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INTEGRALS OF EQUIVARIANT FORMS OVER
NON-COMPACT SYMPLECTIC MANIFOLDS

MATVEI LIBINE

This article is a result of the AIM workshop on Moment Maps and
Surjectivity in Various Geometries (August 9-13, 2004) organized by
T. Holm, E. Lerman and S. Tolman. At that workshop I was introduced
to the work of Hausel and Proudfoot on hyperkdhler quotients [HP].
One interesting feature of their article is that they consider integrals
of equivariant forms over non-compact symplectic manifolds which do
not converge, so they formally define these integrals as sums over the
zeroes of vector fields, as in the Berline—Vergne localization formula.
In this article we introduce a geometric-analytic regularization tech-
nique which makes such integrals converge and utilizes the symplectic
structure of the manifold. We also prove that the Berline—Vergne local-
ization formula holds for these integrals as well. The key step here is to
redefine the collection of integrals [,, a(X), X € g, as a distribution on
the Lie algebra g. We expect our regularization technique to generalize
to non-compact group actions extending the results of [L1, L2].

1. Introduction

This article is a result of the AIM workshop on Moment Maps and Sur-
jectivity in Various Geometries (August 9-13, 2004) organized by T. Holm,
E. Lerman and S. Tolman. At that workshop I was introduced to the work
of Hausel and Proudfoot on hyperkéhler quotients [HP]. One interesting
feature of their article is that they consider integrals of equivariant forms
over non-compact symplectic manifolds which do not converge, so they for-
mally define these integrals as sums over the zeroes of vector fields, as in the
Berline—Vergne localization formula.

While the definition is perfectly valid, it does not feel satisfactory. The
Berline—Vergne localization formula relates a global object (integral of a
cohomology class) with a local object (certain quotients defined at zeroes of a
vector field). From this point of view, the localization formula is very similar
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to the Lefschetz fixed point formula. The Lefschetz fixed point formula fails
for non-compact manifolds in general because the fixed points may “run
away to infinity.” By analogy one expects the Berline—Vergne formula to fail
on non-compact manifolds for the same reason.

In this article we introduce a geometric-analytic regularization technique
for non-compact symplectic manifolds which makes such integrals converge
in the subanalytic setting. Then we prove under an additional assumption
that ensures the zeroes do not run away to infinity (see Definition 3.1)
that the Berline-Vergne localization formula holds for these integrals as
well. The key step here is to redefine the collection of integrals | 2 (X)),
X € g, as a distribution on the Lie algebra g. Such approach has been
used before, particularly in the important special case when the manifold
M is a coadjoint orbit of a real semisimple Lie group (see, for example,
[DHV, DV, KV, L1, L2, Pal, Pa2] and references therein). We extend
these ideas to a much wider class of subanalytic symplectic manifolds. The
subanalytic setting allows us to use the properties of o-minimal structures
(for elementary introductions see [DM, DJ]) to estimate the growth of inte-
grals at infinity. The subanalytic setting is more general than real algebraic
setting and, in fact, all results of this paper hold in even more general setting
of polynomially bounded o-minimal structures. To make this article more
accessible we discuss the most relevant properties of o-minimal structures in
the Appendix.

The main results of this paper are Proposition 2.1, the regularization tech-
nique described in Subsection 3.3 and Theorems 3.1 and 3.2. Proposition 2.1
has appeared in a very special case as Proposition 8 in [DV]. Theorem 3.1
is closely related to another extension of the Berline—Vergne localization
formula to non-compact setting given in [L2]. It is also related to the exten-
sion of the Duistermaat—-Heckman formula to non-compact manifolds due
to Prato and Wu [PrWu]. Theorem 3.2 essentially says that the Berline—
Vergne localization formula still holds after our regularization procedure. As
an example, we consider coadjoint orbits of real semisimple Lie groups.

It is interesting to note that a similar problem was studied by physicists
Moore, Nekrasov and Shatashvili in [MNS]. They regularize volumes of
non-compact kihler and hyperkéhler quotients by introducing a parameter
e, discarding the poles in € and extracting the finite part as € goes to zero.

We expect our regularization technique to generalize to non-compact
group actions. An analogue of Berline-Vergne integral localization formula
for non-compact group actions was proved in [L1, L2]. However, in [L1, L2]
integrals are taken over homology cycles sitting inside a cotangent bun-
dle T*M which comes with the standard Hamiltonian structure, the inte-
grand has to satisfy many conditions as well. In the subanalytic setting these
results can be extended further to more general manifolds and differential
forms.
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2. Notations and definitions

2.1. Equivariant cohomology. Let G be a compact real algebraic Lie
group; we denote by g its Lie algebra and by g* the dual of the Lie algebra.
The group G acts on g by the adjoint action and on g* by the coadjoint
action. Let M be a smooth manifold which is possibly non-compact, and
let G act on M. The action of G on M lifts to an action on Q*(M) — the
algebra of complex-valued differential forms on M. To each element X € g
we associate a vector field VF x on M defined by

(VEx -f)(m) = dilgf(exp(&“X)m)L:O, fec>®(M), meM.

We denote by tx the contraction by the vector field VFy, and by M¥X the
set of zeroes of VF x:

M* ={m e M; VFx(m) = 0}.

For introductions to equivariant forms and equivariant cohomology see
[BGV, GS, L3]. Recall that a (smooth) G-equivariant form on M is a
C*®-map a : g — Q*(M) which is G-equivariant, i.e.,

a(g- X)=g - (a(X)) forallge Gand X € g,

and possibly non-homogeneous. We denote by Q(M) the space of G-
equivariant forms on M and by QF (M) the subalgebra of Qg (M) consisting
of equivariant forms depending on X € g polynomially. We define a twisted
deRham differential by

(2.1) (dg)(X) = d(a(X)) +ux((X)), X €y,

where d denotes the ordinary deRham differential. The map dy preserves
G-equivariant forms, and (dg)? = 0 on QX (M). An equivariant form « such
that dgor = 0 is called equivariantly closed. The equivariant degree of a poly-
nomial equivariant form in QF (M) is its differential form degree plus twice
its degree as a polynomial on g, then the twisted deRham differential dg
increases the equivariant degree of o by one. On the other hand, for an ele-
ment o € QF (M), the differential dy changes the parity of the differential
form degree of a. We denote by HE (M) and by HZ (M) the cohomolo-
gies of complexes (5 (M), dq) and (2 (M), dg), respectively; H (M) is Z-
graded and called the (ordinary) G-equivariant cohomology of M, HZ (M)
is Zo-graded and called the G-equivariant cohomology of M with smooth
coefficients.

When v € Q*(M) is a differential form and k = 0,1,2,..., we denote by
V%] the homogeneous differential form component of degree k. If N C M is
an oriented submanifold we define

/];[’72 def /JV(PY[dim N])‘N
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2.2. Equivariant cohomology with distributional coefficients. In
this article we will be primarily interested in G-equivariant forms and
cohomology on M with distributional coefficients. Let QiP(g) the space
of smooth compactly supported complex-valued differential forms on g of
top degree; it will play the role of the space of test functions. The adjoint
action of G on g lifts to an action on Qi(g). We equip both QP (g) and
Q*(M) with C* topologies. By an equivariant form with distributional (or
C~°) coefficients we mean a continuous C-linear G-equivariant map

a: Q@) > e lap)y €M),

we denote the space of those by .7 (M). We treat elements o € Q% (M)
as (M )-valued G-equivariant distributions on g.

To define the twisted deRham differential on €.°°(M), we pick a real
vector space basis {E',..., E4™ 81 of g and let {E1,..., Egim ¢} be the
associated dual basis of g*. We regard each Fi, 1 < k < dim g, as a linear
function on g; in particular the product Erp makes sense for ¢ € QEOp(g).
For each o € Q7 (M), we set

dimg

(2.2) (dgav, p)g = d{ax, ) + Z Lgr{a, Epp)g, ¢ € QP (g).
k=1

We have a natural inclusion QF (M) C Q;°°(M), and the formulas (2.1) and
(2.2) agree on QF(M). The differential dy defined by (2.2) is independent
of a particular choice of the basis {E',..., FY™M8} of g, and we still have
(dg)? = 0 on Q;°(M). The cohomology of (Q;>°(M),dy) is denoted by
H; (M), it is Za-graded and called the G-equivariant cohomology of M
with distributional (or C~*°) coefficients.

Let C2°(g*) be the space of test functions, i.e., the space of smooth com-
pactly supported complex-valued functions on g* endowed with C* topology.
We also consider the space of continuous G-equivariant C-linear maps from
C(g*) to Q*(M), denoted by M~>°(g*, M)“. Similarly, we treat elements
B e M™(g*, M) as Q*(M)-valued G-equivariant distributions on g* and
denote the value of 5 at 1 € C°(g*) by (B,9)g+ € Q*(M). Next we define
the differential on M~>°(g*, M)%. For each f € M~>°(g*, M), we set

dimg
(23) <dg/87¢>g* = d<67¢>9* —1 Z LEk <578Ek1/}>9*7 w € Cgo(g*)a

k=1
where Op, 1) denotes the partial derivative of 1) relative to the basis
{E1,..., Edgimg} of g*. As before, the differential dy is independent of a
particular choice of the basis {E!,..., E4™m2} of g and (dg)> = 0 on
M®(g*, M)C.



INTEGRALS OVER NON-COMPACT SYMPLECTIC MANIFOLDS 303

The complexes (£2,°°(M),dq) and (M_"o(g*,M)G,c:l;) are related by a
Fourier transform. We denote by

Qiemp (8, M) C QG (M)  and - M 5%,(", M)% € M= (g", M)©

temp

the subspaces of tempered G-equivariant distributions on g and g*, respec-
tively, with values in Q*(M). The Fourier transform F : Q.50 (g, M)“ —

temp
tomp (875 M )¢ is normalized so that

(Fla). [90p(0) = (apler Yo € A0 M)%, Vo € AU (@)
g

Then the following diagram commutes:

Q0 (g, M)E —y Q0 (g, M)C

temp temp

7| |7
— * dg — *
Mtecr)nop (g ) M)G — Mtecr)nop (g ’ M)G

i.e., the Fourier transform F becomes a chain map.

Following [Pa2], we say that a distribution 3 € M~>°(g*, M) has com-
pact support in g*-mean on M if, for every test function ¥ € C°(g*), the
form (3, 1)g+ € Q*(M) has compact support in M.

Definition 2.1. For every 8 € M~(g*, M)% with compact support in
g*-mean on M we denote by [ A(i;smb 0 the distribution on g* defined by

x@)> v ([ p), = [ e <

Lemma 2.1 (Lemma 2.11 in [Pa2]). If B € M~(g*, M)% has compact
support in g*-mean on M, then so does dgq3, moreover

distrib __
/ dyf3 = 0.
M

2.3. Hamiltonian systems. In this article we will be interested in the
case when M is symplectic and the action of G is Hamiltonian. That is,
the manifold M comes equipped with a symplectic form w, the action of G
preserves w, and there is a moment map u : M — g* which is G-equivariant:

w(g-m)=g-p(m) forall ge Gand me M,
and such that
(2.4) dp = —1x(w) forall X €g.
A symplectic manifold (M, w) always has a preferred orientation — the one

. 1
given by w2 mM,
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We can also regard  as a linear map from g to Q2°(M) — the space of
functions on M. Define & € QX (M) by

O:g— QM) A(M) Cc (M), oX)=uX)+w, Xcg

Then @ is equivariantly closed, which follows immediately from (2.4).
Throughout this article we always assume that the moment map p: M —
g* is proper, i.e.,
VK C g*, K compact =— p '(K) C M is compact.
2.4. Paradan’s pushforward map.P : HA(M) — C *°(g*). Let
(M,w, 1) be a Hamiltonian system. As always, we assume that the moment

map f is proper. Pick an element a € Q¥ (M). Then, for each p € Qi°P(g),
the integral

(2.5) / (X)) N E) A p(X) = e A / a(X) N A p(X), X eg,
g g

produces a differential form on M. Thus a A ¢ may be regarded as a
G-equivariant distribution on g with values in Q*(M), i.e., an element of
Q~°(g, M)“. We call this distribution (a A el@)distrib,

Lemma 2.2 (Lemma 2.12 in [Pa2]). For every equivariant form o(X) €
Q5L(M) with polynomial dependence on X € g, the Q0*(M)-valued distribu-
tion

(an d2)dstid . glop(g) 5 ) / X) N A p(X) e (M)

is G-equivariant and tempered, hence belongs to Qtemp(g,M)G. Its Fourier
transform F(a A é¥)49b has compact support in g*-mean on M. The dis-
tribution f distrib - (a A ei‘:’)dismb 18 G imwvariant. If a is equivariantly exact,
i.e., o = dga’ for some o' € Q( fdlsmb anev) =0.
Paradan’s key observation is that, for every polynomial P(X) on g, we

can associate a differential operator P(—i0¢) (with constant coefficients) on
C>(g*) so that

P(X) - F($(§)) = F(P(=ide)y(¢)), Xeg eg,
for all test functions 1(§) € C°(g*). This association extends naturally to
0*(M)-valued polynomials on g and hence to (M ); for an a(X) € Q5 (M)
we denote by «(—i0¢) the corresponding differential operator with values in
Q*(M). Then, for a test function ¢ € C°(g*) with 1)(X) = F(1), we have

26)  (Fland®) B g, = [a()ad# )

g m

:e"b[ (— 285)@0}( (m)), VYm e M.
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Hence the differential form (F(a A €®)3UP ) o is supported inside
ufl(sup_l:} w) ‘which is compact because o is proper. This implies that
Fla A e®)dstib has compact support in g*-mean on M.

Using this lemma, Paradan defines a pushforward map from QF (M)
into C~*°(g*) — distributions on g* by a — [ ]S;Stnb Fla A e@)distib which
descends to a map

P HG(M) = C(5")
(equation (14) in [PaZ2]).

Example 2.1. Let the equivariant form o = 1. Then

distrib

'P(l) :/ j_—(eid))distrib
M

is (up to a constant coefficient) just the Duistermaat—Heckman measure on

g*. (The Duistermaat—Heckman measure on g* is the pushforward of the

Liouville measure on M to g* via the moment map.)

In his paper [Pa2] Paradan studies the distribution | Adftrib F(anelw)distrib
on g* and gives a localization formula for it at (the connected components
of) the critical points of ||u||%..

2.5. Integrals of equivariant forms. In this article we will be primar-
ily interested in the distribution (a0 A €¥)38%P defined by (2.5). While
<(a A el@)distrib, gp>g € Q*(M) need not have compact support, we will show

that in the subanalytic setting (or, even more generally, in the setting of

polynomially bounded o-minimal structures) this form is automatically inte-
grable. Hence we obtain a distribution which we denote by | ;[ismba A el®
on g. Comparing (2.5) and (2.6) we see that the distributions |[ ]\dftrib aAe
on g and P(«) on g* are related to each other by the Fourier transform. In
particular, Paradan’s results immediately apply to ]S;Strib a e as well.

We fix a positive-definite inner product (-,-)g« on g*, which is invariant
under the coadjoint action of G, and denote by || - ||g+ the corresponding

norm. Let

Mzp = {m € M; ||lu(m)|lg <R}, R>0.

Since the moment map p is proper, the sets M<p are compact. Note also
that the inner product (-,-)g« being G-invariant implies that the sets M<pg
are preserved by the G-action on M.

Definition 2.2. We call an element o € Q¥ (M) integrable in distributional

sense if the limit
lim /a Ae® A go‘
g

R—+o00 Mcp
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exists for every test form ¢ € Q¢°P(g) and the mapping

(2.7) QP(g) - C, @~ lim (/a Ael® A gp)
R—+o00 MSR g
is continuous. o ;
For an integrable «, we denote the distribution (2.7) by [ J\Ci[lsmb a e,

Example 2.2. Suppose that the equivariant form o = 1 is integrable in dis-
tributional sense. Then the distribution [ A(i;smb el is (up to a constant coef-

ficient) the Fourier transform of the Duistermaat—Heckman measure on g*.

We first show that in the subanalytic setting every subanalytic a €
QF(M) is integrable in distributional sense, then we study properties of

the distribution [ ]\dftrib a e,

Definition 2.3. By a subanalytic Hamiltonian system we mean a Hamil-
tonian system (M,w, ) such that the manifold M, the group G, the sym-
plectic form w, the moment map p and the action of the group G on M
are subanalytic in the sense of Definition 4.3 and discussion at the end of
Subsection 4.1.

Proposition 2.1. Let (M,w, p) be a subanalytic Hamiltonian system with
proper moment map i, and let o : g — Q*(M) be a subanalytic form depend-
ing on X € g polynomially, then a is integrable in distributional sense. More-
over, the distribution | js;smba A €¥ is tempered, in particular its Fourier
transform makes sense.

This proposition follows from Lemma 4.1 and a simple observation that
the integral

/ a(X) A6 A p(X),  Eeg,
g

decays rapidly as &€ — oo, for every test form ¢ € QP (g).

3. The fixed point localization formula

3.1. The first fixed point localization formula. Let (M, w, 1) be a sub-
analytic Hamiltonian system in the sense of Definition 2.3 and o € QF (M)
a subanalytic equivariant form in the sense of Definition 4.3 and discussion
at the end of Subsection 4.1. The moment map p is always assumed to be
proper.

Let T C G denote the maximal torus with Lie algebra t, and denote by
M7 the set of points in M fixed by T. Following [HP] we say that the
action of G on M is T-compact if the set M7 is compact. Note that since
all maximal tori 7' C G are conjugate, if the set M7T is compact for one
particular torus then M7 is compact for all tori, so the choice of a torus
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is irrelevant here. In this subsection we study the localization properties of
f Adfmb a A e at the fixed point set M7T.

For each maximal torus T C G, we denote by Nj;r the normal bundle
at MT. Then we denote by x7(Nyr) € Qn(MT) the T-equivariant Euler
form of NVyr, it is a map t — Q*(M7T). The T-equivariant Euler form is a
concrete differential form realization of the Euler class in Hx(M7) and is
determined up to an exact form. (See, for instance, [BGV] for details.)

We denote by g™ the set of regular semisimple elements in g. These are
elements X € g such that the adjoint action of ad(X) on g is diagonalizable
(over C) and has maximal possible rank. The set g™ is an open and dense
subset of g.

Next we introduce the set of strongly regular elements g'. It consists of
regular semisimple elements X € g* which satisfy the following additional
properties. If t(X) C g is the unique Cartan subalgebra in g containing X,
then:

(1) The set of zeroes M* is exactly the set of points in M fixed by the
torus T(X) = exp(t(X)) C G-

MY = MTE),
(2) The component of the equivariant Euler form

xX1(x) Narx) o) (X) # 0

(i-e., x7(x)(Nyx)(X) is invertible) at all point m € M*.

Clearly, g’ is an open Ad(G)-invariant subset of g. Since M7T is compact,
it has finitely many connected components. So, for any Cartan subalgebra
t C g, the intersection g’ Nt is just t without a finite number of hyperplanes.
Hence, by Ad(G)-invariance, the complement of g’ in g has measure zero
and g’ is dense in g. When X € g’ Nt, we have t(X) =t, T(X) = T and
MX = MTX) = M7,

We need to ensure that, for each X € ¢, the vector fields VFx do not
have “zeroes at infinity.” It is not enough to say there is some Riemannian
metric (+,-)ar on M such that the function (VFx, VFx)as is bounded away
from zero on the complement of a compact subset of M containing M~X, as
(+,-)a can always be scaled. Thus we need to require (VFx, VFx ) to be
bounded away from zero relatively to the coefficients of the metric (-,-)as
itself. Fix a vector space basis {E, ... ,Edimg} of g and an openset U C M
containing G - M7 and having compact closure.

Definition 3.1. We say that the action of G on M has no zeroes at infinity
if it is T-compact and there exists a subanalytic Riemannian metric (-, )/
on M with the following property: For each compact subset D C ¢’, there
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is a constant ¢p > 0 such that
(VEx,VEx)pm(m) > ¢ep
(VEx,VEx)p(m) > ep - |<VFEG,VFEb)M(m)‘,
forall X e D,me M\ U and 1 < a,b < dim g.

(3.1)

The notion of the action of G on M having no zeroes at infinity does not
depend on the choice of vector space basis of g, nor does it depend on the
choice of open set U C M containing G - M” and having compact closure.

The metric (-, ) in the definition is not required to be G-invariant. Note
that if we start with a subanalytic metric on M, its average by the G-action
need not be subanalytic. For a metric (-,-)a on M, we denote by g. (-, )m
the metric obtained by translation by the action of ¢ € G. Without loss of
generality we can assume that U C M is G-invariant. Then one can choose
the constants cp so that (3.1) will be satisfied with g¢.(-,-)s in place of
(,)a, for all g € G.

Theorem 3.1. Let (M, w, 1) be a subanalytic Hamiltonian system, the man-
ifold M need not be compact. Suppose that the action of G has no zeroes at
infinity, and that the moment map p : M — g* is proper. Let a € QF (M)
be a subanalytic equivariant form which is equivariantly closed. Then the
restriction of the distribution ffjsmba A e to g is an Ad(G)-invariant
function on g’

(3.2) Fop(X)= (—27ri)”/

MX

({20 Pl Xeg

XT(X)(NMX)(X) > [dim MX]7

wheren = % dim M. That s, if p € QEOp(g’) is a smooth compactly supported
differential form on g’ of top degree,

distrib N
/ ane¥: o /Fa@ap.
M g

Distribution |’ ﬁ;miba A e were considered by the author in [L1, L2].

However, the papers [L1, L2] deal with actions of non-compact groups pre-
serving a homology cycle in T*M, so the group and the manifold are much
more general, but the Hamiltonian structure is the one of the cotangent
bundle. In the special case when M is a coadjoint orbit, Theorem 3.1 was
proved by Duflo, Heckman and Vergne [DHV], [DV] and later by Paradan
[Pal].

Remark 3.1. Returning to Example 2.2 where the equivariant form o =
1, this result formally coincides with the Duistermaat—Heckman formula
[DH]. If, in addition, the manifold M is compact, this result is exactly the
Duistermaat—Heckman formula.
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This localization formula (3.2) is also closely related to the extension of
the Duistermaat-Heckman formula to non-compact manifolds due to Prato
and Wu [PrWu]. They consider the integral | A(i[lsmb e (ie. a = 1), but
they do not work in the subanalytic setting. To work around the problem of
convergence of this integral they assume that there exists an Xg € g’ such
that the component of the moment map

pxo: M =R, px, =der (11, Xo)

is proper and not surjective. This implies that px, is polarized, i.e., bounded
either from below or from above. This assumption is similar to our signifi-
cantly weaker assumption that the moment map u : M — g* is proper. Like
us, they require the group action to be T-compact (although they do not use
this term). Finally, they complexify the Lie algebra t(X() and prove that,
for Z € t(Xo) ®r C with Re(Z) € t(Xo) Ng’ and Im(Z) lying in the interior
of a certain cone C C t(Xp), the improper integral [,, el(2)+w) converges to

Fha(Z)_/ ( ei(#(Z)+w)‘MT(X0) )
’ MT(Xo) XT(XO)(NMT<X0))(Z) [dim M T(X0)]

in the most common sense of convergence (and in particular in the sense of
distributions). Note that 0 € OC and the interior of C being non-empty is
essentially equivalent to px, being polarized.

3.2. Proof of Theorem 3.1. If we knew in addition that the moment map
w: M — g* composed with the projection g* — t* was proper and that
all integrals converged, then the classical argument of Berline and Vergne
[BGV] would apply verbatim. However, we only assume that the moment
map p itself is proper, so we cannot deal with integral (3.2) “one Cartan
algebra at a time” and we proceed as in [BV2].

Fix a subanalytic metric (-,-)as on M satisfying conditions of Definition
3.1, and let (-,-)§; be its average by G-action. Then we define a 1-form 6y
depending on X € g by setting

(VFX’ )?/I
(VFx,VEFx)%,
For a fixed X € g, this form is defined on M \ M~. We regard fx as a map
{(X,m) €gx M; m¢g MX} — A*(T'M). Note that
{(X;m)egx M;m¢ M¥} D ¢ x(M\G-M"),
where T C G is a maximal torus, and the set G - M7 is compact. The form
fx is G-equivariant and has the following property
txOx =1, VX €g.
Hence, on {(X,m) € g x M; m ¢ M*}, we have (dgfx)() = 1, the form

dg0x is invertible and the quotient d‘z—gx makes sense.
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Recall that the test form ¢ is compactly supported in g’. For each R > 0
large enough so that G - M7 is contained in the interior of M<g, by the
classical localization argument we have

/ /a/\ei‘:’/\cp :/ / aAe N @
M<r \/9 g \/M<r
(@A) px > /(/ Ox i&)>
No—+ Na/Ne %
/g/MX <XT(X)(NMX)(X) g \JOM<pr dgeX
:/Fa,@gp+/ (/ Ox /\a/\ew/\4p> .
g OM<r \Jg dgfx [2n—1]

As R — 400, the left-hand side tends to <f13;5trib a e, 90>, so it remains
to show

9 .
(3.3) / </ X /\oz/\e“"/\go) —0 as R — +oo.
OM<r \Jg dgfx [2n—1]

Let h: g x M — R be the function h(X,m) = (VFx, VFx)§;(m). The
form o(X) € QF(M) depends on X € g polynomially. Hence the form
d‘g—g‘ A a(X) A e depends on the parameter X € g as a polynomial in X

glx

and 1/h(X, m), thus it can be expressed as

k
Ox /\a(X)/\eiw:Z,Bj ‘P](X)
j=1

dgfx h(X,m)"

for some polynomials P;(X) on g, n; > 0 and §; € Q*(M) obtained by
averaging subanalytic forms by K-actions. By Lemma 4.2, thereisan N € N
such that each

/ 8] is O(RY) as R— 400, 1< j<k.
8M§R

With D = supp ¢ in Definition 3.1, condition (3.1) implies that the partial
derivatives of all orders of 1/h(X,m)"™ with respect to X € g are uni-
formly bounded. More precisely, for each multiindex L = (I1,...,ldim ¢),
there exists a constant Cj, > 0 such that

oLl 1
< .
8EL<h(X,m)”j>_CL’ VX €suppp, VYme M\U

Hence the Fourier transforms

P;(X) i€(X) . .
<9<
/gh(X,m)”j(p(X)e , fegt, 1<j<k,
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are o(R~Y) as ||¢|lg« = R — +o0. This proves (3.3).

It is clear that the function F, g is Ad(G)-invariant. O
3.3. Definition of f;IiStrib o and the main localization theorem. Note

that, for each s € R, s # 0, the pair (sw,su) gives another symplectic
structure on M such that the action of G remains Hamiltonian. As before,
consider a subanalytic equivariant form o € QF (M), which is equivariantly
closed. Then Theorem 3.1 applied to (M, sw, su) implies that, for each ¢ €

QP (g'), the limit
distrib o
lim </ aNe, g0>
s—=0t \Jm

exists and the assignment

distrib s
@ +— lim / aNe™ o
s—=0t \Jm

is a distribution on g’. Recall that the space of distributions is equipped
with the weak*-topology, and a sequence of distributions {A;} converges to
a distribution A in this topology if and only if lim;_, A;(¢) = A(p) for all
test functions ¢. Therefore, we can define | ﬁ;smb « as a limit of distributions
on ¢’ (in the weak*-topology):

distrib distrib

/ o = lim a e,
M s—=0t Jpr

Remark 3.2. We do not allow s < 0 in the limit because the orientation of

M is determined by its symplectic structure and replacing w with sw, s < 0,

will change the orientation whenever n = %dim M 1is odd.

The following localization formula follows immediately from Theorem 3.1:

Theorem 3.2. Let (M, w, i) be a subanalytic Hamiltonian system, the man-
ifold M need not be compact. Suppose that the action of G has no zeroes at
infinity and the moment map p : M — g* is proper. Let o € Q5(M) be a
subanalytic equivariant form which is equivariantly closed. Then the distri-

bution [ ]S;Strib a on g is given by integrating against a function Fy:
distrib
/ a: g /Faso, p € QP (g)
M g

where F,, is an Ad(G)-invariant function on g’ given by the formula

P (X)) arx
Fo(X) = (=2m) /MX <XT(X)(NMX)(X)){dimMX}’

Xeg,

where n = %dim M.
Note that this result formally coincides with the classical Berline-Vergne
localization formula [BV1, BGV].
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Corollary 3.1. If a € QF (M) is equivariantly exact, i.e., o = dgf3 for some

B € Q5(M), then
distrib
/ a=0
M
distrib

as a distribution on g'. Hence the map o — fM «
mology HE(M).

o descends to coho-

Proof. By the localization formula (Theorem 3.2) it is sufficient to prove
that the function F,, = 0 on g’. Note that for each X € g/, the vector field
VFx is zero on MX, so

- a(X)lass
(—=2mi) ™" Fa (X) /MX(XT(X)(NMX)(X)>[dimMX}

= [t i)
- / MX a (XT(f)(()J(\; Lﬂi);(X ) > (dim MX —1]

N /8MX <XT(5)( 5\%14]\?;()( ) ) dimAx 1 >

g

Remark 3.3. Theorem 3.2 together with Corollary 3.1 provide an alterna-
tive approach to the definition of an integral given by Hausel and Proudfoot
in [HP]. They consider the equivariant cohomology H¢ (M), tensor it with
the field of Ad(G)-invariant rational functions on g:

HE(M) = HE(M) ©gjgo R(9)7,
and they want to make sense out of the integral |, u @ where o € ﬁg(M )

and the manifold M is not compact. So under an additional assumption that
the group action is T-compact they define

/Ma(X) = (=2m)” /MX (XT()(:)(()/(\;J/[A?;(X»[dimMX]’ ree

From our point of view, both sides exist and equal as distributions on a
dense open Ad(G)-invariant subset g’ of g.

3.4. Coadjoint orbits. In this subsection we illustrate how our integration
theory for non-compact subanalytic manifolds applies to coadjoint orbits of
real semisimple Lie groups. This special case is very important and it has
been thoroughly studied by many mathematicians. Just to mention a few
works on this subject, see [BV2, DHV, DV, Pal, R, S| and references
therein.
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Let G be a real semisimple Lie group and G C G®° its maximal compact
subgroup. We denote by g% and g the Lie algebras of G* and G, respectively.
Let A € (g)* be a semisimple element, and consider its coadjoint orbit

O, = G\ (QSS)*'

*

When \ € (g°)* is semisimple, the orbit O, is a closed submanifold of (g*)*.
Recall that the coadjoint orbit Oy has the Konstant—Kirillov symplectic
form which is G®-invariant, and the action of G*° on O) is Hamiltonian,
with symplectic moment map given by the inclusion map Oy < (g*)*. The
G® action on O, restricts to a Hamiltonian action of G, with symplectic
moment map u : Oy — g* given by the inclusion Oy < (g°)* composed
with the natural projection (g%)* — g*. The coadjoint orbit O, is a smooth
real affine variety. In order to apply our integration results (Theorems 3.1
and 3.2) we need to know if the moment map p is proper and the G-action
is T-compact.

Proposition 3.1. Let G* be a real semisimple Lie group and G C G% a
mazximal compact subgroup. Denote by g*° and g their respective Lie algebras.
Let Oy C (g%)* be a semisimple coadjoint orbit of G. Then the restriction
of the natural projection map (g*)* — g* to Oy is proper.

Let T C G be a maximal torus with Lie algebra t. If t is also a Cartan
algebra in g*%, then (O\)T — the set of points in Oy, fived by T — is compact.
In fact, either Oy is an elliptic orbit (i.e., OxNt* # @) and (Ox)T is finite
or Oy is not elliptic and (Oy)T is empty.

This is a well-known result and its proofs can be found, for instance, in
[DHYV, L3|. In the setting of closed coadjoint orbits and o = 1, Theorem 3.1
essentially reduces to Kirillov’s character formula due to Rossmann [R], and
a proof similar to ours has originally appeared in [BV2]. Note that in this
case Theorem 3.1 describes the restriction of the distribution [ ]\(i[lsmb ale to
g"®. In the case of coadjoint orbits one can compute the entire (unrestricted)
distribution | Adfmb a A e on g, as was done by Paradan in [Pal]. (Earlier
work in this direction was done by Sengupta [S], and by Duflo et al. [ DHV,
DV].)

One might ask if the natural projection g* — t* is proper on Q). Prato
(Propositions 2.2 and 2.3 in [Pr]) shows that when (G*, G) is an irreducible
Hermitian symmetric pair, the coadjoint orbit O, is elliptic and A lies in
a certain cone of t* C (g*)*, the answer to the question is affirmative.
More precisely, it is known that when (G*,G) is an irreducible Hermitian
symmetric pair, the center Z C G is the circle group [He], and Prato shows
that there exists an element Xy € Lie(Z) such that the component of the
moment map

px, : M — R, pxo, = (i, Xo)
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is proper and bounded from below, hence polarized. But in general the
projection (g*)* — t* need not be proper on O,. See [L3] for a concrete
counterexample.

4. Appendix: O-minimal structures and subanalytic sets

Examples of subanalytic sets include complex affine varieties and sets in
R™ defined by finitely many real polynomial equations and inequalities. The
collection of all subanalytic sets is a particular example of a structure. In
this section we give a very brief introduction to structures — collections of
sets in R™ with nice geometric properties. Structures are studied in model
theory, a very exciting part of logic which produces extremely useful and
highly non-trivial geometric results. For more details, proofs and further
references the reader is referred to the works by van den Dries and Miller
[DM, D]. In this section we summarize [DM] and list the key properties of
o-minimal structures which imply Lemmas 4.1, 4.2 which in turn are used
to prove Proposition 2.1 and Theorem 3.1.

4.1. Definitions and basic properties.

Definition 4.1. A structure (on the real field (R, +,)) is a sequence & =
{65 }nen such that for each n € N:

(1) 6, is a boolean algebra of subsets of R", with R™ € &,;

(2) &, contains the diagonal {(z1,...,2,) € R"; 2; = a5} for 1 < <
J=mn

(3) If A€ &, then A xR and R x A belong to &,,41;

(4) If A € G141, then 7(A) € &, where 7 : R"™! — R" is the projection
on the first n coordinates;

(5) &3 contains the graphs of addition and multiplication.

We say that a set A C R™ belongs to & (or & contains A) if A € G,;;
and that a (not necessarily continuous) map f : A — R” belongs to & (or
S contains f) if the graph of f lies in &yyqp.

Although part (4) of the definition is not symmetric with respect to
the coordinates x1,...,x,, it follows that & is invariant under “permuta-
tions, repetitions and omission of the coordinates.” That is, if B € &,, and
i1y, in € {1,...,m} (repetitions allowed), then the set

{(z1,...,2m) € R™; (x4y,...,2;,) € B}

belongs to &,,.

For each structure &, &; automatically contains all singleton sets {a},
a € Q, and open and closed intervals with rational endpoints, &2 con-
tains the set {(x,y) € R?; x < y}, which may be interpreted as “the order
relation < belongs to &.” For each polynomial with rational coefficients
f(X1,...,X,) € Q[Xy,...,X,], the corresponding function f : R" — R,
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x +— f(z), belongs to &. If A € &,,,, then the interior, closure and bound-
ary of A also belong to G,,,. If f : A — R belongs to &, then the sets
{z € 4; f(x) =0} and {x € A; f(z) > 0} also belong to &.

Let A C R™. For each k,p € N, let Reg} (A) denote the set of all z € A
having an open neighborhood U of = such that ANU is an (embedded) CP
submanifold of R™ of dimension k. If A belongs to &, then so does each
Regl (A).

If A cR™ B C R" and the functions f : A — R" g : B — R¢?
belong to &, then the composition gof : f~1(B) — RY belongs to &. If
f A — R" belongs to & and is injective, then its compositional inverse
f~t: f(A) — R™ belongs to &. If f : A — R"™ belongs to & and A is open,
then the set of points in A where f is continuous and the set of points in A
where f is differentiable belong to &. If f is differentiable on A, then each
partial derivative of f also belongs to &.

Suppose that A is a C' submanifold of R”. We identify both the tangent
bundle TR"™ and the cotangent bundle T*R" with R?" in the obvious way.
In particular, the point (a,b) € R?" = T*R" corresponds to the linear form
z +— b-x on R” = T,R". These identifications make the tangent bundle
TA and the conormal bundle TiR"™ subsets of R?", Similarly, the exterior
bundle A*(TR"™) on TR™ can be identified with R**2". This identification
makes the exterior bundle A*(T'A) a subset of R"*2"_ If A belongs to &, then
its tangent bundle T'A, conormal bundle T R" and exterior bundle A*(T'A)
belong to &. In particular, it makes sense to talk about differential forms on
A which belong to & — these are sections a : A — A*(TA) C R"*2" whose
graphs lie in Gap4on.

4.2. Examples of structures and subanalytic sets. Given two struc-
tures & and &’ we put 6 x &' if §,, C &), for all n € N; this defines a
partial order on the set of all structures on (R, +,-).

The most trivial (and the least interesting) example of a structure &™*
is obtained by letting &)'** be the collection of all subsets of R™. This is
the largest structure on (R, +,-). We will not consider this structure in this
paper.

We denote the smallest structure on (R, -+, -) by &, Because of the basic
properties of structures stated above, ™" must contain all finite unions of
sets of the form

{z eR™ f(x) =0,91(x) > 0,...,gk(x) > 0}

with f,g1,...,9r € Q[X1,...,Xy]. The collection of these finite unions (for
n € N) clearly satisfies conditions (1), (2), (3) and (5) of Definition 4.1, and
by Tarski’s theorem, also condition (4). Hence &™" consists exactly of these
finite unions. A singleton set {r} with r € R belongs to &™" if and only if
r is algebraic.
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Another example of a structure on (R, +, ) is the collection of semialge-

braic sets denoted by &2, By definition G2 consists of all finite unions of
sets of the form

{r eR"; f(z) =0,91(x) > 0,..., gr(x) > 0}
with f,g1,...,9r € R[Xy,..., X,]. Like in the previous example, it is clear
that &8 satisfies conditions (1), (2), (3) and (5) of Definition 4.1, and by
Tarski-Seidenberg theorem, also condition (4).
One way to form new structures on (R, +, -) is to pick a collection of func-
tions fj : R™ — R for j ranging over some index set J and to consider the

smallest structure containing the graphs of all functions f;. Such structure
is called the structure on (R, +,-) generated by the f;’s.

Definition 4.2. We call a function f : R™ — R a restricted analytic func-
tion, if it vanishes identically away from [—1,1]™ and the restriction of f to
[—1,1]™ is analytic.

Definition 4.3. We denote by &*" the structure on (R, +,-) generated by
all restricted analytic functions and the functions z" : R — R given by

(4.1) g d@ HHa>0 g
’ 0 ifa<0, '

We call a set A C R™ (respectively a function f: A — R™) subanalytic if
the set A (respectively the graph of f) belongs to G2".

Remark 4.1. The term “subanalytic” is more commonly used to denote sets
which belong to the smaller structure generated by the restricted analytic
functions only. However, for the purposes of this article &®" works just as
well and is slightly more general.

Let &* P be the structure on (R, +,-) generated by all restricted ana-
lytic functions and exp : R — R given by exp(x) = e”. Then &*™ “*P contains
the logarithm function log : (0,00) — R, as well as each function =" defined
by (4.1), since a” = exp(rlog a) for a > 0.

We have the following inclusions of structures:

i 1
61’1’111’1 < Gag < 6&1’1 % 6&1’17 exp < 61’1’1&){7

each of these inclusions is strict. van den Dries and Miller conjecture [DM]

that there are no structures on (R,+,-) lying strictly between &2 and
Gan; exp

4.3. O-minimal structures and their properties

Definition 4.4. A structure & on (R, +, -) is called o-minimal if &; consists
exactly of the finite unions of intervals of all kinds (including infinite intervals
and singletons).
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Example 4.1. Structures 28, G and &P are o-minimal, while G™n
and &™#* are not.

O-minimal structures possess particularly nice properties. We list some
of them below in order to demonstrate why it is always preferable to deal
with sets and functions belonging to some o-minimal structure. From now
on we assume that the structure & is o-minimal.

Component theorem. Every A belonging to & has finitely many con-
nected components, each belonging to &. Every connected component of A
is also path connected.

Dimension is well-behaved. Let A € &, be non-empty. We denote by
dim A the maximum integer d such that A contains a d-dimensional C!
submanifold of R” (so 0 < dim A < n). We also put dim @ = —oo. Then:

e dim(A\ A) < dim A, where A denotes the closure of A;
o If f: A — R™ belongs to &, then dim f(A) < dim A.

Monotonicity theorem. Let f : (a,b) — R belong to 6, —c0o < a < b <

00, and p € N. Then there are ag,ai,...,ax41 With a =ap < a1 < -+ <
ay < ap+1 = b such that the restriction of f to each interval (a;, a;4+1) is CP
and either constant or strictly monotone, for ¢ =0,..., k.

Differentiability. Let f : (a,b) — R belong to &, —co < a < b < 00, then
f is differentiable at all but finitely many points of (a,b).

Triangulation. Let A, A1,..., 4; € 6, with Ay,...,A; C A. Then there
exist a finite simplicial complex K in R™ and a map ¢ : A — R belonging
to & such that ¢ maps A and each A; homeomorphically onto a union of
open simplices of K.

Uniform bounds on growth. Let A C R" and g : A x R — R belong to
&. Then there exist functions ¢ : R — R and p : A — R belonging to &
such that |g(z,t)] < (¢) for all x € A and ¢t > p(z).

The property of o-minimal structures that will play a crucial role in this
article concerns the two possibilities for asymptotic behavior of functions
f : R — R belonging to the structure.

Definition 4.5. A structure on (R, +,-) is polynomially bounded if for every
function f : R — R belonging to the structure, there exists some N € N
(depending on f) such that f(t) = O(t) as t — +o0o0. A structure on
(R, +,-) is exponential if it contains exp.

Theorem 4.1 (Growth dichotomy). Fither & is polynomially bounded, or
it is exponential.

If © is polynomially bounded, then for every f : R — R belonging to G,
either f is ultimately identically equal to 0, or there exist ¢, € R, ¢ # 0,
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such that x — z" : (0,00) — R belongs to & and f(t) = ct” + o(t") as
t — +o00.

Corollary 4.1. The structures &8 and & are polynomially bounded.

Remark 4.2. For concreteness, we state our results in the subanalytic set-
ting. That is, we assume that the symplectic manifold M, the group G
and its action on M, the symplectic form w and the moment map p are
subanalytic, i.e., belong to G*". This setting includes the vast majority of
examples of interest. However, all results of this article hold in the setting
of any o-minimal structure which is polynomially bounded.

Let M be a closed C! submanifold of R? and fix any norm ||. ||z on R%.
The manifold M has a Riemannian metric induced by the standard metric
on RZ. In light of the above results it is natural to expect.

Lemma 4.1. If M belongs to a polynomially bounded o-minimal structure
G (such as &8 or &™), then there exists an N € N such that the function
f(R):R—R,

(1.2) J(R) = Vol ({z € M; ||e]pa < R})

is O(RN), as R — +oo0.

More generally, let a be a differential form on M of top degree. If both M
and a belong to a polynomially bounded o-minimal structure &, then there
exists an N € N such that the function f(R):R — R,

(4.3) f(R) = lal,
{zeM; ||z]lpa <R}
is O(RN), as R — +oo0.

Lemma 4.2. Let pn: M — R be a proper function on a manifold M. If M
and p belong to a polynomially bounded o-minimal structure &, then there
exists an N € N such that the function f(R):R — R,

(4.4) f(R) = Vol({z € M; pu(z) = R})

is O(RY), as R — +oo0.

More generally, let a be a differential form on M. If M, p and o belong to
a polynomially bounded o-minimal structure &, then there exists an N € N
such that the function f(R): R — R,

(4.5) f(R) = |
{z€M; u(x)=R}

is O(RY), as R — +oo0.
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Remark 4.3. Note that the functions (4.2), (4.3), (4.4) and (4.5) themselves
need not belong to &. Consider, for example, M = R,

~Jdz if 2] <1,
A0 =V a1y > 1,

||

Both M and « belong to ™" and hence to any polynomially bounded
o-minimal structure &. However,

0 if R<0,
f(R):/ a=142R if0<R<1,
[=R.R] 2+2logR if R>1,

which cannot belong to &, since any structure containing such a function
f(R) also contains the functions log and exp.

These two lemmas follow immediately from the Cell Decomposition The-
orem (Theorem 4.2) described in the next subsection. First we reduce the
general case to the case when M is a single cell, then apply induction on the
dimension of the cell.

4.4. Cells and cell decomposition. In this subsection we continue to
assume that & is an o-minimal structure on (R, +, -). However, we make no
assumptions on whether & is polynomially bounded or exponential. Fix a
positive integer p. We define the CP cells in R" as certain CP submanifolds
of R™ belonging to &,.

Definition 4.6. Let (i1,...,4,) be a sequence of zeroes and ones of length
n. An (i1, ...,i,)-cell of class CP is a subset of R” contained in & obtained
by induction on n as follows:

(1) The CP cells in R! are just the singleton sets {r} and the open intervals
(a,b), —o00 < a < b < +oo. The singletons {r} are regarded as (0)-
cells and the open intervals (a, b) as (1)-cells.

(2) Suppose (i1, ...,i)-cells of class CP are already defined. Let D € &,,
be a CP (i1,...,ip)-cell, and let f : D — R of class CP belong to &.
Then

graph(f) = {(z,r) € D x B; r = f(x)}
is an (i1,...,%,,0)-cell of class CP in R"*!. Let g : D — R of class
CP be another function contained in & such that f(z) < g(z) for all
x € D; then the sets

D xR

{(z,r) € DxR; r < f(x)}

{(z,r) € D xR; r > f(x)}

{(z,r) € DxR; f(z) <r<g(x)}

are (iy,...,in,1)-cells of class CP in R™"*!,
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For example, a (0,0)-cell in R? is a one point set, a (0, 1)-cell in R? is a
vertical interval, a (1,0)-cell of class CP in R? is the graph of a CP function

defined on an interval and contained in &. A (1,...,1)-cell in R"™ is always
open. Each cell is connected and the dimension of an (i1, .. .,,)-cell is i; +
c g

Similarly, we define a CP cell decomposition of R — a special kind of

partition of R™ into finitely many C? cells.

Definition 4.7. (1) A CP cell decomposition of R is a collection of inter-
vals and points of the form

{(—OO, (11), (alv a2)7 SRR (akv —I—OO), {al}v SRR {ak}}7
with a; < -+ < ag real numbers. (For & = 0 this is just {(—o0, +00)}.)
(2) A CP cell decomposition of R"*! is a finite partition D of R**! into
CP cells such that the set of projections {m(D); D € D} is a decom-
position of R™, where 7 : R**! — R” is the projection on the first n
coordinates.

Given a finite number of subsets A1,..., A C R”, we say that a partition
D of R™ is compatible with {Ay,..., Ay} if for each i, 1 < i < k, and each
D eDeither DCA;or DNA;, =9.

Theorem 4.2 (Cell decomposition). (1) Given Ay,..., Ay € &, there
is a CP cell decomposition of R"™ compatible with {Ay, ..., Ay}
(2) For every function f: A — R belonging to S, A C R" | there is a CP
decomposition D of R"™ compatible with {A} such that the restriction
flp : D = R is of class CP for each D € D with D C A.

Whitney stratification. Given Ay,..., A; € &, there is a finite C?> Whit-
ney stratification of R™ compatible with {Ay,..., 4;}, with each stratum a
CP cell in R™.
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