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Let E/Q be an elliptic curve and K /Q a finite Galois extension
with group G. We write £ for the base change of £ and con-
sider the equivariant Tamagawa number conjecture for the pair
(h'(E ¢)(1), Z[G)). This conjecture is an equivariant refinement of
the Birch and Swinnerton-Dyer conjecture for E /K. For almost
all primes /, we derive an explicit formulation of the conjec-
ture that makes it amenable to numerical verifications. We use
this to provide convincing numerical evidence in favor of the
conjecture.

1. INTRODUCTION

Let E/Q be an elliptic curve and let K/Q be a finite
Galois extension with group G = Gal(K/Q). We write
Ey for the base change of E. We consider the motive
M = h'(E)(1) and regard

My = hO(Spec(K)) ®h“(Spcc(Q)) M = hl (E[()(].)

as a motive over Q with a natural left action of the
rational group ring Q [G] via the first factor. We write
C(C[G]) for the center of the complex group ring C[G],
and L(Mk, s) for the ((C[G])-valued L-function of My,
which is defined and analytic in Re(s) > 1/2. It is con-
jectured that L(Mf,s) has a meromorphic continuation
to all of C. Assuming this conjecture, we write L* (M)
for the leading term in its Taylor expansion at s = 0. To
be more explicit, we let Irr(G) be the set of absolutely
irreducible characters of GG. For any character y we write
L(E/Q,x,s) for the twisted Hasse~Weil L-function, and
L*(E/Q,x,1) for the leading term in the Taylor expan-
sion at s = 1. The center {(C[G]) is canonically isomor-
phic to [[, ¢, (¢) €, and via this identification, L*(Mf )
equals (L*(E/Q, X, 1)) crm(q)- It is easily shown that
L*(Mg) € ¢(R[G])* (see Remark 3.2).

The equivariant Tamagawa number conjecture
(ETNC, for short) formulated in [Burns and Flach 01]
for the pair (Mg, Z[G]) is equivalent to an equality of
the form

O(L*(Mk)) = x(Mk), (1-1)
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where ¢ is a canonical homomorphism from the unit
group ((R[G])* to the relative algebraic K-group
Ky(Z|G],R), and x(Mf) is a certain Euler character-
istic in this relative group constructed from the vari-
ous motivic cohomology groups, realizations, comparison
isomorphisms, and regulators associated to My and its
Kummer dual.

We note in passing that the ETNC is formulated in
much more generality and that the general formulation is
comparatively abstract. Indeed, in our elliptic curve case
with K = Q, the ETNC is equivalent to the Birch and
Swinnerton-Dyer conjecture (BSD for short). But even
this basic fact is not evident, and we refer the reader to
[Kings 09] or [Venjakob 07] for a detailed proof.

For the base change of an elliptic curve, the ETNC
is an “equivariant BSD conjecture.” Our main result,
Proposition 4.5, makes this apparent for arbitrary elliptic
curves F/Q and Galois extensions K/Q .

The aim of this article is to describe an approach for
converting the rather involved and abstract conjectural
equality (1-1) into a form that is amenable to numeri-
cal computations. In this way, we systematically improve
upon work in [Navilarekallu 88], which originally was the
motivation for this manuscript.

As in the classical case of the BSD conjecture, the
ETNC splits into three parts: an “equivariant rank con-
jecture,” an “equivariant rationality conjecture,” and an
“equivariant integrality conjecture.”

We will use [Dokchitser 04] to compute numerical ap-
proximations to the leading terms of the twisted Hasse—
Weil L-functions, and for our general approach we will
then usually assume the validity of the rank conjecture.
However, in our concrete examples in Section 6, we are
often able to deduce the rank conjecture from theoretical
results or from an explicit computation of Selmer groups.

We then show how to compute numerical approxima-
tions to equivariant periods and to equivariant regula-
tors (provided that we are able to compute the Mordell-
Weil group E(K)). Combining these computations, we
are able to verify the rationality conjecture numerically
up to the precision of our computations.

From now on, we assume the validity of the equivari-
ant rationality conjecture. We note in passing that there
are important results in the literature (without being
exhaustive, we mention only [Gross and Zagier 86,
Kolyvagin 90, Kolyvagin and Logachev 90,
Kolyvagin and Logachev 92, Zhang 01] and
results of Bertolini and Darmon) from which one can

recent

possibly deduce the equivariant rationality conjecture
provided that the analytic (equivariant) rank is at

most 1. This will be part of a further research project.
In our numerical examples we consider mostly ellip-
tic curves E defined over Q and dihedral extensions
K/Q of order 2] for an odd prime ! such that the
Mordell-Weil group E(K) is finite. In this case, where
all absolutely irreducible characters are of degree 1
or 2, the important works [Shimura 77, Shimura 78]
probably allow one to deduce the equivariant ratio-
nality conjecture. In a slightly different situation,
namely for subextensions of the false Tate curve
tower, in [Bouganis and Dokchitser 07]
successfully apply Shimura’s work to deduce alge-
braicity and Galois equivariance of twisted BSD
quotients. Similar arguments will hopefully work in our
context.

Furthermore, we assume throughout that the Tate—
Shafarevich group II(E/K) is finite. Again, it is possible
to deduce the finiteness of lII(£/K) in many examples,
provided that the analytic rank is at most 1, from the
above-mentioned work. However, since the aim of this
paper is to work out the additional difficulties of the
equivariant conjecture, we prefer to make the general as-
sumption that II(E/K) is finite.

A further main result of this paper (Corollary 4.8)

the authors

shows that we can use the computational results from
the verification of the rationality conjecture to prove
the [-part of the ETNC for all primes [ outside a finite
set of difficult primes. This finite set contains in most
cases the prime divisors of #G and the prime divisors of
#I(E/K).

There are two different reasons that we get into dif-
ficulties with these primes. Our approach is restricted
to the case that certain cohomology groups are perfect
Z,[G]-modules. If [ {#G, the ring Z,[G] is regular, so
that this assumption is satisfied for every finitely gener-
ated Z;[G]-module. On the other hand, even if | | #G,
there are some rare cases in which the modules under
consideration are perfect, so that we can also produce
numerical evidence for these interesting primes (see the
examples in Section 6).

Primes dividing #1I(E/K) are difficult just because
we are not able to compute II(E/K) as a Galois mod-
ule (which would be necessary in order to compute
Euler characteristics). The situation is even worse, be-
cause we do not have an algorithm at our disposal
to compute #I(E/K). In order to compute a con-
jectural candidate for the set of difficult primes, we
will assume the validity of the classical BSD conjec-
ture for E/K and use it to compute a conjectural value
for #I(E/K).
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We point out that the equivariant BSD conjecture has
far-reaching explicit consequences (see [Burns 09]) that
could not be derived from nonequivariant versions. This
may indicate that any theoretical or numerical verifi-
cation of the equivariant version requires a great deal
of additional effort. Much of the additional algorith-
mic problems are hidden in the algorithms described in
[Bley and Wilson 09]. In particular, it can be shown that
the ETNC is true if and only if the twisted BSD quo-
tients satisfy certain congruences. For cyclic groups Z,,
dihedral groups D, with p an odd prime, and the alter-
nating group A; we explicitly determine these congru-
ences.

We will illustrate our results in Section 6 with some
explicit examples. More examples can be computed using
the author’s MAGMA implementations.!

The structure of the paper is as follows. In the first
part of Section 2, we review algebraic preliminaries such
as determinant functors, categories of virtual objects, and
the construction of Euler characteristics in these cat-
egories. These very abstract concepts are used to for-
mulate the ETNC in [Burns and Flach 01]. Following
an approach in [Burns 04], we then make the construc-
tion of Euler characteristics more explicit in terms of
relative algebraic K-groups and in this way amenable
to numerical computations. In particular, in the second
part of Section 2, we recall the algorithmic methods
of [Bley and Wilson 09], which allow the computation
of the relevant relative algebraic K-groups and provide
methods to compute in them. For certain small groups we
explicitly determine the above-mentioned congruences.

In Section 3 we describe the ETNC for the base change
of an elliptic curve, and in Section 4 we then derive our
main theoretical results (Proposition 4.5 and Corollary
4.8), which are the basis for our numerical computations.
In Section 5 we comment on the algorithmic aspects of
our work, and in the final section we describe several in-
teresting examples in detail. In particular, we have cho-
sen the examples such that we can apply our methods
for a prime divisor [ of #G and such that the explicit
congruences can be seen.

In future work [Bley 10] we will study the l-part of
ETNC for elliptic curves F/K and cyclic extensions K/Q
of prime-power order {", for [ odd.

! Available from http://www.mathematik.uni-muenchen.de/~bley/
pub.html.

2. ALGEBRAIC PRELIMINARIES

2.1. Determinant Functors and Virtual Objects

Let R by any associative unital ring. Let PMod(R)
denote the category of finitely generated projective
R-modules, and write PMod(R)® for the category of
bounded complexes of such modules. We also write D(R)
for the derived category of complexes of R-modules and
DPe*f(R) for the full triangulated subcategory of D(R)
consisting of those complexes that are isomorphic in
D(R) to an object in PMod(R)®. These complexes are
called perfect. Recall that C* is perfect if and only
if there exist a complex P* € PMod(R)® and a quasi-
isomorphism P* — C*®. We say that an R-module N is
perfect if the complex N[0] belongs to DP*™(R).

Our main reference for determinant functors, Picard
categories, and virtual objects is [Burns and Flach 01].
Let V(R) denote the Picard category of virtual objects
associated to PMod(R) and write [-]g for the universal
determinant functor

[-]lr: (PMod(R),is) — V(R),

where (PMod(R),is) denotes the subcategory of all iso-
morphisms in PMod(R). By [Burns and Flach 01, Propo-
sition 2.1], this functor extends to a functor

[]r: (DP(R),is) — V(R).

We recall that V(R) is equipped with a canonical bifunc-
tor (L, M) — LM. We fix a unit object 1z and for each
object L, an inverse L' with an isomorphism LL~! ~
1z. Each element of V(R) is of the form [P][Q];" for
modules P,Q € PMod(R). Furthermore, [P]r and [Q]r
are isomorphic in V(R) if and only if their classes in
Ky (R) coincide.

For any Picard category P we define my(P) to be the
group of isomorphism classes of objects of P and set
71 (P) := Autp(1p). The groups m(V(R)) and m (V(R))
are naturally isomorphic to Ky(R) and K;(R), respec-
tively.

Let A be a finite-dimensional semisimple Q -algebra.
For any extension field F' of Q we put Ap := A®q F
and abbreviate 4, := A®q Q,. Let A C A be a Z-order
and set

Ay =A®: 2, A=Ac;7~][A,
P
A=A, 2~]]4
P
For L € PMod(A) we set
Lp ::L®ZZP, LQ =L®;Q, Lp:=L®zF.
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We set V (A) :=V(A) x4, V(A) and recall that el-
ements in V (A) are of the form (X,Y,f) with X €
V(A),Y € VA(A) and 6 : X ® 4 A=Y @4 A an isomor-
phism in V(A4). Note that the tensor in this context is the
functor between categories of virtual objects induced by
the tensor functor on the level of modules by the uni-
versal property [Burns and Flach 01, (2.3),f]. Note also
that we can identify X with [I, X, €11, V(A,), where
Xp =X ® 4 .Ap € V(.Ap)

There is a natural monoidal functor V(A4) — V (A)
induced by

(L4 = (H [Lyla,  [Lela IT [@,]) ;

p P

where
id
Op: Lp ®2, Qp =L ®72 Qp — L ®z Q) = Lo ®q Qp

is the natural map.

Let Py be the Picard category with unique object 1p,
and Autp, (1p,) = 0. Following [Burns and Flach 01],
we define V (A, F) to be the fiber product category
V(A) Xy (a,) Po. Explicitly, elements in V (A, F') are
given by triples

((Xa}/aé)alpuagoo)a
where
X eV(A), YeV(A,
é:X@AAiY@)Aﬁ,
Oy :Y @4 Ap i’lAp-
We usually omit 1p, in the notation.

By [Burns and Flach 01, Proposition 2.5], one has a
canonical isomorphism

tar:mV (A F) ~KyAF),

where Ky(A, F) is the relative algebraic K-group as
defined in [Swan 68, p. 215]. Following the proof of
[Burns and Flach 01, Proposition 2.5], we explicitly de-
scribe the inverse of ¢4 r. Let [P, ¢, Q] be an element
in Ko(A, F) with P,Q € PMod(A) and an isomorphism
p: PRy Ar — Q ®4 Ap of Ap-modules. Then

i ([P, Q))

= ((H[PP]A,J [Qp];li [P ®aAlalQ®a A]217H 91)) )

p p

@triv) )

where each 6, is the canonical map and ¢y, is the com-
posite

[P®aAr]|a, Q@4 Ar]
— [Q®aAr]a, [Q®aAr],) — 1a4,.

Here the first isomorphism is induced by ¢.

If we set V(A F):=V(A)Xy(a,)Po, then the
functor V(A) — V (A) induces a canonical functor
V(A F) — V (A, F) and a homomorphism

7TO‘/(-A? F) - 7TOW (A7 F)v

and hence a homomorphism 7wV (A, F) — Ky(A, F),
which we also denote by ¢4 r. In the same way, we obtain
isomorphisms (see again [Burns and Flach 01, Proposi-
tion 2.5])

LA, Q, - ﬂ-OV(‘AP’QP) = KO(-Apan)-

Given data as in (2-1), we therefore obtain an element

r (£3,6).02)) € Ko(A P

In the context of the ETNC, we are in addition given an
element £* € ((Ar)*. There is a canonical commutative
diagram of the form shown in Figure 1.

If R is a finite-dimensional semisimple algebra over
either a global field or a local field, then we have an in-
jective reduced norm map

Nrdg : K1 (R) — ((R).

If G is a finite group, then Nrdg ) is in general not sur-
jective. However, by [Burns and Flach 01, Section 4.2],
there always exists a canonical “extended boundary ho-
momorphism”

§: C(R[G])* — Ko(Z[G],R)

such that doNrdg(q = 8%[(:],? . See
[Breuning and Burns 07, Section 2.1.2] for a conceptual
description of 4.

The conjectures we wish to consider in this paper are

essentially of the form

T =205 (((X.¥.0),60)) = a(£) =0

in Ko(Z[G],R). In the sequel we set A=7Z[G]|, A=
Q[G], and F =R.

For our computational purposes, in particular to
be able to apply the results and algorithms of
[Bley and Wilson 09], we need to reinterpret this con-
struction in terms of explicit elements of K((A, F'). Here
we essentially follow the approach in [Burns 04]. For any
bounded complex P* we define objects P!, Peve» and
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FIGURE 1. Localization sequences.

Podd by

Pall — @P17 peven @ Pl’

ieZ i even

Podd @ P7
i odd
We write Z*(P*), B*(P*), and H*(P*) for the complexes
of cycles, boundaries, and cohomology of P°,
zero differentials.

In arithmetic applications we often have the following
data:

each with

Data 2.1.
(a) Yeven yodd ¢ PMod(A), together with an Ap-
isomorphism
Yeven® F Yodd F

(b) X, € PMod(A,)* together with isomorphisms

even

o even
HMNX}) ®z, Qp — Y ®¢q Qp,

Hodd(X )®Zl, Qp Yodd ®Q Qp

(c) L* € C(Ap)™.

These data are related to the data given in (2-1) in
the following way:

X = H oA,

[Yeven] [YOdd]le’
= [V @, Ap)a, YU @4 AF]AF
~ [Yodd ®4 AF]AF [Yodd R4 AF]AF

~ 14, , with the first isomorphism

O : Y @4 A

induced by 0,
Oy : X = [X; ®z, QP]AP
B [H(X] @2, Q,)la,
x [H*(X} ®2, Qp)l4)
L yeen @g @), [V @ Q)]
=[Y @ Qpla, -

Here a3 is the canonical isomorphism  of
[Burns and Flach 01, Proposition 2.1¢]
induced by ;" and Hgdd.

Let C,, denote the completion of a fixed algebraic clo-
sure of Q ,. For every prime p and every homomorphism
j:R — C, we obtain induced maps j, : Ko(Z[G],R) —
Ky(Z,[G],C,) and j. : ¢((R[G])* — ((C,[G])*. We fix
p and j and consider the map 91’0 t XpT @z, Cp —
Xy @z, €, defined by

and a9 is

X @, €,
2 (B (X)) €2, ©,) @ (BU(X;) €2, €,)
L (yoon g, @p) (BM(X2) ®z, C,)

B (Yodd @, p) (BM(X3) @z, Cp)
2 (H(X) 02, Cy) © (BV(X}) @2, C,)
fs Xodd ®z, C,

The isomorphisms (3; and (5 are induced by choosing
splittings of the tautological exact sequences

0 — Z'(X; ®q, C;) — X} ®q, C,
—>Bl+1(X; ®Q1) Cp) — 0,

0— BZ(XI: ®q, Cp) — Zl(XI: ®q, Cp)
—>H2(X;®Qp Cp)—>0,

while 3, and 3, are induced by 6;"" and ngd, respec-
tively, and (3 by 0. It can be shown that the refined
Euler characteristic [XV°", 0], X219] € K((Z,[G],C,)
does not depend on any of the above choices. See
[Breuning and Burns 05, Section 6] or [Burns 04] for
more information on this construction of refined Euler
characteristics and its relation to the Euler characteris-

tic used in [Burns and Flach 01].

Lemma 2.2. Assume that X; ®z, C, is acyclic outside
degrees 1 and 2. Then

]*<Lz[G ((X YHF),,), ) [Xe"en,g;”Xodd]’
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Proof. We consider the diagram

pr;

mV (Z[G],R) —=>mV(Z,[G],Cy)
Lzp (G, Cp

Ko(Z[G],R) —L>K(,[G].C,)

It follows from the explicit descriptions of Li[lG“R
and LZ[GLCIJ that the diagram is commutative. From
[Breuning and Burns 05, Theorem 6.2 and Corollary 6.3],
we deduce that

'z,16).C, (Prj ((X Y11 9p> : 900)> (X5, 6, X,
p

Hence the result follows. O

Remark 2.3. Although [Breuning and Burns 05, Theo-
rem 6.2] is more general, we chose to formulate Lemma
2.2 with the acyclicity condition. This simplification suf-
fices for our applications, and moreover, we can use the
additivity result [Breuning and Burns 05, Theorem 5.7]
without introducing any correction terms.

Let C' denote a finite perfect Z,[G]-module. Recall
that a finite Z,[G]-module C is perfect if and only if
there exists a projective resolution

0—P!' %P —C—0
of length 2. Then the element

Xz, c).q, (C) = P a®Q,,P'] e Ki(Z,[G),Q,)

does not depend on the choice of the above resolution.
For any Z,[G]-module P we write P, for the sub-
module of Z,-torsion elements and set Pt := P/P;os.

Lemma 2.4. Assume that we have data given as in Data
2.1. Let p be a fized prime and j : R — C, an embed-
ding.

(a) If all cohomology modules H'(X3),i € Z, are Z,[G]-
perfect, then

e ((erte) o)

_ [Hexen( ) 9 Hodd(X )]

»Up? p

with 0, = (0591 @ C,) ™' o (B ® C,) 0 (57" @ C,).

(b) If, in addition, H' (X} )iors is Z,|G]-perfect for alli €

Z, then
j* (LZ[G],R <<X7 Y7 H 9}7) ) 900))

_ [Heven(Xo)the Hodd(X )tf]

P

(Hcvcn (X[:)tors)

(M (X o).

- XZ[) [G]v P
+Xz,(6),

Proof. Part (a) follows from the definition of ¢, and
[Burns and Flach 01, Proposition 2.1e]. If the modules
H (X} )tors and Hedd (X )tors are also Z,[G]-perfect,

for(19) 9

[Heven( )tf,9 Hodd(X )tf]
+ [H(‘V(\n(X )tOIb)O HOdd(X )tors]-

Part (b) follows now from the definition of the second
summand by dévissage. O

For later reference, we record the following lemma. We
write d,: ((C,[G])* — Ky(Z,[G],C,) for the extended
boundary homomorphism. Note that

(Sp = 32 [G],C], o NrdEII] [G] and 617 ] ]* = ]* o 6
Lemma 2.5.
(a) Let £ € C(R[G])*. Then

6(¢) € Ko(Z[G],Q) <= (RG]
(b) Let & € ((C,[G])*. Then
5 (f) GKO(ZP[G] Qp) — §€C(Q11[G])X-

Proof. We recall the definition of 4. By the weak approx-
imation theorem, we may choose A € {(Q [G])* such that
A€ is in the image of the reduced norm map Nrdg g). We
shorten 8%[0]& to 0'. Then

6(6) = 0" (Nrdylg (A0)) — Za,,
and therefore

5(€) € Ko(Z[G).Q) = 8" (Nrdg i (M) €Ko (Z[G), Q).

An easy diagram chase using Figure 1 implies that
81(NrdR%G (A6)) € Ky(Z]|G),Q) if and only if there
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exists n € K1(Q [G]) such that
Nrdil (A)/n € im(K (Z[G)) — K1 (Q [G))):
It follows that £ € ((Q [G]).

Let g : (Q[G])* — Ko(Z[G],Q). The reverse im-
plication is immediate from the commutative diagram

Q[G])* ——=((R[G])*
0
(Z]|G), Q) —==K,(Z[G],R)

The proof of (b) is similar, but easier, because in the
local case the reduced norm map is an isomorphism. [J

Proposition 2.6. Assume the situation of Data 2.1. Let p
be a prime and j : R — C, an embedding. Assume that
Xever and X9 are free Z,[G]-modules. Let (vy, ..., vq)
and (wy,...,wq) denote Q,[G]-basis of X;*" @z, Q,
and X;dd ®z, Qp, respectively. Let B € Gly(C,[G]) rep-
resent 9;) with respect to the chosen basis. Set

Q [Xeven 0 Xodd] (5<£*))

) p7
Then
Qp € KO(ZP[G]va)
= Nrdg, (¢)(B)/7.(£7) € ((Q,[G])"
Proof. Let F°:=7,[Glv; & ---
Z2,|Glun & --- & Z,[Glwg. Then

[FO,B,FI} [Xe\en 0/ Xodd] c KO(Zp[G]an)~

i p’

®Z,Glvg and F':=

Writing (’911, = azp (¢l.c,» One therefore has

Qp € KO(Zp[G]an>

< [, B, F'] - j.(6(L")) € Koy(Z,[G],Q,)
< 0, (IC,[G]", B]) = 6, (4.(L")) € Ko(Z,[G), Q)
<= 0, (Nrde, (6)(B)/j.(L")) € Ko(Z,[G],Q,)

<= Nrdc, ¢

1(B)/3.(L7) € C(Q,[G])*,

where the last equivalence follows from Lemma 2.5. [

In the mnext section we will recall from
[Bley and Wilson 09] how the relative algebraic K-
group Ky(Z,[G],Q,) can be explicitly computed as an
abstract abelian group and how the element €, can be
realized as an element of this abstract group.

Remark 2.7. (a) The assumption in Proposition 2.6
is no restriction because we can always find a pro-
jective Z,[G]-module Z such that both X V" @ Z
and X0 @Z are Z,[G]-free. Indeed, the canon-
ical map K,(Z,[G]) — Ko(C,[G]) is injective by

[Curtis and Reiner 87, (32.1)], so that the existence of
the isomorphism @), implies that [XV*"] = [X2%] in
Ky(Z,|G]). By [Curtis and Reiner 87, II, p. 79], we fur-
ther conclude that X" ~ X094 as 7, [G]-modules.

(b) The definition of §,, shows that for rationality ques-
tions it is enough to consider the map

yeven @7 R — Yodd @7 R

induced by g . More explicitly, let Q [G] = A; & --- ® A,
be the Wedderburn decomposition of Q [G] with corre-
sponding idempotents ey, ..., e.. We set Y;°¥°" := ¢; Y V"
and ded = ¢;Y°44 Then each A; is a central simple al-
gebra, and we denote by S; the unique simple A;-module.
Then YV ~ 8% and Y44 ~ §% By abuse of language,
we refer to the explicit choice of such isomorphisms as a
“choice of Q [G]-bases” for YV and Y°dd,

These isomorphisms combine with g to define an iso-
morphism

T:G"B(Sf" ®q [R) Yot @q R —

~ T di )
_@(Sl ®q [R)

Yudd ® R

Then one has

Q € Ko(Z[G),Q) <= Nidg(g)(r)/L" € C(Q [G])*.

2.2. Relative algebraic K-groups

In  this section  we recall  results from
[Bley and Wilson 09] that will be used to perform
explicit computations in the relative algebraic K-groups
Ky(Z|G],Q) and K((Z,[G],Q,). For the definitions of
these groups we refer the reader to [Swan 68, p. 215] or
[Bley and Wilson 09, Section 2.1].

We set A :=Z[G], A:= Q]G], and choose a maximal
order M in A containing A. We take C' := ((A) to be the
center of A and write Q¢ for the maximal order in C.

We let DT(A,) denote the torsion subgroup of the
finitely generated abelian group Ky(A,,Q,). It is well
known that the map on relative groups induced by the
functor M), ®4, - gives the top exact sequence of the
commutative diagram displayed in Figure 2. The ver-
tical maps are induced by the reduced norm map (see
[Bley and Wilson 09, Theorem 2.2 and 2.4] for more de-
tails).

For £ € Ky(A,,Q,) we will often write € for any lift
of £ via the middle vertical isomorphism, i.e., (5p(£) =¢£.

Next we briefly recall from [Bley and Wilson 09, Sec-
tion 2.2] how the diagram in Figure 2 can be used to
perform explicit computations in Ky(A,, Q).
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0

DT(A,)

4

0—>OF /Nrdy, (A) —= C;f /Nrdy, (AY)

FIGURE 2. Algebraic K-groups and reduced norms.

The primitive idempotents of C' will be denoted by
er,...,e.. Fori=1,...,r we set A; := Ae;. Then

A=A @ A (2-2)
is a decomposition into indecomposable ideals A; of A.
Each A; is a Q-algebra with identity element e;. The
centers K; := ((A;) are finite field extensions of Q via
Q — K;, a+— ae;, and we have Q -algebra isomorphisms
A; ~ Mat,, (D;) for each i = 1,...,r, where D; is a skew
field with ¢(D;) ~ K;. The Wedderburn decomposition
induces decompositions
C=Ki®---dK,, Oc=0g, @& ®Ok,.

Let § be a full, two-sided ideal of M contained in A
and put g := O¢ N {. Since M contains the idempotents
e;, the ideal f of M decomposes into f=f ®--- b §,,
and similarly, g = g1 @ - - - @ g,. By [Bley and Wilson 09,
Theorem 2.6], the reduced norm Nrds on A induces a
homomorphism

p: Ki(A/f) — (Oc /9)"

and a canonical isomorphism DT(A) =~ cok(u), where
DT(A) denotes the torsion subgroup of Ky(A, Q). This
isomorphism encodes certain congruences implied by the
triviality of an element in DT(A).

For a rational prime p, one has canonical isomorphisms

Ap ~ @Ai,qg,

where for given ¢ € {1,...,r}, B runs through all max-
imal ideals of Ok, dividing p, and A; ¢ is defined as
A; ®k, K g, where K; ¢ denotes completion of K; with
respect to 3. Similarly, we have a canonical isomorphism

We write I,(C) for the group of fractional ideals of
C with support above p. Then Figure 2 together with
(2-3) induces a canonical identification of Ky(M,,Q )
with I, (C).

(2:3)

~
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We put a, for the p-primary part of a fractional ideal
a. Then one has a homomorphism
X X
pp: Ko (Ap/fp) - (OCp /gp) = @ (Ok, /8ip)
i=1
and a canonical isomorphism

DT(A,) ~ cok(u,). (2-4)

Combined with the isomorphism d, from Figure 2, this
is the origin of explicit congruences. See the next section
for even more explicit versions of these congruences in
the case of cyclic groups Z,, dihedral groups D,,, and
the alternating group Ay.

We obtain the following canonical short exact se-
quence:

0 — cok(u,) — Ko(Ap,Q,) — I,(C) — 0.

After choosing an explicit splitting,

[Bley and Wilson 09, Proposition 2.7] a noncanonical iso-

we have by

morphism
Ko(Ap, Qp) ~ cok(p,) & I,(C).

In [Bley and Wilson 09, Sections 3 and 4] it is shown
how the right-hand side can be computed explicitly and
how to solve the logarithm problem. We briefly recall the
logarithm algorithm; for the details we refer the reader
to [Bley and Wilson 09, Section 4.1].

Let n =[P, ¢, Q] € Ky(Ay,Qp). By Remark 2.7(a),
we may without loss of generality assume that P and
@ are A,-free. Then one computes A,-bases v1,...,1y
and wi,...,wg of P and @ and a matrix S € Glg(4,)
such that (o(v1),...,90(va)) = (w1,...,wq)S. In all of
our applications we will be able to choose S € Gly(A4).
If 77:=Nrdy(S), then 7 represents n via the mid-
dle vertical isomorphism in Figure 2, and we will
use [Bley and Wilson 09, Proposition 2.7] to read 7 in
cok(u,) @ I,(C). In particular, we have a test whether
[P, Q] =0in Ky(A,,Q,). = (m,...,n) withn; €
K;, then

[P,o,Ql =0 < vgp(n) =0 e {1,...,r} with P | p,
and (77]1,' . 77}1) € lm(/j/p>7
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where 7j; is the image of 7; under the projection O3 Kip

(O, /8ip)"-

Example 2.8. Let p be a prime and let T" be a finite perfect
Z,|G]-module. Then T is also perfect as a Z[G]-module
and we may choose a Z[G]-projective resolution of the
form

0—Q-—P—T—0.

By a fundamental result of Swan @ (see
[Curtis and Reiner 87, Theorem (32.11)]), the pro-
jectives P and @ are locally free, and we can there-
fore apply the algorithm of [Bley and Wilson 09,
Section 4.2] to compute Z,[G]-bases wvi,...,vg of
Q®z 72, and wy,...,wg of P®z Z,. The algorithm of
[Bley and Wilson 09] actually produces elements v; € @
and w; € P. Hence we obtain a matrix S € Gl;(A) that
represents «. Then 7 := Nrd4(S) € C* C C, represents
Xz,(6),0, (T) € Ko(Z,[G], Q).

Note that in the case #G = 1, this just generalizes the
notion of the order of the p-primary part of T'.

We conclude this section by explicitly describing the
element

Qp = [X37°, 6, Xp01] = 6, (. (L))
from Proposition 2.6. We assume that vy,...,v; and
wi,...,wq constitute Z,[G]-bases respectively of X7ve"

and ngd. Then €, is represented by
Nrde, (¢)(B)/5+(£").

By Lemma 2.5, the element €, is rational if and only if

Nrdc, (¢)(B)/j.(L") € ¢(Q,[G])*.

If this is the case, we can interpret Nrdc ¢)(B)/j.(L*) =
(Mm,...,m) in cok(u,) ® I,(C) and thus determine the
image of €, in cok(y,) & I,(C).

In our applications the modules X" ®z, Q, and
ngd ®z, Qp are usually of the form X" @7 Q, and
X°odd @ Q, with finitely generated Z[G]-modules X°'e"
and X° In this case, the rationality question can be
¢)(B)/L*, where
B is a matrix computed with respect to any choice of
Q [G]-bases.

It remains to explain how we actually perform the test
Nrdg¢(B)/L* € ((Q [G])*. Let Irr(G) denote the set of
absolutely irreducible characters. By Wedderburn’s the-
orem, C[G] ~ ][, c1,,(¢) Mn, (C), which induces a canon-
ical isomorphism ((C[G]) =[], cryr(q) C - Explicitly,

H C— C(C [G])’ (aX xelrr(G Z Qx €y,

xehr(GQ) xehr(G)

treated by studying the quotient Nrdg

with the central primitive idempotents

1 1
ex = >Té) > xlg)g

geG

Lemma 2.9. Let Q C F C C and let

e I c=c¢cia.

x€lrr(G)

@ = (ax xelrr (G

Then one has
a € ((F[G]) <= amoy = 0(0y)
for all x € Irr(G) and all 0 € Aut(C /F).
Proof. We have to show that >, j,.q) ayey € FIG] if

and only if ayo, = o(a,) for all x € Irr(G) and all o €
Aut(C /F). This amounts to showing that

Z X(l)aXX(g) € Fvv.g = Qgoy = O'(OKX),VX,O-.
xehr(G)
If 37 x(Dayx(g) € F, Vg € G, then we easily show that
Z X(l)(ao'ox -

xelr(G)

a(ay))(o o x)(g) =0

for all g € G. The assertion now follows from the linear
independence of absolutely irreducible characters.
Conversely, we deduce that

( >
XE€lrr(G)
for all o € Aut(C /F). Since for any 3 € C one has

el = af) =5,

the result follows. O

> x(Wayx(g)

x€elrr(G)

x(l)axx(g)) =

Vo € Aut(C /F),

For x € Irr(G) we write Q (x) for the extension gener-
ated over Q by the values of x. We recall that Q (x)/Q
is an abelian extension. By Lemma 2.9, one has

a € ((R[G]) = ay R (X

for all x € Irr(G) and all o € Gal(Q (x)/Q ). This can be
efficiently checked if we have good approximations of the

and  Qgoy = 0(0ry)

complex numbers o, and bounds for the denominators.
We fix a set Irrq (G) C Irr(G) of representatives of
Irr(G) modulo the action of Aut(C /Q). Thus we iden-
tify €' with [, cjry (@) Q (x)- Once we know or trust in
the validity of the rationality conjecture, we will work in
[T ctrg (@) Q (x)- Note that the fields K;,i =1,...,r, can
be identified with the character fields Q (x), x € Irrq (G).



Bley: Numerical Evidence for the Equivariant Birch and Swinnerton-Dyer Conjecture 435

2.3. Explicit Congruences

Assume that

a=(ay)y € H

x€lrrq (G)

Q) =C.

We let p denote an odd prime. In this section we will
consider the cyclic groups Z,, the dihedral groups Dsp,
and the alternating group A, and rephrase the condition
dp(a) =0 in Ky(Z,[G),Q,) in terms of explicit congru-
ences. On the one hand, this serves as an explicit illustra-
tion of the methods introduced in [Bley and Wilson 09],
while on the other hand it leads to very remarkable con-
gruences that are conjecturally satisfied by the twisted
BSD quotients (see Remark 4.6).

Let p be a rational prime and G an arbitrary finite
group. We adopt the notation from the previous subsec-
tion. Let f := {\ € Q[G] | AM C Z[G]} be the conductor
of Z[G] in M. Let g := fN O¢ be the central conductor.
Note that we make use of an explicit formula for g in
[Curtis and Reiner 87, Theorem 27.13].

We recall that

6 (a) € DT(Z,[G]) <= ay € Og(yy,
for all x € Irrq (G). The explicit congruences are encoded
in the canonical isomorphism (2-4). We will make this
explicit for the groups Z,, Dy, and Ay.

Let G = (go) be cyclic of order p. Let ¢, be a fixed
primitive pth root of unity and define irreducible charac-
ters xo and x1 by xo(g0) = 1 and x1(go) = (- Then

RIGI=Q ®Q (), A= (xo(N),xa(N)-

Let a = (ag,01) € Q* P Q((p)* be a p-adic unit (i.e.,
a €O ). Then

dp (0, 1)) = 0'in DT(Z,[Z,])
< o = ai(mod (1—¢,)).

(2-5)

For a proof and the generalization for cyclic groups of
prime-power order we refer the reader to [Bley 10, Sec-
tion 5.

Let now

G=<or,7'|c7p=7'2=17 TachlT>

be the dihedral group D, for an odd prime p. Then
QG ~Q & Q & M2(Q(¢,)"), and we fix such an iso-

morphism by

0 -1
o— (1,1, >
( (1 Cp+<,,1>)
TH<1,—1,<1 C”H’?l)).
0 -1

From [Bley and Wilson 09, Theorem 1.1], we know that
DT(Z,|G]) ~ Z,—1 (where for n € N we write Z,, for the
cyclic group of order n). Let H = (o). By [Breuning 04,
Proposition 3.2], we know that the restriction map

res: DT(Z,|G]) — DT(Z,[H])

is injective. Let o = (g, 1, 00) €EQ* B QB Q(¢) ™™
be a p-adic unit. By [Breuning 04, Lemma 3.9] or
[Bley and Burns 03, p. 575] one has res(a) = (apa, aa),
so that we conclude from the result for cyclic groups Z,
that

6p((a0, al,a2)) =0in DT(ZP[DQP])
< aya; = az(mod p),

(2-6)

where p denotes the unique prime ideal of Q (¢,)" over
the rational prime p. It is also well known (see, e.g.,
[Breuning 04, Proposition 3.2]) that DT(Z3[Ds,)) is triv-
ial.

Let now G be the alternating group A,. If o=
(1,2)(3,4) and v =(1,2,3), then G = (o,v). We have
QIG] ~Q & Q(¢) ® M3(Q ), and we fix such an isomor-
phism by

1 0 0
co— |1,1,]0 =1 0 )
0 0 -1
01 0
v— | 1,4, 0 0 1
1 0 0

From [Bley and Wilson 09, Theorem 1.2], we know that
DT(Z,[G)) ~ Z and DT(Z3[G]) = Zy. We have O¢ =
(Z,7[¢3],Z) and g = (12Z,4(1 — (3),4Z). We first con-
sider p = 3. Clearly

(Oc/gs)" = (2/32)" & (Z[G3]/(1 = G3))" = Za X Zs.
Since

Nrdge(1+v) = (2,1 +(3,2) = (=1, —1)(mod g3),
it follows that im(us) = {(1,1), (=1, —1)}, and we obtain

(53((&0, ahag)) = 0 in DT(Z; [A4]) (2—7)
<— o1 = ap(mod (1 — (3)).
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For p = 2 one has

(Oc/g2)" = (2/42)" & (Z[¢s]/(4))" & (2 /42)"

'ZZQ X (ZQ X Zﬁ) X ZQ.
By explicit computation we show that
NrdQ (G] (2 + V) = (—1, 2+ Cg, 1)(m0d 92),
Nrdg (g (—=1+2v) = (1, -1+ 2¢3, —1)(mod g2),
NI‘dQ el (70’) = (71, 71, 71)(1’110(1 gg)

Again by explicit computation one verifies that
the classes of Nrdg(g)(2+v), Nrdg(g)(—1+2v), and

Nrdq(g)(—0) generate the kernel of the surjective homo-
morphism

(Oc/e2)" — (2/42)",
(a0, a1, az) = agNg (¢, /0 (1)as.

Together with DT(Z2[G]) ~ Z,, it follows that im(us2)
equals this kernel, so that

8y ((a0, 1, 02)) = 0 in DT(Z5[A4))
= aoNg(¢,)/q (01) = az(mod 4).

(2-8)

3. THE EQUIVARIANT TAMAGAWA NUMBER
CONJECTURE FOR THE BASE CHANGE OF
AN ELLIPTIC CURVE

Let K/Q be a finite Galois extension with group G.
Let E be an elliptic curve defined over Q. We denote
the base change Spec(K) Xgspec(n) E by Ex and consider
My = h*(Eg)(1) as a motive over Q . The Galois group
G naturally acts on My via the first factor, and thus
we have a natural action of A = Q [G] on the realizations
and motivic cohomology groups attached to My . For an
explicit description of the realizations we refer the reader
to [Burns 09, Section 4.1].

The purpose of this section is to provide an explicit
description of the equivariant Tamagawa number conjec-
ture (ETNC) for the pair (Mg, Z[G]). Our main refer-
ence is [Burns and Flach 01], from which we adopt most
of our notation. Further references are the survey articles
[Flach 04, Flach 09, Venjakob 07].

We first note that by Poincaré duality, the dual mo-
tive M} (1) identifies with M . The motivic cohomology
spaces H}) (Mg ) and H}(MK) are given by

Hy(Mg) =0, Hj(Mg)=E(K)©zQ,

where as usual, E(K) denotes the Mordell-Weil group

of E/K.
For a number field F' we write G for the absolute
Galois group. Let v be a place of K. We write K, for

the completion of K at v, and fix an algebraic closure
K, of K, and an embedding K into K,. We denote by
G, C Gk the corresponding decomposition group, and if
v is nonarchimedean, by I, C G, the inertia group. We
write Fr, € G, /I, for the Frobenius substitution.

For any number field F' we let X(F') denote the set
of embeddings of F' into C. We define Hi := @E(K) Q.
The groups G and Gal(C/R) act on ¥(K) and endow
Hg with the structure of a (Gal(C /R ) x G)-module. Let
{w; : j € ¥(K)} denote the canonical Q-basis of Hyg.
We write ¢ € Gal(C /R) for complex conjugation. Then
CWj = Weoj and ow;j = wje,1 for o € G.

For any commutative ring R and any R[Gal(C /R )]-
module X we write X* and X~ for the submodules on
which complex conjugation acts by +1 and —1, respec-
tively.

We write pg : C ®q K — C ®q Hp for the canon-
ical C[Gal(C/R) x G]-equivariant isomorphism that
is induced by z® a— (25(a));cn k) Let pr R ®q
K — R ®q Hg be the R[G]-equivariant isomorphism
defined in [Bley and Burns 03, p. 554], where it is de-
noted by 7 .

We write oo for the archimedean place of Q and let
Seo(K) denote the set of archimedean places of K. For
each v € So(K) we choose o, € X(K) corresponding to
v. Since F is defined over Q, one has o Fx = Ei for all
o € X(K). As usual, we write Mp for the Betti realiza-
tion, that is,

Mp= @ H'(cEk(C),2miQ)
oeX(K)
= Hx ®q H'(E(C),2miQ).
By identifying H!' (E(C),27iQ ) with the dual homology
H := Homgq (H, (E(C),Q),2miQ ), we obtain

P H'(0,Ex(C),2miQ)" ~ [Hg ®q H]" .
vES(K)

1~
M ~

We write Myr for the de Rham realization,
Mar = Hig (E/K),

with the natural decreasing filtration {F'H} (E/K)}icz
shifted by 1. Thus
Mg /Miy = Hip (E/K)/F' Hip (E/K)
~ H'(Eg,Og, ).
The G-module H!'(Ey,Op, ) is isomorphic to K ®q
H'(E,0g). Now H'(E,Opf) is canonically isomorphic
to QL(E)* := Hom(QL(E),Q), so that we finally make

the identification

Myr /MY ~ K ®@q QL(E)".
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We let wy denote a Néron differential and let v, and
~v— be Z-generators of H,(E(C),Z)" and H,(E(C),Z)",
respectively. We define

Q. ::/ wp, S ::/ wp.
T+

We write wj € Q};(E)* for the map that sends wy to 1.
Similarly, we define Q -linear maps v;,v* € H by

Yi(ve) =2m, ~i(y-) =0,
Y (14) =0, ' (y-) = 2mi.
For v =ay, +by- € Hi(E(C),Q), a,b€Q, we set

*

~v* = avy} + by~. Finally, we define
m:C ®qg H— C ®q Q};(E)*,

z®’y*'—><wl—>z/w).
.

We write mx : R ®q Mj, — R ®q Magr/MJy for the
period isomorphism. Then 7x is explicitly given by the
following composite of R [G]-equivariant maps:

R ®q [Hr ®q H]+
—R ®q HE@QH-'—@[R ®q Hyp ®q H™
= (R @ Hy) @x (R ©o H7) @ (R @ Hy)
QR ([R ®q Hi)
(id@m,idem) ([R ®q H}t) ®R ([R Rq Q};(E)*)
& (R ®@g Hy) ®r (iR ®q Qp(E)")

T (R @ HY) 0r (R 9 Q5(E))

& (R ®q Hr) ®r (R ®q Qp(E)Y)
= (R ®q Hi) @& (R ®q Qf(E)")

Py @id

“— (R ®q K) ®r (R ®q Qp(E)*)
=R ®q K ®q Q}E(E)*

Proposition 3.1. Fiz v € £(K) and defineT € G bycor =
toT. Let ag € K be a normal basis element.

(a) The elements
1+c¢ 1-c¢c

5 wb®'yi+wa®'yi

and oy @ wy are Q[G]-bases of [Hix ®q H]"™ and
K ®q QL (E)*, respectively.

(b) With respect to these bases, the period isomorphism
T 18 represented by

1 1-
Ay 1= <Q+ tTia T)

2 2
X ( Z(L o U)(ozo)afl)i1
oeG

Proof. Statement (a) is obvious. For the proof of (b), we
write T = (ﬁj{l ® id) o f and first compute the matrix
for
f:R @ [Hr ®q H]"
— (R ®g Hr) ®& (R ®q Qp(E)")
with respect to the bases
14+¢ . 1—-c .
W:=1®wa®v++l®wa®7,

and (1@ w,) ® (1 @wp).
The basis element W is mapped to

1+c¢ ) 1-c N
<Q+ ®T’U)L —ZQ_®2U)L> ®(1®w0).

By the definition of 7, one has

1+7 1—71
—1Q_— | (1
<Q+ 5 iQ 5 )( ®w,)

1 1-—
= <Q+ ® %U& — 297 ® 2C'UJL) .

Next we compute the matrix of the map px : (R ®q
K) — R ®¢ Hg with respect to the bases 1 ® o and
1 ® w,. One has

Pr (1 ®ag) = (Re(u(o(ag)) + Im(e(o(a)))seq -
On the other hand, one computes

(Zwo(ao))al) (IQT —HJ) (1@w)

oeCG
= (Re(u(o(a0))) +Im(u(o(a0)))),, -

Summarizing, we obtain
(W) = (o ®1id) o f) (W)

1+7 1—17
= Q —-Q,
150 12)

x (g ®@id) (1®w,) ® (1@ w))

1+7 1—7 1+7 1—7\*!
~ (o — i —i
(+ 2 BT >( 2 '3 )

x (Z(LO a)(ao)a_1)71 (1®ay ®wp)

oeG
1+7 1—7 1+7 1—71
=0 —10)_ ;
(* 2 " >( 2 T3 >

-1
X <Z(Loa)(ao)al> (1® o) ®wy)

oeG
-1
1+7 1—7 1
:(m St )(Z(Loa)(ao)(f)
oeG
x (1®ay@uw).

O
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For a ring R and an R-module W, we set W* :=
Hompg (W, R) whenever there is no danger of confusion.
Following [Burns and Flach 01, (29)], we define

E=E(Mx)
= [H (Mg [H} (K, M (1)) o161 [Mp g e
x [Mar /Mgla(c)
= [E(K) ®2 Qlg¢) [(E(K) ®2 Q) o161 [Mf g e
X [Mar /Mgg]qc)-

The height pairing induces an R [G]-equivariant isomor-
phism

§: E(K)®z R — (BE(K)®z R)".

Together with the period isomorphism 7, we obtain an
isomorphism in V(Ag) = V(R [G]),

Ooo : E®Q[G] RG] — 1r(q)-

Let Spam (K/Q) be the set of rational primes that ramify
in K/Q, and Spaq(F) the set of rational primes where E
has bad reduction. We put S := Syam (K/Q ) U Shaa (E),
and for a fixed prime [, we set S;:= SU{l}. We let
T(E) := lim E[l"™] denote the l-adic Tate module of FE

and set T; := 7Z;[G| ®z, T;(F), which we regard as a (left)
module over G x G. Explicitly, G acts diagonally, and
gA®@t) =X g ' @t for g€ G, A € Z,|G], and t € T (E).
We further define

VI(E) =T)(F)®z, Qi, Vi:=T ®z Q.

Although it is not visible in the notation, the modules 7T;
and V; depend on both F and K.

We let RT.(Zg,,T;) denote the complex defined in
[Burns and Flach 01, Sections 3.2, 3.3] and let

0,: 24 4 — [RFC(ZS”T})] Qa4 A

be the isomorphism defined in [Burns and Flach 01, Sec-
tion 3.4]. Given these data, we obtain an element

RQ =170 R (((H[ch(ZSHTI)]’ =, Hafl)’am)>
; !

in Ko(Z[G],R).

Next we will formulate the conjecture for which we
wish to provide numerical evidence. For each character
P € Irr(G), we write L(E/Q , 1, s) for the twisted Hasse—
Weil L-function. We assume that L(E/Q,%,s) has an
analytic continuation to all of C and write L*(E/Q , 1, 1)
for the leading term in its Taylor expansion at s = 1.

In order to compare the vector of twisted Hasse—Weil
L-functions to the motivic L-function, it is necessary to

recall the precise definition of the twisted Hasse—Weil L-
functions. The [-adic representation attached to FE is

Hl(E) = HOHl(W(E),Q[) ®Q1 Ql~

For x € Irr(G) we write V, for a representation space
for x, and without loss of generality we may regard V,
as a Q-vector space. For primes p # I, we define local
polynomials by

P,(E,x,T) := det (1 —Fr,'T | (Hi(E) @, VX)I”> .

As wusual, we put L,(E,x,s):=P,(E,x,p ") and
L(E/Q,x,s) =[], Ly,(E,x,s)"". The l-adic realization
of My is given by

H (M ) := Hom(Vi(E), Q:)(1) ®q, Hk 1,

where we have put Hg;:= Hg ®7 Z;. If we fix an
embedding ¢: K — Q, then H;(Mg) gets identified
with Hom(V;(E),Q;)(1) ®q, Q[G]", where Q;[G]" :=
Hom(Q;[G],Q;) denotes the contragredient representa-
tion. By [Burns and Flach 01, Remark 7], the motivic
L-function associated with M is defined by the Euler
factors

Nrdc (g (1 — Fr;lT | HI(MK)IP)

1
_ (det (1 LRt ((B) @, VX)%» .
p XE€lrr(G)

It easily follows that
L(MKvs) = (L(E/Q XS+ 1))Xe1rr(G) .

Remark 3.2. Since L(E/Q,%,s+ 1) is the complex
conjugate of L(E/Q,x,s+1) for each real value
s, it follows from Proposition 2.9 that L*(Mg)=

(L(E/Q,X, 1))y enm(a) belongs to ((R[G])™.

Remark 3.3. For later reference we compute the refined
Euler characteristic of the complex

1-Fr;!
TZI,, b Tllp ,

where the nontrivial modules are placed in degrees 0
and 1 under the assumption that TZIP is Z;|G]-perfect. In
this case, the refined Euler characteristic associated with
the above complex is represented by (L, (E, X, 1))yemr (@)
via the middle vertical isomorphism of Figure 2. In-
deed, the Weil pairing induces a Ggq-equivariant iso-
morphism 7;(F) ~ Hom(T;(F), Z;)(1). Moreover, T; =
Z,[G] ®z, Ti(FE) as a (left) G-module, so that the asser-
tion easily follows. For the same reason, we always have

det (1= P, [ V") = (L,(B, % D)yem@y: (31)
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We now set
L= (L(B/Q6.1), e € CRIGD™,
so that L*(Mg ) = L£*. If we define
TQ:=RQ+6(L"),

then the ETNC (see [Burns and Flach 01, Conjec-
ture 4(iv)]) for the pair (My,Z[G]) can be stated in the
following form.

Conjecture 3.4.

TQ =0 is in Ky(Z[G],R).

For a set of places P of Q, we write P(K) for the
set of places of K lying above places in P. In the
next section we will (assuming the rationality conjec-
ture [Burns and Flach 01, Conjecture 4(iii)] and certain
further hypotheses on K, E, and [) describe the [-part
T € Ko(Z,[G], Q) of TQ in terms of refined Euler
characteristics. To that end, we will define a Z;[G]-perfect
complex RI'¢(Q,T;), and for each v € Soo(K) U S;(K) a
Z,|G]-perfect complex RI'f(K,,T;(E)) such that there is
an exact triangle

P  RUy(K, Ti(E))[-1] — RI.(Zs,,T))
VES (K )US; (K)
—_— Rl"f(K,TZ(E)).

This may be considered an explicit integral version of the
middle column of [Burns and Flach 01, diagram (26)].

We will now use the additivity of refined Euler charac-
teristics (see [Breuning and Burns 05, Theorem 5.7] and
our Remark 2.3) and the explicit nature of the complexes
RT(K,T;(E)) and RI'j(K,,T;(E)) to describe RQ). We
write Xz,(q),c, for the refined Euler characteristic intro-
duced in [Burns 04]. In this way, we obtain

(3-2)
BRI (K., T(E))[-1], 75 )

RO = xz,(6),c,
(B
vES (K)US; (K)
+ Xz [¢),c, (er (K, Ti(E)), 571) .
To conclude this section we aim to formulate an ex-
plicit rationality conjecture. As we will see, one has
H} (K, Vi(E)) = Hy (K, Ti(E)) ®z, Q.
0, 1#£ 1,2,
=4 E(K)®z Qq, i=1,
(BE(K)®zQ)", i=2.

Moreover, by [Burns and Flach 01, (28)], there is an iso-
morphism in DP*(Q ;[G]), namely

P Rry(K,,Vi(E)) ~ (M} ®q Q) [0],
vESK(K)

and by [Burns and Flach 01, (22)] an exact triangle

((Mar/Mr) ®a Q) [-1] — DRIy (K., Vi(E))

vl
V (2
— lwv = Viw |-
vl

Just for the moment, we content ourselves with ob-

serving that the terms resulting from (VM S, l,v) for
v € S;(K) are rational, and in fact, will give certain Eu-
ler factors. In order to state the rationality conjecture,
we can therefore neglect these terms. To tie up with the
situation described in Data 2.1, we set

Ve .= (B(K) ®z Q)* @ (Mar /M3R) ,
yold .= (B(K) ®; Q) & M},
e[R = 6_1 ® 71—[_{17
Xp = R (K, T(E)) & @) BT (K, . T} (B))[1].

v]loo

Recall that for the rationality conjecture, we do not
have to consider the maps 65V°" and 6999 (see Remark
2.7). Note also that it is usually more convenient to sep-
arate the height and period isomorphism and thus to con-
sider

V= (B(K) @z Q) VM= B(K) @2 Q,
Ok =671, X7, = BRI (K. T(E)),

and
)/Qeven — (MdR/M((l)R) , Y'Qodd — Mg,
XQ.,Z = @ RU¢ (K, Ti(E))[-1].

v|loo

1
02,[R = 7TK 5

Let 71 be defined as in Remark 2.7(b) with respect to
Yever and Y949, Let o be a normal basis element for
K/Q. For each x € Irr(G) we choose a C-space V, that
realizes x. Let T}, : G — GI(V/) denote the correspond-
ing representation, and define

d, (x) := dimg (VXGM(C/R))
and

d_(x) := codimg (qual(c/[k)> .
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We set
Reg = (RegX)XEIrr(G) = Nrd[R (@] (T1)7
R = R(a) = (Rx)xem(c)
— T (o1
(det(gL(O’(ao)) X(U )))Xelrr(G)’

— — (o () od-(x)
2= (QX)XEIH(G) T <Q+ Q )Xelrr(G) ’
and note that Nrdg ¢)(Aa, ) = Q/R(ag), where Ay, is de-
fined in Proposition 3.1. From Remark 2.7(b) we deduce
that the rationality part of [Burns and Flach 01, Conjec-
ture 4] is equivalent to the following conjecture.

Conjecture 3.5. We have u € ((Q [G])*, where

LR .
U= OReg and L*:

( (E/Q ’l/)’ ))welrr (G)

Remark 3.6. Conjecture 3.5 does not depend on the choice
of a. Indeed, if 3y is another normal basis element, then
Bo = Mg with A € Q[G]™. Tt is then easy to see that

R(By) = Nrdq g (M) R(aw).
We will compute complex approximations to

EHCXNC G])*

and then use Lemma 2.9 to verify the rationality conjec-

U = ux xelrr (G

ture numerically.

4. EXPLICIT VERSION OF THE EQUIVARIANT
TAMAGAWA NUMBER CONJECTURE

In this section we will define the complexes RI';(Q,T})
and RT';(Q,,T;) and explicitly describe their cohomol-
ogy. We will closely follow [Burns and Flach 96] and
[Burns 09, Section 12].

Under certain hypotheses on E, K, and [ (see below),
we will derive an explicit version of ETNC in terms of
refined Euler characteristics of classical objects of the
theory of elliptic curves, such as the Mordell-Weil group
and the Tate-Shafarevich group.

We fix an algebraic closure Q of Q and an embed-
ding ¢: Q — C. Recall that we have defined 7 € G by
cor=o7, with ¢ € Gal(C/R) denoting complex con-
jugation. We set G, = Gal(C /R) and identify Go,
with a subgroup of Gg. For each rational prime p we fix
an embedding j,: Q — Qp. With respect to j,, we let
G, C Gq denote the decomposition group, and I, C G,
the ramification subgroup. Finally, we let [, C G, C G

via ¢

denote the ramification and decomposition groups of p
in K/Q.

For a profinite group II and a continuous II-module N,
we denote by C*(II, N) the standard complex of continu-
ous cochains. We write Zg, for the ring of \S; integers,
and Gg, for the Galois group of the maximal subex-
tension of Q that is unramified outside S;. Following
[Burns and Flach 01, Sections 3.2-3.4], we set

RU(Zs,,T}) = C*(Gs,, T))
and
RU.(Zs,,T)
= Conc(RF(Zsl,Tl) — P C'(GP,T1)> 1],
PES)

where the morphism here is induced by the natural maps
Gy, € Gq — Gg,.

We now proceed to define the remaining complexes in
the true triangle

RI.(Zs,,T)) — RT;(Q,T)) — € RIy(Q,, 7).

[JGS[U{OO}

Our aim is to define these complexes such that they are
Z,[G]-perfect. We point out that for [ { #G, the algebra
Z,|G] is regular, so that every complex of Z;[G]-modules
with only finitely many nontrivial cohomology groups all
of which are finitely generated is automatically perfect.
For a finite place v of K we write O, for the valua-
tion ring in the completion K,, and m, for the maximal
ideal. Let k, := Ok, /m, denote the residue class field.
We write Ey(K,) for the points of E(K,) that reduce
to a nonsingular point on the reduced curve E(k,). Let
E,s(k,) denote the group of nonsingular points of E(k, ).
We will need the following set of hypotheses.

Hypotheses 4.1.
(0) HI(E/K) is finite.
(1) 1 is at most tamely ramified in K/Q.
(2) (a) Ifle€ Sorl=2,thenl{#G.
(b) Ifl ¢ S and | # 2, then [ { I, for all p € S.
(3) Svad(E£) N Sram (K/Q) = 0.
(4) If I | #G, then

(a) BE(K)®z 2, (E(K)®z Z;)*
and [ { #E(K)tors-

(b) 1 #(E/K).

(5) If i ¢ S and I # 2, then [ { #(E(
v e S(K).

are Z,;[G]-perfect

K,)/Ey(K,)) for all



Bley: Numerical Evidence for the Equivariant Birch and Swinnerton-Dyer Conjecture 441

Hypotheses 4.1(2) and (3) are needed to show that the
above complexes are perfect. Hypotheses 4.1(1), (4), and
(5) will be needed to compute the refined Euler charac-
teristics of these complexes. Note that Hypothesis 4.1(2)
possibly excludes certain prime divisors [ of #G from our
considerations. However, in certain circumstances, all of
the hypotheses (1)—(5) are conjecturally satisfied for some
divisors [ of #G. Explicit examples are given in Section 6.
We remark also that with some additional effort it would
be possible to relax Hypothesis 4.1(5) by stipulating it
only for [ | #G, but for a related, more complicated, mod-
ule. However, in this case the computation of the relevant
Euler characteristics becomes more complicated and less
suitable for numerical computations (see Remark 4.4).

If p=o00, we define RT'f(Q,,T;) to be the complex
H(Q o, T1)[0] = T~[0]. Then RT;(Q «,T}) is indeed a
perfect complex. This is clear for I { #G by the preced-
ing remark. In general, we may identify E(C) with the
complex torus C /(ZQ; @ Z2_). In this way, we obtain
an isomorphism of G-modules T}(E) ~ Z;Q, & Z,2_.
Using this identification, it is clear that

7,92
Ti(B)" = { o

7,Q,. ®2,Q_,

if v is real,

if v is complex,

for each v | co. Hence RT'f(Q «,T;) is free of rank 1 as a
7,|G]-module generated by Q. if K is totally real, and by
LT @ Qy + 57 @ QU if K is complex (note that [ # 2 by
Hypothesis 4.1(2a) if K is complex). For later reference,

we record

1+7

1_
T~ zZl[G]( 20, +2T®Q>. (4-1)
For a Z-module A we write A" for the [-completion
lim A/I" A. For each pair of primes p and [, we write

—

H}(QP,TZ)BK for the finite-support cohomology group
defined in [Bloch and Kato 90, Section 3]. We will explic-
itly describe this group. From Kummer theory we obtain
a natural monomorphism

E(K,)" — H'(K,,T;(E))

for each place v | p. By [Bloch and Kato 90, following

(3.2)], the group H}(K,,T;(E))sk is equal to the image

of B(K,) in H'(K,,Ti(E)) under the composite map
E(K,) — B(K,)" — H'(K,,T)(E)).

Using (4-8), one can show that E(K,) — E(K,)\ is

onto, so that

H}(vaﬂ)BK ~ @E(Kv)/\]'

vlp

The next definition is motivated by [Burns 09, Sec-
tion 12.2 and Remark 12.4.2]. We need the following
notation. If p ¢ S and p # 2, then we define a finitely
generated Z,[G]-module by setting D, := D, ,(T,) ~
OK,]J ®Zp Dcnp(Tp(E)), where OK,p = Zp ®7 O and
D, , is the quasi-inverse to the functor of Fontaine and
Lafaille that is used in [Niziol 93]. For each such p we
also write ¢, for the natural Z,[G]-equivariant Frobenius

on D,.
We define
I, l—Fr;l I, .
L — T;r, H1gS L#2, 1#p,
_ 40
RUp(QpT) =\ pop, "2 p,, if1¢ S, 1#2, [ =p,

H}(Q,, Ti)Bk,

where Fr, is the natural Frobenius in Gal(Q},"/Q ), and
) is the restriction of ¢, to F'D, C D,. In the first two
cases, the modules are placed in degrees 0 and 1, while
in the third case, the module is placed in degree 1.
The following lemma and its proof are analogous to
[Burns 09, Lemma 12.2.1].

ifle Sorl=2,

Lemma 4.2. Assume Hypotheses 4.1(2) and (8). Then
RT¢(Q,,T;) is a perfect complex of Z;[G]-modules.

Proof. If | € S or [ = 2, the result is clear, because in this
case, Z;[G] is regular. If | ¢ S, | # 2, and | = p, we note
that p is unramified in K/Q by definition of S, and hence
Ok p is a free Z,[G]-module. Thus

FODP ~ Ok p @z, FODC’”»P(TP(E»
and
D)y ~ Ok p ®z, Derp (T,(E))

are finitely generated Z,[G]-modules of finite projective
dimension.
Finally, if [ € S, [ # 2, and [ # p, we first note that

T = (26 @z, TI(E)" = Z,[G)" @z, Ti(E)",

because of Hypothesis 4.1(3). If p € Siam (K/Q), then
TII” =7,|G)"» @z, T)(E). We write ey, for the idempo-
tent associated with I,. By Hypothesis 4.1(2b), we have

2,[G] = Z,[Gler, & Z,[G)(1 —ep))
= Z/[G)" & Z)[G)(1 — ey,).
Therefore TZI" is a direct summand of Z;[G] ®z, T;(E) ~
Z,|G)? and thus projective.

If p € Spaa(E), then Tll” = 7,[G] ®z, Ti(E)% is clearly
Z,[G]-free. O
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RT'(Q,T;) as in
and proceed to recall

We define the complex
[Burns and Flach 96, (1.33)]
the computation of its cohomology (for more details
see [Burns and Flach 96, Section 1.5.1]). For an ar-
bitrary Z;-module W, we write W* for the linear
dual Homg, (W,Z;), and WV for the Pontryagin dual
Hom(:ont(W Q I/Zl)~

We note that the Weil pairing induces an isomorphism
between T; and T;*(1). Furthermore, we recall that

if i =0,

, 0,
HZ(ZS”TI):{ ifi=1

E(K)®z 7,

4.1. Thecasel ¢ Sand [ # 2

For a finite Z-module C we write Cj~ for the [-Sylow
subgroup of C. From [Burns and Flach 96, (1.35)—(1.37)]
we derive

H?(Q?ﬂ) = HO(ZSME) =0,

H;(Q aﬂ) = (Hl (ZS”T'[*(l))tors)
=~ ((E(K) XKz Zl)tors)va
Hi(Q,T;) =0fori>4.

\

Defining MI(7;*(1)) as in [Burns and Flach 96], we
have the short exact sequence (see [Burns and Flach 96,

(1.36)])
0 — II(7}'(1))" — HF(Q,T))

— Hj(Q,T;(1))" — 0. (4-2)

By this sequence we identify H/%((Q,Tl)mrS with
II(7;(1))", and HF(Q, Ti)s with H}(Q,T;(1))".
We let

C(Qy,T) = H" (Q,, H' (I, Tt )tors)

be the module introduced in [Burns and Flach 96,
(1.38)], so that we have exact sequences (by
[Burns and Flach 96, (1.38)] and the displayed ex-
act sequence succeeding it)

0— H}(QmTl) — H}(QpaTl)BK

— C(Q,,T;) —0 (4-3)
and
— (T (1))" — (T (1))px — 0,  (4-4)
with
c:=Pc@,.n).
peES)

We claim that under our assumptions, the module C
is trivial. If p = [, then H'(I;,T}) = Homeont (1, T}), be-
cause I; acts trivially on T} (recall that | € S). Therefore
H'(I;,T)) is torsion-free, and C(Q, T}) is trivial. Assume
now that p # . We fix a place v of K above p and set
L:= K,Q,", where Q" denotes the maximal unramified
extension of Q ,. Furthermore, we put U := Gal(Q,/L).
From the inflation—restriction sequence we derive

0— HI(I_INTZU) - Hl(IpﬂTl)
— H'(U,T)"» — H*(I,, T{).
If p € Siam (K/Q), then p & Sp.q(E) because of Hypoth-

esis 4.1(3), and we obtain TV = Z,[G] ®z, Ti(E), which
is a cohomologically trivial I,-module. Hence

H1 (Ip,frl) ~ H1 (U,,_Tl)fp ~ Homcont(UaT‘l)fpv

where the second isomorphism holds because U acts
trivially on 7;. It follows that H'(I,,7}) is torsion-
free, which, in turn, proves the claim for primes p €
Sram (K/Q). )

For p & Spam (K/Q) we have I, =1, so that we get
HY(I,,T;) ~ H'(U,T;). Now U =1, acts trivially on
Z,[G], and we obtain

H'(I,,T)) ~ 7,[G] @z, H' (U, T(E)).
It follows that
H' (I, T)) ks
~ (2)[G] @z, H' (I, T} (E))iors) "
~ 7,(G) @z,¢,) H' (I, Ti(E) o /),

tors

By [Grothendieck 72, Exposé IX, (11.3.8)], the group
HY(L, T)(E)Z /%) can be identified with the [-
primary part of F(K,)/Ey(K,), and the claim follows
now from Hypothesis 4.1(5).

From (4-3) and (4-4), we now deduce

H}(anTl) ~ H}(QpaTl)BK,
H}(Q 7111) =~ H}(Q vcn)BKv
(77 (1)) ~ (T} (1)) -
By [Burns and Flach 96, (1.39)], we may identify
II(T} (1)), with II(7})pk, which in turn identifies with
W(E/K) @7 7.
We recall from [Bloch and Kato 90, Proposition 5.4]
that H}(Q ,T1)pk ~ E(K) ®z Z;, so that

Hi(Q,T;) ~ E(K) ®z Z;,
H}(Q,Th)i ~ (E(K) @7 2,)".

Our next aim is to compute the refined Euler char-
acteristic xz,(¢).c, (RTf(Q,T7),67") introduced in (3-2)
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in terms of classical modules of the theory of ellip-
tic curves. In full generality, this is a very difficult
task, because it seems to be very hard to compute the
complex RI'y(Q,T;). Our hypotheses allow us to use
[Burns and Flach 01, Proposition 2.1 (4)], so that we can
work entirely with the cohomology modules.

Lemma 4.3. Assume Hypotheses 4.1 and write x =
XZ[[G].,C[' Then

X(RL;(Q,T;),67")
= [(BE(K)®z Z))" ;6
X(I(E/K)i-,
+ X(E(K),0).

L E(K)y ®2 2))
0) + X (E(K)=,0)

Proof. The proof follows from the preceding computation
of cohomology and Lemma 2.4. O

Remark 4.4. If we relax Hypothesis 4.1(5), the module
C is possibly nontrivial. Combining the exact sequences
(4-2) and (4-4), we derive

0— H}(Q,T) — H}(Q,T))sx

€ HYQ.T) — S 0, (45)
with a module S that sits in a short exact sequence of
the form

0 — I(E/K)®zZ, — S — H}(Q,T})" — 0.

(4-6)
The module § is related to the integral Selmer
group defined in [Mazur and Tate 87] (see [Burns 09,
Lemma 12.2.2] and its proof). It is certainly possi-
ble to compute x(RI[;(Q,T;),d
eral setting for [{#G. However, any description of
V(RT;(Q. 1), 6
C, and (7} (1)). For computational purposes this seems
to be less useful.

~1) in this more gen-

~1) would then involve the modules S,

We now compute X(RI'f(Q,,T;),0) for p # I, 00. Re-
call that we are still in the case [ € S, | # 2. From the
definition of R['f(Q ,,T;), we immediately obtain

X(RT(Q,,T1),0) = [T;" 1 - Fr, ', T;"].

By Remark 3.3, this Euler characteristic is represented
by (L(E/Q 2 X 1))X€Irr(G)~

We let £ be a Néron model for E over Z. Because of
Hypothesis 4.1(3), we may regard Spec(Ox ) Xspec(z) €
as a Néron model Ex of E over K. Recall that we made

the identification
tar (Mye) := Myg /M3y ~ H' (Eg,Op, )
~ K ®q Qp(E)".
In this way, the integral lattice H!(Ex,QOg,) is
identified with Ox @z Q:(€)*. Recall that QL(£)* =
Zwi. We define Hg 7 := @Uez(m 7 C Hx and Hz =
Homyz (H'(E(C),Z),2miZ) C ‘H. Finally, we define
Hiz, =2,®z7 Hy 2
and
Hzl = Zl ®Z Hz.
We will compare the refined Euler characteristic of
RT¢(Q o, T7) ® RT¢(Q,,T1)
with the [-part of
[(Hk,z ®z Hz)' 7k,
= [(Hk,z ®z Hz)"

in K()(Zl [G], Cl).
Using the fixed embedding ¢: K — C, we identify
Hp 7 ~ Z[G]. It is easily shown that

(Hx,z, ®z, Hz,)"

1+7

= 7,[G] (2

By (4-1), we may therefore identify RI'f(Q,7T}) =

T7~[0) and (Hy 7z, ®z2, Hz,)" .

For each prime p, we write ¢, (V,) for the tangent space

Dar (V,)/F°Dar(V,) of V, (see [Burns and Flach 01,
p. 521] for the precise definition) and

Kp: Qp ®q tar (Mg ) — t,(V})

Hl (gK ) 05}( )]
i, O ®7 Q(€)"]

* 1—-7 *
®’V++2®7>.

for the canonical comparison isomorphism of
[Burns and Flach 01, (23)]. For any
j: R — C; we write 7 ; for the composite map

embedding

Ci®k,; R ®q (Hx ®q H)']
Ci@rk *
(1®1 CZ@R/[R@QK@QQI()
Ci®k
€280 ¢, ®q, t1(V).

Since l ¢ S and [ # 2, the theory of Fontaine and Mess-
ing implies that

R (Zl &z Hl (81(,051\' )) = DZ/FODI

(see the proof of [Burns 09, Lemma 12.4.1]). In particu-
lar, D;/FOD; is Z;|G]-projective, since

7,07 H (Ex,0g, ) ~ 7, @7 O ®@7 Q(E)*
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is Z;[G]-free, since | ¢ S is unramified in K/Q.

Since D, =% Dy is injective, the short exact sequence
of complexes (with vertical differentials)

0 F'D,—=—=D,

'DZ/FODZHO

1—¢) 1—¢y

0 D, D, 0
implies that
0 — Dy/F'Dy — H}(Q;,Ti) — Di/(1—¢)Dy — 0
is exact. It follows that H}(Q 1, 17) is Z;[G]-perfect and
Js ([(Hi .z ®2 Hz)" 7k, Ok @72 Q¢(€)*])
= [J}G“‘,WK,]'MZ (2, ®7 O ®7 H' (Ek, O¢, ))}
= (16~ 7k 5, D1/ FD]
= |18, 7, H} @ T)| = D11 = 61, D]

=Xz a),c; (BT1(Q o, Th) ® RT¢(Qi,Th), Tk )
- [Dl7 1- ¢I7Dl]a

where the last equality follows from Lemma 2.4.
In summary, we obtain for [ &€ S, [ # 2,

RO, = [( (K)®z2 21)" 07", B(K)i ®2 Z)]
X(E(K)~ )
X(E(K )zx» 0) — x((E/K);~,0)
[ Fr! T"] (4-7)
peS
—Je ([(Hg,z ®2 Hz)" 7, O @2 Qg(€)7])
—[Di,1—¢1, Dy

4.2. Thecasel/ e Sorl =2

By our assumptions, [{#G. We recall
[Burns and Flach 96, end of Section 1.5] that

from

Hj(Q,T))sx =0 for i #1,2,3,
H;(Q,T)pk = E(K) ®z Z,
H}(Q,Th)sx = B(K)),
and
0 — U(E/K) ®z Z, —>H%(Q7T2)BK
— (B(K)®z Z;)" — 0.

As before, we write x = xz,j¢],c, for the refined Eu-
ler characteristic. If v is a finite place of K, we also
put Xxv = Xxz,/¢,],c, for the refined Euler characteristic

in Ko(Z,[G,],C;). If we write
ind% : K(2[G,],C1) — Ko(2,[G],C))

for the natural induction map, then xy =
Applying Lemma 2.4, we obtain

e
deU 0 Xy-

X(RL4(Q,Ty),67") = (B(K) ®z 21)",07", E(K ) ®2 Z1]
+ X(E(K)i=,0) + x(E(K)), 0)
— X(II(E/K)~,0).

We write E for the formal group associated with FE.
Then we have the basic short exact sequence

0 — E(m,) — Ey(K,) — Ens(k,). — 0. (4-8)

We recall that H}(Q,,T1) ~ @, ), E(K,)". For p #1

and v | p, we first note that £(m,)" = 0. From (4-8), we
derive the short exact sequence

0 — Bue(ky)ie — BE(K,)"
K,)/Eo(K,))~

so that H} (Qp,T;)Bx is finite, and by Lemma 2.4,

X(er(Q val)7 0) =

— (E( — 0,

lndG Xv (Enﬂ(k )/’0 0)
+ lndGU Xv (( ( u)/EO( ))l30 70) .

As in the previous case, we must now relate the Eu-
ler characteristic of RT'f(Q ,T7) @ RT'f(Q;,T;) and the
element [ (HK,Z KRz Hz)+ i, O Q7 Q};(é’)*]l

We write

(V) — Hp(Q,, V)

for the isomorphism given by the Bloch—Kato exponential
map and recall that the logarithm attached to the formal
group F induces an isomorphism

expg K

log, : B(K,)" ®z, Q; ~ K
We use the commutative diagram
Q1 ®q K ®q Q% (E) — t(V7)
| o
Dy Ko @ g Qi ®z, Hj(Q,Ti)sk

Doy Ko = Glg, Do E(K,)" @z, Qi

For each place v | | we choose a positive integer n, such
") and
. For every prime p, we fix a place v, above p. We
obtam the result shown in Figure 3.

that log, induces an isomorphism between E‘(

n‘
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Js ([(HK,Z ®z Hz)" 7, Ox ®7 Qp(E D
TIG S TK J,m(Zl ®z Ok ®z Q} (5)*)]
i k(B Ok, ®Wo)]
0k ) (P Ok, ®WS)]
o) (@upmy” @ wy)] +

G s BK BK
T, >, exp; " omg ;, (exp;

G BK
711 m? eXpl O7TK,]'7 (eXpl

= [TIGoo’eXp?K ow;(v_j,GBL,“EA‘(mv)] — [@,l,uEA'(m

(;) [T‘IGOC’ exp?K OTTK j, @1'\IEU (KH)/\ ]

= [T, expP™

= [T%, expP® omy ;, H} (Q, T} )5k
+indg, (xo, (k. 0))

lll

= X (RT;(Qu,T;) ® RT;(Q, Th),
+lndGul (le(kv,,())).

FIGURE 3. Computation of equivariant period.

Here the equality in the figure labeled (i) is induced
by the diagram and our choice of integers n,, (ii) comes
from (4-8), and (iii) follows from Lemma 2.4.

In summary, we obtain for [ € S or [ = 2 (always as-
suming [ 1 #G),

ROy = [(E(K)®z 2,)*,6 ', E(K)it ®z Z)]

— Jx ([(HK,Z Xz 7'[2)+ i, O ®7 Qé(é’)*])
+ X(E(K)i=,0) + x(E(K))~,0)
X(II(E/K)~, 0)

_ Z de (X, (Bus(ku, )i, 0)) (4-9)
PES)

-y indé, (x, (B(K,,)/Ey(K.,)),. 0))
peES)

+ indg” (X’vz (ko , 0)) .

If E(K)yy®z2Z, and (E(K)®zZ,)* are Z,;|G]-

projective, then by the arguments of Remark 2.7(a), we
can find a Z;[G]-module Z such that both (E(K)y ®z
Z))® Z and (E(K) ®z Z,)* ® Z are Z;|G]-free. Then one
has

[(BE(K)®z 2,)",6", B(K)it ®z Z)]

=[(B(K)®z ) ® 2,67 ®id, (E(K )i ®z2 Z1) & Z],

so that without loss of generality we may assume that we
can work with Z;[G]-bases.

If T is a finite perfect Z;[G]-module, then we write
Xz.(c),c, (T,0) for any lift of xz,¢),c,(T,0) via the mid-

[@7;\1“’1”“;

(@MZEnq(kv)l”?O)
o, Hy (Qu, Tk | — x(®up (E(K,)/Eo (K,
,indgnl (th (E(KL[ /EO

) —indS, (v, ((BE,,)/Eo

’ 1d> GBMZ OKU ]

S [TIGX CXP; Oﬂ—K.ja@v\lE(m:;M )] + [G%um””7id7@v\101\'v}

ny )’ id, @z,‘IEA‘(m)] + [EB,U”m" vid, @U‘[O[{v ]

[®oum,id, ©y Ok, |
))lx 70) - (@v\lEns(kv)l"“vo) + [@L"lm7id7GB'UNOI\,,,:I
)+ 0) —indG (X, (Bus (Ko, )i, 0))

Kl?; ))]x s 0)) - indgut (Xm (Erls(kvl )l”a 0))

dle vertical map of Figure 2. Analogously, we use the
notation x and x,.

Recall the definition of u = Q%I:g in Conjecture 3.5.

Proposition 4.5. Assume Hypotheses 4.1 and let o be a
normal basis element such that Ox; = Z;[Glay. Assume
that uw =y is computed with respect to oy and a Z;|G|-
basis of E(K )y ®z Z; and (E(K) ®z Z;)*. Assume also
that the rationality conjecture holds.

Ifl €S andl # 2, we set

& = X(E(K)i~,0)"" - X(B(K))%,0)"
X(II(E/K);~,0).
Ifl e S orl=2, we set
& = X(B(K)i=,0)"" - X(B(K)),0)"
X(II(E/K)p<,0)
11 indgw Xo, (Ens(ku, )i<,0)

PES)

) H indgvp Y, (B

K”p ))PO ’ 0)
peS)

. indg” )21’1 (k’vz ’ O)_l H (Lp (E7 X’ 1));é[er(G) .

peS)

(£, )/ Eo(

Then

T =0 <= uy =¢ € COk(/},l) @II(C). (4-10)

Proof. The Euler factor terms [T,I”,l—Fr; 1,Tl1p]
and [D;,1—¢;, D] in (4-7) cancel, because of the
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identification made in [Burns and Flach 01, (24)] applied
to [Burns and Flach 01, (19) and (22)]. See Remark 3.3.

For the same reason we obtain the local Euler factors
(Ly(E, X5 1)) vetrrq (o) in (4-9). Indeed, by (3-1), the local

factors (L, (E, X, 1)) () represent the refined Euler

x€lrrq
characteristics of the complexes (V,, Yo, V,) that occur
in [Burns and Flach 01, (19) and (22)]. O

Remark 4.6. The local Euler factors in the above formulas
can be computed using their explicit definition. For the
computation of the refined Euler characteristics of finite
modules we use the method explained in Example 2.8.
Hence we obtain & as an element in C*.

If ulffl =(m,...,n ) with n; € K;, then TQ; =0 if
and only if vp(n) =0, Vie{l,...,r}, B|le K;/Q,
and (71,...,7,) € im(xy), where 7; denotes the image of
n; under the projection O ; — (Ok, J8i1)", and py is
the isomorphism from (2-4). Recall that this means that
the 7; have to satisfy certain complicated congruences. In
Section 2.3, we made these congruences explicit for cyclic
groups Z;, dihedral groups D-;, and the alternating group
Ay. For explicit examples see Sections 6.1, 6.2, and 6.3,
where we consider dihedral extensions K/Q of degree 21
for an odd prime [. In each of these examples, the prime
l is of particular interest, because we have to check that
the BSD quotients satisfy the congruence (2-6).

Remark 4.7. The element u; in (4-10) depends on the
choice of «ay. However, the validity of the statement
u =& € cok(py) ® I;(C) is independent of this choice.
If Gy is another Z;[G]-generator of Ok ;, then Gy = Ay
with a unit A € Z;[G]*. As in Remark 3.6, we see that
u;(Bo) = Nrdg, e (M) ui(ap). Hence the independence fol-
lows from the fact that Nrdg,(]()) is a unit in O¢; that
is contained in the image of p;.

We fix a normal basis element oy and Q [G]-bases
of E(K)®z Q and (E(K) ®z Q)* in the sense of Re-
mark 2.7(b) and compute u with respect to these bases.
Note that for almost all primes [, the element o consti-
tutes a Z;[G]-basis of Ok, and the chosen Q [G]-basis
of E(K) ®z Q, respectively (E(K) ®z Q)*, is a Z,|G]-
basis of E(K )it ®z Z;, respectively (E(K) ®z Z;)*. For
all these primes [ we can use this fixed u as u; in Propo-
sition 4.5.

We define two finite sets of rational primes: The first
is

HPy = SU{2}U{L: 1| #GYU{L: 1| #E(K,)/Eo(K,)

for
v € S ULL: 1| #E(K )ons} ULl 1| #I0(B/K)},
and the second is
HPy = {l: u; # u}.

So for all I ¢ HPy we can use the fixed u as u; in Propo-
sition 4.5. Note that HPy; depends on the choice of «y
and the Q [G]-bases of E(K) ®z Q and (E(K) ®z Q)*.
Finally, we set

HP := HP, UHP> .

We say that an element w = (w1, ...,w,) € {(Q[G])*
has support in HP if (w;,p) =1 for i =1,...,r and all
primes p ¢ HP.

Corollary 4.8. Assume Hypotheses 4.1(0) and (3) and the
rationality conjecture. Let | ¢ HP be a rational prime.
Then | satisfies Hypotheses 4.1(1), (2), (4), and (5), and

T =0 < u has support in HP.

Proof. The first assertion is clear from the definition of
HP. If | ¢ HP, then we are in the case [ ¢ S and [ # 2. By
definition of HP, the element &; is trivial. By definition of
HP,, we have u = w;. Since [ { #G, we have cok(y;) = 0,
so that TC); = 0 if and only if w is prime to [ in the sense
of Remark 4.6. O

By the corollary we can, in principle, numerically ver-
ify ETNC for almost all primes [ as soon as we have com-
puted a good approximation of u € [ () C ™. If the
computed u makes us believe that the rationality conjec-
ture holds, and if we are able to round u to an element
ofu € [Lierrq (@) Q (X)*, we have only to check whether
u' has support in HP.

Of course, the main restriction to our approach is our
incapability of computing the Mordell-Weil group and
the Tate—Shafarevich group. In order to obtain at least
some numerical evidence, we will usually trust in the
equivariant rank conjecture and thus assume that the
analytic rank equals the geometric rank r and compute
r by computing approximations to the L-values. Even
here, our approach is rather vague, since we do not make
use of a criterion that would allow us to decide whether
an L-value is actually 0 from the knowledge of numerical
approximations.

However, numerical computations can prove that the
analytic rank is 0, and in this case (assuming that K is
totally real), we can use results proved independently by
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Longo and by Tian and Zhang (see [Darmon 06, Theo-
rem 3.7]) to deduce that the algebraic rank is also 0.

If r = 0 or in the rare case that » > 0 and we know gen-
erators for E(K), we use the usual Birch and Swinnerton-
Dyer conjecture to compute a conjectural value for
#II(E/K). In a sense, our results can be characterized
as “deducing numerical evidence for ETNC from the clas-
sical BSD-conjecture for E/K.”

5. COMPUTATIONAL REMARKS

In this section we describe how we perform our compu-
tations.

5.1. Computation of L -Values

For the computation of the leading coefficients
L*(E/Q,x,1), x € Irr(G), we use the algorithm de-
scribed in [Dokchitser 04]. Actually, we apply the
MAGMA implementation of this algorithm.

We use the algorithm to compute complex approxi-
mations to the derivatives L(*) (E/Q, x, 1) of the twisted
Hasse-Weil L-functions at s = 1. We also use these val-
ues to guess the order of vanishing of L(E/Q,x,s) at
s =1 in a very naive way. Explicitly, we set

#(x) == min{k > 0 | [L*(E/Q, x,1)| > ¢},

where € > 0 is a chosen lower bound that seems to be
reasonable in an unspecific way. At least one can hope
that 7(x) is equal to the order of L(E/Q,x,s) at s = 1.

5.2. Computation of Periods

For the computation of periods associated with
h'(Ex)(1) considered as a motive over Q with coeffi-
cients in Q [G], we apply Proposition 3.1. The compu-
tation of 2, and €)_ is standard, and we just use the
implementation provided by MAGMA. It is usually very
efficient to compute a normal basis element o just by
trial and error. Without loss of generality, we assume

that oy € Ok . Then the exceptional set HP5 contains
HP), = {l | | divides [Ok : Z|G]aw]},

which can be computed easily.

If we want to check the conjecture for primes | € HP,
we must assume Hypotheses 4.1, in particular, that [ is
at most tamely ramified in K/Q. In this case, we can
use [Bley and Wilson 09, Algorithm 4.2] to compute oy €
OK such that OKJ = Zl[G]a().

However, it is reasonable to compute u such that
the exceptional set HP is as small as possible. Under

certain assumptions on the group G (which are sat-
isfied, for example, for all groups with #G < 32), we
can often use the methods of [Bley and Johnston 08,
Bley and Johnston 11] to compute ag € Ok such that
HP/, C HP;. This is possible because for small groups G,
the ring of integers Oy is often free over the associated
order

A=AQ[G];Ok) ={A € Q[G] | N(Ok) € Ok },

and in this case, [Bley and Wilson 09, Algorithm 4.2]
computes a free generator g such that O = Aqy. Ba-

sic properties of associated orders then imply that Ok ; =
Z,[Glay for all It #G.

5.3. Computation of Equivariant Regulators

Our possibilities to compute regulators are very limited,
because in most cases, we are not able to compute the
Mordell-Weil group E(K) when K # Q (or a subgroup
of finite index in E(K)). Henceforth, we assume r >0
and that

E(K)=E(K)ips®ZP, &---®ZP,

is explicitly known. Note, however, that for the rational-
ity conjecture it would be enough to know a subgroup of
finite index.

We consider E(K)®z Q and remind the reader of
Remark 2.7(b), where the general recipe for the com-
putation of regulators is described. However, for our
actual computations described in the next section, it
will be enough to consider irreducible rational charac-
ters x € Irrg (G) that factor through the commutator
subgroup G’. For all other characters, we assume that
ey (E(K) ®z Q) is trivial. Under these circumstances, it
is rather straightforward to compute a Q [G]-basis in the
sense of Remark 2.7(b). We describe the computation of
the equivariant regulator in this case.

Let v € Irr(G) denote an absolutely irreducible
abelian character and set F := KX*(¥) Let

x= >

0eGal(Q(v)/Q)

be the associated rational character. Then e, Q[G] ~
Q (v) is a field and e, (E(K) ®7z Q) = ey (E(F) ®z Q) is
a finite-dimensional e, Q [G]-vector space. Let Q1, ..., Qq
be a e, Q [G]-basis.

For an abelian character ¢ we write ¢ | x if ¢ is a
constituent of x. If

a = (ay)senr(c) € H ~((C[q]),

pelrr(G)
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then we write a, for the y-part

(agﬁ)wlx S H = C(eX(D [G])

wlx

Proposition 5.1. Assume the above notation. With respect

to the e, Q [G]-bases Q1,...,Qq and Q7 ,..., Q) with Q}
defined below in (5-1), the x-part of the regulator is given

by

Reg, = (det ((Qi,ew Qj>)1§i*j§d)aeGal(Q(w)/Q) .

Proof. The set {e,Q; |i=1,...,d,¢ | x} is a C-basis of
ey (E(K) ®z C). We define the dual basis by

B 1, ifp=Xandi=yj,

(e,Qi)" (exQ;) = {

0, otherwise.

Then one easily verifies that

(eri>*a 1fg0: X7
0, otherwise.

ex (e, Qi) = {
The elements
Q=) (@), i=1,....d,
elx
form an e, Q [G]-basis of (e, (E(K) ®z Q))". Then
(6o Qis) = Y (e,Qier Q) (er @)’

JA

= Z<Qi’ egen@;)(ex@;)”

JiA

= Z<Qu eg&Qlj>(€¢Ql7‘)*.

J

(5-1)

Hence

(exQis) = D) (QiesQ)(esQ))"
elx J

=> (Z<Qi, G@Qﬁew) (Z(G@Qj)*)

Jooelx elx
=3 (i@ es@ide, ) @5

Joelx
an and
Q7,...,Q}, the regulator map is represented by the ma-
trix (3., (QisesQj)ep)i<ij<a, and the result follows
upon computing the reduced norm. O

Therefore, with respect to the bases @1, ...

For integrality considerations we restrict ourselves to
the case that [ #2 and [{#G. Then E(K)®z Z; is
Z,|G]-perfect, and we wish to compute an e, Z;[G]-basis
Q1,...,Qq of e\ (E(K) ®z Z;). Since e, Z;|G] naturally

identifies with H‘BV Z,[%], which is a product of discrete
valuation rings, such a basis always exists. From

" N X(l), if ¢ :ja

we see that
1 * L *
m@u . X(l)Qd

is an e, Z;[G]-basis of e, (E(K) ®z Z;)*.

Working with localizations rather than completions,
we can also consider e, (E(K) ®z Z(;)) as a module over
exZyGl ~Zy)[¥] € Q(¢), which is a principal ideal
ring (because it is Dedekind with only finitely many max-
imal ideals). It is then quite standard to compute a basis
from the knowledge of P, ..., P,.

Example 5.2. In [Fearnley and Kisilevsky 10], the au-
thors consider the situation that K/Q is a cyclic ex-
tension of odd prime degree [ and examine the case
that L(E/Q,1,s) has simple zeros for all nontrivial
characters 1) € Irr(G). We write G for the group of
linear characters of G and fix a generator v, of G.
Let x := Zw’EGal(Q(wg)/Q) 1y denote the associated irre-
ducible rational character. The computations described
in [Fearnley and Kisilevsky 10] suggest that for nontriv-
ial ¢ and a point P € E(K) of infinite order with trace
0 (ie., Pee (E(K)®z Q) is a e, Q[G]-basis), one has

L(E/Q,¢,1) =

T(¢) Q+/\¢ (P)a@ (P),
fy

with a Gauss sum 7(¢), the conductor f, of v,

Ao(P) = 3 (o) (PP,

oceG

and an algebraic number «,(P) € Q (1) that satisfies
ayy (P) = ay(P)T for all v € Gal(Q (¢)/Q). In other
words, this means that (ay (P)),, € ((exQ[G])*.

The results and computations of
[Fearnley and Kisilevsky 10] are completely consis-
tent with the rationality conjecture (Conjecture 3.5)
and provide numerical evidence for it. Indeed, one easily
shows that A\, (P) = (P,e;P), so that we deduce from
Proposition 5.1 that

Reg, = (A (P '
Sy ( 7/0( ))yeGal(Q(ﬁ)o)/Q)

where = means up to a multiplicative factor in
eyQ[G]" €I, C*. Furthermore, by [Frohlich 89,
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Section 9(i), (ii)] one has

(T(¥0)) ccal(@ (o)/Q)
— 94 .
= ( Z wo (U)U(a0)>7€Gal(Q (%0)/Q)

oeG

Recall that the right-hand side is exactly the y-part of
the resolvent R from Conjecture 3.5.

5.4. Computation of Refined Euler Characteristics of
Finite Perfect Modules

Let T be a finite perfect Z;[G]-module. The recipe for the
computation of xz,(¢),q, (T) is already given in Example
2.8. We give two applications.

Proposition 5.3. Let F'/Q,, denote a finite Galois exten-
ston with group D. Let v denote the normalized discrete
valuation of F. Let E/Q, be an elliptic curve such that
E/F has split multiplicative reduction. Then

(a) #E(F)/Ey(F) = ¢ with ¢ := —v(j(E)).

(b) Let !l be a prime. Then E(F)/Ey(F) ®z Z, is Z,[D)-
perfect if and only if L1 ¢ or 1t #D.

(c) Set ¢ :=# (E(F)/Ey(F)®z Z;). If l{c or l{#D,
then xz,(p),0,(E(F)/Ey(F) ®z Z;) is represented by
(e, 1,...,1) € C(Q[D])*.

Proof. We apply [Silverman 86, Theorem 14.1]. We see
that E is isomorphic over F' to the Tate curve E, with
v(g) = c. The isomorphism E,(F) ~ F* /q* induces a D-
equivariant isomorphism

E(F)/Ey(F) = F*/(q" x OF).

Note that D acts trivially on the right-hand side, so that
F* /(g% x OF) ~ Z/cZ as Galois modules. Parts (a) and
(b) are now immediate. To prove (c), we may assume
[1#D. Then we have a projective resolution of Z;[D]-
modules

c 1—e
0— 2D "2 7 [D] — Z/aZ — .
The result follows. O

Proposition 5.4. Let F/Q; denote a finite Galois exten-
sion with group D and ramification subgroup I. Let v
denote the normalized discrete valuation of F'. Let k, de-
note the residue class field. Then k, is Z,[D]-perfect if
and only if L1 #I. In this case, Xz,1p),q,(ky) is repre-

sented by (ay)y € C(Q[D])* = [y er, (p) Q (¥) with

{17 if T C ker(y),
aw = 1

otherwise.

Proof. By the normal basis theorem, one has k, >~
F;[D/I]. One easily shows that H°(D,F;[D/I])
F;/|I|F;. It follows that if k, is perfect, then I t #I. Con-
versely, if [ 1 #1, then we have the projective resolution

R

ler+(1—eg)
—

0 — 7;[D] Z,[D] — k, — 0,

and the result follows. O

In general, we assume that the finite perfect Z;[G]-
module T is given by a Z[G]-generating set t1, . .., t; with

explicitly known G-action, i.e.,
d
gt; = Za_,],jtj, Qg5 € Z[G},g €q.
j=1

It is then easy to compute a Z[G]-resolution of the form
0—Q—P->5T—0

with P := Z[G]", m(e;) := t;, where ¢; denotes the canon-
ical basis and @ := ker(7). We then proceed as described
in Example 2.8.

In this way, it is, in principle, possible to compute
the refined Euler characteristics of E(K);~, E(K)), and
Ens(k,l,p )i~, at least in small examples where we are
able to provide an explicit generating set with explic-
itly known G-action. If v is a place of bad reduction, we
can use Tate’s algorithm to determine the reduction type
and then use [Silverman 86, Exercise III, 3.5] in order to
compute Ey(ky, ).

5.5. Computation of E (K) and III(E /K)

The computation of E(K) is very difficult even if K = Q
and it usually does not work if K # Q . In our examples,
we mostly consider pairs (E, K) such that the analytic
rank of E/K is 0 and K is totally real. In this case, we
use [Darmon 06, Theorem 3.7] to deduce that the alge-
braic rank is also equal to 0. In small examples (see, e.g.,
Section 6.1), it is sometimes possible to prove that the
algebraic rank is trivial by a Selmer group computation.

If r > 0, we generally assume the validity of the equiv-
ariant rank conjecture and consider only examples in
which the equivariant rank conjecture implies that E(K)
is built from subgroups E(F) where F' ranges over the
subfields of K/Q with [F: Q] < 2. For F' = Q, we use the
MAGMA routine to compute E(Q ), and if F' is a quadratic
extension, we look at the associated quadratic twist Ey
of E and compute F4(Q ). Computing the isomorphism
E ~ E,; (defined over F'), we then obtain E(F).

Our ability to compute II(E/K) is even more limited.
We remind the reader that throughout the manuscript
we assume finiteness of III(E/K). In order to compute
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#I(E/K), we use the classical BSD conjecture for E/K.
In this way, we obtain a conjectural value for #II(E/K)
that we wish to use to compute the associated refined
Euler characteristic. Since we have at our disposal only
the (conjectural) order of I(E/K), we are usually re-
stricted to dealing with primes [ that do not divide this
order. However, in some rare cases (see, e.g., Section 6.2),
it suffices to know this order to compute the refined Euler
characteristic of II(E/K). Moreover, in some examples
(see Sections 6.1 and 6.3), the computations lead to a
conjectural description of the structure of II(E/K) as a
Galois module.

5.6. Computation of Induction

If H is a subgroup of G, then there is a canonical
induction map ind% : Ko(Z,[H],Q;) — K¢(Z,[G],Q,).
We refer the reader to [Bley and Wilson 09, Section 6],
where we provide an algorithmic description of this map.

6. EXAMPLES

In this section we illustrate our results with some explicit
examples. The computational results of this section can
be reproduced using the author’s MAGMA implementa-
tions.?

6.1. Navilarekallu’s Example

In this subsection we redo the
[Navilarekallu 88]. Let

example from

E:y’ +y=2a—z*— 10z — 20,

and let K be the splitting field of f(z) = 2® — 4z + 1.
Then K/Q is an Ss-extension. The elliptic curve FE is
denoted by 11A1 in Cremona’s database. Its conduc-
tor is Ng = 11, and the discriminant of K is given by
dig/q = 2293, The field K is totally real and contains
the quadratic subfield F := Q (v/229). In fact, K is the
Hilbert class field of F'.

We have S = {11,229}. For a rational prime ¢, we fix
a place v, of K above g. One easily computes

#lrog =2, #Eus(ky,) =5,
#Ells(kvg) =20, #Ens(krn) = 140,
#Eus (ko) = 1330,  #Eus(kuy,, ) = 215,
E(K)tors = E(Q )tors is cyclic of order 5,

2 Available online at http://www.mathematik.uni-muenchen.de/
~bley/pub.html

E has split multiplicative reduction at v; with ¢,,, =5,

(L1 (E/Q,x,1)) = (10/11,10/11,133/121),
(La2o(E/Q, %, 1)) = (215/229,1,215/229),

and

indg, xq,,, (k) = (11,11,121),

indg,  xa,,, (ko) = (229,1,229).

U1l
The L-values can easily be computed with a preci-
sion of 20 or more decimal digits. We give here only
the first six decimal digits: (L(E/Q,X,1))\ ey (a) =
(0.253842,0.419359,2.66127). Therefore, the analytic
rank for each of the L-functions is trivial. By [Darmon 06,
Theorem 3.7] (which has been proved independently
by Longo and by Tian and Zhang), we have E(K) =
E(K)iors = E(Q )ione

In this small case, this can also be proved by algo-
rithmic methods. Let K; be the number field defined
by f(z) = 23 — 4z + 1. Then the computation of Selmer
groups using the MAGMA routine TwoSelmerGroup shows
that Sel® (E/K;) and Sel® (E/F) are trivial. It follows
quite easily that F(K) must be torsion.

We obtain

u = (0.200000, —5.00000, —25.0000),

which numerically confirms the rationality conjecture.
We point out that the resolvents and therefore also
the value for u depend on the choice of the in-
tegral normal basis element «y. The algorithm of
[Bley and Johnston 08] does not always produce the
same generator, so that one may obtain different results
when running the algorithm. Note, however, that the va-
lidity of the ETNC does not depend on this choice (see
Remark 4.7).

From the BSD conjecture we conclude the conjectural
order #I(F/K) = 625, so that HP = {2,3,5,11,229}.
By Corollary 4.8 we immediately obtain a numerical con-
firmation for all primes [ ¢ HP.

For | = 2, Hypothesis 4.1(2a) is not satisfied, and for
I =5, we do not have Hypothesis 4.1(5). For | = 3, we
have & = (1,1,1). So u = u{l_l is a torsion element in
Ky (Z3[G),Q3). Here Ky (Z3[G), Q 3)tors is cyclic of order
2, and by the methods of [Bley and Wilson 09], we can
check that u is indeed trivial in this group. We can also
directly check the explicit congruence (2-6), which be-
comes —1 = —25 (mod 3) in this example.

For [ € {11,229} the group Ky(Z;[G], Q )tors is trivial,
and from the above data, one easily deduces the validity
of the l-part of ETNC.
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Although we do not have Hypothesis 4.1(5) for I = 5,
one can try to proceed as in Remark 4.4. By Proposi-
tion 5.3, we can compute the refined Euler characteris-
tic of C (see Remark 4.4 for the notation). Since we do
not know how to compute the Euler characteristics of S
and H } (Q,T;)* rigorously, we get only a very vague idea
about the Galois structure of II(E/K). However, by the
conjectural validity of ETNC at [ = 5, one is tempted to
guess that Y(I(E/K)s~) = (1,1, 3). One may therefore
guess that I(F/K)s~ lives in the 2-dimensional compo-
nent of Q 5[G] and has the resolution

—~
ot
[Sfen)
~

0 — My(Z5) — My(Z5) — II(E/K)5~ — 0.

This was verified by T. Fisher in a private communica-
tion.

6.2. A D; Example

In this example we let F be the curve 73A1 in Cremona’s
notation. We let K be the number field defined by the
irreducible polynomial

f(z) =29 —22° — 202% 4 227 4+ 692° — 2° — 692" + 223
+202% — 22 — 1.

Then K/Q is a Galois extension with dihedral group
Ds. We have Ny =73 and d/q = 401°. The field K
is totally real and contains the quadratic subfield F :=
Q (V/401). Hence S = {73,401}. In fact, K is the Hilbert
class field of F.

We have four characters:

id 7 o o?
vi|l 1 1 1
x2 |1 —1 1 1

X320 G+¢GE+G?
Xa|2 0 G+G2G+¢G!

Hence Q [G] ~ Q & Q @ My(K3) with K3 = Q (6), where
B := (s + (5 ' Elements in the center of C[G] will be de-
noted by 4-tuples z = (z1,...,24), z; € C. Recall that
2z € ((Q[G]) if and only if 21,20 € Q, 23,2 € K3, and
p(z3) = 24, where (p) = Gal(K3/Q). Elements in z €
¢(Q[G]) will be represented by tuples z = (2y,, 2y, Zy; )-

The L-values were computed with a precision of 20

decimal digits and are given by

(L(E/Q ’ X7 1)))(611’1’@ (G)
= (1.1826604672413298661, 2.1261328339601570537,
0.16304872052191552777,7.6598191709443800630).

The analytic rank of each of the twisted L-functions
is therefore 0, and as in the first example, [Darmon 06,
Theorem 3.7] allows us to conclude that E(K) is finite.

The numerical computation of L-values, resolvents,
and periods leads to

u = (0.49999999999999999999, 18.000000000000000008,
0.58359213500126187216, 27.416407864998738187).

Numerically, this confirms the rationality conjecture,
because u is close to

(1/2,18,—128 + 8,123 + 20),

and p(—1268 4 8) = 12 + 20. The minimal polynomial
of —123 + 8 is given by x? — 28z + 16. Again we point
out that the resolvents and therefore also the value for
u depend on the choice of the integral normal basis ele-
ment ag.

We further see that

#Lo1 =2, #Eu(ky,) =22,
# By (ky,) =16,  #E(k,, ) = 3044,
#Es(ky,,) = 2073071592,  #Eyq(ky,,, ) = 388,
E(K)tors = E(Q )tors is cyclic of order 2,

E has split multiplicative reduction at vz3 with ¢,,, = 2,

(L73(E/Q; X, 1))
B <72 72 1

1
==, = — 403), — (—
3+ 73 5agg (730 1 5403), ( 735+533o)),

5329

_ (388 _ 383 388
(Lan(B/Qx 1) = (01 502,

indg, _ xa.,, (k) = (73,73,5329),
and

e
indg,

Xy, (R, ) = (401,1,401).

Recall that any element z € ((Q [G]) is represented by
a tuple z = (2y,, Zy, , 2y, )- This explains why some of the
above tuples have only three components.

From the BSD conjecture we derive the conjectural
order #I(E/K) = 2304 = 283%. Thus we have HP =
{2,3,5,73,401}, and by Corollary 4.8, the ETNC is nu-
merically confirmed outside HP.

For | =2 we cannot perform our computations, be-
cause 2 divides #G.

For [ =3, our MAGMA implementation terminates
without verifying the 3-part of ETNC, because 3 di-
vides the order of HI(E/K). In general, we are not able
to compute the refined Euler characteristic of II(F/K)
if | divides #II(E/K), because we have no informa-

tion about its Galois structure. However, in some special
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cases like this one, it is possible to pin down the exact
FEuler characteristic by purely representation-theoretic
considerations. Here II(E/K)[3] is conjecturally bicyclic
of order 9, and we may consider it a representation
over F3. There are three irreducible representations
over [ 3, namely the trivial character, the sign char-
acter, and a 2-dimensional representation (defined over
Fg9). A BSD-computation for £/Q and E/F shows that
#I(E/Q)[3] =1 and #LI(E/F) =9, so that we obtain
x(II(E/K)) = (1,9,1). Using this, we can also confirm
the validity of ETNC at [ = 3.

For [ € {73,401}, we have that K((Z;[G],Q)tors is
trivial, and from the above data one easily deduces the
validity of the l-part of the ETNC.

Most interesting is the case [ =25, because in
this case we have the nontrivial torsion subgroup
Ko (Z,[G), Q 1)tors, S0 that we must verify the explicit con-
gruence (2-6). We have & = (1,1,1), so that n := ué; ' =
(1/2,18,—128 + 8). Let p denote the unique prime lying
over 5 in K3. Then one easily checks that the valuation
at p of % 18 — (=123 + 8) equals 1, as predicted by the
ETNC.

6.3. A D; Example

In this example we let F be the curve 11 A1 in Cremona’s
notation. We let K be the number field defined by the
irreducible polynomial

f(x) = 2" — 22" — 252" 4+ 692" 4 1612'°6322°
— 14728 + 214627 — 117125 — 26692° + 268224
+ 66723 — 14662% + 3362 + 49.

Then K/Q is a Galois extension with dihedral group
D7. We have Ngp =11 and dg,q = 5777. The field K
is totally real and contains the quadratic subfield F :=
Q (v/577). Hence S = {11,577}. In fact, K is the Hilbert
class field of F.

We have five characters:

id 7 o o? o3
x1]1 1 1 1 1
xe |1 —1 1 1 1

3|2 0 GH+GE+GE+G?
Xa|2 0 GH+G2E+G 4G
X5|2 0 G+GE+GG+¢G7

Hence Q [G] ~ Q & Q & My (K3) with K5 = Q (8), where
B:=(r + ¢ ' Elements in the center of C[G] will be
denoted by 5-tuples z = (z1,...,25), z; € C. Recall that
z € ((Q[G)) if and only if 21,22 € Q, 23, 24,25 € K3 are

Galois conjugates. Elements in z € ((Q [G]) will be rep-
resented by tuples z = (2y,, Zy, s Zys )-

The L-values were computed with a precision of 30
decimal digits and are given by

(L(E/Q X, 1)) yeturg ()
= (0.253841860855910684337758923351,
0.264189373454632540506329085616,
8.46480303158617169018788040257,
1.07820141250454111015938289065,
0.516343882321445768698269093336).

The analytic rank of each of the twisted L-functions
is therefore 0, and as before, [Darmon 06, Theorem 3.7]
allows us to conclude that E(K) is finite.

The numerical computation of L-values, resolvents,
and periods leads to

u = (—0.199999999999999999999999958641,
— 5.00000000000000000000000004909,
126.222933488057632838305516431,
16.0776033026947639028170113251,
7.69946320924760325930251071912).

Numerically, this confirms the rationality conjecture, be-
cause u is close to

(—1/5,-5,256% + 506 4 25, =505 — 253 + 125,256 — 2573),

and the last three components are Galois conjugates. The
minimal polynomial of 253% + 503 + 25 is given by 2 —
15022 + 31252 — 15625. Once again we point out that the
resolvents and therefore also the value for u depend on
the choice of the integral normal basis element «y. We
further see that

H#Is77 =2, #En(k,,) = 145,

#E(ky.) =35, #Eu(k,,) =60,
#E,s(ky,, ) = 19487170, # By (k.. ) = 545,
E(K)tors = E(Q )tors is cyclic of order 5,

E has split multiplicative reduction at vz3 with ¢,,, =5,

10 10 1
(L (B/Q.x.1) = (T 1 137 (11 + 149)).
(545 545
(Lor(B/Q,x,1)) = (577 577) ,

ind, xa,,, (ko) = (11,11,121),

U1l

and

ind%  xa,. . (ku,..) = (577,1,577).

V577 U577
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Recall that any element z € ((Q [G]) is represented by
a tuple z = (2y,, 2y, 2y, )- This explains why the above
tuples have only three components.

From the BSD conjecture we derive the conjec-
tural order #W(E/K) =52 Thus we have HP =
{2,5,7,11,577}, and by Corollary 4.8, the ETNC is nu-
merically confirmed outside HP.

For [ =2 we cannot perform our computations, be-
cause 2 divides #G.

For | = 5 we cannot perform the computations because
5 divides the order of I(E/K) and the Tamagawa num-
bers. As in Example 6.1, we try to proceed as in Remark
4.4. By the conjectural validity of ETNC at | = 5 one may
guess that Y(II(E/K)s~) = (1,1, 3=). One may therefore
guess that II(E/K);~ lives in the 2-dimensional compo-
nent of Q 5[G] and has the resolution

50
s

0 — M (Z5fc1) ) 2y Z5fc)
— (E/K)5~ — 0.

Note that Z5[(7]1 /5Z5[¢7]" = F 53, so that this matches
with the conjectural order of I(E/K).

For [ € {11,577}, the subgroup Ky(Z;[G],Q)tors is
trivial, and from the above data one easily deduces the
validity of the [-part of the ETNC.

The most =17, because
in this case we have nontrivial torsion subgroup
Ko (Z,[G], Q 1)tors, S0 that we must verify the explicit con-
gruence (2-6). We have & = (1,1, 1), so that n := u&; ' =
(—1/5,-5,2503% + 5083 + 25). Let p denote the unique
prime lying over 7 in K3. Then one easily checks that the
valuation at p of =- - (=5) — (254% + 503 + 25) equals 1,
as predicted by the ETNC.

interesting prime 1is

6.4. More Dihedral Examples

We have numerically checked a few more D; examples
that are completely analogous to the previous exam-
ples. We searched for cases in which we could apply our
methods for the prime [. In particular, we needed the
Mordell-Weil group E(K) to be finite. In all our exam-
ples, K is a totally real number field, so that we can apply
[Darmon 06, Theorem 3.7]. In all the examples, our com-
putations numerically confirm the [-part of ETNC.

In the following we list our examples. In each of our ex-
amples, K is the Hilbert class field of the real quadratic
field Q (v/d). The elliptic curve is referenced as in Cre-

mona’s tables:

d E

Dy 229 1lal
229 17al
257 1lal
257 17al
733 17al
761 17al

D5 19 - 43 17al
19 - 43 371
7-199 17al
7199 19al
1429 17al
1429 19al

D; 577 1lal
577 171
577 19al
1009 37b1

With more effort it is certainly possible to compute more
examples. We refer the interested reader to the author’s
batch files.?

6.5. Another D; Example (Incomplete)

In this example we again let E be the curve 11A1 in
Cremona’s notation. We take the same number field K
as in the first D5 example, namely the Hilbert class field
of F:=Q(+/401). We have Np = 11 and dy/q = 401%.
Hence S = {11,401}.

Recall thatQ [G] ¥ Q & Q & My (K3)
K3 = Q(B), where 8 := (5 + (5 '

The computation of L-values shows that conjecturally,

with

0 fore=1,3,4,

ords—1 (L(E/Q, xi, 8)) = {2 for i = 2

The leading terms in the Taylor expansion of the twisted
L-series were computed with a precision of 20 decimal
digits and are given by

(L*(E/Q 2 X 1)))(611"1"@ (G)
= (0.25384186085591068434, 11.064607087619745148,
5.2651360430010329737,0.76817299610176707595).

The validity of the rank conjecture would imply
that the yo-eigenspace of E(K)®z Q is 2-dimensional.

3 Available online at http://www.mathematik.uni-muenchen.de/
~bley/pub.html
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Since K*r(x2) = Q (v/401) =: F, this implies that conjec-
turally, rk(E(F')) = 2. By considering the quadratic twist
of E/Q,

Eyo1 - y? = 2 — 21534469922 — 69667552958832,
we compute
E(F)/E(F)tors = (P1, P2)
with
(8 1). ne (o).
One checks that the conjugate of P, is —P; for i = 1,2,

so that by Proposition 5.1, we obtain for the xo-part of
the equivariant regulator,

det ((m, Pﬁ)ideuz}) — 34.914427985010413291.

Possibly, (P;, P») is not the full Mordell-Weil group
E(K). However, if we content ourselves with checking the
rationality conjecture, then this information is enough.

Together with the computations of L-values, resol-
vents, and periods we obtain

u = (0.20000000000000000000, —5.0000000000000000017,
— 65.450849718747376977, —9.5491502812526296414).

Numerically, this confirms the rationality conjecture, be-
cause u is close to

(1/5,—5,—258 — 50,25 — 25)

and p(—250 — 5) = 254 — 25. The minimal polynomial
of —253 — 5 is given by 2 + 75z + 625. Again we note
that u also depends on the choice of ay.

We further see that

#1_401 = 27 #Ens(kvg) = 25; #Ens(krs) = 30257
#Ens (kyy, ) = 161050, # By (o, ) = 400,
E(K)iors = E(Q )iors is cyclic of order 5,

E has split multiplicative reduction at v1; with ¢,,, =5,

10 10 1
11’11’121(_1W+122)>’

400 | 400
40177401 )°

XGz,-ll (kUn) = (117 117 121))

(L (B/Qy %, 1) = (
(L (B/Q. % 1)) = (

indgp11
and
ind% XG.,y, (kv ) = (401,1,401).

U401
Recall that each element z € ((Q[G]) is represented
by a tuple z = (2y,, Zy, s Zys )-

Although we cannot be sure that we have computed
the full Mordell-Weil group E(K), it seems most likely
that we have found a subgroup of finite index and that
the only primes that possibly divide this index are 2 and
5. Therefore, as long as we exclude these primes from
our considerations, we still obtain some evidence for the
integrality conjecture.

Assuming F(K) = (P, P,), we derive from the BSD
conjecture the conjectural order #II(E/K) = 5%. Thus
we have HP = {2,5,11,401}, and by Corollary 4.8, the
ETNC is numerically confirmed outside HP.

As already mentioned, we cannot expect any integral-
ity statements for [ = 2,5, which would also not be possi-
ble for other reasons, because for [ = 2 we cannot perform
our computations, because 2 divides #G, and [ =5 di-
vides #G and we have nontrivial cohomology modules
such as I(F/K) and E(K), which may not be Z;[G]-
perfect. Also, Hypothesis 4.1(5) is not satisfied.

For | € {11,401}, the group Ky(Z;[G], Q )tors is triv-
ial, and from the above data, one easily deduces the va-
lidity of the [-part of the ETNC.
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