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NEGATIVE INFLATION AND STABILITY IN
SYMPLECTOMORPHISM GROUPS OF RULED SURFACES

Olguţa Buşe

Consider symplectic ruled surfaces Mg
λ = (Σg ×S2, λσΣg

⊕σS2) such
that Σg has area λ and S2 has area 1. We show that for k ≥ �g/2� the
homotopy type of the symplectomorphism groups Gg

λ of Mg
λ is constant

as λ increases in the interval (k, k + 1], thus generalizing an existent
result of Abreu–McDuff for the rational ruled surfaces with g = 0. We
also investigate the changes in the groups π∗G

g
λ as λ passes an integer

k and show the existence of higher Samelson products in π4k+2gG
g
λ

that exist only for λ in the range (k, k + 1]. To prove these results we
introduce a refinement of the negative inflation technique introduced
by Li–Usher.

1. Introduction and results

The purpose of this note is to introduce and apply a refinement of the nega-
tive inflation method in a symplectic four-manifold. Inflation was first intro-
duced by Lalonde–McDuff [13] for embedded J-holomorphic curves with
positive self-intersection and extended later in a weaker version by Li–Usher
[14] for negative self-intersection curves. Our work is based on the following:

Theorem 1.1. Fix a symplectic four-manifold (M4, J, τ0) such that J is
any τ0-tame almost complex structure. Assume that M admits an embed-
ded J-holomorphic curve u : (Σ, j) → (M4, J) in a homology class Z with
Z2 = −m. For all ε > 0 there exist a family of symplectic forms τμ all
taming J which satisfy

[τμ] = [τ0] + μaZ

for all 0 ≤ μ ≤ τ0(Z)
m − ε, where aZ is the Poincare dual of Z.

To prove it we adapt and refine McDuff’s method [15] used in the case
of positive curves. In the Li–Usher work, which inspired this paper, the
authors prove the above result without the added tameness condition on

147



148 O. BUŞE

our symplectic forms. They use symplectic gluing techniques and are able to
show the existence of symplectic forms for a maximal range 0 ≤ μ < 2τ0(Z)

m .
But for μ > τ0(Z)

m one has τμ(Z) < 0 so tameness cannot be expected for
that range, hence our result is optimal under the above conditions.

While previous works exists by Gromov [11], Abreu [1], Abreu–McDuff
[3], Anjos [4, 5], Abreu–Granja–Kitchloo [2], for the rational case when
g = 0, we present here most statements from [15] as we are basing our
note on many of these results. In 2000, McDuff [15] studied the space of
symplectomorphism groups for ruled surfaces of arbitrary genus. Recall that
a topologically trivial ruled surface Mg

λ is the total space of the topologically
trivial symplectic fibration (Σg×S2, λσΣg ⊕σS2) −→ (Σg, σΣg), where λ > 0
and the two-forms σS2 and σΣg have total area 1. Accordingly, we define the
symplectomorphism groups Gg

λ by

Gg
λ := Symp(Σg × S2, λσΣg ⊕ σS2) ∩ Diff0(M

g
λ).

The manuscript [15] exploits a homotopy fibration based on a fibration
first introduced by Kronheimer [12], which in this case reads:

(1.1) 0 −→ Gg
λ −→ Diff0(M

g
λ) −→ Ag

λ,

where Ag
λ is the space of almost complex structures that are tamed by

some form isotopic to λσΣg ⊕ σS2 . Thus one can transfer information on
the topology of the spaces Ag

λ to that of the symplectomorphism groups.
Let Dk = A− kF ∈ H2(M

g
λ , Z), where A and F are the homology classes of

the base and the fiber, respectively. Whenever λ > k and k ≥ 1 we define
the sets Ag

λ,k to be the subsets of Ag
λ consisting of almost complex struc-

tures that admit irreducible J-holomorphic curves in the class Dk. When
g > 0 and λ > 0 or g = 0 and λ ≥ 1, the main strata Ag

λ,0 of Ag
λ consist

of J that admit only nonnegative self-intersection curves. They provide a
stratification of Ag

λ =
⋃

0≤k<[λ] Ag
λ,k as in the following proposition.

Proposition 1.1 (McDuff [15]).

(1) If λ ≥ 1 when g = 0 or λ > 0 when g > 0, we have Ag
λ ⊂ Ag

λ+ε for any
positive ε. Via (1.1) one obtains maps

(1.2) hλ,λ+ε : Gg
λ −→ Gg

λ+ε.

Moreover these maps are compatible up to homotopy under the various
homotopy diagrams.
(2) For k ≥ 1 the strata Ag

λ,k is a Frechet suborbifold of Ag
λ of codimension

4k − 2 + 2g.
(3) For any integer k ≥ 1 the space A0

λ is constant on a (k, k+1]. Moreover
if 0 < ε ≤ 1 one has A0

k+ε \ A0
k = A0

k+ε,k.
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We will obtain a generalization of item (3) above for the higher genus
cases. McDuff’s proof of item (3) is based on the positive inflation technique.
To be able to do that, she needs the existence of appropriate embedded
positive curves for every J . While suitably nontrivial Gromov invariants
provide such curves for regular almost complex structures, they only trans-
late to the existence of curves with singularities for the nongeneric J . Finding
sufficient embedded curves for such nongeneric J requires a detailed study of
all the possible singularities and multiple cover curves, which led to only lim-
ited success in the attempt to generalize point (3) to all g > 0. Our method
allows us to circumvent this analysis as the embedded negative curves will
be present in these strata by their very definition. Hence we can use negative
inflation to effortlessly prove the following result.

Proposition 1.2. If g > 0 we have Ag
λ,k = Ag

k+ε,k whenever k > 0, any
λ > k and any ε > 0.

The following result from [15] describes the known ranges of stability
regarding the main stratum Ag

λ,0.

Proposition 1.3 (McDuff [15]). For any g ≥ 1 the strata Ag
λ,0 is constant

for all λ > �g/2�. In particular for g = 1 we have that A1
λ,0 is constant for

any positive λ.

Combining the results from Propositions 1.2 and 1.3 we obtain

Proposition 1.4. Ag
k+ε \ Ag

k = Ag
k+ε,k and Ag

λ is constant on the interval
0 < ε ≤ 1 for all k ≥ �g/2�.

This allows us to improve the results regarding the higher genus case. In
particular we obtain the following stability result:

Theorem 1.2. The homotopy type of Gg
λ is constant for k < λ ≤ k + 1, for

any integer k ≥ �g/2�. Moreover as λ passes the integer k +1 all the groups
πi, i = 0, . . . , 4k + 2g − 1 do not change.

1.1. Asymptotic results. McDuff showed that the inclusions i : Gg
λ −→

Diff0(Mg) lift to maps ĩ : Gg
λ −→ Dg

0 where Dg
0 is the identity component of

the subgroup of diffeomorphisms that preserve the S2 fibers. The following
proposition gives the homotopy limit of the groups Gg

λ:

Proposition 1.5 (McDuff [15]). The homotopy limit Gg∞ := limλ−→∞ Gg
λ

exists and it is homotopic to Dg
0.
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The rational homotopy type of Dg
0 is well understood in [15], as we can

see in the following proposition:

Proposition 1.6 (McDuff [15]). For g > 0 the vector spaces πi(Dg
0) ⊗ Q

are described by the following results:

dim π0(Dg
0) ⊗ Q = 0 for all g > 0(1.3)

dim π1(Dg
0) ⊗ Q = 1 for all g > 1

dim π1(Dg
0) ⊗ Q = 3 for g = 1

dim π2(Dg
0) ⊗ Q = 2g for all g > 0

dim π3(Dg
0) ⊗ Q = 1 for all g > 0

dim πi(Dg
0) ⊗ Q = 0 for all g > 0, i > 3.

Moreover, based on the partial analysis of the strata of the spaces of almost
complex structure Ag

λ, McDuff showed that the map ĩ : Gg
λ −→ Dg

0 yields a
surjective map on all the rational homotopy groups for all genus g > 0 and
all λ > 0. Theorem 1.2 allows us to improve this result to an isomorphism
for a suitable range of λ.

Proposition 1.7. There exist maps ĩ : Gg
λ −→ Dg

0 that induce a surjection
on all rational homotopy groups for all g > 0 and λ > 0. If we take k ≥ �g/2�
and we restrict to the range k < λ ≤ k + 1 the maps ĩ induce isomorphisms
ĩ∗ : πjG

g
λ −→ πjDg

0 for all j = 0, . . . , 4k + 2g − 1.

Therefore when we look at the stability ranges �g/2� ≤ k < λ ≤ k+1 these
results allow us to completely understand the rational homotopy groups
πjG

g
λ ⊗ Q for all 3 < j < 4k + 2g. Any nontrivial element in π4k+2gG

g
λ ⊗ Q

must vanish as λ passes the integer k + 1. We call such elements that do
not survive in the homotopy limit fragile. Combining the results of Proposi-
tions 1.7 and 2.12 from McDuff [15] one can easily obtain a fragile element.
Instead, we will find such nontrivial elements by using the above results and
the techniques developed in Buse [9]. This allow us to exhibit fragile elements
that live in the λ-range between two consecutive integers that have the extra
feature of being higher Samelson products of certain nontrivial loops γg

in π1G
g
λ.

This generalize the existence of a regular Samelson product [γ, γ] ∈ π2G
1
1

found by Buse [9] for the torus case when g = 1.

Proposition 1.8. For all genus g ≥ 2 and all k ≥ �g/2�, for k ≤ λ < k + 1
there exist a γg ∈ π1G

g
λ ⊗ Q with nonvanishing Samelson product of order

r = 2k + g + 1, 0 �= wg
k ∈ S(r)(γg) ⊂ π4k+2gG

g
λ ⊗ Q.

If we put together the results from Propositions 1.6 to 1.8 we obtain the
following partial characterization of the rational homotopy groups π∗G

g
λ⊗Q:
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Proposition 1.9. For g > 0, k ≥ �g/2� any positive integer, and for all λ
satisfying k < λ ≤ k + 1, the vector space π∗G

g
λ ⊗ Q are described by the

following results:

dim π0G
g
λ ⊗ Q = 0 for all g > 0(1.4)

dim π1G
g
λ ⊗ Q = 1 for all g > 1

dim π1G
g
λ ⊗ Q = 3 for g = 1

dim π2G
g
λ ⊗ Q = 2g for all g > 0

dim π3G
g
λ ⊗ Q = 1 for all g > 0

dim πiG
g
λ ⊗ Q = 0 for all g > 0, 3 < i < 4k + 2g

dim π4k+2gG
g
λ ⊗ Q ≥ 1.

1.2. Further questions. Our stability results open the way to explore the
complete rational homotopy type of the groups Gg

λ, for the provided stability
ranges with λ ≥ �g/2�, thus extending the work of Abreu–McDuff [3] done
in the genus zero cases to the higher genus. This entails understanding the
dimension of the groups dim πjG

g
λ ⊗ Q, j ≥ 4k + 2g, or, equivalently, how

many different fragile elements exist. This requires different methods that
study the topology of the links of the new strata Ag

k+ε,k to the remaining
subset of Ag

k+ε.
In a different direction, one would like to understand the behavior of

the main strata Ag
λ,0 on the ranges 0 < λ ≤ �g/2�, thus settling possible

stability results for the remaining λ ranges 0 < λ ≤ �g/2�. These ideas will
be pursued by the author in a different paper.

2. Proof of the negative inflation theorem

Proof of Theorem 1.1. The proof largely follows the lines of McDuff’s proof
of Lemma 3.1 in [15]. We need to take special care to bound away from zero
the function a defined below in (2.5), as it is no longer greater than 1 as in
the positive inflation case.

Take N (Z) a neighborhood of Z consisting of the unit disk bundle of a
complex line bundle L over the curve in class Z. Denote by r the radial
coordinate. We renormalize τ0 such that τ0(Z) = 1. Denote by σZ the area
form on Z such that

∫
Z σZ = 1. We then can choose a connection on L such

that the connection one-form α obeys dα = mπ∗(σZ) where π is the bundle
projection, and such that

∫
Z σZ = 1.

We use the symplectic neighborhood theorem to get, via isotopy, that, for
a sufficiently small r ≤ r0, the symplectic form τ0 is isotopic to the following
form:

(2.1) τ0 ≈ π∗(σZ) + d(r2α) = (1 + mr2)π∗σZ + 2rdr ∧ α.
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For all μ ∈ (0, 1
m − ε] we will take τμ to be of the form:

τμ = π∗σZ + d(r2α) − d(fμ(r)α)

= (1 + mr2 − mfμ)π∗σZ + (2r − f ′
μ)dr ∧ α.

(2.2)

For each μ, the functions fμ(r) will be nonincreasing positive functions of
r supported in a neighborhood r ≤ r0, constant in a smaller neighborhood
near r = 0 such that fμ(0) = M < 1

m − ε. Note that with this choice the
cohomology class [τμ] = [τ0] + f(0)aZ and it satisfies the inequality in the
statement of the theorem for the normalized τ0. It remains for us to choose
fμ such that τμ tames the given J .

At each point p ∈ N (Z), consider a splitting of tangent space TpN (Z)
into EH ⊕ EF , where EH ⊂ Kerdr ∩ Kerα and EF is tangent to the fiber
of L. Note that since the curve at r = 0 is J-holomorphic we can assume
that the fibers of L are J-holomorphic at r = 0. By the way we have chosen
τμ the spaces EH and EF are orthogonal with respect to τμ and τ0. Then
we can pick framings of the bundle (u, v) ∈ EH ⊕ EF so that the following
holds:

(2.3) τ0((u, v), (u′, v′)) = uT JT
0 u′ + vT JT

0 v′,

where J0 is the standard matrix J0 =
(

0 −1
1 0

)
. Moreover,

τμ((u, v), (u′, v′)) = ((1 + mr2 − mfμ)π∗σZ(2.4)

+ (2r − f ′
μ)dr ∧ α))((u, v), (u′, v′))

= (1 + mr2 − mfμ)
1 + mr2

1 + mr2
π∗σZ

+ (2r − f ′
μ)

2r

2r
dr ∧ dα]((u, v), (u′, v′))

=
1 + mr2 − mfμ

1 + mr2
(1 + mr2)π∗σZ((u, v), (u′, v′))

+
2r − f ′

μ

2r
2rdr ∧ dα((u, v), (u′, v′))

= auT JT
0 u′ + bvT JT

0 v′,

where for each μ we define the functions a(r) and b(r) by

(2.5) a := 1 − mfμ

1 + mr2
b := 1 − f ′

μ

2r
.

Clearly b ≥ 1, and a is bounded away from zero. In fact inf{r≤r0} a(r) is
a strictly positive number, which is decreasing and converging to 0 as the
parameter ε converges to zero.

Using the chosen framings of the bundle we can write Jp =
(

A B
C D

)
.

We need to prove that τμ tames J , which in coordinates is equivalent to
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τμ((v, w), Jp(v, w)) > 0 or

(2.6) avT JT
0 Av + avT JT

0 Bw + bwT JT
0 Cv + bwT JT

0 Dw > 0

for all (v, w) in EH ⊕ EF .
But since v is J-holomorphic B = C = 0 when r = 0. Since we know that

τ0 tames J this translates into

(2.7) τ0((v, w), Jp(v, w)) = avT JT
0 Av + bwT JT

0 Dw > 0

whenever (v, w) �= (0, 0).
Given that B = C = 0 and J2

p =
(

A 0
0 D

)2 = −Id when r = 0, we can find
a neighborhood r ≤ r0 and some positive constants c, c′ depending only on
J so that

‖v‖2 ≤ cvT JT
0 Av, ‖w‖2 ≤ cwT JT

0 Dw(2.8)

and

‖vT JT
0 Bw‖ ≤ c′r(‖v‖2 + ‖w‖2), ‖wT JT

0 Cv‖ ≤ c′r(‖v‖2 + ‖w‖2),(2.9)

for all p in the given r-neighborhood and all (v, w) ∈ TpN (Z). Recall that
0 < inf{r≤r0} a(r) < 1. We will replace c′ with the larger number

c′′ =
c′

inf{r≤r0} a(r)
.

Then the inequalities (2.9) yield

‖vT JT
0 Bw‖ ≤ c′′r(‖v‖2 + ‖w‖2), ‖wT JT

0 Cv‖ ≤ c′′r(a‖v‖2 + ‖w‖2).
(2.10)

Using inequalities (2.8) and (2.10) we obtain

‖avT JT
0 Bw‖ + ‖bwT JT

0 Cv‖ =
√

a‖√avT JT
0 Bw‖ +

√
b‖
√

bwT JT
0 Cv‖

≤ c′′r
√

a(
√

a
2‖v‖2 + ‖w‖2)

+ c′′r
√

b(a‖v‖2 +
√

b
2‖w‖2)

≤ c′′r(
√

a +
√

b)(a||v||2 + b||w||2)
≤ cc′′r(

√
a +

√
b)(avT JT

0 Av + bwT JT
0 Dw),

(2.11)

where the last inequality uses (2.8).
We need to find an appropriate small r1 such that for r < r1 and for any

μ < 1
m − ε we can find functions fμ so that the expression K := cc′′r(

√
a +√

b) < 1. We will choose fμ so that −f ′
μ < c′′′/r for c′′′ an appropriate

constant. Note that for any choice of r1 and small c′′′ as in the relation
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below, we can truncate and smooth out fμ = const−c′′′ log r so that fμ(0) =
M < 1

m − ε, and fμ(r1) = 0.
First we pick an r′ so that for r < r′ the inequality cc′′r

√
a ≤ cc′′r ≤ 1

2
holds.

We will further restrict the r-neighborhood by picking a small r1 < r′ and
a small c′′′ so that the following sequence on inequalities hold:

cc′′r
√

b ≤ cc′′r

√

1 − f ′
μ

2r
≤ cc′′

√
r2 + c′′′ <

1
2
.

For such choices of r1, c
′′′ and fμ with −f ′

μ ≤ c′′′/r as above we obtain that
K = cc′′r(

√
a +

√
b) < 1 for all r < r1.

Then the tameness relation (2.6) follows from (2.11) because in general if
β + γ + δ + η with β > 0 and γ > 0 and |δ|+ |η| ≤ K(β + γ), then whenever
1
K > 1 we have

(2.12) β + γ + δ + η >
1
K

(|δ| + |η|) + δ + η ≥ 0.

�

3. Consequences for the symplectomorphism groups of Mg
λ

If we denote by Sg
λ the space of all symplectic forms strongly isotopic to

λσΣg ⊕ σS2 , Moser’s argument gives the following fibration:

(3.1) 0 −→ Gg
λ −→ Diff0(M

g
λ) −→ Sg

λ.

McDuff showed the spaces Ag
λ and Sg

λ are homotopy equivalent and thus
obtained the homotopy fibration (1.1). These fibrations hold in general for
any compact symplectic manifold; but to show that the inclusions Ag

λ ⊂
Ag

λ+ε one uses a very specific feature of symplectic ruled surfaces; namely,
as is shown for instance in [15] Lemma 4.1, for each J ∈ Ag

λ, the manifold
Mg

λ admits a smooth foliation by J-holomorphic spheres in the fiber class F .
Moreover, the success in stratifying these spaces by strata Ag

λ,k of finite
codimension is also very specific to the structure of the ruled surfaces. It uses
both the foliation above to show that any J-holomorphic curve u in the class
A − kF must be embedded(see below), and good general regularity results
from Hofer–Lizan–Sikorav [10] regarding the dimension of the cokernel of the
linearized Cauchy–Riemann operator Du. But arguably the most important
feature of the symplectic ruled surfaces that allows us to draw conclusion
on stability results in the spaces Ag

λ is that they have a lot of embedded
curves featured via nontrivial Gromov invariants. These arguments are for
instance essential in McDuff’s proof for the stability of the main strata Ag

λ,0,
λ > �g/2�.

As we explained in the introduction, our contribution to improving
these arguments is to show the stability of all the other strata Ag

λ,k.
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Although the abundance of J-holomorphic curves is inherently used by us, as
negative inflation always requires embedded curves, we will no longer rely
on nontrivial Gromov invariants.

Proof of Proposition 1.2. Let J ∈ Ag
λ,k. Since the symplectic form ωλ eval-

uates positively on a J-holomorphic curve in class Dk, we must have λ > k.
By the definition of the strata Ag

λ,k there must be an irreducible
J-holomorphic curve in class Dk. This curve must be in fact embedded. To
see this, note that since for each J ∈ Ag

λ, the manifold Mg
λ admits a smooth

foliation by J-holomorphic spheres in the fiber class F , and (A−kF ) ·F = 1.
If u had a singularity, the multiplicity of the intersection between the
fiber F passing through that point and the curve would be strictly greater
than one, and thus positivity of intersection would contradict the fact that
(A−kF ) ·F = 1. Hence the curve u must either intersect any J-holomorphic
fiber transversely at a smooth point u is an embedding.

Then we apply Theorem 1.1 and get a family of symplectic forms τμ, all
taming J , whose cohomology classes are

(3.2) [τμ] = [λσΣg ⊕ σS2 ] + μPD(A − kF )],

where 0 < μ ≤ λ−k
2k − ε. A short calculation gives us that

(3.3) [τμ] = λ[σΣg ]+[σS2 ]+μ([σS2 ]−k[σΣg ]) = (λ−μk)[σΣg ]+(1+μ)[σS2 ].

So if we set μ = λ−k−δ
2k we get that the ratio between the τμ-symplectic area

of the base and that of the fiber is given by:

(3.4)
λ − k(λ − k − δ)/2k

1 + (λ − k − δ)/2k
=

k(λ + k + δ)
k + λ − δ

= k +
2kδ

k + λ − δ
.

But since δ is arbitrarily small the whole expression 2kδ
k+λ−δ can be chosen as

small as we want. Hence J ∈ Ag
k+ε′,k, for any small ε′ > 0. �

The results in Theorem 1.2 are now easy to see. The first assertion follows
immediately from the homotopy fibration (1.1) and Proposition 1.4. The sec-
ond assertion follows from the first part of the Theorem 1.2, Proposition 1.1
part (2) and again Proposition 1.4.

The first part of Proposition 1.7 was proved in McDuff [15] Proposition
1.6 (ii). The fact that the maps ĩ∗ : πjG

g
λ −→ πjDg

0 with j = 0, . . . , 4k +
2g − 1 are isomorphisms is an immediate consequence of Theorem 1.2 and
Proposition 1.5.

Lastly, to obtain the results in Proposition 1.9, note that Proposition 1.7
along with the description of the diffeomorphism groups Dg

0 from Proposi-
tion 1.6 allows one to understand all the elements in the rational homotopy
groups of Gg

λ that persist in the homotopy limit. To get all the results of
Proposition 1.9 we will need to see in the next section a proof of Proposi-
tion 1.8 that describe some fragile elements in π4k+2gG

g
λ, for k < λ ≤ k + 1.
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3.1. Fragile elements as Whitehead products. This section will be
dedicated to proving Proposition 1.8.

3.1.1. Preliminaries and previous results. Following the techniques
from Buse [9] we will first find higher Whitehead products in the classifying
spaces BGg

λ and get the desired higher Samelson products by desuspension
to Gg

λ. Recall the following definitions introduced for example in [9].

Definition 3.1. A continuous family Fλ : B −→ BGg
λ, λ > λ0 is a new

family of maps with respect to BGg
λ0

if it cannot be extended to a continuous
family of maps Fλ : B −→ BGg

λ, λ ≥ λ0. Similarly, for a λ > λ0, a nontrivial
element [Fλ] ∈ π∗BGg

λ is a new element with respect to π∗BGg
λ0

if it is not
the image of an element in π∗BGg

λ0
via the maps hλ,λ0 of (1.2).

We say that a nonzero element F ∈ π∗BGg
λ0

is fragile if it vanishes for
some λ > λ0.

Likewise, a nontrivial element F ∈ π∗BGg
λ0

is said to be robust if it sur-
vives in the homotopy limit π∗BGg∞.

The same definitions apply for maps into Gg
λ.

Let us recall what the rth order higher order Whitehead product W (r)(F )
of an element F : S2 −→ BGg

λ with itself represents. Consider the wedge
maps, unique up to homotopy, given by

(3.5) g = F ∨ . . . ∨ F : S2 ∨ . . . ∨ S2 −→ BGg
λ.

Denote by T the codimension 2 skeleton of the product(S2)r. If i represents
the inclusion S2 ∨ . . .∨ S2 −→ T , take the set of all possible extensions of g

(3.6) W := {ḡ : T −→ BGg
λ| ḡ ◦ i = g}.

The Whitehead product W (r)(F ) is the set of elements in π2r−1BGg
λ given

by the maps ḡ ◦ a : S2r−1 −→ BGg
λ, for all ḡ ∈ W. The set W is nonempty

if and only if all the lower Whitehead products contain the element 0. It is
immediate that this set of elements represents the obstructions to extending
all possible maps ḡ to the product (S2)r.

Those homotopy elements in Whitehead products that have infinite order
can be obtained as Whitehead products in a space (BGg

λ)∅ called the ratio-
nalization of BGg

λ. Our Whitehead products W (r)(F ) will be these rational
Whitehead products and will consist of elements in π2r−1BGg

λ ⊗ Q. We will
refer to multiples of the map F : P

n −→ BGg
λ as maps given by the compos-

ites P
n h ��

P
n F �� BGg

λ with h of arbitrary degree. It follows from the

general theory [6, 7] that any multiple of a map F : S2 −→ BGg
λ yields the

same rational Whitehead products in π2r−1BGg
λ ⊗ Q.

If we take an element γ ∈ π∗G
g
λ and F its suspension in the classify-

ing space, the rational Samelson product S(r)(γ) is the subset of π∗G
g
λ ⊗ Q
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containing desuspensions of all elements in W (r)(F ). The following result
exhibits the basic principles used in [9] to detect nontrivial Whitehead prod-
ucts.

Proposition 3.1. (Buse[9]) Assume that there exists a family Fn+1,ε :
P

n+1 −→ BGg
k+ε, ε > 0 as above satisfying

I) Fn+1,ε and any of its multiples are new maps with respect to BGg
k

in the family BGg
k+ε, ε > 0.

II) The restriction Fn,ε : P
n −→ BGg

k+ε is not new, i.e. it belongs to a
continuous family Fn,ε, ε ≥ 0.

Then at least one of the following holds
A) There is a new element with respect to BGg

k in π2n+2(BGg
k+ε) ⊗ Q,

ε > 0.
B) There is a nonzero element w ∈ π2n+1(BGg

k) ⊗ Q in the Whitehead
product W (n+1)(F1).

We should now summarize how we construct such families. To do so, let
us briefly recall how several symplectic circle actions arise on Mg

λ and how
they provide robust elements in π1G

g
λ(see [9] Section 4.2 for a more detailed

explanation).
Whenever λ > k, one can construct the symplectic manifolds Mg

λ via
symplectic reduction from disk bundles Da(O(−2k)g ⊕Og) for appropriate
radii a. The Kähler manifolds P (O(−2k)g⊕Og), endowed with natural inte-
grable structures Jg

k , admit holomorphic circle actions that act by rotating
the fibers while fixing the zero section in class A − kF and the section at
infinity in class A + kF . Thus each symplectic manifold Mg

λ is endowed
with �λ� different Hamiltonian circle actions. They give rise to the following
group homomorphisms

(3.7) γλ,k : S1 −→ Gg
λ, 1 ≤ k < λ.

These maps are essential in homotopy and moreover, based on a result of
Abreu–McDuff, they all give the related elements in the rational homotopy
group (see Lemma 4.3 in [9])

(3.8) [γλ,k] = k[γλ,1] ∈ π1G
g
λ ⊗ Q.

whenever λ > k ≥ [g/2].
For ease in indexing in this section and to be consistent with the work

in Buse [9] that is being used for the proofs, we will restate Proposition 1.8
for λ between integers (k − 1, k]. Thus we require that k be always strictly
greater than �g/2�.
Proposition 3.2. For all genus g ≥ 1 and all integer k > �g/2�, and for
k − 1 ≤ λ < k there exist a γg ∈ π1G

g
λ ⊗ Q with nonvanishing Samelson

product of order r = 2k + g − 1, 0 �= wg
k−1 ∈ S(r)(γg) ⊂ π4k+2g−4G

g
λ.
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Proof. For each value of k > �g/2� we will apply Proposition 3.1 for a set
value of n := 2k + g − 2.

In order to show how the hypotheses I and II of Proposition 3.1 are
satisfied, let us recall the main arguments in [9] that allowed us to construct
the family Fn+1,ε : P

n+1 −→ BGg
k+ε, ε > 0. The maps γk+ε,k described in

(3.7) give rise to a family of maps

(3.9) Hn+1,ε : P
n+1 −→ BGg

k+ε, ε > 0.

Based on computations of Gromov–Witten invariants, Corollary 4.5 in [9]
shows that the family Hn+1,ε : P

n+1 −→ BGg
k+ε, ε > 0, as well as its multi-

ples, are new. The main idea there was to look at the symplectic fibrations
associated with the maps Hn+1,ε and show that they have nontrivial equi-
variant Gromov–Witten invariants EGW(Dk) �= 0. Such EGW invariants
are preserved under a deformation of the symplectic structures on the fibra-
tions, or, equivalently, under a continuous family Hn+1,ε. But a potential
such map at the critical level ε = 0 would correspond to a symplectic form
ωk with ωk(Dk) = 0 thus could not possibly have nontrivial EGW(Dk).

Now use a different circle action γk,1 at the critical level when ε = 0 to
obtain from the suspension Bγg

k,1 : BS1 −→ BGg
k a map

F1 : P
1 −→ BGg

k.

By composition with the maps hk,k+ε we get a family

F1,ε = hk,k+ε ◦ F1 : P
1 −→ BGg

k+ε, ε ≥ 0.

Observe that after considering sufficient multiples for both F1,ε (that exists
for all ε ≥ 0) and Hn+1,ε (that exists only for ε > 0), we get, via the relation
(3.8) that when ε > 0 the maps F1,ε and H1,ε are homotopic to each other,
have no torsion, and are homotopic to a multiple of the suspension of the
circle map γg

k+ε,1.
We want to build on F1 a map Fn whose deformations Fn,ε obtained via

composition with hk,k+ε are homotopic to Hn,ε. Note that the homotopy type
of the map Hn,ε is determined by all the homotopy classes of the attaching
maps used to attach cells to H1,ε.

By Proposition 1.7 the maps hk,k+ε induce an isomorphism between
π∗BGg

k and π∗BGg
k+ε for ∗ < 2n. Therefore we can pick at the critical

level ε = 0 attaching maps that are homotopic to those used when ε > 0 to
build Hn,ε on H1,ε. We will use such maps to build, when ε = 0, a new map
Fn : P

n −→ BGg
k that restricts to F1 on the two-skeleton. Note that we can

no longer extend this procedure to get a map Fn+1. Namely, not having an
isomorphism between π2n+1BGg

k and π2n+1BGg
k+ε prevents us from picking

an attaching map in π2n+1BGg
k homotopic to the one used to build Hn+1,ε
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on Hn,ε. Evidently, by this construction, the deformations

Fn,ε := hk,k+ε ◦ Fn : P
n −→ BGg

k+ε, ε ≥ 0.

are homotopic to Hn,ε for ε > 0.
Moreover, as long as ε > 0, we can extend Fn,ε to a map Fn+1,ε homotopic

to Hn+1,ε by using the same attaching map as the one used to build Hn+1,ε

on Hn,ε.
Since the family Hn+1,ε : P

n+1 −→ BGg
k+ε was new with respect to BGg

k,
any family homotopic to it such as Fn+1,ε must also be new with respect
to BGg

k. Moreover this latter family has the virtue that by construction it
also satisfies condition II in the hypothesis of Proposition 3.1. Since the
family Fn+1,ε, ε > 0 satisfies both conditions I and II of Proposition 3.1,
either point A) or B) must hold. But we know that for any ε > 0 the
space π2n+2(BGg

k+ε)⊗Q = 0 hence A) cannot hold. Therefore B) must hold
and we have a nonzero element W ∈ π2n+1BGg

k ⊗ Q that gives a nontrivial
Whitehead product of order n + 1. Recall that we defined n = 2k + g − 2.
Therefore we get an element with nonvanishing Samelson product of order
r = 2k+g−1, 0 �= wg

k−1 ∈ S(r)(γg) ⊂ π4k+2g−4G
g
k. Since k is strictly greater

than �g/2� by the stability Theorem 1.2 we get an element in π4k+2g−4

Gg
λ ⊗ Q for all k − 1 < λ ≤ k. Hence Proposition 3.2 holds. �

Remark 3.1. Proposition 4.12 in [9] provides a weaker version of the result
proved here; namely, it states the existence of nontrivial Whitehead products
but only provides a range for their possible order. Instead of applying Propo-
sition 3.1 it uses a less strong version of it, Corollary 2.7 in [9]. The key
feature that allowed us to improve that result is the fact that the maps hk,k+ε

induce isomorphism on π∗, for all 1 ≤ ∗ < 2n rather than the previously
known range 1 ≤ ∗ ≤ 2g − 1.
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