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ESTIMATED TRANSVERSALITY AND RATIONAL MAPS
RoOsSA SENA-DIAS

In this paper, we address a question of Donaldson’s on the best
estimate that can be achieved for the transversality of an asymptotically
holomorphic sequence of sections of increasing powers of a line bundle
over an integral symplectic manifold. More specifically, we find an
upper bound for the transversality of n + 1 such sequences of sections
over a 2n-dimensional symplectic manifold. In the simplest case of
52, we also relate the problem to a well-known question in potential
theory (namely, that of finding logarithmic equilibrium points), thus
establishing an experimental lower bound for the transversality.

1. Introduction

In his work on symplectic Lefschetz pencils, Donaldson introduced the notion
of estimated transversality for a sequence of sections of a bundle tensored
with increasing powers of a line bundle. This, together with asymptotic
holomorphicity, is the key ingredient in the construction of symplectic sub-
manifolds. Despite its importance in the area, estimated transversality has
remained a mysterious property. In this paper, one of our aims is to shed
some light into this notion by studying it in the simplest possible case,
namely that of S2. We state some new results about high degree rational
maps on the 2-sphere that can be seen as consequences of Donaldson’s exis-
tence theorem for pencils and explain how one might go about answering a
question of Donaldson: what is the best estimate for transversality that can
be obtained? We also show how the methods applied to S? can be further
generalized to prove the following:

Theorem 1.1. Let X be a symplectic manifold of dimension 2n with
symplectic form w such that [w/27] lies in H?(X,Z) and a compatible
almost-complex structure. Let L — X be a Hermitian line bundle whose
Chern class is [w/2m|. There exist ng < 1 such that if we have n + 1
asymptotically holomorphic sequences of sections sq, ..., sn of L* satisfying
n < [sol|* + -+ + |[sal[* < 1, then n < no.
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200 R. SENA-DIAS

Donaldson’s results [1, 2] ensure that such sequences exist for some 7 and
any choice of complex structure. Recall that a sequence of sections {sk} of
LF is said to be asymptotically holomorphic if its 0 is bounded independently
of k.

It is not hard to see that Donaldson’s transversality theorem for the sym-
plectic manifold (S?, wrg) implies the following interesting result:

Proposition 1.2. There is 0 < n < 1, such that for each k large enough,
there exists a pair of homogeneous polynomials, (pg,qx), of degree k, in two
complex variables, defining a function from C? to C?, which takes S® C C?
into an annulus of outer radius 1 and inner radius /1 i.e., the region

{(zw) € C2 i < |22 + Jwl® < 1},

This proposition is a consequence of a more general result for complex
Kahler manifolds that comes from applying Donaldson’s techniques to the
complex setting (using the techniques appearing in [1] for the Kahler setting;
this is an exercise which we carry out for the sake of completeness). The
special case of S? is treated in more detail in Section 3. To get a feeling
for how strong the above result is, let us try to take py(z,w) = z" and
qx(z,w) = w¥. Then, the image of S® by each of the maps (py,qz) is
contained in an annulus of outer radius 1 but whose inner radius is 1/v/2k—1.

In fact, a sequence of pairs of homogeneous polynomials satisfying Propo-
sition 1.2 is very special. We prove:

Theorem 1.3. Let (pk,qr) be a sequence of pairs of homogeneous polyno-
mials as above. The map p/qk, thought of as a degree k map of CP! to
itself, has asymptotically uniformly distributed fibers, in the sense that if z¥
denote the points in one fiber for i = 1,...,k, counted with multiplicity, and
f is a C? function on S?, then

k

Aflloo

(1.1) E A - f‘SCH Ik,
=1
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and, in particular, tends to zero.

A similar result holds for the branch points of px/qr. The problem of
distributing points on S? is an old and important problem with many appli-
cations. It has been addressed by several branches of mathematics, for
example, in potential theory [3] and in arithmetic number theory [4]. This
result is sharper than results found through potential theory or arithmetic
number theory methods (although in this last case the bound for the expres-
sion in inequality (1.1) is for functions f in L? and not simply in C?). Indeed
the bound (1.1) is optimal in the sense that we cannot expect to get a bet-
ter asymptotic bound in k for C? functions using second derivatives. The
statement of Proposition has nothing to do with symplectic geometry, it is
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simply a statement about rational maps. We try to look at it without using
the techniques of [2] and give an explicit construction of polynomials which
are experimentally seen to satisfy the required property. This involves the
choice of two sets of k points, the zeroes of pj, and ¢; on S?. We will choose
two sets of asymptotically uniformly distributed points which are a slight
modification of the so-called generalized spiral points. Generalized spiral
points come from trying to solve a problem in potential theory, that is, dis-
tributing a big number of charges on the 2-sphere subject to a logarithmic
potential. They are described in [3] as a good approximation of the actual
solution to this problem. Even though the problem itself remains unsolved,
some things are known about the optimal distribution. We will discuss the
relations between this problem and our own. One of the upshots of this
explicit construction is that it allows to experimentally determine a lower
bound for the constant n appearing above. Together with the upper bound
coming from Theorem 1.1 (that can be made totally explicit for S?), this
gives a partial answer to Donaldson’s question.

A brief outline of this paper is the following: in Section 2, we give a
review of the results in [1, 2] and explain how they work in the complex
setting. In Section 3, we explain how these results imply Proposition 1.2
and also calculate an explicit upper bound for n appearing in that propo-
sition, this bound turns out to be of the order 1 — 107°%. We also prove
Theorem 1.3. Section 4 gives a construction of a sequence of polynomials
which are experimentally shown to satisfy the condition in Proposition 1.2,
as well as some steps towards the proof of the fact that they indeed satisfy
the required condition. We also describe some relations between estimated
transversality and the logarithm equilibrium problem in potential theory.
Section 5 generalizes the method described in Section 3 to find an upper
bound for 7 in the general case, thus proving Theorem 1.1. We end with
some conjectures on how to find polynomials satisfying Proposition 1.2 via
PDE theory.

2. Background

The notion of linear system is one of importance in complex geometry. For
example, it is often using a linear system that one is able to realize a com-
plex manifold (when it satisfies certain constraints) as a submanifold of
CP¥. This is the content of Kodaira’s embedding theorem. More trivially,
a generic linear system of dimension 0 (whose existence is easy to establish)
gives rise to a divisor, i.e., a complex submanifold. Moving one step up, a
generic one-dimensional linear system gives rise to a Lefschetz pencil, i.e., a
holomorphic map X — CP! (defined away from a codimension 4 subvariety)
with the simplest possible singularities. It is well known that every symplec-
tic manifold has an almost-complex structure, which is the same as saying
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that the symplectic category generalizes the Kahler category. The natural
question is then: is it possible to generalize the notion of linear system to
this new setting and use it to study symplectic manifolds, as it was used
to study complex manifolds? Even in the simplest case of linear systems of
dimension 0, this poses problems. The most important difficulty with which
one is faced is the non-existence of holomorphic sections of complex bundles
over symplectic manifolds (except in the integrable case where the mani-
fold is actually complex). In his paper [1], Donaldson resolves this issue by
substituting the holomorphic condition by what is called asymptotic holo-
morphicity. One looks for sections of an increasing power of a line bundle
which have a bounded 0. In the holomorphic setting, a complex submanifold
is obtained as the zero set of a transverse, holomorphic section. The holo-
morphicity condition becomes asymptotic holomorphicity, how about the
transversality condition? Even though this condition could easily be trans-
lated into the symplectic picture, it is no longer strong enough. It needs to
become “estimated transversality”, that is, transverse with a good estimate
independent of the (increasing) degree of the bundle. Using this notion in a
very key manner, Donaldson establishes the existence of sections of bundles
whose zero set is symplectic, therefore proving an important existence theo-
rem for symplectic submanifolds. In [2], he goes one step further and proves
the existence of the analog of pencils. These symplectic Lefschetz pencils
completely characterize symplectic manifolds: very roughly, a manifold is
symplectic exactly when it can be seen (after blow up) as a bundle over
CP!, with symplectic fibers, some of which have simple singularities. Sur-
prisingly, the techniques used to prove this, and in particular the notion of
estimated transversality, can be used to prove new theorems in the complex
setting. Even for S?, one can prove new and unexpected results on rational
maps of high degree.

2.1. Symplectic Lefschetz pencils and estimated transversality. A
natural question to ask in symplectic geometry is: does every symplectic
manifold have symplectic submanifolds? There have, so far, been two main
approaches to this question:

1) The oldest one, by Gromov, is, given an almost-complex structure .J
on X, to look for two-dimensional submanifolds which are J invariant.
More precisely, Y a dimension 2 submanifold of X is a J holomorphic
curve if for all y € Y, J(T,,Y) = T,Y. Every holomorphic curve is
symplectic.

2) The more recent one, the one we are going to be concerned with here,
by Donaldson, is, assuming that [w/27] is an integral class and that
L — X is a complex line bundle with ¢;(L) = [w/27], to look for
sections of the bundle L* — X with |0s| < |0s| (here 0 and 0 are with
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respect to some almost-complex structure). Their zero set will be a
codimension 2 symplectic submanifold of X.

To be more precise, in his paper [1], Donaldson proves the existence of such
sections:

Theorem 2.1 [1]. Let X be a manifold with a symplectic form w such that
[w/27] € H*(X,Z) and let L — X be a complex Hermitian line bundle with
a connection form, whose curvature is —iw. For sufficiently large k, there is
a sequence, Sy, of sections of L* such that:

1) |sg| is bounded by 1, |Vsp| < CVEk and |[VVsg| < Ck, where C is
independent of k;

2) |0sy| is bounded by some constant C, independent of k;

3) there is a constant n, independent of k, such that |sg| <n = |0sk| >

k.

When k is large enough, C' < vk, therefore |dsy,| < |Osy| along their
zero set, which implies that slzl(O) is a submanifold of X and that it is
symplectic. Condition 3 in Theorem 2.1 plays an extremely important role
in the story. A sequence satisfying it is said to be n transverse to zero (or
simply 7 transverse). In fact, we can generalize this notion further:

Definition 2.2. Let X be a manifold with a metric, L — X a Hermitian
complex line bundle, E — X a Hermitian complex vector bundle and {1y}
a sequence of sections of E® L¥. Let n be a positive number. Then, we say
that {1} is n transverse to zero if

7l <n = ([0m]"v, [0m]"v) = n?kl|v[?,
for all v section of E ® L.

Here, we think of 07, as a section of Hom(T'X, E® L*) and [074]* denotes
its pointwise adjoint, a section of Hom(E ® L, TX) defined by

([O1k]"v, E)rx = (v, [07%]S),

for all vector fields ¢ and sections of E ® L* v. Note that, if 97, is not
surjective, {7} cannot be n transverse (for any 7), since for some v # 0,
[07k]*v = 0. The above definition is the same as asking that whenever
|7k| < 1, Ot is surjective and has a pointwise right inverse, whose norm
is smaller than n~'k~1/2. Condition 2 in Theorem 2.1 is referred to as
asymptotic holomorphicity.

Generalizing this result further, Auroux in [5] proves Theorem 2.1 with L
replaced by L& E, where F is a complex vector bundle of any rank. Theorem
2.1 is an existence theorem for the symplectic analogs of linear systems of
dimension 0. What about pencils, i.e., linear systems of dimension 17 The
first thing to do is to generalize the notion to this new setting.
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Definition 2.3. Let X be a manifold with a symplectic form. Then, a map
F, defined on X minus a codimension 4 manifold with values in CP!, is a
symplectic Lefschetz pencil if, for every point p € X, one of the following
conditions is satisfied:

e [ is a submersion at p;

o F is not defined at p, in which case, there are compatible complex

coordinates z1, . .., zn, centered at p, with F = z1/z9;
e F' is defined at p, but it is not a submersion at p, there are compatible
complex coordinates z1, ..., zp, centered at p, with F' = z% 22

Here, “compatible complex coordinates” means a map 1, defined locally
around p, to C™, such that the pullback of the standard complex structure
on C" is w-tame. Donaldson in [2] proves the following:

Theorem 2.4 [2]. Let X be a manifold with a symplectic form w such that
[w/27] € H*(X,Z) and let L — X be a complex Hermitian line bundle with
a connection form, whose curvature is —iw. For sufficiently large k, there is
a sequence of pairs of sections (sg,s1) of L* such that:

1) [so]® + 5112 <1, |Vsi| < CVk and [VVs;| < Ck, i =0, 1;

2) |0so| and |0s1| are bounded by a constant independent of k;

3) s is m transverse to zero, for some 1 independent of k;

4) (so,s1) is m transverse to zero;

5) 9(s1/s0) is m transverse to zero, away from the zero locus of (so, S1).

As explained in [2], for large k, after perturbing the sections s; slightly,
the map s1/sg will give rise to a Lefschetz pencil.

2.2. Estimated transversality in the complex setting. Since any
Kahler manifold is also symplectic, one could apply Theorems 2.1 and 2.4
to the Kéhler case. At first sight, these theorems seem not to generalize the
existence theorems for complex submanifolds and holomorphic Lefschetz
pencils, since they do not produce holomorphic sections of bundles. But
Donaldson, in [1], proves that in the Kahler case, the asymptotically holo-
morphic condition in Theorem 2.1 can be strengthened to holomorphic. The
result then becomes a new theorem for Kéhler manifolds:

Theorem 2.5 [1]. Let X be a Kdhler manifold and w be the symplectic form
on X. Assume [w/27] € H*(X,Z) and let L — X be a complex Hermitian
line bundle with a connection form, whose curvature is —iw. For sufficiently
large k, there is a sequence of holomorphic sections of L*, {sk}, such that:
o |sk| is bounded by 1,
e there is a constant 1, independent of k, such that |si| <n = |0s| >

k.

It is then natural to ask: what does Theorem 2.4 say for a Kahler
manifold?



ESTIMATED TRANSVERSALITY AND RATIONAL MAPS 205

Theorem 2.6. Let X be a Kdhler manifold with symplectic form w, such
that [w/2x] is in H*(X,Z) and a complex Hermitian line bundle L — X
with a connection form, whose curvature is —iw. For sufficiently large k,
there is a sequence of holomorphic sections of L, (so, s1), such that:

1) |sol® +|s1]? <1, |Vsi| < OVE and |[VVs;| < Ck,i=0,1;

2) sg is m transverse to zero, for some n independent of k;

3) (so,s1) is n transverse to zero;

4) 0(s1/s0) is n transverse to zero, away from the zero locus of (so, S1)-

The proof of Theorem 2.6 is a combination of elements in the proof of
Theorem 2.4 and elements in the proof of Theorem 2.5. The first step is
to get sg, a section of L* for big k, which is holomorphic and 7 transverse
to zero, for some 1 independent of k, by using Theorem 2.5. Next, one
needs to build a sequence of pairs of sections of L* that are n transverse to
zero (note that this pair of sequences can be built close to (sp,0), so that
its first term will be 7/2 transverse). Instead of using the asymptotically
holomorphic pair built in the proof of Theorem 2.4 and perturbing it to make
it holomorphic, as in the proof of Theorem 2.5, one can use the methods of
[2] for building pencils, together with the following existence lemma proved
in [1]:

Lemma 2.7 [1]. There are constants a, b and ¢ such that, given any p € X
and any k large, there is a holomorphic section o, of LF, satisfying the
following estimates:

o e UEPD < g, (q)| < e R EPD if d(p, q) < kT3
o lop(q) < e " ifd(p,q) > ck™V/3.
The section o, also satisfies

® [Jop(q)| < Ve kP ©:9) if d(p, q) < ck™1/3;
o [00,(q)] < VEe ™' if d(p,q) > ck™V/3.

To proceed, the strategy is the usual one. Use a covering lemma to cover
X with colored neighborhoods of points where the above lemma applies (two
neighborhoods with the same color are well separated). Now start with any
pair of holomorphic sections, (sp,0) for example, and modify it, over all
the balls of the first color, by adding a section of the form (wiop,,w20p,)
for each ball (of color 1). The vector w = (wy,ws) comes from applying a
transversality lemma to the representation of the pair with respect to the
trivialization o,,. The lemma is:

Lemma 2.8 [2]. Given integers m and n, there is an integer p such that
given a map f : B™(11/10) — B"™(1), which is holomorphic and any small
positive number J, there is a w € C™ with norm smaller than J, such that
f+wisn=73/logP(1/d) transverse to zero.



206 R. SENA-DIAS

In this way, we achieve both holomorphicity and transversality over each
ball in the first color. Note that the balls of a given color do not interfere
with each other since they are well separated (here we use the inequalities
in Lemma 2.7). Next, we apply the same method to the balls of the sec-
ond color, thus achieving transversality there. But we need to make sure
that we do not spoil the transversality achieved over the balls with the first
color. This is a consequence of the inequalities in Lemma 2.7. We can keep
up this process until we have gone through all the colors. Just as in the
proof of Theorem 2.4 [2], the method produces an 7 transverse sequence of
sections, for some 7 independent of k. These sequences are actually holo-
morphic, simply because they are a sum of holomorphic sections. Starting
from the n transverse pair, we slightly modify the second term s; to obtain
transversality for 0(s1/s¢), just as in [2], but using holomorphic reference
peak sections. We make use of the following lemma, which is just a refine-
ment of Lemma 2.7:

Lemma 2.9. There are constants a, b and c such that, given any p € X,

any a in {1,...,dimc(X)} and any k, there is holomorphic section oy of

L*, satisfying the following estimates:
— 2 . _
o lop(q)| < e @D if d(p,q) < ck™V/;
o [o%(q)| < e if d(p,q) > ek~ V%

and such that:

e 0,(p) =0;

e Jdoy(p) =dza ®1.

The section o) also satisfies:

o 902 (q)| < Ve * @D if d(p, q) < ck~1/3;
o (905 (q)| < Vke ™' if d(p,q) > ck~1/3.

The sections o can be obtained from z,0), by multiplying by a bump
function and then “correcting” to get a holomorphic section, just as in the
proof of Lemma 2.7.

Using this lemma, we can prove the following:
Lemma 2.10. Let § be a positive number smaller than 1/2 and p a point in

X. For sequences sg and sy as above, large k and small r, there is a m € C"
(not depending on k) with norm smaller than 0, such that

a <51 + O'p,7r>
S0
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is 6 /logP(1/3) transverse to zero over the ball of center p and radius rk~1/2.

Here,
dime(X)

_ a o
Opm = g o,
a=1

and o comes from Lemma 2.9.

This can be proved exactly as the corresponding statement in [2]. Now
we can proceed as in [2]. The final result will be holomorphic because the
op,~ are. Note that a modification of the above construction for the pair can
be used to prove the following:

Proposition 2.11. Let X be a Kdhler manifold, of complex dimension n,
with symplectic form w, such that [w/2x] lies in H*(X,Z). Let L — X be
a complexr Hermitian line bundle L — X with a connection form, whose
curvature is —iw. There exist 0 <n <1 and n+1 sequences of holomorphic
sections sg, ..., sn of LF satisfying: n < ||so|?> + -+ ||sn]|?> < 1, pointwise,
at every point of X.

3. Estimated transversality for rational maps on 52

3.1. The problem on SZ%. In [2], Donaldson asks the question: given a
symplectic manifold, what is the best n for which we can find (sg,s1) €
['(LF) satisfying the conditions of Theorem 2.4? (We need to normalize
the pairs to have L> norm 1 for this question to make sense.) We will
address this question for S? with the Fubini-Study metric. Now, S? with
the Fubini-Study form is Kahler, so we can apply to it Theorem 2.6. In
fact, the existence of a pair of holomorphic sections of O(k), satisfying only
conditions 1 and 3 in the theorem, seems to already give an interesting
result. This last condition becomes somewhat simpler in the context of two-
dimensional manifolds, for there can be no surjective linear maps from C to
C?. Namely, it becomes |so|? + |s1]2 > 71 so that when |so|? < 1/2, |s1]? >
n/2. Also, holomorphic sections of O(k) are easy to characterize, they are
simply homogeneous polynomials of degree k in two complex variables. In
this way, we prove Proposition 1.2. A way to find a lower bound for the best
7 appearing in that proposition is then to explicitly determine a sequence
of pairs of homogeneous polynomials of degree k, (px,qx), such that the
number
max(||pe]|* + [k 1)
min | [pel 2 + llax]1)

is bounded independently of k. Where ||p|| stands for the norm of p; as
a section of O(k), i.e., letting [z : w| be the homogeneous coordinates in
S? = CP!,

(2. w)
(12 + W)

[|Pk|[z - w] =
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The inverse of this bound will provide the lower bound we are looking for.
There is a chart on S? minus the south pole obtained by stereographic
projection through the south pole. It is centered at the north pole and
identifies S? minus the south pole with C. In homogenous coordinates on
S? it is simply given by z = z/w. Over S? minus the south pole, O(k)
admits a trivialization, i.e., a global section which we denote by w*. In fact,
when we identify sections of O(k) with homogeneous polynomials of degree
k, this section corresponds precisely to the polynomial w”. It is actually
defined over all of S2, but vanishes at the south pole. Its norm in the z

coordinate is simply
1

(1+ [2[2)k/2
Often, we do not distinguish between a homogeneous polynomial and its
representation in this trivialization, which is simply a polynomial of degree
k, in one complex variable z.

3.2. An upper bound for 1 on S2. In this section, we show how to find
an upper bound for the best n for which there is a sequence of pairs of
polynomials, (px,qx), mapping S into the (1, 1) annulus in C2.

Proposition 3.1. If pi. and qi are two homogeneous polynomials of degree
k in two complex variables and if, for k large, (px,qx) maps S® into the
annulus of outer radius 1 and inner radius n (for some n independent of k),
then n < ng < 1, where ng is going to be made explicit ahead.

Proof. Choose complex coordinates on S? by using stereographic projection
through the north pole, for example. Consider p; and g as polynomials in
the chosen complex coordinate. We set

Fk = ]&7
gk
1 F*
up, = - log Lpwrs :
2 WES

(note that u has log-type singularities) and

fie = log(|lpwl|* + llaxl]?)-
We have ) .
F'wps _ |ppak — predi*(1 + [2[7)
WFS ([Pl + lqx|*)?
which can be written as

Fiwrs  |Phar —peqil® (1 +|2?)

wrs (T4 [212)%72 (Ipxl? + |k [*)

I

2k

and therefore )
Frops |kl

WFS ([lpe!1? + llarl1?)?’
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where sj, is a section of O(2k — 2), so that

1
ur = 5 log(|lsl>) = fi

Now, let A denote the Laplacian for the Fubini-Study metric on S?. We
can use the fact that Alog||s|[? = —(2k — 2), away from the zeroes of sy,
to conclude that
Au=—(k—-1)— Afg,

(we dropped the k dependence on u). Now, e** is the conformal factor of
the metric defined by Fywpg. Note that e?* actually has zeroes. Expressing
the curvature of the pullback metric in terms of this factor and noting that
this curvature is one away from the branch points of F}, one concludes that
u satisfies the following PDE, away from the branch points of F},

Au+ et =1,
that is,
F*
Au+ ThEPS _ g,
WFS
Putting this together with Au = —(k — 1) — A f, we conclude
1 Ffwpg 1
3.1 . =14 =Af,
(3.1) k wrs + 28k

which holds at all points on S2. Next, we show that the polynomials py, g,
after rescaling, satisfy bounds independent of &k, as do all of their derivatives.
We start by recalling that

Pkl (2) + lax[*(2)
N CEEEE

Now consider the rescaled polynomials

Pr(2) = Pk (&) ; @k(2) = qr (jE)’

as a consequence of inequality 3.2. These satisfy
2\ k 2\ k
z _ - z

n (1 - |k:) < bkl + a)* < <1 + |k!> ,
so that |pg| and |gk|, when restricted to the disk of center 0 and radius 2c,
D5, admit an upper bound 2 (also valid on the closure of the disc). Now
both polynomials are holomorphic functions on Dy.. The Cauchy formula
gives an upper bound for the norm of their derivatives on D., namely 2e2¢”,
In fact, we even get an upper bound for the norm of higher order derivatives.
If [ denotes the order of the derivative,

21le2¢”
A
AN IS e

(3.2)
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and

[Brl, || < 72,
This then proves that g, and g have convergent subsequences on D.. Let
us call the limits p and ¢, respectively. These satisfy

2

n < Ipl*+ gl < e
Also, the derivatives of p and ¢ satisfy the same bounds as those of p; and
G- From the inequality < |p|? + |¢/?, not both p and ¢ can vanish at

zero. In fact, either |p(0)| or |¢(0)] is greater than ,/77/v/2. Let us say that
q satisfies this bound. Then, if ¢ is such that

202 < V1
>~ 2\/§7

in Dy,
Vn
2v/2
This comes from the lower bound on |¢(0)| and the upper bound on |¢'|.
From now on, we assume that ¢ is such that it satisfies this. Let G be the
quotient of py and i (that is Fj, rescaled). On D,, for k big enough,

|G| < 427/
kEl > \/ﬁ ’

lq| >

because for k sufficiently big, since g converges uniformly to ¢ (after passing
to a subsequence),
\/>

vals
42
Furthermore, we get a bound on the derivative of Gy,
3c?
Gy < 28T
n

so that we may conclude that G has a convergent subsequence (uniformly
on compact subsets of D.). By bounding the second derivative of Gy, we
can even assume that G} is convergent in that same subsequence (uniformly
on compact subsets of D.). Consider now fk, which is simply fi rescaled.
These functions define a sequence which is uniformly bounded (in fact fj
varies between log(n) and 0), as is the sequence of derivatives of all orders.
In fact

|G| >

Py - - 2Z
fi = log([pul® + k) — klog (1+ =),

and, for example,

O W_( )
9z (|pk? + [@k]?) ’
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which is clearly bounded in D,. This proves that fk has a subsequence which
converges, together with its derivatives of higher order, on compact subsets
of D.. Let us denote by f the limit of this subsequence. The function f
is smooth and the derivatives of fr converge to the derivatives of f. Next,
we show that G and f satisfy a differential relation that comes from taking
the limit of the rescaled version of the differential relation (3.1). For this
purpose, consider the metric

dzdz
(1+ 12/k)?
on D,, which is k times the pullback of the Fubini-Study metric on S? by the
rescaling map 0y, (this map is defined in the z coordinate by 8;(z) = z/Vk).
This metric has curvature 1/k and tends to a flat metric. Now Gy = Fj 00y,
so that

aj:

Giwrs 0 Fjwrs 1 Ffwrs o5
_ _ = .

o kéjwrs  k wrg
As for the Laplacian of fi with respect to the Fubini-Study metric, it is
given by

Afi = 1+ 22 (fu)z,
whereas the Laplacian A of fk with respect to the metric @ is given by
| 2

2
A= (1+55) o

We see that
1 1 22\ ? <z
Then, the differential relation (3.1) becomes
Gy < =
ZEEES _ 14 A

Taking the limit of this equation as k tends to infinity (we actually need to
consider a subsequence), we get

(3.3) G*wrs = (1 + Ao f)what,

where wqy; is the flat metric in the disc and the Laplacian A\ is the Euclidean
Laplacian. Intuitively, this equation says that, at least when 7 is very close
to 1, the rescaled Fj is trying to be an isometry between flat C and the
sphere. Such isometries do not exist, even locally, so it cannot be that. We
now prove the following lemma:

Lemma 3.2. Let ¢, § and M be positive constants and suppose we have a
fixzed metric on D.. Then, there is a constant A = X\(, M, ¢), tending to zero
as 0 tends to zero, such that for every smooth function f from the disc D,
to C satisfying
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o [fl <6,
i ‘dA0f|§M7

we have [Nof| < X in Dgyy.
Proof. Let zo be a point in D,y where Agf is greater than A\. We want to
see that \ big leads to a contradiction. (The same reasoning would lead to

a contradiction if we assumed that Agf < —\.) Given & in D, 4, for some
X in the segment from zy to zg + £, we have

Do f(z0+ &) — Dof(z0) = dDof(X)E.

Choosing ¢ with norm smaller than A/2M, we conclude that Agf(zp+ &) is
greater than \/2. Set u to be the minimum of A\/2M and ¢/4, we have seen

Bof(z0) 2 A = Dof(:) 2 3, ¥z € Blzo ).

Let r denote the distance function to zg and 3 a smooth function on R
that is zero in |u,+oo[ and 1 in [0, u/2]. Set g(z) = B(r), g has compact
support contained in D, and, for any positive number €, 3 can be chosen so
as to have g satisfy |Aog| < (24+¢€)/u%. Since g vanishes in a neighborhood

of the boundary of D,
[ otot=[ i
D, D,

e the right-hand side is equal in norm to

/ fDog
B(zo,u)

e whereas the left-hand side is equal to

Now

24 + €

< 2 Smu? = (24 + €)m;

T2
/ giof > / ghof = T
B(Zo,/t) B(ZO:;U'/2)

Therefore, we get a contradiction if A\u? > (192 + €)d (a different e---).
Taking

A = max <10M2/351/3, 307236>,
c
we get |Aof(20)] < A for every zp in D /s. O

Let us again consider the differential relation (3.3). The right-hand side
represents a metric conformal to the flat metric on the disc, with conformal
factor 1 + Agf, its curvature is therefore

1 Aglog(1 + Aof)
2 1+ Dof
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As for the left-hand side, it represents a metric (with singularities maybe)
whose curvature is 1, because it is the pullback of the Fubini—Study metric.
We have therefore established the following equality

_1 AO log(l + AOf)

(3.4) 1= Tt A

We know that |fx| <log(1/n), so that f satisfies the same inequality. From
Lemma 3.2, this implies that Agf is small (because dAgf is bounded from
above by some constant depending only on ¢ as we will see ahead), and
so log(1 + Agf) is small as well. We will show that the derivative of the
Laplacian of this quantity is bounded (by a quantity depending only on c¢),
and so we can apply Lemma 3.2 again to conclude that Aglog(1l + Agf)
is small. Since the denominator of the right-hand side of equation (3.4)
is bounded from below (Agf is small), then the right-hand side itself is
small. But it needs to equal 1, so it cannot be small and we arrive at a
contradiction.

Note that it would have been possible to find upper bounds on Ay f and
on Aglog(1+ A f) directly from bounds on py and gi. These bounds would
not suffice for our purposes though. We need the bounds on these quantities
to tend to zero as the bound on f tends to zero. We also need them not to
depend on the specific f considered.

We still need to get an upper bound on the derivatives of Ay f and log(1+
Aof). From equation (3.3), using the fact that G = p/q, we write

p'q — pq'|?

14 Agf = L4=PIT
o = b F e

To estimate dA\y f, we estimate
P'q —pd|?
(Ip* + lal*)*’

on D., when c is sufficiently small by using the bounds for the norms of p
and ¢ (and their derivatives) which, as we remarked before, depend only on
c. We also use the fact that |p|? + |¢|?> > 7. Note that, we can only apply
Lemma 3.2 to a c sufficiently small, since it is only on balls with such radii
that there is convergence and therefore f is defined. We also need an upper
bound for |dAglog(1 + Agf)|. Using the fact that

Aoglog(1+ Ao f) = —2001og(|pl* + |g]?),

away from the zeroes of p'q — qp’ (where Aglog|p'q — pg'|> = 0), as well
as the inequalities mentioned above for |(p,q)|, |(p',¢')| and |(p”,q")|, we
can obtain such an upper bound depending only on ¢ over D.. Following
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through with these calculations and choosing a small enough ¢ in terms of
1, we conclude that
1 1
IOg - Z )
n (11226)9(1280)328+15/16
which is of the order 10758, giving an upper bound for 7 of the order 1 —

107%8 < 1. This bound is not optimal since the estimates leading to it are
not optimal.

3.3. Uniform distribution and estimated transversality on S2.
Donaldson’s construction gives rise to sections which themselves give rise
to several submanifolds (the fibers of Lefschetz pencils away from their sin-
gularities, for example). An important feature of those is that they are
asymptotically uniformly distributed.

Theorem 3.3 [1]. Let X be a symplectic manifold with an almost-complex
structure and L — X be complex Hermitian line bundles with curvature
—iwg such that we can cover X by balls B; = B(p,rk:_l/g), where Ly have
local trivializations, o;, such that

e 0 <a<|ol <1, for some « independent of k;

o |Voi| < BVk, for some 3 independent of k.
Suppose further, that {s;} is a sequence of sections of Ly for which there is
a sequence ay, of numbers, bounded away from zero, such that

o [si| < aay, [Vsi| < bWkay, for some a and b independent of k;

® [0si| = O(ak);

o |sip| <ar = |Vsi| > 2%&;9\/%.
Then, the sets 551(0) are asymptotically uniformly distributed, with the fol-
lowing estimate (for some constant C):

1
/_1 ¢—2/wk/\¢
s, (0) TJXx

for all ¥, 2n — 2 form on X.

< COVk|dy|so,

The statement here is slight modification of the corresponding statement
in [1]. The proof is almost the same, so we will not reproduce it here. We can
apply this theorem to the bundles L* over X and the sequence of sections
so coming from Theorem 2.4. The sequence aj can be chosen to be constant
equal to n. In this way, we recover the result of [1]. We can also apply the
theorem to the sections sy — bs; when |b| is small (with respect to 1) and sg
satisfies the conditions in Theorem 2.4.

Another interesting result of the same type can be obtained by applying
Theorem 3.3 to the bundles LF® LF®T* X, and their sections sqVs1 —s1 Vs,
when sg and s; come from Theorem 2.4, X has real dimension 2 and 7 is
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small. Here, we take a, = evk, for some € to be made explicit shortly. Let
us first check that the sections satisfy the hypotheses in the theorem.

Lemma 3.4. Let X be symplectic of real dimension 2. Let s and s1 come
from Theorem 2.4 applied to X. Assume n is small. Then, the sequence of
sections of LF @ L¥ @ T*X, 59Vs1 — s1Vsqg is € = 1% transverse to zero.

Proof. We know
- <81> _ soVs1 —251V50
S0 SO

and

2V
V(soVs1 —s1Vsg) = s%VV (Sl> + 50 (soVs1 — s1Vsp).

S0 S0
Now,

2 k 2
IR el =
2V2 2v2C
(where C' comes from |Vs;| < Cvk). This is because,

‘S(]VSl - 51V50‘ <

2
N
so| £ —=—= = |s0| <1,
| 0’ = 2\/?0 ’ 0‘ =7
which in turn implies that |Vsg| > nvk. On the other hand, because
n?/27/2C is O(n/+/2), this also implies that |si| > 1/v/2, so that, when
|50l < n?/(2v20),

k 2 2 k 2
|soVs1 — 51Vso| > Q N oVE = Vin

V2 2v20 22

Assume that |soVs; — s1Vso| < 78Vk, then (if 7 is small enough to make
n® < ”—2) we have

>~ 2\/5
)V <51)’ _ [50Vs1 gslvso‘ < avnb,
S0 5l
and therefore, |[VV(s1/s0)| > kn. Then,

kn®20Vk
IV (s0Vs1 — 51Vso)| > an'kn — W >
when 7 is sufficiently small.
The zeroes of the sequence of sections sgVs; — s1Vsg form the set of

branch points of the Lefschetz pencil. We then conclude: O

Proposition 3.5. The set of branch points of a Lefschetz pencil coming
from Theorem 2.6 is asymptotically uniformly distributed in the sense of
Theorem 3.3, when the manifold is of real dimension 2.
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Remark. A similar result holds for higher dimensional manifolds. To prove
it, one can use an analog of Theorem 3.3 for higher rank bundles and a
modification of the argument above.

On 52, the uniform distribution assumes a particularly simple expression
since the fibers of the pencil are sets of k points, which we denote by {.%f s
satisfying

(39 5 Vi

k
> fah) - g | f‘ <ol
i=1

for all C* functions f. The branch point set is simply a set of 2k — 2 points,
{pk}. Tt satisfies

2k—2
|df |oo

for all C*° functions f. These inequalities imply that the two sets of points
are asymptotically uniformly distributed.

Asymptotically uniformly distributed sets of points on S? are important
in many areas of mathematics and are the object of a lot of work in potential
theory (see [3] and analytic number theory [4, 6]). Therefore, these proper-
ties are very helpful in trying to explicitly build the sequence of polynomials
(Pk, k). On the other hand, they are certainly not enough to characterize
these polynomials. In fact, asymptotic uniform distributiveness with esti-
mate (3.5) would allow for a point with multiplicity, whereas Donaldson’s
construction clearly does not.

A natural question to ask at this point is: how about the fibers above
points close to 0o on S?? We have not shown that these are asymptotically
uniformly distributed since our method failed for them. Next, we show that
in fact they are, in the case of S? (although in a slightly different sense).
What is more surprising, we show (using the methods developed in the
previous section) that the condition of transversality of the pair is enough
to ensure the asymptotic uniform distribution of all the fibers and also of
the branch points for pencils in S2. As before, we identify the sections of
O(k) with homogeneous polynomials and write || - || for their norm.

Proof of Theorem 1.3 We will start by showing that the zero set of py is
uniformly distributed in the sense that if mf denote the points in this set for
i=1,...k counted with multiplicity and f is a C? function on S?, then

k
12 CllAS o
. — < — -
(36) k= |52| SQf‘— ko
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1) The first step is to show that

/ log | px| 2
SQ

is bounded independently of k. We will do this by contradiction. Let us
assume that it is not. For each k, it is easy to find a partition of S? by k
sets A; such that diam(A4;) = ¢/vk (c is independent of k). By assumption,
there is a subsequence ny, such that [g, log ||pn,||* tends to —oco as k tends
to +o0 (note that log||ps, ||> < 0). Now take i = i(k) to be the index of
the element in the partition of S? where the integral of log ||py, || is the

smallest. We have
- / log [[pny |12 < / log || |I%
A; S2

so that the left-hand side tends to —oo as well. But A; C B(zg, ¢/\/nk) so

m tog [[pn, I

B(Zkvc/\/ﬁ)
tends to —oo as well. Suppose we knew that z, was zero for all k. Then, by
using the rescaled coordinate chart around zero, which we described in the
proof of Proposition 3.1, we would have for this integral

/ log ( |y, | ) dzdz

o
oo \NUF[2R/me)™ ) (1422 /)
(where py, is simply py in the rescaled coordinates as in the proof of Proposi-
tion 3.1). We showed before that {p,, } is bounded and has bounded deriva-
tives in B(0,¢) and therefore has a convergent subsequence. The limit, p,
is a holomorphic function on B(0,c¢). We will check ahead that it cannot
be identically zero and therefore has a finite number of zeroes, with finite
multiplicity, so that log [p|? is integrable. The integral above converges for
that subsequence to the finite number

2
/ log<‘p’2>dzd2
B(0,¢) el

and we get a contradiction. Let us try to reproduce this argument for a
general sequence of points z;,. Given any point p on S?, there is a map
¢ :S? = S? such that
1) ¢*wps = wrs;
2) ¢ takes the north pole to p;
3) the inverse of ¢, v is such that [¢p*w| = |w| o v, where [z : w] are
homogeneous coordinates on S?, w denotes the same section of O(1)
as before and | - | is the usual norm in O(1).
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Such a map can be taken to simply be a rotation. Now consider the
composition of this map for p = 2z, with the inverse of the usual chart
centered at the north pole, I, ¢ ol : C — S? (we omit the dependence on
k). Its inverse defines a chart centered at the point z;. Write py as a holo-
morphic function on C times the section of O(k), ¥*w*. Let f; denote this
holomorphic function composed with ¢ o l. We have

1

w*wkongol:Wkoz/Jod)ol:Wkol:i.
oW W WHol =

As a consequence
k
[frl? < (14 121%)"
The same can be done for g, so that we obtain two sequences of functions
fr and gy satisfying

n (14 1212) < 1Sl + el < (1+1212)".

If we rescale the z coordinate in C by 1/ Vk as we did in the proof of Propo-
sition 3.1, then we get functions fk and gy which are bounded on B(0,¢),
independently of k, for any fixed ¢, and whose derivatives are also bounded
there. They then have convergent subsequences (in the C* topology over
B(0,¢)). In fact, we will use that ]an and gy, have convergent subsequences.
We call p and ¢ their limits. As before,

k n = o .
B(ek,c/ /) ’ B(0) (L4 12[2/ne)™ | (1 + |22 /np,)?

The sequences fnk and §p, have convergent subsequences (converging uni-
formly on compact subsets of C) to p and ¢. These satisfy

el < [pf? + g < &’

This inequality implies that p cannot be identically zero. If it were, there
would be a holomorphic function ¢ satisfying

nel < g” < o

so that ¢ could not vanish in C. Twice the real part of its log, u, would
satisfy

logn + |2* <u <[z
The function u — |2|? would be bounded on C and so u would have a min-
imum, which is impossible since its Laplacian is 0 (maximum principle).
For k sufficiently big, on B(0,¢), since (a subsequence of) {f,, } converges
uniformly to p

I O

1 el
B+ 2P /)™ = 2 B el
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and therefore

21 ’p‘Q
0> N IOg ||pnk|| > 5 10g 22
B(zg,c//Tk) B(0,¢) €

for that same subsequence. This is a contradiction, since we are assuming
the left-hand side integral converges to —oo.

2) Given the zeroes of py, as a function on S, z; (we omit the k dependence
here), for each of these, consider the function on S? given by

Gz, () = log <d2(a:,aci)§),

where d is the chordal distance in S?, i.e., the usual distance in R?. We will
make use of two properties on this function:

Lemma 3.6. Let z; be any point in S? and let d denote the chordal distance
on the 2-sphere. Then,

o NGy, = 4md,, — 1,
L4 fSQ G(EleS = 0

Proof. The Laplacian of the function G, is 47d,, — 1 because d?(z, ;) is the
norm square of a section of O(1) which vanishes at z; (as we will see ahead).
The curvature of O(1) is the Fubini-Study metric and we can relate 99 to
the Laplacian. Also, it can be seen by direct calculation in stereographic
coordinates that the integral of the function G, is zero (hence the e/4). O

Let z; be the complex coordinates of the points z; through the usual chart
centered at the north pole. Now consider the homogeneous polynomial

. el2(z — z) i
Pr = — | W
1:[ <<1 + \%‘\2)1/2
This polynomial satisfies the following lemma.

Lemma 3.7. As a section of O(1), the norm square of py, is
. e
el = T S0,
i

Proof. This is because given two points on the sphere, x and y with complex
coordinates z and w,
4z — wl|?
d*(z,y) = .
@)= TR+ )
This formula can be derived by expressing the coordinates of x and y in
terms of z and w using the definition of stereographic projection. O

Such a p, satisfies [log||px||* = 0. The polynomials pj and pj, are related
by Pr = cxpy for some sequence of numbers c. The fact that [ log |[pg|[? is
bounded independently of k£ implies that this sequence is bounded.
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3) Finally, let f be a C? function on S? and consider the difference

This can alternatively be written as

1 > (4mdy, — 1)
4m / / k ’

which, in view of a previous remark, is

Alog (d?(z, z;)e/4 R
[ R R ECRI) _L nrog

Integrating by parts, we get,

1 R
¢ [ arosli

To prove the proposition, it is then sufficient to show that [ ‘log HﬁkHQ‘ is
bounded, independently of k. This integral is simply bounded by

4mogrck\2—/logupku? - —2/Iogupk|rz,

which is bounded, as we have already seen.

In the same way, to prove that any fiber is uniformly distributed in the
sense described previously, it is enough to see that the integral

|, hoglipe + 2aul P

is bounded independently of k£ for any A. Assume that it is not. By the
same reasoning as before, we can conclude that, for a sequence of complex
dzdz

numbers zj,
/B(o,c) (1+]22/np)?

where fk and §i are defined as before using the z;. But, again as before,
{fnk} and {gy, } have convergent subsequences (uniformly on compact sub-
sets of C), so that, for each A, { fnk + Adp, y have subsequences that converge
to p+ Ag, uniformly on compact subsets of C. To be able to apply the same
reasoning as before, we need only check that p + Aq is not identically zero.
If it were, there would be a holomorphic function, g, satisfying

| Far + NGy |

1
B+ 2P )™

— 00,

n 122 2 1 EE
———elfl < < ————el*l",
arpE° W= an

which is impossible. As for the branch points, we need to show that

(3.7) /S 2

1 1Pk Var — axVpr|?
Og k
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is bounded independently of k. Note that prVqr — qxVpr is a section of
T*S? @ O(k) ® O(k), which is simply O(2k —2), and || - || refers to the usual
norm in that bundle. Letting fi and g be the representations of p and gy,
respectively, in the trivialization 1)*w* used before, we can write

PeVar — @ Vpr = (frgh, — fron)dz @ ' w" @ ¢rwh.
The norm square of this section is given by

’fk‘g;g - fllggk|2 . 1 (1 + |Z|2)2
1+ )% 2

By rescaling the coordinate z, we get

= 1 z

01 (5)
Assuming that the sequence of integrals in (3.7) is not bounded, we conclude
that there must be complex numbers z; such that

/ log
B(0,¢)

tends to infinity. The sequence { fnk Tny — ~,’1k gn, } has a subsequence that
converges uniformly on compact subsets of C to pq’ — p’'q. We will be done
if we check that this function cannot be identically zero. If it was, then p/q
would be constant, which is impossible, as we saw above (note that ¢ is not
identically zero either).

_ | gk — froKl?
2(1+2[2)°

dzdz
(1+ |212/ng)?

2(1+ |2f2/me) ™2

4. Optimally distributed points on S?

4.1. Logarithmic equilibrium points on S2. The problem of finding an
optimal way of distributing points on the sphere has been studied in several
areas of mathematics. An instance of this problem appears in potential
theory. Namely, let {z;} be a set of k points on S?. One can consider the
function ;< jd(z;, x;), where d(z,y) denotes the distance in R? between any
pair of points z and y of the sphere. This function achieves its minimum
when two of the points of the set coincide. The question is: for which sets
of points does it attain its maximum? Maximizing II;;d(x;, ;) is the same
as minimizing the logarithmic potential,

> log 5

and the points which achieve the minimum are called logarithmic equilibrium
points. It is not known what this (these) configuration(s) is (are), but
some things are known (or conjectured) about the minimum value of the
logarithmic potential. As a motivation for what follows, let us first see how
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this problem is related to that of determining the best 7 for which one can
find homogeneous polynomials such that sup||px|| <1 and

ol <n = ||Vpi|| > nVEk.

Given a set of points {z;}, by considering the complex coordinates z; of these
points through stereographic projection, we can form a complex polynomial
of degree k whose zeroes are the z;’s. It is determined up to a multiplicative
constant. Consider as before

P k/2 (z — z)
)=e
H 1+’Z| 1/2

Let 2 denote the point on S? whose complex coordinate is z. As a section
of O(k) (i.e., as prw¥), the norm of py at z is

) e
(4.1) 1okl? =11 Zdz(%xz‘)

just as in Lemma 3.7. We make the following conjecture:

Conjecture 4.1. Let {z;} be logarithmic equilibrium points. And let

F z k;/QH (2 — z)

(1+ |z2)V%

then, for some positive n, {pr} is an n transverse sequence of sections of

O(k).

To see why this might be true, consider that for {py} to define an n
transverse sequence of sections of O(k), we need ||Vpg(zi)|| to be as big
as possible (greater than nv/k at least), where, again, pj is thought of as
section of O(k). We have

i 1 se\k/2 d
9oul) = 5 (3) " L i zy).
Here, we used the norm of dz which is (1+z|?)/2v/2. Having [[; ||Vik||(2i)
big would be to our advantage. But this product is simply a constant
(depending only on k) times II;<;d(x;,2;). The problem of maximizing
this quantity is therefore related to our own problem. In fact, we will see
ahead that a good approximation of these logarithmic points gives rise to
pairs of polynomials which satisfy Donaldson’s constraints, as in Proposi-
tion 1.2, or at least seem to, experimentally. The fact that, in some sense,
this distribution is “better” than its approximation leads to the conjecture
that these polynomials define sections that do, in fact, satisfy the properties
in Theorem 2.6. In particular, we conjecture that ||pg|| is bounded by a
constant independent of k.

Actually, we can push the relation a step further. Assuming that the quan-
tity liminf max ||pg|| is not infinity for the sequence of polynomials defined
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in Conjecture 4.1, we can use estimates from potential theory to find an
upper bound for the transversality estimate 7 (in terms of lim inf max ||pg||)
for the particular sequence associated to logarithmic points. Namely:

Lemma 4.2. Let {py} be the sequence of polynomials defined in Conjecture
4.1. Assume there is 1 such that
1] <1 = ||Viel| = V.
Then,
0 < \f(l —e )2,

where

2\/ 2 V21 + V27T —\2r

a= V2T + /21 + V27 |, b=
V2 V21 4+ V27 + v o

Proof. At a zero of py, z;, we must have ||Vpg||(z;) > 77\/%. Since py, vanishes
at z;, we have

/ /
il = (5) “TT(S) " dtw )
i#]
/
111198 (z0)l| = (g)k 2H Zd(xi7xj)2,
i i<j

which is related to the logarithmic potential. There are known estimates for
this potential, namely:

so that

Theorem 4.3 [3]. The logarithmic equilibria points, z;, satisfy the following
estimate

e 2 4\ M k/2 bk/2
—a
sz(xz,a?j) S <2€> k (1—6 +€k) s
1<J

where a and b are as above and e, — 0 as k — oo.

On the other hand, we have

H 1k ()| > nF k¥,

Combining these two estimates, we obtain the desired result. O

The real upper bound for Donaldson’s 7 for the specific sequence of poly-
nomials py/sup ||pk|| is this quantity divided by liminf max ||pg||. (This is
really just the n corresponding to the first condition.)
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4.2. Generalized spiral points. Even though the exact configuration of
logarithmic points is not known, in [3], Rakhmanov et al. describe a set
of points they call generalized spiral that give extremely good numerical
estimates for the maximum of [],; d(z;, ;). We will use a modification
of these points to construct a pair of polynomials for which we can verify
Donaldson’s conditions experimentally. We also have some partial results
towards proving that these indeed satisfy the conditions in Theorem 2.6
(and in particular Proposition 1.2). Consider the points with cylindrical
coordinates (h,6) on S? given by

21 -1

k

Oy = 0, 01291_1+L mod 27 i=1,...,k.

Vky/1—h?

For large k, these points lie in a spiral from the south pole to the north pole,
evenly spaced by a distance of roughly 3.6/ Vk along the spiral and with two
consecutive loops of the spiral separated by about 47/ 3.6\Vk. Note that 3.6
was experimentally determined to maximize the logarithmic potential [3].

Let z; be the complex coordinates of these points. Note that the points
with coordinates —z; lie in another spiral. The two spirals are interspersed
and our points in them do not include the south and north poles. This
indicates that these two sets of points should be “well separated”. As before,
we consider the polynomials

. k’/Z Z—Zl
Pk =¢€ H 1+‘Z‘ 1/2
(]

hi = -1+

i=1,...,k

and

k2 (z+ zi)
H (1+ |z2)V%

Conjecture 4.4. Up to dividing by a constant that will make
max (||pel* + llax||)

equal to 1, the sections (pkwk,qkwk) satisfy the conditions in Theorem 2.6.

We have verified this experimentally by verifying that
e max (||pk||* + ||gx||*) is indeed bounded independently of k. The
experimental values found for this maximum are

k 50 100 150 170 180 190 200
max | 4.7828 | 4.8272 | 4.8368 | 4.8432 | 4.8373 | 4.8364 | 4.8460

e min (||px||* + ||gx/|*) in bounded from below independently of k. The
experimental values found for the minimum are
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k 50 100 150 170 180 190 200
min | 0.7194 | 0.7093 | 0.7085 | 0.7085 | 0.7125 | 0.7089 | 0.7085

e min||Vpg||(z;) is bounded independently of k£ and the same for g.
Below is a table of the values of the minimum of ||Vpg||?(2) (normalized
by 2/vk) taken among the z;’s.

k 100 200 500 700 900 1000
minV | 1.6963 | 1.6998 | 1.7020 | 1.7024 | 1.7026 | 1.7027

These values give an experimental n close to 0.15. We can also show that
the sequences ||px(z/Vk)||? for |z| < 1 are bounded (the same holds true
for the corresponding q sequence). We start by showing that ||ps(0)]|? is
bounded. Now d(z,z;)? = 2 — 2(z, x;) because z; and = have norm 1. If =
has coordinates (0,0,—1), then (z,z;) is simply minus the last coordinate
of x;, that is —h;. Equation (4.1) becomes

Hpk(0)||2:H (1+ hy) He%_l 4kk(3(kk_ 1))1‘

=1

We use Stirling’s approximation for factorial, k! ~ v/27kk*e™* to see that
||pk(0)]|? actually converges to v/2. As for ||pr(z/Vk)||?,
z

b Gl = ot Mt T

k _— =

VR T @R L =) Mz ve
The first term in the above expression is bounded and the second is simply
[[p£(0)]?, which we know is bounded as well. As for the third term, if one

considers the inequality log |1 — z| < |z|, which holds true for all z, then one
can see that,

2

llh <ok

In cylindrical coordinates,

H\/ — h; \/2k—2i+1
“i 1+ h; 2% —1

1 1 b 1
Zf|zz| 2 NG \/21@—2i+1§\f2;ﬂ’

but S°1/v/i is divergent. If instead of having a single point with given h;,
we had 3 (that differed from each other by multiplication by a cube root of
unity in complex coordinates), then our initial product would be

1)

Now
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The norm of the logarithm of this product is bounded by a constant times
S"1/i3/2. This new set of points would have 3k elements instead of k. This
would just mean constructing a subsequence of a Donaldson sequence. We
have thus showed the following;:

Proposition 4.5. Consider the set of 3k points on S%, whose h coordinates
are given by

21 —1
h3i—o = h3i—1 = hg; = =1+ A i=1,...,k
and whose 0 coordinates are
3.6 T 2
03;—o = 03;_5 + O3i—1 = b3i—2 + =, O3; = 03i—2 +

VI /1 - 2 3 3
defined mod 2w fori=1,...,k (where 6, =0). Then, letting z; be the com-
plex coordinates of these points through stereographic projection, and

_ 3k/2 )
et H1+|z| 172

llpr(2/V'k)|| is bounded in any fized neighborhood of 0.

We cannot do this calculation for the other points of S2. In fact, we
cannot prove that ||pg||? is bounded. This is the main ingredient missing.
We should remark that the experimental data show that the maximum of
||px||? occurs close to the north pole, so that this calculations is more relevant
to prove what we want, than what it may seem.

Supposing that the sequence of functions py/(1 + |z|>)¥/2, rescaled, con-
verges, then it is simple to determine what type of limit they should have.
To see this, consider one of the spiral points with coordinates (h;,6;). Sup-
pose we take a small neighborhood, of radius of the order k~1/2, around
that point, will there be other spiral points in the neighborhood? The next
spiral point, close to (h;,0;), will appear after a variation in 6 which is
approximately 2w, that is, after approximately

]—27r\f 1_h2

steps. Then, the h will be approx1mately

4\ /1 — h?

3.6vVEk
When one considers what this configuration of points looks like, as k tends
to oo, one sees that the limit of py/(1 4 |z|2)¥/2, rescaled by vk around

any point distinct from the poles, can only be a function whose zeros lie in
{n 4+ A +im,m,n € Z} (after an appropriate rescaling of coordinates in

hi +
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C), where 0 < A\, < 1. We may assume that \g = 0. The first thing to
check is that such a function actually exist.

Proposition 4.6. Given a sequence A = {\r} of numbers in [0, 1], there is a
function Py with zeros at {n+ Ay +im, m,n € Z}, such that |Py|(z) < e“?”,

Proof. In the same way as one defines a theta function, we set

00 00
P)\(Z) — H (1 . ef2ﬂme2m/\m672ﬂ'zz) H (1 o ef2ﬂmef27rz)\_m62ﬂ'zz)'
m=0 m=

Both products are convergent for any given z € C. In fact, the logarithm of
the norm of each of them is bounded by

Zlog (1 _ e—2meQ¢r|z\)7
m

which is a convergent series, because the series Y e™2™ is itself convergent.
P, clearly has zeroes at n+ A, + im, as wanted. It remains to be seen that
|Py|(2) < e“2”. First note that Py(z 4+ 1) = Py(z). It is also true that

Py(z+1) = —ei2m'262ﬂpa()\)(2’),
where o()\) is simply a shift left in A. This implies
Py(z +mi) = (—l)mezm bDfiny )‘je_gﬂimze“(m2+m)Pgm(A)(z),
and from this formula, we can conclude that |Py|(z) < e¢/#l”, O

Conjecture 4.7. Given z in C*, pp(z0 + 2/Vk) has a subsequence con-
verging to a normalization of Py for some .

There is a corresponding conjecture for g and @), where Q\(z) =
Py (—z). For the rescaling around zero, the sublimit is a function with zeroes
in a spiral. To prove Conjecture 4.4 using Conjecture 4.7, it is enough to
establish that (Py\(z), Px(—z)) “satisfies” Theorem 2.6. This comes down to
checking that Py has no double zeroes and that Py(z) and Py(—z) have no
common zeroes (for the first two conditions).

5. An upper bound for 7 in a symplectic manifold

The techniques used in Section 3.2 can actually be generalized to determine
upper bounds on how much transversality can be achieved for a “linear
system” of dimension n on a 2n-dimensional symplectic manifold.

Proof of Theorem 1.1. We will use the same idea as we used to prove this
proposition for S?. Namely, the sections sq, ..., s, define an asymptotically
holomorphic map from X to CP". The rescaled map has a subsequence that
converges, (in some sense to be specified ahead) as k tends to infinity, to a
map of a disc of fixed radius in C™ to CP". If  were very close to 1, the
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pullback metric from CP" would be very close to flat, but this can not be
true because its curvature 2-form is the pullback of the Fubini-Study metric.

To make the argument precise, choose an almost-complex structure J on
X, possibly non-integrable, compatible with the symplectic form. In this
setting, we know that for each point p in X, there are centered symplectic
coordinates for which J is standard at p and an asymptotically holomorphic
sequence of sections 0¥ of LF such that

0.2
lo¥|| = e M=/,

on a ball of radius k~1/2. Although this is explained in [1], we will briefly

recall it here. Let {z} be symplectic coordinates near p. Choose them so
that J(0) = Jy (Jo denotes the standard complex structure on C™). Then,
in coordinates, w = /2 dz;dZ; and one can choose for the connection
1-form on L

1 _
A:ZZZdej—Zdej.

The complex structure J allows us to decompose T'B(1) into T and
T19) | the eigenspaces for J, and to write d = &+ 9. We also have the usual
decomposition for d, using Jy, which we write d = 9y + Jp. Let 1 denote the
unitary section of L, satisfying V1 = A1. Then set

_ 2
o — o Hla?/agk

0’1)

We have
k 2
k = —k|z k
Vo =—3 E zjdzje 21°/41 ,

so that 9yo® = 0. But
|J — Jo| < C|z|
and
ot — Byo* = iVaP o (J - Jy).

We also have

|ock| < C.

Write sf = flkak and flk for the functions flk on rescaled coordinates,
defined over B(1), i.e., flk = fl’C o 0y, where §;, is given in coordinates by
z

ok(z) = 7

These functions satisfy
2 ~ < 2
DI < (A4 | < P

Also, carrying J over to B(1) by using the rescaled coordinates, we get a new
complex structure on B(1), which we again call J. Let Jy be the standard



ESTIMATED TRANSVERSALITY AND RATIONAL MAPS 229

complex structure on B(1). Because J is Jy at 0, J and Jy are close. More
precisely, they satisfy

|J — Jo| < C%, z € B(1).

Again the complex structure J allows us to decomposg TB(1) into T 0.1)
and 709 the eigenspaces for J, and to write d = 8 + 0. We also have the
usual decomposition for d using Jy which we write d = Jy + 9. We have

= - C

3] k) < —.

it < vk

Next, we show that {d fl’“} is L? bounded on B(1/2), independently of k.
Take 3 to be a bump function equal to 1 on B(1/2) and 0 outside B(3/4).
Set glk = ﬂflk. It is enough to see that

/ dgh?
B(1)

dgi = B ff + ST,

and therefore this is uniformly bounded and, as a consequence, L? bounded.

As for
/ 097,
B(1)

/ 09713,
B(1)

where | - |; denotes the norm obtained from J and wp (the standard sym-
plectic form on C™). Given a vector field v on B(1),

is bounded. Now,

we want to compare it to

|U‘2 :wO(U7JOU)7 "U‘% :(A)O(’U,JU),
SO
[[ol* = o[3] < |wollJ — Jol[v]* < Clof?,
and this implies that the J norm of any tensor which has a bound on its Jy

norm, independent of k, is bounded independently of k as well. For example,
wo and Jy — J have bounded J norms. Conversely, we get

[Jo]* = |v[3] < |wolsJ = Jolslv|5 < Clv)3,

therefore, if a tensor has a bound on its J norm, independent of k, it also
has a bound (independent of k) on its Jy norm. Hence, it is enough to prove
that fB(l) |0gl|% is bounded. Since gF is zero near the boundary of B(1), we

/ 0gFl3 = / 5"k at,
B(1) B(1)

can write
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where 9" means the formal adjoint, with respect to the J metric. The Hodge
identities state that 0* = i[A, 0] and 0* = —i[A, J] (A denotes the dual with
respect to the J metric of wedging with wp) and

d*0gF = iNddgF,  9*dgF = —iNddg).
The operators 00 and 90 are related by
90+ 00 = —(NN + NN),

where N is the Nijenhuis tensor for J. The upshot is that we can write
| dodtli=~ [ NN+ NN+ [ 5 ogt
B(1) B(1) B(1)

and the second term in this sum is simply | B() |0gF|%, which we know is

bounded. Now N is bounded independently of k and so is A (because wy is)
and we are done.

This implies that {gF} is bounded in W*(C") and so, by Rellich’s lemma,
it has a subsequence converging to f; in W° = L2. Now by the Riesz
theorem, we can extract from {gf'} a subsequence converging pointwise a.e.

in B(1) and { flk} has a pointwise convergent subsequence a.e. in B(1/2) to
fi. These functions satisfy

el 2 < fol o [ fal? < el e,

The next step is to show that the functions f; are holomorphic. To do
this, note first that { flk} has a weakly convergent subsequence in W, simply

because it is a bounded sequence in this space. Given any L? 1-form a in
B(1),

/ (dfF — dfi,a) — 0.
B(1/2)

. 2 (0,1)
In fact, if a € L*(T, "/ B(1)),

/ @it a) = [ (ofia)
B(1/2) B(1/2)

because Téo’l) and Tél’o) (the eigenspaces of Jy) are pointwise orthogonal.
But

Aff = (8o —0)fF + off,
so, over B(1/2),
180 f 12 < dff o (J = Jo)llz2 +10fF| 2
The first term is bounded by

C Sae
-~ dfk2 < .
vk (/3(1/2)’ 'l ) Vk



ESTIMATED TRANSVERSALITY AND RATIONAL MAPS 231

We know that the second term is also bounded by C'/v/k. We can conclude
that

100 fF 112 — 0,
SO
(go.flka a)rz — 0.

This in turn proves that

(Dofi,a)r2 =0, Vae LTV B(1))
and, in fact, for all a € L?(T*B(1)), so f; is holomorphic. In particular, it
is continuous and the inequality

nel /2 < fol2+ - 4 | ]2 < el2P2

holds at every point. We conclude that the existence of the n + 1

k k

sections sg,..., s, implies the existence of n 4+ 1 holomorphic functions

fo, -+, fn: B(1/2) — C satisfying

ne‘z|2/2 S ’f0|2 + e + ’fn|2 S e|Z|2/2'
Next, we show that the existence of such functions implies the equality
(5.1)  Alog(|fol* + -+ + |fal?) = Alogdet Hesslog(|fol* + - - + | ful?),

at those points where the map F' = [fy : --- : f,] has injective differential,
so that the pullback of the Fubini—-Study metric is a metric. Away from its
branch points, F' pulls back the Fubini-Study metric on CP" to a metric on
B(c), whose curvature 2-form is F*wpg. On the other hand, this metric is
Kéhler (since F' is holomorphic) and therefore it is associated to a 2-form,
in this case, F*wps. On {[z¢g : --- : z,] : 29 # 0} C CP", there are
inhomogeneous coordinates

VAl Zy,
Z1= — " %n = — |,
Z Ay

and the Fubini-Study metric can be written as
D0log(1+ |z1)? + -+ + |zal?).
The map F' being holomorphic, we conclude that F*wgg is
0log(1+ |z1|* + -+ |zn]?) o F.

Now
log(1+ |21 + -+ |20[*) 0 F = log(|fol* + [ 1f* + -+ + [ ful*) = log(| fo]*),
SO

Frwps = 001og(|fol* + [il* + -+ + [ fa]?).
Next we prove a lemma: O
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Lemma 5.1. Consider the metric on B(c), the ball of radius c around the
origin in C™, associated with the 2-form 00u for some plurisubharmonic
function u on B(c). Then, its curvature 2-form is

00 log det Hess(u),

where Hess(u) denotes the matriz (u.,z;).

Proof. On the bundle T'B(c), we have a trivialization given by

9 9
0z1" 0z )

With respect to this trivialization, the matrix representation of the metric
is h = Hess(u). There is a unique connection on 7'B(c) which is compatible
with the metric associated with d0u and the complex structure. Its matrix
representation, with respect to the mentioned trivialization of the bundle,
is # = Ohh~'. The curvature matrix representation is dd + 8 A 6. The
curvature 2-form is the trace of this two by two matrix of 2-forms. Since
0 A 0 is traceless, the curvature is trdf = dtr . But we know that

tr(0h h™t) = dlog(det h).

The curvature becomes ddlog(deth) = 00log(deth), as we wished to
prove. U

Going back to our problem, we can apply this lemma to u = log(|fo|? +
-+ -+|fal?) to conclude that the curvature of the pullback by F' of the Fubini—
Study metric is

90 log(det Hess(log(|fol> + - - + | fnl?)),

away from the branch points of F' and the zeroes of fy. We therefore conclude
that

(5.2) 00log(det Hess(log(| fol* + -~ + | fal*)) = 0 log(| fol* + - + [ ful*),

where F' is an embedding. If this set of points is dense in B(1), we are
done. In fact, then, equality (5.1) holds true at all points. Assume that
n is very close to 1, we proceed as in the proof of Proposition 3.1 to get a
contradiction. Roughly, our argument goes as follows:
2 2 |2
tog(1fol? + -+ 1fal®) = B

we use Lemma 3.2 to get
n
Nlog([fol? + -+ + [ fal?) = 5"

Applying a variation of Lemma 3.2 for Hess instead of the Laplacian, we
also get

1
log det Hesslog(|fol? + -+ |ful?) = o
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applying Lemma 3.2 again, this gives
Alog det Hess log(| fol* + - -+ + | fu]?) ~ 0,

which is a contradiction because of equation (5.2). Here ~ means that the
norm of the difference of the two functions on each side of ~ is bounded by
a constant, independent of k that tends to zero as 1 tends to 1. At first, it
seems that the upper bound 7y obtained for n in this way depends on the
particular fy,..., f, and therefore on the specific sequences s'é e sfl, but
this is not so. Using Lemma 3.2 (and a slight variation of it applicable to
Hess instead of A), the only thing we need to note here is that there is a

bound (independent of the sequences) on
d0log(|fol* + -+ + |fal),
dHesslog(|fo|* + -+ | fal?),

and on

dAlog det Hess log(| fol® + - - - + | fu]?).
This is so because, since fy, ..., f, are holomorphic, the Cauchy formula and
the bounds |f;|? < e give bounds on all the derivatives of the f; depending
only on ¢, and, choosing ¢ appropriately small, the above quantities have
bounds depending only on n, just as for CP.

On a maybe smaller ball, the differential of F' is injective exactly where
the determinant of the derivative of (f1/fo,..., fn/fo) is non-zero. But this
determinant is a holomorphic function, and so if it is not identically zero,
its zero set will have zero measure. In the case where the determinant
is identically zero, we make use of the following: given any e, there are
holomophic functions oy, ..., a,, each with norm smaller than €, such that

detd((ﬁ,...,ﬁ) +(041,---704n)>

is not identically zero. Now set gy = fo and g; = fi + foa; for i in {1,...n}.
Then, by choosing € small, we can ensure that

(2 — 1)el™/2 < |go2 + - + |gal? < (2 — m)el* /2,

Since the g; are holomorphic, by the same reasoning, we get an upper bound
on 7 independent of the f;’s. O

6. Further remarks

Let (pg, qx) be polynomials of degree smaller than k in one complex variable
z. Set
p(z) = [P l* (2) + lawl*(2)
(1 +[2[2)%
That is, pg is the sum of the squares of the norms of pi and g, seen as sec-
tions of O(k). If these polynomials satisfy the conditions in Proposition 1.2
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(using inhomogeneous coordinates in CIP’I), the function py is bounded above
by 1 and below by 1. We have seen, in the proof of Propostion 3.1, that the
function fx = log(py) satisfies

1 Ffwrs 1
B wps LT RS
where
Frors _ [EAlS
wrs (sl + [laxl[*)?
for sy, a sequence of sections of O(2k—2). Setting K = ||sx||? and vy, = — fy,

we can write a partial differential equation for wvy:
2
A’Uk =k-— Kke Uk,

where K, is a positive function vanishing at the branch points of py /g and
completely determined by those branch points. The PDE,

Av=c— Ke*,

has been extensively studied when ¢ = 1 [7, 8]. It is the equation for
prescribing curvature on S2. There are variational methods adapted to this
equation when c is a small constant, but these do not apply to our case.
Proposition 1.2 implies:

Proposition 6.1. There is a constant C such that for every k big enough,
there is a set of 2k — 2 points such that the equation

Av, =k — Kke%’“
has a solution vy with ||vg||e < C.

It would be interesting to see if one could recover this result from a PDE
theory point of view. This would give an alternative proof of Donaldson’s
main theorem in [2] for S? and maybe a way to calculate the best 1 (by calcu-
lating C'), thus answering Donaldson’s question appearing in the beginning
of Section 3 (for the transversality of the pair).

In Section 4.2, we have seen a simple construction that explicitly gives (or
at least seems to give) an example of polynomials as in Donaldson’s theorem
for S2 (Proposition 1.2). We have also seen that rational maps arising as a
quotient of two such polynomials satisfy very restrictive properties, namely
all their fibers are asymptotically uniformly distributed as are their branch
points (see Theorem 1.3). Since Donaldson’s construction is non-explicit,
one can ask if there is a simpler characterization of these rational maps. To
this end, consider the following functionals on the space of C*° maps from

S? to S2: )
F*w
EﬂF)—/‘w ’
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Ez(F):/

It is not hard to see that the restriction of these two functionals to the space
of rational maps of degree k from S? to itself is proper and therefore has a
minimum. We conjecture that the minimizers of such functionals arise as
quotients of polynomials satisfying Proposition 1.2. To give some indication
of why this should be true, we consider again the PDE from the proof of
Proposition 3.1

and

4
F*w

w

1 Ffwrs 1
- =1+ =Afs.
k wrs o
Then,
1 Ffwpg 2 1 2
/ Llewrs 4 :/ Ianl
92 k WEs S2 k

and we want | fx| to be as small as possible, bounded independently of k, in
order for Fj to come from the quotient of polynomials as in Proposition 1.2.
We actually know that, in this case (see Lemma 3.2), Afj, is also bounded
independently of k. Similarly, if one considers the much studied functional,

/de\2+e/\dF|4,

restricted to the space of rational maps of degree k, it is natural to con-
jecture that its minimum also arises as quotient of polynomials satisfying
Proposition 1.2.
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