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EXPLICIT BRAUER INDUCTION FOR SYMPLECTIC AND
ORTHOGONAL REPRESENTATIONS

OLAF NEISSE anp VICTOR P. SNAITH
(communicated by J.F. Jardine)

Abstract

Explicit Brauer Induction formulae with certain natural be-
haviour have been developed for complex representations, for
example by work of Boltje, Snaith and Symonds. In this pa-
per we present induction formulae for symplectic and orthog-
onal representations of finite groups. The problems are moti-
vated by number theoretical and topological questions. We will
prove naturality with respect to restriction and inflation. Also
we investigate complexification maps and use them to compare
the orthogonal and symplectic induction formulae with Boltje’s
complex induction formula.

Introduction

Motivated by a question on L-functions, Brauer published in 1947 [10] his famous
induction theorem which states that any complex/unitary representation of a finite
group can be expressed as an integral linear combination of representations which
are obtained by induction from one-dimensional representations of subgroups. This
result had and still has important implications in many mathematical areas like
number theory, character theory or topology.

The natural question arose to write down explicitly such a linear combination.
During 1986-1989 different explicit Brauer induction formula were developed (e.g.
[35],[4],[43]). The key property of all these formulae is naturality with respect to
homomorphisms of groups. Here we shall be concerned with generalising one of
these formulae, namely the canonical induction formula of [4].

Then, in connection with root-numbers, orthogonal and symplectic representa-
tions of finite groups became important. Similar induction theorems were proved by
Deligne/Serre (for orthogonal) and Martinet (for symplectic) (see [22]). Also topo-
logical questions like stable decompositions of the classifying spaces of symplectic
or orthogonal matrix groups are related to explicit integral induction formulae with
natural behaviour for those induction theorems as explained in §1. However, these
topological problems are not totally answered yet, since our formulae do not have
integer coefficients in general.
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In this paper we introduce corresponding explicit induction formulae by an alge-
braic approach, where the coefficients of the linear combinations are derived from
topological calculations. This enables us to present formulae of the same shape for
all three induction theorems:

Main Theorem'

For n € N let X(n) denote either U(n) (unitary case), O(2n) (orthogonal case)
or Sp(n) (symplectic case). Let G a finite group and p : G — X (n) a representation.
Then

H
() p= >y e o) magw

(H,2¥)<(H1,V1)<..<(H,,¥,) ‘Gl
) 1,*¥1 . Ty E T

where the sum runs over all chains of pairs (H;,V;) of subgroups H; < G and
representations ¥, : H; — X (i), and m(0, ¥) is defined by

0,9)y with ¢ = ¥ unitary case
(0,9) [ (b, ¥)y with ¢ = () symplectic case
0,9)y with ¢(¥) = 9 irr.

m(0,¥) =9 (6,\), with ¢(¥) = A + X
[(0,0)y /2] mit c(¥) =2¢ orthogonal case
1 with ¢(¥) = ¢ + ¢ odd
0 otherwise

and ¢: RO(G) — RYG resp. c: Rip(G) — RYG denotes the complexification map

from the Grothendieck rings RY(G) and Rf_p (G) of orthogonal resp. symplectic
representations to those of unitary representations.

Moreover, we discuss how these three formulae are related to each other by the
natural complexification operations ¢ on orthogonal resp. symplectic representa-
tions.

In section 1 we explain the topological motivation for this research, namely a
proof of the existence of an exponential stable decomposition of the classifying
space BSp of the symplectic group Sp. The idea was to imitate the proof in the
unitary case, where an explicit Brauer induction formula can play an important
role.

Section 2 contains a brief summary on the canonical explicit induction formula
for unitary representations. We also recall terminology, properties of the formula
and the language of Mackey functors.

Then, in section 3, we study symplectic representations. In 3.9 the formula for
symplectic representations is described. Its functoriality with respect to restriction,
inflation and other naturality properties are proved.

We will show (after a long calculation) that the induction formulae commute
with complexification, proving that our symplectic formula gives a natural induction
formula. It will turn out that it is not integral for general groups. But, in 3.21, we

Ifor details on notation and interpretation see 2.2, 3.9 and 6.4
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prove integrality for representations of Galois groups of certain local number field
extensions.

In section 4 we examine the interaction between the symplectic induction formula
and symplectic Adams operations. This will be important for section 5, because
there we explore another motivation for such explicit formulae, namely the connec-
tions to symplectic local root numbers. In §5.2 we formulate a conjecture that our
formula agp (p) is 2-adically integral when p is a local Galois representation and the
residue characteristic is odd. If true, as explained in Remark 5.4, this conjecture
would enable one to promote the two-dimensional formulae of [26], [27] and [17] to
a formula for all symplectic root numbers of p-adic local fields when p # 2.

Finally, in section 6, we deal with orthogonal representations. As explained in
§6, our motivation for deriving the orthogonal formula comes more from algebraic
topology than from algebra. In 6.4 we give details on our explicit orthogonal induc-
tion formula. While this formula respects restriction, inflation and conjugation (as
we will prove), we lose additivity and integrality. However, after calculating the de-
fect term which obstructs the orthogonal formula from commuting with the unitary
formula via complexification, we find that our orthogonal formula is natural as well.

We have developed our formulae combinatorially from scratch, this seemed more
directly accessible from a reader’s point of view. However, we are grateful to the
referee who pointed out that we could have used the methodology of [7] in several
places.

1. Topological motivation

1.1. Let G,, denote one of the classical compact Lie groups, U(n), Sp(n) or O(2n),
of unitary, symplectic or orthogonal matrices. Since G,,_1 embeds canonically into
G, (by adding 1 € G at the bottom right-hand corner) we may form the mapping
cone, BG,,/BG,_1, of the induced map between classifying spaces. When n = 0
we set BGo/BG_; = S°, the zero-dimensional sphere. Let X, denote the disjoint
union of the space X and a base-point. In the stable homotopy category [1] there
is a homotopy equivalence of the form

(BGOO)+ ~ \/kgoBGk/BGk,1

which was first proved in [33]. In fact, from this equivalence one can easily deduce
equivalences of the form

(BGn)+ ~ \/nggnBGk/BGk—l-

Stable decompositions of classifying spaces are important [28] because the factors
are much simpler to work with than the whole. For example, BU(n)/BU(n — 1) is
just the Thom space, MU (n), of the universal n-plane bundle on BU (n).

In this section we shall show how Explicit Brauer Induction may be used to
derive these stable decompositions.

1.2. Let RE(G)7 Rip (G) and RQ(G) denote, respectively, the free abelian group on
the G-conjugacy classes of representations ¢ : H — G1 where H is a subgroup
of G. Hence RY(G) (denoted by R, (G) in [41]) is the free abelian group on the
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G-conjugacy classes of homomorphisms ¢ : H — U(1) = S!. However, in the
symplectic and orthogonal cases, because a representation into G is a G1-conjugacy
class of a homomorphism, a free generator ¢ : H — G is equivalent to X¢(g —
g HX"1:H — G for any g € G, X € G;. The equivalence class of (H, ¢) will
be denoted by (H, $)¢.

If J C G we have a restriction homomorphism
Res§ : RZ(G) — R%(J)
for Z = U, Sp, O defined by
ResG((H,$)%) = Y (J()zHz"",(z7")"¢)’

zeJ\G/H
where (2 1)*¢(zhz71) = ¢(h). If 7 : G — K is a surjection there is an inflation
homomorphism

Inf% : RZ(K) — RZ(G)

given by Inf$ (H, $)X = (== *(H), ¢ - 7)C.

By means of these maps Rf(—) gives a functor from finite groups to abelian
groups when Z = U, Sp,O. When Z = U, we even obtain a Mackey functor from
finite groups to the category of rings ([4], [5], [11], [35], [38], [41]).

1.3. RE(G) and stable homomotopy decompositions

Let R(G) denote the complex representation ring of G, so R(G) = Ky(CG), and
let IR(G) = Ker(e : R(G) — Z) denote the augmentation ideal given by the
kernel of the homomorphism which sends a virtual representation to its dimension.
Henceforth, following [41], we shall abbreviate RY(G) to R (G).

The central result of Explicit Brauer Induction is the existence of natural trans-
formations from representations of G to R4 (G) which are right inverse to the map

be : R+ (G) — R(G)
given by bo(H,$)¢ = Ind%(¢) € R(G). The formula of ([5], [41], [43]) gives a
natural homomorphism
ag : R(G) — R4 (G)
such that ag(¢ : G — U(1)) = (G, ¢)“. There is only one such homomorphism
and it satisfies bgag = 1.
Now let p be a prime and consider the case when G = GL,F, with ¢ a power

of p. In [29] the canonical modular representations of G are used, by means of the
Brauer lifting technique of [19], to construct a canonical element

op € lim TR(GL,F,) C lim R(GL,F,).
n,q n.,q
By naturality of the homomorphisms, {acr,F,}, we obtain
agrr, (0p) € im IR, (GLnFy) C lim Ry (GL,F,).

n.,q n.,q
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Here F,, is an algebraic closure of F,, and IR, (G) is the kernel of the homomorphism
to the Burnside ring given by e(H, $)¢ = [G/H] ([35], [41]).

If X and Y are base-pointed spaces let { X, Y} denote the stable homotopy classes
of maps from X to Y that is, the morphisms from X to Y in the stable homotopy
category [1]. If G is a finite group there exists a natural transformation

T:1R(G) — {BG4+,BU(1)+}
given by sending (H, ¢)¢ — (H,1)% to the composition

BG, = BH, "% BU(),

where 7 is the stable homotopy transfer ([37] pp.163-4; see also [2], [3], [21], [24]).
In fact, if TA(G) is the augmentation ideal of the Burnside ring, A(G), then the
T A(G)-adic completion of T is an isomorphism. We shall not need this result, which
was first proved (with U(1) replaced by any torus) in ([37] Ch.V Theorem 1.17)
and was extended to all Lie groups in [24].

Hence we have a canonical element

T(agz, (0p)) € lim {(BGLyFy)+, BU(1)+} = {(BGLF,)+, BU(1)+}.

n,q
Let Q(X ) denote the iterated loopspace Q(X ) = lim, Q"¥"(X ;). Then, if YV’
is a base-pointed space there is an adjunction isomorphism of the form

adj : {Y,BU(1);} — [Y,Q(BU(1))]

whose range is the set of based homotopy classes of maps from Y to Q(BU(1),).
Therefore we obtain a (homotopy class of a) map of the form

T, = adj(T(ag,g, (o)) : (BGLF,)y — Q(BU(1)y).

Now we shall examine how the properties of ag translate into useful properties
of Tp,.
Direct sum of matrices makes BGLF, into an H-space with multiplication
m: BGLFP X BGLFP — BGLE).

The iterated loopspace Q(BU(1).) is also an H-space and additivity of the Brauer
lifting together with the fact that ag is a homomorphism implies that 7}, is an
H-map so that

m(T, x T,) ~ T, -m : BGLF, x BGLF, — Q(BU(1),).

On the other hand, in the stable homotopy category, there is a Snaith splitting
([32], [34]; see also [13], [14]) of the form

V i Qo) =\ (B [Ua)/Bse [ o)
k>0 k>0

where X, [U(1) is the wreath product given by the normaliser of the diagonal
maximal torus in U (k). As usual, when k = 0 we adopt the convention that mapping
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cone of BY_y [U(1) — BY, [U(1) is the zero-sphere, SY. Composing with the
map

(B, [ VW)/(BE [ U(1) — BUG/BUk - 1) = MU(K)
induced by the inclusion of X [ U(1) into U(k) we obtain a stable map of the form

\ ik QBUM)y) — \/ MU(®K).
k>0 k>0
Furthermore, as explained in ([34]; see also [13], [14]), the maps /-, Jjx and
\/k>0 Ji are exponential with respect to the pairings

(BSy [U)/(BSk—1 [UQ) A (BS, [U(1))/(BSi—1 [U(1))
!

(BZgy1 fU(1))/(BZgy11 [U(1))
and
MU(k) A MU(I) — MUk +1)

induced by direct sum of matrices. That is, we have a homotopy-commutative dia-
gram of stable maps of the following form

QBU(1); x QBU(1)4 Zidhik \[ MU(k) A MU(t— k)
k
QBU(1), L - MU(1)

Now we come to our motivating topological result.

Theorem 1.4. (/84] Theorem 2.2; [33] Theorem 4.3)
There exists a stable homotopy equivalence of the form

ov=\/Gukr: BU, — \/ MU(k).
k>0 k>0

In addition, oy is an exponential map in the sense that, for each t > 0, the
diagram

BU, ABU, = (BU x BU), —=-7u"70k N[ MU(k) A MU(t ~ k)
k

my

Jt

BU, - MU(t)
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commutes in the stable homotopy category.

Proof. It suffices to construct an H-map, 7, from BU to QBU (1), which restricts
to the canonical map on BU(1). Then we set oy equal to the composition with
Y oreo J%. The map Tp has the right properties except that its domain is (BGL,F,)+
rather than BU. However, by the technique of localisation and completion in ho-
motopy theory ([8], [9], [23], [42]) it suffices to construct 7 on the rationalisation
of BU and on its completion at each prime, I. Since BU and QBU (1) are ratio-
nally equivalent we may take the rationalisation of 7 to be the identity map. The
completion of BU at the prime [ is equal to the l-adic completion of (BGL,F),)
where p is chosen to generate (Z/I?)* if [ is odd and p = 3 when [ = 2. Therefore
we may choose the [-adic completion of a suitable T, » as the completion of 7 at [,
which completes the proof. O

Remark 1.5. We have used the Explicit Brauer Induction map to prove Theorem
1.4. The naturality of the map is required to in order to turn Quillen’s element, o, of
§1.3, into a map from BGLF, to QBU (1) . It is the fact that ag is a homomorphism
which yields an H-map and hence the exponential property of the splitting.

The Explicit Brauer Induction formulae of [35] are natural in the symplectic and
orthogonal case, too. Using this one could give a proof of the stable decompositions
of [33]

BSp~\/ MSp(k), BO~\/ BO(2k)/BO(2k —2)
k=0 k=0

similar to that of Theorem 1.4.

In [34] Theorem 2.2 (see also [33] Theorem 3.2) it is claimed that BSp admits
an exponential stable decomposition of the above form. However there is a gap in
the proposed proof since the cavalier reference to the existence of “an analogous
symplectic vector field” in ([33] Example 2.13) is not true. For a time this gap did
not seem serious in view of the fact that [25] offered an alternative construction of
an exponential stable decomposition of BSp.

On Friday, 18 July 1997 one of us (VPS) learned of the argument of [30] which
showed that none of the stable decompositions of BSp which were then in the
literature were exponential. The way around this gap then seemed clear. We believed
that one could use the topological approach to symplectic Explicit Brauer Induction
described in ([43] §6) to construct a natural homomorphism of the form

aZ? : R%(GQ) — R3P(G)

and then imitate the proof of Theorem 1.4. After all, in ([43] p.180) one finds the
remark that “The symplectic case presents no new difficulties; one just replaces
the complex projective space by the quaternionic version.” Unfortunately, as we
studied the symplectic and orthogonal cases more closely, we discovered that this
remark is false. As a result, at the moment, we do not know whether or not there
is an exponential stable decomposition for BSp. In fact, our analysis, together with



Homology, Homotopy and Applications, vol. 7(3), 2005 106

the topological results of [30] strongly suggests that no such exponential stable
decomposition for BSp exists.

2. Induction formula for unitary representations

2.1. Brauer Induction formula

In this section we recall briefly the natural explicit Brauer induction formula in
the complex case. This formula is due to Robert Boltje ([5]; see also [4], [7] and
41)).

Let G be a finite group. Let R(G) denote the Grothendieck group of the category
of finite-dimensional left CG-modules. Every such module yields a matrix represen-
tation G — Gl(n, C) which is conjugate to a unitary representation G — U(n). Since
such a representation is determined by its character, we may identify R(G) with the
character ring of G, the free abelian group on the set of irreducible characters on
G. The subgroup of R(G) generated by the set of linear characters G — U(1) = S1
will be denoted by L(G). Brauer proved [10] that every unitary representation
p: G — U(n) is an integral sum of representations which are induced from linear
characters on subgroups of G, so

p= Znilndgi (¢;) with H; < G, ¢ : Hy — U(1) .

Canonical explicit Brauer induction formulae with various properties were given by
Boltje [4], Snaith [35] etc. We are going to use the formula which is trivial on one-
dimensional representations and natural with respect to restriction and inflation,
namely

b= 3 <1>T@m<Res§T<p>,¢r>Ind§0<¢o>

(Ho,¢0)<-<(Hr,¢r)
where H; < G, ¢; : H; — U(1) and m(0, ¢) = (0; ¢)y denotes the multiplicity of
¢:H—U(l)in6 € R(H).

In order to work with this formula we denote R, (G) the free abelian group on
the G-conjucacy classes of linear characters on subgroups of G. More precisely, let
G act on the set M(G) of pairs (H,¢) with H < G and ¢ : H — U(1), and let
(H,$)¢ denote the G-orbit of (H,¢) in M(G), then those orbits, collected in a set
denoted M(G) /¢, form a Z-basis of Ry (G). This is an example of a general method
called the y-construction (see [6]). There are, for J < G, homomorphisms

ResG : Ry (G) — Ry (J)
and
md§ : Ry (J) — Ry (G)

and a natural conjugation map, giving the functor R, the structure of a G-Mackey
functor.

Theorem 2.2. [6, 3.1.2]; see also [4, 2.35] and [41, 2.2.15]
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The map

w6 R@3p— Y <1>T“{G°|'m<Res% (0). &) (Ho, 60)°

(Ho,¢0)<- <(Hr,¢r)

is a homomorphism which takes values in Ry(G).

This homomorphism a¢ : R(G) — R4 (G) satisfies the following natural proper-
ties:

Proposition 2.3. [41, 2.5.2]
1) For J < G the following diagram commutes

R(G) =< ~ R.(G)
Ress; Res?
R(J) = - Ry(J)

ii) For ¢ € L(Q), ag(¢) = (G, ¢)°.

111) For N <G the following diagram commutes

ag/N

R(G/N) R (G/N)
Infig Infig
R(G) °e R (G)

Theorem 2.4. [41, 2.3.2]
If bg : R+ (G) — R(QG) is the homomorphism defined by

(H,¢)% = Tndjj ()
that ag is a splitting; that is bg o ag = id : R(G) — R(G).

Example 2.5. To prepare the reader for the sort of combinatorial arguments which
we shall use later (in §3, for example) and to explain notation we shall derive the
following example ab initio. By Remark 2.7, we could have deduced the formula of
Proposition 2.6 from the dihedral formula of [4].

Let Q4, denote the generalised quaternion group

Qun = (z,y | 2" =9, y' = Lyay ' =2 1)
and let ¥ denote the symplectic representation
VU Qun — Sp(1) C H”

given by U(z) = &, and U(y) = j. Here &, = €2™V~1/" and j is the usual quater-
nion.
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‘We wish to evaluate
aQu, (¢(¥))

= Y 0 < (Hr )<y (L < (0), 6y >, (H, $)% € R (Qun)-

If the multiplicity < ¢(¥),¢, >, is non-zero then Resp*" (c(¥)) = ¢, ® @, so
that ¢, must be injective on H,, because ¥ is. Hence H, must be cyclic. The
cyclic subgroups contained in (x) & Z/2n are given by (z™) & Z/(2n/m) for each
m dividing 2n. Otherwise each x'y satisfies (z'y)? = y? and generates a cyclic
subgroup of order four. When n is odd, all the subgroups, <xzy>, are conjugate in
Qan, but when n is even, there are two conjugacy classes, namely (y) and (zy). Also
W(y?) = —1 so that, if x is the non-trivial character on (y?), (y?,x) < (H,¢) for
any (H, )@ which has a non-zero coefficient in ag,, (¢(¥)) ([41] Corollary 2.2.40).
Now consider the coefficient of (H, ¢)?4" when (y?) C H C (z) with |H| =t > 2.
In this case (H,$) # (H,¢) but (H,$)% = (H,$)%. If X € {¢, ¢} then we have
1 =< ¢(¥), ¢ >p,. for any chain of the form (H,\) < (Hi,¢1) < ... < (Hy, dr).
The chains starting with ¢ are distinct from those starting with ¢ so that the
coefficient of (H, ¢)?+" is equal to
% (—1)".
n
{1}<A1<A2<.. . <A, <<z>/H

Here the sum of taken over all proper chains of subgroups, A; = H;/H C (z)/H or,

when (x) = H, just the trivial chain. By ([41] Exercise 2.5.1)

2 5 )

n
{1}<A1<A2<... <A, <<z>/H d| |<z>/H]|

where ;1(n) denotes the classical Mobius function. This expression is zero unless
H = (x) in which case it equals one.

Now consider the possibly non-trivial coefficients of the basis elements ((y), ¢)%@*"
and ((zy), $)?4. If g has order four let p, denote the character on < g > given by
py(g) = vV—1. When n is odd we must evaluate the coefficients of (< y >, p,)%4n
and ((y),ﬁy)Q‘*". These coefficients are both equal to one since < y > is a maximal
cyclic subgroup of Q4, and, for example, there are 2n (H, ¢)’s which are conjugate
to ({y), py). When n is even the distinct (H, ¢)%4"’s with H = (z'y) are ((y), py) @+
and ((zy), pzy) @, each of which has coefficient equal to one.

Finally we must evaluate the coefficient of (<y2>, x)%*, which is given by

) M < w0, 5,

(y?)x)<(Hi,¢1)<...<(Hr,pr)

The 2n chains of length one of the form ((y?),x) < ((z'y), 1) contribute —1 to
this coefficient. The remaining terms contribute zero, as is seen by the argument
used on (H,$)?4’s with H C () together with the observation that, in this case,
for the trivial chain, the multiplicity < c¢(¥), x ><y25= 2.

The preceding discussion establishes the following result:
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Proposition 2.6.
In the notation of 2.5

({2), d2) 9% + ((y), py) 9 + ((9), 7)) %" = ((y?), )"
if nis odd,

aQ, (¢(¥)) =
(@), 62) @4 + (), py) @ + (), pay) 24 — ((42), )9

if nis even
where pg(x) = oy,

Remark 2.7. The formula for ag,, (¢(¥)) is determined by the projective repre-
sentation associated to ¢(¥) [43] which is the same projective representation as the
one associated to the dihedral representation

v: Dy, — GL;C

given by
& 0 0 1

where

1

DQn :<I7y|gjn:1:y2,yzy:x7 > .

This implies that ap,, (v) is also given by the formulae of Proposition 2.6.

3. Induction formula for symplectic representations

3.1. Symplectic representations

Let G be a finite group. Let R°?(G) denote the Grothendieck group of finite-
dimensional HG-modules, or in language of matrix representations, the Grothen-
dieck group of equivalence classes of symplectic representations

p: G — Sp(n) := Sp(n,H).

By an induction theorem of Martinet, every such symplectic representation p is
a Z-linear combination of representations induced from one-dimensionals; that is
p: G — Sp(n) can be written as

p= Z nilndgi (T;)

with H; < G, ¥, : H; — Sp(1) and n; € Z. In order to make this formula explicit, we
apply the machinery of Mackey functors as described in [6]. Endowed with the usual
conjugation, restriction and induction maps, H — R°P(H) is a G-Mackey functor.
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In RSP(H) (with H < G) we consider the free abelian group L°?(H) generated by
the classes of one-dimensional HH-modules, that is by Sp(1)-conjugacy classes of
homomorphisms

U: H — Sp(1) = S5

Let H — Rip (H) denote the Mackey functor obtained by the -construction on
the subfunctor H — LSP(H). So Rip(G) is the free abelian group on the G —Sp(1)-
conjugacy classes of elements in L°P(H) for H < G; these classes correspond to
G-conjugacy classes of a one-dimensional symplectic representation (up to isomor-
phisms) of the subgroup, H, and will be denoted by (H, V)% € Rip(G). For J < G
we define homomorphisms

Res§ : Rip(G) — RJSFP(J)
and
Ind§ : R3?(J) — R3P(G)

in a manner which is analogous to the complex case (or given by the | -construction).
For N <G we have the inflation map

A&,y : RYP(G/N) — R(G)
defined by mapping (HN/N,W)S/N to (HN,¥)%. Let
b2P : R3P(G) — RP(G)

be the homomorphism defined on the basis by bgp((H, ¥)%) = Ind% (¥). Our aim
is to obtain a map aj : RP(G) — Rip(G) which is a splitting of b2?, that is
bgp oal =id : R9P(G) — R°P(G), and which behaves naturally with respect to
restriction. But this will not be possible in this integral form, as we shall see.

3.2. One-dimensional symplectic representations

Besides the cyclic and the quaternion type groups there are three more types
of finite subgroups in the unit group Sp(1) of length 1 in H*, namely the binary
tetrahedral, octahedral and icosahedral groups. They arise from finite groups in
SO(3) given by rigid solids centered in the origin. These groups can be pulled back
via 7 : Sp(1) — SO(3), the map letting Sp(1) act on the pure quaternion space (a
3-dimensional real space with standard inner product) via conjugation. The kernel
of this map is {£1}.

The binary tetrahedral group Ba4 is the preimage of the group of motions of a
regular tetrahedron, which is isomorphic to the alternating group A4. So Bay is an
extension of a cyclic group of order 2 with Ay4. In fact, Boy can be expressed as
the semidirect product of the quaternion group Qs of order 8 and a cyclic group of
order 3 acting faithfully on Qg, so

By =<uazy,clat =112 =22 =1,2v =2 2 =y, =y > .

The lattice of subgroups can be pictured as follows:
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By

cxy

Using this notation, let ¥ denote the representation
U : By, — Sp(1) C H*
defined by
T—1, y—j, c»—>—%(1—i—j—k;) .

This is, up to Sp(1)-conjugation, the unique faithful symplectic representation of
B24.

The binary octahedral group Byg is the preimage of the group of motions of a
regular cube, which is isomorphic to the symmetric group Ss. So Byg is an extension
of a cyclic group of order 2 with S;. This group of order 48 appears as the nonsplit
extension of the quaternion group of order 8 with the symmetric group Ss acting
as the full automorphism group. We can describe Byg as an extension of the binary
tetrahedral group with a cyclic group (d) of order 2, acting as described in this
group presentation:

Bys =< z,y, ¢, dlz* =3 =1,d* =y? =22,
V=22 2=y, y° =y, a¥=2> y,yd P et=c? > .

The maximal subgroups of Byg are the normal subgroup Bss of index 2, three
conjugate groups of quaternion type (16 of order 16 and four conjugate groups of
quaternion type @12 of order 12.

With this notation, let ¥ denote the (up to Sp(1)-conjugation) unique faithful
symplectic representation

U : Byg — Sp(1) Cc H*
given by

V2

1
pei gy em —o(l—imj—k)  de (- k)

The binary icosahedral group Bjgg is the preimage of the group of motions of a
regular icosahedron, which is isomorphic to the alternation group As. In fact, Biag
is isomorphic to SL2(5), and can be described as [12]

Bigg =<1, s7t|r2 ==t =rst >

Bjso has order 120. The maximal subgroups of By are six conjugate groups of
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quaternion type @og of order 20, five conjugate groups of type binary tetrahedral
group of order 24 and ten conjugate groups of quaternion type (12 of order 12.
There are actually two types of faithful symplectic representations

U Biog — Sp(l) C H*
given by
T4
1 . )
s (1= (G + )i — (G + i)
1 ,
tr (-G + @) +i = (G + R
depending on the choice of (5 (e.g. (5 is exp(%) or exp(%)).
3.3. Complezification
We use the usual embedding Sp(n) — U(2n) to define the complexification map
c=cg: R?(G) — R(G) .
So p: G — Sp(n) (in R°P(G)) maps to
c(p) : G — Sp(n) — U(2n).
Of course this is an injective homomorphism. Furthermore we define the homomor-
phism
¢y =cyo: RIP(G) — Ry(G)
by the formula
e, ((H, 9)?) = Indf (an (c(V))) € R4 (G).

The homomorphism was first defined in ([41] §5.4.40 p.213). There is an ay missing
in the formula of ([41] §5.4.41) but not in the proof of the following result, which
is part of the proof of Theorem 5.4.42 of [41]. Obviously bg and bgp are naturally
connected via complexification, so that bg o ¢, = cob2F : RS (G) — R(G).

Proposition 3.4.
The homomorphism c4 g s natural with respect to restriction so that, if J < G,

Res§ ocyg=cy joResS : Rip(G) — R (J).
Proof. We recall that there is a double coset formula for the composition
Res§ oInd§, : Ry (H) — R, (J)
if H,J < G. Explicitly we have

Res?(lnd%(([(, \I/)H)) = Z IndiﬂwHw_l(w*(ReSgﬂwfle((Ka \I/)H)))
weJ\G/H

whose proof is similar to the proof of the product formula of ([41] Exercise 2.5.7).
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Hence, if (H, V)% € Rf_p(G) with ¥ : H — Sp(1), then
Res (1 a((H, %))

= Res§ (Ind% (ap (c(¥) : H — U(2))))
=Y wency/a MdTnwme-1 (W (Resn, -1 gy (an (e(9)))))

= ZweJ\G/H Indjﬂu;Huﬁl (w*(aJﬂwHw*1 (C(Resgﬂuﬁle(\Il)))))

wHw ™!

=Y wenaym M o1 (@nwme - ((ResGE 1 (w™1)*(1)))))
= cr.s(Res ((H, 9)9)),
which completes the proof. O

Proposition 3.5.
Suppose that

T = Zni(Hi>¢i)G € Ker(cyg)

and that each image, 1;(H;), is abelian. Then x = 0. In particular, c4 ¢ s injective
for G abelian.

Proof. Amongst the H;’s which appear in x, choose an H which is maximal in the
poset of conjugacy classes of subgroups of G. Then we may write

v =Y ni(H, )+ ni(Hj,5)°
7 i

where the (H,;)%’s are all distinct and where none of the H; in the second sum
satisfies H; > gHg™ ! for any g € G. Then, if c(¢;) = ¢; & ¢;,

0= cro(@) = S nil(H,6)C + (H.8)%) + 3 n;Ind, (az, () € Ry ()
i J
and it is clear that no term from the second sum can cancel any term from the first
sum, so that

0= Zni((fi ¢:)% + (H,$,)°) € R+(G).

This can only happen if, for distinct ig, i1, (H,$;,)% = (H,¢;,)¢ or (H,¢;,)¢ =
(H,,;,)¢. In turn, this can only happen if there exists g € Ng(H) such that ¢;, =
9" (¢i,) = ¢i(g— 97") or ¢;, = g*(¢;,). Both these relations imply that v;, =
g*(¢i,) and so (H,v;,)% = (H,;,)¢, which is a contradiction. O

3.6. Example

We calculate explicitly ag applied to the complexification of the faithful ir-
reducible symplectic representations ¥ of the binary tetrahedral, octahedral and
icosahedral groups (see 3.2).
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Using the notation of 3.2, for the binary tetrahedral group Bay,
aBy (e(¥)) = §((2), )72 + §((2),C) P2 + §((v), ) P2 + §((y), (o) P2

+5({zy), )72 + §((xy), Ga) P2t + (=), o) P2t + (=), Go) P2

o=

+1((=ex), Go) 2 + f((—ex), G6) P2t + T ({—cy), o) P2t + T ((—cy), Cs) P2t

ST

+1((—ezy), o) + 1 ((—cay), (o)™ + 5(2— (3-2+4-2))( 2® o)

= (Cu,Ca)P** + (Cs, G6) 72 + (T, ) P2t — (C2,) P24

Here, for n € N, (C,, (,) denotes a cyclic groups C,, of order n (e.g. Cy = (z))
with a faithful unitary representation ¢, on C,. We note that all cyclic subgroups
are conjugate. For n = 2, that is Co = (2?), the representation given by z? — —1
is denoted €.

For the binary octahedral group Byg

ap (c(¥)) = (Cs, () P15 + (Cs, (o) Prs + (Cu, Ca) P25 — (O, £)Bas

where for example Cs = (zd), Cs = (2%c), Cy = (d) and C = (x?).
For the two symplectic representations on the binary icosahedral Biyy we find
that

B,y (c(¥)) = (Cho, C10) P20 + (Cs, (o) P20 + (Cy, Ca)Pr20 — (Co, ) Brzo

Here the faithful unitary representation on Cyg (e.g. C1o = (t)) has to be taken such
that its square is the fifth root of unity chosen to define ¥. For the groups we may
pick Cg = (s), Cy = (r) and Cy = (rst).

3.7. Some elements in Ker(ct )

As a matter of fact, c; ¢ is in general not injective. The kernel is generated by
elements which we describe now.

Type 7:

If HC G and v : H — Sp(1) has non-abelian image which is isomorphic to a
generalised quaternion group, (4, for some n. Then, by the formula of 2.2,

aH(C(¢)) = Zma(Haa¢a)H = Zmoz(Houaa)H € R+(H)

in which each image, ¢o(H,), is abelian. Also there exists ¢, : Ho — Sp(1),
unique up to H — Sp(1)-conjugation, such that ¢(¢) = @0 B ¢,. Then, in R, (G),

C+,G(2(Ha w)G - Za ma(Hou wa)G)
= QZa Mo (Hy, ¢a)G - Za Mo ((Ha, Qba)G =+ (Haaaa)c)

=0.



Homology, Homotopy and Applications, vol. 7(3), 2005 115
Denote by 7¢(H, 1) the element

Ta(H,¥) = 2(H,$)% = ma(Ha, 1) € Ker(cy ) C€ R (G).

Notice that each of the images, 1, (H,) is abelian.

Type 3:

Let Bsy4, Byg, B1og denote the binary tetrahedral, octahedral and icosahedral
groups, respectively. Let ¥, : B, — Sp(1) denote the faithful representation
described in 3.2.

From 3.6, we have an inclusion Qg C By4 under which all Cy’s are conjugate.
Therefore

Indgz4 (ct+,0s(Qs, ‘I/)Qg) = 3(Cy, C4)BQ4 — (Cq, 6)324.
If 4y, : C,, — Sp(1) satisfies ¢(vn) = Cn @ Cn then, from 3.6,

Ct, 824 ((Baay Wa)P2) + ¢4 gy, ((Cay 0a) P2) = ¢4 3, ((Coy 06) P2) =

Ind5* (c1q, (Qs, ¥))

and therefore
Baa = (Baa, Uag) P2 + (Cyy1pa) P2 — (Cp,106) P24 — (Qs, ¥) P2 € Ker(cy B,,)-

Now consider Bys =< z,y,¢,d | ... > as in 3.2. This case is a little more
delicate because there are two conjugacy classes of Cy, namely Cy =< d > and
C) =<y >C N =< z,y,c > <4Bys. We have

C,B4s ((Bas, Wag) P*%) = (Cs, G3) 7" + (G, G6) P** + (Ca, a) P15 — (G, €)P5.
Also Q16 =< xd,d > and Cgs =< xd > so that
ct Bas ((Que, W16)7*%) = (Cs, Gs) P2 + (Cu, Ca) P + (€4, Ca) P2 — (G, €)Ps.
Furthermore Q12 =< ¢,d > so that
Cy Bas ((Q12, V12)71%) = (G, 6) P + 2(Cy, Ca) P15 — (Ca, €) P2
Also we have Qg =< z,y > and Qs =< d,y > so that
c+,B4s ((Q, Us) ™) = 3(C4, Ga) 7 — (Ca, €)%
and
845 (@8, Us)P**) = 2(Cu, Ca) P + (O, Ca) P4 — (Cy )P0,

Therefore

Bas = (Bus, Was) P — (Q16, U16)P** — (Q12, V12)P% — (Qf, ¥s)P* € Ker(cy pys)-
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Next consider Bigg =< r,8,t | r2 =3 = ¢5 = rst >. The relations

4, Brao ((Bi20, W120)P120)
= (Cho,C10)P120 4 (Cs, G6) P120 + (Cy, C4)Br20 — (Co,€)Brzo,

c+73120((Q2O =<t >, \1120)3120)
= (010,C10)3120 +2(Cy, §4)Blzo — (Co, 6)3120’

Ct Brao (Qr2 =< 1,8 >, Uyp)B120) = (Cg, () Br20 + 2(Cy, () Pr20 — (O, €)Pro,

it Brao ((Qs, Us)B120) = 3(Cy, (4)B120 — (Cy, ) Brao
imply that
Bi20 = (B120, ¥120) 720 — (Q20, ¥a0)P120—

(Qr2, U12) P20 + (Qs, Us)P120 € Ker(cy pyy)-

The elements of Ker(cy ) of Type [ are defined to be those of the form
Ind$ (7*f3,) where m : H — B, is a surjective homomorphism and n = 24,48
or 120.

Type o
Elements, ¥ € Ker(c4 ¢), of Type o are defined to be those which satisfy a
relation of the form

2Y = Z TG(HOH,(/)Q)'

Here are two examples of elements of Type o.
i) Let

Qun =<z, y 2" =y yzy ' =2yt =1>

denote the generalised quaternion group of order 4n and let z have order two.
Set G = Qun % (z) so that G contains four copies of Qu, given by Q1 = (z,y),
Q2 = (zz,y), Qs = (x,yz) and Q4 = (xz,yz). Each of these subgroups has a
homomorphism, ¥ : @, — Sp(1), sending the generator xz° to e™/" and yzt to j
for appropriate s,t. Setting

Y = (Qla \II)G + (Q27 \I/)G + (Q37 \I’)G + (Q47 \II)G + 2(<y2>7¢2)G
- (<x>7¢2n)G - (<y>»¢4)G - (<$y>7¢4)G - (<x2>»1/}2n)G
— ({y2), ¥a) = ((zy2), va)©

we find that ¢y (X,) =0 and
28, =16(Q1, ) +76(Q2, ¥) + 76(Q3, ¥) + 76(Q4, V).

ii) If z, w have order two set G = CoX (Qsx < z >)X < w > where Qg =< x,y >
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and the generator, A, of the left-hand Cy acts by A(x) = 2z, A(y) = yz. Then
¥ o= ((xa y>7 \IJ)G + ((LUZ, y>7 \I/>G + (<Z~/2>7 ¢2)G - <<.I'>, ¢4)G

—((), ) = (), ¥a)® — ((wyz), ¥a)© + (2w, yw), ¥)¢

+({zwz, yw), V)¢ + (%), ¥2) — ((2w),$1)® — ((yw), ¥a)
satisfies ¢4 (¥) = 0 and
2% =1a(<(z,y), V) + 17¢((x2,y), ¥)

+7¢((zw, yw), ¥) + 76 ((zzw, yw), ¥).

Proposition 3.8.
In the notation of 3.7, Ker(ct ) is generated by elements of Types 7,3 and o.

Proof. Suppose that
z =Y ni(H;,1:)% € (Ker(cy.q) : RSpy(G) — Ry (G)).

For all the terms with n; # 0 we may subtract a Z-linear combination of the
7a(H,)’s and Ind% (7*(3,))’s to ensure that either v;(H;) C Sp(1) is abelian or
n; = 1 and v;(H;) is isomorphic to a generalised quaternion group. Under these
circumstances write

x= > (Hiv)%+ > (Hiw)©
Y; (H;) non—abelian Y;(Hj) abelian
then
2z — > T6(Hi i) =Y am(Hpm, ) € Ker(cy ¢)

Y; (H;) non—abelian
with every image, ¥, (H,,) abelian in the right-hand sum. Hence
2z — Z 7c(Hi, ;) =0,
¥; (H;) non—abelian

by Lemma 3.5, and z is of Type o. O

3.9. A symplectic induction formula

Throughout we will identify R°P(G) ®7 Q with the Q-vectorspace we get from
R5?(@) by extending scalars, denoted by QRSP (G). Analogously we set (@Rip(G) =
Rip (G) ®z Q. All homomorphisms on R%P(G) and Rip (G), especially Res§ and
Ind?, extend in a natural way to homomorphisms between these Q-vectorspaces.
Define the map

agl : QR®?(G) — QRSP (G)
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by the formula
-1 H
CL(S;P(p) = (71) |(;||m(Reng(p)7\Ijr)(Ho,\1/o)G
(Ho,¥o)<.<(Hy,¥,)

with m(0,¥) = % for ,¥ € RS?(H), H < G. This is a homomorphism

since m is linear in the first argument because both, the restriction map and the
scalar product on characters, are linear.

3.10. Ezample: G = Cp x Qs

Let p be an odd prime and let G denote the group
Cp x Qg =< oy, zlat =yt =P =120 = w2, 2y = yz, 2® =9 yx = 2%y > .

So G = {x'y?2¥10 < i <3,0<j<1,0<k<p—1}is a group of order 8p. To
shorten notation set —1 := 2. The lattice of subgroups of G is as pictured.

Let ¢ denote a primitive root of unity of order p. We calculate the explicit induc-
tion formula for the symplectic irreducible representation p : G — Sp(2) given by

. i j L -
sending x to 0 , Yy to 0 j and z to semc? e . Further-
2 2

more, p is irreducible because ¢(p) is a sum of two 2-dimensional representations,
whose characters x and X’ are not real-valued.

To calculate the formula we have to study the restriction of p on the subgroups H
of G. In the following table we give all the nonzero multiplicities m = m(Res% (p), ¥)
for pairs H, c(¥):

(@z), i+ | (az),-iGH=iC | {2)i-6H-C | (20, GHC | Qsox | (o) it | (), 2¢ | 1,20

2 2 2 2 1 2 4
Here +i (resp. £¢) denotes a complex linear representation sending the generator

to +i (resp. £¢), x the faithful irreducible representation on Qg and e the faithful
linear representation on a group of order 2. In the list we have taken (xz) resp. (z)
as representatives for the groups of order 4p resp. 4, as the other groups behave in
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the same way. Observe furthermore that the representations i¢+¢ and i(+4¢ on (xz)
are conjugate by G. Now

agf(p) = 3(3)(22),iH+iC)% + §(3) ((w2),-i¢+-i0)% + 3(3)((y2), i¢+iC) ¢
+5((y2),-i¢H=iC) %3 + 3(3)((wy2), i¢+i0) % + 3(3) ((wyz),-i¢+-i0)C
+3(3 — B3 +33)((-2),-¢+-0% + §(3-(33 +35 + 3)
H33 +33)((2), O+ 2 (D) (Qs, ) + 5;(5 — (3 + 5+ 2)((2),i+9)
+o,(5 — G+ 3+ D)), i) + 55(5 — (53 + 3 + D) (zy), i+1)¢
55 (5— (B3 +35 + 5+ 7 +35) +(3-23 +3-25 +33))((1),20)
+a(3-B3+33+5+3+3+35+5) + (343 +345 +25 +4%2 4 33)
—(3%3 +3%3 +3%))((1), 21)¢
—(< z), z<+zC) + ((y2), i¢+iQ) % + ((zy2), iCHiQ) Y — ((-2),-(+-C)°

+2(Qsy )€ — L((a), i#0)S — L({y), #+D)C — L((ay), i+9)€ + L((1),26)C

As this example shows, the symplectic induction formula may have non-integral
coefficients.

Example 3.11. G = Can X Qg

Let n € N, Z =< z > the cyclic group of order 2" and Qs =< x,y > the
quaternion group of order 8, as before. Let G,, = Z x Qg be the direct product of
these groups and p,, : G — Sp(2) the symplectic representation given by sending x

i 0 ; (S C_

to 0 i Y to é j and z to 424 1 <+< . |, ¢ a primitive 2"-th

root of unity. This is an irreducible representatlon for n > 2, and for n = 1 it is
twice the one-dimensional symplectic representation ¥ defined by z — 4, y — j and
z— —1.

Now let n > 2 and G = G,,, and let H; be the subgroup generated by x,y and
227147 0 < t < n. Notice that H; = G; is normal in G,, with cyclic factor group,
all the intermediate groups are the groups H; (1 < t < n — 1), being isomorphic
to G¢. Thus Resg: (p) stays irreducible for ¢ > 2, while Resg1 (p) = 2¥. Hence the

coefficient of (Hy, ¥)% in agp(p) is &2 2 = k.

As this example shows, the denominators of the coefficients in the symplectic
induction formula may contain arbitrarily large 2-powers.

Proposition 3.12.
The homomorphism agp is natural with respect to restriction: for J < G

oResJ = ResJ oa QRSP( ) — QRip(J) .

Proof. The statement follows immediately from general results of Boltje
([6, Prop.1.4.1(ii)],[7, Prop.5.2(ii)] and [6, Prop.1.3.2],[7, Prop.2.4]) concerning an
adjointness property of certain functors between conjugation functors and restric-
tion functors on G, combined with certain isomorphisms. Let (pu)u<c with pg :
QR®P(H) — QLSP(H) sending p : H — Sp(n) to 2w H—sp(1) M(p, ¥)V. Since



Homology, Homotopy and Applications, vol. 7(3), 2005 120

those maps commute with conjugation maps, (pg)m<c is a morphism between
conjugation functors on G. According [7, Prop.5.2(ii)], this gives rise to a mor-
phism (rg)p<a of restriction functors on G with ry mapping p : H — Sp(n) to
(pr (Rest(p))) k<. Composed with the isomorphism
(e = 30 fpull: KL Rest (ar))”
L<K<H

(see [7, 2.3a]) this turns out to be a morphism (denoted (am)m<q) of restriction
functors on G with ag sending p : H — Sp(n) to

P Sneren (L K) (L Rest (g sp) m(Resi (p), ©)0))#

= ZLgKgH #N(L  K)(L, Z\I’:K%Sp(l) m(ReSg(p), \Il)Resf(\Il))H

= ZLgKgH %M(L ' K) Z‘I’:K—)Sp(l) m(Resg(p), \Il)(L,ReSf(\IJ))H

= D (Ko o)< (K )< H 'fﬁfﬂM(Ko : K)m(Resi (p), ) (Ko, To)H

s
= ajr (p)
Thus (aflp )r<c is a morphism of restriction functors, in particular agp natural with
respect to restriction. O

Proposition 3.13.
Let p: G — Sp(1) then a2l (p) = (G, p)C .

Proof. Since (G, p) is the only element in (G, p)© and m(p, p) = 1, the coefficient of
(G, p)¢ in agp(p) is 1. Now let (H,¥) < (G, p). Only those elements may give other
nontrivial contributions to agp(p). Since Resgr (p) =¥, for (H,,¥,) < (G,p), the
multiplicities turn out to be 1. Thus we have to show that

> (-1)"=0.

(H,W)<(H7p,¥1)<.<(Hp,¥r)
(Hr,Y-)<(G,p)

Consider the set, R, of chains which the sum runs over. Let P < R denote the
subset of those chains which will not end in (G, p). Then
(HO)<...<(H,T,.)) —» (HV)<...<(H.,T,.) < (G,p))

gives a bijection P — R \ P, where chains of length r are in correspondence to
chains of length r 4+ 1. Since the terms cancel in pairs the sum above equals 0. [

Proposition 3.14.

The homomorphism agp . QR (G) — (@Rip(G) is the only homomorphism
which is natural with respect to restriction and satisfies Prop. 3.13 when p is one-
dimensional.

The proof is similar to the one of theorem 2.2.15 in [41].
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Proposition 3.15.
The homomorphism agp is natural with respect to inflation so that, for N <G,

agl oTflg = fig v 0 all)\ - QR%P(G/N) — QR (G)

Proof. We have to show that the coefficients of a basis element (H,¥)% in
aép(Inﬂg/N(ﬁ)) and Inﬁg/N(ag’;N(ﬁ)) for p : G — Sp(n) with N < kerp coin-
cide. Since all maps are morphisms, we can assume that p is irreducible. In case
p: G — Sp(1) the statement follows directly from 3.13.

Now we assume n > 2 and argue using induction on |G|. If H = G, the formula
3.9 tells that the coefficient of (G, ¥)% in agp(Inﬁg/N (p)) is zero, as p = Inﬂg/N (p)
is irreducible, and on the other hand the coefficient of (G, ¥)€ in Infi§ / N(aé’; ~()
also vanishes, because

Inﬂg/N( Z Clan/nwen (HN/N, @)/
(HN/N,T)G/N
contributes to this coefficient only from the base elements with HN = G, and for
those the coefficient C(G/N,E)G/N = 0 since ¥ is irreducible.

Now we suppose H < G and use induction on [G : H]. The coefficient of
(H, )" in Resg(Z(Ho,%)G Co,w0)e (Ho, Wo)€) is determined by C(p, v,)c with
(H, V)¢ < (Ho, ¥()%. Since by induction on [G' : H] we know that the coeffi-
cients coincide for (H, W)% < (Hy, ¥()¢, it suffices to prove that the coefficient of
(H, V)" in Resg(agp(Inﬂg/N(ﬁ))) is the same as of Resg(Inﬂg/N(aff;N(ﬁ))). But
in fact, with Lgé\%\pm denoting the isomorphism induced by the canonical group
isomorphism HN/N = H/(N N H),

Resfy (ag! (Infig v (7)) = ajf (Resf; (Inflg y (7))

H/NNH G/N _
= a3 (57 oy (i (Resi (7))

S H/NNH G/N .
= ey (57 oy (i (Resiny (7))

H/NNH G/N .
= If ey (i (@ohy  (ResSy (7))

H/NNH G/N .
= Ifl e (i (Resgayy (aghy (7))

= Res§y (g (a7 (7)) -

We have used the induction hypothesis on G/N which is of smaller order than G,
except in the trivial case N = 1. O

Definition 3.16. Let p : G — Sp(n) be a symplectic representation of a finite
group, G. The centre of p, Z(p), is the maximal subgroup H such that Resg (p) =nx
for some homomorphism of the form x : H — {£1} C Sp(1). Since {£1} is central
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of Sp(1) it is easy to see that such a maximal Z(p) exists and is unique (cf. [41]
Corollary 2.2.40).

Proposition 3.17.

In the notation of Definition 3.16, the coefficient of (H, V)% in agp(p) s zero
unless (Z(p),x) < (H, ¥).
Proof. Since a‘ép commutes with inflation by 3.15 we may assume that p is injective.
Recall the formula for agp (p)

agh (p) =

o Hol (eRes, (p));e(W0)),,
) T <c<mT);c<wr)>H

(Ho, ¥0)€ € QR3P(G).

r

(Ho,¥o)<.<(Hp,¥,)

If H contains Z(p) then (Z(p), x) < (H, ¥) because Resg(p)(p) = nx. Therefore we
must show that the coefficient of (H, V)% is zero when H does not contain Z(p).
In this case Z(p) is not trivial and we may choose g € Z(p) such that x(g) = —1,
since p (and hence x) is injective on Z(p).

Ifgg Hand U : H — Sp(1) is a homomorphism then there exists a unique
extension, ¥, of U to H =< H, g > such that ¥(g) = x(g9) = —1. Now consider the
set, R, of chams (H,U) < (Hy,%) < .. < (H,,¥,) appearing in the formula with
<c(ReSgT (p)); C(\IIT)>HT non-zero. Let P C R denote the subset consisting of those
chains for which no H; = fli_l and Hy # H. For each chain in P there exists a
smallest integer, j, such that g ¢ H;_1 but g € H;. If there is no such H; we set
j =7+ 1. For each such chain we have (H;_1,¥;_;) < (ﬁj,l,\flj,l) < (H;,¥;) or
(HT, U,) < (ﬁr, T ) if 7 = r + 1. Furthermore, when j = r + 1 the multiplicities of
U, and ¥, in Res§ Z(p) (p) are equal and hence non-zero.

_Associating to each chain in P the unique chain obtained by interpolating
(Hj—1,%;_1) gives a multiplicity-preserving bijection between chains of length r
in P and length r+1 in R\ P. This bijection shows that the terms in the coefficient
of (H,)% cancel in pairs, as required. O
Proposition 3.18.

The homomorphisms ag and aép are connected via complexification, that is

agoca = cy goall : QRP(G) — QR4 (G) .
Proof. Let p: G — Sp(n) and let (J,$)“ be a base element of QR (G). We have

to show that the coefficients of (J,¢) in ag(c(p)) and c+(aép(p)) coincide. The
first one is easy to express, namely

/| .
Il Z Z (-1) <RGS§T(C(P));¢T>J7‘ :
(Jo,00)€(J,8)C (Jo,$0)<-<(Jr,¢7)
Now we calculate the coefficient, denoted C, of (.J, ¢)¢
t |H0‘

c(agl (p) = > (-1) Wm(Resgt (p), W1) ey ((Ho, ¥o)%) .
(Ho,Wo)<.<(Hy¢,Uy)
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Only those summands will have a contribution to C' which have a non-zero term
(,6)° in e ((Ho, Wo)®). T c(Wo) = by + Go, then ey ((Ho, Wo)%) = (Ho, 60)° +
(Hy, $0)%, and this can only contributes to C, if (Hy, ¢9)¢ = (J, )¢ or (Hy, ¢o)¢ =
(J,8)C. If ¢(Wg) = 1y is irreducible, then

ey ((Ho, 00)€) = Ind§j, (an, (1h)) =

> 0 R (Reso W) (o)

H J,
(Jo,60)<-< (Jt,t) | Hol '
and this contributes

|go|| 2 > CDYResI w06

(Jo,00)E(J,$)C (Jo,00)<-<(Jt,P¢) ¢
Jt<Hg

Therefore, C' can be expressed as

c = > (—1)* el m(Res, (p), 1)

(Ho,¥o)<-<(Ht,¥t)
c(¥g)=do+d0 » (Hg.dg)xor(Hg . $0)€(J,6)

+ ) (—)t il 2m(Resf, (p), ¥)

(Ho,¥0)<-<(Ht,¥¢)
e(¥o)=do+d0 » (Ho,d0)and(Hg, $0)e(J,6)F

H G
+ 2 () mRes, (p), W)
(Hg,Ug)<.<(H¢,¥y)
c(Wq)=1q irred.

J H

|L10|| > (—1)’"<R€SJ,,9(1/J0);¢T>
(Jo,00)<-<(Jr,Pr)

(Jo,$0)€(J,8) , Jr<Hg

Jr
Note that in each summand the factor % appears and thus can be factored out.

We expand the three subsums of C' according to the type of decomposition of ¢(¥;),
namely ¢(U;) = ¢; + ¢; or ¢(¥;) = 4; irreducible. The first subsum

> > (—1)'m(Resf, (p), ¥¢)

(Ho, %) , c(¥g)=ho+d0 (Ho,Wo)<.<(H¢,U¢)
(Ho,$0)€(J,8) , (Ho, $0)&(J,6)C

splits into C; + Cy with
C1 = > > (—1)'m(Resg, (p), U1)

(Hg,%q) , c(¥g)=dg+d0 (Hp,W0)<..<(H¢, W)
(Hg,00)€(1,8)C , (Ho,$0)€(1,0)C  c(Pe)=d+d¢

> S (CDYRes§, (c(p)i by,
(Ho,$0)€(7.6)G (Ho,¢0)<.<(H¢,d) )
(Ho,d0)€(J,$)F

because (c(¥y); c(V¢))y, = 2, <Resflt (c(p));¢r>Ht = <Resgt (c(p));E>Ht and
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Cy = > > (—1)tm(Resf, (p), ¥,.)
(Hg,¥q) , c(¥g)=¢g+d0 (Ho,¥0)<. <(Hg,T¢)
(Ho.60)€(1.6)C . (Hy.d0)2(J.4)C e(¥e)=vt
= > >
(Hg,¥g) , c(¥g)=dog+b0 (Ho, )< . <(Hrp,¥r)
(H,60)€(1,0)F , (Hy, $0)€(J1,)G  c(¥r)=drtor
> (—=1)'m(Res, (p), U1)

(Hpy1,% 1)< <(H¢, W)
(Hp, Wp)<(Hpy1,%541), c(¥rt+1)=v,4q

(J0,¢0)< . <(Jr,br)

(Jo:60)€(J,0)C , (Jo,¢0) E(J,0)C
Hya
S (DH(Res ()i 6r) miRes (p), V).

(Hyy 1, ¥pq 1)< <(Ht, ¥y) r
Jr<Hpyy,c(¥Ypp1)=vrq1

The second subsum

) S (—1'2-m(Res, (p), T)

(Hg, %), c(¥g)=do+d0 (Ho,W0)<.<(H¢,¥¢)
(Ho,00)€(J,6)C and (Hg,d0)€(J,6)C

splits into C3 + Cy with
Cs = > > (—1)'2 - m(Resf, (p), ¥1)

(Ho,¥q) , c(¥g)=dg+dg (Ho, )< <(H¢,¥¢)
(Hp.90)€(1,0)C | (Hg d0)E(J,0)F  c(T)=dt+dy

G
= > > (—1)t<ResHt (c(p)); ¢t>Ht )
(Ho,$0)€(7,6)G  (Ho,$0)<-<(Hy,¢¢)
with (H,é0)€(J,¢)

and
— t G
Cy = > > (—=1)*2-m(Resg, (p), ¥r)

(Ho,¥q), c(¥g)=dg+d0o (Ho,Wo)<.<(H¢,¥y)

(H,60)€(J,8)C | (Hy,d0)€(J,6)C e(W)=vt
(Hg,%q), c(¥g)=¢g+P0 (Ho,¥0)<.<(Hrp,¥r)

(Ho.$0)E(J,0)F , (Hg d0)e(J, )G c(¥r)=¢r+or

t G
- : H, y Xt
> (~1)"2 - m(Res, (o)., W)

(Hpy1,%11)<-<(H¢,¥¢)
(Hp , Wp)<(Hpy1,%p11), c(¥r+1)=t,41

(J0,¢0)<--<(Jr,¢r)
(Jo,$0)€(J,$)F and (Jg,30)€(J,)C

)y (~1)!(Res)y™ (r41); 61 ) m(Resfy, (p), V).

(Hp 1, ¥pg1)<-<(Ht, W) "
Jr<Hpy1,¢(Ypg1)=vriq

In fact, for the calculation of C we notice that if ¢ = @¢ then either in case ¢, = ¢
the factor 2 cancels because of
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(Resf, (c(p)); 204 )u,
(2015 201 )y,

2-m(Resf, (p), ¥r) =2 = (Res, (c(p)); Be )y,

or in case ¢; # ¢; each chain (Hy, Vo)<.<(H;, ¥;) yields two chains
(H07¢0)<"<(Ht7¢t) and

<Resgt (c(p)); d¢ + E>H,
<¢t + O o + E>Ht

m(Resgt (p),U;) = = <Resgt (c(p)); ¢t>Ht :

Also if ¢y # ¢ then the factor 2 vanishes because each chain
(H07 \IJO)<"<(Ht7 \I’t)

yields two chains (Hy, ¢o)<.<(Hy, ¢;) starting in either (Hg, ¢o) or (Hy,do), and
again

<Resgt (c(p)); e + E>Ht

Res (p), ¥,) = — —
mResg, (p). e) <¢t+¢t§¢t+¢t>Ht

= (Resf, (c(p)); ¢ )i,

For the calculation of C; the same arguments hold for the subchains
(Ho, Vo)<.<(H,,¥,), where in case ¢, = ¢, we have <Resif“(wr+1);¢r>‘]‘ = 2.
Finally Cy 4+ C4 add up to

Z Z (71)r+t71<ReSIJ{T+1(¢T+1);¢T>J m(Resgt (p), Uy)

(J0.60)<- < (Jr¢p) (Ho, o)< <(Hy, U¢) "
(Jo.60)€(J,0)F  Jr<Ho,c(¥o)=vri1

which now turns out to be the negative of the third subsum above, and Cy + Cjs
add up to

> o (=D (Resf, (c(p); dr)y, »

(Ho,¢0)€(J,¢)C (Ho,¢0)<-<(H¢, 1)

which coincides with the coefficient of (.J,¢)% in ag(c(p)). O
Example 3.19. G =C), x Qs

We will apply the complexification map ¢4 to formula calculated in
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3.10:
cy(aa™(p)) = ((22),i0)% + ((22),i0)7 + ((y2),i0)% + ((y2),iC)C + ((xy2),i¢)¢
+ ((xy2), i) — ({-2),-0)F = (-2),-0)¢ + %((@),i)G + ((9),9)¢

+ () )€ = (), 0)%) — ~((2), )% -~ (), 7)°
1

_p p
1 iG—1 )9 — =((x iGlx ng— ¢
p((y% ) p((y% ) p(< y),) +p(< y), ) +p(<1>75)
= ({£2),iQ) + ((22),70)% + ((y2),i0) + ((y2),70) + ((wyz), i)

+ ((xyz>,E G- (<'Z>7'<)G - (<'Z>7'<)G

Theorem 3.20.
The map agp yields an induction formula, that is

bePall =id : R%(GQ) — R(G) .

Proof. By 3.1 and 3.18 the diagram
Sp sp

QRS (G) —<— QRS?(G) b

QR**(G)

c Ct c

a b
QR(G) —— QR4(G) —— QR(G)
is commutative. Hence, for p : G — Sp(n), we use Theorem 2.4 to obtain

(b (aF (p))) = ba(ac(c(p))) = e(p) ,

and since ¢ is injective, we conclude p = b (a2?(p)). O

Theorem 3.21.
Let K/Q,, (p odd), and let L/K be a finite, totally ramified Galois extension
with group G. Then, for p: G — Sp(n), a2l (p) € Rip(G).

Proof. First we observe that the structure of G is restricted, G is a semidirect
product of a p-group by a cyclic group of order prime to p. Especially the 2-Sylow-
subgroup of G has to be cyclic. Hence, if p : G — Sp(n) is irreducible, then c¢(p) will
not be irreducible. In fact, if ¢(p) were irreducible, its character would be real-valued
and therefore of Schur index 2 (over R). By the Brauer-Witt theorem ([15] §74.38)
there would be a (R, 2)-elementary subgroup H of G loaded with an irreducible
character of Schur index 2. But H, a semidirect product of an odd cyclic normal
subgroup with a 2-group, which is cyclic by itself, does not admit such a character.
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Thus ¢(p) = 6 + 0 for some irreducible unitary representation 6 : G — U(n).
Since

> amwe(p) (H,®)Y with
(qul)G

H
am,mc:(p):m' S () mRes§ T

(Ho,¥0)<.<(Hp,¥r)
(Ho, o) e(H, %)%

we have to show that a (g, w)c(p) € Z. This we do by showing that these coefficients
equal to coefficients of the canonical unitary induction formula of ¢(p) or 6, which
by Boltje’s results are known to be integral.

Case 1: ¢(¥) = A\ + X with A # \.

In this case the complexification of the one-dimensional symplectic representa-
tions W; split into A\; + \; with \; # ;. Hence m(Resgr(p), ) =(0+0;N), . If
(H,\)¢ # (H,)\), we find that

H _
a<H,@>c<p>:|G|' S (0T, = a0 +0) .

(Hp,X\0)<- <(Hp,Ap)
(Hg x0)€(H, N
the coefficient of (H,\)% in ag(d + 0). If (H,\)¢ = (H,)\), each symplectic
chain gives two unitary chains. Thus the same equation shows that a g v)c(p) =
%Oé(HA)G(G +§) But as

acne (0+0) = amne (0) +awmne (0) = au e (0) + a5 (0) = 2002 (0) ,
we conclude that oy wye(p) = ag e (f) € Z.

Case 2: ¢(¥) = 2.

We show that o g wye(p) = am,r)e(0) € Z. Therefore we take a chain

(*) (HOa \IIO)<"<(H’I"7 \Pr)

and study the correspondlng multlphclty Let ¢(¥,) = Ar + Ar.

If A, = A, then m(Reer( ), ¥,) = <ResH (0+0); M), = (Re f[ ); Ar)y, and
there is exactly one unitary chain derived from (), namely (Ho, Mo)<. <(HT,/\ ).
On the other side, if A, # A, then m(Resf (p), ;) = 3(Resg (6 +0); \,),, and
(x) affords the two unitary chains (Hg, Ao)<.<(H,, A,) and (Hg, Ao)<. <(H,«,/\ ).
Since <ResH 6); M) <ResH (0)')\T>Hr we conclude that

Hr
> (—1)"m(Resf (p), ¥) = > (—1)"m(Resf_(6), \r)
(Ho,W0)<. <(Hrp,¥r) (Hg,20)<.<(Hr,Ar)
(Ho, o) €(H,»)C (Ho,x0)€(H, NG

which finishes the proof. O
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4. Symplectic Adams operations

In this section we are going to construct an additive homomorphism
wP Rip(G) — Rip(G) which induces the Adams operation on R?(G). For
R, (G) and complex representations this sort of construction first appeared in [38]
but we shall explain in §5 precisely why the complex case will not suffice for the
local root number applications we have in mind. Also it is with this type of appli-
cation in mind that we content ourselves with the class of solvable G’s which occur
as local Galois groups in the odd residue characteristic case.

4.1. We may represent Sp(1) = SU(2) by matrices in U(2) of the form
a b

-b a

where a and b are complex numbers which satisfy the relation |a|? 4 |b|*> = 1. The
standard maximal torus in Sp(1) is the circle corresponding to a = ¥ b = 0.
Writing S* for this circle, the normaliser is given by

a O 0 b
NgpyS* = { ; | la] =1=[b]}.

Hence Nsp(l)Sl =< SY, w > where

-1 0

Consider a finite subgroup, H C Nsp(l)Sl, then H may be conjugated by an
element of Nsp(l)Sl sothat H = HNS' or H =< HN S w >, such a subgroup
H will temporarily be called standard. Write C,,, C S for the cyclic subgroup of
order m and Q4. =< Cyp, w >. These are all the standard finite subgroups, H C
Nsp(l)Sl. The inclusion, i : H C Sp(1), of a finite, standard subgroup yields a one-
dimensional symplectic representation which is determined by the Sp(1)-conjugacy
class of i. However, if H = H[)S! any automorphism of H induced by conjugation
in Sp(1) may also be realised by conjugation in Nsp(l)Sl. The same is true for any
standard subgroup of the form H =< H N S, w > of order strictly larger than
eight. The cyclic group Cy4 of order four in S' may, however, be conjugated within
Sp(1), onto < w >= Q4. In fact, if A(X) is given by

1/vV2 i/V2 1/vV2  —i/V2
AX) = X
iv2 1/V2 —i/V2 1/V2

then
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Also A induces an automorphism of the standard subgroup isomorphic to Qg, the
quaternion group of order eight.

Up to conjugation in Nsp(l)Sl these are the only Sp(1)-conjugation automor-
phisms between standard subgroups which are not induced by conjugation in
Nep()S™-

Let p be an odd prime. Then we may define a homomorphism

WP : Nop(1)S' — Nspn)S*
by the formulae

a 0 a® 0 0 b 0 o
pP = PP — (,1)(;0*1)/2
0 a 0 a b 0 -’ 0

Proposition 4.2.

Let G be a finite solvable group which is isomorphic to the group of a Galois
extension of local fields of odd residue characteristic. Let p be an odd prime. Then
there is a natural homomorphism

wP . RP(G) — RP(G)

given by UP((H,¢)%) = (H, U7 - )¢ when ¢(H) C Ngp1)S* is standard in the
sense of §4.1.

Proof. The hypothesis on G is inherited by H and by ¢(H). This means that ¢(H)
is solvable and not isomorphic to the binary tetrahedral group of order twenty-
four, which implies that we may conjugate in Sp(1) to get make ¢(H) standard.
The element, (H,v)%, depends only on the G — Sp(1)-conjugacy class of (H,)).
Varying (H,v) by G — Ngp(1)S'-conjugation does not alter (H, U7 - )¢, By the
discussion of §4.1, this means that WP is well-defined on (H,1)% except possibly
if (H) = C4,Q4,Qs. However it is easily verified that the Sp(1)-conjugation, A,
commutes with WP in these exceptional cases, which completes the proof. O

Proposition 4.3.
As in ([41] p.109), define W : R.(G) — R(G) by W((H,$)%) = (H, ¢")C.
Let G be a solvable group as in Proposition 4.2 and let p be an odd prime. Then

P . Cy = Cq - PP . Rip(G) — R+(G)
Proof. If 1(H) is abelian and standard with c(¢)) = ¢ @ ¢ then c(¥P -¢)) = ¢P oo
as complex representations of H so that
WP ey (H,)9) = (H,¢") + (H,¢") = e (W (H,9)%).

Otherwise, being standard, ¢ (H) is Q4. for some n > 1 and the result follows
from the formulae of Proposition 2.6 for aQ4ﬂ,(Q4n,w)Q4". More precisely, from
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Proposition 2.6 we have

aQ,, (c(¥)) =
(< T >a¢z)Q4n + (< Y >7Py)Q4" + (< Y >7py)Q4n _ (< y2 >7X)Q4”

if nis odd,

(< T >’¢E)Q4n + (< y >’py)Q4n + (< Ty >7pmy)Q4n _ (< y2 >7X)Q4n

if nis even
where p,.(x) = &,. Therefore, if n is odd, we have
WP (cy (H,9)%)

= VP((<a>,¢.) +(<y>p) +(<y>,0,)% = (<y* >,x))

=((<a> )+ (<y> M+ (<y>m° —(<y®*>x")%)

On the other hand, if the symplectic representation ¢ : H — Sp(1) satisfies
c() = Ind@" (¢) then c(TP(¢)) = IndZ!" (¢*) so that

et (WP(H,)%))
=((<z>¢) +(<y> )+ (<y > = (<y* >,x"))
— WPy (H, )O).
The case when n is even is similar. O

Corollary 4.4.
Let G be a solvable group as in Proposition 4.2 and let p be an odd prime. Then
the composition

RS(G) 2% RE(G) 2 @ U8 RI(G) 2 Q"% RS (G) 2 Q
sends z to YP(z) ® 1, where ¥P is the usual Adams operation.

Proof. It suffices to show that c(bg ® 1(¥P @ 1(ag(2)))) is equal to ¥P(c(z)) ® 1.
However

clbg @ 1(T? @ 1(a (2)) = be @ 1(cq (TP @ 1(al(2))))
=be @ 1(V? @ (et (af (2))))
=be ® 1(¥? @ 1(ag(c(2))))

= yP(c(z)) ®1
by ([41] Theorem 4.1.6). O
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Remark 4.5. Orthogonal representations and U?
We continue to assume that G is a finite solvable group which is isomorphic to
the group of a Galois extension of local fields of odd residue characteristic.
Now we turn to the orthogonal group, O(2), whose maximal torus is the circle,
cos(0)  sin(6)
SO(2) = { | 6 € R}.
—sin(0) cos(0)

This is normal is O(2) which may be written as a semi-direct product, Z/2 x S,
given in terms of generators and relations as

0(2) = {re? (eR) |12 =1, 7e7 = e ).

The formulae

U (w) = 7, W¥( D= %0

define a homomorphism
\I/2 : Nsp(l)Sl — 0(2)

since W2(w?) =72 =1 = U2(—J) and 1e207 = ¢~ 210,
However

VA )=—1, V¥ (w) =71
0 —i

which are two elements of order two which are not conjugate in O(2). This means
that we cannot define a homomorphism ¥? by the formula of Proposition 4.2, in
the light of the discussion of §4.1 of Sp(1)-conjugacy of standard subgroups. The
difficulty occurs with the standard subgroups Cy, Q4, Qs. The following result is the
best we can do.

Proposition 4.6.
Let G be a finite solvable group which is isomorphic to the group of a Galois
extension of local fields of odd residue characteristic. Then there is a homomorphism

% RP(G) — RY(G)

given by W2((H,v)%) = (H, W2 -)% when ¢(H) C Nsp(l)Sl is standard and differ-
ent from Cy, Qq, Qs. When »(H) C Nsp(l)Sl 1s standard and H is one of Cy, Q4, Qs
set

VA ((H,9)¢) = (H, 92 -9)% + (H,9? - 4")¢

where

1/vV2 i/V2 1/vV2  —i/\V2

1//: 1/}
i/V2 1/V2 —i/V2  1/V2
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5. Symplectic Local Root Numbers

5.1. Local root numbers

Now suppose that L/K is a Galois extension of p-adic local fields with group
G(L/K). An important invariant of a finite dimensional, complex representation p
of G(L/K) is the local root number Wy (p), which is a complex number of unit
norm ([40] §§1.4.10-1.4.14). When p is one-dimensional W (p) is given by a Gauss
sum/Artin conductor formula which extends uniquely to an exponential homomor-
phism on the representation ring R(G(L/K)) of the form

Wk : R(G(L/K)) — S' ={z€C* | |z| =1}

which satisfies the following properties:
(i) If K C L C N is a chain of finite Galois extensions and G(N/K) — G(L/K)
is the canonical map then

G
Wi (Infle ) ) () = Wi (p):

(i) If F is an intermediate field of L/K and p : G(L/F) — GL(V) is a
representation then

Wie(Ind7/55) (p = dim(p))) = Wi (p).

Note that Wi (1) = 1.

When p is the complexification of an orthogonal (i.e. real) representation, p =
¢(p1), then we have a formula of Deligne ([16]; see also [36], [37] Theorem 2.26
p.270)

Wk (p) = SWa(p1) - Wk (det(p1))-

Here SWo(p1) € H?(K;Z/2) = {£1} is the second Stiefel-Whitney class of p; and
Wik (det(p1)) is a fourth root of unity given by the quadratic Gauss sum/Artin
conductor formula, since det(p;) is a one-dimensional representation given by a

quadratic character. In particular, this formula applies to the case of permutation
(L/K)
wr (1):

The case when p is the underlying complex representation of a symplectic (i.e.
quaternionic) representation, p = ¢(p2), is particularly important in number theory
(for example, see [18] and [40]). In this case Wk (p) € {£1}. On the other hand,
the authors know of no formula for symplectic root numbers in general. When po
is one-dimensional of the form py : G(L/K) — Sp(1) and K has odd residue
characteristic the results of [26] and [27] amount to a semi-topological formula for
Wk (p) in the same spirit as the orthogonal local root number formula of (ii) above.
The explicit construction and resulting formulae are derived in [17].

Let G(L/K) denote the Galois group of a finite extension of local fields of odd
residue characteristic. Suppose that p : G(L/K) — Sp(n) is a symplectic repre-
sentation and that, in Rip(G(L/K)) ®z Q,

Gy (P) = > Gy weo  (GIL/F), B)FE
(G(L/F),w)G(L/K)

representations p = Indg
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is the symplectic Explicit Brauer Induction formula of 3.9. If each of the rational
numbers 1L/ r),w)er/x) actually lies in the 2-adic integers then W (p) would be
given by the formula

Wk(p) =Wk(p—n)

G(L/K)

= H(G(L/F),\I/)G(L/K) WK(IndG(L/F) (\Ij — 1))”(G(L/F)1\P)G(L/K)

= e m wycw We(P) @ n oo,

which makes sense because Wr(V¥) € {£1} and n(q(L,F),w)cr/x) € Za.
The above formula for local symplectic roots numbers is the motivation for the
following integrality conjecture.

Conjecture 5.2. Let G be a finite solvable group which is isomorphic to the group
of a Galois extension of local fields of odd residue characteristic. Then, in §3.9,

agr i) (P) € RP(G(L/K)) @z Lo.

Remark 5.3. Ewvidence for Conjecture 5.2

We have explained the motivation for Conjecture 5.2 in 5.1. Here are two pieces
of evidence in its favour.

(i) In 3.11 we gave an example of a symplectic representation p,, of G = Qg x Can
for which a¥ (pn) was not 2-adically integral.

When can G = Qg x Can occur as the Galois group of an extension of p-adic
local fields? Never when p is odd!

If p = 2 one can take L/Q as in Case B or Case C of [20]. Namely either

L=0Q2(v2,V3)(ax)
where a2 = +(v/6/6)(1 +v/2)(v/2 4+ v/3) or
L = Q(VI0,V3)(az)

where a% = +(1++v/3++1/10/10++/30/10). In all these four cases Q}", the maximal
unramified extension of Qy, satisfies Q4" (| L = Q. Therefore if we take K/Qs to
be the unique unramified extension of degree 2" then LK/Qs is Galois with group
G(LK/QQ) = Qg X Ogn.

On the other hand, if p is odd and F is a p-adic local field then F* ® Z/2 has
four elements. Hence if L/F is Galois with G(L/F) = Qg then Ny, ,p(L*) is equal
to the squares in F*. If E/L is such that E/F is Galois with group Qg x Can then
there is an intermediate field M/F with F* /Ny p(M*) =2 Cy x Cy x Cy but then
the surjection F* onto Cy x Co x Cy must factor through F* ® Z/2 which has only
four elements. Thus the expected counterexample to Conjecture 5.1 coming from
3.11 cannot exist when p is odd.

(ii) The prototypical integrality argument for an Explicit Brauer Induction for-
mula is due to Boltje ([41] Theorem 2.3.43). The symplectic modification of that
argument is rather more involved but can be used to establish 2-adic integrality in
almost all cases.

In addition, 2-adic integrality holds under the conditions of Theorem 3.21.
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Remark 5.4. Conjecture 5.2 and WP

In §5.1 we explained that the 2-adic conjecture would permit us to write the local
root number of a symplectic representation p in a canonical formula in terms of the
local root numbers of one-dimensional symplectic local Galois representations. How-
ever, treating p as a complex representation and using the Explicit Brauer Induction
formula of [35] for the complexification ¢(p) would accomplish more or less the same
thing. This was first done in [39] and was the motivation for [35]. However, using ¥?
in the case of local fields of odd residue characteristic p together with the formulae of
[17] we can do much better. In [17] a topological formula in terms of Stiefel-Whitney
classes is given for the ratio Wi (p)/ Wk (¥?(p)) when p is one-dimensional, sym-
plectic. Since, in the notation of §5.1, Rf_p(G(L/K)) is the free abelian group on
one-dimensional symplectic representations of subgroups of G(L/K) the topological
formula of [17] yields a homomorphism defined on Rip (G(L/K)) which, composed

with agr(’L/K), should yield a topological formula for Wg (p)/ Wk (PP (p)) in general.

6. Induction formula for orthogonal representations

In Section 1 we described in the unitary case how canonical induction formulae
may be used to derive the exponential property of the stable homotopy decompo-
sition of BU and how we began this paper motivated by the possibility of similar
behaviour in the symplectic case. However, in the orthogonal case, the transfer
maps used in the stable decomposition of BO have long been known to have very
complicated, non-exponential behaviour. This was first evaluated by Tornehave in
[45]. The combinatorial results of this section are intended to describe, or at least
to complement, Tornehave’s results purely algebraically.

6.1. Orthogonal representations

Let G be a finite group. Let RY(G) denote the Grothendieck group of even-
dimensional RG-modules, R denoting the field of real numbers.

By definition, this is the quotient group of the free abelian group F©(G) over
the isomorphism classes of the category of even-dimensional RG-modules, factored
out the subgroup generated by expressions coming from short exact sequences. This
gives a canonical surjective morphism

ko FO(G) — RO(G) .
We identify RC(G) with the Grothendieck group of equivalence classes of even-
dimensional orthogonal representations
p:G— 0O(2n) :=0(2n,R)

for some n € N, and with the subgroup of R-characters on G. Endowed with the
standard maps

Res§ : RO(G) — RO(J) (resp. Res§ :FO(G)— FO(J))
and

md§ : R(J) — RO(G) (resp. md§ : 7O(J) — .7:O(G)>
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for J < G, this defines a G-Mackey functor structure on H + RP(H). But H
FO(H) is not a G-Mackey functor because the Mackey formula does not hold.

Deligne [22] has shown that every representation p : G — O(2n) is a Z-linear
combination of two-dimensional orthogonal representations on subgroups induced
to G. So there exist H; < G, ¥, : H; — O(2) and n; € Z such that

p= Z niIndgi(\I/i) .

Thus let L9(G) (resp. 79(G)) denote the subgroup in R?(G) (resp. FO(G)) gen-
erated by the classes of two-dimensional orthogonal RH-modules, that is the O(2)-
conjugacy classes of homomorphisms

U:H—0(2).
These two groups L°(G) and T9(G) are canonically isomorphic via kg.

6.2. The 4 -construction

Let RY(G) denote the G-Mackey functor obtained by -construction on H
LO(H). More precisely, let (H, ¥) be a pair consisting of a subgroup H < G and the
equivalence class of an orthogonal representation ¥ : H — O(2), and let M?(G) be
the set of all those pairs. There is an obvious action of G on M©(G). Let (H, ¥)“
denote the G-orbit of (H, ¥) in MP(G), and let MP(G) /g denote the set of those
orbits. Then R? (Q) is defined as the free abelian group generated by the elements of
MO(G)/¢. Indeed H — RY(H) is the G-Mackey functor induced by H — L (H)
and this comes with homomorphisms

Resj : RO(G) — RY(J)
and

W - R(7) — RO(C)
for J < G. For N <G we have the inflation map

Infl§ y : RY(G/N) — RY(G)
defined by Inﬂg/N((HN/N7 W)%) = (HN,¥)% for U : HN — O(2) with N < ker U.
Let b2 : R?(G) — RP(G) be the homomorphism defined by

b2 : (H,¥)¢ — Ind%(¥) .

This map behaves naturally with respect to restriction, induction and inflation.

6.3. Complexification
Let ¢ denote the natural homomorphism

c=cg: R°(G) — R(G)
given by embedding R into C, which may also be regarded as tensoring with C.
So that for p: G — O(2n),

c(p) : G2 g plg) € O(2n) CU(2n).
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For ¥ : G — O(2) we will have to distinguish between the different behaviours of
c(¥). Either ¢(¥) stays irreducible or it splits into a sum of two one-dimensional
unitary representations. If ¢(¥) = 4 is irreducible, we will indicate this by writing ¢
instead of W. If ¢(¥) = A+ X with A : G — U(1) not real-valued and \ the complex
conjugated character, we will write A + \. If ¢(¥) = 2¢ is twice a linear character,
we use the notation 2¢, and finally in case ¢(¥) is the sum of two different linear
characters ¢+ ¢’ taking values in +1 we will indicate this by writing ¢+ ¢’. So ¢ will
always denote a one-dimensional real-valued representation, A a one-dimensional
representation which differs from its complex conjugate denoted X, and v a two-
dimensional irreducible representation.

Define the homomorphism
¢y =cr et RY(G) — R(G)
by the formula
e+ ((H,9)9) = Ind (an (c(¥))).

This definition does not depend on the choice of (H,¥) in (H,¥)%. Since we will
have to apply this formula, we give the images in detail:

2. (H, )¢ if (W) = 2¢
cr(H,0)) =< (H,¢)¢ + (H,¢") ifc(¥) = ¢+ ¢/
(H,NC + (H, N ife(W) = A+ A

in case ¢(¥) is reducible, and in case ¢(¥) = 9 is irreducible we choose a represen-
tative (H, V) of (H, V)% and define

cy(H,0)%) = Z(x,@:ﬁ((g)s,cﬁs—rl) %<RGSK (¥): b5 )(K, )¢
+Z(K’¢f§',;,<,((§f’(s_rl ;g; <ResK (¥); A >(K ¢>)

+ 3 e o 1) g (Res il ()5 M) (K, ) E
in M(H)

Obviously this definition does not depend on the choice of (H, ¥).

Observe also that bg and bg are naturally connected via complexification, which
means that bg o ci = i 0 b2 : RY(G) — R(G).

6.4. An orthogonal induction formula

Let QRY(G) denote the Q-vectorspace we receive from R?(G) by scalar exten-
sion. We identify QR (G) with R°(G) ®zQ, and similarly QR?(G) with R?(G)®z,
Q. All homomorphims on R°(G) and R?(G), especially Res? and Indé, extend in
a natural way to homomorphisms between those Q-vectorspaces.

The homomorphism a% : F°(G) — QR?(G) is defined by mapping an orthogo-
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nal representation p : G — O(2n) to
H
@)= X ariaine, (o) v Ho w0
(HU,\I/())<,.<(HT,‘1/T)

where the sum runs over all chains (Hy, ¥o)<.<(H,, ¥,) in G. Here the multiplicity
m given by the formula

(c(0); )y if () =4

(c(0); Ny ife(T) =X+ A

m(0, V) == ¢ [(c(0); )y /2] ifc(¥) =24 :
1 if c(V) = ¢+ ¢, (c(0); ¢); odd and (¢(0); ¢'); odd
0 otherwise

for 0 : H— O(2n), ¥ : H — O(2), where [z] denotes the integral part of a rational

number z. Notice that (c(6); \),; = <c(0);X>H and that m(¥, ¥) =1 in all cases.
The following examples will show that in general this homomorphism does not

factor through RY(G) and does not take values in R?(G). But first we give an

analogue of 3.13.

Proposition 6.5.
Let p: G — O(2) then
ag(p) = (G,p)“ .
Proof. Since (G, p) is the only element in (G, p)¢ and m(p, p) = 1, the coefficient of
(G,p)€ in aZ(p) is 1. Now let (H,¥) < (G, p). Only those elements may give other

nontrivial contributions to ad(p). Since Resgr (p) =V, for (H,,¥,) < (G,p), the
multiplicities turn out to be 1. Thus we have to show that

3 (~1)"=0.
(H,W)<(Hy,¥1)<.<(Hp,¥r)

(Hp, ¥r)<(G,p)

Consider the set, R, of chains the sum runs over. Let P < R denote the subset of
those chains which will not end in (G, p). Then

(H9) <...< (H,0,)) = (H)<...<(H,¥,) < (Gp))

gives a bijection P — R \ P, where chains of length r are in correspondence to
chains of length r+ 1. So the terms cancel in pairs and indeed the sum above equals
0. O

Example 6.6. G = C5y x Cy

Let G =< A,B| A? = B2 = (AB)? = 1 > be the Klein 4-group. Let 1 denote
the trivial character on G and £x the linear character on G with kernel < X >
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for X = A, B, AB. On a cyclic group < X > of order 2, ¢ denotes the non-trivial
irreducible character. By 6.5

a2(L+¢ea) +al(ep +eap) = (G, 1 +e4)° + (G,ep +eap)°
But for the regular p = 1l + €4 + ep + €ap an easy but lengthy calculation gives

ag(p) =(G, 1 +ea)+ (G L+ep)°+ (G, L +eap)®
+(Gea+ep)® +(Gea+eap)? + (Gyep +ean)® —2((A), 1 4 6)¢

—2((B), 1 +¢)% — 2((AB), 1 + ¢)% 4+ 2((1), 21)%

Since the element (1 +c4)+ (g +¢cap) — (1 +ea+ep+eap) € FO(G) will not be
killed by ag, ag does not factor through R°(G) . The situation is the same after
applying ¢ because

ac(c(p)) = (G, 1)% + (G.ea)" + (G,ep)” + (G,ean)“ .

while
ci(a(p)) =3(G,1)% +3(G,e4) +3(G,e5)¢ + 3(G,eap)”

+ v (F20(X), )Y = 2((X),£)9) +4((1), 1) .
Example 6.7. G = (), x S3

Let p > 5 be an odd prime and let G be the direct product of a cyclic group of
order p and the symmetric group on three letters, so

3

G=<z0,7 =0=72=1,20=02,2T = T2,70 = 0°T > .

The lattice of subgroups of G is as pictured below.

Let ¢ denote a primitive p-th root of unity. We calculate ag(p) for the orthogonal
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representation p : G — O(4) defined by

—1 —
T =B 0 10 0 o
_ -v3 1 0 0 0 -10 0
p(o) = 2 5= =B plr) =18 3" 9 8 )
0 0 -3 1 0 0o 0 -1
2 2
o R == S
8 kTt Tt et
p(z) = | et 5 et )
e 2 ¢l
214 2

which is irreducible as an orthogonal representation, because c¢(p) splits into the
sum of two irreducible non-orthogonal representations x¢ and (™.

To calculate the formula one has to know the multiplicities m = m(Res% (p), ¥)
for all subgroups H < G and all ¥ : H — O(2). This we can look up in the following
table.

H,e(P) | N,CGHCG | N,CGHE | S3,x | (0), GG | (2),¢HC
m 1 1 2 2 2

H,c(P) | (27),¢+C | (27),eGreC | (1),21 | (7),2¢ | 1,21
m 1 1 1 1 2

Here (5 denotes a fixed primitive third root of unity resp. the corresponding rep-
resentation defined by z — (3, x : S3 — O(2) the faithful irreducible representation

on S3 and ¢ the character on (7) sending 7 +— —1. Now

03(0) = 5 (DN, CGrt T + 5 (DN CGHTR) + 725

%(2—<2+1+1>><< 7).+ G) + 5 (((a), HO + 2 ()(Ge7), cGHEQ)
+30e0m), GO + 3 ()((z07), <G+ + 2 (1)((z0%7), (+D)°

% )((z0°7),e¢(+e{) + é(? — (3 (1+1) +2))((2), (+{)°

+ 35— D) 2D + (1= 1)((),29° + 20— 2)((1) T +2)°
+ %(1 —1)((or),21)¢ + %(1 —1)((o1),26)% + %(o —2)((o7), 1+ )¢
+ %(1 —1)({o?7),21)¢ + %(1 —1)({o?7),26)% + %(0 —2)({o?7), 1 +¢)¢
+ 6i(2—(2+2 F3(14 1)+ (1+1) +3(1+1)+2)+(4-24+2(1+1) +3-2(1+1)))

((1),21)¢
= (N, (¢ +CG)¢ %(537X)G - %((U%C?) +G) + ((27), ¢+ Q)

+ ((em), ¢+ 20)C — ((2), ¢ +0)° — §<<T>, 1+e)¢ - %«1»2}1)6‘
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Proposition 6.8.
The homomorphism ag is natural with respect to restriction so that, if J < G,

a9 o Res§ = Res§ 0aZ : FO(G) — QRY(J) .
Proof. Similar to the proof of 3.12. O

Proposition 6.9.
Let G be a finite group. For p: G — O(2n), the defect for commutativity in

Fo6) —"%— QrY(@)
R(G) P QR4 (G)
s given by
c+(ag(p)) — ag(c(p)) = > (—1)T|fé0||(nm(p) —2)(Ho, ¢0)“ ,

(Hg,¢0)< - <(Hp,br)
¢ odd

where the sum runs over all chains ending in some pair (H,, ¢,) with linear char-
acter ¢, (taking values in £1) such that <Resgr (c(p)); ¢T>H~ is an odd number, and

np,.(p) denotes the number of such characters on H,.

The proof of this fact follows directly from lemma 6.11 and lemma 6.12. It is
straightforward, but one has to keep book on lots of cases. Therefore we have to
introduce some more notation and will begin with two preparatory lemmas.

6.10. Notation

Recall the convention explained in 6.3 to denote a base element (H, V)% of
(@R?(G) by (H,c(¥))¢ and to use 1, A and ¢ to indicate the type of splitting
of ¢().

Since we will have to compare coefficients, we use for each base element (H, ¥)% €
MO (G)/¢ the homomorphism 7z g)c : QR?(G) — Q defined by

1 if (H,0)C = (H', 9")C
T(wye (H', 9)7) = { 0 T
To abbreviate notation we denote for (H,¥) € MP(Q)
MO(H7 U) = {(H/7 \Ij,) € M(G)‘(H/v \IJ/) < (H, \I})}
and
M(H,0) = {(H',e') € M(G)|H' < H,(Res, (c(¥));€),, >0} .

Furthermore, for (H,¢) € M(G) and (K,¥) € MOP(G) we will write (H,$) =<
(K,0), if H < K and <Res§(c(‘ll));¢>H > 0. If additionally H < K we write
(H,¢) < (K, V). For (H, )% € M(G)/g and (K, ¥)¢ € M?(G)/c we use

(H,$)¢ < (K, )¢
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(resp. (H,$)% < (K,\I') ) to express the fact that there exist (Ho,¢o) € (H, @)%
and (Ko, \1/0) S (K, \I/) such that (H0,¢0) (Ko, \Ilo) (resp. (H0,¢0) =< (Ko, \I/()))
Since p will not be changed through our calculations, we will write briefly (x)
instead of <Resg(c(p)); €>H, where ¢ is an irreducible complex representation on a
subgroup H of G. For ¢ : H — {£1} we will say ”¢ is odd” or briefly "¢ odd” , if
(p)y = <Resf1 (p® C); (/5>H is an odd number.

Lemma 6.11.
Let (H,\)¢ € M(G)/g for some X : H— U(1) with A # \. Then

W(H,A)G(GG(C(P))) = W(H,A)G(C+(08(P)) )

Proof. Let (H,\)¢ € M(G)/q. The coefficient B of (H,\)“ in ag(c(p)) is, accord-
ing to 2.2,

_ 4] r
B = al > (=D)"Ar) -

(Hp,20)<- <(Hp,Ar)
(Ho,Ao)€(H,\)C

The calculation of the coefficient C' of (H,\)“ in ¢y (a2 (p)) takes some more effort.
Since ¢ is a homomorphism, it is the coefficient of (H, \) in

3 (—1>T'|H(;'m<Resﬁr<p>,%> . (o, 05)5)

(Ho,¥0)<.<(Hrp,¥r)

But (H A)€ can only have a nontrivial contributions from ¢ ((H,®)%) if either
(H, )¢ (H A+ N or (H,0)¢ = (K, )¢ with (H, A + \)9<(K, ). So, if for
(H,7) € M°(@)

- [Ho| ~ =
— el G
Ch.g = mmn© > (=1)" il m(Res (), ¥,) et ((H, ¥))
(Ho,0)<.<(Hr,¥r)
(Hg,o)=(H,¥)
then C' can be expressed as
C= > Cgrog+3o T > Cky.
(Ho,Ag+Xxg) MO (G) (K,9)eMO(G)
(H,X0+X0)G=(H, A +X)CG (K, )G >(H A N)E

We shall calculate these coefficients in each case, starting with C' Ho ot N VVith-

out loss of generality we may suppose that )g is such that (Hy, A\o)¢ = (H,\)“.
With this fixed A\¢g we change notation and write briefly H for Hy and A for Ag. This
will not cause any confusion. We decompose C'; , 5 into the sum of the coefficient

of (H,\)¢

3 <—1>T'|I§|<Ar><<H, N+ (H, 2

(HA+N)<. < (Hp Ap+Ap)
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and the coefficient of (H,\)¢

S U@ ().

(H X N< < (Hp Ap+2A70)<
<(K1,91)<-<(Ks,¢¥s)

Any long chain ((Ho, Ao + Mo)<-<(Hyp, A\ + M )< (K7, 91 <. < (K, 5)) of length
745 can be broken up uniquely into the lower chain ((Ho, Ao + Xo)<.<(H,, \r + A;))
in MO (K,1) of length r and the upper chain ((K1, 1 )<.<(Ks,1s)) of length s—1
and conversely any such lower and upper chain define a unique long chain. Hence
the second sum turns out to be the coefficient of (H, \)¢ in

3 3 Z(l)’“““'lgﬂwsx(m NG+ (H,2)°) .

(K,p)>(H A +XN) (H AN <(Hp,Ap+rp) (KP)<(Kp,91)<- <(Ks,¥s)
in M(K,v)

Now, for (H;,\i + ;) > (H, A+ X), we choose ); such that Rest()\;) = A, and
distinguish two cases.

If (H,\)¢ # (H, )Y, then every chain ((H,\ + \<.<(H,, A, + \,.)) starting in
(H, X+ )\) determines the unique chain ((H, \)<.<(H,, \,)) starting in an element
of (H,\)%, and the other way arround. Thus, in this case,

CH,,\+X = ||g|| Z (=1)"(Ar)

(H,\)<..<(Hp,Ap)

D > Yo )

(K, )>(H X X)) (H,N)< <(Hp,Ap) (K, )< - <(Ks,¥s)
in M(K,v)

If (H,\)¢ = (H,\)%, then every chain ((H,\+ A<.<(H,, A, + A,)) determines
uniquely the two chains ((H, \<.<(H,,A,)) and ((H,\<.<(H,, \;)) starting in
elements of (H, )¢, and the other way arround. Therefore, in this case

N 1 D SIS D DI I

(H,M)<..<(Hp,Xr) (H,N)<.<(Hp,Ar)

+||g|| > ) Do) + Y () )

(K, )>(H X)) (K 9)< . <(Ks,¥s) (H,\)<..<(Hp,Ap) (H,X)<..<(Hp,Ar)
in M(K,1) in M(K,%)

Next we express C  with (K,¢)¢ > (H,A+ \)¢ for some (K,¢) € MP(G).
By definition, the coefficient of (H,\) in ¢, ((K,)%) is

L R (),
> D, (U (Resi, (W) A

(Ho,20)E(H,NG  (Ho,A0)<- <(Hp,Ar)
(Hg 2o +X0)< (K1) in M(K,9)
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Since <Res§i (1); Ai) = 1, the coefficient C .y of (H, )%

T <—1>S'I(§|<Res§<c<p>>;w>Kc+<<K,w>G>

(K, 9)<. .<(Ks,v¥s)

turns out to be

Crp = e <kewe) (—1)° %WQ D o, »o) > (Ho o)< <) (—1)T%

€(H, /\) in M(K
|G| LS e ey O o, 20) 2 (HoA0)S < Ar) (=1)*+7 ().
c(H,NEG in M(K,v)
Using these three expressions for C'( .30 the formula for C turns into

C =", Ao+ Xo) Cliy agsdo T 22 (KpemO@  CKup
E(H A A+2)C (K, )G >(H A A+2)C

= % (E(Ho,xo)ew,x)@ E<Howko><--<(Hmm (—1)T</\r>

Y KmemO@ DK <(Kabs) Do (Hoos <(Hpam (= 1)TFS ()

(K, )G > (H A+ 2)C in M(K,p),(Hg,X0)&=(H,\)E

+ D0 (kwyemO@ D (K< <(Ksiws) O (Ho, Xo) > (Ho, Q0 <A 5 (= )S+"<¢s>>

(K, )G >(H, x+2N)CG €(H,NC in M
The two last terms cancel out, and we finally get
H
Cc = % Do (Hor)EeM©@) D o< <ty (=17 () =B
(Hp,Ao+x0)C=(HA+X)C

as claimed in 6.11. O

Lemma 6.12.
Let (H,9)¢ € M(G)/g with ¢ : H — {£1} an orthogonal representation. Then

|Hol|

Tsye (c+(a@(p)) — ac(c(p))) = a (-1)"(nm, —2),

(Hg,¢0)<-<(Hp,br)
(Hg,¢0)€E(H,$)C | ¢y 0dd

where ny, denote the number of elements in the set {¢, : H, — {£1} | ¢ odd}.

Proof. Let (H, )¢ € M(G)/g. The coefficient B of (H,$) in ag(c(p)) is

B= % > (=1)"(¢r) + > (=1)"Ar)

| | (Ho.$0)<-<(Hr,ér) (H,60)<-<(Hp,Ar)
(Hq,¢0)€(H,0)G (Hg,$0)€(H,0)G

The coefficient C of (H, )% in c; (aZ(p)) turns out to be the sum of a lot of partial
sums coming from different kinds of chains. Since c; is a homomorphism, C is the
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coefficient of (H, ¢)¢ in

3 <1>T@m<Res2T<p>,wr> . (o 05)5)

(Ho,W0)<..<(Hyp,¥y)

Since (H,¢)® can only have a nontrivial contribution from elements of the form
e ((Ho, Wo)%) if (Ho,¥o)Y is either (H,2¢)¢ or (H,¢ + ¢')¢ or (K,¥)¢ with
(H,$)% < (K,)%, we can express C as

C= > CHy2¢0 + ) CHypo+0y + > CHy 0
(Ho,2¢60) MO (G) (Hg,bo+¢H)€MO(G) (Ho,%0)eMO(G)
(Hg,2¢0)C =(H,2¢)C (Ho, o +})C =(H, ¢+¢")C (Ho,%0)G < (H,$)G

where the second subsum runs over all possible pairs ¢ + ¢’, and, for (I:i , \Tl) €

MO(G),

Ciig = Tay0 3 <—1>T'fcf|'m<Res§,,<p>,wr> e (. )%)

(Ho,¥0)<-<(Hr,¥r)
(Ho,¥g)=(H,¥)

Now we calculate these coefficients C'z g in each of the three cases.

We begin with the case (H, ¥)¢ = (H,2¢)¢ = (H,2¢)¢ and can, without causing
confusion, change notation back to H instead of H and ¢ instead of ¢. Using the
explicit formula for the multiplicities, we split Cgr 24 into % Z?Zl Ci(H,2¢), where

Cl(]:f7 2¢5) = Z(H,2¢)<..<(Hr,2¢>r) (_1)T2 [<¢r>/2]

02(H7 2¢) = Z<H~2¢>><-.<(H7:=2¢1~><(H1~+11¢1;+1+¢;+1)< (_1)r2 -1

<. <(Hp,pr+¢}.), ér,¢) odd

Cs(H,2¢9) :=> (H,26)<. < (H;,267)< (=1)"2(Ar)

<(Hijqp1 N1 +HX 1)< <(Hp,Ap+2))

Cy(H,29) =73 (2o <y 20m< (—1)"52(1)s)

<(Kq1,%1)<-<(Ks,¥s)

05(H7 2¢) ::Z(H~2¢)<-~<(H'L=2d’i)<(Hi+1v¢1‘,+1+d’,/i+1)<~-< (_1)r+82<1/’s>

<(Hrp,¢r+¢p)<(K1,91)<- <(Ks,¥s)

Cﬁ(Hv 2¢) = Z(H’2¢)<-~<(H'i=2¢’i)<(H'L+1v)‘i+1+xi+1)<‘-< (_1)T+82<w5>

<(Hp Ar+Xr)<(Kp,91)< <(Ks,¥s)

Now we will modify these terms using the following observations:

1) Of course we can identify any chain of the form ((H,2¢)<.<(H',2¢')) in
MO (G) with the corresponding chain ((H, ¢)<.<(H',¢')) in M(G).

2) Clearly 2 [(¢)/2] equals {¢,) —1, if ¢,- odd, and coincides with (¢,) otherwise.

3) Any chain ((H,2¢)<.<(H,, A, + ) in M?(G) corresponds uniquely to the
pair of chains given by ((H, ¢)<.<(H,, \,)) and ((H, $)<.<(H,,\,)). Thus, taking
the sum over all chains ((H, ¢)<.<(H,, \)) instead of ((H,2¢)<.<(H,,\r + \;))
gives twice as many summands, and this will take care of the factor 2.
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4) A chain
((Hv 2¢)<"<(H7‘7 2¢r)<(K1, ¢1)<"<(Ksa "/}s))

of length r + s breaks uniquely up into the lower chain ((H,2¢)<.<(H,,2¢,)) in
MO (K1, 41) of length r and the upper chain ((K, 1 )<.<(Kjs,s)) of length s — 1.

5) A chain

((Ha 2¢)<'~<(H7"7 ¢r + ¢;-)<(K1,1/)1)<-~<(Ksﬂ//s))

of length r+ s breaks up uniquely into the lower chain ((H, 2¢)<.<(H,., ¢, + ¢})) in
MO (K1, 41) of length r and the upper chain ((K1,1)<.<(Ks,vs)) of length s — 1.

6) A chain ((H,2¢)<.<(Hy, Ay + A )<(K1, 91 )<.<(Ks, 1)) of length r+s breaks
up uniquely into the lower chain ((H, 2¢)<.<(H,, A, + \,)) in MP(K},41) of length
r and the upper chain ((K7,91)<.<(Ks, 1)) of length s — 1.

Thus we have

Cl(H, 2(;5) = Z(H,¢)<A.<(HT,¢T) (—l)r<¢r> - Z(H,¢)§..<Ofigr,¢r) (—1)T

Ca(H,2¢) =23 oo <tpsrren (—1)7 -1

ér, ] 0dd

C3(H,29) = > mox.<wean (1) ()

C4(H, 2(;5) = 22(K,1/))>(H,2¢) Z(H,<;s)<j\>i<<HT,d>r> Z(K,w)<..<(Ks,ws> (*1)”5“@1}5)

(K,4)

Cs5(H,20) =23 (kwy>H26) Y (H2o)1<. <(Hp ool O (Kn<.<(Ksve) (—1) 5T (ahg)

in MO (K,v)

Cs(H,2¢) = 7 (K> (H,24) Z(H,¢)<..<(Hr,)w-) > (K <(Kaba) (—l)r+s+1 (s)

in M(K,%)
Next we study the case
(H W) = (H,6+ )% = (H.¢+¢')9
for some ¢’ # ¢. Again we change notation and write H instead of H and o, ¢’
instead of ¢, ¢’. The explicit formula for the multiplicities transform C 444 into

CH,g+¢ =
H|
G| > (1) ) + > (-
(H,p+¢")<. < (Hp dr+¢)< (H,¢+¢")<. <(Hp, r+oL)
<(K1,91)<- <(Ks,¥s) G, ¢l 0dd

with MH ¢p+¢' = 2, if (I‘I7 ¢)G = (H, d)/)G, and MH ¢p+¢' = 1 otherwise.
We split any chain ((H, ¢ + ¢')<.<(H, ¢ + ¢L)<(K1, ¥1)<.<(Ks,15)) of length
7+ s into the lower chain ((H, ¢ + ¢')<.<(H,, ¢, + ¢..)) in MO (Ky,1b1) of length
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r and the upper chain ((K1,91)<.<(Ks, 1)) of length s — 1. So, if
Cr(H, o+ @') = MH g1¢/ D (k0> (gt 6!) D (Hogt o))< < (Hp by +-ol)

in MO (K,)

Z (K 9)<. <(Ks,¥s) (71)T+S+1 <¢S>

and
Cs(H, 0+ ¢') =mugr¢ D moron< <tmorron (1),
¢, bh odd
then Cyrgrg = fgf (Cr(H, ¢+ ¢') + Cs(H, ¢+ ¢') ).
Finally we expand Cy g in the case (H,0)¢ = (K,¢)C = (H,$)C for some
(K,9) € MO(Q).
By definition of ¢, the coefficient of (H,#)¢ in ¢y ((K,)%) is

2 |HK0|| S (~1)7(Resh (0):de) + > (—1)"(Resh () \,)

(Ho,$0)€(H,$)E (Ho,¢0)<-<(Hr,¢r) (HQ,¢0)<-<(Hp,\r)
(Hg,¢0)=<(K,¥) in M(K,) in M(K,)

Therefore, the coefficient Ck  of (H, ¢)¢ in

3 <—1>S'|Kg|'m<Res§<p>,w> (BC) (K. )%)

(K, )<.<(Ks,¥s)
is given by

|K| H
Cko= ¥ (w) ¥

(K, ¢)<. <(Ks,%¥s) (Hq,$0)€(H,$)C
(Ho,P0) < (K,9)

(_1)T<RGS§,. (¢)7 ¢r> + Z (—1)T<R6S§T(’l/}); )‘7‘>

(Hq,¢0)<-<(Hp,pr) (Hg,¢0)<-<(Hp,Ar)
in M(K,) in M(K,1)

7
This we split into several subsums and obtain Ck , = % E (K, 1), where

Ca(K¢) = 2 2 )y (=1)" (1)) - 2
(K, )<.<(Ks,¥s) (Hqg,$9)e(H,$)G (Hg:00)< - <(Hp,br)in M(K,3)
(Hg,$0) < (K,¥) Rcsgr(w):2¢r

Cs(K,v) = > > 2. (=1 (es)
(K, ¥)<.<(Ks,%s) (Hg,pg)E(H,p)G  (Hg,00)<- <(Hr,¢r)in M(K,)
(Ho,¢0) < (K,9) Resfl ($)=¢r+d Resiy (¥)=2¢9

Co(K,¢) = > > > (=17 ()
(K, )<.<(Ks,¥s) (Hg,pg)e(H,$)G (Hg,d0)<- <(H SAr)in MK, )
(Hq,¢0)<(K,v) ResH (P)=2¢¢

Cr(Ky) = > > 2 (=17 ()
(K, )< <(Ks,s) (Hg,b0)€(H,¢)G (Ho,¢0)< - <(Hp,¢r)in M(K,4)
(Ho,¢0)<(K,¢) nqu (V)=do+¢(
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Bringing all these expressions together, we conclude

C = Z CH0,2¢0 + Z Z CH07¢0+¢{) + Z OK#P
(Ho,2¢0) (H,¢p+¢")C  (Ho,b0+¢() (K,p)eMO(G)
€(H,24)¢ c(H,p+0")C (K,w)G - (H,$)G

6 8
Yo Y Ci(Ho2¢0)+ > > > Ci(Ho, ¢ + ¢p)
1=T (H,¢+¢")G (Hg,do+9()

|H|
€(H,p+¢")C

i=1 (Hg.260)
€(H,20)CG

7
+> > Ci(K, )
i=4 (K,9)emO(G)

(K, )G~ (H,0)CG

Some of these terms cancel each other. The terms involving Cy vanish, as

> Cu(Ho,2¢o) + > Cu(K, ) =
(Hp.2¢0) (K,)eMO(G)
€(H,2¢)CG (K, )G -(H,$)C
(=)t (1)

2
Hyp,¢r) (K,4)<.<(Ks,¥s)
P

(Ho,2¢0) (K,4)>(Ho,260) (Ho,¢0)<-<(
in M(K,y)

€(H,2¢)C
2(=1)""(xhs)

+ X
(K, )eMO (@) (K. 9)<.<(Ks,¥s) (Hg,¢g)e(H,$)G (Hg,00)<-<(Hp,br)in M(K,p)
(K, )G~ (H,0)C (Ho,b0) < (K,%) Resly ()=2¢r

=0.

The Cs-terms add up to 0, because

> Cs(Ho,2¢0) + > Cs(K, )
(Ho.2¢0) (K,%)eMO(G)
€(H,2¢)C (K,9)C - (H,$)G
_ 1
= Y 2 ¥ ) (=)t (i)
(Hp,2¢0) (K, ¥)>(Hg,2¢0) (Hq,200)<.<(Hp,pr+o¢l) (K¢)<.<(Ks,is)
€(H,2¢)C in MO (K,v)
+ Z (71)T+S<¢S>
(K)emO(G) (K< <(Ks,¥s) (Ho,0)€(H, )G (Ho,¢0)<- <(Hr,¢r) in M(K,9)
(Hg,$0) < (K,3) Resgr(1/1):¢r+¢4.,Res§0(¢)12¢0

(K, )G~ (H,0)C

Indeed, every chain (Ho<.<H,) of subgroups in K determine exactly two chains in
M(Ka ¢)a namely ((HOa ¢0)<"<(H7“a ¢7’)) and ((H()a ¢O)<"<(H7’7 (rb'/r‘))
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Also the Cg-terms cancel each other, as

Z (Hg,200) CG(HO,2¢O) + Z (K,9)eMO (@) CG(Ka 77[})

€(H,20)C (K, )G =(H,0)C

=" (Ho260) D (Kw)>(H260) 9 (Horbo)<. <(Hrar) 9 (K< <(Ks we) (—1) T H(ahg)

€(H,20)C in MO (K )

+ X 2 2 > (=1)7** ()

(K, )eMO (@) (K< <(Ks,¥s) (Hg,¢9)e(H,$)G (Ho:b0)<- <(H7‘ r)in M(K,9)
(K, )G~ (H,$)C (Hq,¢0)=<(K,¥) Res (d’) 2¢¢

=0
Finally, the terms with C7 cancel out, since

Z(H,¢+¢’)G Z (Ho,¢0+¢() C7(H07 ¢0 + ¢6) + Z (K,)eMO(G) C’?(Ka 1/))

€(H,p+¢")C (K,$)CG - (H,6)C

= Z(H.4>+¢/>G Z (Hg,b0+e}) TVHo, o+ Z(K,w>><Ho,¢o+¢g)
€(H,p+¢")C

D (Ho b0+ 6)< < (Hrsort o) 9 (K<< (Kawe) (—1)H T (1)
in MO (K,v)

+ X 2 2 2 (=)™ (1)

(K,)eMO (@) (K W)<.<(Ks,¥s) (Hg,b0)e(H,0)G (Hp,00)< <(Hrp,¢r)in M(K,)
(K, )G = (H,$)C (Ho.d0) < (K,) Resfy (¥)=00+0}

In fact this is 0, because if we have a pair (K, ) > (Ho, ¢o + ¢p) with (Ho, ¢o)¢ =
(H,¢) # (Ho, ¢5)“ , the mp, ¢, +4, = 1, and taking sums over chains in M (K, 1))
starting in (Hp, ¢o + ¢}) is the same as taking sums over chains in M (K, 1)) start-
ing in (Hp, ¢o). Otherwise, if a pair (K,) > (Ho, do + ¢f) satisfies (Hy, ¢o)¢ =
(H,$)¢ = (Hy, $})¢, then MH, ¢+, = 2, and taking sums over chains in M(K,¢)
starting in (Hoy, ¢o) or (Hp,¢p) is twice as much as taking sums over chains in
MO (K ) starting in (Hy, g + ¢)).

So C reduces to

||g| Z > Ci(Ho,200) + Y > Cs(Ho, o + 6)

i=1 (Ho,2¢0) (H,0+¢)G  (Ho,$0+¢()
e,2¢)0 €(H,p+¢)C

Now we can compare B and C, which is the coefficient of (H,$)“ in cy(aS(p)) —
ag(c(p). We notice that, taking the expressions for B and C' into account,

%Z(Ho@o)E(H@)G (C1(Ho, 2¢0) + C3(Ho, 2¢0))

_ 1H]| r
=B+ |G] Z<H0,¢0>6(H,¢>G Z(HOY¢O;<45<C‘E1H7W¢T') (—1) .
ks



Homology, Homotopy and Applications, vol. 7(3), 2005 149

Thus we have to compute

D (Howbo)e(,9)C (E(Ho,2¢o)<.-<<Hr,¢7.+¢;.> 2(=1)" _Z<HO'¢°;<”§(dHT’M (—1)T)
ro

b7, 0dd
and
Z(H,¢+¢'>G Z(H0v¢o+¢6)E(H=¢+dJ')G CS(Hov b0 + ¢6)

The first term can be simplified by the following observation. Let (Ho, o) € (H, $)¢
fixed and, for Hy < H, < G, let Xy, 4, = {¢, : H, — £1|Res}y (¢,) = do, ¢, 0dd}
and n = npy, 4, denote the number of elements in Xy, ¢,. Then there are pre-
cisely n elements (H,,¢,) € M(G) with (Hy, ¢o) < (Hy, ¢,) and ¢, odd, and pre-
cisely % elements (H,, ¢, + @) € M(G) with (Hy,2¢o) < (H, ¢r + ¢..) and
¢r, ¢, odd. Thus

-1
Z(H0v2¢’0(i<-;b</(Hde’¢r+d’4«) 2(_1)T = ZHO<"<HT 2%(_1)7‘

= Z(Howo;f--igffmw (=" (nm,,00 — 1)
So the first term can be rewritten as
Z(Ho,qsO)e(H,cp)G Z(H0w¢o)<--<<HT~¢r> (_1)T(HHT,¢0 - 2)
¢y odd

Next we reduce the second expression. Let (Hy, ¢o) € (H, ¢)¢ fixed. For Hy < H, <
G let Xy 40 = {¢r + Hy — £1|Resy’(¢r) # do, ¢ 0odd} and n' = nyy - denote
the number of elements in X }_Ir; b0 Now

> oo (- = S (=) g, s

(AP0 (Ho d0+d()<-<(Hr,dr+e).) (Ho,$0)<-<(Hr,¢r)
@@l 0dd ér odd

since, for any chain (Hop, ¢o)<-<(Hp,¢) with ¢.odd, a chain
(Ho, ¢o + ¢0)<-<(Hp, ¢r + ¢..) with ¢, ¢ odd determines and is determined by
¢ € Xy, 4,- Furthermore, for (H,, ¢,) fixed with (H,,¢.)¢ = (H, ¢)%,

Z Z mHoy¢o+¢6(71)T = Z Z (*1)Tn}{h¢oa

(Ho,¢0+¢() (Hq,¢0+¢()<-<(Hr,¢r+¢h.) (Hg,b0)€(H,$)G (Ho,$0)<-<(Hr,¢r)
(Ho.$0+8)) = (H,60)C ér. ] 0dd érodd
g — 13 G I\G —9; .
as M, got¢, = 1 in the case (Ho, o) # (Ho, ¢)” and mu, ¢4, = 2 in the case
(Ho, #0)¢ = (Hy, #})¢. Finally, we may take the sum over all (H,,®,) to rewrite

the second expression as
> > (D), g -

Hy, e(H,$»)G (Ho,¢0)< . <(Hr,dr)
(Ho,b0)€(H,¢) o oaa rPr

Taking these simplifications into account, we conclude from np, ¢, + 7y, =
ng,, that
H
c-B=i X (w2

(Hg,$0)<-<(Hr,pr)
(Hg,$0)€(H,$)C , ¢y 0dd
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which completes the proof of lemma 6.12. [

Theorem 6.13.
The map ag induces an explicit induction formula, that is, for p: G — O(2n) in

FO(G),
be(ag(p)) = ka(p) € RO(G) ,
where kg : FO(G) — RO(G) is the map of §6.1.

Proof. We study the diagram

FO(@) QRO(G) —%+ QRO
QR(G) — 2+ QR4 (G) — 2 QR(G)

Note that the right square is a commutative diagram, since all maps involved are
homomorphisms and ag, used in the definition of ¢4, is a section for bg. Indeed

b (e (H,W)9)) = be (Indf (an (c(V)))
= Ind% (bgag (c(¥))) = Ind% (¢(¥)) = ¢(Ind% (¥)).
Since cy is injective, it suffices to show

c+((bg 0 ag)(p)) = clkc(p)) (= (bgoag)(corc)(p)) .

Therefore it is enough to prove that the defect on the commutativity in the left
square, given by (6.9), lies in the kernel of bg. In fact, for p : G — O(2n) and ng(p)
as in 6.9, we calculate

be (c+(ag(p)) — ac(c(p)))

= bg (z o (p) = 2) 3 g o0 <o (=) g (Ho, %)G)

(Hr,¢r)=(H,$)

= S g (p) = 2) T tmonre.<gnr o (~1)" 5 nd (60)

(Hrp,$r)=(H,$)

= S uroln(p) = 2) G nd5 (o oo <o (1) R I, (60)

(Hrp,¢r)=(H,$)

:E(ﬂfd{nh’( ) )Hg“l dG((sz%,i”:p?T (_1)r“11{1()||1ndg0(]1))

= O 5
since firstly, for H < G a fixed noncyclic group,

Y >'f§’|IdHo< )=0. W

Ho<.<H,=H
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(see for example [6, I11.1.4]) and secondly, if H < G has a nontrivial contribution
to the sum above, then ng(p) > 0 (so there exists an odd ¢) and ng(p) —2 # 0 (so
ng(p) = 4), so that H has an elementary abelian 2 group of order at least 4 as a
factor group and can not be cyclic. O
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