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One of the most important properties of a convex function is that a local optimum is
also a global optimum. This paper explores the discrete analogue of this property. We
consider arbitrary locality in a discrete space and the corresponding local optimum of
a function over the discrete space. We introduce the corresponding notion of discrete
convexity and show that the local optimum of a function satisfying the discrete convexity
is also a global optimum. The special cases include discretely-convex, integrally-convex,
M-convex, M-convex, L-convex, and Lf-convex functions.
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1. Introduction

The concept of convexity for sets and functions plays a central role in con-
tinuous optimization. The importance of convexity relies on the fact that a local
optimum of a convex function is a global optimum. In the area of discrete optimiza-
tion, on the other hand, discrete analogues of convexity, or “discrete convexity” for
short, have been considered. There exist several different types of discrete con-
vexity. Examples include “discretely-convex functions” by Miller [5], “integrally-
convex functions” by Favati and Tardella [3], “M-convex functions” by Murota [7],
“L-convex functions” by Murota [8], “M?-convex functions” by Murota and Shioura
[12], and “Lf-convex functions” by Fujishige and Murota [4]. While these functions
also have the property that a local optimum is a global optimum, the type of local
optimum (i.e. the definition of locality) depends upon the type of discrete convexity.

The purpose of this paper is to elucidate the relationship between discrete
convexity and local optimality by asking what type of discrete convexity is required
by a given type of local optimality. We consider arbitrary locality in a discrete space
and the corresponding local optimum of a function over the discrete space. We then
introduce the corresponding notion of discrete convexity and show that a function
satisfying the discrete convexity has the property that the local optimum is a global
optimum. Finally, we argue that the special classes of functions satisfying discrete
convexity include discretely-convex, integrally-convex, M-convex, MZ-convex, L-
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convex, and Li-convex functions. Thus, we can understand the local optimality
conditions for these functions in a unified framework. We also argue that a sufficient
condition for the uniqueness of Nash equilibrium in the class of strategic potential
games [6] obtained by [14] can be seen as a special case of our results.

2. Results

We denote by R the set of reals, and by Z the set of integers. Let n be a
positive integer and denote N = {1,...,n}. The characteristic vector of a subset
S C N is denoted by xs € {0,1}:

) 1 if 1€,
XS(Z)Z{

0 otherwise.

We use the notation 0 = xy, 1 = xn, and x; = x{; for ¢ € N. For a vector
z € RN let [|z]ly = > ,c [2(i)] be the £1-norm.

A function f : RY — R U {+o0} is convex if Af(z) + (1 — ) f(y) > f(Ox +
(1= A)y) for all z,y € RY and X € (0,1). If f is convex, then max{f(z), f(y)} >
fAz + (1 = Ny) for all z,y € RN with f(x) # f(y) and XA € (0,1). A function
f satisfying this condition is said to be semistrictly quasiconvex. Note that f is
semistrictly quasiconvex if and only if

max{f(x), f(y)} > min{f (e + A), fy - A)}

for all z,y € RY with f(z) # f(y) where A = Ay —x) and A € (0,1). It is
known that a local minimum of a semistrictly quasiconvex function is also a global
minimum.! We consider discrete analogues of convexity and semistrict quasicon-
vexity having a similar property.

Fix D C {-~1,0,1}¥\{0} such that x; € D for each i € N and —d € D for
alld € D. For z € ZV, we write D(z) = {z € Z" : z =  +d, d € D}, which is
interpreted as a neighborhood of z. Note that y € D(z) if and only if € D(y).
For a function f : Z¥ — R U {+o00}, we say that = € Z" is a D-local minimum of
fif f(x) < f(y) for all y € D(x).

For z,y € ZN, we write

Rz,y) ={z€Z ;any<z<aVy}

where (z Ay)(i) = min{z (i), y(¢)} and (x V y)(i) = max{z(i), y(¢)} for each i € N.
Note that ||z — z||1 + ||y — 2|1 = ||z — g1 if and only if z € R(z,y).

For a function f : Z¥ — R U {+o0}, let dom f = {x € ZV : f(z) < +o0} be
the effective domain. We say that f : ZV — RU{+o0} with dom f # () is D-convex
if, for any x,y € ZN with x # y,

f@)+ fly) =

min ') + min N. 1
x’eD(w)ﬁR(x,y)f( y'ED(y)ﬁR(Ly)f( ) M

1See Avriel et al. [2] for more accounts on quasiconvexity.
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Note that the above inequality is trivially true when y € D(z) and = € D(y). We
say that f: ZY — R U {+oo} with dom f # 0 is semistrictly quasi D-convez if, for
any x,y € ZV with f(x) # f(y),

ma x), > min min z), min N 2
<@y > mind w60} @
Note that the above inequality is trivially true when y € D(z) and z € D(y) with
f(z) # f(y). A D-convex function is semistrictly quasi D-convex.

The following proposition is the main result of this paper.

PROPOSITION 1. Suppose that f : ZV — R U {+oc} is semistrictly quasi D-
convex. Then, © € ZN is a D-local minimum of f if and only if it is a global
minimum of f, i.e.,

fz) < fly) forall yeD(z) s f(z) < fly) forall yeL”.

Proof. The “if” part is obvious and we show the “only if” part by induction.
Let € ZN be a D-local minimum of f. Then, f(z) < f(y) for all y € Z" with
lx — ylli = 1 because x + x; € D(zx) for each ¢ € N. Suppose that f(z) < f(y)
for all y € ZN with |l — ylli < k where k > 1. Let y € ZN Dbe such that
lx —yll1 = k+ 1. We show that f(x) < f(y). Seeking a contradiction, suppose
that f(y) < f(z). Since z is a D-local minimum, f(x) < Ming ep )R (w,y) f(T)-
Since f is semistrictly quasi D-convex,

f(@) = max{f(x), f(y)}

> min min x'), min ! } = min
{I’GD(m)ﬂR(Ly)f( ) y’ED(y)ﬂR(Ly)f(y) y' €D (Y)NR(z,y)

Note that |z —¢/|1 < ||z —yl1 = k+ 1 for all ¥’ € D(y) N R(z,y). Thus, by the

induction hypothesis, f(x) < ming cp(y)nr(z,y) f(¥'), a contradiction. |

The following proposition, which we will use later, provides a sufficient condi-
tion for semistrict quasi D-convexity in terms of a local condition, where one point
is in the local area of another if neighborhoods of the two points have a non-empty
intersection.

PROPOSITION 2.  Suppose that, for any x,y € ZN with y & D(x), v & D(y),
and D(z) N D(y) N R(z,y) # 0,

min | 2 { < max{ f(z), ;‘(y)} if flx)# f(y), -

2eD(z)ND(y)NR(z,y otherwise.

< flx) = fly
Then, f is semistrictly quasi D-convex.

Proof. For x,y € ZN with y € D(z), + € D(y), and f(x) # f(y), (2) is
trivially true. For x,y € ZY with y ¢ D(x), z € D(y), and f(z) # f(y), construct
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a sequence {x € R(z,y)}", such that zog = x and x,, = y by the following steps:
set xpr1 € D(zk) NR(xk,y) for k =0,...,m — 1 such that

€ i ;
® Tk arng’D(:cgl%%(zk,y) f(Z)

o |lzpr —zplli = [l2" — 2pllr for all 2’ € arg ze’l)(a:;?)lri]%(zk,y)f(Z).
Since xy + x; € D(xy) for all i € N and xp & D(xy), we have ||zg — y|1 >
lzr —yllh > -+ > [[@m-1 —ylli > [l&m — yli = 0. Thus, this sequence is well
defined. By construction, (i) < x1(i) < -+ < @, (¢) if 2(4) < y(i) and xo(i) >
x1(i) > -+ > @y (i) if 2(4) > y(¢). This implies that xx1 € R(zk, Trr2) C R(zk,y)
for all kK < m — 2. We also have xyy1 € D(xgy2) because £(xp11 — Tpr2) € D.
Therefore,

T = min z) = min z).
f( k+1) 2€D(xk)NR(zk,Y) f( ) 2ED(xk)ND(Tp42) "R(Tk  Th+2) f( )

By (3), if 242 & D(x) then

< max{f(zr), f(zry2)} if flar) # f(@rt2),

< flzg) = f(zra2) otherwise.

f(@rt1) { (4)
If 242 € D(zk) (and thus xp42 € D(xk) N R(zk,y)), we must have f(zry1) <
f(xg+2). To see this, recall that |zg41 — xkli > ||2" — zi|1 for all 2’ €
Arg MiNep (24 )R () f(2)- Since [[wrep1 =zt < [[@p1 —2pll1+ |Tkre — Tl =
lTk+2 — 2k||1, it must be true that xx o & argmin.cp(z,)nR(zy,y) f(2) and thus
f(xk+1) < f(xg42). Therefore, to summarize, (4) is true for all k.

The condition (4) implies that if f(xg) < f(zgy1) then f(xri1) < f(Trr2),
which further implies f(zp42) < f(2gts). Therefore, if f(xp) < f(ags1) then
f(z) < f(zi41) for all I > k. Symmetrically, if f(zx) < f(xg—1) then f(z;) <
f(z—1) for all I < k. Using this property, we show that (2) is true.

If f(xo) < f(xm), there exists k < m — 1 such that f(xx) < f(zk+1). By the
above argument, we must have f(z;,—1) < f(2,). Therefore,

max{ f(z), f(y)}

= max{f(zo), f(zm)}
= f(zm) > f(@m-1)

> min{ f(z1), f(*m-1)}

= min min z'), min !
{m,GD(IO)mD(IQ)mR(IOamZ) ( ) Y ED(Tm—2)ND(Trm ) VR(Trm —2,Tm ) f(y )}

> min min x'), min ! } ,

B {r’eD(r)ﬂR(ny) f@) ¥ €D(y)NR(2,y) )

which implies (2). Similarly, we can also show that if f(x,,) < f(zo) then (2) is
true. Therefore, f is semistrictly quasi D-convex. |
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Note that the condition in this proposition is not necessary for semistrict quasi
D-convexity. For example, let f : Z3 — R U {+o0} be such that dom f = {0,1}3
and, for each x € dom f,

fz) =

1 if z=(0,0,0),(1,1,0),(0,0,1),
0 otherwise.

A function f is semistrictly quasi D-convex with D = {£x1, +x2, £x3} U {£(x1 +
X2)} but does not satisfy (3) for z = (0,0,0) and y = (1,1,1).

3. Examples

3.1. Coordinatewise locality and Nash equilibrium
Let Do = {£x; : i € N}. If f is semistrictly quasi Dg-convex, then Proposi-
tion 1 implies that?

f(x) < fx£x;) forall i€ N < f(z) < f(y) forall yeZN. (5)

For example, suppose that, for any z,y € Z with ||z — y||; = 2,

- . {<max{f<x>,f<y)} if f(z)# f(y),
zillw—zl1=[ly—z[l=1

< flz) = f(y) otherwise. (6)

Then, by Proposition 2, f is semistrictly quasi Dg-convex and thus (5) is true. It
is easy to check that a separable convex function satisfies the above condition and
thus it is semistrictly quasi Dg-convex. Note that a semistrictly quasi Dg-convex
function is not necessarily separable convex.

The above argument has an application to game theory. A game consists of a
set of players N = {1,...,n}, a set of strategies X; = Z for ¢ € N, and a payoff
function g; : X — RU{—oo} for i € N where X =[], X; = Z". Simply denote
a game by g = (¢;)ien. We write X_; = Hj# X, and x_; = (x);2, € X_;, and
denote (z1,...,2—1, %}, Tiy1,...,Tn) € X by (2, 2_;). A strategy profile x € X is
a Nash equilibrium of g if g;(x;, z_;) > gi(«}, ;) for all 2} € X; and i € N.

A game g is a potential game [6] if there exists a potential function p : X — RU
{—oo} satistying g;(z;, ;) — gi(z}, ) = p(xi, ;) —p(a}, 2—;) for all 7;, 25 € X5,
x_; € X_;,and i € N. If z € X maximizes a potential function p, then p(x;, x_;) >
p(z}, x_;) for all 2} € X; and ¢ € N, which is equivalent to g;(x;, x_;) > gi(x}, x_;)
for all «; € X; and ¢ € N. This implies that if x € X maximizes p, then it is a
Nash equilibrium. Note that every Nash equilibrium does not necessarily maximize
p. However, if it holds that

p(z) > p(z+y;) forall i€ N < p(x)>p(y) forall yeZl,

2Altman et al. [1, Corollary 2.2] states that if f is multimodular then (5) is true. Murota [11],
however, finds a counterexample against it and provides a correct local optimality condition.
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then every Nash equilibrium maximizes p. To see this, let * € X be a Nash
equilibrium. Then, g;(x) —gi(z; £1,2_;) = gi(z) —gi(z£xi) = p(z) —p(x£x;) = 0
for all ¢ € N. This implies that p(z) > p(y) for all y € X. The following result
reported in [14] is an immediate consequence of the above discussion.

PROPOSITION 3. Let g be a potential game with a potential function p. Sup-
pose that f = —p satisfies (6) for any v,y € ZN with ||z —y|j; = 2. Then, z € X
mazimizes p if and only if it is a Nash equilibrium. Thus, if a potential mazimizer
is unique, so is a Nash equilibrium.

3.2. M-convex, M’-convex, L-convex, and Lf-convex functions

Recently, Murota [8, 10] advocates “discrete convex analysis,’
and L-convex functions, introduced respectively by Murota [7] and Murota [8],
play central roles. Mf-convex and Lf-convex functions, introduced respectively by
Murota and Shioura [13] and Fujishige and Murota [4], are variants of M-convex and

)

where M-convex

L-convex functions. By choosing appropriate D, we can show that these functions
are D-convex.

Let suppt(z) = {i : (i) > 0} be the positive support and supp~(x) = {i :
z(i) < 0} be the negative support of z € ZN. A function f : Z¥ — R U {+oo}
with dom f # () is said to be an M-convex function [7] if, for any z,y € dom f and
i € supp™(z — y), there exists j € supp~ (x — y) such that

f@)+ fly) > flx—xi +x5) + fFly+xi — x5)-

It is known that this inequality implicitly imposes the condition that the effective
domain of an M-convex function lies on a hyperplane {z € Z : >,y x(i) = r}
for some r € Z and, accordingly, we may consider the projection of an M-convex
function along a coordinate axis. A function f : Z¥ — R U {400} is said to be an
ME-convex function [13] if the function f : Z{ON — R U {+00} defined by

) fa) i xo=— 3 a(i),
F(z0,2) = X
+o0o0  otherwise

is an M-convex function. The following proposition characterizes an Mf-convex
function [10, Theorem 6.2].

PROPOSITION 4. A function f : ZN — R U {+oo} is an M"-convex function
if and only if, for any x,y € dom f and i € supp™ (z — y),

F@) + £ly) = min{ fl@ = xs) + Fly + X0,

_ min f($—Xi+Xj)+f(y+Xi_Xj)}'
j€supp~ (z—y)

This proposition and the definition of D-convexity imply that an Mf-convex
function is Dy-convex with Dy = {£x; : 4 € N} U{x; —x; : ¢ # j}. Thus, by
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Proposition 1, if f: Z¥ — RU {400} is an M¥-convex function, then

flz) < {ﬂxiw A & f(z) < fy) forall yeZVN,

fle+xi—x;) forall 4,j€N

This result is reported in Murota [7]. Proposition 4 says that an M-convex function
is an Mf-convex function. Thus, an M-convex function is also Dy-convex.?
A function f : ZV — R U {4+oc} with dom f # 0 is said to be an L-convex

function [8] if
f@)+ fly) = f(@Vy)+ flzAy)

for all 2,y € Z~ and there exists r € R such that f(z 4+ 1) = f(z) + r for all
x € Z". Since an L-convex function is linear in the direction of 1, we may dispense
with this direction as far as we are interested in its nonlinear behavior. A function
f:ZN — RU{+0o0} is said to be an Li-convex function [4] if the function f :
ZAOYUN R U {+00} defined by

f(zo,z) = f(z — x01)

for zo € Z and = € Z" is an L-convex function. The following proposition charac-
terizes an Li-convex function [10, Theorem 7.7].

PROPOSITION 5. A function f : ZVN — R U {400} is an Li-convex function
if and only if, for any z,y € ZN with supp™(x —y) # 0,

f@)+ fly) = f@ = xs) + fly +xs) where S = argmax(z(i) —y(i)).

This proposition and the definition of D-convexity imply that an Li-convex
function is Dy,-convex with Dy, = {£xs: S C N, S # (}. Thus, by Proposition 1,
if f:ZN — RU{+oc} is an Lf-convex function, then

f(x) < f(x+xs) forall SCN & f(x) < f(y) forall yezZV.

This result is reported in Murota [9]. It is known that an L-convex function is
an Lf-convex function [10, Theorem 7.3]. Thus, an L-convex function is also Dr.-
convex.*

Murota and Shioura [13] introduced semistrictly quasi M-convex and L-convex
functions. It can be readily shown that a semistrictly quasi M-convex function is
semistrictly quasi Dyj-convex and that a semistrictly quasi L-convex function is
semistrictly quasi Dy-convex. Murota and Shioura [13] obtained the local optimal-
ity conditions for semistrictly quasi M-convex and L-convex functions, which are

weaker than those for Dyj-convex and Dy,-convex functions, respectively.

30ne can obtain the local optimality condition for M-convex functions by weakening that for
Mb-convex functions. See Murota [10, Theorem 6.26] for more accounts on this issue.

40One can obtain the local optimality condition for L-convex functions by weakening that for
Lf-convex functions. See Murota [10, Theorem 7.14] for more accounts on this issue.
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3.3. Discretely-convex and integrally-convex functions

For x € RN, let N(z) = {# € ZV : |z] < z < [2]} where |z] denotes the
vector obtained by rounding down and [z] by rounding up the components of x to
the nearest integers. A function f : Z"¥ — RU{+o0} is a discretely-convex function
[5] if, for any x,y € dom f, it holds that

M@+ =Nfw) 2 | min f() (e 0.1). ™)

Let Dy = {-1,0,1}\{0}. The following lemma connects a discretely-convex
function to a semistrictly quasi Da-convex function.

LEMMA 6. Let z,y € ZN be such that y € Da(z), x & Da(y), and Da(x) N
Da(y) NR(z,y) # 0. Then, N((z +y)/2) C Da(z) NDa(y) NR(z,y).

Proof. By the assumption, there exist d,d’ € Da such that y = 2 +d + d/,
d+d #0,and d+ d & Da. This implies that |d(i) + d’'(i)| < 2 for all i € N and
|d(i) + d'(i)] = 2 for some ¢ € N. Thus, if |[(d+d')/2] < § < [(d+ d')/2] then
§ € {-1,0,1}M\{0} = D4.

Let z € N((z +y)/2). Then, |(z+y)/2] <z <[(z+y)/2]. Thus, z € Da(x)
because (z +y)/2 = = + (d+ d’)/2. Similarly, z € Da(y). Since z € R(x,y), we
have N((z +y)/2) C Da(z) N Da(y) N R(z,y). |

Let z,y € dom f satisfy the condition in the above lemma. Assume that f is
discretely-convex. Then, we have

f(@)+ fly) > 2

min flz) =2 min
2EN((z+y)/2) 2€DA (2)NDa (Y)NR(x,y)

where the first inequality is due to (7) and the second inequality is due to Lemma 6.
This implies that (3) is true for all z,y € ZN with y ¢ Da(z), z € Da(y), and
Da(x) NDa(y) N R(z,y) # 0. Thus, we have the following proposition by Proposi-
tion 2.

PROPOSITION 7. A discretely-conver function is semistrictly quasi Da-
convez.

Therefore, by Proposition 1, if f : Z¥ — R is a discretely-convex function,
then

f(z) < flx+xs—xr) forall ST CN & f(x) < f(y) forall yeZV.

This result is reported in [5].

Favati and Tardella [3] introduced integrally-convex functions and showed
that these functions form a special class of discretely-convex functions. Thus, an
integrally-convex function is also semistrictly quasi Da-convex.
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