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OMEGA-CATEGORIES AND CHAIN COMPLEXES
RICHARD STEINER
(communicated by Ronald Brown)

Abstract

There are several ways to construct omega-categories from
combinatorial objects such as pasting schemes or parity com-
plexes. We make these constructions into a functor on a cate-
gory of chain complexes with additional structure, which we
call augmented directed complexes. This functor from aug-
mented directed complexes to omega-categories has a left ad-
joint, and the adjunction restricts to an equivalence on a cat-
egory of augmented directed complexes with good bases. The
omega-categories equivalent to augmented directed complexes
with good bases include the omega-categories associated to
globes, simplexes and cubes; thus the morphisms between these
omega-categories are determined by morphisms between chain
complexes. It follows that the entire theory of omega-categories
can be expressed in terms of chain complexes; in particular we
describe the biclosed monoidal structure on omega-categories
and calculate some internal homomorphism objects.

1. Introduction

This paper is a contribution to the theory of strict w-categories. In the past,
w-categories have been constructed from combinatorial structures such as past-
ing schemes, parity complexes or directed complexes; see Johnson [6], Power [9],
Steiner [10] and Street [12]. The constructions are not really functorial, although
there are ways to produce non-obvious morphisms; see Crans-Steiner [4]. The com-
binatorial structures can be regarded as bases for chain complexes, as observed by
Kapranov and Voevodsky in [7]. We will reinterpret the constructions as a functor on
a category of chain complexes with additional structure called augmented directed
complexes, and we will show that the functor has a left adjoint. The adjunction
is related to the well-known equivalence between the categories of chain complexes
and of w-categories in the category of abelian groups; see Brown-Higgins [3] for
instance.

In the earlier treatments, it is shown that combinatorial structures which are in
a suitable sense loop-free produce free w-categories. The functorial version of this
result says that the adjunction restricts to equivalences between certain pairs of full
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subcategories. The augmented directed complexes concerned are free chain com-
plexes with good bases, and the corresponding w-categories have good sets of gen-
erators. These w-categories include those associated to globes, simplexes and cubes,
which determine the entire theory of w-categories (see Al-Agl-Brown-Steiner [1],
Al-Agl-Steiner [2] and Street [11]); thus the theory of w-categories can be described
in terms of chain complexes. In particular the biclosed monoidal structure on w-
categories can be described in terms of chain complexes, and we will calculate some
internal homomorphism objects. Homomorphisms between these w-categories have
been studied by Gaucher in his work on higher-dimensional automata [5].

The adjunction between w-categories and augmented directed complexes is de-
scribed in Section 2, bases for augmented directed complexes are described in Sec-
tion 3, generating sets for w-categories are described in Section 4, the equivalences
between subcategories are described in Section 5, relations with earlier work are de-
scribed in Section 6, and the applications to the theory of w-categories are described
in Section 7.

2. The adjunction

In this section we describe the adjunction between w-categories and augmented
directed complexes. First we define the categories involved. For w-categories we use
the following description and notation.

Definition 2.1. An w-category is a set with unary source and target operators d,, ,
dg ,dy, df, ... and not everywhere defined binary composition operators
(:Cay) Hx#oyv (xay) l—>£L’#1 Y, -

such that the following hold:
(i) @ #, y is defined if and only if dfx = d y;
(ii) for every z there exists n such that d;x = dfz = x;
(iii) for any x,

d°

m

P — {d'fnx %f m < n,
ddx  ifm>n;
(iv) for any z,
d x#,v=a#,dz=ux;
(v) if & #,, y is defined then
Ao (x #ny) = dox =doy = dox #, doy for m < n,
d, (z#ny) =d,x,
df (@ #ny) = dy,
ay (x #, y) = diy,x #,, doy for m > n;
(vi) for any n,
(T #ny) #n 2= #n (y#n 2)
if either side is defined;
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(vii) if m < n then

(x #n y) #m (wl #n y/) = (Z #m 1'/) #n (y #m y/)

when the left side is defined.
A morphism of w-categories is a function commuting with the source, target and
composition operators. The category of w-categories is denoted w-cat.

Let C be an w-category. It generates an w-category object C’ in the category of
abelian groups, which is equivalent to a nonnegatively graded chain complex K
by [3]. On C’ there are two pieces of additional structure: the homomorphism
C' — Z induced by the morphism from C to the one-element w-category, and
the submonoid generated by the image of C' (a submonoid of an abelian group is
a subset containing zero and closed under addition). Correspondingly, it turns out
that the chain complex K is augmented and has a distinguished submonoid in each
chain group. A chain complex with this kind of additional structure will be called
an augmented directed complex.

Definition 2.2. An augmented directed complex K is an augmented chain complex
(K, 0,¢€) of abelian groups concentrated in nonnegative dimensions, together with
a distinguished submonoid K of the chain group K, for each n. A morphism of
augmented directed complexes from K to L is an augmentation-preserving chain
map f: K — L such that f(K}) C L} for each n. The category of augmented
directed complexes is denoted ADC.

Similar structures have been studied by Patchkoria in [8].
In order to construct the functor from w-cat to ADC, we first recall the standard
filtration for an w-category.

Proposition 2.3. Let C be an w-category. Then C is the union of an increasing
sequence of sub-w-categories denoted Cy C Cy C ..., where

Co=d,C=d/C={zeC:djx=a}={zeC:dfz=a}.

Proof. The four definitions for C,, are consistent because d2d® = d%. The C,
are sub-w-categories by Definition 2.1(iii) and (vi). They form an increasing se-
quence because dff = dg 4+1dy, and C' is the union of the sub-w-categories by Defini-
tion 2.1(ii). O
The filtration of Proposition 2.3 is such that the composition operators #,, are
trivial in C,, for m > n; thus C,, is an n-category.
We now use the filtration to construct a functor from w-cat to ADC.

Definition 2.4. The functor \: w-cat — ADC is defined as follows. Let C be an
w-category. Then the chain group (AC),, for n > 0 is generated by elements [z],, for
x € C), subject to relations

[‘r #m y]n = [{E]n + [y]n for m < n,
the boundary homomorphism 9: (AC),+1 — (AC),, for n > 0 is given by

Olzlp1 = [d:{x]n — [d;, ],
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the augmentation e: (AC)o — Z is given by
6[1’]0 = ].,
the distinguished submonoid (AC)% is the submonoid generated by the elements [z],,.

To justify this definition, we make the following observations. First, if x € C),41
then the d%x are members of C,,, so the difference [d;} x|, — [d, x|, is a member of
(AC)y,. If © #,, y is a composite in C, 41 then

[dy (@80 y)ln—dy, (@#0y)]n = [dy yln—dy 2ln = ([dy 2ln—dy 2]n)+([d7 yln—[d;, yln)
because dfz = dy, and if x #,, y is a composite in Cp,41 with m < n then

[dy (x #m )]n — [dy (@ #m 9)]n = [y @ Fm A yln — [dr @ Fm dy Yl
([dy 2] + [dyln) — ([dy 2]n + [y, y]n)
(4}l = ldala) + (145510 — ldy )
therefore 9: (AC)p41 — (AC),, is a well-defined homomorphism. There are no rela-
tions on (AC)g, so €: (AC)g — Z is a well-defined homomorphism. The composites
90: (A\C)py2 — (AC),, are trivial because d2d, ,, = d%d;’,,, and the composite
€d: (AC)1 — Z is obviously trivial. Finally, A is obviously functorial.

We make the following observation.

Proposition 2.5. If C is an w-category and x € Cy, with m < n, then [z], =0 in
(AC)..

Proof. This holds because
[]n = [ #m dv—;x]n = [z #m 2ln = [2]n + [2]n-
O

We will now go from chain complexes to w-categories. We first define a functor p
from arbitrary chain complexes to w-categories in the category of abelian groups.
It is the equivalence given implicitly in [3], and it may also be regarded an additive
version of Street’s construction [12].

Definition 2.6. The functor p from chain complexes to w-categories in the category
of abelian groups is defined as follows. Let K be a chain complex. Then uK is the
abelian group of double sequences

= (zy,o], 20, 27,...)
such that
z, € K, and 2 € K,,,
x, =} =0 for all but finitely many values of n,

Iy .
xf —x, =0x, = 0x} , forn > 0;

if x € uK then

o, - .t - + a o .
dor = (xy,T0,., Tp_1,Tp_1, T, 25, 0,0,...);
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if dfx =d, y=z, say, in uK then
THny=2r—2+y

— — + - + - - + +
*(9307 Yoo, -+ Ty Yn> xn+1+yn+1’ mn+1+yn+17"')'

It is straightforward to check that p is a well-defined functor. We extend the
filtration of puK given in Proposition 2.3 by writing (uK)_1 = 0, and we get the
following result.

Proposition 2.7. Let K be a chain complexr and let n be a nonnegative integer.
Then z,, = x} for x € (uK),, and the homomorphism x — z%: (uK), — K, fits
into a natural split short exact sequence

0— (uK)p—1 — (pK)n — Ky — 0.

Proof. If x € (uK), then z = d%z, so x, = xz}. For x € pkK, one finds that
x € (uK), if and only if z,, = x} = 0 for all m > n, and it follows that the
homomorphism z — z&: (uK), — K, has kernel (4K),_1. This means that there
is a natural exact sequence 0 — (uK),—1 — (uK), — K,. To complete the proof
we need a natural splitting homomorphism K, — (pK),. For n = 0 we use the
homomorphism

x— (2,2,0,0,...),
and for n > 0 we can use the homomorphism
x+— (0,0,...,0,0x,2,2,0,0,...).
O

We now use the additional structure on an augmented directed complex to define
a functor from ADC to w-cat.

Definition 2.8. The functor v: ADC — w-cat is defined as follows. Let K be an
augmented directed complex. Then vK is the sub-w-category of puK consisting of
the elements

(g, 28,27, 27,...)
such that

z, € K} and ;7 € K} for all n,

— ot
exy =exy = L.

It is straightforward to check that Definition 2.8 gives a well-defined functor from
augmented directed complexes to w-categories: if K is an augmented directed com-
plex then v K is a subset of uK closed under the w-category operations. Obviously
vK is not a subgroup of uK.

Finally in this section, we show that A is left adjoint to v. First we describe the
unit of the adjunction.
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Definition 2.9. The natural transformation n: C' — vAC for an w-category C' is
defined by the formula

WC:([do_iU]Oa [da_xh)v [dl_'r]lv [di_‘r]la )

In order to justify this definition, we first show that nx € vAC for x € C'. Indeed,
it is clear that [d%x], € (AC)} and €[d§x]o = 1, and we also have

3[df{+1z]n+1 = [d:[dg+1x],L - [d;dg-klx]n = [d:fp]n - [d;I]m

so it suffices to show that [d%x], = 0 for n sufficiently large. But by Proposition 2.3
there exists p such that dj;x € C,, for all n, and it then follows from Proposition 2.5
that [d%x], = 0 for n > p.

We must also show that n: C — vAC' is a morphism of w-categories. But we get
nd%x = d3nx because [d2 d%x],, = [dP z]m for m < n, because [d3d%x], = [d%x],,
and because [d2 d%x],, = [d%x],, = 0 for m > n by Proposition 2.5. We also get
n(x#ny) = nx#nny because [d;@(x #n y)]m = [d;@x]m and [d;—;b(x#ny)]m = [d;—zy]m
for m < n and because [dy, (x #n Y)]m = [dy2 #n diyYlm = [dox]m + [d5y]m for
m > n. It follows that 7 is a morphism of w-categories, and it is clear that 7 is
natural.

Next we describe the counit. We denote this by 7 rather than ¢, in order to avoid
confusion with augmentations.

Definition 2.10. The natural transformation 7: A\vK — K is defined for an aug-
mented directed complex K by the formula

nlz], =z, =},

To justify this definition, observe first that =, = ;% for z € (vK),, by Propo-
sition 2.7. The formula 7[z], = z, = z;} gives a well-defined homomorphism
m: (WK), — K, because if m < n then (x #,, y)% = 2 + y&. We get a chain map
because
On[2]nsr = Oz yy = 2 —x, = (dy2)) —(d, @), = 7([d 2]n—[d,, 2]n) = 7O[2]ns1.

This chain map is augmentation-preserving because en(z]o = ex§ = 1 = g[z]o for

x € (VK)o, and we get m(AvK)! C K because & € K for € vK. Therefore

m: AWK — K is a morphism of augmented directed complexes. It is clearly natural.
The main theorem is now as follows.

Theorem 2.11. The functors A\: w-cat — ADC and v: ADC — w-cat form an
adjoint pair with unit n: id — v and counit m: Av — id.

Proof. We must show that
(mA) o (An) =id: A — A

and

(vm)o () =id: v — v.
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Let C be an w-category. The generators of (AC),, have the form [z],, with z € C,,.
For these generators, dx = x, so

m(An)[z]n = T[Nz,
= n[([dy zlo, [dizlo, [dr]y, [dfali, ...)]
= [dy ]y,

= [x]n»

therefore () o (An) = id.
Now let K be an augmented directed complex and let x be a member of vK.
Then

/\
\/
—~

vm)([dy xo, [d xlo, [di )1, [d x)1, ...)

= (nldy lo, 7ldgxlo, w[dyz]s, w[dfa]r, ...)
= ((d z)o s do 95)07 (dy o)1, (dfx)lﬂ )
(fﬂ ry, T )

therefore (vm) o (nv) = id.
This completes the proof. O

3. Bases for augmented directed complexes

We will now consider augmented directed complexes with bases. We essentially
recover the examples constructed in earlier treatments such as [6], [9], [10] and [12].

Definition 3.1. Let K be an augmented directed complex. A basis for K is a
set B C |, K, such that each K, is a free abelian group with basis B N K,, and
each K is the submonoid of K, generated by B N K,,.

Suppose that K is an augmented directed complex with a basis. We make K,
into a partially ordered abelian group by the rule

r<y < y—ze€K;.

The basis elements in K,, can be characterised as the minimal non-zero elements
in K, and it follows that K has only one basis. Note also that K, is a lattice: any
two elements x and y have a least upper bound x V y and a greatest lower bound
x Ay. If x is an element of K, 1, then there are unique elements 0~ x, 0%z € K,,,
the negative and positive parts of dz, such that

Or =0Tz —0"z, 0 xzANITxz=0;

indeed, if dx is expressed as a linear combination of distinct basis elements, then
0Tz is the sum of the terms with positive coefficients and —9~z is the sum of the
terms with negative coefficients.



Homology, Homotopy and Applications, vol. 6(1), 2004 182

Let b be a basis element for K. We denote the dimension of b by |b|, so that
b € K. We then define elements (b),; and (b); in K, by downward recursion as
follows:

0 for n > 10|,
bya=<b for n = |b],
0*(b)a,, for n < [b].

It is straightforward to check that this produces an element (b) of pK; in fact we
can make the following definition.

Definition 3.2. Let K be an augmented directed complex with a basis and let b
be a basis element. Then the atom associated to b is the element (b) of puK such
that (b);; = 0 for n > [b], such that (b)f;; = b, and such that (b), A (b =0 for
n < |b]. The dimension of the atom (b) is the dimension of the corresponding basis

element b.
From Proposition 2.7 we deduce the following result.

Proposition 3.3. Let K be an augmented directed complex with a basis. Then the
atoms form a basis for the abelian group uK, the n-dimensional atoms form a basis
for (uK)pn/(uK)n—1, and the atoms of dimension greater than n form a basis for

pE /(K ).

If (b) is an atom, then (h)® € K for all n by construction. An atom (b) is

therefore in vK if and only if e(b); = (b)d = 1. This leads us to the following
definition.

Definition 3.4. A basis B for an augmented directed complex is unital if €(b); =
e(b)d =1 for every b € B.

For the equivalence theorem of Section 5 we need bases which are unital and are
also loop-free in the sense of the following definition.

Definition 3.5. A basis B for an augmented directed complex is loop-free if there
are partial orderings <o, <1, ... on B such that a <,, b whenever {(a)} A (b) > 0
and |al, |b] > n.

Note that the partial orderings <,, are quite different from the partial orderings
on the individual chain groups.
In practice, one usually has a stronger condition.

Definition 3.6. A basis B for an augmented directed complex is strongly loop-free
if there is a partial ordering <y on B such that a <n b whenever a < 07b or
Ota>b.

The two notions of loop-freeness are related as follows.

Proposition 3.7. If a basis for an augmented directed complex is strongly loop-free,
then it is loop-free.



Homology, Homotopy and Applications, vol. 6(1), 2004 183

Proof. Let <N be a partial ordering with the property required for strong loop-
freeness. For each n, we will show that <y has the property required for <,, in the
definition of loop-freeness. In other words, we suppose that (a);} A (b);, > 0 with
la|,|b] > n for some n, and we show that a <N b. Indeed we can choose a basis
element ¢ with (a);” > ¢ and ¢ < (b),;, and we will show that a <N ¢ <N b.

To show that ¢ <N b, observe that, by the construction of (b), we must have
c < 07 ¢ for some basis element ¢’ with ¢’ < (b),,,;, and we than have ¢ <y ¢’. If

n+ 1 < |b| then we repeat this argument, and eventually we get ¢ <n ... <n ¢’
with ¢’ < (b)) But (b)), = b, so ¢’ = b, and we have got ¢ <y b as claimed. The
proof that a <w ¢ is similar. O

Example 3.8. Let K be the chain complex of a simplicial set. Then K is an
augmented chain complex with a distinguished basis, so it can be regarded as an
augmented directed complex with a basis. In particular, let A[p] be the chain com-
plex of the standard p-simplex, so that A[p] has the following structure: the basis
elements are the ordered (n + 1)-tuples of integers (vo,...,v,) with 0 < vy < v1 <
... < v < p; the dimension of (vg,...,v,) is n; the boundary 9: A[p], — A[p]n-1
is given by
8:80—81+82—...+(—1)n8n,
where
Di(voy -+, Vn) = (Vo -+ +, Vi1, Vi 15+ -+ 5 Un);

the augmentation is given by (vg) = 1. For m < n one finds that

(W0, s o)) = D 0i(1) -+ Oi(nem) (V05 - -, V),

where the sum runs over (n — m)-tuples such that 0 < i(1) < ... <i(n—m) < n

and the parities (=)™, ... (=)*"=™) form the alternating sequence o, —a, . . ..
We have therefore recovered Street’s oriented simplexes [11]. The basis is unital, be-
cause ((vo,---,vn))g = (vo) and ((vo,-..,vn))q = (vn). The basis is also strongly
loop-free under the total ordering given recursively as follows: (vg,...,v,) <N
(UJO, ‘e ,’U)m) if

Vo < Wo,
or if

vg = wp and n =0 and m > 0,
or if

vg =wo and n > 0 and m > 0 and (vy,...,v,) >N (W1, ..., Wy).

Example 3.9. Let B be a finite non-empty totally ordered set in which each ele-
ment b is assigned a nonnegative integer dimension |b|. Suppose also that the initial
and final elements have dimension 0 and that adjacent elements have dimensions
differing by 1. For b € B with |b] > 0, let 6~ b be the last element of dimension
|b| — 1 to come before b, and let §*b be the first element of dimension [b] — 1 to
come after b; the hypotheses ensure that these elements exist. The hypotheses also
ensure that the elements between §~b and 67b have dimension at least |b|, and for
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|b] > 1 it follows that §%§~b = §*§Tb. By taking b = §tb — 6~ b for |b| > 0 and
eb =1 for |b] = 0 we define an augmented directed complex with basis B. Clearly
(b)% is a basis element for n < |b|, so the basis is unital. It is also strongly loop-free
under the original total ordering.

In particular, let p be a nonnegative integer and let the sequence of dimensions
of the elements of B be

0,1,...,p—1,p,p—1,...,1,0.

Then the augmented directed complex is called the p-dimensional globe and denoted
GIp]. Let x denote the p-dimensional basis element; then d, (z) = df (x) = (x), and
the atoms other than (z) are the elements d(x) for i < p.

A p-dimensional globe is in a sense free on a p-dimensional generator. In a similar
way we can get an augmented directed complex G[p;n] free on a #,-composable
pair of p-dimensional elements: we take the sequence of dimensions of the elements
of B to run from 0 up to p, then down to min{p,n}, then up to p, then down to 0.
Let the p-dimensional basis elements in order be x and y (they coincide if p < n);
then d, (r) = d,} (z) = (), d, (y) = d} {y) = (y), and d} (x) = d, (y). The atoms
other than (x) and (y) are the d¢(x) and d$(y) for i < p, with the identifications
d$(x) = d$(y) for i < min{p,n} and with the identification d;\ (x) = d,, (y) if n < p.

There is a similar augmented directed complex G[p; n, n] free on a #,-composable
triple of p-dimensional elements: the sequence of dimensions is now from 0 up to p,
down to min{p,n}, up to p, down to min{p,n}, up to p, down to 0. For m < n
there is also an augmented directed complex G[p;n,m,n] free on a composable
quadruple of p-dimensional elements in the configuration (x #, y) #m (' #n V)
of Definition 2.1(vii): the sequence of dimensions is now from 0 up to p, down to
min{p,n}, up to p, down to min{p, m}, up to p, down to min{p,n}, up to p, down
to 0.

Example 3.10. The category of augmented chain complexes has a symmetric
monoidal structure under the tensor product (K, L) — K ® L, where

(K® L)y =P K@ Ly,
A

droy)=0roy+ (—1)"z e dy,
e(z ®@y) = (ex)(ey) for |z| = |y[ =0

(we write |z| =i if v € K, etc.). The identity object is the 0-dimensional globe G[0]
of Example 3.9. We extend this structure to a monoidal structure on augmented
directed complexes as follows: (K ® L)} is the submonoid of (K ® L),, generated
by the elements x ® y with x € K and y € L},_,. Note that the monoidal structure
on augmented directed complexes is not symmetric: the standard switch morphism
r®y— (=1)*I1¥(y ® ) does not always map (K ® L)% into (L ® K).

Suppose now that K and L are augmented directed complexes with bases A and B.
Then K ® L has a basis C consisting of the elements a ® b for « € A and b € B.
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One finds that

(a@b) = (@) © )%
i=0
in particular (a ® b)§ = (a)§ ® (b)§. If A and B are unital, then it follows that C is
unital. Similarly, if A and B are strongly loop-free under partial orderings <n, then
C' is strongly loop-free under the partial ordering <y such that a ® b <n @’ @ b’ for

a<w a,
or for
a=a and |a| even and b <N V',

or for
a=ad and |a|] odd and b 2N V.

In particular, for p > 0, let Q[p] be the chain complex of the p-dimensional cube.
Then Q[p] is the p-fold tensor power of the one-dimensional globe G[1], so Q[p] is
an augmented directed complex with a strongly loop-free unital basis.

4. Bases for w-categories

We will now describe bases for w-categories, corresponding to bases for aug-
mented directed complexes. The required properties can be described directly in
terms of w-categories, but it is often easier to work in the augmented directed com-
plexes got by applying A.

We begin with a particular kind of generating set, analogous to a spanning set.
Recall that if C is an w-category then C,, is the sub-w-category d,, C' = d;f C.

Definition 4.1. An w-category C is composition-generated by a subset E if each
member e of E is assigned a nonnegative integer dimension |e| and if for n > 0
the sub-w-category C, is generated under the composition operations #,, by the
elements of E of dimension at most n.

Composition-generation should be distinguished from ordinary generation, where
one uses the operations df, as well as the composition operations.

Note that if e is a composition-generator for an w-category C then e € C|,|, so
that d%e = e for n > |e|.

There are standard forms for the elements of w-categories with composition-
generators, as follows.

Proposition 4.2. Let C be an w-category with a set of composition-generators
and let © be a member of C. Then x is a generator or x has an exrpression T =
1 Fr oo Hr i withr 20 and k > 2 such that the x; are composites of generators,
each x; has exactly one factor of dimension greater than r, and at most one of the x;
has a factor of dimension greater than r + 1.

Proof. 1t suffices to prove the result when x is a composite, say * = y#, z, in which
y and z have expressions of the required form. If the expression for y involves no
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factors of dimension greater than n, then y is an identity for #,, by Definition 2.1(v),
so x = z and the result therefore holds for x. A similar argument applies if the
expression for z involves no factors of dimension greater than n.

From now on, assume that the expressions for y and z both involve factors of
dimension greater than n. Let r be the largest integer such that the expressions for
y and z together involve more than one factor of dimension greater than r; thus
r 2 n. Suppose that the expressions for y and z have k and [ factors respectively of
dimension greater than r; thus £ + [ > 2. Then there is a decomposition

y:yl#r-~-#Tyk#rdjy#r~-~#rd:_ya

with [ appearances of d;y, such that y; has exactly one factor of dimension greater
than r (if K = 0 then y = d;y, so this holds trivially; if k¥ = 1 we take y; = y;
if K > 1 then y1 #, ... #, yr is the given expression for y). Similarly there is a
decomposition

z:dr_z#'f~-~#rdr_z#rzl#7‘-~-#rzla

with k factors equal to d; z, such that z; has exactly one factor of dimension greater
than 7. The choice of r ensures that the y; and z; have at most one factor of
dimension r + 1 between them. If now n = r then the desired decomposition of
T =y #, 2z is given by

T =Y1 e e Yk Fr 21 Fe - Fe 20

if n < r then Definition 2.1(vii) gives
x:(yl#r”-#v"yk#rdiy#r---#dey)#n (d;Z#T---#Td;Z#TZI #T~~~#r3l)
= (y1 #n dr_z) Hr oo Hr (yk #n dr_Z) Hr (di'y #n Zl) Hr oo FEr (dfy #n Zl)7

which is a decomposition of the required form because d, z and d,}y are composites
of generators of dimension at most 7.
This completes the proof. O

Composition-generators for an w-category C produce generators for (AC),, and
(AC)? as follows.

Proposition 4.3. Let C be an w-category with a set of composition-generators E.
Then the abelian group (AC),, and the submonoid (AC)? are generated by the ele-
ments [e], for e an n-dimensional element of E.

Proof. The abelian group (AC),, and the submonoid (AC)} are generated by the
elements [x],, for x € C),, and the elements of C), are the composites of the members
of E of dimension at most n. If m > n then the elements of C,, are identities for #,,,
because d%d% = df; it therefore suffices to use the composition operators #,
for m < m. These operations become addition in (AC),, so (AC), and (AC)} are
generated by the elements [e], for e € E with |e| < n. Finally [e],, = 0 for |e] < n
by Proposition 2.5; therefore (AC),, and (AC)¥ are generated by the elements e],
for e € E with |e| = n. O

We now define a basis for an w-category C' in terms of a basis for the augmented
directed complex \C'.
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Definition 4.4. A basis for an w-category C is a set of composition-generators E
such AC' has a basis and the function e + [e]|] maps E bijectively onto the basis
for A\C.

Because of Proposition 4.3, a composition-generating set F is a basis if and only
if the elements [e]|, for e € E are distinct and linearly independent.

Let C be an w-category with a basis E. Then AC has a basis B, and we can use
properties of B to define properties of E.

Definition 4.5. Let E be a basis for an w-category C. Then
(i) E is atomic if [d;, €], A [d}e], =0 for e € E and n < |e[;
(ii) E' is loop-free if the basis for AC' is loop-free;
(iil) F is strongly loop-free if the basis for AC is strongly loop-free.

The point of atomicity is as follows.

Proposition 4.6. Let E be an atomic basis for an w-category C. Then ne = ([e]¢|)
for each e in E, and the basis for AC' is unital.

Proof. Recall from Definition 2.9 that (ne) = [d%e],, for all n and a. If n > |e| then
[de]n, = [e]n = 0 by Proposition 2.5. If n = |e| then [dfe],, = [e]|¢|. By comparing
Definition 4.5(i) with Definition 3.2, we now see that ne = ([e]|¢|). Since ne € vAC,
it follows that e([e]j¢))§ = £(ne)§ = 1; therefore the basis for AC' is unital. This
completes the proof. O

Example 4.7. Let p be a nonnegative integer, and let F[p] be the w-category
with the following presentation: there is a single generator u and there are relations
d,u = d;‘ u = u. The w-categories F[p] represent the elements of w-categories, in
the sense that there are natural bijections between hom(F'[p], C) and C,. We have
du = u for i > p. Using Definition 2.1(iii) and (v), we see that F[p] is composition-
generated by u and the elements d*u for i < p.

Now let G[p] be the p-dimensional globe with p-dimensional basis element = as
in Example 3.9. The atom (x) in vG/[p] satisfies the relations d, (x) = d} (z) = (z),
so there is a morphism F[p] — vG[p| given by u — (x). The adjoint \F[p] — G|p]
maps the generators [u], and [d¢u]; for AF[p] (see Proposition 4.3) bijectively to
the basis elements for G[p|, and it follows that the morphism AF[p] — G[p] is an
isomorphism. It then follows that the elements u and du form a basis for F[p], and
one can check that this basis is atomic. It is also strongly loop-free, because the
basis for G[p] is strongly loop-free.

There are similar w-categories F[p;n|, F[p;n,n] and F[p;n, m,n] (where m < n)
corresponding to the other augmented directed complexes of Example 3.9. These
w-categories all have strongly loop-free atomic bases. There is a presentation for
F[p;n] given by

(u,v:dyu=u, dyv=uv, dfu=d,v),
there is a presentation for F'[p;n,n] given by

(w,v,w:dpu=u, dyv =, diw=w, dfu=d v, dfv=dw),
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and there is a presentation for F[p;n, m,n] given by
(u,v,u',0" - dyu =u, dyv =0, dyu' =u', dyv" =7,

dtu=d,v, dfv=d v, div =dv").

5. The adjoint equivalence

From Definition 4.4, Definition 4.5 and Proposition 4.6, if an w-category C has a
loop-free atomic basis then AC has a loop-free unital basis. We will now show that
w-categories with loop-free atomic bases and augmented directed complexes with
loop-free unital bases are equivalent under the adjoint functors A and v.

We begin by considering decompositions in vK, where K is an augmented di-
rected complex with a basis. The basic existence result is as follows.

Proposition 5.1. Let K be an augmented directed complex with a basis and let x
be a member of vK which is congruent to a non-trivial sum of atoms modulo (uK),
for somer >0, say

x=(b1) + ...+ (by) mod (uK),
with k > 1. If (b;);7 A (b;)- =0 fori > j, then there is a decomposition
T=x1 Fr . e T
with x; € vK such that z; = (b;) mod (ukK),.

Proof. The congruence gives
x={(b1)+...+ (bp) + 2

for some z € (uK),; thus d%z = z. For 1 <i < k let x; be the element of uK given
by

wp = dF[(by) + .o A (bim)] + (bi) + d (D) + - ()] + 2,
and for 1 <i<k—1let
yi = d[(01) + .+ (b)) + d [(Dir) + .+ (D)) + 2
Then df z; = y; = d; 2,41 because d?d® = d%, and we also have
T=T1 —Y1+T2—Y2+ ...+ Tk,
so there is a decomposition
T =21 Hr - Fr T

in uK. It is clear that z; = (b;) mod (pK),, and it remains to show that x; € VK.
We must therefore show that ¢(z;)§ = 1 and that (z;)$ > 0.

As to the augmentation, we have £(d2(b;))§ = £(b;)§ for all j and 3, so £(z;)§ =
exy = 1.

As to the (z;)%, if n < r then (z;)¢ = 2% > 0, and if n > r then (x;)% =
(b;)% > 05 it therefore remains to consider the case n = r. Now (z1),, =z, > 0 and
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(), =} >0, and for 1 <i <k —1 we have
(i) = (zis1)y =2 + [(01); + oo+ (0] = [(br); + .+ (bi), ]
= a7 + [(bia)y oo )] = (i) + o+ ()]
But z& > 0, (b;)* > 0, and
[(01); 4 o+ i) T A (i) 4+ (B)F] =0,
so (x;)% > 0 in all cases. This completes the proof. O

To find situations in which Proposition 5.1 can be applied, we use the following
result.

Proposition 5.2. Let K be an augmented directed complex with a basis and let x

be a member of VK.
(i) If x =0 mod (uK),y1 then

z={(c1)+...+ {¢) mod (uK),

for some (r + 1)-dimensional atoms (c1), ..., {c¢;).
(ii) If = m{a) mod (uK),11 for some positive integer m and for some atom (a)
with |a| > r 41, then

x=mla) + {c1) + ...+ {¢) mod (uK),

for some (r + 1)-dimensional atoms {(c1), ..., {c).
(iii) If & = y #, z for some y,z € vK such that y = (a) and z = (b) mod (LK),
with |al, |b] > 7 and {a)} A (b); =0, then

x = {a) + (b) + {(c1) + ... + {¢;) mod (uK),_1

for some r-dimensional atoms {(c1),...,{c).

Proof. (i) Since z € (uK)r41, we have x| = z;7; = w for some w € K, 1. Since
z € vK, we have w > 0, so that w is a sum of (r + 1)-dimensional basis elements
¢1+ ...+ ¢. It now follows that z = (¢1) + ...+ (¢;) mod (uK),, as required.

(i) Here 2 — m(a) is in (uf)r41. As in the proof of part (i), we get =,/ ; —
mla),, =z, —m{a)), ; = w for some w € K,11, and it suffices to show that
w > 0. But this holds because z, ,; >0, 2,7, > 0 and (a);,; A (a);, = 0.

(iii) Here

v, —(a), —(b), =2f —(a))] —(B)F =2 —(a)f — (), =w

for some w € K., since z = y+ z = (a) + (b) mod (uK),, since ;7 = 2, and since
z — (b) € (uK),. As before, it suffices to show that w > 0. But this holds because
x, 20,25 >0, 27 >0 and

(@) Aa)T = (b) A(B)T = (a)f A (b); =0.
O

To construct decompositions we use Proposition 5.2(i) together with the case
m =1 of Proposition 5.2(ii). It is convenient to make the following definition.
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Definition 5.3. Let K be an augmented directed complex with a basis, and let
x be a member of vK. Then the decomposition index of x is the smallest integer
r > —1 such that x is congruent to zero or an atom modulo (pK),41.

In Definition 5.3, note that the decomposition index exists because
=0 mod (uK), for all sufficiently large n.

By combining Propositions 5.1 and 5.2 we get the following result, analogous to
part of Proposition 4.2.

Proposition 5.4. Let K be an augmented directed complex with a loop-free basis,
and let © be a member of (VK),, with decomposition index r > 0. Then there is a
decomposition,

xle#r“-#?‘xk

with ; € (WK)y, and x; = (b;) mod (uK),, where (b1),...,{by) is a list of atoms
such that k > 2, such that |b;| > r for all i, such that |b;| > r + 1 for at most one
value of i, and such that (b;);7 A (b;);- =0 fori > j.

Proof. We have = congruent to zero or an atom modulo (uK),41. By Proposi-
tion 5.2(i) or (ii) there is a congruence

x=(b1)+ ...+ (bg) mod (uK),

for some list of atoms (b;) with |b;| > r for each ¢ and with |b;| > r + 1 for at most
one value of 4. Since the decomposition index is 7, we have k > 2. Since the basis
is loop-free we can assume the list ordered so that (b;);" A (b;); = 0 for i > j. By
Proposition 5.1 there is a decomposition © = z1 #, ... #, 2 with z; € vK and
x; = (b;) mod (uK),. Finally, |b;| < n for each i, because z € (vK),, and it follows
that x; € (VK),. This completes the proof. O

To complete the analogy with Proposition 4.2 we give the following result.

Proposition 5.5. Let K be an augmented directed complex with a unital basis, and
let © be a member of (VK),, with decomposition index —1. Then x is an atom of
dimension at most n.

Proof. We have x congruent to zero or an atom modulo (uK)g. By Proposition 5.2(i)
or (ii) there is a congruence

x={(b1)+ ...+ (br) mod (uK)_4

for some atoms (b;). Since (uK)_1 = 0, this congruence is an equality, and it follows
that

exy =e(b1)g + ... +e{bg)§-
But ez§ =1 because x € VK, and £(b;)$ = 1 for each i because the basis is unital,

so k = 1. This means that x is equal to the atom (b;). The dimension of (b;) is at
most n because z € (VK),. O

We can now prove one half of the equivalence.
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Theorem 5.6. Let K be an augmented directed complexr with a loop-free unital
basis. Then vK has a loop-free atomic basis consisting of its atoms, and the counit
m: WK — K is an isomorphism.

Proof. First we show that vK is composition-generated by its atoms. Indeed the
atoms of dimension at most n lie in (vK), because the basis is unital, so the
composites of atoms of dimension at most n lie in (vK),. Conversely, let = be
a member of (VK), of decomposition index r. If » > 0, then x is a composite
of members of (vK), with lower decomposition index by Proposition 5.4, and if
r = —1 then x is an atom of dimension at most n by Proposition 5.5. It follows by
induction on r that x is a composite of atoms of dimension at most n. Therefore
vK is composition-generated by its atoms.

Next we show that 7: \AvK — K is an isomorphism. For each n > 0 we must show
that 7: (\WK), — K, is an isomorphism with 7[(AvK)%*] = K}:. Now it follows
from Proposition 4.3 that (A\vK),, and (AvK)} are generated as abelian group and
submonoid by the elements [(b)],, for |b|] = n. The images of these elements under 7
are the n-dimensional basis elements, which generate K, and K as abelian group
and submonoid freely. It follows that 7: (\AWK), — K, is an isomorphism with
m[(AWK)%] = K}: as required.

Finally we show that the atoms form a basis for v K with the desired properties
by verifying the conditions of Definitions 4.4 and 4.5. We have already shown that
the atoms composition-generate vK. The elements [(b)]|; form a basis for AvK,
because their images under the isomorphism 7: \AvK — K form a basis for K, so
the function (b) — [(b)]}p is a bijection from the set of atoms to a basis for AvK.
The atoms therefore form a basis for vK. We have [d;, (b)],, A[d,} (b)],, = 0 for n < |b]
because

w[dy, (B)]n A 7ldy; (B)]n = (B)y, A (b)) = 0;

therefore the basis for v K is atomic. The basis for A\vK is loop-free because Av K =
K; therefore the basis for vK is loop-free. This completes the proof. O

Conversely, if C' is an w-category with a loop-free atomic basis, then we want the
unit n: C' — vAC to be an isomorphism. More generally, we will prove the following
result.

Theorem 5.7. Let C be an w-category composition-generated by a set F, let K be
an augmented directed complex with a loop-free unital basis, and let 0: C — vK be
a morphism which restricts to a dimension-preserving bijection from E to the atoms
of vK. Then 6 is an isomorphism.

In a sense, Theorem 5.7 says that vK is freely composition-generated by its
atoms. To prove it, we will show that the decompositions in Proposition 5.4 are as
nearly as possible uniquely determined. We begin with the following observation.

Proposition 5.8. Let K be an augmented directed complex. If

Ty Hr T = Y1 Hr o e Uk
in pK and if z; = y; mod (uK), for 1 <i <k, then x; =y; for 1 <i<k.
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Proof. We have
(xl_yl)#r‘”#r (xk_yk) =0
and 1 — y1 € (uK),, so

Ty —y1 =d,. (v1 —y1) =d,. (0) =0,
and it follows that 21 = y;. We then have d. (z2 —y2) = d; (z1—y1) = 0, 50 T3 = Yo
by a similar argument, and so on. O

Because of Proposition 5.8, the decomposition in Proposition 5.4 is uniquely
determined by the ordered list of atoms (b1), ..., (bx). Up to permutation this list
is determined by x, because x = (b1) + ...+ (bx) mod (uK),; however, it may be
possible to reorder the list.

In particular, suppose that k& = 2, so that x = (b1) + (b2) mod (uK), with
min{|b1|, |b2|} = r + 1. Suppose further that » > 0, and that = has a #,_1-
decomposition & = x} #,_1 x5 with 7 = (b) and x5 = (bs) mod (uK),. Then it
follows from Definition 2.1(iv) and (vii) that there are #,-decompositions

v = (] #r—1 d; 3) #o (A7) #oo1 03) = (dy 2] F#oo1 25) F#0 (2] 01 df23)

with (2F #,_1d%25) = (by) and (d%af #,._1 23) = (ba) mod (uK),. For elements of
this type, one can therefore transpose the atoms. We will now show that any two
consecutive atoms in the ‘wrong’ order can be transposed in this way.

Proposition 5.9. Let K be an augmented directed complex with a loop-free unital
basis. Suppose that x = y#, z is a composite in v withy = (a) and z = (b) modulo
(uK),, where (a) and (b) are atoms such that |a|, |b] > r and (a);” A (b); = 0. Then
r > 0 and there is a decomposition x = y* #,._1 2* or x = z* #,._1 y* in vK with
y* = (a) and z* = (b) modulo (uK),.

Proof. By Proposition 5.2(iii),
x = {a) 4+ (b) + {c1) + ...+ {¢) mod (uK),_1

for some r-dimensional atoms (¢;). If r = 0 then this congruence is an equality and
we get ex§ = [+ 2 > 1, which is absurd. Therefore r > 0. Since the basis is loop-
free we can order the list (a), (b), (c1), ..., {c) so that Proposition 5.1 applies. We
get a decomposition © = x1 #,_1 ... #r—1 142 in YK such that modulo (uK),_1
the factors are congruent to (a), (b}, {c1),...,{c;) in some order. Modulo (pK), it
follows that one of the factors is congruent to (a), another factor is congruent to (b),
and the others are congruent to zero. By grouping the factors appropriately, we get
a decomposition x = y* #,_1 z* or x = z* #,_1 y* of the required form. O

In the proof of Theorem 5.7, we show that elements of vK have unique inverse
images by induction on their decomposition indices. In the inductive step we use
the following lemma.

Lemma 5.10. Let K be an augmented directed compler with a loop-free unital
basis, let C' be an w-category, let r be a nonnegative integer, and let 0: C — vK
be a morphism such that elements of VK with decomposition index less than r have
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unique inverse images in C. If € = n 4.  is a composite in C such that 6(n) = (a)
and 0(¢) = (b) modulo (uK),, where (a) and (b) are atoms such that |al,|b] > r
and {(a)} A (b),, = 0, then there is a decomposition & = (' #, 1’ in C such that
0(¢") = (b) and 6(1) = {(a) modulo (uK),.

Proof. By Proposition 5.9, r > 0 and there is a decomposition 0(§) = y* #,_1 z* or
0(§) = z*#,_1y* in vK with y* = (a) and z* = (b) modulo (pK),.. For definiteness,
suppose that 0(£) = y* #,_1 z*. Then y* and z* have decomposition indices less
than r, so they have unique inverse images n* and (*. We now get

0(d;_yn") =d_yy" =d,_z" = 0(d,_,C"),
and the element d,”_,y* = d,_,2* clearly has decomposition index less than r — 1, so
d;tln* = d,_,(* by the uniqueness part of the hypothesis. It follows that n* and ¢*
have a composite n* #,_1 ¢*. We now have 6(§) = 0(n* #,-1 ("), and we claim that
& =n* #,_1 ¢*. Indeed it follows from Definition 2.1(vii) that
0(n) #+ 0(C) = 0(€) = 0(n" #r—1 ") = 001" #r—1 dy C*) # O(df 0" #r 1 C7)

with

0(n) = (a) =y" =0(n") =6(n" #,-1 d, (") mod (uK),
and

0(¢) = (b) = 2" =0(¢") = 0(d, 0" #,-1 (") mod (LK),

s0 0(n) = 0(n* #,-1d,¢*) and 6(¢) = 0(d,'n* #,-1 ¢*) by Proposition 5.8. Clearly
6(n) and 6(¢) have decomposition indices less than r, so n = n* #,_1 d.¢* and
¢ = dfn*#,_1* by the uniqueness part of the hypothesis. Using Definition 2.1(vii)
again, we get £ = n#, ( =n* #,-1 (* as claimed. It now follows that

E=(don" #ro1 C) #he (0" F#ro1 dFCT) = ¢ #e ),

say, with 0(¢") = 0(¢*) = (b) and 6(n’) = 0(n*) = (a) modulo (uK),. This completes
the proof. O

Proof of Theorem 5.7. We show that 6 is an isomorphism by showing that each
element = of ¥K has a unique inverse image under . We use induction on the
decomposition index of x.

Suppose first that x has decomposition index —1. By Proposition 5.5, = is an
atom. From Proposition 4.2, we see that the inverse images of x must be generators.
Since 6 maps the set of generators bijectively onto the set of atoms, it follows that
x has a unique inverse image.

Now suppose that x has decomposition index r > 0. By Proposition 5.4 there is
a decomposition

T=x1 Fr .. Tp

with k > 2, with z; € vK, and with x; = (b;) mod (uK),, such that |b;| > r for
all i, such that |b;| > r+1 for at most one value of i, and such that (b;);" A (b;);7 =0
for ¢ > j. The z; clearly have decomposition indices less than r, so they have unique
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inverse images &; by the inductive hypothesis. As in the proof of Lemma 5.10,
O(df&i1) = dfwiy = dy o = 0(d, &)

and the decomposition index of dfx; 1 = d.x; is less than 7, so df¢&_1 = d7&;
by the uniqueness part of the inductive hypothesis, and it follows that there is a
composite

ngl#r#rfk

Then £ is an inverse image for z.

To complete the proof, let £ be any inverse image for xz; we must show that
& = £. We can express £ as in Proposition 4.2. From the form of x, this must mean
that & =& #, ... #, &, with the 0(&]) congruent to the (b;) in some order modulo
(1K), By repeated application of Lemma 5.10, we can change back to the original
order. This gives us a decomposition

E=8# .. .3 &

with 6(&) = (b;) = x; mod (uK), for each 4. Since 0(&') = x = x1 #r ... #r Tp,
it follows from Proposition 5.8 that () = x; for each . But the z; have unique
inverse images &;, so &' = &; for each 4, and it follows that &’ = £. This completes
the proof. O

The main theorem is now as follows.

Theorem 5.11. The adjoint functors \: w-cat — ADC andv: ADC — w-cat re-
strict to adjoint equivalences between the full subcategories consisting of w-categories
with loop-free atomic bases and of augmented directed complexes with loop-free uni-
tal bases. Under these equivalences, w-categories with strongly loop-free atomic bases
correspond to augmented directed complexes with strongly loop-free unital bases.

Proof. By Theorem 5.6, if K is an augmented directed complex with a loop-free
unital basis then v K has a loop-free atomic basis and the counit 7: \AvK — K is
an isomorphism.

Conversely, let C' be an w-category with a loop-free atomic basis E. By Definitions
4.4 and 4.5, the function e +— [e]|, maps E bijectively to a loop-free basis for
AC. By Proposition 4.6 this basis is unital, so AC has a loop-free unital basis. By
Proposition 4.6 again, the unit 1: C' — vAC sends the generator e to the atom
([e]je|)- It follows that 1 maps the generators of C' bijectively to the atoms of vAC
and preserves dimensions. By Theorem 5.7, n: C' — vAC' is an isomorphism.

Finally, strongly loop-free atomic bases correspond to strongly loop-free unital
bases by Definition 4.5(iii).

This completes the proof. O
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6. Relations with earlier work

In this section we compare our construction v with other constructions of w-
categories.

We first observe that Theorem 5.11 serves to characterise certain w-categories: if
K is an augmented directed complex with a loop-free basis and if C' is an w-category
with an atomic basis such that A\C = K, then C' must be isomorphic to v K. This
shows that the various constructions are essentially equivalent. For example, let C'
be the w-category associated to the p-simplex in [2], [10] or [11]; then C' must be
isomorphic to ¥A[p], where A[p] is as in Example 3.8.

The w-categories associated to loop-free structures in earlier treatments have
presentations of particular types. The analogous result for the functor v is as follows.

Theorem 6.1. Let K be an augmented directed complexr with a loop-free unital
basis. Then the w-category vK has a presentation as follows: the generators are
the atoms; for each atom (b) there are relations d; (b) = leg\<b>; for each positive-

]
dimensional atom (b) there are relations d|_b\—1<b> =w~(b) and dl—g\—1<b> = w7 (b),
where the w®(b) are expressions for the dﬁz|71<b> as composites of atoms of dimen-

sion less than |b|.

Proof. Tt follows from Theorem 5.5 that v K is composition-generated by its atoms,
and the atoms therefore satisfy relations of the form described. Let C' be the w-
category generated by the atoms subject to these relations; then there is a canonical
morphism 6: C — vK, and we must show that it is an isomorphism. Because of
Theorem 5.7, it suffices to show that the atoms composition-generate C. Because of
Definition 2.1(iii) and (v), C' is composition-generated by the elements d2 (b) for (b)
an atom. It therefore suffices to show that in C' each element d% () is a composite of
atoms of dimension at most n. We do this by induction on |b]. Indeed, if n < |b| then
dp(b) = dydi _(b) = djw*(b), and w*(b) is a composite of atoms of dimension
less than |b|, so the result holds by the inductive hypothesis and Definition 2.1(v),
and if n > [b] then dj(b) = didp, (b) = dfy (b) = (b), so the result holds trivially.
This completes the proof. O

The constructions corresponding to v in earlier treatments are described combi-
natorially in terms of sets rather than algebraically. We will now show that v K can
be described combinatorially when K has a loop-free unital basis B, in the sense
that the elements of v K are determined by subsets of B.

Theorem 6.2. Let K be an augmented directed complexr with a loop-free unital
basis and let © be a member of VK.

(i) If x is a sum of atoms then x is an atom.

(ii) If x = my(b1) + ...+ mg(br) mod (uK), for some r = —1, with |b;| > r and
with m; > 0 for all i, then m; =1 for all i.

(iil) Fach term x& of x is a sum of distinct basis elements.

Proof. (i) Suppose that x = (by) + ...+ (bg). Then ex§ = e(b1)§ + ... + e{bg)§-
But ez§ = 1 because z € vK, and £(b;)§ = 1 for each i because the basis is unital,
so k = 1. This means that z is equal to the atom (b;).
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(ii) The proof is by induction on r. In the case r = —1 the result follows from
part (i). From now on, suppose that r > 0. We may assume that k& > 1 (otherwise
there is nothing to prove). We have (b;);" A (b;),, = 0 for each i, because |b;| > r.
Since the basis is loop-free, we can assume the list (b1),..., (by) ordered so that
(bi);F A (bj);7 =0 for i > j. By applying Proposition 5.1 and grouping the factors,
we get a decomposition x = x1 #, ... #, x with z; € vK and z; = m;(b;) modulo
(1K), By Proposition 5.2(ii),

x; =mi(b;) + (1) + ...+ (a) mod (pK),—1

for some r-dimensional atoms {(c1), ..., (¢;). By the inductive hypothesis, m; =1 as
required.

(iii) We have z& > 0 because x € vK, so 2% = myby + ... + myby for some
positive integers m; and some n-dimensional basis elements b;. It now suffices to
show that m; = 1 for each ¢, and this follows from part (ii) because

dﬁx =m <b1> +...+ mk<bk> mod (MK)nfl.

7. The structure of the category of w-categories

The w-categories F[p|, Fp;n|, F[p;n,n] and F[p;n, m,n] of Example 4.7 repre-
sent the elements, operations and defining identities of w-categories; in particular
F[p;n,n] and F[p;n,m,n] are what one needs for the identities of Definition 2.1(vi)
and (vii). One can therefore use these w-categories to give a ‘globular’ description
of w-cat. There are also simplicial and cubical descriptions, using the w-categories
vAl[p] and vQ[p] coming from Examples 3.8 and 3.10; see [1], [2], [11]. All of these
descriptions are based on w-categories with strongly loop-free atomic bases. Be-
cause of Theorem 5.11, one can express these descriptions in terms of augmented
directed complexes; thus the theory of w-categories can be expressed in terms of
chain complexes. We will now use the globular description to get results on monoidal
structures. The main novelty is the functoriality; see Theorem 7.6 in particular.

We first make the following observation.

Theorem 7.1. Every w-category is the colimit of a small diagram of w-categories
with strongly loop-free atomic bases.

Proof. Let C be an w-category. By Proposition 2.3, C' is the union of the increasing
sequence of sub-w-categories C),, where

Cp=d,C=dfC={zeC:djz=x}={zecC:diz=x}

The structure of C' is given by the unary operations d and the not everywhere
defined binary composition operations #,. Now the elements and #,-composable
pairs in C), are represented by the w-categories F[p] and F[p;n] of Example 4.7,
and it follows that C is the colimit of a small diagram in which the objects are
copies of the F[p] and F[p;n]. Indeed, one needs a copy of F[p] for each element
of Cp; one needs a copy of F[p;n| for each #,-composable pair in Cp; and one
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needs morphisms to determine the inclusions C,_; — C,, the operations dj;, and
the composition operations #,. The result now holds since, by Example 4.7, the
F[p] and F[p;n| have strongly loop-free atomic bases. O

From Example 3.10, the category of augmented directed complexes with strongly
loop-free unital bases has a monoidal structure based on the usual tensor product of
chain complexes. From Theorem 5.11 we immediately get the following consequence.

Proposition 7.2. There is a monoidal structure on the full subcategory of w-cat
consisting of w-categories with strongly loop-free atomic bases. It is equivalent via
A and v to the monoidal structure on the full subcategory of ADC consisting of
atomic directed complexes with strongly loop-free unital bases.

We now use Theorem 7.1 to get a monoidal structure on the category of w-
categories.

Theorem 7.3. There is a colimit-preserving functor
(C,C")— C®C': w-cat x w-cat — w-cat

extending the tensor product on w-categories with strongly loop-free atomic bases.
This functor is unique up to natural equivalence, and it determines a momnoidal
structure on w-cat.

Proof. Because of Theorem 7.1, it makes sense to define the functor by
C ® C'" = colim(F ® F'),

where the colimit is taken over the morphisms F — C and F’ — C’ whose domains
have strongly loop-free atomic bases. It is clear that this functor preserves colimits
and that it extends the tensor product on w-categories with strongly loop-free atomic
bases. It is also clear that these properties determine the functor up to natural
equivalence. We get a monoidal structure on w-cat because we are starting from a
monoidal structure on the subcategory. O

‘We now wish to show that the monoidal structure on w-cat is biclosed. We will
use the following result.

Theorem 7.4. Let F be the category of w-categories with strongly loop-free atomic
bases. Then an w-category is naturally equivalent under the functor C — hom(—, C')
to a contravariant set-valued functor on ¥ which takes colimits in w-cat to limits
in the category of sets.

Proof. If C' is an w-category, then hom(—, C) is a contravariant set-valued functor
on w-cat taking colimits to limits. It follows that the restriction hom(—, C)|F is
a contravariant set-valued functor on F taking colimits in w-cat to limits in the
category of sets. The axioms of w-category theory (Definition 2.1) reduce to these
properties of hom(—, C)|F: indeed it suffices to take the w-categories F[p|, F[p;n],
F[p;n,n] and F[p;n, m,n] of Example 4.7, all of which are in F. The result follows.

O



Homology, Homotopy and Applications, vol. 6(1), 2004 198

The category F of Theorem 7.4 is equivalent under A to a subcategory of ADC
by Theorem 5.11, so Theorem 7.4 yields a description of w-categories in terms of
chain complexes. Note in particular that A takes colimits in w-cat to colimits in
ADC because it is a left adjoint.

From Theorem 7.4, in the standard way, we get the following result.

Theorem 7.5. The monoidal structure on w-cat is biclosed.

Proof. Given w-categories C' and D, we must find w-categories HOM(C, D) and
HOM'(C, D) such that there are natural equivalences

hom(—,HOM(C,D)) >~ hom(—®C, D), hom(—,HOM’(C,D)) >~ hom(C®—, D).

But it follows from Theorem 7.3 that hom(— ® C, D) is a contravariant set-valued
functor on w-cat taking colimits to limits, and it then follows from Theorem 7.4 that
hom(— ® C, D) is naturally equivalent to hom(—, HOM(C, D)) for some w-category
HOM(C, D). The construction of HOM'(C, D) is similar. O

The category of chain complexes has a well-known closed symmetric monoidal
structure, and one can check that this induces a biclosed monoidal structure on aug-
mented directed complexes. Indeed, let K and L be augmented directed complexes.
If n > 0 then

HOM(Ka L)n = H hom(Km, L77L+7L)7

while HOM(K, L) consists of the pairs (f,ef) such that f € [, hom(K,,, L,,) is a
chain map from K to L and e f is an integer with (¢ f)(ex) = e(fz) forz € Ko. If f €
1, hom(K,, Liyyn), then we write f,,, for the component of f in hom (K, Liin).
The boundary on HOM(K, L),, is given by

(Of)m = {gofm —(=D)"fm-100 ?fm i 0,
© fm if m=0,

and by ¢(0f) = 0 in the case n = 1. The augmentation on HOM(K, L)g is given
by (f,ef) — ef. The submonoid HOM(K, L)’ is given by the elements f of
L, hom(K,,, Liyyyn) such that f,,(K) C Ly, for all m. The definition of

HOM'(K, L) is the same as for HOM(K, L), except that the boundary formula
changes to

(=)™ 0 fm — fm—100) ifm >0,

(8f)m:{aofm if m = 0.

The biclosed monoidal structures on augmented directed complexes and w-cate-
gories are related as follows.

Theorem 7.6. Let K and L be augmented directed complexes such that K has a
strongly loop-free unital basis. Then there are natural isomorphisms

vHOM(K, L) = HOM(vK,vL), vHOM'(K,L)= HOM (vK,vL).
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Proof. We give the proof for the first of these isomorphisms. Because of Theo-
rem 7.4, it suffices to show that there are natural bijections

hom (F,» HOM(K, L)) = hom (F, HOM(vK,vL))
for F' an w-category with a strongly loop-free atomic basis. But
hom (F, v HOM(K, L)) = hom(AF,HOM(K, L)) = hom(AF ® K, L)
and
hom (F, HOM(vK,vL)) = hom(F ® vK,vL) = hom(A(F ® vK), L)

because A is left adjoint to v, and A\F ® K =2 A\(F ® vK) by Proposition 7.2. The
result follows. O
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