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Abstract
It is the aim of this work to study product structures on four
dimensional solvable Lie algebras. We determine all possible
paracomplex structures and consider the case when one of the
subalgebras is an ideal. These results are applied to the case of
Manin triples and complex product structures. We also analyze
the three dimensional subalgebras.

Introduction

A product structure on a smooth manifold M is an endomorphism E of its
tangent bundle satisfying E? =1d together with

E[X,Y]=[EX,Y]|+ [X,EY] - E[EX,EY] for all vector fields X, Y on M. (1)

A product structure on M gives rise to a splitting of the tangent bundle T'M into the
Whitney sum of two subbundles 7% M corresponding to the £1 eigenspaces of E.
The distributions on M defined by TTM and T~ M are completely integrable. When
T+M and T~ M have the same rank the product structure is called a paracomplex
structure.

Product structures on manifolds were considered by many authors from different
points of view. Examples of Riemannian almost product structures were given in
[Miq] and a survey on paracomplex geometry can be found in [CFG]. The classifica-
tion of Riemannian almost product manifolds according to a certain decomposition
of the space of tensors was done in [N]. In [LM] the authors give a new look at
singular and non holonomic Lagrangian systems in the framework of almost product
structures. Complex product structures on Lie groups were considered in [AS] and
[BV].

In this paper we consider product structures on four dimensional solvable Lie
groups. Such groups provide an important source of applications in geometry. In-
variant structures on the group, for instance, special metrics [Al], [B2], [DS], [F1],
[F2], [J], complex and Kéhler structures [ACFM], [AFGM], [01], [SJ], [FG],
hypercomplex and hypersymplectic structures [An], [B1], can be read off in R,
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the universal covering group, giving often explicit descriptions of the corresponding
structure.

A left-invariant product structure on a Lie group is determined by its restriction
to the corresponding Lie algebra, considered as the tangent space at the identity. A
product structure on a Lie algebra g is a linear endomorphism F : g — g satisfying
E? =1d (and not equal to +Id) and

Elz,y] = [Ex,y] + [z, Ey] — E[Ex,Ey] for all z,y € g. (2)
A product structure on g gives rise to a decomposition of g into
g=g9+ D9, Elgy=1d, Elg- =-Id, (3)

where both, g4 and g_, are Lie subalgebras of g. This will be denoted g = g4 x1g_,
since the structure of g is that of a double Lie algebra ([LW]). In case both g4 and
g_ have the same dimension we say that g carries a paracomplex structure.

The outline of this paper is as follows. In Section 1 we describe all non-isomorphic
four dimensional solvable Lie algebras over R. This was studied by Mubarakzyanov
[Mu] and Dozias [D]. We found citations of the theorems obtained by Mubarak-
zyanov in [PSWZ], pp. 988 and Dozias in [Ve], pp. 180. We include a proof of the
classification theorem since it will be frequently used to obtain the results through-
out the article. Appendix II contains comparisons with the tables given by the
various authors [Mu], [D], [SJ], [O1], [PSWZ].

In Section 2 we consider product structures on four dimensional Lie algebras.
We determine all four dimensional solvable Lie algebras admitting a paracomplex
structure (see Table 2). Among these, we study the case when one of the subalgebras
is an ideal of g. We also exhibit decompositions where one of the subalgebras is three
dimensional (see Table 3).

An important subclass of paracomplex structures is given by Manin triples and
complex product structures (see Section 3). A paracomplex structure g = g4 > g_
is a Manin triple if there exists a non degenerate invariant symmetric bilinear form
on g such that g4 are isotropic subalgebras. It is shown that there is only one non
abelian four dimensional solvable Lie algebra giving rise to a Manin triple. On the
other hand, given a product structure E and a complex structure J on g such that
JE = —FEJ, {J,E} is called a complex product structure on g. We determine all
four dimensional solvable Lie algebras admitting complex product structures (see
Table 4), giving an alternative proof of a result by Blazi¢ and Vukmirovié¢ ([BV]).

1. Classification of four dimensional solvable Lie algebras

In this section we obtain the classification of four dimensional solvable Lie alge-
bras. The proof follows the lines of [Mi] for the classification of three dimensional
solvable Lie algebras, that is, we obtain the four dimensional solvable Lie algebras as
extensions of the three dimensional unimodular Lie algebras R?, the Heisenberg al-
gebra b3, the Poincaré algebra ¢(1,1) or the Euclidean algebra ¢(2). Both, [O1] and
[SJ], obtain the four dimensional solvable Lie algebras as extensions of nilpotent Lie
algebras of dimension at most three. In Appendix I we exhibit matrix realizations
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and Appendix II contains comparisons with the tables given by the various authors
[Mul, [D], [SJ], [01], [PSWZ].

1.1. Algebraic preliminaries

A Lie algebra g which satisfies the condition tr(ad(z)) = 0 for all x € g will be
called a unimodular Lie algebra. If g is a Lie algebra, then using the Jacobi identity
we see that tr(ad[z,y]) =0 for all =,y € g. Hence, the map x : g — R defined by

x(z) = tr(ad(z)), zeg, (4)

is a Lie algebra homomorphism. In particular, its kernel u = ker() is an ideal
containing the commutator ideal [g, g]. The ideal u will be called the unimodular
kernel of g. It is easy to check that u itself is unimodular.

We now introduce some notation that will be used throughout the paper (com-
pare with [GOV]).

aff(R): [e1,e2] = eq, the two dimensional non-abelian Lie algebra of the group of
affine motions of the real line;
hs: [e1,es] = es, the three-dimensional Heisenberg algebra,
t3: [e1,es] = eq, [e1,e3] = ea + e3;
t3ar [er,ea] = e, [e1, e3] = Aes;
th [en,ea] = ez —e3, [e1,e3] = ea + Aes;
Remark. Observe that v _1 is the Lie algebra e(1, 1) of the group of rigid motions
of Minkowski 2-space, t30 = R x aff(R) and v3; is the Lie algebra of the solvable
group which acts simply and transitively on the real hyperbolic space RH?>. Also
t5 o is the Lie algebra ¢(2) of the group of rigid motions of Euclidean 2-space. Other
authors denote aff(R) by soly and e(1, 1) by sols.

We recall the classification of solvable Lie algebras of dimension < 3. A proof
can be found, for example, in [Mi] or [GOV].

Theorem 1.1. Let g be a real solvable Lie algebra, dimg < 3. Then g is isomorphic
to one and only one of the following Lie algebras: R, R2, aff(R), R3, b3, ts,
ts, (A <1 and t5,, A >0. Among these, the unimodular ones are R, R?, R3,
b3, 3,—-1, and tg’),O'/

The proof of Theorem 1.5 in next section is based on the knowledge of the
algebra of derivations of solvable unimodular three dimensional Lie algebras. This
is the content of the next lemma, whose proof is straightforward.

Lemma 1.2. The algebra of derivations of ¢(2), ¢(1,1) and b3 are

0 0 O
Dere(2) = c a —b|:abecdeRy, (5)
d b a
with respect to the basis e;, i =1,2,3, such that [e1,e2] = e3, [e1,e3] = —ea;
0 0 O
Dere(1,1) = ¢ a 0]: abecdeR ) >2aff(R) x aff(R), (6)
d 0 b
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with respect to the basis e;, i =1,2,3 such that [e1,es] = ea, [e1,e3] = —es;
A 0
Der bz = 0 |: Aegl(2,R), byceR ,, (7)
b ¢ trd

with respect to the basis e;, i =1,2,3 such that [e1,es] = es.

1.2. Classification theorem

In this section we obtain all four dimensional solvable Lie algebras as semidirect
extensions of three dimensional unimodular Lie algebras. The classification theorem
is then reduced to the study of the derivations of these three dimensional algebras.
The proof will follow the lines of [Mi] for the three dimensional case, but instead
of the rational form, we make use of the Jordan normal form over R.

Given a Lie algebra g and an ideal v of codimension one in g, let eg € g\ v. Then
we denote

g =Reg X, 0, (8)

where ¢ : Reg — Derv is a linear map such that ¢(eg) = ad(ep). Observe that the
splitting of the short exact sequence

0—-0v—-g—R—-0,

is an immediate consequence of the fact that R is one dimensional.

The following result proves the desired decomposition, that is, any four dimen-
sional solvable real Lie algebra is a semidirect product of R and a three-dimensional
unimodular ideal. Thus this proposition is a first step in the classification (compare
with Proposition 2.1 in [DS]):

Proposition 1.3. Let g be a four-dimensional solvable real Lie algebra. Then there
is a short exact sequence

0—v—-g—-R—0,

Il

where v is an ideal of g isomorphic to either R, b3, ¢(1,1) or ¢(2), that is, g
Reg Xy, 0.

Proof. Consider the Lie algebra homomorphism x : g — R defined in (4). If g is
not unimodular then its unimodular kernel u has dimension three, therefore it is
isomorphic to R3, b3, ¢(1,1) or ¢(2) and the proposition follows with v = u.

We assume now that g is unimodular. The commutator ideal g’ is nilpotent and
dim g’ < 3, hence it follows that g’ is isomorphic to {0}, R, R?, R? or h3. In the
last two cases the proposition follows by taking v = g’. If g’ = {0} then g is abelian
so that v = R? is an ideal of g.

If ¢’ is isomorphic to R, g’ = Res, then there exist elements e;,e; in g such
that [e1,ea] = es. The set eq,eq, e5 is linearly independent since g is unimodular.
Therefore, the Lie subalgebra generated by eq, es, e3 is an ideal isomorphic to bs.

If g’ is isomorphic to R? then either i) there exists  not in g’ such that ad(x)
is non singular, or ii) for all z € g the transformation ad(z) is singular. Making
use of the Jordan form of the corresponding complex transformation we get in both
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cases 1) and ii), that x(z) = A\ + Ao = 0, for \; € C, i = 1 or 2. Thus in case i)
there is a basis of g’ such that the action of x is given as follows (up to a nonzero

multiple):
Dadle = (5 %) o el = () )

where case b) corresponds to the eigenvalues ¢, —i. Thus Rz @ g’ is an ideal of g
isomorphic to ¢(1,1) or to ¢(2), respectively.

In case ii), since A1 or Ay is zero, then the unimodular condition imposes that
both eigenvalues vanish and so, for a fixed z not in g’, there is a basis of g’ such
that the action of ad(z)|y takes one of the following forms:

a) ad(@)y =0 or D) ad(x)|g/:<8 é)

Therefore, Rz & g’ is an ideal of g isomorphic to R3 in case a) or b3 in case b). This
completes the proof. O

The following lemma will be used in the proof of the classification theorem.

Lemma 1.4. Let g1 = Reg X, R? and go = Reg X, R? such that [g;,9:] = R?, i =
1,2. Then g1 = g2 if and only if there exists v # 0 such that p1(eo) and ypa(eo)
are conjugate in GL(3,R).

Proof. Assume first that there exists a Lie algebra isomorphism 9 : g1 — go; then
¥ R3 — R3 and 9(eg) = yeo + w, where v € R\ {0} and w € R3. If v € R3, we
calculate

[¥(€0), ¥ (v)] = vp2(e0)P(v),
Y(leo, v]) = ¥ (p1(eo)v),

and therefore ypa(eg)(v) = (p1(eo)v) for all v € R3, that is, ypa(eg)
=pi(eo) .

The converse is straightforward. O

Dozias and Mubarakzyanov gave in [D] and [Mu] a classification of four dimen-
sional solvable Lie algebras. We prove below this result to make this article self
contained. The proof uses Proposition 1.3 together with Lemma 1.2.

Theorem 1.5. Let g be a four-dimensional solvable real Lie algebra. Then g is iso-
morphic to one and only one of the following Lie algebras: R*, aff(R) x aff(R), Rx
hs, Rxrtz, Rxrgy, [A <1, Rx té)\, A >0, orone of the Lie algebras with
brackets given below in the basis e;, 1 =0,1,2,3:

ny: [eo,e1] = ez, [eo, e2] = e3;
aff(C): [eo, e2] = ea, [eo,e3] =e3, [e1,e2] =e3, [e1,e3] = —ea;
Ty [eg, e1] = e1, [eo,ea] =e1 +e2, [eo,e3] =ea+e3;
tan: [eo,e1] =e1, [eo,ea] = Aea, [eo,e3] =ea+ Aes;
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tyun: leose1] =e1, [eo,e2] = pea, [eo,e3] = Aeg, pA #0, -1 <pu<A<1
or —1l=p<A<0;

tﬁ;%)\! [60761] = [eé1, [60762] = Aey — e3, [60763] =eg + des, pu>0;

040 [eo,e1] =e1, [eo,e2] = —ea, [e1,e2] = e3;
1
4 [eo,e1] = Aep, [eg,ea] = (1 — Nea, [eo,e3] =e3, [e1,ex] =e3, A= >
0{4)\.' [60,61] = )\61 — €9, [60,62] = €1 + )\62, [60,63] = 2/\63, [61,62] =

€3, A 2 Oz
ha: [eo,e1] = e, [eo, e2] = €1 + e2, e, €3] = 2e3, [e1,e2] = e3.
Among these, the unimodular algebras are: R*, R x b3, R x t3-1, R Xx

/ / /
t370, Ny, t4,—1/27t4,p,,717;t (1< p<—1/2), t4»lla—#/2’ 047 D470~

Proof. In view of Proposition 1.3 there exists a three dimensional ideal v of g
isomorphic to R?, ¢(2),¢(1,1) or h3. We will analyze below the different cases.

1.3. Case v = R3.

We introduce first the following 3 x 3 real matrices which will be needed in the
next paragraphs:

0 0
Al = , A) = A 1], (9)
0 A

1
0
0
w0 0
: A =10 X 1. (10)
0

By assumption, g = Regx ,R? where ¢(eg) = ad(eg). Suppose first that ¢(eg) has
real eigenvalues. We have the following possibilities for ¢(eg), where the eigenvalues
are ordered such that |A1| < |Aa| < |As):

As =

SO OO+
O~ O O
— Oy o0

A0 0 At 0 0
Dpleg)=10 X 0], i)eleg)=[0 Ao 1],
0 0 A3 0 0 X
A1 0
iii) p(eg) = ({0 A 1
0 0 A

X\ =0,i=1,2,3, then g=R*;
A =0, A3 #0,  then g2 t3 x R;where A = 32;
A1A2As # 0 then g 2 R x,, R?, ¢i(eo) = Al as shown in (9),

that is, g = tg 4 x-

Casei)

The last isomorphism in Case i) follows by dividing ey by A3 and by reordering
suitably the basis {e1, ez, e3} of R?, we may assume that —1 < u < A < 1.
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A =X=0 then g 2 R x bs;

A =0, A3 #0 then g =R X t3;

A1 #0, then g = R x » R?, ¢3(e) = A3 as shown in (9),
that is, g = tq .

Case ii)

A =0, then g = ny;
Case iii) ¢ A # 0, then g =R x,, R3, ¢3(eg) = Az as shown in (10), that is,
g =ty

The last isomorphism in case iii) follows by taking eg/\.

In case @(ep) has only one real eigenvalue, p, then we may assume that
©(eg) = A" as in (10) and we have:

p=0, then g =R x 5 ;

p#0, theng=v)  , u>0.
Observe that the last isomorphism follows by changing ey by —eg.
1.4. Case v =¢(2).

Assume that g = Reg X, ¢(2) where p(eg) = ad(eg) € Dere(2) is as in (5). Then
setting e, = eg — bey + des — ce3 , it follows that

legs €1] =0, eh, e2] = aea,  [eg, €3] = aes;
therefore, g = R x ¢(2) = R x v, or g = aff(C) depending on a = 0 or a # 0,

respectively.

1.5. Case v =¢(1,1).
Assume that g = Reg X, ¢(1,1) where ¢(eg) = ad(eg) € Dere(1,1) is as in (6).
Let e, = eg — aey + cea — deg, then
[667 61] =0, [66’ 62] =0, [66’ 63] = (a+b)es;
therefore, g 2 R x ¢(1,1) =R x t3 _1 or g = aff(R) x aff(R) depending on a+b =0
or a + b # 0, respectively.

1.6. Case v = bs.
Assume that g = Reg X, hs where p(eg) = ad(eg) is given by
0
4 0
b ¢ trd

see (7)). We may assume that b = ¢ = 0. In fact, setting e, = ey — ce; + bes it
0
turns out that ad(ep) is given by

4 0. (11)
0 0 trd
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Assume first that A has two real eigenvalues v, 3; then A takes the form

i)A:(g g,) or ii)A:(g “ly)

Observe that in all cases, once we change the basis e, es to €], e), we must set
es = [e}, 5] in order to obtain a Lie algebra isomorphism.

v=pB3=0, then g =R x b3;
Case i){ 7= —B#0, then g=0y; Case ii){
Y+ B#0, then g=dgn, A= —2L

v =0, then g = ny;
. 7 #0, then g = b,
y+8

We show that 94 =2 04,1—. This follows by changing the basis e;, 0 < ¢ < 3, to
the basis e}, 0 < ¢ < 3, where:

ey = €0, €} =ea, €h=e, e4h=—e3.
Therefore, we may assume that A > 1/2.
In case ii), v # 0, in order to show that g 2 h one has to start with e}, = —eq,
v

then take €], e} € span{ey, e2} such that

ateh) = (g 1)

with respect to {e}, e} and ef = [e], €b].
If A has no real eigenvalues, then ad(e(,) takes the form

A1 0
-1 A 0],
0 0 2

and we conclude that g = 0} ,. Hence, we have shown so far that any four dimen-
sional solvable Lie algebra is isomorphic to one of those listed in the statement of
the theorem. It remains to show that they are pairwise non isomorphic.

1.7. Isomorphism classes

In Table 1, we list the four dimensional solvable Lie algebras according to their
commutator. After that, we proceed to distinguish them up to isomorphism.

¢ [g,g] = R: R x b3 is nilpotent but R X t3 ¢ is not, therefore they are not isomor-
phic.

e [g,g] =R?, 3= {0}: Both aff(R) x aff(R) and 04,1 are completely solvable! and
therefore not isomorphic to aff(C), which is not completely solvable. The unimodular
kernel of aff(R) x aff(R) (resp. 04,1) is t3,—1 (resp. h3), hence aff(R) x aff(R) is not
isomorphic to 04,1.

IRecall that a solvable Lie algebra g is completely solvable when ad(x) has real eigenvalues for all
reg.
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| ool B

{0} R*

R Rxbs, Rxrsg

R?, 5 =1{0} | aff(R) x aff(R), aff(C), da.

R? 3 #{0} |Rxrts, Rxuezx (A<, a20), Rxthy (x20), tag, ng

R? te, tux (A£0), Taun (WA #£0, -1<p<A<D, ¥,y (>0)
bs 04, un (£ A21/2), ), (A>0), by
Table 1:

olg,g] =R? 3#{0}:Ifg=Rxrs, Rxrzy(]A[<1, A#0)orRxth, (A>0)
then 3 N [g,g] = {0}, while 3N [g,g9] # {0} when g = t40 or ny. Also g =
Rxrg, Rxtzy(JAl <1, A#0)and R xt3, (A > 0) are not pairwise isomorphic
since t3, t3 ) and té7 , are 3-dimensional non isomorphic Lie algebras. On the other
hand, n4 is nilpotent but vy ¢ is not, hence they are not isomorphic.

o[g,0] =R% vy, tun (A #0), tapn, vy, In this case, it follows from Lemma
1.4 that any pair of Lie algebras belonging to different families can not be isomor-
phic. The last family consists of non completely solvable Lie algebras.

The fact that two Lie algebras tg x, A # 0, and vy x, A # 0, are isomorphic if
and only if A = )\ follows by applying Lemma 1.4.

Let us show that if v4,, —1 < p < A < 1, p\ # 0, is isomorphic to
e, —L < <N <1, /N #0, then p = ¢/ and A = XN. From Lemma
1.4, there exists v # 0 such that the sets of eigenvalues {1, u, A} and {~,vp/,v\'}
must coincide. If v = 1 the desired assertion follows from p < A and g/ < N. If
~ = u then either yu' =1 or yA’ =1, hence p’ = 1 or X' = 1, therefore v = 1 and
again this implies = p/, A = ). The case v = X is proved in a similar way.

Let us show that if 4 1 x, —1 < A < 0, is isomorphic to t4_1 x, —1 < X <0,
then A = )\. We apply Lemma 1.4 again to obtain that there exists v # 0 such
that {1, —1, A} and {7, —v,vy\'} must coincide. We cannot have v = —1, since this
would imply A = =X, a contradiction, since both, A and X' are negative. If v = J,
then —y =1 and —1 =X = AN > 0, a contradiction. Thus y =1 and A = \'.

If tapn, =1 <p <A<, pA# 0, were isomorphic to tg,—1,», —1 < X <0,
then Lemma 1.4 would imply that that there exists v # 0 such that {1, u, A\} =
{v,—=7v,7N'}. If v =1 then u = —1, which is impossible. On the other hand, v =
implies —y = 1 or v\’ = 1, hence 4 = v = —1, a contradiction. The case v = X is
similar; therefore, the above Lie algebras are not isomorphic.

Assume now that til,/w\’ > 0, is isomorphic to til,u’,/\” i > 0, we must show
that u = p/ and A = ). We apply Lemma 1.4 again to obtain that there exists
v # 0 such that p =y’ and A 7 = y(\ £ i). It follows from the second equality
that v = +1, and the first equality implies v = 1, since both p and p’ are positive.
Therefore, u = p' and A = X, as claimed.

e[g,g] = h3: The Lie algebras 24, 045 (A > 1/2, A # 1), and 2} ,, by are
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distinguished by g/3([g, g]), as the following table shows:

A>1/2
0/3([g,0]) || t3-1 3,141/ T3 t3

O

Remarks. (i) In [DS] it was proved that 9 y, A > 0, are all non-isomorphic. Observe
that gy in [DS] corresponds to 0;1/)\ for A # 0 (resp. 04,15 for A = 0).

(ii) We observe that aff(C) is the Lie algebra of the group of affine motions of the
complex line, which is isomorphic to the complexification of aff(R) looked upon as
a real Lie algebra. [It should be noted that the Lie algebra Der ¢(2) (see Lemma
1.2) is isomorphic to aff(C).] Also, v4,1,1 is the Lie algebra of a solvable Lie group
which acts simply and transitively on the real hyperbolic space RH* and 041/2 18
the Lie algebra of a solvable Lie group which acts simply and transitively on the
complex hyperbolic space CH?.

2. Product structures on four dimensional solvable Lie alge-
bras

2.1. Basic definitions
An almost product structure on a Lie algebra g is a linear endomorphism F :
g — g satisfying E? =1Id (and not equal to £Id). It is said to be integrable if

Elz,y] = [Ez,y] + [z, Ey] — E[Ex,Ey] for all z,y € g. (12)

An integrable almost product structure will be called a product structure.
An almost product structure on g gives rise to a decomposition of g into

g=9g+®g-, FElgy=1d, Elg- =—Id. (13)

The integrability of E is equivalent to g4 and g_ being subalgebras. When dim g, =
dim g_, the product structure FE is called a paracomplex structure.

Three Lie algebras (g,g+,g9-) form a double Lie algebra if g4 and g_ are Lie
subalgebras of g and g = g4 @ g_ as vector spaces. This will be denoted by g =
g+ > g_. Observe that a double Lie algebra (g,g+,9—) gives a product structure
E:g— gong, where E|lg; =Id and E|g_ = —Id. Conversely, a product structure
on the Lie algebra g gives rise to a double Lie algebra (g, g+,g—), where g4 is the
eigenspace associated to the eigenvalue +1 of E. The notion of double Lie algebra is
a natural generalization of that of semidirect product. We will denote g = g4 X g_
the semidirect product of g, and g_ where g_ is an ideal of g, that is, there is a
split exact sequence

0 —g-—9g—g+ —0.
Product structures or, equivalently, double Lie algebras, were used in several

contexts (see [AS], [LW]). Important examples of double Lie algebras are Manin
triples and complex product structures.
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g R o R aff(R) o2 R? aff(R) > aff(R)
R? (eo, e1) X (€2, e3) no 1o
er + es, e
R R ’
aff(R) x aff(R) | {eo,e1) x {ez,es) > (e0, 1) (eo,e3) X (e1,e2)
R x hg <60762> X <€1,€3> no no
R x t3 (eo,e1) x (e2,es) | (e1,ea) > (eo, e3) 1o
Rxt3x, A#0 | (eo,e1) X (e2,e3) {e1, e2) x (eo, €3) D<1<<e£1+—e)t;§2(>33>
R X t3,0 (eo, e1) X (€2, e3) {e1, e2) x (eo, €3) no
R X t5 5 (€0, e1) X (e2; e3) no 1o
N4 (€0, e3) > {e1, e2) no no
(eo, €2)
off(©) | leoven) x eaves) |0 T L i
r4 no (eo,e1) X (ea, e3) no
tax, AFO no (eo, e1) ¢ (e2, es) > (65)63—’ ile>3 )
ty0 (€0, €2) > {e1, e3) (€0, €1) X (€2, e3) 1o
€0 — €1,
TN no (e, e1) x (e2, €3) M( (060 + 16162€>3>
Vo no (€0, e1) X (ea,e3) no
eo + e2,e1 — é:
04 no (eo, e1) x (e, e3) D<f<0€0 —262 161 +;>P)>
) > )\ ?
D A#£ 1 no (€0, e1) x (e2, e3) <e(()163>)\)6<6i 1—6’3;2
— 1 &
04,1 (€0, €2) x (e1,€3) (€0, e1) x {e2, €3) > <€<§O-|’—6612> es)
DZ,A o o no
€o, €
Ba no (€0, e1) > {e2, e3) < {eo <—O€2 ?()3>1 —e3)

Table 2: Paracomplex structures on four dimensional solvable Lie algebras
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It is the main goal of this subsection to determine all 4-dimensional solvable Lie
algebras admitting paracomplex structures. We will give realizations of the Lie alge-
bras obtained in Theorem 1.5 as double Lie algebras with subalgebras of dimension
2 when such a structure exists (see Table 2), or prove the non existence otherwise.
It turns out that among all four dimensional solvable Lie algebras there is only
one family, whose commutator ideal is b3, not admitting any paracomplex structure
(Theorem 2.7). Since there are only two non-isomorphic two-dimensional Lie alge-
bras: R? and aff(R), the possible decompositions g > g_ are R? 0 R?, R? < aff(R)

and aff(R) > aff(R).

By simple computations one can verify that the decompositions given in Table 2
satisfy the required properties. We prove below the non existence results.

Proposition 2.1. Let g be a Lie algebra with an abelian commutator ideal g’ of
codimension 1. Then any abelian subalgebra of dimension n > 1 is contained in g’.
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Proof. In this case there is eg € g such that ad(ep) is an isomorphism of g’. Let
be an abelian subalgebra of g, dimf > 1, and let x,y € b linearly independent. If
T = ageg + ', y = bpeg + 3" with ag,bg € R and 2,9y’ € ¢, then

0 = [z,y] = [eo, a0y’ — boz'].
This implies that agy’ — bpz’ = 0, that is, agy — bpz = 0 and hence ag = by = 0.
Therefore, z,y € g’, as asserted. O

The previous result together with Table 1 imply

Corollary 2.2. The Lie algebras ta, tax (A # 0), T4y, tﬁwﬂ\ do not admit a
decomposition of type R? pa R?.

Proposition 2.3 ([P]). If g is a Lie algebra which admits a decomposition g =
g+ X g_ with g+ and g— abelian subalgebras, then g is 2-step solvable (i.e., g’ is
abelian).

Proof. If g = g4 > g_ with g and g_ abelian then [(z1, z2), (y1, y2)] is determined
by [(z1,0), (0,y2)] = (a(z1,y2), B(x1, y2)) where « and 3 denote the components on
g+ and g_ respectively. Since the bracket on g satisfies the Jacobi identity one
obtains

(3:1’ (yhz?)) Ol(yl, (xlsz))a
Bla(z1,y2), x2) = Bla(z1,22), y2),
(Z‘ (y1722)) ﬁ(yl’ (thQ)))

4. Of( (21, 92), 22)) = a(a(z1, 22),y2)).
Now, using the above relations one can show that
a1, y2), B(ur, v2)) = ala(ur, v2), B(z1,y2))
and
Bla(z1,y2), Bur, v2)) = Bla(ur, v2), B(21, y2))-
But the above relations immediately imply
[[(1,0), (0, 32)], [(u1,0), (0,v2)]] = 0

and the assertion follows. O
The above proposition together with Table 1 imply

Corollary 2.4. The Lie algebras d4, 04) (A # 1), Oﬁl’)\, hs do not admit a decom-
position of type R? 1 R2.

Lemma 2.5. The Lie algebras R*, Rx b3, ny and Rxty \ do not contain aff(R) as a
subalgebra. Hence, these Lie algebras do not admit decompositions of type aff(R) >

R? or aff(R) > aff(R).
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Proof. Since R*, R x h3 and ny are nilpotent, they cannot have subalgebras iso-
morphic to aff(R). Let us show next that the same holds for g := R x t5 . In fact,
assume that there exist x,y € g such that [z,y] =y. Then y € ¢'. If = € (e, €2, €3)
then y = 0, thus assume that = e; + u. So [z,y] = [e1,y] = y implies that y =0
since ad(e;) has no real eigenvalues in g’. O

Proposition 2.6. The Lie algebras R x t3,R x 30, aff(C), t4, ta o and tﬁw’/\ do
not admit a decomposition of type aff(R) < aff(R).

Proof. Let g :=R X t3 and b a subalgebra of g isomorphic to aff(R). Then b has a
basis of the form {e; +u, e} with u € {eg, e3). Thus, any decomposition of R x t3 of
the form b +bo with h; ~ aff(R) =~ b is not direct since ez € h1Nho. If g = Rx 130,
then dim g’ = 1 and therefore the assertion follows.

Assume next that g = aff(C). Every subalgebra of g isomorphic to aff(R) is of
the form (eg +u, v) with u,v € (ea, e3), thus it is contained in the subspace spanned
by {eo, €2, e3}. Therefore, aff(C) is not of type aff(R) > aff(R).

If g is either vy, t4o or tﬁ;,u,m one can show that e; € g belongs to any Lie
subalgebra of g isomorphic to aff(R) and thus g cannot be decomposed as aff(R) <
aff(R). We give a proof of this fact in the case g = t4. Let u = (u,v) be a Lie
subalgebra of ty isomorphic to aff(R), with [u,v] = v. If u = Z?:o aie;, v =
Z?:o bie; with a;, b; € R, 1 =0,...,3, by = 0 since v € [ty, t4], then we have

apby + agbz = b1, bi(ap — 1) = —agb,
agbs + agbs = bo, which implies ba(ap — 1) = —agbs,
a0b3 = b3 bg(ao - 1) =0.

If ap — 1 # 0, then b3 = 0 and thus by(ag — 1) = 0, which implies bs = 0. From this,
we have by(ap — 1) = 0, and therefore by = 0, i.e. v = 0, a contradiction. Hence,
ap = 1 and then by = b3 = 0. Also b; € R\ {0} is arbitrary, and we may take by = 1.
So,

u = ep + azez + ages, v = ey,

hence, e; € vy, as asserted. The proofs of the remaining cases are similar. O

Theorem 2.7. If g is a four dimensional solvable Lie algebra then g does not admit
any paracomplex structure if and only if g is isomorphic to Oﬁm for some A = 0.

Proof. We first show that if g is a Lie algebra in the family 0217/\ with A > 0 then g

does not admit a paracomplex structure. Let u be a 2-dimensional Lie subalgebra

of g with a basis {u,v}, where u = E?:o a;e;, v = Z?:o b;e; with a;, b; € R, 1 =

0,...,3

Case 1: [u,v] = 0 and hence u 22 R%. In this case we get that
/\(a0b1 — albo) + aobg - agbo = O7
Alagba — azbo) — agby + aiby = 0,
2/\(0,0[)3 - agbo) + a1b2 — CLle =0.
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From the first two equations we arrive at (agbs — a2bg)(A% + 1) = 0, and therefore
agbs — azby = 0, which in turn implies apb; — a1by = 0. Summing up, we have

(ag,ar,az) x (bo,b1,b2) = (—2X(apbs — asbp),0,0)

and hence

2)\@0(@0[)3 — (lgbo) = 07
2)\[)0(@0[)3 — agbo) =0.

We have two cases:
(l) A = 0. Then (ao,al,ag) X (bo,bl,bg) = (0,0,0) and therefore (bo,bl,bQ) =
B(ag,a1,az2), with 8 € R. Since v and v are linearly independent, we must have
bs — Basg # 0. Thus, we obtain that
B 1

by — Bas
(ii) A # 0. If we suppose agbs — agby # 0, we arrive at a contradiction; thus agbs —
asbg = 0 and (ag,a1,a2) x (bg,b1,b2) = (0,0,0). As in the previous case, we have
that ez € u.

(v —pu)

€3

Case 2: [u,v] = v and hence u 2 aff(R). In this case we obtain that by = 0 and

)\aobl + CLon = bl,
)\aobg — G,()bl = b2, (14)
2Xagbs + a1bs — asby = bs.

Let us observe first that ag # 0, since otherwise from (14) we obtain that by = by =
bs = 0, i.e. v = 0, a contradiction. Combining now the first two equations from (14),
we arrive at

b1ba (()\CLO — 1)2 + ag) =0.

Since clearly (Aag — 1) + a2 # 0, we have that biby = 0. It is easily seen that this
implies by = by = 0. Hence, we need only consider now the equation 2Aagbs = b3,
with b3 }é 0.

(i) A = 0. In this case, we obtain that b3 = 0, a contradiction. Thus, 0} ;, does not
have any Lie subalgebra isomorphic to aff(R).

(ii) A # 0. Here, since bs # 0, we have ag = % and u and v are given by

1
u = 560 +aje; +agzea, UV =e;3.

Note that e3 € u.

In all cases, e € g belongs to any 2-dimensional Lie subalgebra of g, and hence
this Lie algebra cannot be decomposed as a direct sum (as vector spaces) of two
2-dimensional Lie subalgebras.

The theorem follows by observing that the remaining Lie algebras possess para-
complex structures (see Table 2). O

We give next a characterization of the four dimensional solvable Lie algebras
which can be decomposed as a semidirect product of two dimensional subalgebras.
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2.3. Semidirect extensions of R?2
Assume that g contains R? as an ideal and that the short exact sequence

0—R*—g—g/R*—=0
splits. The next result gives a list of the Lie algebras with this property.

Proposition 2.8. Let g be a four dimensional solvable Lie algebra.
(i) If there is a split exact sequence

0-R?—g—R?*—0

then g = R*, aff(R) x aff(R),R x bz, R x t3, R x t3, R x 1}, aff(C) or 04;.
(i) If there is a split exact sequence

0—R*—g— aff(R) -0
then g 2 R x T3, Tan, T4, til,u,)n 04 01 04 ).

Proof. (i) Table 2 exhibits decompositions of g as a semidirect product R? x R? in
case g = R*, aff(R) x aff(R), R x b3, R x t3, R x t3 5, R x t , aff(C) or v41. It
follows from Corollaries 2.2 and 2.4 that tq, tax, t) 5, A # 0, Ta o, Ty, s 04, Da,,
A#£ 1, Dﬁl} y and by do not admit such a decomposition. It remains to consider the
case g = ng or ty 0. Assume that g = a x b with a 2 b 22 R?. Then g’ C b, hence
g’ = b since in both cases g’ = R? (Table 1).

Consider next the case g = ny, hence b = (ez,e3) and a = (z,y) with z =
aey + bey + u, y = ceg + dey +v, ad —bc # 0, u,v € b. We calculate

[z,y] = (ad — bc)ea + [eg, av — cu]

which is non zero since the second summand on the right hand side is a multiple
of es. This contradicts the fact that a =2 R2. Therefore, ns does not decompose as
R? x R2.

The case g = vy is similar. We have b = (ej,e2) and a = (x,y) with z =
aey + bes + u, y = ceg + des + v, ad — bc # 0, u,v € b. We calculate

[,y] = [eo,av — cu] + (ad — bc)es

which is non zero since the first summand on the right hand side is a multiple of
e1. This contradicts the fact that a =2 R? and part (i) of the proposition follows.

(i) If 0 — R? — g — aff(R) — O splits, then there is a subalgebra h of g
isomorphic to aff(R) such that g = b x R2. Set

p:h—gl(2,R), p(u) = ad(u)|gz, u€bh.

S
Then p is a Lie algebra homomorphism. Let h = (z,y), [z,y] = y. If p = 0 then

g = aff(R) x R* = R x t30. If dim Tm p = 1, then 0 = [p(z), p(y)] = p([, y]) = p(y)
and p(x) is given as follows:

GO e () e (52 e

The first possibility gives g = R X t3 ) in case p = 0 and g = v4, 5 if g # 0. The
second possibility yields g = t4 » and the last one gives g =t/ , 8.0/ 8"
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If dim Im p = 2, then p(z), p(y) are linearly independent and since g’ is nilpotent
and y € ¢g’, we may assume that
0 1

It follows from [p(x), p(y)] = p(y) that p(x) takes the following form:

ple) = (a +01/2 a—ﬁ1/2)'

We can take 5 = 0 by replacing « with  — Sy. Let us denote by g, the Lie algebra
corresponding to

oo = (" ). o= (3 o)

The following table gives the possibilities for g, according to the parameter a:

o fa
—1/2 24
1/2 04,1
2
e (—1/2,1/2)uU(1/2,3/2 , A=
a€(=1/2,1/2)U(1/2,3/2] | an a1
a—1/2
—00,—1/2 2 A=
aE( 00, /)U(3/7OO) 04,)\7 a+1/2
This completes the proof of the proposition. O

2.4. Semidirect extensions of aff(R)
Assume that g contains aff(R) as an ideal and that the short exact sequence

0 — aff(R) — g — g/aff(R) — 0

splits. The next result states that g is a direct product, that is, g is isomorphic to
R? x aff(R) or aff(R) x aff(R). The precise statement is the following:

Proposition 2.9. Let g be a four dimensional solvable Lie algebra.
(i) If there is a split exact sequence

0 — aff(R) - g — R* = 0

then g 2 R x t39 = R? x aff(R).
(ii) If there is a split exact sequence

0 — aff(R) — g — aff(R) — 0
then g = aff(R) x aff(R).

Proof. Let aff(R) = (z,w) with [z, w] = w, then the algebra of derivations is given

as follows:
0 0
Der aff(R) = {(a b) , a,be ]R}
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R b g
3 4 / ’
R R R s R x f)3, R x T3, R x T3 ), R x If3,>\, Ny, T4, Tg x, t4’u’)\, t4»lh/\
INLSE R x b3, g, ta0, 04, dan (A=1/2), 0y, (A>0), by
Rpars R x t3, tg, tan, (A #0), 041

Reargg | Rxtgy, aff(R) x aff(R), tao0, 04, 041

Re<atgg | Rx g, aff(C)

Rodegn | R x gy, aff(R) x aff(R) (= -1), aff(C) (x=1), tax, tapnr
ba (A=2), 04n, D412

R > tg)\ R x té’)\, aff(C), tﬁw)\

Table 3:

with respect to {z,w}. If 0 — aff(R) — g — g/aff(R) — 0 splits, then there is a
subalgebra b of g isomorphic to g/aff(R) such that g = b x aff(R). Set

p: b — Der aff(R), p(u) = ad(u)|esjr), u € b

Then p is a Lie algebra homomorphism.

(i) In this case h = R?, so the image of p is an abelian subalgebra of Der aff(R),
hence it is one dimensional. Let R? = (x,y), aff(R) = (z,w). We may assume that
p(y) = 0. Let p(x) = (2 2) If a = b = 0 the assertion follows. If b # 0 we may
assume that b = 1 and we can reduce to a = 0 by changing z to z — aw. Hence,
we may assume that the only non zero brackets are [z,w] = w, [z,w] = w and
therefore g = (v — 2,9) x (2,w) where (v — z,9y) 2 R% If b = 0, a # 0, we may
assume that a = 1, therefore g = (z +w,y) x (z,w) where (x + w, y) = R? and the
desired assertion follows.

(ii) We have § = aff(R) = (x,y), [x,y] = y, and the following possibilities for p:

s = (0 9). sw=(10) o s=(] 7). =

We show next that, in both cases, g 2 aff(R) x aff(R).

If the first possibility occurs, take (z — z + aw, y + w) and (z — aw, w). These are
complementary ideals isomorphic to aff(R), hence g = aff(R) x aff(R).

In the second case, take (z — bz 4+ aw, y) and (z,w), which are ideals isomorphic
to aff(R), and the desired assertion follows. O

2.5. Product structures of type R h

We exhibit in Table 3 realizations of the Lie algebras obtained in Theorem 1.5
as double Lie algebras where §) is a three dimensional subalgebra. Note that the
problem of finding such a decomposition is equivalent to the determination of the
three dimensional subalgebras.
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e R>1R? The Lie algebras R x b3, Rxtz, Rxtzx, RXt)y, My, ta, Tan, ap
and ) , | were obtained in Theorem 1.5 as semidirect extensions of R3.

e R < b3: The Lie algebras R x b3, ng, 4, 0sx (A>1/2), 0y, (r>0), and
b4 were obtained in Theorem 1.5 as semidirect extensions of h3. On the other

hand,
tao = (e1) > (eo, €2, €3).
o Rpxrg:
ty = {e3) X (eg, €1, €2),
ta ) = (e1) X (eo, €2, €3), A#0,
041 = (eo) X (eo + ez, e1,€3).
o Rixitsp:
aff(R) x aﬁ( ) = (eo) X (e1, €2, €3),
1,0 = (e3) X (eo, €1, €2),
4 = (e2) > (eg, €1, €3),
04,1 = (e1) >3 (eo, €2, €3).

o Rt aff(C) = (eo) X (e1, €2, €3).

o Rtz aff(R) xaff(R) was obtained in Theorem 1.5 as a semidirect extension

of 3,—1-
hs = (e2) > (eg,e1,e3) =Rtz o, A=2,
aff(C) = (e1) X (eo,e2,e3) =R x t31, A=1,
ty\ = (e3) X (eg, €1, €2)
ta o = (e2) X (eg, €1, €3)
ty o ER>aty, = (e3) X (eg, e, €2),
045 = (e2) D (€0, e1,€3), 0a,1-x = (e1) >4 (eg, €2, €3).
o Rix tQM:

aff(C) = (eo) x (Aeg — €1, e2,€3),
<€1> > <60,€2763>~

1

3. Applications: Manin triples and complex product struc-
tures
3.1. Manin triples on 4-dimensional solvable Lie algebras
An important example of double Lie algebras are Manin triples [LW]. We recall

that a Manin triple is a double Lie algebra (g, g+, g—) with an invariant metric, that
is, a non degenerate symmetric bilinear form (, ) which satisfies:

([z,y], 2) + (y, [x,2]) = 0 for all z,y,2 € g
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such that g4 and g_ are isotropic subalgebras. In particular g = g4 > g_, where
g+ and g_ have the same dimension. Thus, Manin triples are special cases of para-
complex structures.

The next proposition makes use of [BK] and the results of the previous section
to obtain that there is only one four dimensional solvable Lie algebra giving rise to
Manin triples.

Proposition 3.1. Let (g,9+,9-) be a Manin triple such that g is a non abelian
four dimensional solvable Lie algebra. Then g is isomorphic to 04 with the invariant
metric given by:

a = (e, e3) = (e1,€2), a#0,
where the isotropic subalgebras g+ and g_ are given as follows:

(i) 9+ = (eo + pea,e1 — pes), g— = (eg +vez, e1 — ve) with p # v; or
(”’) 9+ = <€0 + pez,e; — .U’63>7 g- = <62763>: v e R.

Proof. According to [BK] a non abelian solvable Lie algebra which admits an in-
variant metric is isomorphic either to 0}  or 94. It was proved in Theorem 2.7 that
02,0 does not admit paracomplex structures. Thus, we need to investigate the pos-
sible paracomplex structures on 04. It is easy to see that the metric on 04 given
by:

(eo,e3) = (e1,e2) =, with a # 0,

is invariant. Any two-dimensional isotropic non abelian subalgebra of 04 is isomet-
rically isomorphic to:

(eo + pez,e1 — pes),

where the isometric isomorphism is given by ¢(e1) = e2, ¢(e;) = —e;, i =0,3. On
the other hand, any two-dimensional isotropic abelian subalgebra is isometrically
isomorphic to:

(€, €3).

It follows from 2.4 that 04 does not admit a decomposition of type R? < R?. If both
g+ and g_ are isomorphic to aff(R) then we are led to case (i). In case g1 = aff(R)
and g_ = R? we obtain case (ii), and the proposition follows. O

3.2. Complex product structures on four dimensional solvable Lie alge-
bras

In this subsection we determine all four dimensional solvable Lie algebras which
admit a complex product structure (see Table 4), using the classification of complex
structures on this class of Lie algebras given in [SJ, O1] together with the results in
§2.2. We give in this way an alternative proof of a result by Blazi¢ and Vukmirovié¢
([BV]), where complex product structures were referred to as para-hypercomplex
structures.

We recall that a complex structure on a Lie algebra g is an endomorphism J :
g — g such that J? = —Id and

S,y = [Jz,y] + [z, Jy| + J[Jz, Jy]
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Lie algebra Complex structure Paracomplex structure
aﬁ(]R) X aff(R) Jeo = e3, J€1 = €2 <807 €1> X (€2, €3>
R x b3 Jeg = —es, Jeg = eg ep,e1) X {ea,e3
Rth’O J83=60, J€1 = €2 e1,e3) X (€g, €2
er&l Je():el, J€2:€3 e1,e3) X (€eg, €2

lef((C) Jeo = e2, J61 = e3

D
X
D
N
9
[

€0, €1

‘C471 Jeo = €3, Jel = €2

(9]

D
[\

)
w

€0, €1

T4AN 5 AAD Jeg =e1, Jea = e3

s3]

9]
[y

9]
w

€0, €2

T4pl 5 p#0, £l Jeg = eq, Je1 = e3

)

D
i~}

]
w

€0, €1

/
LTI Jeg =e1, Jea =e3

9]

sy
no

9
w

€0, €1

J@o = €1, J@Q = —€3

9]

€0, €1

)
)
)
)
)
)
)
)
)
1)
)
)
)
)
)
)
)
)

X | X[ X | X|X]|X

(9]
D
[ V)
)
w

Jeg =e3 —e1, Jep = e — ez,

o)
X
®

fh
o

w

€0, €2

J€2 = €3

04}1 Je() = e, J€2 — —e€3

s3]

9]
[y

9]
w

€0, €2

04,12 Jeg = e3, Je1 = ez

)

D
i~}

o)
w

€0, €1

Jeo = e3, J€1 = —€9

®

8
[\~

Q
w

€0, €1

J@o = €1, J€2 = —263

D

9]
[y

9]
w

€0, €2

0yn , A#1,1/2 Jeg = (1 — Nes, Jep = e €o, €1

D
[N~}

o)
w

Jeg = —Xeq, Jeg = e3 eg, €9

9]
[y

9
w

D
V)
D
w

o~ |~~~ ]~ ~ |~~~ |~~~ |
8y
[\~
9
w
\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/

(
(
(
(
(
(
(
(
(
04 Jeg = —ey, Jea = e3 (eq,
(
(
(
(
(
(
(
(

XX | X|X|X|xX]|X

b4 Jeg = 4ea, Jey = 4de3 €0, €1

Table 4: Complex product structures

for all z,y € g. A complex product structure on a Lie algebra g is a pair {J, E} where
J is a complex structure and F is a product structure on g such that JE = —EJ.
This is equivalent to having a splitting of g as g = g+ @ g_, where g4 and g_ are
Lie subalgebras of g such that g_ = Jg,. From this it follows that F is, in fact, a
paracomplex structure on g.

At this point we refer the reader to Table 4.

Remarks.

a) The Lie algebras R xt; y admit complex structures (see [SJ]) and paracomplex
structures (see Table 2). Nevertheless, they do not admit any complex product
structure. To show this, we state the following result, which is proved in [AD]:
Proposition 3.2. Let {J, E} be a complex product structure on the Lie algebra

g and let (g,9+,9—) be the associated double Lie algebra. Then the following
assertions are equivalent:
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(1) J is an abelian complex structure, i.e., [Jz, Jy] = [x,y] for all x,y € g.
(ii) The Lie subalgebras g4 and g_ are abelian;
(ii7) E is an abelian product structure, i.e., [Ex, Ey] = —[z,y] for all x,y € g.

It is known that the Lie algebra R x t , does not admit any abelian complex
structure (see [SJ]). However, from Lemma 2.5 this Lie algebra admits only
abelian paracomplex structures and thus, from the previous proposition, there
is no complex product structure on R x tg, \-

b) The Lie algebra aff(C) admits other complex structures, given by:

a? + 32

«
Jo,p€0 = e + 3

g

er, Jape2=e3

with @ € R, 8 € R\ {0}. However, there is no paracomplex structure on
aff(C) which anticommutes with J, g. Let us show this last assertion. It is
known from Proposition 2.6 that aff(C) does not admit decompositions of
type aff(R) > aff(R). Also, since the complex structure J, g is not abelian,
any complex product structure on aff(C) induces a decomposition of type
aff(R) 0 R2. Let h be a subalgebra of aff(C) isomorphic to aff(R); then b has

a basis u = eg + azea, v = baeg + bzes. Then J, gu = %eo + o’ +4*

€1 —asez +
asez, Jo,gv = —bgea + baes. Then we must have [Ju, Jv] = 0 and from this we
obtain the system

LB by + by = 0
2 2
9hy — by =0
It is easy to see that the only solution of this system is by = b3 = 0, i.e., v =0,
a contradiction. Therefore, there are no product structures on aff(C) which
anticommute with J, 3.

c¢) The Lie algebras 0} , admit complex structures (see [O1]) but, according to
Theorem 2.7, they do not admit any paracomplex structure. Hence, they do
not carry complex product structures.

d) Table 4 shows examples of complex product structures on R x b3 and v41.1.
On the other hand, all equivalence classes of complex product structures on
these Lie algebras were determined in [AS], section 6.2.

Appendix I - Matrix realizations

We exhibit below matrix realizations of the indecomposable Lie algebras listed
in Theorem 1.5, where indecomposable means that they do not split as a direct
product of lower dimensional Lie algebras. All matrices have real coefficients.
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Appendix II - Comparison with previous classifications

In this section we carry out a comparison with various results which can be found
in the literature. Our main goal is to establish a correspondence between the de-
scription obtained by other authors and the Lie algebras appearing in Theorem 1.5.

3.3.

We start by comparing our results with the ones obtained by Dozias as appearing
in [Ve], Table 1.1, p. 180.

3.4.

94,1 912 | 043 | 944 | Ba5(,B) | ga6() | 947 | gas(a,B) | 94,9(0)
04,0 aff(C) | na | tao t4,a,8 T4a Ty o 04
ga0(a), a#0 | gao | 94,11()

041-1/a ha 00

We recall below the classification given by Mubarakzyanov [Mu] and then we
establish the correspondence with the algebras appearing in Theorem 1.5.

Notation
in [Mu] Lie bracket relations
g4.1 [62, 64] =e1 [637 64] = €2
94,2 [e1,e4] = aer  [e2,e4] = €2 [es,eq] = €2+ e3
94,3 [61, 64] = €1 [637 64] = €2
g4,4 [e1,e4] = €1 [e2,e4] = €1 + €2 [es, ea] = €2 + €3
94,5 le1,eq] = €1 le2, ea] = Be2 les, e4] = ves A<y < B,
¥8#0
94,6 [e1,e4] = aer  [e2,e4] = pes —e3 [es,ea] =e2+pes a#0,p=0
94,7 [e2, e3] = e1 le1, eq] = 2e1 [e2, e4] = €2 les,es] = €2+ e3
04,8 le2, e3] = e1 ler,eq] = (1 +h)er  [e2,eq] = e2 les, ea] = hes,
[h| <1
04,9 le2,e3] = e1 le1, e4] = 2pey [e2,e4] = pez —e3  [es, esq] = ex + pes,
p=0
94,10 le1,e3] =e1 le2, e3] = ez le1,eq] = —e2 le2,eq] = €1+ €3
The correspondence is as follows:
g4,1 g4,2 94,3 94,4 g4,5 g4.6 g4,7 g4,8 g4,9 g4,10
ng Ta | Ta0 | T4 | tagy | thap | D4 | 04,041/148 | 044 | aff(C)
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3.5.

In [PSWZ] invariants of real Lie algebras of dimension at most five are given. In
particular, a list of four dimensional solvable Lie algebras, based on that of [Mu],
is shown in Table I, p. 988. The relation with Theorem 1.5 is :

b b
Agn Agp® | Asas | Aga | Ags® Ase” Agr | Aag

/
ny T4,a T4,0 Tq 4,a,b C4a,b ba 04

Asg® Ago | Ag11® | Aaae
04,1/1+b 040 00 aff(C)

3.6.

The classification of complex structures on four dimensional Lie algebras was
carried out by Snow in [SJ] and by Ovando in [O1]. To achieve this classification a
description is given in [SJ], p. 400, of four dimensional solvable Lie algebras when
the commutator ideal has dimension 1 or 2. We compare below the list given by
Snow with the one obtained in Theorem 1.5.

S1 S2 S3 S4 S54, d#0 S6
R x f)g ]Rz X a)’f(R) T4,0 ng R x t3,d R x 13

SToc, ¢>0 | STiec, 4c>1 S8 S9
R X t30 R Xty gt aff(R) x aff(R) 04,1

S104,4, d#0 S104,c, c#d, d#0 | Sllg., d®> —4c<0, d=0,1
R X t3,4 aff(R) x aff(R) aff(C)

The above correspondence shows that some of the families appearing in [SJ] be-
come a single Lie algebra. Also, there exist isomorphisms between different families.
We give below the proof of these statements.

e ST

We recall from [SJ] the definition of the Lie algebra S74., d®-4c<0, d=0or
1 with basis z,y, z, w:

[‘T,y] =w, [wi] = —cy + dw.
Observe that if d = 0 then ¢ > 0 and ad(x))y has eigenvalues +ic. We can

take a real basis of g’ such that ad(x)|y takes the form

B S) Changing
x by x/c we see that S7g. = R x ¢(2) for all ¢ > 0. If ¢ = 1, then ad(x)|q

has eigenvalues 1/2 4+ iA/2, where A = y/4c— 1. Taking 2’ = /2, there

exists a real basis of g’ such that ad(z'))y takes the form (_1)\ i\), hence

ST =R x tg)\ for all ¢ such that 1 — 4¢c < 0.
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e S10
Consider next the Lie algebra S104.., c,deR,d#0:
[yl =y, [zw=do, [zy]=y,  [5w]=cw. (15)

If ¢ = d, then changing z by « — z, we see that 51044 = R X v3 4 for all d # 0.
If ¢ £ d, let 2/, y/, 2/, w’ be the basis of S10; ¢ satisfying (15) and =z, y, z, w the
corresponding basis of S104,.. Define a linear map v : §104,. — S10; o by

ba)=a'+([d=1), P =w () =2 +e=1)7,  pw) =y

It turns out that 1 is a Lie algebra isomorphism for all ¢ # d and therefore
S10g,. = S1019 = aff(R) x aff(R), where the last isomorphism follows by
changing =’ to 2’ — 2.

S11

Consider the Lie algebra S114.,d* —4c<0, d=0,1:

[x,y] =y, [z, w] = w, [z,y] = w, [z, w] = —cy + dw.
If d =0, then ad(z/c)|q has eigenvalues i and there exists a real basis of g’

such that ad(z/c) = (_01 (1)), hence S11¢ . = aff(C) for all ¢ > 0.

If d =1, then ad(z)|y has eigenvalues 1/2+4i)\/2, where A = \/4c — 1. Taking

2" = z/2, there exists a real basis of g’ such that ad(z’))y takes the form
(_1/\ i‘) Changing 2’ to z” = (' — x)/), so that ad(z") = (_01 (1)), we

conclude that S11; . = aff(C) for all ¢ such that 4¢ > 1.

Finally, in case the commutator ideal is three dimensional, we establish the cor-

respondence with Table 1 in [O1], p. 22.

Al ags A1 # X2 €R\{0,1} Aly 5, ImA #0 A2y, A € R\{0,1} | A3x, A € R\{0,1}

!
T4,51,22 ¥4,1/Im A,Re A/Im A T4 N0 T4\

A4 A5 | A6 | H1 | H2 H3 H4 | H5x, xeR\{0,1} | H65x, X €C\R

I !
T4,1,1 41 | T4 04 | 040 | 04,172 | ba 04,2 04 1 /tm A
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Appendix IIT - Some known results related to 4-dimensional
geometry

Using the characterization of homogeneous manifolds of negative curvature given
by Heintze in [H] we can conclude that the following four dimensional Lie algebras
do admit metrics with negative curvature:

® T4 0<,LL<>\<17

. tﬁw,/\, w>0, A>0,

[ 04’)\7 1/2 <A< 1,

e 0y, A>0,

e fy.
Concerning non positive sectional curvature, we can mention a result appearing in
[Dru], where it is proved that a left invariant metric with non positive curvature
on a four dimensional solvable Lie group either has geometric rank one or it comes
from an inner product on aff(R) x aff(R) or R x t3 1, up to scaling.

We understand that the classification of rank one four dimensional homogeneous

spaces of non positive curvature is not known. On the other hand, Jensen classified
in [J] the four dimensional Lie algebras admitting Einstein metrics:

° thg’l,

® T41,1,

e Rxrj,

® thyxn A>0.
® 04, A=1/2

Among these, it follows from [Al] that there are only two four dimensional Lie
algebras admitting Einstein metrics of non positive curvature: vy and 0412
Concerning left invariant anti-self-dual metrics on four dimensional Lie groups, it
was proved in [DS] (Theorem 1.6) that if a four dimensional Lie group admits such
a metric, then its Lie algebra is one of the following;:

® 047/2,

° Dﬁh 2 A>0.

It is proved in [F2] that 9,9 is the only four dimensional solvable Lie algebra
admitting an almost Kéhler structure whose Ricci tensor is invariant with respect
to the almost complex structure.

The classification of complex structures on four dimensional solvable Lie algebras
was carried out by Snow in [SJ], when the commutator subalgebra has dimension
one or two, and by Ovando in [O1], when the commutator subalgebra is three
dimensional. The classification of hypercomplex structures was obtained in [B1].

Concerning the existence of symplectic structures, it is shown in [FG] that the
solvmanifold obtained as a quotient of F(1,1), the simply connected Lie group with
Lie algebra ¢(1, 1), by a lattice, admits a symplectic structure but no complex struc-
ture. The classification of symplectic structures on four dimensional Lie algebras is
done in [02], where the cohomology of all four dimensional solvable Lie algebras is
computed.
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The hyper-Kahler metrics conformal to left invariant metrics metric on four di-
mensional Lie groups were determined in [B2]. It turns out that the solvable Lie
groups appearing in this list are those with Lie algebra R*, aff(C), T41,1 OT 041/2-
It was proved in [F1] that the cotangent bundle of a Lie group with Lie algebra
aff(C) or ty,1,1 also admits a metric conformal to a hyper-Kéhler metric.

The determination of hypersymplectic structures on four dimensional Lie alge-
bras was carried out in [An]. According to this, the only Lie algebras admitting
such a structure are R*, R x h3,ta,—1,—1 and Vg 9.
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