE (5.14) and so it is smooth.
Let

M, a(0) — a(e),

PiTy (o yM — Ty, (o)
PUiT, (o \M — Ty, (0,)M, b(0) — b(e)

be the linear maps for solutions a,b of ODE (5.10) and (5.14), respectively,
We note that P = d¢f(u—(o-)). Then for solutions a,b we have

d
dr
This in particular implies

(5.15) (Pa(0), P'b(0)) = {a(e),b(e)) = (a(0),b(0)).

(a(7),b()) = (Veradf(x)a(7),b(7)) + (a(7), =Vgrad f(x)b(7)) = 0,
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Substituting (5.14) into the above we obtain

0= —(¢_(0.),b(0)) + / (Du_Bise gy E2)

(€4 (01).bE) + / (D Bcr o)) 1 E4).

Xy
Now we can vary &4 independently and hence we have

0= —(¢ (0.),b(0)) - / (Du Bsemyy)ins ),

0= (€016 + [ ((DuTiscr o)) 1me,64)
+

and hence
(5.16) (Du_d(x-,5-))'n- = b(0)dp_ =0,

(Du+5(K+’J+))TT]+ + 5(6)5O+ =0.
Here §, denotes the Dirac-delta measure supported at the point {o} C 3.
Due to the choice of our metric on the domain C of uy, ny must have
the singularity of the type % which is the fundamental solution to dn = bd,
which lies in L? for any 1 < ¢ < 2. Therefore, we can solve the distributional
equation

(Dus Oict g+y) i =16 0o,

provided that b satisfies the Fredholm alternative:
B.tulo0) = [ F-0uuis) =0
DIEE

for all & € ker((Du, g+ s+))1)T = ker Dy, O+ y+y. Namely b € (Vi)
where
Vi = evoy (ker Doy Ot yy).
We fix such a solution denoted by n; € L9.
Then (5.16) can be written as

(Du_ 90— - = — ) =0,  (Duy O y+)) (14 + Me)) = 0
ie.,
n— + Mb(0) € ker(Dufg(K_’J_))T,
M+ — "(e) € ker(Du+5(K+,J+))Jr'

Therefore, we have the exact sequence
0 — GraphP' N (V+ x Vf) LA kerE (u)
EN ker(DU+5(K+,J+))T ® ker(Dufg(K_,J_))T —0:.
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Here the first homomorphism is the map

i(b1,b2) = (7761 s bby s _nb2)

where by, is a solution of (5.14) satisfying b, (0) = b;. Note that we have
by, (€) = by if and only if (by,by) € Graph P!. And the second map j is
given by

J=,0,m4) = (N— =+ M0y, N+ — Mb(e) )
and so ker E'f(u) has its dimension given by
(5.17) dimker(Dy, O, 7.))" + dimker(Dy_0(x_ 5 ))!

+ dim Graph PT N (Vi x V1)
= dimker(D,, (5(K+,J+))T + dimker(Dufg(K_J_))T
+dim(PT- Vi V).

Equivalently E(u) has a closed range and its coker F(u) has dimension the
same as this. Combining this dimension counting of cokerE(u) with that of
ker E(u) in (5.11), we conclude that E(u) is Fredholm and has index given by

Index E(u) = dimker E(u) — dimker E' (u)
= Index DU+5(K+7J+) + Index Dufg(KiJf) —2n
= (g (oo w4201 (AD)+ (=g (24, w4 )+ 261 (A1)
it ([ w]) = puar, (24, w4]) + 1 (A2) + e (A4).
Here we have used
dim(P - V_ + V) + dim(PT- V- V5
= dim(P - V_ 4 V) + dim((P - V_)" NV}
= dim(P - V_ + Vy) + dim(P - V_ + V) * = 2n,
for the second identity, where PTV+ = (PV_)* is due to (5.15), and
Index Dy O(rc_ j_y = (n+ pr_([z—, w-]) + 2c1(A)),
Index Dy, dxc, 7,y = (n — prr, ([24, w4]) + 2¢1(A4))
for the third identity. O

In Section 9, we will show that for given generic J*, f, there exists
some gy > 0, such that for ¢ € (0,g9], every “disk-flow-disk” curves
u € ME([z—,w_]; f;[#4,w4]; Ax) is regular, in the sense that E(u) is surjec-
tive. So M*([z—, w_]; f; [24+,w+]; A+) is a smooth manifold with dimension
equal to the index of E(u):

pr_ [z w-]) = pa, ([z4, wi]) + e (A-) +a(Ay)

for generic J&, f and small ¢.
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5.2. Nodal Floer trajectories of PSS deformation at A = 0. This
is the middle stage of the construction of the above-mentioned piecewise
smooth corbodism at which the “phase transition” of the moduli spaces
occurs as A pass through A = 0. In next subsection, we will give an enhanced
version of the corresponding moduli space entering in our construction of
the cobordism. The definition of the enhanced moduli space will involve a
picture of recently developed symplectic field theory [EGH, BEHWZ| in
the Morse-Bott setting. (See [FOOO2] also.)

Let ¥4 be two compact surfaces each with one positive puncture (resp.
one negative puncture) with analytic coordinates. Let ox € Y. a marked
point and denote by (7,t) with &7 > 0 the cylindrical chart of X4 \ {o+}
such that z = e*27(7+%) We fix periodic orbits zi+ of Hy = H. (t) and their
liftings [z4,w4], respectively. We denote

Mi(Kx, J1); (24, wa]) ={(us, 04) | ur e M((Kx, J4); [24, ws]), 0x €24},
respectively. We have the natural evaluation maps
evy t Mi((Ky, Jy); 24, we]) — M;  eve(ur) = us(ox).

The standard nodal Floer trajectories will be the elements in the fiber
product

Ml((KJra J+)§ [Z+, w+])ev+ Xev_ Ml((Kfa J*); [va w*])
= {(us,u-) [ur € M((Kx, J1); [24, wi]), us (04) = u—(0-)}.
This is the space that appears in the middle of the “chain homotopy”
between ¥ o & and the identity map on HF(H,J) proposed by Piunikhin—
Salamon—Schwarz in [PSS]. To differentiate this moduli space from the later

enhanced version of nodal Floer trajectories that we introduce when the
nodal points are immersed, we denote this moduli space by

Mg (o, w-], [z4, w4 ]; (K, ).

stand
On U+, using the given analytic coordinates z = 2™t we fix a
function
0, if|r] <1
(5.18) =0 HsL
1, if|r[>2

and let k(1) = kT (—7). We set 7 (1) = kT (7 — R(¢) + 1) and k_ (1) =
kT (—7). It is easy to see

1, f >R 1 1, f <—R(e) -1
(519) ,{2—(7_) — ) or 7 . (6) + 9 /‘f&-_ — 9 or 7 — (8) bl
0, for 7 < R(e), 0, for 7 > —R(e),

We then extend these outside the charts U+ by zero.
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We define (K., J:) to be the obvious pairs

kI (1) Kt (1,t,2), (1,t) € Uy,

kZ (1) K~ (1,t,2), (r,t) e U_,

0, e \ULUU_,
JeE Ot ), (r,t) € Us,

J;E(T,t7$) = J";(T)(t,m), (r,t) e U_,

Jo(z), 2e€X \ULUU-

K. (r,t,z) =

(5.20)

associated to /iei respectively. Here, we denote a gluing of >, and ¥_ by
Y1 #X_ (see Definition 12.1, Example 12.1 for details). We then extend
these to a constant family outside the charts U+. Thanks to the cut-off
functions (4, this extension defines a smooth family on 3. We will vary
R = R(e) depending on €, so that we are given a one-parameter family

257 (KE7 J€)
Here, we would like to emphasize that K. = 0 in the neck regions of ..

5.3. Moduli space of enhanced nodal Floer trajectories. If we
attempt to construct a smooth coordinate chart for the parameterized mod-
uli space of dimension 1 near A = 0, the resolved Floer trajectories should be
related to the “disk-flow-disk” elements. One way is to break the local con-
formal symmetry of the equation near the node by inserting a small Morse
function ef with ¢ — 0 at the node. This forces one to study adiabatic
degeneration as studied in [Oh5, Oh3, MT] and the relevant gluing prob-
lem. What distinguishes this gluing problem from the gluing problem in the
standard Gromov—Witten or in the Floer theory is that it glues two config-
urations in different scales: nodal Floer trajectory (u—_,u4) in macroscopic
level and local model ug in microscopic level. To find the correct local model,
we need to analyze the fine structure of the node in the nodal trajectories.
Description of this structure is in order.

First of all, we will need to require that the nodal points are immersed
points for both uy. We will prove that this requirement holds for a generic
choice of J. For the moment, we will assume that the nodal points are
immersed for both u4, and continue with our discussion.

Secondly, we need to enhance the moduli space of standard nodal Floer
trajectories by some local models, which are to be implanted at the inter-
section point u4(o4) = u_(o_) of uy and u_.

We first describe the space of local models. Let H be a hyperplane of
CP™. We identify (CP™, H) with

CP"=P1®C"), H=P0OaC")
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and Aut(CP", H) is the set of homothety and translations given by
v—cv+a;C" — C"
with ¢ € C* and a € C". We define
M0:2,0)(CP™, H;2) := {(u; p1,p2) | u: S — CP", u(p;) € H,p1 # pa,
degu =2, Imu ¢ H},

M (0:2,0)(CP™, H; 2) = Mg,2,0)(CP", H;2)/PSLy(C).

In terms of the cylindrical coordinates (s,0) of C*\ {0} =2 R x S?"~1, the
above moduli space can be identified with

(5.21)

M?&;O)(C”; (1,1)) =: {u X - C" |u:Y =S xR — C"is proper,

djou = 0, liI:Itl © o u(r/2m,t) = v+ (1),

T—+00

lim [ uih= 271'} .

We then define
MET (€ (1, 1)) = M5g) (C™ (1,1))/PSLy(C).

Here ) is the standard contact form on $?"~1(1) c C", v+ closed Reeb
orbits of A and (1,1) stands for the multiplicity of the closed Reeb orbits
7+, respectively, and u, : S' — C" is the loop defined by u,(t) = u(7,t). We
recall that T':= [ ~*\ for a closed Reeb orbit 7 is the same as its period.
We denote by
R1(\) = Reeb™™ (5271 )
the set of minimal Reeb orbits of period 27. Then the diagonal circle action
on C" induces a free S'-action on R1()), which makes and Ry(\) — CP*!
a principal S'-bundle. We then denote by R1()\) that of unparameterized
ones, i.e.,
Ri(A) = Ri(N)/S".
Now for the purpose of defining the correct nodal Floer trajectories we

need to consider one-jet evaluation maps on both MV%FQTO) (C™(1,1)) and

MK, J75 [z, w-]) (or My (KT, JF;[24,wy])). We now explain these
evaluation maps.

We now fix a local chart I = {I, : U, — V,} be a given Darboux family.
(See Subsection 8.1 for the definition.) Using I we can identify (T,M, J,, wp)
with C" equipped with the standard Kéhler structure. Then we can define
the evaluation maps

(5.22) vy Migs0)(C% (1, 1) — Ry(N) :
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By the immersed property of u+ at o4, the limit

Y+ (t) == lim u,(7,1)
TEo0

defines an element Ry (S? (T, M), \p) = Ri(X). Then the map é?)ﬁi descends
to the map

ev} o+ M(ngT,o)(Cn; (1,1)) = Ri(A); evﬁi(u) = [v4]

for uy € M(K *, JF; [24, w4]). Since we will not change the Darboux family
I, we often omit the sub-index I as long as there occurs no confusion.
To get rid of the domain automorphism, we consider the moduli space

(523) M) (€ (L) = {(u(ex,7) |u: 5 — C")
and
M3 0)(C (1,1)) = M50, (€5 (1, 1))/ ~

where e are punctures on ¥ and r is a marked point in the interior, ~ is
the equivalence relation under the action of PSL(2,C). After modding out
by PSL(2,C), we can identify MSF;FO (C™; (1,1)) with the more concrete
space

{u |u:Rx St —C" d5u=0, [ lirﬂ? uT()} € Rl(/\)}
via the unique conformal identification
:(2,r) =R xS!

such that ¢(es) = £oo and ¢(r) = (0,0).
We denote the corresponding moduli space also by

MIFT(R x S',C™ Ry (V) 2 M) (C75 (1, 1)),
We have the evaluation maps
eVl s ML) (€5 (1,1) = Ra(N)
by
eviFT( )= { lim UT:| € Ri(N).

T——00

Similarly, we define evSFT M(SngO (C™(1,1)) — R1(N).

Lemma 5.1. The above definition of evSFT pushes down to the quotient
moduli space

MEET (€™ (1,1)) /Aut(C").



516 Y.-G. OH AND K. ZHU

Proof. We need to prove

eviFT( ) = eviFT(g ou)

for all (g: v+ cv+a) € Aut(C™). For the identity for eviFT, we note that
the action induced by the elements of Aut(C™) does not change the asymp-
totic limit lim, 4.0 u, as an unparameterized Reeb orbit. This finishes the
proof. O

Now we are ready to give the definition of “enhanced” moduli space of
nodal Floer trajectories appearing in the PSS picture.

Let I = {1, : U, — V,} be the given Darboux family. (See Subsection 8.1
for the definition.) This family provides an isomorphism between T,M
and C™ at any p € M. We now consider the evaluation maps

Ml( J: 7[z+,w+])—>721()\),
eo? | My(KS, T3 2, w4]) — Ra(M)
as before for u € My (KZ, JZ; [z*,w*]). We further note that My (K=, J&;

[24,wy]) have decomposition

Ml(K;7J:a [Z+,UJ+]) = U Ml(K;ﬂ]EJrv [’Z-‘r?w-i-];A)a
AE’TTQ(M)
MBS IS emw ) = ) Ma(KS, IS5 [ w ) A),
AETI‘2(M)
where My (K, JE; [24,w+]; A) are the sets

Mu(E, +'[Z+7w+] Ay)

= {U+ € My(KZ, I [zq, wi]) | [uffws] = Ay € (M)},
MK, Tz w ] -)

= {u_ e Mi(K7,J [z, w_]) | [w_#u] = A_ € ma(M)}.

We can define the fiber product
M (K, T [Z+,1U+];A+)evil X euSFT M?OF;zT,O)((Cn; (1,1))epsrr
Xt | Mu(KZ, I 5 e w]; AL)
for each given pair Ay € ma(M). Then we form the union
(5.24)
MR [z w ], (24, wil; (K, )
= U M (K, T2 [Z+7w+]§z4+)evﬁl
(A_, AL ) A_+AL=0
5t M) (€ (L D)y %o Mi(KE, I3 [ w0 i AL)
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€

u

Figure 3. The enhanced PSS scheme.

under the assumption that duy(os+) # 0. We call elements (u4,ug,u—)
therein enhanced nodal Floer trajectories in vacuum (Figure 3). The fol-
lowing theorem justifies the hypothesis that the nodal points are immersed,
and so that the above fiber product is well defined. We will postpone its
proof to the next subsection.

Theorem 5.1. Let (K, J;¢) be a Floer datum with the asymptotic Hamil-
tonian H such that it satisfies (5.19), (5.20). Suppose that

pllz— w-]) = pllz4, wy]) <2n — 1.

Then there exists a dense subset of J,, consisting of J’s such that for any
quintuple

(u—v Uty T—3 Tt 5) € U0<€§EoMgt0acrlla(bil([z—7 w—]’ [Z-i-v w-‘r}; (K€7 JE))

with u—(r—) = uy(ry), r— and ry are immersed points of u— and uy respec-
tively, and
(du_(r)] # [duy (r4)]  in P(T,M)
withp =u_(r—) = us(ry).
In particular, these hold when u([z—,w_]) — p([z4,w4]) = 0.

5.4. Nodal points are immersed. In this subsection, we will give the
proof of Theorem 5.1. The proof is a variation of the dimension count-
ing argument and partially inspired by Hutchings and Taubes’s proof of
Theorem 4.1 [HuT] in which they studied immersion properties of pseudo-
holomorphic curves in the symplectization of contact three-manifolds.
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Consider the parameterized family (K,J) = ({K.},{J:}) such that
J = JO

in a neighborhood of the marked point € 3. We consider a pair of them
denoted by (K4, Jy).
We consider (J, (u—,r_), (uy,74+),€) and the map

T (J, (ueyr), (ug,my),€)
= (E(J,K)f;e(u—)a5(J,K)+;e(u+)§3JU(7'—)73JU<7"+))7
where we denote
O(,)—e(u_) = (du + PK;)fZ,’l)(u),
sy ie(us) = (du+ P ) T3 ().
We consider the bundles over ¥ x M
HPV(S x M) = U, oy Homj (T.E, T, M),
H%’O)(E x M) := U, o Hom'; (TS, T, M),

whose fibers are J-anti-linear and J-linear parts of Hom(7,X, T, M), respec-
tively. The union of standard nodal Floer trajectories

M;ltoa(fal([z_’ w-]a [z+7 'U}+]; (K7 '])7 R(E))
over J € 7, is nothing but
_ 1,0 1,0
TH({0} x {0} x HYO(S x M) xa HDO(T x M))
= M??a?ﬁil([z—v w—]v [Z-‘r’ w+]; K; R(E))
We recall that K+ = 0 near the marked points o+. Therefore, we have
01,1y (0x) = Do (ux) (0)
which implies that for any w4 with 5( J,K)%:e(us)(0+) = 0, we have
du(ox) =0, if and only if dyu(os) = 0.

Postponing the precise functional analytic details until Section 8.3, we intro-
duce the necessary framework for the Fredholm theory needed to prove The-
orem 5.1. We denote by

F-=F (5, M;[z_,w_]), F'=F"(2,M;[zy,wy])

the off-shell function space hosting the operator 5( k,7)= and the correspond-
ing Floer moduli spaces, respectively. And we introduce the standard bundle

H' = UMy Mgy = % (r 1),
H = Ylu,J) Eu,J)’ Hl(u,J) - Q{(JLO) (u™TM).
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We have the natural evaluation map
evrs : F' — H(%’O)(E x M);  evr«(u) = (0x, u(0x); dyu(oy))

for x = 4, respectively. Then the above map T defines a section of the
Banach bundle

_ 1,0 1,0
Jo X F ><]:+—>’H/i><H/fr><H§O )xH§O ).

We now prove the following proposition by a standard argument via the
linearization of Y. We use the convention that oy, is the zero section for a
bundle L.

Proposition 5.2. The map Y is transverse to the (stratified) submanifold
1,0 1,0
Opr X OH'fr X <OH(]1‘0> XA Hc(fo )UHSO ) XA 0H<]1’0)>
Jo Jo

CH" x H/ x H%’O) X HSE’O).

In particular the set

_ 1,0)
T 1<0H/_/X0H1X ( (10) XAHJ UH( XA0H§1’O)>>
0

is a (stratified) submanifold of
M;ltoa?laj([z—aw ] [Z+,w+} K; 5)

of codimension 2n.

Proof. 1t is easy to check the statement on the codimension and so we will
focus on proving the submanifold property. We note that the subset

(1,0)
(5.25) Oy X O X <0H§1 0 XA HJ UH XA OH%,O)

consists of two strata: one is the open stratum given by

(1,0)
Opr X Oy X ( H(10) XA HJO UH XA OH(I 0))\

Ot X Opyrr X (1,00 XA 0,,(1,0)
H” H' (HJO HJO )

and the other is given by the lower-order stratum

ot X Ot X | 0,,(1,00 XA O,(1,0) | -
T & < Hyq Hy,

We note that the lower-dimensional stratum has codimension 2n insider the
set (5.25).
The linearization of T is given by
(Ba (5—7 ’U_), (§+7 U+), h) = (DE(K_)( )(B § ) Da K+)(u+)(B 54‘)
(§=(0-), (DAy_u_(§=)(0-)), (€4 (0+), (DD, uy (§+)(04))),
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for B € Tj,Ju, &+ € Tuij’: and vy € T,, ¥4. It is well known that Dg( )

(u_)(B,&-), DO y(uy)(B, &) are surjective and so we will focus on the
problem of ﬁmte—dlmensmnal transversality of the linear map

(€ &4) = ((§-(0-), (DDy_u_(§-)(0-)), (&4 (01), (D, uy (E4)(01)))

to the submanifold

(1,0)
H(l 0 XA HJO UH XA OH‘%O)

in H(S x M) x BV x M).

Slnce transversality of the map (u—,uy) — (u—_(o-),us(0oy)) to A C
M x M is obvious, we will focus on the other factor on the tangential data.
We first consider the top dimensional stratum, i.e., for the pair (u_,uy)
such that u_(o_-) = u4(o4) and

du_(o-) =0, duy(oy)#0.

We need to prove that the equation
(5.26) DyalE-)(o-) = -

has a solution &_ for each given n_ € A0 (T'M). Similar consideration
applies to the case of switching + and —.
In general, a well-known computation shows

Duds(62) = (V)Y + T8V (du_, €)

with the torsion term 7. However, if du_(o-) = 0, T}l’o)(du_(o_)7
£(o—)) =0 for any &.
We now introduce the linear operator ¢, defined by
03,00 (%) = (Jup + T (2)) " Ty — I ()
for x such that d(x,zg) < 0 for 6 > 0 depending only on (M,w, J) but inde-

pendent of xg. ¢4, satisfies qjz,(z9) = 0. (See [Si].) Then if we identify
(TpoM, Jyy) = C", we can write the operator

(Vut )0 —0¢ — gy (wde_+D ¢

for some zero-order operator D with D(o_) = 0.
Therefore, if u satisfies du_(o_) = 0, we can write

DOyu(€) =06 — A-De_ +C - £

in a neighborhood of o_ where A, C' are smooth pointwise (matrix) multi-
plication operators with

(5.27) Ao_) = C(o_) = 0.

To finish the proof, we need to prove the existence of local solutions of the
equation

9. —A-D_+C -6 =1
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near the given point r_. This equation can be transformed into
(5.28) (Id—A-T)oé_ +C -6 =n_,

where T is the operator

o =nn (3 | [, 2L ni)

oy Qe nd.
6%//C|C—z|25,|4|ﬁl (€ —=)? e

The operator 1" satisfies the a priori estimate

(5.29) 1Tgllwrr < Arpllgllep-

(see [Ve], p. 166-167 of [Si]).

Now after multiplying a cut-off function to n_ with its support contained
in a sufficiently small neighborhood of r_ and using the a priori estimate
(for k = 1), we can solve (5.28) by the contraction mapping theorem in a
neighborhood of o_. This finishes the existence of a solution to (5.26) for
the top stratum.

For the lower-dimensional stratum, i.e., for those pairs (u_,u) with

u—(0-) =uy(oy), du_(o-)=duy(o4)=0

we can prove the existence by the same argument. The only thing to make
sure is that the surjectivity proof of Dg( K,J)+ using the same variation B
still holds. But it is easy to check that the nodal condition u_(0_) = u4 (o4)
ensures this, whose checking is left to the readers. (see [OZ1] for a complete
discussion on this matter.)

This finishes the proof of the proposition. O

We have the natural projection

oy Y1 <OHZ X Oy % <OH§;’°> XA Hgi’o) UH}E’O) XA OH%’O)>> — Jw,
which is the restriction of the projection map
Mo (- w_], [z, wi s K) — T,
where we denote
M (2w ], [, wi s K) = | MBS (2, w-], 24, wils K, ).
JeTw

Since the latter projection has the index u([z—,w_]) — pu([z4,w+]) + 1 (for
the parameterized problem over 0 < € < gp), the Fredholm index of 7y is

given by pu([z_, w_]) — p([z+, wy]) + 1 — 2n.
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Therefore for any regular value J of my, the preimage will be empty
whenever
wllemw ) — plles, w]) < 20— 1
and in particular when p([z—,w_]) — p([z4,w4]) = 0 or —1. This finishes
the proof of Theorem 5.1 except the requirement [du_(o_)] # [du(o4)].

But this itself can be proved by refining the above genericity argument with
an addition of another stratum

1,0 1,0
Ao C a7 % o
whose details we leave to the readers.

5.5. Resolved nodal Floer trajectories in Morse background. This
subsection is the third stage of the deformation of the parameterized moduli
space of the PSS cobordism.

In this subsection, we consider the Riemann surface with one positive and
one negative punctures

(Z;p,9)

with analytic charts. Modulo the action of PSL(2,C), we may identify this
with the standard cylinder

(R x §*; {—oo}, {+00})
with a global conformal coordinates (7,t). The coordinate is uniquely defined
modulo the linear translations
(1,t) — (T + 70,1 + o).
We provide the analytic charts at the punctures p, ¢ so that they are com-
patible with this identification. Using this coordinates, we write
K =F(r,t)dr+ H(r,t)dt
and require the condition of cylindrical ends
F=0,H=H(t), attoo

for K. This condition does not affect under the coordinate change (7,t) —
(T 4+ 70,1 + to) and so is well-defined.

Similarly we also fix a homotopy from Jy to J(t) {J%}o<s<1 so that JO =
Jo, Jt=J.

We will consider a one-parameter family of such pairs (K, J.) with their
cylindrical ends given by

End:t(KsaJE) = (H7 J)a Ry < R(E) <0

for a given Floer-regular pair (H,J). For this purpose, we use the family of
function kT constructed in (5.19) for R € Ry = [0,00). We also define a

€
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function p. : R — [0, 1] so that

)1, for |7| < R(e) — 1,
(5.30) pe(7) = {0, for |7] > R(e),
(5.31) lpL(T)| <2, for R(e) — 1 < |7| < R(e).

For the main purpose of the present paper, we will later choose R = R(¢)
so that

(5.32) eR(e) — 0, ase—0.

We remark that the choice of R(¢) made in (5.32) will be needed for some
normalization procedure which will be explained later in the course of the
adiabatic degeneration argument.

We define J. by

Jre (1) (t,z), forT> R(e),
(5.33) Je(1,t,2) = < Jo(x), for |7| < R(e) — 1,
Joe ((t,x), for 7 < —R(e).

Thanks to the cut-off functions s, this defines a smooth R x S! family of
almost complex structures J on M.
Similarly, we define the family K. : R x S' x M — R by
kI (1) H(t,x), forT> R(e),
(5.34) K. (1,t,x) = ¢ p(7) - ef(x), for |7| < R(e),
kZ (1) - H(t,x), for T < —R(e).

£

Remark 5.2. We would like to compare our choice of K. above with that
of [PSS, MS]: the latter uses a family of K. with K. = 0 in the neck region
of Y., while we use the one by putting a small Morse function €f in the
neck and take the adiabatic limit as ¢ — 0. With the choice K. = 0 in the
neck region, this process of degenerating Floer trajectories to nodal ones by
letting ¢ — 0 is not at all obvious to the authors. However this process is
not properly explained in [PSS, MS].

Now using this particular one-parameter family (Kg, Jr) for a given cut-
off function k = {k4,k_}, we consider the corresponding parameterized
moduli space

MPU [z, w-], [z, wi ) {(K, T3 ) }
= U M([Z*aw*]v [Z+a er]; KE? JE)'
0<e<eg

For the simplicity of notations, we will also write MP*® = Up.<., M when-
ever there is no danger of confusion. To study the map ¥ o ® in homology,
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we need to analyze compactification of MP#?. In the next several sections
of the paper, we prove the following theorem.

Theorem 5.2. The parameterized moduli space MPY? qs 0 < € < gy can

be compactified to a one-dimensional smooth manifold with boundary whose
collar is diffeomorphic to

[07 50) X M?(;)fliflll)([zfa w*]a [Z+, ’LU+]; (H7 J)v (f: JO))
for a sufficiently small g > 0.

This theorem provides the right-hand one-sided collar neighborhood of
My in MP¥® = U__ <.<-, M. mentioned in Section 4.3.

6. Local models near nodes in vacuum

We study proper holomorphic curves in C" with cylindrical end R x §27—1
with a cylindrical metric on at the ends thereof: we provide a metric ¢
conformal to the standard metric on C™ and has the form

1
g =ds + ggm1 = g

at infinity where (r,0©) is the standard polar coordinates of C™ \ {0} and
r = e° for the cylindrical coordinates (s,0) € R x §2771(1).

The standard complex structure on C™ provides an almost complex struc-
ture on the cylinder that is translational invariant, and the symplectic form
written in the coordinates as

wo = d(r’0) = d(e**0*)\) = ¢**(2ds A O*\ 4 dO*)\)

where ) is the standard contact form on S?*~! = §27~1(1). The set of Reeb
orbits of A on S?"~! consists of the Hopf circles with constant speed which
forms a smooth family parameterized by CP"~! and gives a Morse-Bott
type degenerate asymptotic condition at infinity for the relevant pseudo-
holomorphic curves on C". A relevant Fredholm theory has been given
in [HWZ3] in three dimension. And in a general Morse-Bott setting the
Fredholm theory has been laid out in [Bou] and [FOOOZ2].

We modify the exposition given in [FOOOZ2] in our context. The book
[FOOOZ2] dealt with the more nontrivial case with Lagrangian boundary
conditions. Because we cannot directly borrow the results therefrom, we
provide detailed explanation in our current context.

6.1. Classification of local models. We note that the unit sphere S27~!
has the standard contact form given by

1 n
A= 3 ;(ﬂﬁz‘dyz‘ — yidx;)
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and the associated Reeb vector field by

0 0
X, = i —Yi— |-
It follows from the expression of the Reeb vector field X that the minimal
Reeb orbits of (S2"~1 \) are given by the curves v : [0,27] — C" which
parameterize a Hopf circle in §%7~!

SQTL—I NLcC 512n—17

where L C C" is one-dimensional complex subspace. We note that all the
Reeb orbits have the same periods 27 and are nondegenerate in the Morse-
Bott sense.
We recall that an element u € M:(SOFQT 0)(C”; (1,1)) is assumed to satisfy
the convergence
lim sou(r,t) = o0,
T—300

lim ©owu(r,t) =~v.(t),

T—+00

(6.1)

respectively, for some Reeb orbit vy € ﬁl()\). The following uniqueness
result will be important later in the gluing problem.

Proposition 6.1. Fiz a hyperplane H in CP™ and two points xg, oo € H.
Consider a rational curve that is not contained in H. Then there exists a

unique rational curve passing through xg, x1 of degree 2 modulo the action
of Aut(CP™; H) which is the group of automorphisms of CP™ fizing H.

Proof. Tt is easy to construct a degree two map u : S? — CP™ through any
two given points in CP™ and hence there always exists a map v : S? — CP"
a holomorphic map of degree 2 satisfying

u(0) = 29, u(0) =Too; T0, Too € H C CP".

We now prove the uniqueness modulo the action of Aut(CP™; H). Let
u' be another such curve with the same asymptotic condition. Then the
extension of v’ to CP™ has the condition u/(0) = u(0) and u/(00) = u(0)
and u(z) € CP™\ H = C. Now we choose a point z € C' with C' = Image u.
Composing «' with an element g € Aut(CP™; H) and replacing v’ by g o
u/, we may assume that w and v’ pass through the three distinct points
{20, Too, x}. We note that as long as n > 3, we can find a hyperplane H' C
CP™ that contains the three points. Then both C, C’, which have degree 2,
must be contained in the hyperplane H' C CP™ containing the three points.
Repeating this argument inductively whenever n > 3, we can reduce the
proof to the case n = 2, i.e., to CP2. From now on, we assume n = 2.

We choose a point = € C'\ H, which exists since C'is not a line. Let L be a
line that is tangent to C' at . We note that any irreducible degree two curve
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is immersed (in fact embedded) and the action of Aut(CP", H) = Aut(C")
preserves the projective tangent line, i.e., the induced map

becomes the identity map under the canonical identification of P(7,C") =
P(C") = P(T,(,)C").
Therefore there is a well-defined Gauss map

CP! — CP' =P(C?); p — [du(p)],

where [du(p)] is the tangent line at u(p). Since this map is holomorphic which
is not constant for a degree 2 curve u, it must be surjective. Let 2/ € C’
be a point such that [T,C] = [T,/C'] in P(C?). We apply an element g with
g(x) = 2’ to the map u. Then the map g o u passes through the three points
x0, Too, ¥ and becomes tangent to C” at 2’. Finally, if g(C') = C” already, we
are finished. Otherwise (C'\ C")\ H # (). We choose a point y € (C'\C")\ H
and consider the line I’ through z’ and y. This line cannot coincide with the
tangent line [T,,C’] of C’and so it must intersect with another point y' € C’
because C’ has degree 2. Now we apply a scaling at the center z’

gy o+ Ay —a');C - C?
which satisfies gx(y) = v’ (and g)(z') = 2). We consider the map gy o g o u
and u’. They share 4 points and a common tangent at the point z’. But
any two such degree two curves, i.e., conics must coincide up to reparam-

eterization (see, e.g., Remark 4.2.1 in Chapter V [Hal). This finishes the
proof. O

We now derive the following uniqueness result from the above proposition.

Theorem 6.1. For each given vy € Ri(\), there exists a unique proper
holomorphic map v : R x ST — C™ modulo the action of

Autyng = Aut(C")

with the given asymptotic condition
S
oS (1) = 7.

Proof. The case where v; = y_ can be regarded as the limiting case of
unique intersection of the curve and H with multiplicity two and can be
treated similarly. Therefore we will assume v4 # y_ as an unparameterized
curve.

Recall that there is a one-one correspondence between Mgg%(@”;
(1,1)) and M g2,0)(CP", H;2). The theorem immediately follows from
Proposition 6.1. U

Remark 6.1. We can be more explicit by giving the equations of rational
curves in CP? with asymptote z; and 2_ on the hyperplane H,.. In affine
charts C = CP' — oo ¢ CP! and C? = CP? — H,, C CP? the quadratic
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curve satisfies equation Az? + Bxy + Cy? + Dz + Ey + F = 0, where the
coefficients A, ..., F are in C. For generic coefficients, the equation can be
factorized as

(ki (@ =€) + Ly — D) (k- — ) +1_(y — ) = 1

for suitable k+,l4+,e and f € C. We rewrite the above equation in a param-
eterized form

62 :

and solve
(6.3) x(z) =az+b/z +e,
y(z) =cz+d/z+ f,
where a, ..., f are in C. Since z = e>™(™H1) for (7,1) € R x S,
(6 4) hmT‘*JrOO[x(Z)’y(Z)al] = [CL,C,O] =T+ E}[007
. lim, . _[2(2),y(2),1] = [b,d,0] = 2_ € Heo.

From (10.3) we can determine the coefficients in (6.3), up to the ambiguity
of e, f arising from Aut(CP?, Hy,) and the ambiguity of the ratio a/b aris-
ing from Aut(R x S') = C*. Since any two CP? in CP" are related by a
projective linear transform, which restricted on the affine chart CP?\ H,, is
a linear transform, from (6.3) we get the equation for the degree 2 curves in
the above theorem:

(6.5)
u(z) = Az+B/z2+C, 2=t cC, A, B,CecC" A+0,B#0,
for € C* 2R x S1.

Remark 6.2 (Local models with Morse background). From the expression
(6.5) we can calculate that the center of mass of the loop u({7p} x S!) in C"
(with respect to the standard metric) for any 7y is always at the fized vector
C € C" (by mean value theorem of harmonic functions), which indicates
that the needed local model is not quite those lying in MS’E%((C"; (1,1))
because they do not reflect the background gradient flow of the given Morse
function f. This motivates us to look for some models in Section 7 for which
the center of mass of the loop u({7} x S!) resembles the straight line a7 in
C" = T,M where a = V f(p) the gradient vector of f at p.



528 Y.-G. OH AND K. ZHU

6.2. Fredholm theory of local models. We can improve the asymptotic
property of such constructed holomorphic curves in the following way. For
each v € R1(\), we have the following exponential convergence statement,
which is the analog to the similar results from [BEHWZ| and can be proved
in the same way as other cases of Morse-Bott—Floer theory. (See also section
62 [FOOOZ2] for the relevant discussion.)

Proposition 6.2. Fixz any p > 2. Let ¢ > 0 be sufficiently small. Con-
sider a holomorphic map u : ¥ — C" satisfying (10.3) and write u(t,t) =
(s(7,t),0(7,t)) near 7 = oco. Then there exist constants 1o and Cy, ¢ > 0
depending only on k,p such that

(6.6) VE(s(r, 1) — 2m(r — 70))| < Che o,
(6.7) VE(O(r, ) — y(2m)| < Cre 7

Proposition 6.2 dictates the adequate function space for the proper Fred-
holm theory of the pseudo-holomorphic curves in our problem, which we
now explain. Let § < 27 be a positive number.

Our metric h is conformal to the standard Euclidean metric |dz|? on C
such that

h = \(z)|dz|?.
where A : C — R is a positive radial function such that

1
Az) = Wv

when |z| sufficiently large. We also fix a metric goy,1 on C" conformal to the
standard metric |dw|? so that

(6'8) eyl = M(w)’dw|2

for a radial function p and it becomes the cylindrical metric on the end of
C", ie.,
W) = —3
p(w) wp?
when r = Y"1 | |w;|? is sufficiently large.
With respect to these metrics on the domain and the target, we now define
the space

1, : .
Wt;,(l());Z,O) (27 (Cn7 Y+ V=5 T+ T—)

for each fixed y4 in R1(\) and 74 € R as follows.
Definition 6.1. W(Sl’(%a 0)(2,C”;7+,7,,7+,T,) is the set of all u = (s o
u, © o u) such that

(1) ue WP

oc’
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(2) Using coordinate (7,t) at the ends of ¥, u satisfies

2775\T|

|04 (7,t) — 7= (t)| € WHP(]0,00) x S*,R),

where ©1 = O ou|p,
(3) and

27r(5|7'

|5:£(7,t) — 2 (1 — )] € WP([0,00) x S',R),
where s4 = sou|p,.

Here we denote by D4 the given coordinate disks associated to the ana-
lytic charts at p+, and use the cylindrical metrics h = A(|z|)|dz|? to define
WP and the metric gey (6.8) of C™ to define | |. We call the tuple
((v=,72), (74, 7+)) the asymptotic datum of u relative to the cylindrical
ends associated to the given analytic charts.

Proposition 6.2 implies
M(0;2,0)(27Cn) C U U W(;’(IE)QO E7Cn;7ia7-i)‘
Y+ ER1(N) TLER
We define
Wito0EC = U U Wifao(® Ciz ).
Y+ ER1(N) T0€ER
We recall that we have the natural projection
7:Ri(\) — CP"!

forms a principal S'-bundle with the S'-action being the Hopf action, which
can also be realized by with the rotations of the domain circle. We denote
by

evy : W (020)(2, C") — R1(N)

the evaluation map defined evy (u) = u(+oo,-).

The following can be proved by a standard argument. We refer to
[FOOO2] for the relevant proof in the more complicated context of proper
holomorphic curves with Lagrangian boundary conditions. Since we will need
to use the description of the tangent space thereof, we give an outline of the
proof of this lemma.

Lemma 6.1. W; 1P (3, C"™) has the structure of Banach manifold such

6,(0;2,0)
that the obvious projection
(6.9) ((moevy,evg), (Toev_,evy)) : W5 (02 O)(Z c™)

— (CP" ! xR) x (CP" ! xR)
defines a locally trivial fiber bundle.
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Proof. The tangent space of this Banach manifold can be constructed as in
Lemma 29.5 or Lemma 60.10 [FOOO2]. See [Bou] for a relevant discussion.

We take a smooth function x4+ : [0,00) — [0, 1] such that x4(7) =1
for 7 > 2, x4(7) = 0 for 7 < 1, and |x/.(7)| < 2. Symmetrically, we let

X—(7) = x4 (=7). Let u € W;’(’(’)Q’O)(Z,C”;yi,&) c W;’(’(’)Q’O)(Z,C”). We

consider the set of all quintuples (U, Vé( A VHgE) satisfying

(1) Va3, oy® € ToRi(N), Vi~ € R = T, R, respectively.
(2) U € WP(S;w*TC™).

ocC

(3) Denote

U(T7 t) = U(Ta t) - X- (T)Palu('r,t)U(_oo7 t) - X+ (T)Palu(T,t)U(+Ooa t)7

where U(+00,t) = (VRﬂVgl(k) (t)) in the cylindrical end of (C", gey1), and
Pal,(; U(400,t) is the parallel transport of U(+oo,t) from u(+o0,t)
to u(7,t) along the minimal geodesic of (C",gcy1). Similarly, we define
Paly;yU(+00,t). Then we have

2wd| 7|

e v |U(r,1) € WP (5, R).

Here we regard V%l( \ to be a vector field on v+ in C". Since every parame-

terized simple Reeb orbit v in S?*~1 c C” satisfies y(t) = eT274(0), we have
+ _ E2miy
VRI(/\)(t) = e VRI(/\)(O).
Let C%(u) be the set of all such quintuples. It becomes a Banach space
with norm || - [|1,,,6 such that

(6.10)

| ViE o VI 5 =

278|7| ~ p

e » U(T,t)

wip
+ Vi, on OF + Ve 1P+ [V, o) OF + VI
We remark that V%l )’
||(U7 V%l()\)a Vﬂét) H17p75 is finite.

It is standard to check that W; ’(’6_2 0)(2, C™) is a Banach manifold and

Vﬂgt are determined from U in case the norm

COu) = TuW; {00 (5, C").

To show that (6.9) is a locally trivial fiber bundle, we use the U(n) action as a
biholomorphic isometry on C", which preserves the contact form (S2"~1 ).
It induces an U(n)-action on W;’(%;Q,O)(E, C™). Then the map (6.9) is U(n)-
equivariant.

On the other hand, the group C* = Aut(CP';{0,}) acts on W;’(’é,l 0)

(3,C") as the automorphism of the domain and on CP"~! x R trivially on
CP™! and by an addition by 5= In|z| on R.
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Then (6.9) is C*-equivariant. The local triviality (6.9) follows from this
equivariance. U

We next put
CH(u) = LE(S, AOY (w*TC™)).
Then there exists an infinite-dimensional vector bundle over W; ’(%,2 0) (2,C")
whose fiber at u is C1(u).

The formal linearization of the Cauchy-Riemann operator 0 defines an
operator

(6.11) D, : C%(u) — C(u).

We apply D,0 only the first component U of the triple (U, Vi VR)-
To see D,0 indeed maps to C!(u), consider the function

(7, 1) = Ty (1) = 1TV, (0)

in C", then 4 is holomorphic, and has the same asymptote as v when 7 —
+o00. It is easy to verify that

(6.12) Dad(Paly(r 1)U (+00,t)) = 0.
Using (6.12) the fact that u —a € Wal’p([O, +o0] x S1), we see
Dy (PalyrnyU(+00,1)) € LE([0,+00) x S,
similarly
Dy(PalyryU(—00,1)) € LE(—00,0] x S1).
Hence (D,0)(U) is contained in C*(u).
Proposition 6.3. The operator (6.11) is Fredholm with index given by
(6.13) Index D, 0 =4(n+1)+4—6+1=4n+ 3.

Proof. The Fredholm property can be proved in the same way as Lemma
60.14 [FOOO2] and so its proof is omitted referring readers thereto. The
index formula can be derived from the general theory from [Bou, EGH] but
we will give its proof as a consequence of the classification, Proposition 6.1,
and the transversality of the local models, which we will prove in the next
subsection. O

6.3. Transversality of local models. We recall that each element u €
M0;2,0)(2,C") has the convergence

lim sou(r,t) =00, lim O©ou(r,t)=v+(t)
T—£00 T—F00

for some v+ € R1(A).
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By Proposition 6.2, we have

M(0;2,0) (Zv (Cn) - W(Sl,’(](?)&o) (Zv (Cn)

We first prove the following surjectivity.
Proposition 6.4. Let u € M(g;gp)(i], C™) and
COu) = TuWyih ) (5, C"), CHu) = L5, ACD (wTC™)).
Then the linearization operator
D0 : C°(u) — C(u)
18 surjective.

Proof. We note that since the almost complex structure on C™ is integrable,
we have

D,,0 = the standard Dolbeault operator.

Here we recall from Theorem 5.1 that the nodal points are immersed and
the tangent planes of the two components at the nodes are different. This is
translated as the local model u corresponds to a degree two rational curve
in P” that intersect the hyperplane H at two distinct points transversely.
Furthermore since we use the cylindrical metrics on both on the domain by
and C", the operator

D0 : C%u) — C(u)
can be shown to be conjugate to the standard Dolbeault operator
& : W (TP — LP(APY (u*TP™))

if we regard v as a map from P! to P". Once we have these, the surjectivity
immediately follows from the well-known fact H!(u*TP") = {0} for any
rational curve u : P! — P". g

Due to the Morse—Bott character of our gluing problem, this surjectivity
will not be enough for our purpose. We need to augment this by the asymp-
totic evaluation datum at infinity. We recall that ev : W; ’(%;270)(2,(:”) —
(CP" 1 x R) x (CP" ! x R) is the assignment of the asymptotic datum
followed by the projection R{(\) — CP™ L.

The following is the main result of this subsection.

Theorem 6.2. Let u be a holomorphic curve in M(O;Q,O)(Z,C”) with the
asymptotic datum (y+,7+). Then the operator

Dug@DW : Co(u) N Cl(u) @T([ )(Cpn—l % R) @T( )(Cpn—l % R)

A [Y+],7m+

18 surjective.
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Proof. We note that the action of U(n) on C" preserves (S?"~1 )\) and
induces an action on CP"~!. By this U(n)-invariance of the equation, it
suffices to consider the case when ~_ is the equator given by

v_(t) = (cos(2xt) + isin(2nt),0,...,0) € 2"t c C™.

Furthermore, CP"~! is two-point homogeneous in that any two pair of dis-
tinct points can be mapped to each other by the action of U(n) (or more
precisely by the action of PU(n)).

As a first step, we will establish the following splitting:

(6.14)  C°u) = TuW;’(%;ZO)(E, C") = C" (u) & C(u) @ WHP(u*TC")
such that the restriction
(6.15) D : CCL(U)EB(C?F(U) — T([,y_}ﬂ__)((cpnfl XR)@T([%_}

is surjective.
First, we find a subspace C"~1 C u(n) such that

C" ' @u(n —1) = u(n),

where U(n—1) is the isotropy subgroup of the vector (1,0,...,0). We identify
Cr ! = y(n)/u(n — 1) with {0} @ C*~! C C™. The action

AcC 1 =um)/un—1)— A u
defines an embedding

C = CO%u) = TuW; 0 0)(3,CY).

(CP" 1 xR)

T+

We denote by C"!(u) the image of this embedding.

Similarly, we consider the isotropy group U(n — 1),, of [y4] and define
an embedding of C"~! into C°(u) by the similar way. We denote this by
(C’}r_l(u). Using the fact that CP"~! is two-point homogeneous, we can
choose this embedding so that C'}~'(u) and C™ '(u) are linearly indepen-
dent. We note by construction of C’t~!(u) that they are transverse to the
Hopf action.

Finally we take the generators X of C = aut(X) = Aut(C,{0}) and
consider the action

X—L xXUu.
This action at each end v+ of u defines an embedding C — C°(u) which
coincides with the infinitesimal action of the translations along the direction
of 7 in the analytic charts chosen at p+. The image of this embedding is
linearly independent of C'¥*(u). This gives rise to the required splitting by
setting

(6.16) Ch(u) = Cye @ C Y (u),

respectively. By construction, it follows that the map (6.15) is surjective and
so we have established the required splitting (6.14).
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By the splitting (6.14), Theorem 12.2 will follow from the surjectivity of
the linear map
D0 : C°(u) — C(u),
which is precisely the content of Proposition 6.4. This finishes the proof. [

Once we have established the surjectivity of the linearization opera-
tor D,0, the moduli space ./\/1(0;270)(2,@") becomes a smooth manifold
whose tangent space can be identified with the kernel of the operator
D0 : C%u) — C'(u) for a holomorphic curve u : ¥ — C" found in the
uniqueness Theorem 6.1.

The classification theorem, Proposition 6.1, immediately proves the fol-
lowing theorem. This in particular computes the index of D,0, when com-
bined with the surjectivity.

Theorem 6.3. Assume 0 < § < 27 is sufficiently small. Let u be the pseudo-
holomorphic map constructed in Theorem 6.1 associated to the Reeb orbits
Y+. Then we have

dimKerD, 0 = 4n + 3

and all the elements u € /W(O;M)(Z,(C“) 18 transverse and so s a smooth
manifold of dimension 6n. Furthermore, the quotient space

/\7(0;171)(2, C”)/Autlmd
18 a one-point set.

We would like to separately state the following obvious corollary of
Theorems 12.2 and 6.3.

Corollary 6.1. We have
Index D,0 = 4n + 3.

7. Local models near nodes in Morse background

In this section, we provide the Banach manifold for the solutions (u,a) of
the inhomogeneous Cauchy-Riemann equation d,u = a in (C", Jy), with
the same asymptotic condition (10.3) for u at infinity as the homogeneous
case in the previous section. Here u : R x S! — C" is a map, d, is the
standard Cauchy-Riemann operator, a is a section of A% (u*(TC")) that

satisfies 5
a (87‘) =V f(p)

in C" in coordinates (7,t), where z = €™+ Then the equation du = a is
nothing but

(; N Jogt> u(r,t) = VI (p).
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whose inhomogeneous term is a constant vector V f(p) in (T,M, J,) = (C",
Jo). We remark that the norm of a section of A%!(u*(TC")) is induced
from the asymptotically cylindrical metric A(x)gs; rather than the standard
metric gs; in C™, so the norm of the one-form a depends on u(7,t) pointwise
and s not a constant.

We need to adapt the local models found in the previous section because
the ambient manifold has the background gradient flow associated to the
given Morse function f, which affects the Hamiltonian perturbation K for
the resolved nodal Floer trajectories. The relevant rescaling procedure of
the Floer equation at the nodes does not yield the homogeneous equation
Ou = 0 but yields the inhomogeneous Cauchyleemann equation du = a on
T, M = C" for the one-form a with a( T) Vf(p).

Recall the off-shell Banach manifold for homogeneous local models was

W5 (020)(E C") = W5 (020)(E C* (1,1)).
For inhomogeneous local models, we set the Banach manifold to be the set
By = Wy (5, C") @ C"\{0}
of the pair (u,a) and the Banach bundle over it as
Lo= |J L5 A (urTCM)).
(u,a)€By

We define the augmented Cauchy Riemann operator d: By — Ly as

W ,(% 20 CYeC\{0} - | L5 A (W TC)
(u,a)€Bo
such that N -
d(u,a) =0u—a

The following proposition gives the relation between homogeneous and inho-
mogeneous Cauchy—Riemann equations:

Proposition 7.1. We equip both ¥ and C* with metrics cylindrical at infin-
ity. Then the followings hold:
(1) ug in W 5,(0:2 0)(2, C™) if and only if u := up+art is in W 5.
(2) dug = 0 if any only if Ou —a = 0.
(3) Suppose ug in W ’(020)(2,@”) has the decomposition uy = (s o ug,

020)(2,(@").

O oug) that satisfies the asymptotic condition
lim © owug(T,t) =v+(t),

T—300

hm soug(T,t) =2m(T — 71).

T—+

Then u = ug + a7 is also in Wy ’(%20)(2,@”) and satisfies the same
asymptotics.
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Proof. Since d(at) = a, it follows that d(u, a) = 0 if and only if dug = 0.
(1) is a conclusion of (3), by applying (3) to u = ug + a7 and ugp = u — ar.
So it remains to prove the statement (3).

Write ug(7,t) = (Og(7,1), so(7,t)) in the cylindrical end of C™. Then by

the definition of Wi’(%;zo)(z, C™), there exist v+ € R1(\), 7+ € R such that

2wd|T|

e |Oo(T,t) — v (t)|g2n—1 € Wl’p(R X Sl,R),

27d|T|

e » |so(7,t) —2m(T — 74)| € WIP(R x S1,R).
Since WHP([k, k + 1] x S1) — C%([k, k + 1] x S1) when p > 2, we have

2ms| 7|
max e » |Og(T,t)— t
max ©0(7,t) — v+ (t)]

2nd|7|

< Clle 7 [00(7,t) = v=Ollwrr(kk+1)xs1,r) = 0

Hence

for large enough 7. Similarly,

_27r6|7'|

|so(T,t) = 2w(T —714)| < Ce 7
for large enough 7. So for large T,
so(r,t) > 2n(r —711) — 1.

Thus,
|u0(7', t)| _ |650(7,t)| > e—1627r|7——7—i| > 06271"7"

for |7| sufficiently large.
Let u(r,t) = uo(7,t) + ar, and write u(7,t) = (0O(7,t),s(,t)). Then

@(7_ t): uO(T’t)+aT _ u0(7_7t) . HUU(Tat)H aTt
’ luo(7,t) +atl|  [luo(m, )| [luo(r,t) +ar|| ~ [luo(7,t) + a7l
_ @O(T, t) (1 . HU()(T,t) —|—CL7'|| — HUO(Tat)H) + at ]
uo(T,t) + aT|| [uo(7,t) + aT]
Therefore
Jor] Jor]
O(7,t) — O(7,t)| <
18(r.2) = €o(m. Dl < oo g+ arll * Taolr,0) + a7
2|allT
= Ce?mltl —||a||7

< Cillaje=>""

for large enough |7|. Hence

26| 7|

e » |O(7,t) — Oy(r,t)| € LP(R x S*, R).



FLOER TRAJECTORIES WITH IMMERSED NODES 537

Similar straightforward computation also shows

2#5\

yve(T t) — VOq(r,t)| € LP(R x S*,R).
Hence

(7.1)

2#6\

y@(T t) — Og(7,t)| € WHP(R x ST R).

Since
27| 7| 2md|7|

e v [0(rt) —qx(t)] <e v (|07, 1) = Oo(7, 1) + [O0(7, ) — 1£(1)])

we get

(1,t) — v+ (t)| € WHP(R x S1,R).

Next, we estimate s(7,t) = log |ug(7,t) + at|:

luo(T,t) + atl|
s(r.1) — so(r. 1)] = log 10l
|uo (T, t)]]
= log <1 4 [uo(7,t) + a7|| — [luo(, 75)”)
lluo (T, )|
Since
luo(7. 1) a7l ~ juo(m, )]} | . _la ] )
[[uo (T, 2| HuO b = Cy el

and log(1 + h) ~ h when h — 0, for large enough 7
|s(7,t) — so(r,t)| < 2Cs|r]e~"I7].

Now
2ws| 7| 2wd| 7|

e r |s(rt)—2m(t—71x)| <e P (|s(r,t)—s0(T,t)|+]|so(T,t) — 2w (T — 71 )]),

hence
2md|7|

e » |s(1,t) = 27m(r — 1) € LP(R x S', R).

We also have
(u+ar) (V(u+ar)) wu-Vu
lu+ at|? o Juf?
1 1
lutar]?2 [ul?

]Vs — VSO‘ =

<|(u+ar) - (V(u+ar))l-

1
+W|(u+a7)-V(u+aT)—u-Vu|
< (s <|u||V \"a‘g’—l-w(a u| + |aT - Vu|)>

< C?”T‘ef27r|7\,
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when |7| large. So

27| 7|

(7.2) e » |s(1,t) — so(7,t)| € WHP(R x ST R).
Together with

27r5|‘r

e |so(,t) — 27m(T — 72)| € WHP(R x SY,R),
by triangle inequality

2#5\ |

|s(7,t) — 27m(T — 72)| € WHP(R x S, R).
This finishes the proof of (3). O

Denote the moduli space of solutions of 8(u a) = 0 by /\/1(020)(2,@”;

(1,1)), which is the moduli space of inhomogeneous local models. By Propo-
sition 7.1, we see

Corollary 7.1. M, ) (3,C" (1,1)) 2 Mg (%, C™ (1, 1)) & C"\{0}.

By the same argument, it is immediate to check the following lemma
whose proof is omitted.

Lemma 7.1. 5(u, a) = Ou — a is indeed in Lp(Z'i, A% (u*TCm)).

Next we consider the tangent space of any (u,a) € By. The tangent space

consists of elements (U, Vg, Vp+ RE(N) ,h), where U is a section in W(; P(x,
u*TC"), Vg+ € T, R = R, VR1(/\) € H(O)S n- 1, and h € T,C". The
linearized 0 operator is

73) Dy : Wi P (8,0 TC") @ T,C" — LE(E, A (u*TC™)),
D(4,a)0(U, Vs, VR(r): B) = D,OU — h = 90U — h.

The last identity holds because D, d becomes the standard Dolbeault oper-
ator in C". Recall the projection

T Wyih0.0)(3C (1, 1) = (8771 x R) x (827! xR),
— (74(0), 74) x (v-(0), ),

Dr: T,W, 5 oy (2,C") = T, 0y, (ST X R) x T, (g, (S™ 7 x R).

5,(0;2,0)

We consider the combined operator
D,d® Dr : T,W; ’(%20)(2 C") — LE(3, A% (u*TC™))
® Ty (0)m) (S X R
® T( _(0),7 )(S2n71 X R)
(U, oy VR (0)s h) — (DOU — h, Vg,Vg (}\),V]R ’V7€1( ))
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Proposition 7.2. There exists a constant n > 0 depending on u but inde-
pendent of a such that for u = ug+at with |a| < n-min{e™ e’ }, D,0® Dw
1s surjective. Here 71 are the asymptotic parameters of ug.

Proof. In the previous section, we have proved the surjectivity of D,,d,

where ug is in W 5. )(2, C") satisfying Oug = 0 with fixed asymptote v

0;2,0
and 71. Here the solution of Ou = a is given by u = ug + aT so for small
a € C"\{0}, u = up + at is a small perturbation from ug in W 5,02 0)(2, Cc™)

by (7.1) and (7.2). Since surjectivity of D,0 is an open condition, which is
preserved under small perturbation from wu, for all a with |a| < n, D,0 :
W;’p(z, w*TC") — LB(%, A% (u*T'C")) is surjective, where 7 is a constant
depending on uyg.

Especially, this implies D(u,a)é is surjective since we can let h = 0 in (7.3),
and the target Lp( 3, AL (w*TC")), is still the same. O

Next we describe the kernel of
Proposition 7.3. For any (u,a) satisfying 5(u, a) =0,
(7.4) ker(Dy.0)0) = {(U, Vi, Vi, WIDudU — b = 0}
(7.5) >~ {(ker(D,0) + hT, Vi Ve o M-

Corollary 7.2. Index D u,a)é\ = dim kerD(u@)g =6n+3

—~

Proof. From (7.5), we see
dimker Dy, q) = dim ker D,0 + dimT,C" = 4n + 3 + 2n = 6n + 3.

By Proposition 7.2, D(u’a)g is surjective so we get the index is equal to the
dimension of the kernel. 0

On the moduli space M’ (0:20) (3,C™; (1, 1)), using the isomorphism in

Corollary 7.1 we define the Jet evaluation map
EVjet - M(OQO)(E Cc"; ( )) — C" \ {0}7 (u, a) — a.

evjer has the following geometric meaning: For u(r,t) € M(+0,2 0)(2,(3”;
(1,1)), let I(1) = [q1 u(7,t)dt be the center of mass flow of u(r,t), where
the integration is with respect to the standard metric in C", then I'(7) =
a = evje(u) for any 7. (This is due to the mean value theorem of harmonic

functions.) So evjet(u) gives the direction that the local model u is aligned to.

Definition 7.1 (Enhanced nodal Floer trajectory). We denote
Mnodal([z_’ w—]7 [Z-f-? w+]; (K7 J)? (f? J0)7p) = (evjet)il([vf(p)])
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and define
(7.6) MY (2w ], [z, wils (K, ), (f, Jo))

= U MnOdal([Z,,wf], [Z+a w+]; (Ka J)> (fa JO)vp)‘
peEM

We call an element (u4,ug,u) therein an enhanced nodal Floer trajectory
under the back ground Morse function f.

8. Off-shell framework for the gluing

We first define several function spaces to furnish the Banach manifolds and

bundles needed for the E(KJ) = (d+ PK)F]O’l) operator to become a smooth
Fredholm section of an appropriate infinite dimensional vector bundle. We
summarize the various moduli spaces relevant to this formulation:

(1)

For the moduli space ./\/l(soF QT’U) (C™), this is the Morse-Bott setting
of the Symplectic Field Theory. We have followed the description
by Fukaya—Oh—Ohta—Ono [FOOOZ2]| of the Fredholm theory where
a similar Morse-Bott setting of SF'T but with Lagrangian boundary
condition was used. There was also given a Morse—Bott setup of the
Fredholm theory of SFT by Bourgeois [Bou].

For the moduli space M 1,1,0y((K, J); 2—) or M(1,0.1)((K, J); 2+), this
is standard except the requirement that the maps are immersed at
the origin.

For the moduli space of nodal Floer trajectories, it is necessary
to match the evaluation maps from (1) and (2). We will intro-
duce a cylindrical metric on a neighborhood of the nodal point
p = u_(o-) = us(oy) in M for any element u = (u_,uq) with
u- € M((K,J);[z—,w—]) and uy € M((K,J); 24, w4]), such that
the evaluation map of (2) takes the value in SFT setting. Geometri-
cally this corresponds to blowing up of the neighborhood of p and then
reparameterization by S?"~! x R. This setting is very similar to that
in [FOOO2] in Lagrangian surgery on a vertex of a holomorphic trian-
gle. However, instead of blowing up a given vertex in M, here we need
to do this reparametrization for a family of neighborhoods depending
on varying p, so we need a family of cylindrical metrics fibered over M.
The precise off-shell formulation is in the subsequent subsection.

For the moduli space of “disk-flow-disk”, we need to formulate a Fred-
holm theory for the objects which are allowed to have dimension jump.
When the length of the lines of “disk-flow-disk” elements shrink to
zero, there appears some subtlety in the Fredholm theory since we
encounter a noncompact family of domains and suitable transversality
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is needed for such a family. However, this transversality issue can be
reduced to a finite dimensional differential topology lemma and is
solved in Section 9.

To apply the discussion on C" to the one-jet consideration of M, we
need a way of identifying (7,M,w,, J;) with the standard almost Ké&hler
structure on (C",wp, Jo). Since this identification depends on the point z,
there is no canonical way of doing this identification, especially when J is
nonintegrable. One might try to adjust J so that it becomes integrable if
the given point x were a fixed point. However for our purpose, we will need
to provide this identification at an wunspecified point and so changing the
given almost complex structure is not appropriate. Because of this, we need
to carry out this identification in a systematic way making all the choices
involved smoothly varying over z € M.

It turns out the notion of Darboux family introduced by Weinstein [Wel]
is particularly useful for the above process.

8.1. Darboux family and explosion of manifolds. In this section, we
first recall the notion of Darbouz family introduced by Weinstein [Wel]
and then carry out the explosion of manifolds of the Riemannian metric
at a point to produce a smooth family parameterized by M x [0,g¢] for a
constant €y depending only on the symplectic manifold (M, w).

For a symplectic manifold M, each tangent space T, M inherits the struc-
ture of symplectic vector space with the symplectic quadratic form w,.

Definition 8.1. [Wel]| A Darbouz family is a family of symplectic diffeo-
morphisms I, : V,, — U, such that

(1) V, and U, are open neighborhoods of 0 € T, M and = € M, respec-

tively,
(2) I;(0) = z and dI,(0) = id,
(3) [}w = wy,

(4) (V,Ug; I;) depends smoothly on z.

To emphasize the readers that I, plays the same kind of role as the expo-
nential map at x, we denote

I, = expi .

When (M,w) is equipped with a compatible almost complex structure .J
so that the triple (M,w,J) defines an almost Kahler structure, the above
Darboux family automatically assigns an almost complex structure I}.JJ on
Vz. In addition to (1), we can require the condition

(5) (I*J)(0) = J, on To(TxM) = T, M.

Now we can identify (T,M,w,,J;) with C" by an Hermitian isometry
and denote by B?"(eg;.J;) as the standard ball of radius 9 > 0. The ball
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B?"(e0; Jz) C TpxM does not depend on this identification but depends on
(wxa Jxa 80)-

Note that when M is compact, we can choose the family so that there is
€0 > 0 such that

(8.1) I,(B*(e0; J,)) C Uy

for all x € M. We call any such ¢y > 0 an admissible radius for the Darboux
family. We denote

B(I, J;x,e0) = L(B*(e0; Jz)) C M.

Since we will not change J or I, we will simplify and just denote B(I, J; z,eq)
by Be,(z) whenever there is no danger of confusion.

Next we recall the explosion constructions of manifolds and metrics from
[We2] in detail in Appendix 8.4. We use this construction in the context of
almost Kahler structure.

Consider the pointed manifold (M, p) for each p € M and denote by
Tep) - E(M,p) — M x R the explosion of (M, p) at p. By construction,
E(M,p) is defined by beginning with the product M x R, removing the
“axis” M x {0}, and replacing it with the tangent space T,M at p in M.
The differentiable structure on E(M,p) is taken to be the usual product
structure on M x (R\ {0}). Charts near M x {0} is defined with the aid of
the above given Darboux family of coordinates on M. We refer to [We2] or
Appendix 8.4 for more precise details. This enables us to regard E(M,p) as
a family of manifolds “exploding” at p at the time ¢ = 0. For ¢ # 0, the fiber
E. = E(M,p). is diffeomorphic to M and for ¢ = 0, Ey is diffeomorphic to
the linear space T, M.

We now consider the explosions F(M,p) as a family parameterized by
p € M. We define

E(M)= | E(M,p) = M
pEM
and will provide a fiber bundle structure E(M) — M: It is enough to pro-
vide compatible local trivializations thereof at each p € M. Let U C M
be a neighborhood of p such that I=1(U) = B?*(r). Without loss of any
generality, we will assume r = 1. We will find a trivialization

®:EM)|y = U x E(M,p)

by defining diffeomorphisms ¢, : E(M,p') — E(M,p) depending smoothly
on p’ € U. For this purpose, we will use Corollary 8.2 in the Appendix.

Using the fact that the open ball IntB%"(1) is two-point homogeneous
under the action of Md&bius transformations we can find a smooth family of
diffeomorphism

pprp + (B¥(1),0B7(1)) — (B*'(1),0B™ (1)),
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(M,gwes) | | 0

Figure 4. Explosion of a manifold at p.

which maps p’ — p and is the identity on B%"(1)). Restricting p’ € B?*(1—
k) for a fixed small k > 0, and suitably modifying the diffeomorphism on
Int(B?"(1)) \ B?*(1 — k) once and for all, we can smoothly extend outside
of B?"(1) by setting it to be the identity. This defines a diffeomorphism
goé,p : (M, {p'}) — (M,{p}) which is the identity outside U. Furthermore
one can easily arrange that as p’ — p, the map ¢, — id in C*°-topology.

By making the above modification on Int(B%"(1)) \ B?*(1 — k) once and
for all, the local trivializations over different U will be compatible and hence
we have shown that F(M) — M x R is locally trivial.

One can see this explosion process more vividly if we consider it in the
point of view of Riemannian manifolds (Figure 4). Let g be a given metric
on M and 0 < inj(g) < oo be the injective radius of ¢g. Fix a constant &g
that 0 < g9 < inj(g). In our case, we will consider the compatible metric
g = w(+,J-). We will introduce a family of Riemannian metrics on M for
e > 0, denoted by g, ¢p, in a way that the family satisfies the following
properties:

Proposition 8.1. There exists a family of Riemannian metrics gs, on M
for 6 > 0 such that

(1) gsp =g for d > 2e,
(2) The fiberwise pull-back WE(MP)(Q(;,])”EL; over M x Ry \ {0} extends
smoothly to M x Ry by defining the metric gop on Eog = T,M to be

gop = 9(p)-

Proof. In regard to the expression (8.21) of the coordinate chart applied to
Y ={p}

E(I)(z,e) = (I(ex),e),
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we want the family g5, to be defined by

-
9s,p = (TQI 9

for 0 near 0. Then the pull-back metric of gs, to Es is given by

* 1 *
T p) 9o (T 0)|TE; = 5—2(E(I) o Rs)"g(z,9)

in the coordinate chart E(I) on E(U). Now a straightforward calculation
shows that this family has the coordinate expression as

Trp)950(T,0) (V) = g(I © Rs())(Thy(2) I (v))

for v € TE;s at (x,d) with respect to the canonical coordinate E(I) asso-
ciated to the Darboux chart I at p. From this it follows that this family
smoothly extends to E(M,p) across 0 = 0, if we set the metric go, to be
g(p) : Here we use the condition To! = id on T, M. O

For any given 0 < £ < g9, we can interpolate the scaled metric g/ 5% and
g/e% on B, (p) via cylindrical metric. More precise description of the metrics
is in order.

Using the Darboux family, for any p € M, we define a one-parameter
family of metrics g, on M as the following:

(82)
60%97 e M\BEO (p>7
Geo.em = p(@) 29+ (1= i = =) oot iy
+p- () S L(g(p)), o € Bu(p)\B(p),
5 L(9(p)), o BLlp)

where the r is the radius function on (7,M, g(p)), the p;(z) is a smooth
cut function that py(z) = 1 outside B.,(p) and p(z) =0 in B%EO (p), while
p—(z) is another smooth cut function that p_(z) = 0 outside B 1 .(p) and
p(z) =1 in B.(p).

We equip M\{p} with a metric g.,, making M\{p} a manifold with one
cylindrical end, where

Eo%g, z € M\Bgy(p),
I*
P+ (@) g9 + (1= () Grtenti: @ € Beo(0).

(8'3) Geo,p = {

We also equip T, M with a metric gey1 ¢, making it to be a manifold with
one cylindrical end as well, where

(1—p- (@) 22 + p_(2) Lg(p), € T,M\Be(p),
=9(p), x € Be(p).

(84) Geyle,p = {
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Clearly, the scaling map ¢ : (T, M, gey11,p) — (TpM, geyiep), v — v/e is an
isometry and (T, M, gey1,1,p) is isometric to (C™, gey11,0)-

Remark 8.1. We have the following observations:

e metric g., ., on M is the interpolation of the metrics g, , an

1) The metric g, on M is the interpolation of the metrics g, , and
Yeyle,p-

(2) limz—0 geg,e,p = Yeo,p 00 M\{p}.

(3) The expression % is simply the push-forward of the cylin-

p

drical metric % = ggpyg2n-1 on T,M\{p} to M by expé.

(4) The degenerating metric g, ., on M given is noncollapsing as e — 0,
and

9eop = ;lﬂ% Yeoewr on M\{p}.
in the Gromov—Hausdorff topology.
We note that Bg,(p)\B:(p) is identified with
(0,In(gg) — Ine] x §?" 1 c R x §%7!

via the map (r,0) — (s,0) with s = Inr. In the coordinates (s,©), any
point © € B, (p) is identified to a pair

(s(z),0(x)) € (—o0,0] x §#"~1,

We call (s,0) the cylindrical coordinate chart near p.
Now we equip E(M) x M x Ry — M x Ry with the structure of Rie-
mannian fibration with its fibers given by

(M, gepep), for (p,e) e M xRy, e#0,
(TpMag(p))) fOI‘ (p7 5) = (p7 O)

This fibration over € > 0 will host the off-shell Banach manifolds for the
resolved Floer trajectories arising from nodal Floer trajectories, while the
union

Eo#t(M \ {p}) = T,M#(M \ {p})

regarded as the end-connected sum of two symplectic manifolds Fy and
M\ {p}: Here Ey has conver end and M \ {p} has concave end both with
the unit sphere S'(7; »M) as their asymptotic boundaries in the Darboux
chart I,,. This explosion E(M) x M xRy — M x Ry will be implicitly used
to define a Banach manifold that host the enhanced nodal Floer trajectories.
We turn to the description of these off-shell Banach manifolds in the next
couple of subsections.
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8.2. Off-shell formulation for perturbed J-holomorphic discs. The
off-shell formulation of the moduli space M?OFzT 0)(((:”) has been given
in Subsection 5.2. Here we provide the off-shell setting for the per-
turbed J-holomorphic disk moduli spaces M((K~,J7);[2—,w_]; A_) and
MK, J"); [24,wi]; A4 ). Note that if the target is the compact manifold
M, then the off-shell Banach manifold hosting perturbed J-holomorphic
curves (or discs) is the standard W1P(3, M). That formulation was used in
“disk-flow-disk” sections.

However, to resolve enhanced nodal Floer trajectories by the scaled gluing
method, we need to blow up every point p in M. Therefore, the off-shell
Banach manifold should incorporate this fact for which we need to consider
a family of Banach manifold, which forms a (locally trivial) fiber bundle over
the target manifold M.

We first introduce the Banach manifold Wa” (53, M;p,z4, vy, 74+) for each
given (p,, 24,7+, 7+). Here a = a(7) stands for the weighting function that

e2mlTl 7 <
8.5 = ’ -
(85) a(7) {1, T > 0.

The space Wé’p(E,M;p, Z4,7Y+,T4+) consists of elements u : (2,0+) —
(M, p) satisfying the following:
(1) we W,?
(2) In the analytical chart of a positive puncture e; € X, lim, 4o
u(7,t) = z4(t) for the periodic orbit z4(¢) in M.
(3) For sufficiently large 7, u(7,t) = exp. )({(7,1)), and &(7,t) €
12((0, +00) x S, 21 (TM)).
(4) In the analytical chart D} = (—o0,0] x S! of the marked point o,
u(7,t) is in a cylindrical coordinate chart Bg,(p) of p, with u(r,t) =
(@-‘r (T7 t): S+ (7-7 t))v Sa‘tiSfying
27d| 7|
e 7 04(1,8) = 74 ()] s20-1 € WHP((—00,0] x ', R),
2ms| 7|

e v |sy(r,t)—27m(r — )| € WHP((—o0,0] x S1,R)
for the simple Reeb orbit v (t) and 74 € R.

WP (2, M;p_,z_,~v_,7_) is defined similarly, but the weight function « is
replaced by a(—7).

Remark 8.2. We only consider simple Reeb orbits because we have chosen
a generic J so that the nodal point p = u_(0o—) = u4(o4) of any nodal
Floer trajectory (u—_,u4) is immersed. Translating this to the asymptote of
ug in the cylindrical manifold M\{p}, we only get simple Reeb orbits in
S2n=1_ Therefore, to host such u+ with immersed at o, the function spaces
War (2, M;ps, 21, v+, 72 ) with simple Reeb orbits v4 are adequate.
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We denote the set of parameterized simple Reeb orbits v(t) in S?"~! by
R1(\). By the Hopf fibration 52"~ — CP" we see R1(\) = S~ because
given any point in S?"~! to start, the passing S' fiber is a simple Reeb orbit.

Remark 8.3. Since only finitely many nodal Floer trajectories (u_,u.)
are involved during gluing, we can assume ||Vuy (o4 )| (the gradient is with
respect to the metric g on M) is uniformly bounded. Therefore by possibly
shrinking the cylindrical charts O, we can assume they all satisfy uy (O1) C
Up. Therefore, for (7,t) € O, us(7,t) is in the cylindrical coordinate of the
target (M\{p}, gsp) - This said, in cylindrical coordinates of the domain and
target, the map

ut : Oy — Bgy(p) = (—00,0] x g1 (1,t) = (s£(7,1),04(T,1))

has the asymptote satisfying

—2mcp|T|

IVE(OL(7,t) —71(t))|g2n1 < Cre” »  and
—2mey|T|
(8.6) IVF(s£(r,t) — 2m(T — 7)) < Cpe ™ 7

for some constant Cj and ¢, where s4 = sou4 and O+ = © oug. The Cj,
and ¢y, can be made uniform for all vy nearby the (finitely many) nodal Floer
trajectories (u_,uy) by the continuity of the V**1uy translated into cylin-

drical coordinate. We chose ¢ in the definition of Wa” (2, M;py, 2z, v, Te)
to be less than ci(k =0,1,2).

Then we let

Wal’p(va;Z-i-) = U U Walyp(zaMapv Z+77+7T+)7
PEM (v} 74 )ER1 () XR

where R1()) is the set of all parameterized simple Reeb orbits in $2~1. So
WaP (%, M;zy) is the space that hosts all (K_,.J_)-holomorphic discs u
with boundary on the periodic orbit z4(¢) in M, and immersion at o. The
moduli space Wa? (3, M;z_) is defined similarly.

We will show Wa? (E, M; z4) is a Banach manifold. First, we describe the
tangent space of a given element u in WaP (Z, M; z;). Since

T WEP(S, M;2,) — M
is a fiber bundle with its fiber at p € M given by

Wa17p(27M7p7 Z+) = U Wa17p(27M’p7 Z+a’>/+77—+)
(74, m+)ERI (V) XR

we need to consider both the vertical and horizontal variations for w.
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Let x4 : (—00,0] — [0,1] be a smooth function such that yi(7) = 1 for
7 < =2 and x4(7) = 0 for 7 > —1. We consider the quadruple (U, V% "
1

Vi, vy ) satisfying
(1) V%l()\) eTwﬁl()\), Vi ER=T,, R, and vy € T,M, where p = u(o4);
(2) U € WEP((S,uw*TM);

loc
(3) Ue Wél’p([(), +00) x SY,u*TM), where [0, +00) x St is the analytical
chart for the positive puncture ey € 3;
(4) In the analytical chart D} = (—o0,0] x S! of the marked point o,

u(7,t) is in the cylindrical chart of p € M. Let

U(T7 t) = U(T7 t) - X-‘v-(T)Palu(T,t)U(_OO? t)7

278| T ~
thene » |U(7,t)| € WIP((—00,0) x S1,R). Here U(—o0,t) = V% N
1
(t), and Pal,(; ;) U(—o00,t) is the parallel transport of U(—oc,t) from
u(—00,t) to u(r,t) along the minimal geodesic in (M, gz, p)-
Let C°(u) be the set of all such quadruples. It becomes a Banach space
with the norm

(8.7)

IV oy Ve v e =

27| T| ~ p

e » U(r,t)

VHP (VL P P,
IRV P e

Then it is standard to check Wa?(3, M; z,) is a Banach manifold and
COu) = T,WLP(2, M; 2.
Similarly, Wa? (3, M;z_) is a Banach manifold. The tangent vector

(U, Vf;m, Vi vo) € T,WAP (S, M; 22)

is defined similarly, where Vo € T, Ri(\), Vg e R=T, R, and v_ €
1
T,M, p = u(o—). The Banach norm is

(8.8)

I VE, oy Vi v =

2wd|T| ~ p

e » U(T,t)

| Vel | Vo p P,
VPV P

Remark 8.4. U corresponds to the variation of w within a fixed fiber
M\{p}, and vy € T,M corresponds to the variation of the fiber M\{p}

in M.
Let
By =WoP(S,M;2y), L= | &S, A (ui(TM))), and
ueEBL

5(J+,K+) By — Ly, (u,p) — (5J+u+ (PK+)L(]0;1)(U),])).
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Then 5( J+,K+) 1s a section of the Banach bundle By — L4, and the
perturbed (J*, KT)-holomorphic disk moduli space M(J*, KT; 2, ) can be
written as the zero set

My(JT K F520) = O+ x+)) 1 (0).

When we consider the moduli space with more topological restrictions on w,
say My (K™, J"; [z, wy]; Ay), we can accordingly restrict to

O+ x+y B[z, wils Ay) — Lo ([z4, wils Ay ),
and get M1 (K™, J*; [y, wi]; At) = 9+ k+)) ' (0). Here

Bi([z4,wi]; Ay) = {u € By| [u#wy] = A}
and so By = B4 (z4) is decomposed into
By =By ([z,wi); Ay).
Ay
And
Li([z4,wils Ar) = LB, (jznwi]iay) — B[z, wi]; Ay)
is the restriction of the bundle £y — By to B4 ([z4, w4]; A4). We also note
that By ([z4,w4]; A+) has the decomposition

Bi([e4,wil; Ay) = U By ([e4, wi], p; At)
peM
that is a fiber bundle over M with its fiber at p € M given by

By [z, wil,p3 Av) = {(u, 04) | B ([24, wi]; A1), u(o4) = p}.
We now study the linearization of 5( g+ K+)- First we describe the tangent
space Ty p)B([z+, wi]; Ay). It decomposes

Tiup) B ([24, wi]s Ay) = T(vu,p)BJr([ZJm wil; Ay) & T(};,p)5+([2+a wyl; Ay)
into the vertical and horizontal components for the fibration
By ([z4,w4]; Ay) — M; (u,p) — u.
Then we have the canonical identification

Ty B ([, wils Ay) = T By ([z4, we], ps A4) = WP (u*TM;p, z4)

where Wa't (u*TM;p, z4) is the set of (U, Vgl )’ Vg ) satisfying the condi-
tions given right above Remark 8.4.

On the other hand, the horizontal space is not canonically given and
so we will choose them by prescribing their fiber components in the given
trivialization of (E(M)|y = U x E(M, p). Take a small convex neighborhood
U of p, and consider the parameterized line v : [0,1] — U with v(0) =
p, v(1) with constant speed. By the discussion before Proposition 8.1 we
have diffeomorphisms ¢,,(s) @ (M,{p}) — (M,7(s)). We abbreviate ¢, ()
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by ¢s. Then the fiber component of the horizontal lifting of v € T, M at u
in this trivialization is given by
d
% s=0
where X is the vector field generating the isotopy ¢s to the direction of

wsou =: Xgou,

v = pp'. Therefore using the local trivialization of Bi([z4,wi]; Ay) = M
induced by the family of diffeomorphisms ¢,,/, the horizontal lifting of v €
T,M is precisely (Xoou,v).

Note that the set of these variations {(Xo o u,v} defines an a 2n-
dimensional subspace of T, B ([z4, wy]; Ay) isomorphic to T, M. We denote
this subspace by TpM C By([z4,wi]; Ay).

Now we are ready to derive the formula for the linearization. When the
variational vector field U is tangent to a fixed target M\ {p}, the linearization
DO+ -+ (U) at u is computed in a standard way.

Lemma 8.1. We have
Dydy+ g+ U € LE(S, A% (u'(TM))).
Proof. In the cylindrical end (—oo,0] x S?*~1 in M\{p}, the vector field
U - ﬁ = X+(T)Palu(7',t)U(7ooa t)

is asymptotically J,-holomorphic: one way to see this is the following: iden-
tify (—o0, 0] x §?"~! to C™\{0} and regard u(r,t) in C*\{0}. then the push
forward of Pal, U (—o00,t) is very close to the vector field

Vﬂgu(z) + 27re2ﬂ(7*7++ﬁt)VRl(>\) (0)

in C™ when 7 is negative enough. Furthermore, we have lim,_,_ u(7,t) = p,
and J(u(r,t)) — Jp. Therefore, we have

|Du5(J+7K+)(U — [7)| < Cecll

and so N N
U= (U-U)+U€WiP((—00,0] x S, R).
This finishes the proof. O

When the variational vector field is induced by a change of base point p
in (M,p) in the direction of v € T,M, it is given by the one whose fiber
component of the induced variational vector field at u is given by Xg o u
where X is the vector field generating the isotopy 5. We denote by X, the
Xy associated to v € T, M. Of course the component in T, M is just v. Note
that the set of these variations {(X, o u,v)} defines an a 2n-dimensional
subspace of T(,, p) B ([2+,w+]; A4 ) isomorphic to T;, M. We denote this sub-

space by 7/“;;]\/4 C Tup) B ([z+,wy]; Ay) and (X, o u,v) = v. With this
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choice, obviously we have the decomposition
Tlup) B+ ([z4, wil; Ay) = TuBi ([z4, wil, p; Ay) @ TpM
= WIP(u*TM;p,2,) ® 7/};7/\4.

Now the linearization of the section

O+ ie+) t B[z, wil; Ay) — Lo ([24, w4 ] Ay)
at (u,p) along
0 € TpM C Ty p) By ([24, wi]; Ay)

is given by (D8 j+ g+)(Xo, ou),vy) in the above-mentioned trivialization

of Ty p) B ([24, w]; Ay).
A straightforward calculation gives rise to the following:

Lemma 8.2. We have the formula
Dug(J‘*',K“‘)(Xv‘*' ou) = (U*V)(O’l)(Xv+ ou)+ T(O’l)(du, Xy+ ou)
+ DPye+ (u) D (X 0 )

where T is the torsion tensor of the almost complex connection V and the
(0,1)-parts are taken with respect to JT.

Combining all these, we have obtained
Proposition 8.2. For (u,p) € My(K_, J_;[z4,wi]; Ay),
Dup)0ist ity TiupyWaP (5, M; 24) — LE(S, A% (w*TM)) @ T,M
18 a Fredholm operator with
index D0+ r+) = n — p([z, wy]) + 2¢1(A).
Next we prove the following transversality result of the section 5( T K+)-

Proposition 8.3. For generic J© € J,M and any (J, K™)-holomorphic
curve u,

D(up) 00+ i+) : TupyWal (8, M3 24) — LA(S, A% (u*"TM)) & TM
18 surjective.

Proof. We first consider M\ {p} for a fixed p, and a fixed asymptote (74, 74)
in the cylindrical metric on M \ {p} near the point p. For the linearization of

ety WP (5, Msp, 24,74, 74) X T

: 0,1, x
- U U LZ(E,AJ+(U TM))7
qué’p(z,M;p,Z+ 7PY+7T+) J+€"7w
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standard argument shows that the map

(8.9)
Dug(.,KJr) : T(U’JJF)(WOCLP(X.], M;p, 245 V+ T+) X jw) — Lg(E, AOJ’i (U*TM))

is surjective for any given (JT, K*)-holomorphic curve w.
Now we enlarge the domain of 5(,,K+) from Wal’p(E, M;p, 24, v4,T4) X T
to WaP (S, M;z4) x T, ie.,

5(~,K+) cWEP(S, M 2y) x T,
- U U LA A% (wTM)) | @ TM.
WEWLP (S, M;z1) JTE€Tw
Then for any given (J©, K*)-holomorphic curve u € Wa (3, M; z.),
DBy - Tou gy (WS, M 24) x TL) — IL(5, AL (w*TAM)) & TM

is surjective because (8.9) is surjective.

Now we consider the projection p: Wal’p(i], M;zy) X J» — Ju. Then by
Sard-Smale theorem, for any generic J* € 7., specifying to .J for the above
parameterized family of maps Dug(.7 K+

Dud g+ ey : TWEP (S, M3 24) — LE(S, A%} (w*TM)) & TM
is surjective. O

To prepare for the next subsection, we define the one-jet evaluation map
for (u,04) € Mi([z4,w+]; A4). Recall that in the cylindrical coordinate
chart near p = u4 (o4 ), we use the embedding

SEPD) s B\ (b} — (TpM, J)\(p} = (€7, Jo)\ [0} = R x 57!

to express u = (s,0) C R x §?"~! with the asymptotes O(7,t) — v, (t) and
s(7,t) — 2w (T — 74). We define the tangential evaluation map

ev?‘iE WP, M;20) = R X Ri(N),  u— (T4, 74)

All the discussion above in this section hold for M (K, J ;[z—,w_]; A_)
and WaP (3, M; z_) without change of proofs.
Here the a = a(7) is a similar (but different) weighting function as before:

1, 7 <0,
(8.10) a(r) = {e%ﬂ

We abuse the notation o and the norm || - ||1,,o for u— and u..
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Figure 5. The enhanced nodal Floer trajectory.

The tangential evaluation map of u € Wé1 P (Z, M ; z—) is defined similarly
up to the sign of 7_:

ev? TWIP(S, M2 ) = Rx Ri(N), u— (7_,7).

8.3. Off-shell formulation of enhanced nodal Floer trajectories.
Now we are ready to define the Banach manifold hosting the enhanced nodal
Floer trajectories (Figure 5). For notation brevity, we have set T, M\{0} =
T.FM and TM\oy, = TTM, where oy is the zero section of TM. For
all x in M, identifying each (7,M,J,) with (C",Jy), we get a family of
inhomogeneous local models

(8.11) M?B;ZO)(E, T, M) = Mg0) (2, T M) & T, M,
and the corresponding Banach manifolds hosting them
(8.12) B, = 5{’(%;270)(2, T.M) ® T} M,
and the Banach bundles
(8.13) Lo= | L3, A (w*T(T, M)).
uEBy
We emphasize that in defining W;’ ’(%;270)(2'], T, M), the metric h in the linear

space T, M is cylindrical, like the one we defined in C" in Section 6: we let
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h(z) = A(2)g(z), where g(x) is the original Riemannian metric on T, M,
A : T,M — R, is the same radial function as in 6, such that \(z) =

B

QN

when |z|4 is sufficiently large.
The union of these Banach manifolds, which hosts all local models in
different T, M, is

(8.14) Bima= ) B = | W;g;w)(z,TxM)@T;M
reM xeM

and the corresponding Banach bundle is

Lima = U L.
zeM

Here T, M is the summand encoding the vector @ = V f(x) which is not a
zero vector since we assume that the node of the nodal Floer trajectories
occur outside the set of critical points of the back-ground Morse function f.
We also note that the group
Autina(z) = (ToM x (R\ {0})) x R

acts on W(s1 ’5,2 0) (S, T, M) where the factor T, M corresponds to the transla-
tions on T, M, R\ {0} corresponds to multiplication by nonzero real constant
on T, M and the last R-factor corresponds to the domain 7-translations. This

action also induces an action on Ljq.
We let

(8.15) m: | M) (& TeM) — M
zeM

be the projection to the base M, and the symplectic field theory evaluation
map

eUSFT = (ev%FT, €’U_S|_FT) : MEBQ 0 (EyTxM) - Rl()‘> XAM Rl()‘)v

)
ug — (70—770+)»

where v+ are the asymptotic data of the local model ug. Here we use the
fiber product R1(A) xa,, Ri(A) to emphasize that y_ and 74 lie in the
same T, M, where p = m(ug). (We recall from Subsection 8.1 and the para-
graph right therebefore that we have made the identification of (1),M, J,, wp)
and C" using the Darboux family I.)

We form the Banach manifold hosting enhanced nodal Floer trajectories
via the fiber product of

T 0 ev? X mg o evgpr X ﬂeevf tR1(A) X (R1(A) XA, Ri(A)) X Ri(N)

(u_,ug, uy) — (7g o ev™ (u_), evspr(ug), T © evﬁ(u”) :
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Let Az, (n) C R1(A) X R1(A) be the diagonal. Then we define

-1
(8.16) Biodal := (71'@ oev? x EeUSFT X T@ O evf) (AR, () XAy Aryv)

= {(u_,up,uy) € B_ X Bipg X Bi| u_(o-) = uq(o4),

7o 0 v’ (u_) = evgpp(uo), mo 0 ev (uy) = evdpr(uo)}

to be the Banach manifold. Due to the action of (T,M x (R\ {0})) x R on
Bimd, the same group acts on Bpodal-

From the matching condition it is clear that for any v = (u_,ug,us) €
Bhodal, its tangent space is

(817) TuBnodal :{(é—, 507 §+) € Tu+B+ X TuoBlmd X Ty B—|

_ B . + _ /0%
Vo =04 =Vp =, VRl(A) - VRl()\)}’

where we have the expressions
€ = (Us, Vg, o) Vit - 0) € TusBe,

‘50 - (U(], V7gl_()\)a V]}g_a ng_(/\), V]}g+7 UO) € TuoBlmda

and the vy € T, M correspond to the variation of the base point p.

We have a natural Auty,q(z)-equivariant section

O(sk.f)  Brodal = L X Lima X Ly,
(u—,ug, uy,p) — (E(J*,K*)u—a g(Jp,f)u& 5(J+,K+)u+) )

where p = ug(o4) is the nodal point, and E(Jp“f)uo = 5qu0 — Vf(p)dr +
JpV f(p)dt.

If we put more topological restrictions on u_ and w4, namely if we let
Bnodal([z—a 'UJ_], [Z+7 w-i-]a A—7 A+) = {(U_, U, u-i-) S Bnodal’ [u:l:#w:l:] == A:t}u
then similarly we have the section

(8'18) a(J,K,f) : Bnodal([z— ) w—]7 [Z-H w-‘r]; A, A+)
— L([z—,w_]; A_) X Limg X L([z4,w4]; At),

and the moduli space of enhanced nodal Floer trajectories with the back-
ground Morse function f defined in Subsection 5.1 can be interpreted as

MHOdal(['Z*7 w*]? [ZJra er]; A,, A+’ (K? ‘])a (f’ ‘]0)) = (E(J,K,f))_l(o)
from (8.18).
Proposition 8.4. For generic J~ and J* in J,,, any enhanced nodal Floer
tmjectory u = ('LL_, Uo, U+) € Mnodal([z_7 w—]a [Z-‘ra w-‘r]; A—7 A-i-; (K7 J)? (fv
Jo)) is regular, in the sense that
Diup9k.1) * Ty Brodar [z, w-], [24, wy [ Ay Ay)
— L([z—,w_]; A_) X Lima X L([z4,w4]; Ay) @ T,M
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is surjective. Consequently, there exists a right inverse of D(%p)g(J’K’f),
(8.19) Q°le=0: L[z, w_];A_) X Lima X L([z4,w4]; Ay) @ T,M
B T(u,p)Bnodal([Z—7 w—]u [Z-i-a ’LU+], A—7 A-‘r)

Before the proof of the proposition, we state a lemma concerning the
linearization of the inhomogeneous local model equation with respect to the
variation v = (0,v) € Ty, p)Bima Which is the horizontal lifting of v € T, M
as constructed before for the curves u..

Lemma 8.3. For any (ug,v) € MZB;Z’O)(Z, T. M) satisfying
3(,.pyu0 = D.yug — V f(p)dr + JV f(p)dt = 0,

and corresponding to the variation v = (X, o ug,v) in the trivialization
constructed by the family pp,y with v € T,M, we have

(Duo,9)0(7y,) ()" € Lima-
Consequently, the map
Do) 0(gp.f) * TuoBima = Lima @ TpyM
18 surjective.
Now we go back to the proof of the Proposition 8.4:

Proof. Let u = (uy,ug,u—) be an enhanced nodal Floer trajectory with the
nodal point p. In Subsection 8.2, we have proved that for generic J* € 7.,

D(Ui,p)g(ﬁﬂi) : T(U:E,P)B([Zi’ wil; At) — Lp( 5,AY 1(“1(TM))) ®TpyM

is surjective. By Proposition 5.4, for generic J* € J,, we have that

(8.20)
ev_ xevy : My(J K 5[z, w_]; A) x My(JT, K T3 [20,we]; AL,
(u_,u+) - (U (0 )au-i-( ))
is transversal to A C M x M. Therefore, for any ny € LE(3, Ag’i (uf(TM))),
there exist &4 = (U, V%l()\), Vﬂg[,vi) € Ty, B([z+,w4x]; Ax) such that
Duig(J:t7K:I:)§:|: =ns and wv_ =wvy =

Then for any ng € Ag’pl (uy(TT,M)), by the transversality of the local

models in C" = T, M, for ug in T, M, there exists

€0 = (Uo, Vo, () Vi) € TuoBy

such that Duog(J Ho = no- Hence for (&o,v0) € T(yg,v9)Bima With vo = v,

Doy, 5) (€05 v0) = Dy, 1€0 = 1o-
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The proposition immediately follows from the surjectivity of D, ig( Ji K1)
Duog( 7,.5) and the transversality of the evaluation map

T 0 ev? x mg o evjé,E — R1(A) X R1(N)

to the diagonal Ag, (). For any n = (n—,1n0,7+), using the above construc-
tion we define Q°|.—o is defined to be Q°|.—0(n) = ({-, &0, &+, v). Then Q%[c=o
is a right inverse of D, )9k ) and the proposition follows. 0

Remark 8.5. For the purpose of constructing approximate right inverse
later, we define the operators Q_, Qo and Q4+ by

Q-n-:=¢&, Qomo:=%&, Q+n+ =&+
for the (77—7770;77—1—) and (€—7§O7§+> above.

8.4. Appendix: Explosion. In this appendix, we collect various facts on
the so called, explosion construction of manifolds. We verbatim follow the
exposition in the smooth context given by Weinstein in Section 4 [We2].

Let Y C X be a submanifold. The explosion of X along Y, denoted by
E(X,Y), is defined by beginning with the product X x R, removing the
“axis” X x {0}, and replacing it with the normal bundle N(X,Y) =
Ty X/TY to Y in X. The differentiable structure on F(X,Y) is taken to
be the usual product structure on X x (R x {0}). Charts near X x {0} are
defined with the aid of local coordinates on X. A more precise description
of local charts near X x {0} is in order.

Let X have dimension n and Y have dimension k. We abbreviate the
coordinates (z1,...,z,) on R™ by (y,z), where y = (z1,...,z;) and z =
(Tkt1,---,%n). Suppose that & is a submanifold fold chart defined on an
open subset U C X at p € Y C X, i.e., a chart for the pair (X,Y") defined
on an open subset U of (R”,R¥) which is invariant under the retraction
(y,z) — (y,0). The corresponding chart E(®) for E(X,Y) is defined on the
open subset {(y,2’,¢) | (y,e2') € U} of R**! by

(8.21) E(®)(y,7,e) = (P(y,e2'),¢)

for e # 0 with E(®)(y, 2/,0) defined as the projection of the tangent vector
T(y,0)®(0,2') into the normal bundle N(X,Y). The following theorem is
proved by Weinstein [We2].

Theorem 8.1 (Lemma 4.3, [We2]). Let f: (X,Y) — (Z,W) be a smooth
mapping. Then it uniquely induces a smooth mapping E(f) : E(X,Y) —
E(Z,W) such that

(1) E(f) extends to the restriction f: X \Y — Z\ W,
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(2) When ® and U are local charts of (X,Y) and (Z,W) respectively
and the local representative W= f® is written as V™1 f® = (g,h) :
(R, R¥) — (R™,RY), then the local representation E(g,h) of E(f)
with respect to the charts E(®) and E(V) is given for € # 0 by the
“partial difference quotient”

E(g,h)(y, 7, e) = (g(y,e2'), (1/e)h(y,e2'), €)

and for e = 0 by the normal derivative
E(g.h)(y,%',0) = (9(y,0), (9h/02")(y,0),0).

Two immediate consequences are also derived in [We2].

Corollary 8.1 (Theorem 4.4, [We2]). Assuming to each pair (X,Y) the
exploded manifold E(X,Y") with the differentiable structure described above
defines a covariant functor from the category of pairs of manifolds to the
category of manifolds over R.

Corollary 8.2. The identity map on X x (R\ {0}) extends to a unique
smooth mapping from E(X,Y) to X x R. The restriction of this mapping to
N(X,Y) is the bundle projection onto Y x {0}.

This corollary defines a canonical smooth projection map E(X,Y) —
X x R, which we denote by 7r(x y).

Part II. Analysis: scale-dependent gluing and
compactification

9. Smoothing of nodal Floer trajectories I; to “disk-flow-disk”

The disk-flow-disk moduli spaces
MPE (o w s fy [y, wil; Ag), - ME([z—, w-]; fs [24, wi]s A)

have been defined in Section 4. Recall that the moduli space of “disk-flow-
disk” elements of flow time ¢ is

ME([zm w]; fi e wils Aw) s={(u—, X, ug) | us € M(K®, J5; 745 Ay,
x:[0,e] = M,x —Vf(x)=0,
=x(0), ut(o+) = x(e)}.

We give M®([z—,w_]; f;[24,w+]; Ax) another interpretation through
evaluation maps. This point of view is more suitable for analyzing the tran-
sition from nodal Floer trajectories to “disk-flow-disk” elements. Consider
the deformed evaluation map

(9.1)  gFev— xevy : My([z—,w-]; A_) x My([z4,wi];Ay) — M x M

(u-yuy) = ($u_(o-),us(01)),

u_(o_)
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where gbjc : M — M is the time-¢ flow of the Morse function f. Then it is
easy to see

(9-2) M ([, w-]; fi [z, wi s Ax) = {(u-, X, ug) |
(u—,uy) € (pFev— x evy ) LH(A), x(1) = ¢Fu—(o-) for 0 <7 < e}.
Using the above interpretation, if

(9.3) ¢Fev— x evy is transversal to A C M x M

and if D, ig( Ky,Jy) are surjective, then by the inverse function theorem for
(9.1), Me([z—,w_]; f; [z4,w4+]; Ax) is a manifold of dimension

dim M ([z—, w_]; f; [z, wi]; As)
=dim M ([z—,w_]; A_) + dim M ([z4,w4]; Ay) — 2n
= (0 + pez((e w]) + 261 (AL) + (0 — pez((es, ws]) + 261 (A4)) — 20
= pez([z— w-]) = poz([z4, w4]) + 2c1(A-) + 2¢1(A4),
if &€ > 0 is sufficiently small.

Assumption: For transversality argument, from now on we assume the
critical points of f do not coincide with the nodal points of nodal Floer
trajectories, this can be achieved by a generic f.

Since we mainly care about the transition from disk-flow-disk elements
to resolved nodal Floer trajectories during the PSS cobordism, only the
disk-flow-disk elements with short-time flows will be considered. So we fix
a sufficiently small €9 > 0 which is to be determined later, and consider
the “disk-flow-disk” moduli spaces M®([z_,w_]; f; [z4, w4+]; Ax) with 0 <
€ < gg. The € = 0 case corresponds to the moduli space of nodal Floer
trajectories.

Lemma 9.1. Suppose that the almost complex structures J* are generically
chosen so for any nodal Floer trajectory (u_,uy), Duig(Kin) are surjective,
and u_(o—_) and us (o) are immersed points as in Theorem 1.2. Then there
exists €9 > 0, such that for any (u_,x,uy) € Me([z—,w_]; f; 24, wi]; Ax)
where ¢ € [0,&¢], the above property is preserved, i.e. Duia(KiJi) are sur-
jective, and u—_(o_) and us(oy) are immersed points.

Proof. We prove that u_(o_) and u4 (04) are immersed points. Otherwise,
there exist &, — 0, and (u’, x;,u’) € ME(KE J5: 2w ], f, [24, wyi]; Ax),
such that at least one of u’ (o_) and v (04 ) is not an immersed point. Pass-
ing to a subsequence we may assume, say du’ (o_), is 0 for any i. Since the
energy of any curves v, is uniformly bounded due to the boundary condition,
we can take a subsequence again and get a limiting nodal curve (u>,us)
by Gromov-compactness. The images of x; converge to the nodal point. No
bubbling can occur on u® or u3°, because if a bubble occurs on u® or u3°,
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then by the semi-positive condition and the genericity of J*, we can resolve
the bubble to get a at least two-dimensional family of nodal Floer trajecto-
ries, contradicting with the rigidity assumption on nodal Floer trajectories.
Therefore, the curves (uz_,ul) converge to (u™,uS°) in C' topology. This
implies du>(o_) = lim; .~ du’ (0_) = 0, contradicting with the immersion
condition at the nodal point.

Since u4 (04 ) are immersed points, ug are somewhere injective. Then the
genericity of J* implies that D, 15( Ky,Jy) are surjective. O

To complete the PSS cobordism from “disk-flow-disk” configurations to
nodal Floer trajectories, we will build a collar neighborhood of

MO([z-,w-], £, [z, wi); As)
in MP¥2([z_ w_]; f; |24, wy]; Ax); More precisely, for some ¢ > 0, we will
construct a differentiable map
G: MO([z—,w), f, 24, wil; Ax) x [0,80) = MP**([z_, w_];
file wi; Ax)

such that for each ¢ € [0, &¢),

Ge:i=G(,e) : M([z,w_], f, [z, wy]; Ax) = ME([z-, w_]; 3 [z, wi]; Ax)
is a diffeomorphism. This problem is reduced to the following finite-

dimensional differential topology lemma:

Lemma 9.2. X,Y,Z are differentiable manifolds, and only X may have
boundary. X is compact, Z is a differentiable submanifold in'Y , and I is an
interval containing 0. Let ® : X x I — Y be a differentiable map. Denote
O, ;= P(-,¢) fore € I. If Dy : X — Y is transversal to Z with nonempty
intersection, and ®o(0X)NZ =0, then

(1) There exists eg > 0, such that for any € € [0,eq], Pc is transversal to
Z;

(2) Furthermore, there exits a differentiable map G : ®5(Z) x [0,&0] —
®=1(2), such that for any € € 0,50, Ge := G(-,€) gives a diffeomor-
phism from &, (Z) to ®71(2).

Proof. Since X is compact, the compact-open topology in the function space
CY(X,Y) coincides with the strong topology CL(X,Y) as in [Hir|. Since the
set of maps transversal to Z in C§(X,Y’) is open, by the condition of ® and
®y we conclude that for g sufficiently small,

(9.4) for all € € [0, g9, ¢ is transversal to Z.

Since . (X)NY # 0, and ®o(0X)NY = (), the pre-image of all intersections
lies in int(X), where int(X) is the interior of X. Therefore for gy sufficiently
small, for all € € [0, g¢]

(9.5) O (X)NY £
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by analyzing the local behavior of intersections. We also have ®.(0X) N
Y = (, using the compactness of 0X and the continuous dependence of
®. on €.

Clearly (9.4) implies ® : X x [0, 9] — Y is transversal to Z. So ®~1(Z) :=
W is a differentiable submanifold in X X [0,g¢]. Actually it is in int(X) x
[0,e0], because ®(0X x [0,e0]) N Z = (. So OW C X x {0,¢20}.

Note the following elementary fact during the proof of parameterized
transversality in [Hir|:

(9.6) ®, transversal to Y <= ¢ is a regular value of m: W — I,

where 7 : X X I — [ is the natural projection. Then we have a submersion
m : W — [0,e0] by translating (9.4) via (9.6). By (9.5) 7 is surjective.
Picking any metric on W, then the gradient vector field V7 never vanishes
on W. Let the time-7 flow of the gradient vector field to be .. By Morse
theory, we have the diffeomorphism ¢£ : 7=1(0) — 7 1(e) for all € € [0, g¢],
using that OW C X x {0,&0}. Noting that 771(¢) = ®-1(Z), the map G :=

cpgr') ;1 (Z) x [0,60] — ®7H(Z) is desired. O
First we derive

Corollary 9.1. For given generic f and J, there exists a constant €9 >
0, such that for all (u—,x,uy) € M([z—,w_]; f; [24,wy]; Ax) where € €
(0, 0], the linearized operator E(u) in Section 5.1 is surjective.

Proof. In the above lemma, take X = M ([z—, w_]; A_)x M ([z4, wy]; Ay),
Y=MxM,Z=Aand ®: X xI —Y tobe

prev— x evy t M([z—,w-]; A=) X M([z4,wy]; Ay) = M x M
(U_, U+) - (gb?u—(o—): U+(O+)),
which smoothly extends to My ([z—,w_]; A_) x M1([z4,w]; A+). Then X
is a compact manifold, ® is a differentiable map, and ¢35 = ev_ X evy is
transversal to Z = A by our assumption on J¥. Then by the above Lemma
9.2, the condition (9.3) can be achieved for all ¢ € [0, gg]. B
For given generic J*, Lemma 9.1 says Dy O_ j_yand Dy, Ok_ j_y are

surjective for (U_, Xau-‘r) S ME([Z—aw—]; f7 [z-‘r?w-‘r]; A:t) where € € [07 80]'
Combining the condition (9.3), by Proposition 5.1, the corollary follows. [

Then we prove the central result of this section.

Proposition 9.1. For given generic f and J, there exists a constant eg > 0
and a differentiable map

G: MO([2—7w—]7fa [Z+,1U+];Aj:) X [0750] - M([z_,w_],f, [Z+,UJ+];A:|:),
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such that for any e € [0, g¢],
Ge = G<7 6) : MO(['Z—7 ’U}_], f7 [Z-H ’U)+]; A:I:) - ME([Z—7U)—]; f7 [Z+, w+]; Ai)’
is a diffeomorphism.

Proof. We take X,Y,Z and ® the same as the above corollary. Then all
conditions in Lemma 9.2 hold except the condition ®¢(0X) N Z = 0.
We show this condition also holds. Otherwise, we can find (u_,us) €
(M ([2—, w-]; A) x Mi([z4,w]; Ay)), such that @o((u—,u4)) = (ev- X
evy)(u—,uy) € A. In other words, u_(o—) = ui(oy), and at least one
of u_ and uy is in the compactified space M (Zx; AL), say uy € My
([z4,w4+]; A4)). Then uy must contain some bubble. This is impossible
because it contradicts with the rigidity assumption of nodal Floer trajec-
tories, as explained in the proof of Lemma 9.1.

Then we apply part (2) of Lemma 9.2 and get the desired map G. O

From Proposition 9.1, we see the moduli space

M= | ME([m 0] [ w5 As)

€€[0,e0)
is a one-dimensional manifold with boundary MO ([z_,w_]; f; [z1, wy]; Ax).

Remark 9.1. There is a slight cheating in the proof of Corollary 9.1 and
Proposition 9.1: The X = M ([z24,w+]; A4)) x My([z—,w_]; A_) is not
really a compact manifold with boundary. However, for small €, we can show
for all € € [0, 0], P(X —int(X)) N A = (), this is by the same argument as
in Lemma 9.1. Then we can shrink X a bit to X", where X" is a compact
manifold with boundary, and ®.(X — X*"") N A = {) for all € € [0, g]. Then
we can replace X by X" and apply Proposition 9.1.

10. Smoothing of nodal Floer trajectories II; to Floer trajectories

In this section, we will carry out the gluing of the perturbed J-holomorphic
curves u+ and the local model curve and produce e-dependent one-parameter
family of resolved Floer trajectories.

Let’s recall the domains of these curves. The domain of u4 is a punctured
Riemann surfaces ¥, with a puncture e, and a marked point oy, where
Y, =2 5% and ibr >~ C. Similarly, for the domain ¥_ of u_. Let

E_ ={(7,t)|(1,t) € (—0,0] x Sl}, O_ ={(r,t)|(7,t) € [0,400) X Sl},
E, ={(r,t)|(1,t) € [0,400) x S'}, Of = {(1,1)|(r,t) € (—00,0] x S}

be the analytic charts on ¥+ around the punctures e+ and marked points
o4, respectively. Then z = e27(7H) ig the given analytic coordinates near
er and o_, and z = e 277+ ig the analytic coordinates near e_ and o.
Note that the (7,t) in different charts are different local coordinates, but to
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keep the notation simple we still denote them by the same variables (7,t).
We have .

ug Xy — (M,w,J), ux(or)=np.
We remark that the analytic charts Ey, 01 are unique up to 7-translation
and t-rotation.

On the Ey and Ox we put the metric g_oo0x51 O g[o,400)xs1 In the
obvious way. We extend the metric to the remaining part of ¥4 in any way,
and then fix it.

For the gluing purpose, we need to consider three metrics on the mani-
fold M: the original metric g, the Darboux-cylindrical metric g5, and the
degenerating metric g5, ;. The definitions of these metrics are in order:

Let 6 > 0 be a fixed number less than the injective radius of (M, g).
Assume § is so small that for every p in M, Bs(p) is contained in a Darboux
neighborhood U, of p. Then

1 _ n

g(eXp{g) ¥ Bs(p) — B1(0) C (TpMa gp) = (C", gst)-

Via the diffeomorphism, R x $?"~1 22 C"\{0}; (s,0) ~ (0), we can pull
back the standard metric on R x S$?"~! to define the metric on Bs(p)\{p}
such that it is isometric to S?"~! x (—o0, 0].

10.1. Construction of approximate solutions. Given any nodal Floer
trajectory (u_,u4 ), from (8.6) us has the asymptote

—2meg |7

IVHOx(7,t) = 12 ()lgen-1 < Cre™ 7,

and
—27cp ||

(10.1) |VE(st(r,t) — 2m(7 — 72))| < Cre™ »

where s1 = souy+ and ©4 = © o u4. Here, the number p > 2 shouldn’t be
confused with the point p on M.

Let f: M — R be a given Morse function. We choose f so that || f||c2 is
sufficiently small. In particular, we assume

(10.2) VI <1,

which can be always achieved by rescaling f.
Given the nodal Floer trajectory (u—_,uy) with the nodal point p, we
construct a normalized local model curves ug in the following way:

Lemma 10.1. ug defines a proper map and satisfies
up : R x S* — (T,M, J,) = (C", Jg),
(t,7) — (Op(7,1), so(7,1)) € R x §2"~1
when || large, and satisfies the followings:
o G0 =Vf(p).
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o In the cylindrical end of C™, it has the same asymptote as ui in each
of its ends, in the sense that

27| 7|

e » |Og(7,t) — yi(t)|g2n—1 € WHP(O2) and

2ms| 7|

(10.3) e v |so(7,t) — 2m(£7T — 74)| € WHP(O4),

where

O) = (—00,0] x S', O_=10,400) x S*

are the cylindrical charts of the ends {£00} x S* in Rx S1 respectively,
° fSl uo(0,t)dt = 0.

Such ug is unique.

Proof. All the properties are immediate consequences of the expression of
the model curves u(z) = Az + B/z 4+ C + a@r given in (6.5). Here in (6.5)
we take A = ¢ 2+, (0), B = ¢ 2"~_(0) and @ = Vf(p). We only
comment on the last two properties. For the last one, we have only to choose
C =0in (6.5). On the other hand, for the second property, we use the
fact 7/e* — 0 as 7 — oo and so the contribution of V f(p)7 is negligible
compared to Ae*™(7H1) 1 Be=27(m+) (Detailed calculation was carried out
in Section 7). For the uniqueness of ug, notice that wy = ug — Vf(p)7
is a holomorphic function from S' x R to C", and on o4 € Dy, wy can
only have simple pole because the ©® component of wy converges to simple
Reeb orbits v4(t) C S?"~L. Therefore, the Laurent series of wp(z) must be
wo(z) = Az + B/z + C for some constant vectors A, B and C. Since wy has
the same asymptote as ug, the fi B and C coincides with the ones given in
the beginning of the proof. O

Remark 10.1. From the above lemma, we see ug can be explicitly given as
(10.4) uo(7,t) = Az + B/z + ar,

where A = e 2™~ (0), B = e 2"~_(0),@ = Vf(p) and z = e>" ("D We
call ug the normalized local model, because C has been normalized to zero.

From the expression of ug, and the definition of A and B, we get

—2mey (r—7y)

(10.5) [VF(ug(r,t) — "y (1) < Che™ 7, 7>0.
in the cylindrical metric |- | in C™ for some constants C}, and ci. Similar
result holds for another end of ug when 7 < 0. Note the convergence (10.5)
is stronger than our original requirement (10.3), because ¢ is chosen to be
smaller than the least c¢;.

In Theorem 5.1, we have proved that for generic J, for any nodal Floer
trajectory (u_,u4), the [du_(o_)] and [du4(o4)] are linearly independent.
Consequently, A and B are linearly independent in C" for the normalized
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local model ug sitting in T,M, where p = ui(04+) = u—(o—) is the node.
From the linear independence of A and B we get

(10.6) min |ug(0,¢)] > b >0
tesS?t
for some constant b.

We consider the scaled local model curve
(10.7) u§ = eug = e(Az + B/z + ar).
From the asymptote (10.5) of ug, we derive
(10.8) [VF(ug(r,t) —e*" T+ 72REDy (1))] < Cpe 2T 2RE) 75 0,
Here
R(e) = —% Ine.
Similar result holds for another end of u§ when 7 < 0.

Lemma 10.2. Consider the scaled local model curve ui chosen in (10.7).
For any given 0 < a < 2, there exists 6. > € such that

(10.9) Je =0, 8./ — o0
and
us([—aR(e),aR(e)] x S') C By(d.) C M.
Proof. We have when 7 — +o0,
luS(aR(e),t)| ~ e - |A| L 2m(—agzIne) _ | A|el-5.
Similar result holds for the other end when 7 — —o0o. So the choice
be=c'"%

will do our purpose. O

We choose different cylindrical coordinates near the marked point o4 of
uy and get the re-parameterization of the outer curves there (Figure 6)

uS =uy(7 —2R(e),t) and uS =u_(7+2R(e),1).

We compare the asymptote of uj and w5 for 7 in the range of [R(e) —
1,R(e) + 1]. Tt turns out that they get close exponentially as ¢ — 0: in
[R(e) — 1, R(e) + 1], by (10.1)

(10.10) VF(us, (7, 8) — 7T 2RE)y (1))
= [VF(uy(r — 2R(e), 1) — X+ 72RE) (4))]

—2mey|T—14 —2R(e)|
< Cre P
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Figure 6. Preglued solution.

Combining (10.8) and (10.10), we see for 7 € [R(¢) — 1, R(¢) + 1],

(10.11) ’Vk(US(T, t) —us(7,t))| <2 max Cy ew
T€[R(e)—1,R(e)+1]
,QWCk‘R(E)+172R(5)7T+|
< Ck (S P

—2mey |R(e)—1+74|
=CL e P — 0

as ¢ — 0. Similarly, we can prove the closeness of uj and u® when 7 is in
[-R(e) — 1,—R(e) + 1].
Next, we construct the approximate solution
(10.12)
u_, Te X _\O_,
us (7,1), 7 € [-2R(e), —R(e) — 1],

+ (1 = xe(r)us(7,t), T€[-R(e)—1,—R(e) + 1],
Ugpp(T5 1) = S u§(7,1), T € [-R(e) + 1, R(e) — 1],

1 —xe(m)us(7,t), 7€[R(e)—1,R(e)+ 1],
ug (7,1), T € [R(e) + 1,2R(e)],
(U, 7€ X4 \Oy,
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where the cut-off function x. : R — [0, 1] satisfies

1, for || < R(e) -1,
10.13 =
(10.13) Xe(7) {o, for [7] > R(e) + 1,

(10.14) IL(T)] < 1.

In the above formula, the summation “4” is with respect to the linear space
structure of T, M (by the Darboux cylindrical chart, we can think the local
model lies in T}, M).

Now by applying a version of the implicit function theorem or the New-
ton’s iteration method, we want to perturb ug,, to a genuine solution u® of
the resolved Floer trajectory equation
(10.15) D70 + (Pey (s ()M = 0,
where

PEXE(T)f(ug) = exe(T)(J X (u®)dT — X¢(u®)dt)
=exe(T)(Vf(u®)dr — JV f(u®)dt).
For the simplicity of notations, we write
0= = Foy () ()
and then

aEQi>=wx4ﬂVﬂw>

In the conformal coordinates (7,t) and the cylindrical metric, we have the

identity
0
6 —_—
‘ <af)

and so it will be enough to estimate the latter norm. Therefore, we will carry
out estimation of this latter norm below.

2
ja]? =2

10.2. Error estimates of approximate solutions. With the choice of
metric ge,cp in the beginning of this section, we carry out the error esti-
mates, i.e., the point estimate and LP estimate for the norm

L G ) i P

Convention: In many estimates of this subsection, there are different con-
stants C’s. The exact values are not important; The importance is that all
of them are independent on €. For this reason, we just denote them by the
same symbol C' and shouldn’t cause problems.

We split this estimation into three regions:

(1) the region for |7| < 2R(e),

(2) the region for 2R(e) < |7| < R(e) + 1,

(3) the region for R(e) + 1 < |7]| < 2R(e).
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Case 1: For |7| < 2R(e), ugp, = UG- Recall R(e) = —Llne. By taking

a= % in Lemma 10.2, we have

u <[_§R(5)’ ;R@)} X S1> C Bs.(p),

where §. = 5. The local model uf C (T,M,J,) = C™ satisfies 9,uf —
eV f(p) = 0. Therefore,

(10.16) dyugy, — a = (9yuy — a®) — (05,uf — eV f(p))
= (0uf — 05,up) — e(x=(T)V f (1) — V.f(p))
= S0 Jp)du 0 — =(V () — VF(p))
We have
(10.17) 17 (z) = Jpll < CIIDI (D)l 35, (p) - [1g5
(10.18) IV f(z) = Vf(p)| < CID*flis,, () - Ilg,

where |z|, is the Euclidean norm g(p) in the Darboux chart at p.
On the other hand for the normalized local model u§ with z = e>7(7+1)
we have

)

ou§ ous§
(10.19) 8—70 : (%0 ~ |ul, < CO..
g g
Therefore,
(10.20) |dug|, < CO..

Since uf ([—2R(e), 2R(g)] x S') C Bs.(p), on the image of u§, the almost
complex structure deviates from the standard complex structure J, on T),M
by

(10.21) 17 (ug) = Jpll < CID T (ug)|| - gl

where || - || is the operator norm of linear maps L : V' — V. We emphasize

that the norm ||L|| is independent on the conformal class of constant metrics

on V. Therefore, (10.21) holds regardless of our choice of metrics g or gsc -
On the other hand, we obtain

(10.22) elVf(ug) = VF(p)lg < Celugly.
Now we are ready to estimate |0 jug,, — a%|gey - - By (10.16), (10.21) and
(10.20),
= 1
(10.23) |0ugpp — a”lg < SIIT = Jollldugly + €[V f(ug) = Vf(p)lg
< C(luglgldugly + elugly)
< C(82 +€6.).
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Since ug(7,t) € Bs.(p), and noting in Bs_(p) the metric g-yp < E%g, by
(10.23), we have

_ 1
(10.24) 05Uy — % lgey .y < g|8ju§pp —af|, < C(6% /e +6.).
Since 6. = E%, we obtain
(10.25) 105y — g, ., < Ce57 ! +65) < Ces

This error converges to 0 as € — 0.

Case 2: For 2R(¢) < |r| < R(¢)+1, by Lemma 10.2 again we have u§(7,t) €
1

Bs.(p), where 6. = Ce2. On the other hand,

(10.26) [ug (7, 1)y > - min{| A, |B]} - 2™ 5RE) = ges,

when ¢ is small. So the image of u§(7,t) is contained in
Bs.(p)\ B

where the metric gg, ¢, is cylindrical and so g, ¢ p(x) = ﬁ g(x). Therefore,

1

(10.27) oguf —aly. . =——
0 0 T ug (7, t) g

5 — ol
Similar to the second inequality in (10.23), we have

- 1
(10.28)  |0uepp — a%lg < ST = Jolllduglg + el[xeV f(ug) = Vf(p)lg,

app
< O(Juglglduglg +€).

Combining (10.26),(10.27) and (10.28) we get

(10.29)  [dyuf — aflg, ., < C (|dug|g + ;) < C(6. +e3) < Cles,
£3

For |ug(7,t) — ug.(7,1)|g., ., since the metric ge,p is cylindrical in this
part, we also have from (10.11) (which is in cylindrical metric)

—27mcgR(e) cQ

(10.30) lug(T,t) — u(7,t) <Ce » =C(Ce2.

|950,5,p



570 Y.-G. OH AND K. ZHU

Combining the above (10.29) and (10.30), with respect to the metric
Geo.ep>

(1031) ‘gJugpp - a€|9£0,syp
= ’8] (Xa-(T)U(E) + (1 - X&(T))u:t) - aE Jeg,e,p
< XE(T) ’5JU6 - a€|gso,s,p + (1 - Xﬁ(T))(|5Ju§E‘gEO’51P + |a€|gso’€’p)
+ X (T)|ug — uklgeg e

<1-Clei+1-(0+

YV flg) +1-Ce,

pes
< Cemin{%,g—g .
In the second of the above inequalities, we have used that u§ = uy (T —
2R(g),t) is J-holomorphic, [a®|,. ., < ﬁ%]aﬂg, and |x/(7)| < 1.
s 2

Case 3: For R(e) +1 < |7| < 2R(¢e), ug
a® =0, so

pp = % are J-holomorphic, and

dyu,, —a® = 0.

In all, we have obtained the point estimate for any (7,t) € [-2R(¢), 2R(e)] x
St

Err(e) := [0sugp, — 0 gey o < Ces.

The L. estimate (The weight a;. is defined in the next sec-

tion): Note that on Si\Oi the ug,, coincides with the two original solu-
e|p

. . a 15
tions u4 and u_, so we only need to integrate |0 ug,, — alg., .,

[-2R(¢),2R(¢)] x S. Note in such region the weight function

over

‘pa(7)| < e27r6-(2R(5)) — 875.
Therefore, we get

(10.32) [0 5ugy, — a5, . < (Brr(e))P - £70 - 4R(e) = —Ce™m5 310 1 ¢

app
. — e 1 __AmaR(e)
(10.33) iLe. (|0, k) Uappllpas. < L (R(e)r e 7
where L and a are constant independent on €, and a = min{%, g—;} - %.
If we choose 0 < § < min{%, €} in the beginning, then a > 0 and so

||5(J5,Kg)u§.pp||p7a6,5 — 0,

as € — 0, the error estimate is established. For gluing purpose in later
sections, we further assume ¢ is small in the beginning such that 0 < § < a.
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10.3. The off-shell setting of resolved nodal Floer trajectories.
We define the Banach manifold to host all resolved nodal Floer trajecto-
ries near the enhanced nodal Floer trajectories u = (u_,ug,uy). The con-
struction is some “smoothing” of the Banach manifold for enhanced nodal
Floer trajectories in Section 8.3. Roughly speaking, We smooth the target
(M\{p})UT,M to (M, gey.c,p), smooth the exponential weight for the outer
curves and local model to the exponential weight for the approximate solu-
tion, and smooth the Morse-Bott movements for the outer curves and local
model near their ends. The precise description is in order:

First we define the Banach manifold B, (z—, z4; p) for any € € (0,dp) and

p € M, where §p > 0 is a small constant to be determine later. BS(z—, z4;p)
consists of maps u from ¥ to the Riemannian manifold (M, g, ) satisfying:

(1) ue WP, M),

(2) lim, oo u(T,t) = 24 (t) and lim, o u(7,t) = 2_(t) for all t € S*.

(3) When 7 > 0 is large enough, u(r,t) = exp,, (7, t) for £(7,t) €
W%’p)( [0,00) x S, 2% (T'M)). Similarly, for the other end converging to
z—(1).

(4) For each u € B (2—, z1;p), its tangent space T}, B, (2—, z+; p) is iden-
tified as Woléfe (u*(T'M)), defined as the following: for V' be a section

of u*(T M), we define the Wijf; norm of V' to be

(10.34)
VI pas. = [V(=R(e),0)[ + |V (R(e), 0)[”
+/ as(T)(|V =VolP + |V(V = Vo) |P) drdt
[—2R(c),2R(e)] x 1
w [Vl 9V = Vo)) drde,
|T|>2R(¢)
where in the above identity, all metric | - | are the metric g ¢ p, and
(10.35) Vo(7,t) = B2 (7)Paly(rpy Paly— pee),n (V(—R(€), 0))

+ B (1)Paly(rpy Paly g 1) (V (R(€),0)),

where in the above expression Pal,(, ) (V(7',t')) is the parallel trans-
port of V(7/,t') along the minimal geodesic of the metric g ¢, from
u(7',t') to u(r,t). The cut-off function 8= : R — [0,1] is smooth,
0< |3l <1,

_ 1, for 2 <7 <2R(e) -2,
Bo(r) =
0, fort<lor7>2R(e)—1,

+r) = 1, for —2R(e)+2<7< -2,
~ 10, forT>—-1or7<—2R(e)+ 1.
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The weight function oy, is smooth,

2ol for |7] < R(e) —1,
~ O for |7] € [R(e) — 1, R(e) +1]
e or |1 € €
10.36 = ’ ’ ’
(1036)  05e(7) =3 comsir-2h@ | for |r| € [R(e) + 1, 2R(6),
1, for |7| > 2R(e).
In the above the “~” means that the ratio of as.(7) and e™ () is between

+ and 3 for 7] € [R(g) — 1, R(e) + 1].

Remark 10.2 (About the “Morse-Bott” variation). The vector field Vj is
induced from the “Morse-Bott” variation V(£R(e),0), which is the approx-
imation of the true Morse-Bott variation of the asymptotes (74,4 ) at infin-
ity of the enhanced nodal Floer trajectories (u—, ug, u4 ). Given (7/,t'), there
may be different minimal geodesics connecting the points u(7,t) and u(7’,t')
so the symbol Pal, ;) is ambiguous, but such (1,t) form at most 1 dimen-
sional subset in R x S so won’t affect the || - [|1,p,a5. norm.

Remark 10.3 (About the cut-off function 3%). Recall for the vector field
on u4, we take out the J-holomorphic vector field induced from the Morse—
Bott move when 7 < —2, and then measure the remaining part by W(S1 P
norm. Similarly for the vector field on any local model, we take out the J-
holomorphic vector field induced from the Morse-Bott move when |7| > 2
and then measure the remaining part by VV(;1 P norm. Since uf = uy(- —
+2R(¢)), the J-holomorphic vector field induced from the Morse-Bott move
V(£R(e)) on the approximate solution is taken out when 2 < |7| < 2R(e)—2.
That is why we design the above cut-off function 5.

Remark 10.4 (About the exponential weight function as.(7)). Since we
will use the bound of the right inverses of Duig( g+ Kx+) and Du(sﬁ( Tpsa€)

to estimate the bound of the right inverse of Dys O(j+ k+ ), the weight
function as(7) has to be the concatenation of the weight functions for u5
and ug. Also the ratio between oy (7) and them must be uniformly bounded
up and below. That is why we give the above expression for a; (7).

Therefore, we have an e-family of Banach manifolds Bies(z—, z4;p), and

an e-family of equations J;, . .fyu® = 0 defined on each Banach bundle
T ﬁfes(Z,,Z+;p) - Bfes(Z,,Z+;p),

where

Loz = U I, (A (w'TM®)),

uEB?es (Z— 2+ ;p)
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and each fiber L%, (A% (u*TM®)) consists of sections V of A% (w*TM®)
such that

(10.37) 1V Ip.as - :/ V]pdeIH—/ a5 (7)|VIPdrdt,

’ [TI=2R(e) IT|<2R(e)
where the norm | - | is in terms of the metric gq ¢ p-

We define
Bfes(z—’z-‘r) = U Bfes(z—vz-i-;p)‘
peEM

For u € BS (z—, z+), its tangent space consists of elements U = (V, v) where
V e TuBis(2—, z4;p) and v € T, M, with the norm

Ul pas. = IV

lvpvaé,s + ’U‘ N

Here v represents the variation of the target Riemannian manifolds
(M, gey.e,p), Which are parameterized by M.

Remark 10.5. The trivialization of the family of Riemannian manifolds

U (M, gzo.e,)

peEM

is to regard them as pointed manifolds (M, p) and use the trivialization given
in Subsection 8.1.

Let

Efes(Z*aZJr) = U Efes(27,2+;p),
peEM

then we have a natural section
5(J57K5a€f) : Bfes(z—a Z+) - Efes(z_, Z+).

The linearization of 9, k.) at ugp,

DO e o) Wapp) : Wal, (W TM) — L, (A" (' TM®))
is given by
DOy, k. o) (Uapp) = Duds(ipp) + DPr. (upp)-

The linearization of Dg( T Keef) (U with respect to v is similar to that

given in Subsections 8.2 and 8.3.

gpp)
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10.4. Construction and estimates of the right inverse. Given the

approximate solution ug,,, we will construct the approximate right inverse

Q° : L8, (AVM (ugpp) TM) — WoP ((ug,,) TM) @ T,M

app app

of the differential operator

Do, i) (o) WP () TM) & T, M — L, (A% (uy )T M),

as . \Uapp app

and show (¢ is uniformly bounded in operator norm. For notation brevity,
we write Dug( Je,K.) as D, 0 if there is no danger of confusion.

The method is similar to that of gluing two J-holomorphic discs in M
using cylindrical domains, as in Section 29 in [FOOO2]. Indeed, we glue
each of the two ends of our local model ug with the outer curves u_ and
uy, respectively, and the gluing at two ends are somewhat independent, so
locally our construction looks like gluing two curves ug with u_ or ug with
Uy, respectively.

We introduce various cut-off functions to patch the approximate right
inverse.

<S—1
(10.38) Xg(f):{o’ T<S5-1,

1, 7>85+1,
with |[Vx§| <1, and put

Xs5(7) =1=x§(1), x§(7) =1 = x§(1) = xZg(7)-

In the following of this section, it is important to let S have the same order
as R(e)) but smaller than R(e). For convenience we set

S— iR(s).

We also need some “transporting” and “combining” operators to define
1

the approximate right inverse. Recall that when 7 € [$R(e), 3R(e)], the
shifted outer curve uf (7,t) = uy(T — 2R(¢),t), the scaled local model
ug(7,t) = eup(7,t) and the approximate solution wg,,(7,t) are exponen-
tially close to each other in the cylindrical metric g ¢ ;. Therefore, for any
|7| < 3R(g), we can define the transform

Toe : DAY ((ug)*TC™)) — T(A%}((ugy,)*TM))

app

in the following way: given any 7 in T'(A%!((ug)*TC")), we push forward
it to T(A%L((u§)*T'C")) using the scaling £ : C* — C", ug — u§. Then we
cut it by X%( o)+S and use parallel transport Palg . along minimal geodesics
connecting uf(7,t) and ug,,(7,t) to get a section on T'(A™((ug,,)*TM)).
In short, we denote

(10.39) Jgen = Paloc (X ko) 4 5((€)«m)).
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Similarly, we can define the transform

{2 : DAY ((ug) TM)) — T(A™ ((uzp) TM))

as the following: for any n(7,t) € T'(A%!((uy)*TM)), we shift it to n(r —
2R(e)) and regard it as a one-form on uf (7,t) = uq (7T — 2R(¢),1)). We
cut it by XJ}%(a)_ ¢ and use parallel transport Pal; . along minimal geodesics
connecting u? (7,t) and ug,,(7,t) to get a section on F(AO’I((ugpp)*TM)).
In short,

(10.40) I3 en = Paly - (h o _s(n( = 2R(e), 1))
Similarly, we define
S . 0,1 * n 0’1 *
JZ DA ((u2)"TC")) — T(A™ ((uapp) TM))
to be

(10.41) 5 = Pal_c(X_ g ys(n(7 +2R(e),1))).
For the reversed ones

I20 : DA™ ((ugpp) TM)) — DA™ ((up)*C™)),

J5 . s DA (ug,,)"TM)) — (A" ((us)"TA)),
TS DA (ug,,,)"TM)) — (A ((u_)"TAM)),

the definitions are similar. For example for J2,, for any 7 in T(A%!((ug,,)*
TM)), we cut it by XE(&)—S then use parallel transport Pal. ; from
us,, to uf to get an element in T'(A%((ug)*TM)), and then shift it to

L(A%Y((ug)*TM)). In short,
(10.42) JE = Pale 1 (xfy o _g(T + 2R(e)) (n(7 + 2R(e), 1))
It is easy to check the following identities:
Jf)g,s © JES,O(X(}J%(E)U) = X%(E)TL
(10.43) T3 e 0 I (o) = Xy
5 0 JZ_(Xpey) = Xpoy

For an enhanced nodal Floer trajectory u = (u—_,ug, u4 ), the “combining”
operator

75 - TuWaLp N Tug wLp

pp b

is defined as the following: for £ = (-, &0,&+) € TuBnoal (defined in (8.17)),

ie.,

(10.44) & € T, WhP(S,M:z_), & € TuoBimd, and &4 € WLP(S, M; 2))
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with the matching condition
(10.45)

- (+00,t) = €o(—00,t) = V7 (1),  &4(—00,t) = &o(+oo,t) = VI (1),
then by the above e-scaling and +2R(¢) shifting we can regard £_, &y and
&, as the elements in Ty,e Wa (3, M; 2-), Tug Bima and TuiWalgp(E, M; Z4),

respectively, with the same matching condition (10.45) (here the weighting
function a.(7) is the shifting of the weighting function «, namely a.(7) =
a(t — £2R(e)) for ug, respectively). For convenience we still denote them
by £_,& and &.. Then we define

136, V™ 60,V &)(m 1)
(L4(71), ™ € [3R(e), +00),
VT 4 Xy s(Paloe(§0) = V)

+ Xo_s(Pali (&) = V), 7€ [§R(e), §R(e)],
(10.46) =< &(T,t), re [—%R(E), %
V™ 4+ X gy s(Palos(é0) = V)

+ X peyrg(Paloc(€-) = V7)., 7€ [-]R(e), —1R(e)],
§-(7,1), T € (—00,—2R(e)).

In the above expression the V' should be regarded as a vector field obtained

by the parallel transport of V*(t) to ug,,(7,t) in the following way: In the

cylindrical coordinate (s,©) of M\{p}, write V*(¢) = (Vﬁ,Vgl(A)(t)) €
Tiry iy R x 52771 For ug,, close enough to (u_,up,uy), and || €
[3R(e), 2R(e)], ugpp(7,t) is in the the cylindrical metric part of (M, ge;.cp);
which can be isometrically identified as a part of R x S§??~!. Then we use
the connection of R x $?"~! to do the parallel transport, namely, transport

Vﬂg trivially , and transport Vgl( N (t) along the minimal geodesic connecting

Y4 (t) and O(ug,,(7,t)) in S**~!. We remark that the above intropolation
IS also performs on the common base variation v € T,M shared by £_, &
and &, resulting in v again.

Remark 10.6. The somewhat complicated interpolation among V*, £ and
&4 using Xi R()4S instead of the simple interpolation between &y and &4

using Xi R(e) is responsible for the better accuracy of our approximate right
inverse with respect to the exponential weight as., because it makes the
interpolation happen at the places 7 = £R(e) £ S avoiding the “peaks” of
the weight function as. at 7 = £R(e). We will see the advantage of this
while doing the estimates of the approximate right inverse later.

Now we define the approximate right inverse Q¢ for £ > 0 using the right

inverse Q°|c—o on (u—, ug,u) defined (8.19). For y € L%, (A%} (ug,,)*TM),
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we let

Q°(n) = I%(Q%e=0(JE_ (X)) T2 iy s T4 (X fyym))
= I%(Q= 0 JE_(X oy Vs Qoo I (x ey Virs Q0 24 (X))
= IP(&e—, Vi 60, Vi et 0),

where

(10.47)

bere = Q- 0 5 (XpiMs €60 = Qoo T2 (XgyM)s &et = @ © 24 (X))

and V., V.~ are their matching asymptotes at infinity, namely

Vo (t) = & (+00,t) = & 0(—00, 1), VT (t) = &(—00, 1) = & o(+00, 1),
and v € T, M is the common base variation shared by {_,&p and &..

Convention of uniform constants: In the remaining part of this subsec-
tion, in many estimates there are different constants C’s. The exact values
are not important. The importance is that all of them are independent on €.
For this reason, we just denote them by the same symbol C' and shouldn’t
cause problems.

We show the norm of (¢ is uniformly bounded:
Proposition 10.1. There exists a constant C = C(§) > 0 independent on
€ such that
1Q° (M lpas.e < Cllnllpas.es
Jor all g € Lo, (A% (ug,,)*TM).

app
Proof. We first show that for (£_, o, &+ ) in (10.44) with matching condition
(10.45), and S = 1 R(e),
(10.48)

115, V™ 60, VI € llpas. < CUIE-IIpa + 1€ollpe + 1€+

where C' is independent on €.
By the definition of I°, to prove (10.48), it is enough to estimate
the norm of the right-hand side on [-2R(e),2R(e)] x S*. Let &,, =

I9(6-,V=,&,VT,&)). Then
fgpp(Ta t) = PalO,E(&O) + Pal+78(§+) - V+’ for 7 € [R(E,‘) - 17 R(é‘) + 1]5
Eapp(Tt) = Palg (&) + Pal_({-) = V™, for 7€ [-R(e) — 1,—R(e) + 1].

|1,p,o¢)7

By Sobolev inequality and the definitions of the norms || - |1 5.5 and || - ||1 p.a;
we have the point estimate

—278R(e)

€opp(ERE) —VF < Ce™ v (l€ollips + IEtllipa).
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We also have the energy estimate

(10.49) [ Lo 5~ (9Pl € (R) = VP

S =

T [Palys, () (Eopp(R(E)) — V) dr dt

< O~ pa + 1€l ps + 1€+ 111p.0)

and a similar inequality for V'~ in [-2R(e), 0].
Postponing the proof of (10.49) to the next lemma, it is enough to estimate

/ ase (IV(Epp = VP + 1€0p — VTIP) drdt
[0,2R(g)]x ST
and
/ ase - (IV(&pp = VP + 1€, — VT IP)drdt.
[—2R(g),0] x S1

Since the above two terms are similar, we only estimate the first term. The
first term is estimated by

C 20Nl (1 o — VP
[0,2R(e)] x S1 ( R(€)+S( )(&o )|
+ ‘V(X;%(e)JrS(T)(fO — V*))|p) dr dt
e o) - (|X£(5)_S(T)(f+ — VP
[0,2R(e)] x S

+ ‘V(XE(E)fs(T)(é-F — V+))|p) dr dt.

This is because the weight as.(7,t) is estimated by ™7l and a(7), respec-
tively, on the support of X;z(e)JrS(T) and XE(e)—S(T) . Then it is easy to
estimate the above expression by the right-hand side of (10.48).

To compete the proof of Proposition 10.1 it is enough to show

(10.50) [[754 (¢ e < Blllp,as.s 150 (XM lps < Blinllp.os,.
for some fixed constant B. Note that

Jgi(Xﬁ(E)n) = Pala,i(Xﬁ(s)n%

T20(Xrieym) = Pale o (X ko),

and the weight . (7) restricting on the support of XR(e) X%( o XE(a) agrees
with the weights of u® ,u§ and uZ, respectively (more precisely, they agree
in the sense that their ratio remains in the finite interval [%, %}), (10.50)
follows by taking B = 2. d
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Lemma 10.3. There exists a constant C' independent on € (but may be
dependent on 0) such that

(10.51) [ /[0 o 5% (19(Palig, (ry (5 (RE) — V)P

3=

+ ’Palugpp(ﬂt) (ggpp(R(g))) -V ’p) det]

S COUlE-llpa + ll€oll1ps + 16+ 11.p.0)

and

(10.52) [ /[QR( s @3 (9ol Ep(—RED) ~ VP

=

+ Palyg, (o) (€5 (—R(E)) — V) dfdt]

< C(Hg—HLp,a + H§0||1,p,6 + Hf—f—”Lpa)-
Proof. We only prove the first inequality; the second one is similar. Put
V(T7 t) = Palugpp(T,t) (ézpp(R(g))) - Pa‘lugpp(f,t) V+'
Then for 7 € [R(e) — S, R(e) + 5],

(10.53)
’V(T7 t)‘ - ’X]_%(E)+S(T) (Palugpp('r,t) (§0<R(E))) - Palugpp(r,t)v+)
+ XE(S)_S(T) (Palugpp(T,t) (E+(—R(e))) — Palugpp(nt) V+)|
+
< ’Palugpp(fr,t) (SO(R(‘&—))) - Palugpp(ﬂt)v ’
+ [Palys (70 (E+(—R(e))) — Palye V7.
Equation (10.53) still holds outside [R(¢) — S, R(¢) 4+ S] by the definition of
V(r,1).

For the third row in (10.53), using the invariance of vector norm under
parallel transport from the tangent space at ugpp(r, t) in M to the tangent
space at u§(R(g)) in M, we get

‘Palugpp(‘r,t) (So(R(e))) — Pa‘lugpp(ﬂ',t)v+‘
= [€(R(¢)) — Palus(re)Palus, (rn)V |
(10.54) < |€o(R(e)) = VI + VT = Palg(reyPalus )V |-

To estimate the second term of the last inequality, we only need to consider
the parallel transport of V' in the $?"~! component, since the R component
has trivial connection. We need to compare the difference of the parallel
transport of V%A along two different geodesic paths in S$?"~!: one is from
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Y+(t) to © o ug(R(e),1), the other is from v, (t) to © o ug, (7,t) and then

to © ouf(R(¢e),t). Since parallel transport is governed by a first-order linear

ODE, from the exponential convergence of © o ug, (7,t) and © o ug(R(7,t)

to v4(t), and the C° continuous dependence of solutions of ODE on its
coefficients, we get

(10.55) |Pal,,c

app

(1) (€0(R(€))) — Palye (V|
—2mc(R(e)—|T—R(e)])

< |&(R(e)) = VT +Ce g V.

Similar argument yields

() (E+(=R(e))) — Palye (V7|
—27nc(R(e)—|T—R(e)])

< Cle+(—R(e) —VT[+Ce ’ VT

(10.56) |Pal,,-

app

It is obvious that (10.55) and (10.56) hold when 7 is outside [R(g)—S, R(¢)+
S], by definitions of the cut functions. Plugging these in (10.53) we have the
point estimate

(10.57) V()] < Clgo(R(e)) = VT + |64 (—R(e)) = V)

—2mc(R(e)—|T—R(g)])

+Ce » VT

for all 7. Similarly, we can estimate |VV(7,t)|, using the C! continuous
dependence of solutions of ODE on its coefficients, and the C! exponential
convergence of © o ug,,(7,t) and © o ug(R(7,t) to v (t). We get

(10.58)  [VV(r,t)| < C(lS(R(e)) = VT +[(VE) (R(e)) — VVT])
+C(I€4+(=R(e) = VT +[(VEL)(=R(e)) — VVT)

—2mc(R(e)—|T—R(e)])

+Ce z V.

Now we integrate (10.57) and (10.58) on [0,2R(g)] x S! to get the Walfs
estimate of V(7,t). We have

/ (V(r OF + YV (r, 6)P)ase (7) dr dt
0,2R(e)] x ST

< O|l60(R() = VI + |64 (~R() = VP
2mdR(e)
o

e

+1(V&)(R(e)) = VVTIP + (V&) (—R(e)) = VV TP

4G e nRE)
c—9
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which becomes
C|(I6(R) = VI + (V&) (R(e) — TV

627r5R(E)
4]

+ (164 (—R(©) = VI + (Ve (-R(e) — TV P )|

4 e tRE)
c—9

<C

Lt my s (80 =V 4 (V)0 — vV )
e)—1,R(e X

X =2 RE-T) g ar 4 /

_ytp
[—R(e)—1,— R(e)+1]x S <|§+(T’t) vl

+ ‘(Vng)(Ta t) - vVt |p)e_2ﬂ5(R(8)+T)d7‘dt]

2mdR(¢) C
« € - 4 — 5ef2w(c76)R(s)|V+|p

< C[/ <|§0(T, t) — V+‘p (V&) (T, t) — VV+|p>e—2m5\T| dr dt
RxS?t

i /S (Ig4(r. 1) = VIP 4 (V€ )(7, 1) = VYV )a(r) dr di]

4G e tRE)
c—20

where in the last inequality we have used Sobolev embedding WP «— C9,
and that e*™(F(E)=7) restricted on [R(g) — 1, R(e) + 1] (or e*m(E(E)+7)
restricted on [~R(¢) — 1, —R(¢) + 1]) is bounded between constants e~2™
and e2™ independent on .

Hence

: Pal,- : — VP
[[072R(5)]x51 A5e (|v( auapp(T,t)(éapp(R(g))) 14 )|

1
P
+ ’Palugpp(‘r,t) (Ezipp(R<€))) - V+‘p> det]
< C(Héf”l,p,a + ”50 1p,8 ||f+||1,p,a)~
The lemma follows. O

To show (¢ is an approximate right inverse, we start with the follow-
ing lemma concerning the “uniform stabilization” property of the action
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of Qo and @+ on compactly supported (or one side compact supported)
one-forms 7:

Lemma 10.4. There ezist a constant C' independent on 6 and £ such that

(1) Ifno € Lg(AO’l(uo)*Cn), then for any & = Qo(no) with asymptote V*
on its two ends, we have

2md| 7|

(10.59) &o(r,t) =V < Ce v |nollps, for 7> 1,
—27é|T|
(10.60) |Eo(T,t) = V| < Ce 7 |nollps, forr<—1,

(2) Ifne € LA(AYY(us)*TM), then for any &4 = Q+(n+) with the asymyp-
tote VE as 7 — 400, we have

—27d| 7|

(10.61) £ t) = V] < Ce 5y lpar for 7 < —1,
—27d| 7|

(10.62) |E_(m,t) = V| <Ce 7 |n-|lpa, for7T>1,

where « is the weighting function we introduced in Subsection 8.2.

Proof. The proofs of the inequalities are similar, so we just prove (10.61). By
definition |¢ — V| € Wa (u? (T'M)). Suppose 7 € (L—1, L+1) C (—00, 0]

27| 7|

for some L, then [ (,¢) —VFle 7 € WHP([L—1,L+1] x SY,ui (TM)).
By Sobolev embedding C°([L —1,L+1] x S*,u* (TM)) — WP([L—1,L+
1] x S*,u*(TM)), there is a constant C independent of L and depending
only on the metric g on the compact M, such that

2nd|7| 2747

|£+(7—7 t) - V+|e p é C . ||(£+(T, t) - V+)e P ||W1’p([L*17L+1}XSl,u:_(TM))
< COét|lipa  (see (10.34))
< Qx4 ]lp.a  (by Proposition 10.1).

Hence,
—2md|7|

£ (m,t) = VT <Ce 7 [Inglpa-

g

The following lemma concerns the commutativity of the operator DO with
the operators I° and J,fs:

Lemma 10.5. For any n € Lo, (A (uS,,)*TM) and the corresponding

&, &0 and & 1 defined in (10.47), and S = %R(a), we have

(10.63) || (Dugppg o [S)(f&i’ 58,07 §€,+)
- ((J§7E + J(i& + J_€75) o D(ui,uofuﬁ,)g(g&—? 58707 65,"1‘))”777046,5
—4m

éS . . .
< Cle v +dist(ugy,, ul) + dist(ugy,, us) + dist(ugpy, ug)) [1llp.as..

where C is a constant independent on § and €.
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Proof. There are three reasons why I and J do not commute with Dugppg

and D(y_ ug,u +)5 One is that we use the parallel transport along the minimal
geodesics from ug,, (7,t) to ug(7,t) and ug (7,t) and vice versa. The terms
caused by parallel transport are estimated by the second, third and the forth
terms of the right-hand side of the inequality.

The second reason is that on ug we use Duog J, While on the gug portion of
g, we use Deyod 5. The deviation of .J from .Jj, is controlled by dist(eug (7, t),

p). The estimate of (10.63) on this part is similar to the du,, error estimate

we have carried out in Subsection 10.2, which takes care of the deviation
of J from J,, which we do not repeat. This contribution is of the order

—4néS
Ce v |n
for the relevant estimate).

The third and more essential point is that we have used the cut-off func-
tions. We need to control the terms caused by XiR(e):tS/(T)(Pali,ﬁ(gs,i) -

/ . .
V*) and XiR(s)iS (7)(Palge(é20) — VF). By the definition of the cut-off
functions, these terms are supported in
+[R(e)+S—1,R(e)£S+1] x S* cRx S

For (7,t) in these regions, by Lemma 10.4, these terms are controlled by
Ce_4”55\|n||p,a5’s. For example,

Xy (T)(Palyc(ers (7.1)) = V)|

pias.» if we choose § < pmin{%, 55} in the beginning (see (10.31)

—2mw8|T—2R(e)|

<Ce 7 |Qto0 JS (X;(E )|lp.a (Lemma 10.4)
25 (R(e)+S)
<Ce v Q+INIEL Ok lpa
—2mé-(R(e)+S5)
<Ce 7 Q+[llnllpas.,

where in the last inequality we have used (10.50).
On the other hand, the weight as. on the support of XE(s)fS/(T) is

e?molTl < 20 (R(e)=5+1)  Therefore, the L%, contribution from these terms

is no more than
Ce—2m8(RE)+8) 2mo(R(&)=5+1) |

—47éS
D5 S Ce i Hanaaé,s'
The proposition follows. O

With the above lemmas we can prove that Q° is an approximate right
inverse:

Proposition 10.2. For sufficiently small € > 0,

1
(10.64) 1(Dug,,, 00 Q%) = Nllp.as. < SLU
for allm € L (A% (uS,,)*TM).

D,as e

app)
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Proof. From the definition of °* and Lemma 10.5, we have
|(Dus,,,@ 0 Q)1 = nllpas.
= [|(Dug,, 0 0 1) (e~ 2.0, 6c.4) = s,
SIZ o+ Toe 4+ I22) © Dt gy © (Q—TE_X gy QuIE0X e
Q5 Xiym) — llpas. + o(S)nllpas.

= I(7E e + J5e + T£2) 0 (JZ Xy TE0X e 1 T2 X Gaeym) = llpsas.
+ 0(S)1nllp,,.
= HX}_g(E)U + X%(g)n + X;;(E)n - 77Hp,a5,5 + O(S)Hnup,aa,e
= o(S)lInllp,as..
where 0(S) is a term going to 0 when S — oo, and the second-to-last identity
is due to (10.43) and Xp(e) T x%(g) + x;g(g) =1.
When ¢ is sufficiently small, S = %R(e) is very large and we get

|p7a6,s :

_ 1
(10.65) 1(Dug,,,0 0 Q)11 = nllpas.. < 5lin

By (10.65), Dugppgo Q¢ is invertible, and

_ B . 1
I(Dug,,, 8 0 Q)7 = [1£720(Dug,, 00 @ — id)* | < S5 = 1.

app

So we can construct the true right inverse for Dugpp5 to be Q° o (Dugppg )
Q°)~!. For convenience we still denote it by Q¢. From its construction and
Proposition 10.1 we see ||Q¢| is bounded by a uniform constant C' for all
e>0.

Lemma 10.6. Foralle > 0, and § € Tyg, Bios(2—, 24), we have the uniform
Sobolev inequality

(10.66) [€loo < Cpll€llLpas.

where the constant C), is independent on €.

Proof. Since the base variation term |v| appears on both sides of the above
inequality, we can assume v = 0 for . For the maps ug,, : R X St —
(M, gepe.p), the domain R x S1 with standard metric is noncollapsing; The
targets (M, gepep) for all 0 < € < g9 and p € M is a family of noncollasping
Riemannian manifolds. Therefore, the Sobolev constant

cp(Usyy) == sup €]z~

PP oseer (s, v €l

Ugpp) *TM) is the set of all
TM. So we have a uniform constant ¢, such that

is uniformly bounded above for all €, where I'((u

Cg° sections of (ug,,)”*
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| “ | < cpll - |l1p- Certainly this is still true if we change the WP norm to

positive exponential weighted norm: | - [pe < ¢p|| - ||1,p,5, Where the weight
5(r,t) is €™l on R x ST
However, our norm || - [|1,as. is not the usual weighted Sobolev norm,

because we first take out the “Morse—Bott variation” of ¢ and then mea-
sure the remaining part by the weighted Sobolev norm. To get the Sobolev
inequality, notice that

(7, 6)] < 1€ = B (T)Palyg(rpyPalue (R0 (ER(€),0)] + [E(£R(), 0)].

Apply |- |r < ¢ - |1p,s to the first term on the right-hand side of the
above inequality, and recall the definition of the norm || - [[1p,as., then we
get

€loo < max{cy, 1}H§||1,p7045,a'
Letting C}, = max{cp, 1}, the lemma follows. O

Proposition 10.3. For every u: € B:

app cs(z—,24), there exist constants

he = Ke 2m08E)  where the constant K is independent on e, such that for
every 0 < e < eo, and every § € Tys  (Bres(2—,2+)) with [§|l1p,as. < he, we
have

- 1
(10.67) ldFus,,, ()€ = (Dug,, 00 k))& Ipase < 55118 T pase

for all & € Tys (Bres(2—,2+)). Here C is the uniform bound for ||Q°||.

res

Proof. The proof is a variation of the Proposition 3.5.3 in [MS]. The point
estimate is the same as [MS]. The main differences are that our norm
| l1,p.as. is not the usual W'? norm in [MS], and our target manifold
(M, gzo,¢p) is stretching when € — 0.

Let Fus,, : Tug,, Bres(2—5 24) = Lo . (A (ug,,)*TM)) be

app

Fueon (€)= (20, ()7 B ) (3D, 6)):

where @z (§) : (ugpp) TM — (expugpp (€))*T'M is the parallel transport in
(M, gepe,p) along the geodesics s — expugpp(z)(sf(z)). Then the differential
of Fye  satisfies Fe  (0) = Dugppg( T K2)-

For each € > 0, (M, gcy¢,p) is @ compact Riemannian manifold. The point
estimate in the proof of Proposition 3.5.3 in [MS] yields

(10.68) |dFus,, (§)€ — Dug, 0(s., k)8 | < A(ldull€]I€'] + [VEI[E'| + 1€IVE)).

app
Here the constant A > 0 is determined by the Sobolev constant C), hence
A is uniform for all £ > 0.
By our construction of ugy,, there exists a uniform constant B for all
€ > 0, such that |dug,,(7,?)|g., ., < B for all (7,t) € R x St. We consider
three cases for &:
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Case 1: {(£R(e),0) = 0, i.e. there is no Morse-Bott variation. In this case,
27| 7|

I€ll1,p,06. is the usual weighted Sobolev norm. Multiplying e »  to both
sides of (10.68) and taking the LP integration over R x S!, we get

ldFuz,,, ()€ = Duz,, 0. k)€ Iy,
< A (BlElhpas,. 1€ loo + €11 p.as, 1€ Too + 1€locl€ Ipas..)
< A(B + 2010)”5”14),015,5 ’ CpHg,Hp,aa,sv
where in the last inequality we have used the Sobolev inequality (10.66).
The proposition is proved by taking h. = (AC,(B + 2Cp))_1%.

Case 2: {(1,t) = ﬁf(T)Palugpp(Tvt)Palua (+R(e),n)§(£R(€),0), ie., § is

app
purely induced from the Morse-Bott variation. In this case, [|{[|1pa;. =

I£(R(g),0)], and by construction ||eo < [|€]|1,p,as.- We also have

Veloo = |V (BE()Pals (r Palus (e renE ER(), 0)) |
< [E(£R(E), 0)] + [duspploc - [E(ER(E), 0)]
< (14 B)IE(£R(e),0)|
= (14 B)[¢]1 0.
Therefore at any (7,1),
(dull€ll€'] + [VElIE] + €]V
< BlIél1 pas. €'l + (1 + BYElLpas, 1€ 100 + €]l 1,05, [VE

278 7|
Multiplying e »  to both sides of the above inequality and taking the L
integration over R x S', and noticing that ¢ is supported in 7 € [0, £2R(¢)],

we get

||d.¢:u,E (5)&'/ - Duippg(‘]&KE)g/Hp’aé’E

app

< A(l + 2B)H§H1,p,a5,s"f/|oo : (/[0

p
2™l dr dt
,E2R(e)]x 51
1

Py e
RxS

, 1 % 47§ R(e)
< AQ+2B)lEllpase - CollElpas. - | 55 ¢ 7
+ A”le,p@a,er, Lp,as e
1 2B C 4wSR(e)
— A Meip
(2md) P
< K(A,B,6,Cp)e

+ 1> €105, 1€ 119,05

4mSR(e) ,
7 Elpas 1€

1,p,0¢5’57
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where K (A, B,0,C)) is a constant independent on e. Therefore, the propo-

sition is proved by taking he. = (K (A, B,4,Cp)) ' 5 - ef%é(s)

Case 3: For general £&. We can write £ = & + &9, where &7 is in case 1 and
&5 is in case 2. Then we can apply triangle inequality on the terms involving
¢ in the point estimate (10.68), and then LP integrate the point estimate.
The proof reduces to cases 1 and 2.

Combining the three cases, there exists a constant K independent on &,
478 R(e)

such that for he := Ke™ »  and ||§

l,p,a(g,s S haa

_ 1
145, (€' = (Dugy D5, 160))€ s < 5 11€'

app

17p7a5,5 :
U

Remark 10.7. In our setting, for each ¢, the almost complex structure J.
is (7,t)-dependent, while in [MS] it is not. But since J(7,t) = Jp for 7 €
[—R(e), R(¢)], and J(7,t) = J(t) for |7| > R(e) + 1, our J.(7,t) is actually
a compact family of almost complex structures (smoothly parameterized by
+[R(e), R(g)+1] x S1). Therefore, the proof in the compact family of J.(7,t)
case is the same as the fixed J case (see the Remark 3.5.4 in [MS]).

Remark 10.8. Unlike [MS], in our case ||dugppllp.a5. — 0, and we only
have |dug,, | < B. In the case 2, [{].q;. — 00, and we only have || <
|{(R(€),0)|. The loss of the exponential decay of dug,, and & is caused by
the stretching of the target manifold (M, ge,cp) when € — 0. This is the
reason that our estimate (10.67) is weaker than that in [MS], where the

latter is on a fized compact Riemannian manifold.

For gluing we need the following abstract implicit function theorem in
[MS]:
Proposition 10.4. Let X,Y be Banach spaces and U be an open set in X.
The map f: X — Y is continuous differentiable. For & € U, D := df (x¢) :
X — Y is surjective and has a bounded linear right inverse Q : Y — X, with
|QIl < C. Suppose that there exists h > 0 such that for all x € Bp(xo) C U,
1
d - Dl < —.
ldf (@)~ DIl < 5
Then for || f(xo)|] < %, there exists a unique x € By(xo) such that
f(x) =0, z—x¢€ ImageQ, |z — xo| <2C| f(x0)l-
Now we apply the above implicit function theorem in the following setting:

X =T, Bros(z-,24), Y =L (A" (ug,,)'TM), f=Fu, , x0=0.

app —res app
Then from Proposition 10.3 we have
1

|dFus (&) — dFue 20

app Uapp

O)l <



588 Y.-G. OH AND K. ZHU

4mdR(e)

for £ in X with [[{][1pas. < he :=Ke 7 . From (10.33), we have

1 _d4maR(e)
| Fus (O < L-(RE)F - 7,
hence for € small,
1 _4méR(s) b,
||fugpp(0)|| S E ‘ Ke P = E'

Here we have used our choice of 0 < § < a in the beginning, so (R
47raR(5) __4mSR(g)

(5))% e decays faster than e » . By the above abstract implicit
function theorem we have finished the gluing and prove the following theo-
rem, which is a half of Theorem 5.2.

Theorem 10.1. Let (K., J:) be the family of Floer data defined in (5.34).
Then
para

(1) There exists a topology on M(O;l,l)([z,, w_], [z4, w]); {(Ke, Jo) } with
respect to which the gluing construction defines a proper embedding

Glue : (Oa 50) Ml(l(())cllall)([ w*]v [Z+a ZU+]; (Hv J)7 (fv JO))
- M?&Tl)([Z_, w—}v [Z+7 w-i-]); {(K7 J)})

for sufficiently small ¢.
(2) The above mentioned topology can be compactified into

Moy (lz— w-], [z, wi ) { (K, J)})
where Mgy 1y([z—,w-], [z, w4]); {(K, J)}) is given by
Moy ([z— w-], [z, w4 ) { (K, I)})
U Mean (e w ], [z, wi)); { (K, Jo)}

0<e<eg
U M?&??ll)([z_’ w—]’ [Z-i-? ’U)+]; (H7 J)a (f7 JO))

as a set,
(3) The embedding Glue smoothly extends to the embedding

Glue : [0,0) x M?S?a%)([ sw-], e, wils (H, J), (f, Jo))
— Mgy ([2— w-], [z, w04 ]); {(K, J)})
that satisfies
Glue(uy,u_,up;0) = Glue(uy,u_,ugp).
For 0 < € < ¢p, we denote by
Glue(ug u—,uoi€) € MU (o w, [z wi ) { (K, J2)
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the image of
(u+7 U—, U5 E) € [07 60) X M?&??’ll)([z—') 'UJ_], [Z-I—v w+]7 (H7 '])7 <f7 ']0))

under the embedding Glue.
In the rest of part II of the paper, we will prove that Glue is surjective

onto an open neighborhood of M?g‘%all)([z_, w_], [z, wi]; (H,J), (f,Jo)) in

ml()Oa;rlarl)([z:—7 'lU_], [Z+7 U)+]), {(K7 '])})
11. Adiabatic degeneration: analysis of the thin part
In this section, we consider a one-parameter family (K., J.) as provided in
Subsection 5.5 with R = R(e) — oo,
(11.1) eR(e) — ¢
with ¢ > 0 as ¢ — 0. Motivated by the gluing construction in the previous
section, we will be particularly interested in the case where ¢ = 0, e.g.,
loge

R(e) = — e

We recall . satisfies
(11.2) de/e 00 as € — 0.
We use the Hamiltonian defined by
kE(1) - Hy, 72> R(e),
(11.3) Ke(mt) = { pe(7) -€f,  IT| < R(e),
kZ (1) - Hyy, 7 < —R(e).

The K.(7,t) was defined before in (5.34), where x} (1) was defined in (5.19)
and p.(7) was defined in (5.30). We then study the family of equation

(11.4) (du+ Pry ()P =0

as € — 0. For the simplicity of notation, we denote K.(7,t,2) = K.. By
definition of K. and J,, as € — 0, on the domain
[—-R(e) +1,R(e) — 1] x S,
we have K.(7,t) = ¢f and Jg(7,t) = Jp, and so (11.4) becomes
g:f + Jo <681; — SXf(u)> =0.
Furthermore, K.(7,t) = Hydt, Jr(7,t) = J; on
R x S\ [-R(e) + 1, R(e) — 1] x S*.

Equation (11.4) is cylindrical at infinity, i.e., invariant under the translation
in 7-direction at infinity.
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Note that on any fixed compact set B C R x S, we will have
B C [-R(e),R(e)] x S!

for all sufficiently small €. And as ¢ — 0, K. — 0 on B in C'*°-topology,
and hence equation (11.4) converges to dj,u = 0 on B in that J — Jy and
K. — 0 in C*-topology. On the other hand, after translating the region
(=00, —(R — 1] to the right (resp. [R — %,00) to the left) by 2R — 2 in
7-direction, (11.4) converges to
ou ou
§+J0 (61& XH(U)> =0

on (—00,0] x S' (resp. on [0, 00) x S') and 5,u = 0 on [0, R— §] x ST (resp.
on [-R+1,0] x S1).

Now we are ready to state the meaning of the level-0 convergence for a
sequence uy,, of solutions (du + PKEn)(J(:j) =0 as n — oo. After taking away

bubbles, we assume that we have the derivative bound
(11.5) |du| < C < o0,

where we take the norm |du| with respect to the given metric g on M. We

denote
1 1 .
O:. = |—R(e) + g,R(e) — 3] X S

and consider the local energy

R(e)—1/3
EJ’@E(U):/ / |dul|% dt dr.
—R(e)+1/3 J 51

There are two cases to consider:
(1) there exists ¢ > 0 such that Eje. (u,) > ¢ > 0 for all sufficiently
large n,
(2) limy, o0 Eje,, (un) = 0.
For the case (1), standard argument produces a nonconstant bubble and

so we will mainly consider the case (2). Therefore from now on, we will
assume

(11.6) lim Ejo. (u;) = 0.

J]—00

Now we consider the reparameterization

_ T t
UJ(T,t) = U] (g’ €>
J J

on the domain [—¢;R(ej),e;R(e;)] x R/2me;Z. A straightforward calculation

shows that u; satisfies
ou ou
X —
or T <8t f(”)> 0
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or equivalently

ou ou

P + JOE + grad, f(u) =0
on [—¢€;R(gj),ejR(gj)] x R/27me;Z. For the simplicity of notation, we will
sometimes denote

Rj = R(gj).

The following result was proved in Part IT of [Oh3]. A similar result was
also obtained by Mundet i Riera and Tian. (See Theorem 1.3 [MT].)

Theorem 11.1 ([Oh3,MT]). Suppose
¢ = lim ¢;jR(g;), lim Ejen, (uj) =0.
j—00 Jj—00

Then there exists a subsequence, again denoted by u;, such that the reparam-
eterized map w; converges to a x : [—4, €] — M satisfying x +gradyf(x) =0
in C'*°-topology. In particular, when ¢ = 0, the original map uj\@Ej converges
to a point pe M.

Under this assumption lim. .o Eje,(u;) = 0, after taking away bubbles,
the translated sequences u;(-+ R; +1),-) : (—oo, Rj] x ST — M of solutions
u;j of (11.4) as above converge to u_, uy : R x S' — M that satisfies the
equation

ou ou
—+J|=-X =0
or 0 (875 M (u))

in compact C'*°-topology where Hy are the Hamiltonians
Hy(rt,2) = 5 (1 H(tw), H_(r,t,2) = (1)H(t,2).

We recall (14.1) for the definition of k. We phrase this convergence u;
converges to the nodal Floer trajectory (u—,u4).

In the next section, we will carry out a detailed study of microscopic
picture of this convergence near the node p.

12. Controlled nodal degeneration of Floer trajectories

In this section, we will give a precise description of the degeneration of the
solutions
ou ou
12.1 — 4+ Jo| = —Xg.(u)) =0
(121) o+ (G~ X )
to a nodal Floer trajectories as ¢ — 0, where K. is the Hamiltonian as
defined in (11.3).
We choose a sequence €; — 0 and let R; be any sequence such that
ejR; — 0as j — oo, e.g., Rj = —loge;/2m. We start with the convergence
in the sense of stable maps.
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12.1. Convergence in level 0: stable map convergence. We partition
R x S' into the union

R x 81 = (—o0,— ;] U (—Ry, Ry) U [Ry,0).

Let u; be a sequence of solutions of (12.1) for € = €;. Then we note that
u; satisfies
ou ou
—+Jo| = — -R;+1)X =0
9 +Jo <8t X(T +1)) H(u)>

on (—oo, —R; +1] x S,

gz +Jo (?;; (=7 + (R — 1))XH(U)> —0

on [R; — 1,00) x S1, and
ou ou
or +Jo (at PR; (T — Rj)XEjf(u)> =0
n [-R;, Rj] x S.

If we consider the translated sequence u;(7 — (R; — 1),t), then it satisfies
the equation

ou ou
5, T <8t (T)XH(U)> =0
and u;(- + (R; — 1), ) satisfies
ou ou
St (G = X)) <o

It is important to note that the last two equations do mot depend on
the parameters ¢ (and R) and so carries the well-defined moduli space of
solutions. In the similar vein, we note that as €; — 0, the last equation
“converges” to the equation

ou ou
+Jo—=7
or ot
which is again independent of the parameters ;.
Now we recall our basic hypothesis

0= pulfe—, w_]s H) = p(fz ws: H) = 0 or — L.

We will also require all the relevant moduli spaces entering in the gluing con-
structions are transversal and the almost complex structure J is generic in
that all the nodes in this dimension are immersed as proven in Theorem 5.1.
This can be always achieved if (M,w) is semi-positive. In general, we will
apply the machinery of Kuranishi structure [FOn]: Since Theorem 5.1 holds
for a generic choice of Jy when both uy are smooth, and the corresponding
smooth moduli space of Floer trajectories are transversal for a generic choice
of J, we can always put the trivial obstruction bundle on the Floer moduli

=0,
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spaces. Nontrivial obstruction bundles will appear only in the sphere bubble
components. Therefore, we may safely assume that for a generic choice of
J, the nodes of all the relevant nodal Floer trajectories are immersed.

We will further assume that u; does not split-off at +00. More precisely,
we assume that both w;(- — (R; — 1),-) and u;(- + (Rj + 1),-) uniformly
converge, respectively, as ¢ — oo. This will follow from the dimensional
restriction by a generic choice of J.

Under these hypotheses, a straightforward dimension counting argument,
Gromov—Floer compactness and Theorem 11.1 imply

(1) |duj|co < C for all j and u; converges uniformly in fine C*° topology
and
(2) uj(- = (Rj+1),:) = u_ as j — oo where u_ satisfies

St (G- a1 =0

and u;(- + (R; + Kj +1),-) — uy satisfies

% +Jo <§: - X(T)XH(U)> =0.

We denote by Glue(u_,uy,up;€) the gluing solution constructed in the
previous sections out of u_, u4, ug and the parameter ¢ with R = —loge/27.
Denote by Glue(e) the set of the gluing solutions constructed in Section 10.
In the next section, we will prove that provided ¢ is sufficiently small, any
solution u of (12.1) “sufficiently C°-close to Glue(e)” will become indeed
Glue(u—, u4,up; €) for some choice of (u—,u) and ug. We now make this
statement precise in the rest of this section.

We fiz conformal identifications

p_ 13- — S\ {N}, ¢_(—o0)=N,
Py Sy — S\ {S}, @i(+00) =S,

so that they are compatible to the analytic coordinates prescribed near py €
Y4+ and g— € X_ in Subsection 3.1. As was shown in Subsection 5.2, this
will determine the unique points o4 € ¥4, o_ € X_, respectively, such that

p-(0-) =N, pi(o4)=5.

This will in turn determine a unique conformal identification modulo
T-translations, which we also denote by L+

o (3 ,q_,0.) = Rx S
P+ ¢ (2+7p+70+) — R x Sl‘
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We then form a disjoint union
Y= _UX,

with o_ and o4 identified.

We now consider the Floer trajectories u+ : ¥4+ — M with the node
p = u_(0—) = us(o4). Since we assume that u_ and uy are immersed at
the node p and Jp-holomorphic, there exists a sufficiently small g > 0 such
that both ujl(B}%”(Eg)) and ull (B2"(g0)) are conformally isomorphic to
D?\ {0}. Denote

S = ui (B2 (=0)) € S,

S_ = u='(B2(s)) C 3

and S=S_US; CYX_UY, =Y.
For further discussion, we will need the following proposition. This is a
standard result whose proof can be derived from [FOn,MT] and so omitted.

(12.2)

Proposition 12.1. We denote by mod(X) the conformal modulus of the
annulus 3. Let (M,w, J) be an almost Kdahler manifold and ¥ be a Riemann
surface of annulus type with mod(X) = L < oo. Suppose that h : ¥ — M s
a smooth map satisfying

h(X) C B2 (e)
and

3 (0,1) _
ajR(E)h + (PKR(E),E)JR(E>(h) =0.

Identify ¥ = [—L, L] x S* — M conformally. Then there exist ) > 0 and

C, k > 0 depending only on (M,w,J) but independent of h,L such that
whenever 0 < e < g,

(12.3) |dulg,, (1) < C o= distlr DI=L.L])
for all 7' € [-L+1,L — 1], and
(12.4) leng(u(7’,-)) < C o~k dist(r" 9[- L,L])

We now derive the following lemma from this proposition.

Lemma 12.1. Let k > 0 be the constant given in Proposition 12.1. There
exists g > 0 such that

uj (B3 (e0)) =: Tj(eo)
has a topological type of annulus and decompose R x S!
5j~ UXj(e0) UE;+
such that R x ST\ $j(e0) = ;- [TUS; +.
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Proof. Let ¢, be the constant given in Proposition 12.1. Theorem 11.1
implies that

1 1
(12.5) uj ([—Rj + 3R - 3} X Sl> C B*(gp)

for all sufficiently large j and so the exponential decay (away from the bound-
ary) (12.3) holds. It follows from this that 3;(ef) is of annulus type. O

Now we are ready to give the meaning of the stable map convergence of
u; to the nodal Floer trajectories (u—_,uy). This is a variation of those given
in [FOn, HWZ4] applied to the current circumstance.

Following [HWZ4], we introduce a definition

Definition 12.1 (Definition 4.1, [HWZ4]). A deformation of a compact
Riemann surface (A, j) of annulus type is a continuous surjection map f :
A — S onto the nodal surface, so that f~1(o) is a smooth embedded circle,
and

frAN o) = S\ {o}
is an orientation preserving diffeomorphism. On S\ {o} we have the pushed
forward complex structure f.j.

For each given nodal surface S, we recall a construction of a family of
deformations in the following way (see [FOn]) parameterized by o € C with
|| sufficiently small.

Example 12.1 (Fukaya—Ono, [FOn]). We choose the unique biholomorphic
map

o : Tp S-\{fo_} — T0+S+\{0+}7
such that u ® ®,(u) = a. In terms of analytic coordinates at o_ € S_ and

o4 € Sy, the coordinate expression of @, is given by the map ®4(z) = <.

We denote |a| = R, ? for |a| sufficiently small and so R,, sufficiently large
so that the composition

1 _3 1 _3
expg’ o®a 0 expg, : Do, (Ra®)\ Do, (Ra”) = Do_(Ra?)\ Do_(Ra*)
is a diffeomorphism. By composing with the biholomorphism
1 _3
[~InR;Y2 In RY?) x S' — D, (Ra?)\ Do (Ra?);

(T,t) s eQTI‘((T*R)ﬁ*it) — eiQﬂ-RZ

with z = ™"+ the standard coordinate on C, this diffeomorphism
becomes nothing but

N

1 1 1
JInR2] x S' - [~InR,?,InRZ] x S!
(1,t) — (=7, —t) = (7, t).

[~In R,
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We glue the metrics on
1 _3
Do, (Ra?) = Do_(Ra?)

_1 _1
without changing the metric outside D, (Rq?*) on X¢. Identify D, (Rq?)
with an open set in C > z with the standard metric. Consider the biholo-
morphism ®, : z — ¢, for which we have

* 2 a2 o
(Pa)"[dz]" = ’Zﬁ’ |dz|".
Note that on |z| = R, we have

0o ({2ll2| = Va}) = {z]z| = Va},
(®a)|dz|* = |dz|*.

We choose a function and fix it once and for all
XR, : (0,00) — (0,00)
such that

(1) (Pa)*(XRoldz*) = xR, |d2I%,

(2) xra(r) =1, if r > |38 = R/,

By the definition of yg,, we can replace the given metric g,, = |dz|* by
Xr. (|2])|dz|? inside the disc D?(Ja|'/*), and denote the resulting metric by
g. We would like to emphasize that this modification process is canonical
depending only on the fixed complex charts at the singular points and on
the choice of xr,. As a result, this modification process does not add more
parameters in the description of deformation of stable curves. Hence, we
have constructed a family of stable curves parameterized by a neighborhood
of the origin in T, Sy ®T,_S5_. We denote the constructed Riemann surface
with the conformal structure constructed in this way by

(Sas Ja)-

We set Sp to be the given nodal Riemann surface S. We can define a surjec-
tive continuous map f, : S — S by the projection from the graph of w = ¢
to the union of the z-axis and w-axis that is invariant under the diagonal
reflection.

This finishes construction of one-parameter family of deformations of the
given nodal Riemann surface. We call this explicit deformation Fukaya-
Ono’s deformation and will always consider this deformation in the following

discussion.

Definition 12.2 (Real deformation). We call the deformation (Sa, ja; fa)
a real deformation if a € R,..
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We go back to the study of convergence u; : R x St~y — M.
For a given p > 0 and a collection of sufficiently large R,, we denote

Woa(1) = (Do, (1) = Doy (R | J(Do (1) = Do_(RS1))

the prescribed neck region in S,. The following definition is essentially the
same one as the stable map convergence given in Definition 10.2 [FOn)].

Definition 12.3 (Level 0 convergence). We say that wu, converges to
Glue(u—,u4) in level 0 if

(1) for any p > 0, un|g,\w,(u) — Glue(u_,uy) in C* on compact sets,

(2) there exists a sequence of real deformations f, : (Sp,jn) — (5, 7) such
that (f)«jn — j+ in compact C*°-topology on S\ {o},

(3) lim,_o(limsup,,_,o Diam(u, (W, (1)) = 0.

In terms of this definition, the standard definition of stable map conver-
gence of Floer trajectories to a nodal Floer trajectory as given in [FOn,LT1]
can be translated into

Proposition 12.2. Consider the partitions (—L;, L;) associated to the sur-
face Xo; = u; (B(eo,p)). Then the maps u; : Xo; — M converge to the
nodal Floer trajectory

Glue(u*’ u+)|S(€0)7
where S(ep) = S_(g9) U S+ (eo).

Note that the level 0 convergence does not reflect the immersion property
of the nodes. It turns out that the level 0 convergence to nodal trajecto-
ries with immersed nodes has a finer convergence property, which we now
explain.

12.2. One-jet convergence to nodal curves with immersed nodes.
Now we are ready to give the precise meaning of the convergence u; to
(u—,us,up), where ug is a local model obtained in Section 6.

We start with the description of the sequence of Floer trajectories u;
over the central region ¥;(ep). Fix a sufficiently small ¢y > 0, for which
Proposition 12.1 holds. We choose a conformal diffeomorphism

Yjint : [—Lj, Lj] — Xj(e0)

with 2L; = mod(X;(ep)). We denote the corresponding conformal coordi-

nates by (7/,¢'). We would like to emphasize that this coordinates (7/,t')

may not be the same one as the original coordinates (7,t) in R x S*.
Applying Proposition 12.1 to the maps

hj = uj 0 Yjnt,

we obtain
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Corollary 12.1. There exist €g > 0, a sequence €; — 0 and a subsequence
ji of 7’s in turn so that
(1) w; is embedded on ui_l(an(ao) \ B2"(¢})) and ui_l(an(ao) \ B2"(&}))
+
1,6} <r<eg

is a disjoint union of two components 3 of cylindrical type.

(2)

+
£;/ej, — 00, mod(ZLe;STSao) — 00.

Proof. The first statement is an immediate consequence of a diagonal
sequence argument from the stable map convergence u; and the immersion
property of u4.

For the second statement, we pick any sequence €; — 0 and consider the
modulus mod(uj_l(BI%"(sg)). By the first statement, we have

. —1/ 2
Jlililo mod(u; (B,"(g})) = oo
for each fixed i. Take the subsequence j; of j so that
eifeji,  mod(uj ' (By"(eh))) = i

for each ¢: this is possible since €; — 0. This finishes the proof. U

By renumbering j;, we will just denote j; by ¢ and so we are given two
sequences

/ /
eie; — 0, &/e; — 00

and mod(u;l(B]%”(sé)) =: 2L} — o0 as i — co. We will assume this for the
rest of this section.
Now we define a rescaled map
Uit ¢ [~ L5, Li] x §1 — C"
by
— 1
Uit (2) = Z(uz 0 Vi int)(2)
1
and study its convergence behavior.
We consider the decomposition of the Riemann surface

Rx St~y = Ei,— @) 2@0 U Ei,-‘,—;
where %, 0 = u; '(B?"(¢})) and

(3
R x S! \ Ej,O = 2j7— U E]H"
We denote the translated sequences

u = wui(- — (R; +1),-) : (—oo, Rj] x ST — M,

1,—

u;,+ = ul( + (R’L + 1)7') : [_Ri7oo) x St — M
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and their conformal reparameterizations by

v~ =ubop_ @ ((—oo, Ri] x SY) — M,

vip = ujopy o ([~ Ri,00) X ST) — M.
It is easy to see from the definitions that we can choose R; = R;(g;) so that
o~ ((—o0, Ri] x 81) D 2\ D%(Cs;), ¢ ([-Ry,00) x S1) D 82\ D%(Cey)

for some constant C' > 0 independent of 3.
Now we are ready to give the main definition of the refined convergence.
As before ug stands for a local model obtained in Section 6.

Definition 12.4 ({e;}-controlled one-jet convergence). We say that a
sequence ug, of solutions for (12.1) converges to (u—,u4;ug) in the {g;}-
controlled way if the following holds :

(1) ue, converges to Glue(u—_,u) in level 0,

(2) we have mod(X; ) = 2L} — oo,

(3) there exists a sequence of automorphisms g, given by g, \(u) =
Au + v for some vectors v; € C™ and \; € R such that we have the
inequality

(12.6)

1 /
'Vk (94;1,\. < U; © Yjint + T&) — u0> (1, t)‘ < min(dy,, Cke—ck|T—Li|)
197\ 57/

on [—L}, L] x S* in the given Darboux chart at p with respect to the
cylindrical metrics on R x S and Gen-

Surjectivity proof will be finished by the following convergence theorem.

Theorem 12.1. Suppose that u_,uy are immersed at the node

p=u_(0_) = us(os).

Let Glue(u—_,u4) be the nodal Floer trajectory formed by u_ and us
with nodal points p = u_(o—) = u4(oy). Suppose that u, converges to
Glue(u—, uq) in level 0. Then there exists a subsequence u,, and a sequence
gi — 0 such that u,, converges to (u—,u;ug) in the {&;}-controlled way.

We will give the proof of this theorem in the next section.

Once we prove this theorem, the well-known argument by Donaldson [D]
proves the following which will finish the proof of surjectivity. We omit the
details of this last step but refer to Section 62.7 of Chapter 10 of [FOOO2]
for relevant details of this last step in a similar context.

Theorem 12.2. Let R(s) = — 5 loge and K. be the Hamiltonian as defined

in (11.3). There exists small constants 1,9 with g1 < 5%00 such that for any

0 < e < ey and any solution u : R x S — M of

d.u+ PR (u) =0
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satisfying

max dist(u, Glue(e)) < €
2€Rx 51 (w (€) <e

indeed has the form u = Glue(u_, u4,ugp;€) for some u_, uy and .

Here the choice of exponent “100” is not significant which is made imi-
tating the statement of Theorem 62.2 [FOOO2].

The following proposition will be important in the energy estimates
needed to prove the above theorem. Again this is the analog to Proposi-
tion 62.79 [FOOO2] in the current context. Here since we consider the case
where v, ; converges to y,+ in CP-topology, we can write

Vg (1) = ar (1) = exp Ly (74,5 (1))
for the unit vector )
d + (90
at = lim “ 687)
R ()

Similar remark applies to v_ ;.
We identify a Darboux neighborhood of p with an open neighborhood of
0eC*"=T,M.

Proposition 12.3. For each given k, there exist Iy, Ry and constant
o(i, Rolk) with
lim lim o(i, Rolk) = o0

1—00 Rp—00
such that for all —% loge! + Ry < s < —% logeg — Ry the followings hold:
(1) s is a reqular value of s ou; and the curve u;(X;(g9)) N ({s} x §2771)
is parameterized by the union of two disjoint circles 'yfs 51 x g2l
for which we have

(12.7) IV* (755 = at)| < o, Rolk).
(2) For sy € [—%logeg + Ry, —% logeg — Ry, the set
Sisr—1<s<si+1 = wi(2i) N ([s1— 1,81 +1] x §7*7)

. L . +
is a disjoint union of two components Y s —1<s<si+1 such that each

+ . .
of Y s —1<s<s,+1 has a parameterization

+ . 1 +
Uj 61— 1<s<s1+1 [—1/2m,1/27] x S — 2 s —1<s<si+1

for which we have

(128) ‘vk(uzz'l,:sl—1§5§51+l - ugit,slﬂ < O(ia R0|k)7
where

ugitﬁl (7-7 t) = (27TT + 815 Yat (t))
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Proof. We first note that regularity of s follows from Corollary 12.1.
Consider the composition

v_o=u_op t:S*\{S} — M.

This map v_ extends smoothly to S? and its derivative dv_(S) # 0 by the
immersion assumption on the node. Now we consider the translated sequence
uj == u;j(- — (Rj +1),-) which converges to u_ in compact C'*° topology on
(—o00, R;] x S as j — oo and define

vj =0 o=l ((—oo,Rj] x SY) — M

as before. Then by the hypothesis of level zero convergence, S? \ ¢_ ((—oo,
Rj + 1] x S1) shrinks to the point {S} as j — oo and v; — v_ in compact
C™ topology and v_ is immersed at S.

For the rest of the statements, we will prove them by contradiction. Sup-
pose to the contrary. Then we can choose a sequence s; with
1 1

o log el %logao — 8; — 00

such that one of the following alternatives must hold:
(1) There exist k and ¢ > 0 such that

S; —

V¥ (Yot — i) > ¢
or
V¥ (Yo = via,)| > ¢
for any parameterization ’yffsl, of u; () N ({s:} x §2»1).
(2) There exist k and ¢ > 0 such that

k flat
[V (Wi,si—1<s<si+1 — Ut )| > ¢
for any parameterization ui of ¥
Y 0,51 —1<s<s;+1 1,51 —1<s<s141°
In terms of 7 coordinates, we have
[Si - 1751' + 1] % SQn—l JEN [esi—l’esi—i-l] % SQn—l

1270 _K.—1 1/27n _K. _
_ [50/ oK 1’50/ e Kl-i—l] % §2n—1

for K; := 5=logeg — s; — 0o. Since v_ is immersed at {S} and v_(S) = p,
the subset

v_([aé/%e*Kfl,8[1)/27re*Ki+1] x 21y .= A, € §%\ {S}

is of annulus type and shrinks to the point S as j — oco. Therefore, by taking
a diagonal sequence argument and using the immersion property of v_ at
S, if necessary, we may assume

V(0 — v, — 0.
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This is then translated into
(12.9) |V (ti s, 1<s<s41 — gty )| — 0

as ¢ — oo. This in particular rules out the second possibility.
On the other hand, the immersion property of u_ at o_ implies that

us(2) = 2 a™| = O(|).

Therefore, we have

s ()]~ lella ] = Ir(ue (2)) ~ (- )] < O(=0?).
Since O(uy (2)) = -z, we obtain
Ou(2) — 00| = [ - 2
i) =20t GBIl g

Similarly, we have
Vs = Yot | = 10(j1.(2)) — O(2 - a™)|
= 10(u+(2)) = O(2 - a™)[ + [O(uj+(2)) — O(z - a™)].
For the first term, we have
O(u+(2)) = O(2 - a™)| < O(z])
and for the second term, we have

lim |O(u; +(2)) —O(z-a™)| =0.

Therefore, we have obtained
(12.10) 104 (2)) = Oui 1 (2))] — 0

. . 121 _f. /27 K,
since z satisfies 60/ Te Kiml < 2| < 50/ Te K+l

Combining (12.9) and (12.10), we can prove

and K; — oo as j — oo.

IV* (Yo = 7i4,)] = 0

inductively over k = 0,..., as v, (t) = @(u;}r(Bp(esi))). This contradicts
to the hypothesis and so the proposition is proved. O
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13. Surjectivity of the scale-dependent gluing family

The main goal of this section is to prove Theorem 12.1, which will imply that
the enhanced resolutions of Floer nodal trajectories (u_,u4,up) exhaust
all the solutions of (11.4), which are close to those of the enhanced nodal
trajectories (u—,u4) in a suitable sense.
To prepare the proof, we consider the map
ﬂi : Ei(é‘o) — TpM
defined by
~ 1 _
u;(r,t) = ;(expﬁ) Lo,
7
where ¥;(g9) = ui_l(an(eo)).
We denote the pull-back almost complex structure on (expf) ™! (B2" (o))
C T,M by J; which is defined by

Ji = (exp} o Re,)"Jo

on B2"(gq/ei) C TpM. Then @; satisfies the equation

A~ 1,0 ~
(13.1) 9511 + (PEY ) (@) = 0.
We first describe the metrics on the domain C and the target C™, with which
we evaluate the C* norms of &’s.

For &} chosen before it follows, by choosing ¢( smaller if necessary, that
Yi(eo) \ i(e}) is a disjoint union of two domains of cylindrical type. We
denote

; (By"(e0) \ U5 (B (eh) = Cialeis €0) U Cis (g7, €0).

Whenever there is no danger of ambiguity, we will just denote C;+ for
Ci+ (e}, £0), respectively.

We recall that we have used the metrics as follows: for the target, we use
the metric, denoted by ggn, to satisfy the following properties:

(1) gpn is a flat Euclidean metric on the Euclidean ball B2"(2) of radius 2.

(2) Outside the (Euclidean) ball B?*(4), it is the standard product met-
ric on [log4,o0) x $?"~1(3). (Here S?"~1(3) is the round sphere of
radius 3.

(3) gcn is of nonnegative curvature.

For the domain, we require the metric, denoted by gg, to have totally

geodesic boundary and to satisfy the following properties:

(1) g¢ is a flat Euclidean metric on the Euclidean ball B?(1) of radius 1.

(2) Outside the (Euclidean) ball B2(2) of radius 2, g is the standard
product metric [0, 00) x [0, 37/2].

(3) gg is of nonnegative curvature.
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We now recall that for any contact hypersurface (N, ) of a symplectic
manifold (M, w) has the canonical co-orientation. If a smooth map u : ¥ —
M from an oriented surface ¥ is transversal to a contact hypersurface N C
M, then the preimage u~!(N) has a natural orientation induced by the co-
orientation of N C M. Call this the induced orientation on u~!(N) and
denote oj,4.

When ¥ is given a complex structure j, it carries the complex orientation
on it and its boundary 0% has the boundary orientation oy,q, defined by the
convention

o Obdy = Oy,
where 7 is the unit normal outward to 3 on the boundary.
Now assume that ¥ is oriented and 0% = [] ; 0;%, where each 9;% denotes
a connected component of 9%. If u : ¥ — M is transversal to a contact

hypersurfaces N; C M and u™1(N;) = 8;%, then 9;% carries two orienta-
tions ojnq and opgy-

Definition 13.1. Let (u,X) as above. We say that a component 0;% is an
outside boundary if ojnq = opay, and an inside boundary if ojng = —opgy. We
denote by OoutX the union of outside boundaries and by J;, % the union of
inside boundaries.

Theorem 13.1. Let u; satisfy (13.1). There exist a; and 6; > 0, such that
lim; o0 a;+ = a4, lim; o 05; = 0 and u; satisfies the following properties:

(1) There exists an open subset U; ot of Li(eo) containing C; + UC; —, a
sequence L; + — oo such that there exists a biholomorphic embedding

wimeck,—i- : [O,QLL_,’_] X Sl N Ci,—l—
Vineoe : |2Li 0] x 81— Gy
such that ¢i,neck,:ﬁ: satisfies

|Vk((ﬂz ° wi,neck,ﬂ:) - uﬂat))|(7_7 t) < Cke_ck min{\T|,\L¢7iﬂ:T|}.

a;
on [0,2L; +] x St (or on [—2L; —,0] x S, respectively). Here cy, C
are independent of i and we put
uzjch,ait (T’ t) = (27”—’ Ya; + (t))

and use the cylindrical metrics for both the domain and the target.
(2) There exist a sequence Ljg — oo, open sets Uit C Xi(eo) and a
biholomorphic map

Vivint : [—Lio, Lio] X ST — Uy it

with the following properties:
(a) ui,int N Z/{i,out = Im(wi,int) N Im(¢i,neck)'
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(b) w; 0 Yy int satisfies Definition 12.4, i.e., there exists a sequence of
automorphisms gy, », of C"* such that

_ 1 "
'vkgvi,l& <€ul °© wi,int(ﬂ t) + TCL)) - UO(Tv t)'
(2
< min (5]“,’ Cp e~ min{|T:|:Li,0\}>

on [—Li o, Lio] x S* with in the cylindrical metrics on R x S1 and
9 -

Here we use conformal parameterizations on C; 4 and C; _ given as above
because the boundary orientation opqy on Cj - N 0B, (gjout) of the complex
orientation on C; 4 coincide with the above induced orientation oj,q, while
that of C; _ is opposite.

The remaining section will be occupied by the proof of this theorem.

We start with the following characterization of small energy cylinders,
which can be proved by the same method as in [Ho, HWZ4,FOOO2|. We
denote by uf2 the cylindrical strip defined by

a,s1
ugts, (1,8) = (s1+7,7%(t))
as before.
Theorem 13.2 (Theorem 1.3 [HWZ4|, Theorem 62.85 [FOOO2]). Let
R > 0 be given and let u : [-R, R] x St — R x $?"~! be a Jy-holomorphic

map. For each Ey > 0 and k there exist positive constants ey, Ry, ¢ and
Cy. as follows: Whenever u satisfies

1) E(u) < Ey,

2) R > Ry,

3) Eax(u) < e,

4) the loop up(t) := u(0,t) satisfies

/u(ﬁ)\ < 3,

we can find a € S?"~! and 51 € R for which we have
V*(u = wflsh)|(7,t) < Oy e BT
on (1,t) € [-R+ 10, R — 10] x [0, 1].
13.1. Convergence in the neck regions. We define
(13.2) Ui out = Sie0) \ u; (B2 (€iin))-
In this subsection, we will study convergence of u; on the neck regions
ui_l(B;Zn(Ei,out)) \Ufl(an(Ei,in))

for a choice of two sequences €; out > €;,in > €; such that

N SN AN N

(133) €iout; Eiin — 0, | log Ei,out — log 5i,in’ — 0
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as i — oo. It follows from Proposition 12.3 that for a suitable choice of €; gut,
u; ! (Bgn(si,out)) define a sequence of open Riemann surfaces which converges
to a conformal cylinder R x S'. Furthermore the standard symplectic area of
the rescaled maps u; converges to infinity, but its end behavior is controlled
by the hypotheses that u; converges to the nodal curve (u_,uy) whose node
is immersed.

While the standard argument for the closed Riemann surface does not
apply to the sequence of the rescaled maps u; defined on open Riemann
surfaces X, = ui_l(Bg"(es@out)), the imposed end behavior enables us to
apply the strategy employed by Hofer [Ho| estimating the horizontal and
vertical energies separately. However in our current circumstance, we need
to apply Hofer’s strategy to the case where the target manifold is neither
complete nor cylindrical but only approximately cylindrical.

We need to concern parameterization of maps u; on the annular regions
ui H(By"(ei,0u0)) \ w7 H(By" (Eiin)) = Ci— U G,

K3
where both C;4+ are of cylindrical type. We prove the following result whose
proof duplicates the one from [FOOO2]| used in a similar context.

Proposition 13.1. Let (u—_,uy) be a Floer trajectory with immersed nodes
as before and suppose u; converges to (u—,u4) in level 0 and let C; + be as
above. Suppose that €; out, €iin are chosen so that (13.3) holds. Then we have

mod(C; +) — 0.

Proof. Since both cases are essentially the same, we will just treat the case
of Ci’Jr == Cl

Since wu; are immersed on Cj, the image wu;(C;) carries the metric
gind induced from the compatible metric g5 on M. We denote by gy on
[log € in, log € out] X [0,27] the standard product metric. Using Proposi-
tion 12.3, we can find a diffeomorphism

(I)i : ui(C'i7+) — [10g81‘,in,10g 5i,out] X [0,27‘(’]

so that
(1) ®;(u;(C;) N{s} x §?"~1) = {s} x [0, 27].
(2) For each sufficiently small € > 0, we have
|(®4)+(gind) — golcr < ¢
on [log&; in, loge; out] x S! for all sufficiently large 4.

Let ¥ 4 : [=Lit, Li] x S1 — C; be the orientation preserving conformal
diffeomorphism such that

Vi ({£Lit} x SY) € 0:.C;.
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Denote by g1 the standard metric on [~L;,, L;1] x S* and g2 = (u; o 9;4)*
Jind- Since u; 0 Y;4 is pseudo-holomorphic and so
ui o iy« ([=Lig, Liy] x S, g1) = (ui(Ch), gina)

is conformal, we have f2¢; = (u; © ¥it)*ging and so

g = g2,
where f : [~Li, Lix] x S x St — R is a positive smooth function.
We compute
(13.4)

2
/ Qg | < / 19y, / Qg,
[~Li+,Li+]xS? [—Li+,Lit]xS? [—Li+,Lit]xS?

< Area([~Liy, Liy] x S*;g1)

X (1+¢) (/ ng>
[IOgsi,inzlogEi,out]Xsl

< ((2m) - (2Liy)) - (1 4+¢) - ((2m)(log €i,0ut — log €4in))
((2m) - (2Li4)) - (1 4+¢€)(27) - (log €iout — lOgEjin)-

On the other hand, we derive

lOg €i,0ut

/[L Lis]xS! ng2 > (1+g)1/ lengg()(ui—lo%ﬁ) ds.
— L, L | X

lOg €4,in

Since the winding number of the curve ul._1 0 ;s is one and y; s — Yo+, We
have

leng, (uj ' o) — 2
as ¢ — 0o. Hence, we have proved
/ Qg > (1+¢) ' (logeiout — logeim) x 27.
[ Liy,Lit] xSt
Substituting this into (13.4), we obtain
(1 +¢2) ' (log i out — log eiin) X 27r)2
< ((2m) - (2Liy)) x (1 +¢)((27) - (log €;.0ut — log € in)
and so
log & .out —logejin < (14 €)2L;4.
This proves L;; — oo as ¢ — oo since we have chosen &; out, €i,in S0 that

|log €iout — log € in| — 0.
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Next, we recall the definition of the energy that Hofer introduced in [Ho],
which we denote by Ey, and Eyy restricted to the case of C" \ {0} with the
standard symplectic form wy. If we denote by A the standard contact form on
S2n=1(1) € C™ and by (r,©) the polar coordinates of C" = R, x §?7~1(1),
then we have

wp = d(rO*\).

Using the diffeomorphism R — Ry;s — e°, we identify C" \ {0} with
R x S?7=1 Then pull-back of the standard complex structure Jo on C™\ {0}
is invariant under the translation of R-direction on R x S?*~! as well as
O*d\ and O*\.

We will pull-back the symplectic form w on M by the map expé =171
to wy by a Darboux chart I near the nodal point p € M such that I*J(0) =
J(p). The following lemma is immediate whose proof is omitted.

Lemma 13.1. Let j; be the almost complex structure on (T,M,wy,) =
(C™, wo) defined by J. = (expll) o R.)*J. Then there exists ¢g > 0 such
that we have _

| Je(2) = Jp| < Celz|
for all |z| < eg where |- | is the norm induced by the standard metric on
C" =2 T,M. In particular, we have

[Jeu () = Jp| < CO;
forall z € s%_Bg”(éi) = B2"(8;/e;) C TyM for any 0 < 6; < &g.
Now we introduce the following

Definition 13.2 (dA-energy). Let ¥ be a compact surface with boundary
and let u : ¥ — C™\ {0}. We define the d\-energy, denoted by Egy by

Eg\(u) = /E(@ ou)*dA.
We also use another energy denoted by Ex, [Ho|. Consider the interval
[a,b] C R and let C = Ci, ) be the set of smooth functions
p:(a,b) —[0,1]
such that
(1) supp p is of compact support,

2) [ p(u) du=1.

Then we consider its integral, denoted by p,

5 = [ plwd

Composing p with the projection to the R-direction, we regard p as a func-
tion on R x §27~1 = C"\ B?"(1). Note that p = 0 near the lower limit s = a
and p = 1 near the upper limit s = b.
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Definition 13.3. Let p € C and p as above. We define Ex;(u; (a,b)) by

Bs(ui (a,0) =sup [ u'd(8").
peC JX
We now prove the following.

Lemma 13.2. Denote C; = ui_l(Bp(ai,out) \ Bp(€iin)) and consider the
restriction of u; on C;. We have

lim Egy.c,(u;) =0
1—00
and in particular Eqx.c,(u;) is uniformly bounded.
Proof. Note that C; has decomposition
C; = Ci,l U Cz';&- :
C; —, C;i 4 are surfaces of annular type such that
801'77 = 8+C¢77 U 8702'77,
Ci 4+ = 04C; 4+ UO_Ci 4,

where u;(0+C;) C 832"(@70%/@) and u;(0_C;) C OB*™(g; 0ut/:)-
Since both cases can be treated the same, we will focus on C; _. By Stokes’
formula, we obtain

Er (i) :/ (0 0 1i)*d\ = (© 0" A— (© 0 Ti)* A
Ciﬁ_ 8+Ci7_ 8701',_
Proposition 12.3 implies
lim © o a¢|a+ci _ =,
1—00 ’
lim ©o ﬂi|8,Ci _ =,
1—00 ’

where y_ is the Reeb orbit of S?”~! comes from the tangent cone of u_ at
the node. This implies lim; . Fax,c; _ (i) = 0.

Since the same argument applies to C; 1 if we replace y_ by vy, we have
proved

71— 00

Next we study Ec,(u;) = Ec,(t;; (log(giout/€i),10g(€iin/i))-
Lemma 13.3. For any given 6 > 0, there exists N = N(9) such that
Ec,(u;) <2m+0
for alli> N.
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Proof. Let p € C and p be the associated integral
) = [ ol
Noting that p = 0 near 0_Cj;, we use Stokes’ theorem to show

/Ca;kd(ﬁ@*)‘) :/7;,—,out>‘+/ﬁyz+,out)‘a

where v 4+ out = ﬂz‘|8+ci7i~ Proposition 12.3 implies that v; 4+ out — 7+
respectively and so each term converges to 2w as ¢ — oo. Hence there exists
N € Z4 such that if i > N,

/ u;d(pO*\) < 2w+ 4
Ci,+

for any p € C. Fixing any such N and taking the supremum over p € C, we

have proved Ex(u;) < 27 + 9§ for all i. O
Now we take a conformal parameterization ¢; + : [—L; +, L; +] X Sl Ci+
and consider the composition u; o ¢; + =: v; +. Proposition 13.1 implies

L; — oo as i — oo and Lemma 13.2 implies
Li+
lim / v; 4 O%dA =0, FEx(vi+) <27 +0.
1—00 LiyJst 7

Once we have these energy bounds and Theorem 13.2, the argument from
[Ho, HWZ4] imply the following proposition when applied to C; — and of
Ci +. (see also Chapter 10 of [FOOOZ2].)

Proposition 13.2. Let ¥} = C; _ U C; 4 be the decomposition mentioned
before, and let v; + be the above map restricted to one of the two components
respectively. Then the sequence v; + converge to holomorphic cylinders too + :

R x ST — R x 521 =C"\ {0} with
Uso,+ = (8 0 Uso,+, O 0 Uso +)
given by
$0Uoo + (T, 1) = (277 + s, y(27t + 04)) =: ugitﬁi
for the real numbers s+ and 0y, where v+ are the Reeb orbit associated to
the tangent cone of u— or uy, respectively, on C; — on C; 4.

13.2. Convergence in the central region. Now we focus our attention
on the central region

(13.6) Z/[Z‘,mt = ul_l(B;"(dl))
By the convergence proved in Theorem 11.1, there exists §; — 0 such that

wi (Ui int) C Bf,”(éi)
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and u; satisfies 0 yu; = 0 near u; (6B2n(6 )). We may choose €; i, and €; out
so that

Eiin < 0; < Eiout < €0-
We denote X = (BQ”(cS )). Then we have the maps w; that satisfy

171-(22’) C Bf,n((;i/&i), 61(822’) C 832”(51/51)

In terms of the orientation convention provided in Definition 13.1, both
boundaries of ¥/ are outside boundaries.
We again consider the rescaled maps u; : ¥/ — T,M = C" given by

~ 1 _

ui(z) = ;(expf;) "o ui(2).
By definition of j;, this map satisfies
(13.7) (dii; + R Pelf(ul)ﬂ0 D=,

where R. : C" — C" is the rescaling map = +— ex on C".
The following lemma is immediate to check whose proof is omitted.

Lemma 13.4. We can rewrite (13.7) as

(13.8) 93, i + Fs (@)Y = O, (@) -

where @ = V f(p), C¢,(w;) is the obvious operator and we have
(13.9) |2, () = Jp| < Cesluil,  |C, (W) < €6

as long as |u| < 6;/¢;.

We now examine the left-hand side of (13.8). We conformally parameterize
Y =~ [—L;, L;] x S* with conformal coordinates denoted by (7/,#'). Then we
prove the following lemma by the same way as Proposition 13.1.

Lemma 13.5. Let mod(X)) be the conformal modulus of ¥ as defined
above. Then mod(X]) — oo.

We can write
u (' t) = —T'a+ &, t)

at least as long as |7d| < §;/e;, or equivalently for 7 satisfying

With this conformal coordinate, we can write
0 8u, 86, 5 (9§ ~ 85

05 Ui+ Py (uz)(zl)) (
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Therefore (13.8) is equivalent to

0%  ~ 04 _ 0\ ~
In particular, we derive
o6 = 0§
— < ;
‘87’ I ot'| — o

from (13.9) on B2"(8;/e;). Therefore, if we prove that &; (or equivalently ;)
converges locally in C'-topology, then the limit of & must be holomorphic
and hence the local limit of u; will have the form

—7'@ 4+ o (T, 1),  with 06 =0

as we are expecting. We will now prove this convergence.
Consider the energies of u; given by

(13.11) B (11;) = / (e )
e [is()len <4}
and
(13.12) Eix(u;; S) ::/ Uy dA.
(e s(2)en 2e9)}

Next let C be the set of all nonnegative smooth function p : R — R whose
support is compact and is contained in [2, 00) and such that [ p(s) = 1, and
p be the function defined by

55) = [ ptu)du.
Then we define

(13.13) Bua() = sup [ ().
peC

Lemma 13.6. Epcq(u;) and Ein(u;) are uniformly bounded above over i.

Proof. We recall the energy FEx (u;;[loge;,logd;]) from Definition 13.3 over
those p defined on [loge;,logd;]. Then by the same proof as Lemma 13.3,
we have the uniform upper bound

Ex:(ui; [log e, log 6;]) < C
for some C' independent of 4. It is easy to see from the scaling property that
Eneck(ai) < E(ul)

and hence Fyeck(U;) is uniformly bounded.
On the other hand, we have

~ -2
Eint(u;) < g; / u; wo
ui_l(B%"(Qsi))
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by definition. But Stokes’ formula gives rise to

/ ufwy = / uld(r?0*))
u; (B2 (2¢:)) u; (B2 (2e4))
= / (26,)20*\ = 4e2(27 + 27)
u; ' (OB2"(2))

by the immersion property of the node and the e;-controlled convergence
of u; to (u—,u4,up) mentioned in the previous section. This finishes the
proof. O

We also prove the following lemma in the same way as Lemma 13.2.
Lemma 13.7. We have

lim limsup Egy(u;; S) = 0.

—00  j—o0
We can obtain the same kind of estimates for £; = u;+7a from the identity
d¢; = du; + adr.
Lemma 13.8.
Hm Fine (%) = lim By (&) = 4°,
i—0 i—0
Zli_rg% |Eax(ui; S) — Eqx(&i;5)| = 0,
zlirgo ‘Eneck(ﬂi) - Eneck(gi)‘ =0.

Proof. The proofs for Eg) and Eiy,; are similar. We will just prove the identity
for Eint. By definition, we have

B () = urd(r*X)

/Eg'mail (B2 (4))

2 / (9;) ") — 42 ( / Vid+ / viA>
(= na;t (B2n(4)))

= 4’47 = 437,
Here we again used the immersion property of nodes and the fact that

both ends of the cylinder are positive. The same applies to & because
limy_ o0 ||/ ‘%@’ -0

Next we examine E,.q. For each p € C, we evaluate

Jaaon = @,
832'”(52)

where 0;1; = w;|p, and 9 is the outside boundary of u; '(9B?"(&;)).
Therefore, we have obtained

Ereck (W) — Eneck (&) = / ((O4u;)* A — (9+6)"N)

OB2"(Tout)
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for all p € C. As i — oo, the conformal coordinates (7/,¢') of the domain
Ciimt = u, "(B*™(8;) = [-L!, L}] x S converges to the given coordinates
(7,t) near 7/ = L, it follows that we have
or
ot!
near L;j as i — oo and so |aT|c1.90, — 0 in the cylindrical metrics of the
domain and the target. Therefore, it follows:

<C

[ui — &ileriacy e — 0
in the cylindrical metric. We note that this convergence is uniform over p € C
as long as supp p is contained in a ball B?"(r) of common radius r > 0.
Furthermore the convergence of u;(£L},t) — v+ as L} — oo. Combining all
these, we obtain

hm |Eneck(ai) - Eneck(gi” =0.

1— 00

This finishes the proof. U

We note that both F;\, and FE,¢i are invariant under the automor-
phisms of C”, i.e., under homothety and translations. By applying a suitable
sequence of automorphisms g,, », to {& we can achieve

(13.14) min |go, , ©&(0,¢)] =1
test

for all 4.
We now prove the following derivative bound.

Proposition 13.3. Denote &, = Gu; \; © & For each L, there exists a con-
stant C' = C(L) such that

sup |de,(7, )] < C(L).
—L<|r|<L
Proof. The proof will be given by a bubbling-off analysis which is a variation
of the proof of Proposition 27 [Ho|. Suppose to the contrary that there exists
a sequence z € [—Ro, Ro] x St C X 2 [~ Ly, Lg] x S* with L — oo such
that
|d&}.(2)| — oo.
The following is from [HV,FOOO2].

Lemma 13.9 (Lemma 62.149, [FOOOZ2]|). There ezists another sequence
2l € [-Ro — 1, Ro + 1] x St satisfying the following properties:
(1) d&;(2))] == C; — 0

(2) If dg (2, 2) < C7V? for 2 € C, then |dE, <20;.

‘gé;,g{cn
The following is a verbatim translation of Lemma 62.151 [FOOO2] in

our context. For readers’ convenience, we duplicate it therefrom with minor
modifications.
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Lemma 13.10 (Lemma 62.151, [FOOO2]). The sequence &;(2}) € C" is
bounded.
Proof. The proof is by contradiction. Suppose to the contrary that

Rs; = [&§;(2])|cn — oo
We put

D;={uecC| distg{HI(C’flu + 21, 2})
< min{C{l\/@/Z,Cflm}, C;lu+ 2, € H}.

We note that D; is a convex domain of its diameter with the order of

min{y/Rs /2, C;"%},

which goes to 0o as i — oo by the hypotheses.
We define &; : D; — C" by

&i(u) = &(Ci M u+ 7).
Then we have
(13.15) |dé;(z)] > 1.
We now prove
(13.16) uléllg ’gz(u)’ > \/R37i <\/R37i — 1) > 25y
if 4 is sufficiently large. We note
(13.17) 1€i(u)| > 1€:(0)] — |&(w) — £(0)]
= |&(z))| — |&(u) = &(0)].
We have |¢;(2})| = R3; and
~ ~ 1 ~
) - &OI < [ u- VEGu|ds
0
1
- / - CLIVE (CL Y (su) + )| ds
0

< /01 [l VE (G (su) + 27)] ds.
But since su € D; for all s € [0,1], we have
dist(Cz{_l(su) +2},20) < 02_1/2,
Then (13.17) implies
[VE(Ci™ (su) + 2)| < 20,
Therefore, we have

|€(w) — &(0)] < 2Ju] < \/Ray.
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Substituting these into (13.17), we derive

’gl ‘>R3z \/R3z—\/R32 \/R?)z_
This finishes the proof of (13.16). N
Since (H%,)' N (C"\ B?*(2Sy)) C R* U A, (13.16) allows us to regard &;
as a sequence of maps
&:D; »Rx S l=Cm\ cCn.
We derive from Lemma 13.8
E(&) < By, Ean(&)—0.

Then we can find s, — oo and a subsequence such that ‘33; o fNZ converges to
a map

€so i Doo — R x 52771
in compact C* topology. Therefore, we derive ]dgoo(zoo)| > 1 from (13.15).
But this gives rise to a contradiction, which finishes the proof. U

Now we go back to the proof of Proposition 13.3.
Define a new map vy : Dy — C™ by

Bolu) = & (k ; gk) ,

where Dy, C C is defined by
Dy = {u € C | deyi(2}, + u/Ck, z1,) < C’,;l/Q, 2h +u/Cy € [~ Ly, L] x S'}.
Since 2}, € [—Ro, Ro] x S, it follows:
% +u/Cy € [-Ro+ C % Ry + €% x §1
C[~Ro—1,Ry+1] x S* C [~Lg, Ly] x S*

and so the map vy is well defined on Dy, = B2(C’;/ 2). Then v, satisfies the
following properties:

(1) 9(0) = &,(2x) is bounded,

) Jp, tk©*dX — 0 as k — oo

(4) |dog(u)| <2 on Dy and |dog(0)] =1

(5) |0vk| — 0 as k — oo,
Therefore, by taking a diagonal subsequence of vy converges to a holomor-
phic map v, : C — C™ that satisfies

(13.18) U5,0%dA =0, E(Us) < 0
C
and

(13.19) 100 (0)] = 1, |dno(u)| < 2.
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But (13.18) implies U5 must be constant while (13.19) implies it cannot, a
contradiction. This finishes the proof of Proposition 13.3. U

By the elliptic regularity, we derive from (13.14) and Proposition 13.3 that
the C* norm of ¢, for all £ > 0 is uniformly bounded on any bounded subset
of R x S'. Therefore, by Ascoli-Arzela’s theorem, we can find a subsequence
of &; that converges to a holomorphic map

b :Rx St - C"

in compact C* topology. By (13.14), £ cannot be a constant map.
The following energy bound is an immediate consequences of Lemma 13.6.

Lemma 13.11. Eiy(€xo) and Epeck(§oo) are finite.
Next we prove the following theorem.

Theorem 13.3. There exists a sequence of vectors v; and a subsequence of
&, = & — v; that converges to a holomorphic map

b :Rx ST = C”

in compact C*°-topology satisfying the following properties:

(1) Eint(€so) and Eyeck(éoo) are finite.
(2) In the decomposition s = (50 &no, © 0 &) outside B2(1), we have

lim ©o0&(r,t) = 74 (t),
lim ©o&(r,t) = 1-(t),

T/ ——00
where v+ are the Reeb orbits of S?" (1) C C" = (T,M,wp, J,) asso-
ciated to the tangent cones of ui,u_ at the node p = uy(oc0) =

u_(—00), respectively.
Proof. We start with the following result proved by Hofer [Ho].

Lemma 13.12 (Theorem 31, [Ho]). Suppose that &~ is a proper non-
constant pseudo-holomorphic with finite Ex-energy. There exists a closed
Reeb orbit vy : S — S?"~1 and a sequence T, — oo such that v = Eoo(Tk, *)
converges in C'° to ~y. Similar statement holds also for 1, — co.

We will now improve this convergence to
Proposition 13.4. £ is a proper holomorphic cylinder such that

lim &oo(7,) = 72

T—+o00

in C* where v+ are the Reeb orbits associated to the tangent cones of the
node of (u_,uy).
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Proof. The main tool for such a convergence result is Theorem 13.2 the
characterization of the asymptotics of Jp-holomorphic maps with small dA-
energy Fgy.

Let 7, be the Reeb orbit provided in Theorem 13.2 for u = &,,. We will

treat only the case as 7 — 400 since the case 7 — —oo will be the same. In
du+ (0+)

[du(o+)]"

We will show that there exists a constant s; € R such that £, satisfies

[€oo(2) — ugie, (2)lon — 0

in exponential order as |z| — oo.
Let Ey = Fheck(§x0). We take ey as in Theorem 13.2. Since F({x) < 00,
we can choose S such that

our situation, we have the vector a = a+ =

E(éx; S) < ep.
Then, we can apply Theorem 13.2 to the restriction of £ to [S, S + 2R] x
[0, 1].
Note £x0([S, S + 2R] x [0,1]) C [log 4, 00) x S?"~1. Put
Then, by Lemma 13.3, we have:
1 1
/ YA = lim YA < 3.

0 i—00 Jg

Therefore, we have constants R ; and s1 ; such that Ry ; — oo and

(13.20) V(oo — u®, )|(7,1) < Cre— k|75 Fal

ajy81,5
on (T,t) S [S—i— 10,5 — 10 + 2R2,j] x St.
Since the intervals [S + 10,5 — 10 + 2R, ;] are nested as Ry / oo, we
should also have s1; — s; as j — oo for s; appearing in Theorem 13.2.
Then (13.20) implies

[V (Eoo — ullt  )|(7,t) < Ce™<l™],

(oo ,S1

on (7,t) € [S 4 10,00) x [0, 1]. Therefore, we have finished the proof. O
Theorem 13.3 follows from Proposition 13.4. U

Since every Reeb orbits of $2"~! with the action J A < 3m is one of g,
we have 74 = 7, for some as € $?"~1. To finish the proof of Theorem 12.1,
it remains to prove the e-controlled convergence (12.10).

We take an isomorphism 1 : R x ST — R x S' such that 1(d00) = +o0
and

dgé:n (goo © ¢(0, O)a 0) = (T,t?éli[%gsl dg"cn (500 (7’, t)a 0)'

We now define the map
Vit : [—00, R;) x ST — H
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for some R; to be determined later in the proof. Since we have

1 _ _
;((exp{)) to i © ¢i,int) +7a= §Z o wi,int = Gu;,\; © §io ¢i,int
3
by the definitions of gy, and & and g, 3,& © VYiing converges to oo, it
follows  that gv_z-,l/\i (El ((exp)) ™t o uj 0 jjnt) — 7' a) converges to ul®“*1 on

compact C* topology. For the notational convenience, we will drop (expllg)_1

from (exp{o)_1 o u; 0 Y; int and just denote it by u; © ¥; jns.

By the diagonal sequence argument, we can choose a sequence R; — 0o
so that

(13.21)
1
lim  sup vk <g;1x (ul o it (7', 1) + T'@) — ugef;) ’ =0.
100 Ry <7/ <2R; AN ’

It follows that there exist S3, Iy such that the following holds for i > Ij:

(1)
1 *
/ < (g;&. o u; ° wi,int)> dA < e,
[S3,2R;)x[0,1] \€1,i v
(2) 2R; — S3 > Ryp.

We can apply Theorem 13.2 to obtain s} such that
1
w2 |7 (g, (S o vl ) + ) —alty (0|
1
< Che min{|2R¢77\,|7753\}'

Comparing (13.21) with (13.22) we have s; — s1. Perturbing t; i slightly
and re-choosing s;, we may assume s, = 0.
Therefore, we obtain

1
vk (g;l)\l <€(ul 0 Yyt (77, 1) + T’a> - ug?tsg (7', t’)> ‘
(2

< Cke—ck min{|2Ri—T|,‘T—Sg|}.

Now the proof of Theorem 12.1 is finished.

Part III. Application: a proof of PSS isomorphism

In this part, we combine the analysis carried out in the previous sections
with the standard cobordism argument to give the proof of ¥ o ® = id in
homology. For completeness’s sake, we also give an explanation of the proof
® o ¥ = id whose proof can be given by a more or less standard argument
in Floer theory. The isomorphism proof in this part is complete as it is
for the semi-positive (M, w). However, we have been careful to provide our
compactification of the relevant moduli spaces so that one can easily put
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Kuranishi structure [FOn] on them to generalize the isomorphism property
to arbitrary compact (M, w). Since this is not our main purpose of the paper,
we do not pursue complete details and leave them for interested readers.

Remark 13.1. For example, observing that Proposition 5.2 holds for a
generic choice of almost complex structures on any symplectic manifold,
whether it is semi-positive or not, one can repeat the construction carried
out in [Lu] in our setting instead of in the setting of [PSS] that [Lu] uses.

14. Review of Floer complex and operators

In this section, we give a brief summary of basic operators in the standard
Floer homology theory. Details of construction of these operators are impor-
tant for the argument in our proof of isomorphism property of the PSS map.
While these constructions are standard, we closely follow the exposition pre-
sented in [Oh2, Oh4].

For each nondegenerate H : S' x M — R with gb}q = ¢, we know that the
cardinality of Per(H) is finite. We consider the free Q vector space generated
by the critical set of Ay

CritAy = {[z,w] € Qo(M)|z € Per(H)}.
Definition 14.1. Consider the formal sum
(14.1) 8= Z ALz [2, W], a0 € Q.
[z,w]€Crit Ay
(1) We call those [z, w] with a, ) # 0 generators of the sum 3 and write
[z, w] € B.

We also say that [z, w] contributes to 5 in that case.
(2) We define the support of 3 by

supp(f) := {[z,w] € CritAy | af, ) # 0 in the sum (14.1)}.
(3) We call the formal sum 8 a Novikov Floer chain (or simply a Floer
chain) if
(14.2) #(supp () N {[z, w] | Ar([z,w]) = A}) < o0
for any A € R. We denote by CF,(H) the set of Floer chains.
We now explain the description of CF(H) as a module over the Novikov
ring as in [F13, HS]. Consider the abelian group
_ m(M)
ker ¢y Nkerw
and the formal sum

R=> rag", racQ

Ael
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We define
supp(R) ={A €T |ra #0}.
The (upward) Novikov ring defined by

Aw:AL:{ZrAqA]V)\GR,#{AEF]m;éO,w(A)<)\}<oo}.
Aerl

Then we have the valuation on A, given by

(14.3) v(R) = min{w(A) | A € supp R}.

We recall that I" acts on Crit.Ag by “gluing a sphere”
[z, w] — [z, w#(—A)],

which in turn induces the multiplication of A, on CF(H) by the convolution
product. This enables one to regard CF(H) as a A,-module. We will try to
consistently denote by CF(H) as a A,-module, and by CF,(H) as a graded
Q vector space.

Suppose H is a nondegenerate one-periodic Hamiltonian function and
J a one-periodic family of compatible almost complex structures. We first
recall Floer’s construction of the Floer boundary map, and the transversality
conditions needed to define the Floer homology HF.(H,J) of the pair.

The following definition is useful for the later discussion.

Definition 14.2. Let 2,2’ € Per(H). We denote by ma(z,2') the set of
homotopy classes of smooth maps

w:[0,1] x S* - M
relative to the boundary
w(0,t) = z(t), u(l,t) =2'(t).

We denote by [u] € ma(z, 2’) its homotopy class and by C' a general element
in mo(z, 7).

We define by ma(z) the set of relative homotopy classes of the maps
w:D*— M; wlyp2 = 2.

We denote by ma(M) the second homotopy class of maps u : S? — M. It
acts on mo(z) and ma(z,2’) (modulo the action of 71 (M)) by the obvious
operation of a “gluing a sphere”. Since the action of 71 (M) on mo(M) does
not change ¢; or the symplectic area, the operation of “gluing a sphere”
induces the deck transformation action of 'y, on Qo(M) — Qo(M) and so
induces the structure of a principal I' fiber bundle

CritAg — Per(H)
on CritAg.
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Furthermore, there is a natural map of C' € my(z, 2’)

()#C : ma(2) — ma(2')
induced by the gluing map
w — WHU.

More specifically we will define the map w#u : D?> — M in the polar

coordinates (r,0) of D? by the formula
w(2r,0), for 0 <r
w(2r —1,0), for L <r

(14.4) wH#Hu : (r,0) = {

once and for all. There is also the natural gluing map
7T2(Z(), Zl) X 7T2(21, ZQ) — 7T2(Z(], 22),
(u1,ug) > urFus.
We also explicitly represent the map ui#us : [0,1]x S' — M in the standard
way once and for all similarly to (14.4).
Definition 14.3. We define the relative Conley—Zehnder index of C € mo
(2,2") by
pu (2,25 C) = pu([z,w]) — pu ([, wi#C))
for a (and so any) representative u : [0,1] x S! x M of the class C. We will

also write pg(C), when there is no danger of confusion on the boundary
condition.

It is easy to see that this definition does not depend on the choice of
bounding disc w of z, and so the function

pg :ma(z,2) = 7Z

is well defined.
We now denote by

M(H, J; 2,25 0)
the set of finite-energy solutions of
Ju ou
14. — ——-X =
(145) o (G- X)) =0
with the asymptotic condition and the homotopy condition
(14.6) u(—o0) =z, u(c)=2; [u=C.

(See [F13,HS].) Here we remark that although u is a priori defined on Rx S*,
it can be compactified into a continuous map  : [0,1] x ST — M with the
corresponding boundary condition

u(0) =z, u(l) =2

due to the exponential decay property of finite energy solutions u of (4.2),
recalling we assume H is nondegenerate. We will call w the compactified
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map of u. By some abuse of notation, we will also denote by [u] the class
[u] € ma(z,2") of the compactified map .
The Floer boundary map

8(H7J);CF;€+1(H) — CFk(H)

is defined under the following conditions by studying equation (14.5) for a
Floer-regular pair (H,J) and satisfies 00 = 0, which enables us to take its
homology. The Floer homology is defined by

HF.(H,J):=kerd/ima.

One may regard this either as a graded Q-vector space or as a A,-module.

Next we describe the Floer chain map. When we are given a family (H, j)
with H = {H®}o<s<1 and j = {J®}o<s<1 and a cut-off function p : R —
[0, 1], the chain homomorphism

hi = by : CFu(Hy) — CF.(Hp)

is defined by considering the nonautonomous form of (14.5).
Consider the pair (Hg,jr) that are asymptotically constant, i.e., there
exists R > 0 such that

J(1)=J(x), H(r)= H(c0)
for all 7 with |7| > R. We will always consider the form
(e, jr) = {(HD, 7))},
where (H?®,.J®) is a homotopy over s € [0,1] and p : R — [0, 1] is a function
as defined before. We study the following equation (14.5):

ou ou
htind p(r) (22 _
(14.7) 5+ ( 5~ X (u)) = 0.

We denote by
M(H, j; p)

the set of finite-energy solutions of (14.7).

For a Floer-regular pair (H, j), we can define a continuous map of degree
Zero

hrjip) : CF(Ha) — CF(Hp)
by the matrix element 73 ;. ) ([2a, wal, [25, ws]) similarly as for the bound-
ary map. Then h ;) has degree 0 and satisfies the identity
hrt jip) © Ota, o) = OHp,05) © Mir.5ip) -

Two such chain maps h;1 1), h(;2 342y are also chain homotopic [F13].

Now we examine Floer chain homotopy maps and the composition law

hay = hgy © hag
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of the Floer isomorphism
(14.8) hog : HF (Hy) — HF,(Hpg).

Although the above isomorphism in homology depends only on the end

Hamiltonians H, and Hg, the corresponding chain map depends on the

homotopy ‘H = {H(n)}o<n<1 between H, and Hg, and also on the homo-

topy j = {J(n)}o<n<i- Let us fix nondegenerate Hamiltonians H,, Hg and

a homotopy H between them. We then fix a homotopy j = {J(n)}o<n<1 of

compatible almost complex structures and a cut-off function p : R — [0, 1].
We recall that we have imposed the homotopy condition

(14.9) (W] = [w#u]; [u]=C in m(z",27)
in the definition of M(H, J;[z7,w™],[z1,w™]) and of M((H, J; p); [2a, Wal,
[28, wg]). One consequence of (14.9) is

[Fwf] =" w#u), in T

but the latter is a weaker condition than the former. In other words, there
could be more than one distinct elements Cy,Cs € ma(2~, 27) such that

iz, 2T;01) = p(z=,21:Co), w(Cr) =w(Co).

When we are given a homotopy (j,H) of homotopies with j = {j.}, H =
{H,}, we also define the elongations H” of H, by a homotopy of cut-off
functions p = {p}: we have

Hﬁ = {7’[?c }Ognﬁl .

Consideration of the parameterized version of (14.7) for 0 < x < 1 defines
the chain homotopy map

Hy : CF.(Hy) — CFi(Hp),
which has degree +1 and satisfies
(14.10) PG mispn) = RiosHopo) = Oty © Hag + Hig 0 8o o).

Again the map Hz; depends on the choice of a homotopy jand p =
{pr}o<r<1 connecting the two functions pg, p1. Therefore, we will denote
Hy = Hey g
as well. Equation (14.10) in particular proves that two chain maps for differ-
ent homotopies (jo, Ho; po) and (j1,H1; p1) connecting the same end points
are chain homotopic and so proves that the isomorphism (14.8) in homology
is independent of the homotopies (H, j) or of p.
Next, we consider the triple

(HavHﬁ’H’Y)
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of Hamiltonians and homotopies H1, Hz connecting from H, to Hg and Hg
to H,, respectively. We define their concatenation Hi#Ho = {H3(s)}1<s<1

by
B Hq(2s), 0
Hs(s) = {H2(28 —1), %

<s<
<s<

— NI

)

We note that due to the choice of the cut-off function p, the continuity
equation (14.7) is autonomous for the region || > R, i.e., is invariant under
the translation by 7. When we are given a triple (H,, Hg, H,), this fact
enables us to glue solutions of two such equations corresponding to the
pairs (H,, Hg) and (Hg, H), respectively.

Now a more precise explanation is in order. For a given pair of cut-off
functions

p = (p1,p2)
and a positive number R > 0, we define an elongated homotopy of Hi#Ho

Hu# (pmyHo = {H(p;r)(T) } —co<r<oo
by
Hi(pi(T +2R),t,z), 7<0,

Hi,p (1t ) =
() (7:,) {HQ(pQ(T—2R),t,x), 7> 0.

Note that

H,, for71 < —(R;+2R),

H.r =4 Hg, for —R<7<R,

H,, forT2>Ry+2R
for some sufficiently large Ry, Ro > 0 depending on the cut-off functions
p1, p2 and the homotopies H1, Ha, respectively. In particular this elongated
homotopy is always smooth, even when the usual glued homotopy Hi#Ho
may not be so. We define the elongated homotopy j1#,;r)Jj2 of j1#J2 in a
similar way.

For an elongated homotopy (j1#(p;r)Jj2, H1#(,,r) H2), we consider the
associated perturbed Cauchy—Riemann equation

{ I (%~ X)) =0

lim, oo u(T) =27, lim; oo u(r) = 27

with the condition (14.9).
Now let w1 and ug be given solutions of (14.7) associated to p; and ps
respectively. If we define the pre-gluing map uy# ruo by the formula

ui (T +2R,t), for 7 < —R,

t) =
urF# Rpua (T, 1) {u2(7_2R7t), fort> R
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and a suitable interpolation between them by a partition of unity on the
region —R < 7 < R, the assignment defines a diffeomorphism

(u1,u2, R) — u1# rus
from
M (J1, Ha; [21, wi], [22, w2]) X M (ja, Ha; [22, wa), [23, w3]) X (R, 00)

onto its image, provided Ry is sufficiently large. Denote by 5(7“; p) the cor-
responding perturbed Cauchy—Riemann operator

ou A [ Ou
ur—»a-f-t]g( ) <at—XHg(T)(u)>

acting on the maps u satisfying the asymptotic condition u(+o00) = 2% and
fixed homotopy condition [u] = C € ma(27,2"). By perturbing ui# rus
by the amount that is smaller than the error for u;#ruo to be a genuine
solution, i.e., less than a weighted LP-norm, for p > 2,

10(34,5:0) (W1 F () u2) || p

in a suitable WP space of u’s, one can construct a unique genuine solution
near u1#Rrus. By an abuse of notation, we will denote this genuine solution
also by u1#Rrus. Then the corresponding map defines an embedding

M (j1, Ha; [21, wi], [22, wa]) X M (j2, Ha; [22, w2, [23, w3]) x (Ro, 00)
— M (J1#(p;r) 2> Hi# (piryH2; [21, wi), [23, w3]) .
Especially, when we have
pg ([22, w2]) — pm, ([21,w1]) = pm, ([23, w3]) — pag ([22, w2]) =0

both M (j1,Hu; [21, w1], [22, w2]) and M (ja, He; [22, we], [23, w3]) are com-
pact, and so consist of a finite number of points. Furthermore, the image of
the above mentioned embedding exhausts the “end” of the moduli space

M (J1# (p;r)J2 Ha# (o) Hai [21, w1], [23, ws))
and the boundary of its compactification consists of the broken trajectories
U1 H (pro0) U2 = UTFFooU2.
This then proves the following gluing identity
Proposition 14.1. There exists Ry > 0 such that for any R > Ry we have
N1, 32) ey (Hziz) = it g1301) © Pt ain)

as a chain map from CF,(H,) to CF.(Hy).
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Here we remind the readers that the homotopy Hi# g Ha itself is an
elongated homotopy of the glued homotopy Hi#Hz. This proposition then
gives rise to the composition law h,, = hg, o hag in homology.

This finishes the summary of construction of Floer complex and basic
operations in Floer theory. In particular, the chain homotopy map is defined
whenever the family (H, J) where H = {H,}, J = {J"} are smooth families
over 0 < k < 1. However, the chain homotopy map used in PSS map that we
have been considering in the present paper is not of this kind but induced
by the concatenation of two noncompact homotopies over —oco < ¢ < 0 and
0<e< 1.

15. ¥ o & = id; Floer via Morse back to Floer

Consider the PSS deformation defined over k € [—o0,1]. We fix a homo-
topy (K*,J%) as any generic homotopy from (K®,J%) to (K!,J!) =
(H(t,x), J).
Fix a sufficiently small ¢y > 0 and a sufficiently large ¢o > 0. We divide
the deformation into the following five pieces
(K*®, J%), for [gg <k < 1],
(KR(e)s Jr(e))s for 0 <k < eo,
(Hp77 in)o_ * (fv JO; [_676]) *oyq (Hﬁ+, ‘]er)) for _EO < £<0:
and
(HP=,JP=)o_ = (f, Jo; [, 4]) %0, (HP*,JPF), for —oco <l < —fy:
Here (f, Jo; [—¢, {]) stands for the deformation
te (_007 0) = (f7 JO; [_gag])a

where f is a Morse function with respect to the metric g, and we consider
its gradient trajectories over the interval [/, ¢].

We denote by MY®([z_,w_]), [24,w]) the moduli space of configuration
corresponding to x and form the parameterized moduli space

Myg (2 w-] [, wis /) = | ME® (- w-], 24, w)).
KE[—1,00]

By the nondegeneracy hypothesis and the index condition, MY? is empty
except at a finite number of points

k€ (Lo, —l1) U (g0, 1)

but a priori those x could be accumulated in [—¢;, ep]. The one-jet transver-
sality of the enhanced nodal Floer trajectory moduli space, which corre-
sponds to £ = 0 and the main gluing result of the present paper, proves that
this accumulation cannot be possible. As a result,

ME(D([Z,,U),]), [z+,w+]) =0
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for all k € [—{1,&¢] if we choose /1, g¢ sufficiently small. Together with the
main gluing compactness result of the present paper, this discussion proves
the following proposition:

Proposition 15.1. There exist constants £y, 1,9 and €1 such that the fol-
lowings hold:
(1) Suppose pr([z—,w-]) = pr([z4, wy]) = =1. Then Myg ([z—,w_]),
[24,w4]) is a compact zero-dimensional manifold such that
ngq)([z—7w—]) [Z+7w+]) =0

for k € [—OO, —fo] U [—61,80] U [1 — €1, 1]

(2) Suppose pur([z—,w_]) — (21, ws]) = 0. Then Miym™([z—,w_]),
[z, wi]; f) s a compact one-dimensional manifold with boundary
given by
8Mpara([ w*])v [Z+7 er]; f)

= Mi([z-, w-], [z, wi]) U Moo ([2—, w-], [24, w4])

U U Mpara — W ]7 [va])#MR=1([z’w]’ [ZJr)er])
[z,w]

0 U Mmoo [ ) M (. [ ) |
[z,w]

where the union is taken over all [z,w] with pug([z—,w_]) — pg

([z;w]) = —1 for the first and ,UH([Z,;U]) — p([z4,wi]) = =1 for
the second.

Statement (1) in this proposition allows one to define the matrix coeffi-
cients the order

#Mpara([z—? ’LU_]), [Z+a w+]; f)
We then define the map

hY® . CF.(H) — CF.\1(H)

pss

by the matrix coefficients

<hgjs’£([z—vw ] [Z+, w+]> #Mpara([2_7 w—])7 [Z+7 w+]; f)

Then Statement (2) concerning the description of the boundary of the one
dimensional moduli space Myg ([z—,w_]), 24, w]; f) is translated into the
equation

Vod—id=00ohY® +hr¥%69.

pss pss
This finishes the proof ¥ o ® = id in homology.
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16. ® o ¥ = id; Morse via Floer back to Morse

In this section, for each given pair p, ¢ € Crit f, we consider the parameter-
ized moduli space

Mey' (0,0) = | ME'(pq):.
0<R<oo
We define M%Y(p, g) in the following way.
First for each 0 < R < 0o, we introduce the moduli space M(Q;O}O))((KR7
JF)) of finite energy solutions of

(16.1) O (r yryu =0

on ¥ which is a Riemann surface with two marked points {o_, 04} so that
Y\ {o+} 2 R x S* conformally. We first define a family of Riemann surface
(3, jr) by the connected sum

(D_,Of)UCRU(D+,O+), jR:jD—#jCR#jD+7

where Cp, is the cylinder [~ R, R] x S, jc,, the standard conformal structure
and jg is the obvious glued conformal structure on D~ U Cgr U DT. We
denote (7,t) the conformal coordinates on D~ UCrUDT\{o_, 0, } extending
the standard coordinates on Cg.

In this conformal coordinates, we fix a family of cut-off functions x® by

R, J1=rT(r—R), forT>0,
X () = _
11—k~ (t+R), for7<0,
for 1 < R < o0, and x® = Rx! for 0 < R < 1. We note that x° = 0 and
x® has compact support and x® = 1 on any given compact subset if R is
sufficiently large. Therefore, equation (16.1) is reduced to 0 j,u = 0 near the
marked points o4. Then we define (K, J) as in Subsection 5.5.
We have two evaluations
eVoy + M(20,0) (K™ %) = M;  evo, (u) = u(og).

We denote

M (p; f) ={x:Rx M| x+Vf(x)
Mg f) = {x R x M| X+ Vf(x)
and define

0, x(—o0) = p},
0, x(+00) = ¢}
M; (9 f) = M (p; f) xR,
M (q: f) = M (g5 f) x R.
70 € R acts on both by the action
(70, (X, 7)) = (x(* — 70), T + T0).
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This action is free and so their quotients

M (pi f) = M (p; f)/R, M{(q; f) = M (¢; f)/R

become smooth manifold of dimension pinorse(p; f) and 2n — pniorse(q; f),
respectively. We have the evaluation maps

ev+:/\/lf(q;f)—>M, evf:M;(p;f)_)Mv

whose image has one-one correspondence with the unstable manifold
W (p; f) and the stable manifold W?*(q; f), respectively.
Now we define the moduli space M%‘I’(p, q; A) to be the fiber product

M%\Ij(pa q; A) = Ml_(p§ f)ev, Xevo M(2;O,O)(KR7 JR; A)evoJr Xevy MT(Q? f)
= {((x= )5 u, (X5 7)) [ X=(7=) = u(o-), x+(74) = u(o4)}

and

MR A = | MEY (. A).

0<R<oo
A straightforward calculation shows that

dimVirt M%\P (p’ q; A) = MMorse(p) - :uMorse(Q) +2¢1 (A)

Proposition 16.1. Choose a generic pair (f, Jo).
(1) Suppose that pnorse(P) — pMorse(q) + 2¢1(A) = —1. Then there exist

some g1 > 0 and Ry > 0 such that Then ﬂzq]’para(p, q; A) is a com-
pact 0-dimensional manifold such that

ME¥ (p,g; A) =0
ifOSRSE—Zl OT‘RZRL

——oVv,
(2) Suppose that piniorse(P) — tMorse(q) + 2¢1(A) = 0. Then M bara
(p,q; A) is a compact one-manifold with boundary given by

—— O W para
M (p,q; A) = MGV (p, 4 A) UMY (, 5 A) UUM (p,r; A)

where the union |, is taken over r € Crit f such that
NMorse(p) - ,UfMorse(r) +2¢1 (A) =—-L

Proof. We recall that when R = 0, equation (16.1) is reduced to d,u = 0.
Since pniorse(P) — MMorse(q) + 2¢1(A) = —1 represents the virtual dimension
of ME¥(p, q; A), ME¥(p, ¢; A) must be empty for a generic choice of (f, Jo).
Here we emphasize the fact that this moduli space depends only on ( f, Jy) for
which the genericity argument can be applied independent of the parameter
R. Therefore, the same must be the case when R; < g1 for a sufficiently
small 1 > 0. This finishes the proof.

We leave the proof of Statement (2) to the readers. O
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Using Statement (1), we define the chain homotopy map

hEY - OM,(f, Jo; Aw) — C M1 (f, Jo; Aw)

pss
by the matrix element
(s (p), a#t(—A)) = > # (UMW’para(p,r;A)> :
(r.A) r
Next, we prove the following lemma:
Lemma 16.1. Suppose pinorse(P) — pinorse(q) + 2¢1(A) = 0. Then if A # 0,
dim ME (p, g; A) > 2
unless MEY (p,q; A) = 0. And when A =0, we have
dim Mg (p,¢; A) = 1
unless p = q.

Proof. If A # 0, u is nonconstant in (u; 0, 04) € M 2,0,0)) (K%, Jf)). Then
the conformal automorphism on the domain (X3;0_,04) produces at least
a real two-dimensional family which contradicts the index hypothesis. (See
[F13, FHS] for the semi-positive case and [FOn,LT1] in general.)

On the other hand, if A = 0, any Jp-holomorphic sphere must be con-
stant and so the corresponding configuration (x_, const, x4+ ) becomes a full
gradient trajectory x = x_#x4. Unless x is constant, i.e., unless p = gq,
R-translation produces at least one-dimensional family which again contra-
dicts to the index hypothesis. This finishes the proof. O

Now we are ready to finish the proof of the identity
(16.2) O oW —id = hy O + 0017 s -
A priori, Proposition 16.1 only implies

D (@0 U —id)(p), a#(—A) = D (ol 0155 (9) + (1755 s (P)s a4 (—A)).
q,A q,A

But the above lemma implies

((p),q#(=A)) =0

unless A = 0 and p = ¢. This finishes the proof of (16.2).
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