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A Spatial Web Graph Model with
Local Influence Regions

W. Aiello, A. Bonato, C. Cooper, ]. Janssen, and P. Pralat

Abstract.  We present a new stochastic model for complex networks, based on a spatial
embedding of the nodes, called the spatial preferred attachment (SPA) model. In the
SPA model, nodes have influence regions of varying size, and new nodes may link to a
node only if they fall within its influence region. The spatial embedding of the nodes
models the background knowledge or identity of the node, which will influence its link
environment. In our model, nodes can determine their link environment based only
on local knowledge of the network. We prove that our model gives a power-law in-
degree distribution, with exponent in [2,00) depending on the parameters, and with
concentration for a wide range of in-degree values.

[. Introduction

Current stochastic models for complex networks, such as those described in [Bon-
ato 08, Chung and Lu 06], aim to reproduce a number of graph properties ob-
served in real-world networks such as the web graph. On the other hand, ex-
perimental and heuristic treatments of real-life networks operate under the tacit
assumption that the network is a visible manifestation of an underlying hidden
reality. For example, it is commonly assumed that communities in a social net-
work can be recognized as densely linked subgraphs, or that web pages with
many common neighbors contain related topics. Such assumptions imply that
there is an a priori community structure or relatedness measure of the nodes,
which is reflected by the link structure of the graph.

A common method to represent relatedness of objects is by an embedding in
a metric space, so that related objects are placed close together, and commu-
nities are represented by clusters of points. Following a common text-mining
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technique, web pages are often represented as vectors in a word-document space.
Using latent semantic indexing, these vectors can then be embedded in a Eu-
clidean topic space, so that pages on similar topics are located close together.
Experimental studies [Menczer 04] have confirmed that similar pages are more
likely to link to each other. On the other hand, experiments also confirm a large
amount of topic drift: it is possible to move to a completely different topic in a
relatively short number of hops. This points to a model in which nodes are em-
bedded in a metric space, and the edge probability between nodes is influenced
by their proximity.

The spatial preferred attachment (SPA) model proposed in this paper combines
the above considerations with the often-used preferential attachment principle:
pages with high in-degree are more likely to receive new links. In the SPA model,
each node is placed in space and surrounded by an influence region. The volume
of the influence region is determined by the in-degree of the node. The volume of
each region is scaled by time, so the influence regions of nodes that do not gain
new links will steadily decrease in size. The decrease in the volume of influence
regions is motivated by the fact that the topic space grows over time. A new
node v can link to an existing node w only if v falls within the influence region of
u. If v falls within the influence region of w, then v will link to v with probability
p. Thus, the model is based on the preferential attachment principle, but only
implicitly: nodes with high in-degree have a large influence region, and therefore
are more likely to attract new links.

A random graph model with certain similarities to the SPA model is the geo-
metric random graph; see [Penrose 03]. In that model, all influence regions have
the same size, and the link probability is p = 1. Flaxman, Frieze, and Vera sup-
ply an interesting geometric model in which nodes are embedded on a sphere and
the link probability is influenced by the relative positions of the nodes [Flaxman
et al. 07]. This model is a generalization of a geometric preferential attachment
models presented by the same authors in [Flaxman et al. 06], which influenced
our model. Other geometric models for complex models are now emerging, such
as the inner product model; see, for example, [Young and Scheinerman 07].

There are at least two features that distinguish the SPA model from previous
models. First, a new node can choose its links purely based on local information.
Namely, the influence region of a node can be seen as the region where the
associated entity (such as a web page or scholarly paper) is visible: only entities
that are close enough (in topic) to fall within the influence region will be aware
of its existence, and thus have a possibility to link to it. Moreover, a new
node links independently to each node visible to it. Consequently, the new
node needs no knowledge of the invisible part of the graph (such as in-degree of
other nodes, or total number of nodes or links) to determine its neighborhood.
Second, since a new node links to each visible node independently, the out-degree
is not a constant nor chosen according to a predetermined distribution, but arises
naturally from the model.
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[.I. The SPA Model

We formally define the SPA model as follows. Fix parameters m € N, the
dimension, and p € [0,1], the link probability. In addition, fix three positive
constants Aj, As, and As such that pA; < 1. Let S be the unit hypercube in
R™, with the torus metric d(-,-) derived from the L., metric. In particular, for
any two points z and y in S,

d(z,y) =min {||lz — y + ul|oc : v € {~1,0,1}"}.

The torus metric is chosen so that there are no boundary effects, and altering
the metric will not significantly affect the main results of the paper. The Lo,
norm is chosen so that every point on the boundary of the unit cube has equal
distance 1/2 to the center of the hypercube. However, the norm could be easily
replaced by any of the L, norms, with changes only to some of the constants in
our main results.

For each positive real number oo < 1, and u € S, define the ball around u with
volume o as

Bo(u) ={z € S: dlu,z) <ry},

where r, = /™ /2, so 14 is chosen such that B, has volume a.

The SPA model generates stochastic sequences of graphs (G : ¢ > 0), where
Gy = Vi, Ep), and V; C S. Let d™(v,t) be the in-degree of node v in Gy, and
dT (v,t) its out-degree. We define the influence region of node v at time ¢ > 1,
written R(v,t), to be the ball around v with volume

Aldi (’U, t) + AQ

[R(v.1)] = =0

or R(v,t) = § if the right-hand side is greater than 1.

The process begins at ¢ = 0, with Gy being the empty graph. Time step ¢, for
t > 1, is defined to be the transition between G;_; and G. At the beginning of
each time step ¢, a new node v; is chosen uniformly at random (uar) from S, and
added to V;_1 to create V;. Next, independently, for each node u € V;_; such
that vy € R(u,t — 1), a directed edge (v, u) is created with probability p. Thus,
the probability that a link (vy,u) is added in time step t equals p|R(u,t — 1)].
See Figure 1 for a drawing of a simulation of the SPA model.

Because new nodes choose independently whether to link to each visible node,
and the size of the influence region of a node depends only on the edges from
younger nodes, the distribution of the random graph G,, produced by the SPA
model with parameters A;, Ao, A3, p, m is equivalent to the graph G4 4, pro-
duced by the SPA model with the same values for Ay, As, p, m, but with Az = 0,
where the first Az nodes have been removed. Since the results presented in this
paper do not depend on the first nodes, we will assume throughout that As = 0.
In the rest of the paper, (G; : t > 0) refers to a sequence of random graphs
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Figure 1. A simulation of the SPA model on the unit square with ¢ = 5000, p = 1,
and Al = l,AQ = 0.

generated by the SPA model with parameters A1, Ao, p, and m, and we assume
that Az = 0. We use the notation [n] for {0,1,...,n}. All logarithms are in
base e.

1.2.  Main Results

We now state our main results on the SPA model, with proofs deferred to the
next section. We first prove that with high probability a graph G,, generated
by the SPA model has an in-degree distribution that follows a power law. See
Figure 1 for the in-degree distribution of a simulation of the SPA model. We say
that an event holds asymptotically almost surely (aas) if it holds with probability
tending to one as n — oco. An event holds with extreme probability (wep) if it
holds with probability at least 1 — exp(—O(log®n)) as n — co. We will often
use the stronger notion of wep in favor of the more commonly used aas, since it
simplifies some of our proofs. If we consider a polynomial number of events that
each holds wep, then all events hold wep. Let N;; denote the number of nodes
of in-degree i in G;. For an integer n > 0, define

pAL
n > ipA;f2

log®n

ig = is(m = (
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Theorem I.l. Fiz p € (0,1]. Then for any i >0,

E(Nun) = (1 + 0(1))01‘”,

where
1
e — 1.1
Co 1—|—pA27 ( )
and for 1 <i<nmn,
; i—1 .
PR — T (1.2)
" 14 pAs +ipA; o L+ pAs +jpAr’ '

Fori1=0,...,if, wep

Nipn=(1+0(1))cin.

Since ¢; = (1 +0(1))ci7(1+ﬁ) for some constant ¢, this shows that for large ¢,
the expected proportion N; ,,/n follows a power law with exponent 1+ ﬁ, with
concentration for all values of ¢ up to iy. If pA; = 10/11, then the power law
in-degree exponent is 2.1, the same as observed in the web graph (see [Bonato
08, Chung and Lu 06]).

The previous result characterizes the distribution of in-degrees in the graph.
The total number of nodes of a given in-degree (smaller than i¢) is tightly con-
centrated around its mean. In the next result, we give a precise expression for
the probability distribution of the in-degree of the individual node v; born at
time 4, in the case that pA; < 1. No concentration result can be obtained here,
but part (¢) does give a bound on the maximum value that the in-degree of any
particular vertex can reach.

For v; the node added at time step j, let d” (v;,n) be the in-degree of this
node at the end of time step n.

Theorem 1.2. If 0 < pA; < 1, then the following hold:

(a) For1<j<n(l—log 'n) and 0 <1< +/jlog~'n or for n(1 —log ' n) <
j<nandl=0,1,

P(d™ (vj,n) =1) = (14 O(log ™" n)) (l + (A2/ZA1) - 1) <%>”A2

« (1 - (%)Ml (1 +O(log_1n))>l.
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(b) Forn(l—log™'n)<j<mn andl>2,

l(A2/A1)—1>

(¢) For all K >0,

P (There exists j <n:d” (vj,n) > K(log n)Z(n/j)pAl) -0 (ane_ls) .

Theorem 1.2(c) implies (taking K = log?n) that wep every node v; has in-
degree at most (n/§)P4* log* n. If we are interested in an event that holds aas,
then every node v; has in-degree O((n/§)P41 log® n). Conditional on this, items
(a) and (b) characterize the distribution of d~(v;,n) for all j > log®n when
pA; < 1/2, and for j > nP41=1/210g® n when pA; > 1/2.

Let M; = |E;|, the number of edges in G, and let m; = E(M;). Then we have
that

t A di
E(Myy1 | My) = M; + ZP !

J=1

L)+ A A M,
(©3,%) 2:Mt+p1t t+pA23

t

and so m; =0, and for t > 1,

A
Myl = My (1 + l%) + pAs.

The (first-order) solutions of this recurrence are

pAs

n, pA; <1

T_pA; 'L )
mnw{ P

nlogn, pA;=1.

Theorem 1.3. If pA; < 1, then aas the number of edges is concentrated around its
expected value:
M, = (14 o(1))m,,.

An important difference between the SPA model and many other models is
that the out-degree is not a parameter of the model, but is the result of a
stochastic process. Using the expression for m,, above, we can easily derive
the expected out-degree of a vertex v;. For example, this out-degree equals
pAa/(1 — pAy1) + o(1) if pA; < 1. Since the expected out-degree is small, we
do not expect concentration. The next result gives bounds for the maximum
out-degree in the graph.
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Theorem 1.4. Asymptotically almost surely,

logn
o m) >
[nax deg™ (v;,n) > (14 0(1))p10g10gn'

However, aas all nodes have out-degree O(log®n).
Theorem 1.5. Asymptotically almost surely, deg™ (v,,n) = O(log?n).

From Theorem 1.2, the number of nodes of in-degree zero in a graph generated
by the SPA model in G,, is linear in n. In addition, with positive probability a
new node will land in a part of S not covered by any influence regions, and thus
have out-degree zero. Therefore, the underlying undirected graph of G,, is not
connected. In fact, we expect that for the majority of distinct pairs u, v, there
will not be a directed path from u to v.

2. Proofs of Results

This section is devoted to the proofs of the theorems outlined in the previous
section.

2.1.  Proof of Theorem 1.l

The equations relating the random variables N; ; are described as follows. Since
G consists of one isolated node, No; =1, and N;; =0 for ¢ > 0. For all t > 0,
we derive that

A
E(No41 — Not|Gy) =1 — NO,tpTzv (2.1)
A1(i— 1)+ As Ari+ Ay
S e —

E(Ni 41 — Nit|Ge) = Ni—1,4p n

— pNi, (2.2)

Recurrence relations for the expected values of IV; ; can be derived by taking
the expectation of the above equations. To solve these relations, we use the

following lemma on real sequences, which is [Chung and Lu 06, Lemma 3.1].

Lemma 2.1. If (a), (B¢), and (y¢) are real sequences satisfying the relation

Qpq1 = (1 - %) Qg+,

and lim; oo Bt = S > 0 and limy o0 ¢ = 7, then limy_,o i/t exists and equals

v/(1+5).
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Applying this lemma with a; = E(No.), 0 = pAa, and 4 = 1 gives that
E(No.t) = cot +o(t) with ¢ as in (1.1). For ¢ > 0, the lemma can be inductively
applied with

A(i—1) + Ay

ar =E(Nit), pr=p(Aii+Az), and v =E(Ni—1,) ;

to show that E(N; ;) = ¢;t + o(t), where

A(i — 1) + Ay
_1p1 +p(A1i + Ag)

C; = C;

It is straightforward to verify that the expression for ¢; as defined in (1.1) and
(1.2) satisfies this recurrence relation.

We prove concentration for N;; when ¢ < i; using a relaxation of Azuma-—
Hoeffding martingale techniques. The random variables V;; do not a priori
satisfy the c-Lipschitz condition: it is possible that a new node may fall into
many overlapping regions of influence. Nevertheless, we will prove that devia-
tion from the c-Lipschitz condition occurs with exponentially small probability.
The following lemma gives a bound for |N; 1 — N;+| that holds with extreme
probability.

Lemma 2.2. With extreme probability, the following inequality holds for all 0 <t <
n— 1
|Nit11 — Nig| < 2(Avi+ Ag)log?n, for0<i<t.

Proof. Fix ¢, let ¢, j <, and let X (4,t) denote the indicator variable for the event
that v; has degree i at time ¢ and v;41 links to v;. It follows that

t
Nigs1— Niw =Y X;(i—1,6) = Y X,(it),
=1 =1

and so

-

Il
=

t
[Nii1 = Nogl < max (30,6 - 1,6, > X, (1)) (2.3)
j=1

J

Let Z;(i,t) denote the indicator variable for the event that v;yq is chosen in
the ball of volume (Ayi 4+ Az)/t around node v;. Clearly, if X;(i,t) = 1, then
Z;i(i,t) = 1 as well, so X;(i,t) < Z;(i,t). Thus, to bound |N;y1 — Ny it
suffices to bound the values of Z(i,t), where

t

Z(i,t) =Y Z;(i,t).

Jj=1



“imvol5” — 2009/7/14 — 11:12 — page 181 — #9

Aiello et al.: A Spatial Web Graph Model with Local Influence Regions 18l

The variables Z;(i,t) for j = 1,...,t are mutually independent. To see this,
we can assume the position of vyy; to be fixed. Then, the value of Z;(i,t)
depends only on the position of v;. Since the position of each node is chosen
independently and uniformly, the value of Z;(i,t) is independent of the value of
any other Z; (i,t) where j # j'. Therefore, Z(i,t) is the sum of independent
Bernoulli variables with probability of success equal to

 Agyi+ A

P(Z;(i,t) = 1) :

Using Chernoff’s inequalities (see, for instance [Janson et al. 00, Theorem 2.1]),
we can show that wep Z(i,t) < Aji+ As+ (Ari+ As) log2 n < 2(A1i+ As) 1og2 n.
Using these bounds, the proof now follows, since by (2.3),

|Ni7t+1 — Ni7t| < max(Z(i — ].,t), Z(l,t)) O

We mention that Theorem 1.5 can be used to improve the upper bound for
|Niw — Nin—1] to O(log2 n), since the maximum change cannot be greater than
the out-degree of vertex v,.

To sketch the technique of the proof of Theorem 1.1, we consider Ny, the
number of nodes of in-degree zero. We use the supermartingale method of [Pittel
et al. 96], as described in [Wormald 99].

Lemma 2.3. Let Go, G, ..., Gy, be a random graph process and X; a random variable
determined by Go,G1,...,G¢, 0 < t < n. Suppose that for some real 8 and
constants vy;,

E(Xt — X1 | Go, Gy, ..., Gt—l) < g

and
| X — X1 — B <
for 1 <t <n. Then for all « > 0,

2
P(forsometwithOStgn:Xt—XoZtﬁ—i—a)gexp(— e 2).
227;‘

Theorem 2.4. With extreme probability, for every 1 <t < n, we have that

t
No¢

= Ty T On'?log*n) = ot + O(n'/*log™n)

Proof. We first transform Nj, into something close to a martingale. It provides
some insight if we define a real function f(z) to model the behavior of the
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scaled random variable %No,m. If we presume that the changes in the function
correspond to the expected changes of the random variable (see (2.1)), we obtain
the differential equation
pA3

f’(ﬂﬁ) =1- f(ﬂf)T
with the initial condition f(0) = 0. The general solution of this equation can be
put in the form
pltpAz

=C
14 pAsy

)t

Consider the real-valued function
xl-‘,—pAz

1+ pAs

(note that we expect H(t, No+) to be close to zero). Let w, = (¢, No.), and
consider the sequence of random variables (H(w;) : 1 < ¢ < n). The second-
order partial derivatives of H evaluated at w; are all O(tP42~1). Therefore, we
have

H(z,y) = aP2y — (2.4)

H(Wt_;,_l) - H(Wt) = (Wt-‘rl - Wt) . grad H(Wt) + O(tpA2_1), (25)

where “” denotes the inner product and grad H (w:) = (Hz(wy), Hy(wy)).
Observe that from our choice of H, we have that

E(wiy1 — we | Gy) - grad H(wy) = 0.
Hence, taking the expectation of (2.5) conditional on Gy, we obtain that
E(H(Wei1) = H(wi) | Gp) = Ot 7).
From (2.5), noting that
grad H(wy) = (pAgtpArle — tpA2,tpA2) ,

and using Lemma 2.2 (and the comment after the lemma) to bound the change
in No,;, we have that wep

|H(wiy1) — H(wy)| < tP220(log?® n) + O(tP42) = O(tP2 log” n).

Now we may apply Lemma 2.3 to the sequence (H(w;) : 1 <1i < n), and sym-
metrically to (—H (w;) : 1 < i < n), with a = n'/2tP42]0g® n, g = O(tPA2~1),
and v; = O(tPA2 log? n), to obtain that wep

|H(w:) — H(wo)| = O(n'/>*742 log® n)
for 1 < ¢ < n. Since H(wg) = 0, this implies from the definition (2.4) of the
function H, that wep

Not + 0(n'?log®n)

T 1+ pAs
for 1 <t < n, which finishes the proof of the theorem. O
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We may repeat (recursively) the argument as in the proof of Theorem 2.4 for
N; ¢+ with 4 > 1. Since the expected change for N, is slightly different now (see
(2.2)), we obtain our result by considering the following function:

p(Ai(i —1)+ A2)$1+p(A1i+A2).

H _ op(AritAz), i
(T, y) =x Y G A 1 Ay

Using this function, we may show by similar arguments as in the case ¢ = 0 that
wep
Nin = cin+ O(in'/?log® n).

We therefore obtain concentration for all degrees i up to

PAY
) n IpA1 T2
Zf = s
log8 n

3 3pA;+1 4pA,+6
log® n = ni4+2 JogpAi1+2 n

3pA1+1 4pA1+6+1
=0 (n4pA1+2 10g4pA1+2 TL)

—(14+ -1
=0 <Zf( +pA1)n) = O(Cifn)'

since

inl/?

2.2.  Proof of Theorems 1.2 and 1.3

We present the proofs of the results on the in-degrees of individual nodes and
the number of edges.

Proof of Theorem 1.2. To simplify notation let n = A1p, v = Agp, and £ = Ay /A;.
Let the node added at time step v be denoted by v, and treat the current time
step (given as n above) as t. Let P(d~(v,t) = [) denote the distribution of the
in-degree of node v at the end of time step ¢.

The indicator variable X (¢t + 1) for an increase in d~ (v,t) by receiving a link
from vgy1 is a Bernoulli random variable with parameter p(Aid~(v,t) + As)/t.
Thus,

nj+v
-
nj +v
P

P(X(t+1)=0|d (v,t) =) =1 (2.6)

P(X(t+1)=1|d (v,t) =j) =

(2.7)

Let v,t be fixed, suppose d™ (v,t) =, and let T = (T}, j =1,...,1) denote the
time steps T (if any) at which the degree of v changed. Let T = (71,...,7)
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denote a particular value of T, so that 7; is the time step at which d~ (v, 7;)
changed from j — 1 to j. For v <7 <t let
J={r:m<mn<- <7}
be the sequences of possible transitions. Hence,
P(d (v,t)=1)= > P(T=r).
TeJ
Let
\I/j = ]P(X(T) =0, for all T < T < Tj+1),
with 7 < T < 749 =t when j = 1. If 7544 = 75 + 1, then let ¥; = 1. If
Tj+1 > 7j + 2, then from (2.6) we have that
njt+v
U, = 1-— .
- I ()
T;<T<Tji1
Define w = logt. Since | < y/v/w, then (nj +v)/t < (nl +v)/v = o(1), so that
] ity i2
MWy mro(l)
t
Let
o(r,j) = 5°/. (2.8)
Then
. 1 .
vi=exp((-mi+v) D7) - 06(m.4)
T;<T<Tji1
7 nj+v
(%) o6,
J+1
For0 <j<i-1,1let ®;(t+1) =PX(t+1)=1]d (v,t) =3). Thus from
(2.7), we have
Di(t+1) = 77‘7:”.
Let ®; = ®(7j41), and let ®; = 1. Let F(7) denote P(d~ (v,t) =l and 7). Let
P(T; = 7; | Tj—1 = 7j—1) be the probability that the transition to j occurs at
7j given the transition to j — 1 at 7;_;. Hence,
1 1
F(’T) = \I/l HP(TJ =Tj | Tj,1 = ijl) = H\IJJ q)j.
Jj=1 j=0
—®
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Ignoring for the moment the multiplicative error terms, we see that F(7) is given
by
(1>V v <T_1)77+V - (Tl_l>n(ll)+1/ n(l=1)+4v (E)nl+u
T1 T1 T2 T2 Tl Tl t '
Recall that £ = v/n. We cancel repeated values of 7; to give
Pir) = @+ 0t LD (2 22 (14 0(s(r )
T) = ) F(&) n o 4 ’7—]7.7 .
Thus,
_ Tl+¢€) ru\~
P t)y=1=(1 ——= (=) P 2.
(@ (w0 =)= (1+066:0) —5- (5) P (2.9)
where
nr !
Pi=> [[—5—0+00(m.9)
Ted j=1
For b; > 0 we have that
k
(by + - ) = (B2 -+ b2) 2)<bv+-- T byt
<KL D biybiy < (by oo+ bR
i <oy
Replace the term 6(7;, j) in F(7) with §(7;,) and let
n—1
b = (14 0((r,) T,
tn
so that
1
Pi=5 {(bo+ -+ b)) —O*)(b” + -+ b)) (by + -+ b)) 2}
Using (2.8) and recalling that I < \/v/w,
!
by -4 by = Z o (1+0((r,1)))
<7<t
G (o
B t t v
v\ "
=1-(3) (tro).
An upper bound for Py, and hence P(d~ (v,t) = 1), follows.
—®
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For 1 <v <#(1—1/w) and [ < y/v/w we prove below that

Z}bf =0 (#) <Tzivb7>2. (2.10)

We therefore have that
l

A=0+0() 3 (1-(5) 1+o@1)) (2.11)

Inserting this estimate for P, into (2.9) completes the proof of Theorem 1.2(a).
As remarked in the previous paragraph, (2.11) is an upper bound for P; for any
I < \/v/w, which completes the proof of Theorem 1.2(b).

Returning to the proof of (2.10), let

2 1 (v\27 1
% (5 (H)" - z) SRS
g(v,t) = { 4 log(t/v), n=
2

2
27777—1 _%(%) n)’ n>

N[ = N

/
=

Using § = O(1/w) we have that
by® + - +b7=(1+0(2))gv, ).
It follows by direct examination that vg(v,t) = O(1). Since | < \/v/w, we have
g(v,t) = O(1/w?). However, . b; > O(1/w) for v < (1 —1/w), and the result
follows.
We now prove Theorem 1.2(c). Let X; = d~(v,t). By Markov’s inequality, for

h >0,
P(X; > a) = P(e"Xt > ) < e MR Xt (2.12)

Let Y; be an indicator variable for the increase of in-degree of v at time step
t+ 1. Then X411 = Xy +Y;, where

p(X¢+1)

Pi=1 ="

)

and (X, +1)
g _ P
E (hY |Xt)—1+t:_71(eh—1).

Assume that 0 < h < 1 (proved below in (2.14), so that e < h + h%. Then
E (ehxf“) =E (thtehYt)
e

< (R (tht(”t%(”h))) . (2.13)
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Let € =9/w, and let
h_ 1 (U)p(1+2€)

Let hy = h and for v + 1 < s <t define hs_1 by
hot = he (1+ 2014 0y)).
s

so that

Let ¢, = max(h, : 7 = v,...,h) and assume (proved below in (2.14)) that
€ <e<l.
Iterating expression (2.13) and noting that Ee»X» =1 as X, = 0, we have

Ee"X* < exp (pi M) < exp (p(l +€) Z %)

However, since 1/s+---4+ 1/t <1/s+logt/s, we have

t 1+4¢€) 2
1 t p(
he <hesp( Y w) < he? (—) << <y, (2.14)

T S
T=s+1

for ¢ > 9.
We therefore have that

1

hXt 24p(14€)
<exp<hp1+e tP ZSH'P +)>
p(1+e)
1
p(h( <1+p7( ;€)>>
e4
w
1
’ ( )
w
Let @ = Kw?(t/v)P. By (2.12) and (2.14) we have that
P(X; > a) = (1+o(1))e "

— O(1) exp ( Ko (t)zpe)
-0 (t*Ke_lS).

This completes the proof of item (c), and completes the proof of Theorem 1.2.

| /\

1+
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Proof of Theorem 3. We count the number of edges by counting the in-degree of
nodes. Our approach is as follows: by Theorem 1.1, wep for ¢ < iy the number
of nodes N; ,, of in-degree 7 at time n is concentrated.

Let a be the solution of (n/a)?** = i; and let w’ = (K log®n)'/(P41) be the

SOhlliOIl Of
( nl) " (n) ’
aw a

where K > 4e'8. From Theorem 1.2(c), with probability 1 — O(n~2) no node
v > aw’ has degree exceeding is. Let

:ZEN1771— 1+0 ZNzna

i<iy i<if

and let

’
aw

A(n) = Zd_(vj,n).

j=1

We prove, conditional on Theorem 1.2(c), that A(n) = o(m,), and thus the
number of edges is concentrated around m,,. We have that for pA; < 1,

A(n) =Y d (vj,n)

Jj=1

=207

-o( ()" )
aw
_ ( PA1 1 2/(pA1) n)

(:DAl 1)/(4pA1+2)

10g2/ (PA1) ),
log n

pOPAI+D)/(ApA1+2) 1502/ (PAL) )

However, p(n) > cn for some constant ¢ > 0, so A(n) = o(p(n)), and the assertion
follows. 0

2.3.  Proof of Theorems 1.4 and 1.5

We now give the proofs of the results on out-degrees in the SPA model.
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Proof of Theorem 1.4. Partition the interval [0, 1] into [2(n/A2)'/™] subintervals of
equal length. Hence, the unit hypercube is partitioned into

h=2"n/As +On™ /™) = (14 0(1))2™n/As

identical hypercubes. (We expect each hypercube to contain a constant number
of nodes.) We will show that aas there is a hypercube containing %gol% nodes.
Fix ¢ € R and suppose that

logn
k=k(n)= 1+¢,
(n) 1oglogn( +en)

such that

lim (k +1/2)(logk + mlog2 —log Az — 1) = logn + c.

n—oo

Note that k = lolgofgogn(l + O(logloglogn/loglogn)) = (1 + 0(1))101;{50271.

The probability ¢ that any fixed hypercube contains exactly k nodes is equal

to
(@G 0-5)
oy (22 (22
v (22) e (22).

Using Stirling’s formula k! = (1 4 o(1))v/27k(k/e)¥, we obtain that

2m EAQ k+1/2 A2 1
= (1+o0(1 o2 22 -
¢= 1+ 5 <2mk> eXp( om 2)

m

2
27TA2

exp <—(/€+ 1/2)(logk + mlog2 —log Ay — 1) — A2 1)

= (1+0(1)) -

2m AQ 1
=(1+o0(1 —1 e 12 _ =
( o(1)) 21w Ay 5P ( cgn—c 2m 2)

1/ 2m Ay 1
_(1—1—0(1))5 2ﬂA2exp<—c—2—m—§>.

It follows that the expected number of hypercubes with exactly k£ nodes is tending

to 32
1 2m Ay 1
A—hq——%(z) exp(—c—z—m—§>.
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Now let A; (1 < ¢ < h) denote the event that the ith hypercube contains

exactly £ nodes, and let Sj, = Z?:l 14, be the number of events that actually
occur (S}, is a random variable). Finally, let

Bl= > P(h%).

1<ji<--<i<h 1=1

We already showed that limp_. o B{L = \. It is also not difficult to see that for a
fixed value of [,

)\l

ﬂ .

Therefore, S}, is tending to a random variable with Poisson distribution; that is,

lim B =
h—oo

/\l
Jim (S, =1) = ﬁe_)‘.
In particular,
lim P(S, =0) = e .

h—o0

Since ¢ — —oo for k = kg = 1olgoignv

Since all nodes have the volume of the ball of influence at least Asy/n during
the whole process up to time n (deterministically), the last node v added to K
falls into balls of influence of all other nodes inside K (observe that the volume
of K is at most 27 Ay /n, so this holds even if v lies on the boundary of K).
Thus, Edeg™ (v,n) > pko.

To finish the proof, we use the fact that a sum of independent random variables
with large enough expected value is not too far from its mean (see, for example,
[Janson et al. 00, Theorem 2.8]). It follows that if € < 3/2, then

aas there is a hypercube K with kg points.

2
P (|deg® (v,n) — Edeg™ (v,n)| > eEdeg™ (v,n)) < 2exp (—%Edeg*(v, n)) .

(2.15)
Setting
€= 1/\3/Edeg+(vi, n),
we obtain that aas
deg™ (vi,n) = (14 O(€))Edeg™ (vi, n),
and the assertion follows. 0

Proof of Theorem 1.5. Since the node v,, is chosen uar from the unit hypercube (note
that the history of the process does not affect this distribution) with the torus
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metric, without loss of generality, we may assume that v, lies in the center of
the hypercube. For 1 < i < n, let X; denote the indicator random variable of
the event that v; lies in the ball around v,, (or vice versa) with volume

a = 2 PAipPAIT L 6e%
By Theorem 1.2(c), we have that aas
d~(v;,m) < (n /i)™ logn,

for all ¢ € [n]. Hence, aas for all i € [n — 1], X; = 0 implies that v,, is not in the
influence region of v; and there is no directed edge from v,, to v;. Therefore, aas
we have that

n—1
deg® (v,,n) < Z X;.
i=1
Since
n—1 n—1
IE( Z Xi) = Z O(i~PAhippAi=1log? p)
i=1 i=1
n—1
= O(n”Al_1 log®n Z i_pAl)
i=1
= O(log’ n),
the assertion follows from the Chernoff bound (see (2.15)). 0

3. Generalizations

Several variants of the SPA model may be proposed, and for each variant, it
would be interesting to pursue a rigorous analysis of the degree distributions.
One such variation is the generalized SPA (or GSPA) model, which allows more
control of the out-degree. In the GSPA model, nodes are distributed on the
hypercube as in the SPA model, but now receive two regions of influence. Each
node v at time step ¢ is assigned both an in-degree influence region with volume

A_+ B_d (v,t)
t )
where A_ and B_ are nonnegative constants and d~ (v, t) is the in-degree of v
at time ¢, and an out-degree influence region with volume

A4,+%B+d+(v,ﬂ
t Y
where Ay and By are nonnegative constants and d* (v, 1) is the out-degree of v
at time ¢.
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Edges are now added with probability p between any pair of nodes whose
regions interact by a predetermined rule. An important difference between this
and the SPA model is that at every time step all nodes can potentially receive
out- and in-edges. This implies that graphs generated by the GSPA model can
have cycles, and edges that go from younger to older nodes.

We describe three rules for the generation of edges.

Intersection rule. If the in-degree influence region of node v has a nonempty
intersection with the out-degree influence region of node w, then the di-
rected edge (u,v) is added.

Disjunction rule. If node u is contained in the in-degree influence region of
v, or node v is contained in the out-degree influence region of u, then the
directed edge (u,v) is added.

Conjunction rule. If node w is contained in the in-degree influence region of
v, and node v is contained in the out-degree influence region of u, then the
directed edge (u,v) is added.

One of the rules is chosen (or some combination of them, depending on the
motivating application), and edges are added according to the rules. Observe
that the disjunction rule is the closest to the SPA model with Ay = Bous = 0.
Note that edges may well be added between pairs of older nodes in a given time
step, not just between the new node and the older nodes. The SPA model also
has a fairly small bound B on the out-degree with high probability (see Theorem
1.5). This implies that the graphs so generated have tree width at most B with
high probability, which does not accurately model the large tree width observed
in the web graph (see [Aiello et al. 01]). The GSPA model may be converted
into an undirected model. In this model, there is an influence region based on
degree. An edge is added between two nodes according to an overlap rule. The
overlap rules above are easily modified to the undirected case.
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