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In this paper we give exact values of the standard zeta function
for cuspidal Hecke eigenforms with respect to Sp,(Z).

1. INTRODUCTION

For a cuspidal Hecke eigenform f of weight k with respect
to Sp,,(Z), let L(f,s,St) be the standard zeta function
of f. Then for some positive integer, the value

L(f,m,St)
<f7 f> a—n(n+1)/24nk+(n+1)m

is an algebraic number if all the Fourier coefficients of f
are algebraic, where (f, f) is the (unnormalized) Peters-
son product (cf. [Bocherer 85, Mizumoto 91]). In [Kat-
surada 08], we gave an explicit formula for computing
this value in terms of Fourier coefficients of f and some
other elementary quantities. In this paper, we compute
this value exactly in the case n = 2. The main tool we
use is the pullback formula for the Siegel-Eisenstein se-
ries due to [Garrett 84, Bocherer 85]. This method has
been applied to the case of elliptic modular forms in [Kat-
surada 05]. To carry out the computation in the case of
Siegel modular forms of degree 2, we need the explicit
form of differential operators on the space of Siegel mod-
ular forms of degree 4 due to [Ibukiyama 99], and an
explicit formula for global Siegel series for a half-integral
matrix of degree 4. The generating function of the differ-
ential operators has been given in [[bukiyama 99], and by
a direct but rather elaborate computation we can obtain
an explicit form of them. An explicit formula for local
Siegel series has been given in [Katsurada 99]. However,
it seems rather difficult to use the formula directly for a
practical computation. In this paper we present a trick
that enables us to reduce the computation of global Siegel
series of degree 4 to those of degree 2.

The contents of this paper are as follows. In Section 2,
we first review a result concerning Fourier coefficients
of Siegel-Eisenstein series following [Katsurada 08], and
explain the relation between the Siegel series and local
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densities. Next, we review a result concerning the pull-
back formula of Siegel-Eisenstein series due to Boécherer
to obtain an exact value of the standard zeta function
following [Katsurada 08]. In Section 3, we restrict our-
selves to the case of Siegel modular forms of degree 2.
First we present the trick for the computation of global
Siegel series referred to above. Next we give an explicit
formula for the differential operators acting on the space
of Siegel modular forms of degree 4 due to [Ibukiyama 99],
and give the main result of this paper, which enables us
to obtain exact standard zeta values (cf. Theorem 3.8).
In Section 4, we give numerical examples of such values
and give some comments on the conjecture proposed in
[Katsurada 08].

1.1  Notation

For a commutative ring R, we denote by M,,(R) the
set of (m,n)-matrices with entries in R. In particular,
put M, (R) = M,,(R). For an (m,n)-matrix X and an
(m,m)-matrix A, we write A[X] = 'XAX, where ‘X
denotes the transpose of X. Let a be an element of R.
Then for an element X of M,,,(R) we often use the same
symbol X to denote the coset X mod a M, (R).

Put GL,,(R) = {A € M,,(R) | det A € R*}, where
det A denotes the determinant of a square matrix A, and
R* denotes the unit group of R. Let S,(R) denote the
set of symmetric matrices of degree n with entries in R.
Furthermore, for an integral domain R of characteristic
different from 2, let H,,(R) denote the set of half-integral
matrices of degree n over R, that is, H, (R) is the set of
symmetric matrices of degree n whose (7, j)-component
belongs to R or %R according as ¢ = j or not.

For a subset S of M,,(R) we denote by S* the subset
of S consisting of nondegenerate matrices. In particular,
if S is a subset of S, (R) with R the field of real num-
bers, we denote by Sso (respectively S>o) the subset
of S consisting of positive definite (respectively positive
semidefinite) matrices. Let R’ be a subring of R. Two
symmetric matrices A and A’ with entries in R are said
to be equivalent over R’ and we write A pr A’ if there is
an element X of GL,,(R’) such that A’ = A[X]. We also
write A ~ A’ if there is no fear of confusion. For square
matrices X and Y we write

X O
(5 9)

2. PULLBACK FORMULA FOR SIEGEL-EISENSTEIN
SERIES

In this section we begin by reviewing the Fourier
coefficients of Siegel-Eisenstein series following [Kat-
surada 08]. Furthermore, for later use, we consider the
relation between Siegel series and local densities.

Put
0, -1,
T ‘( L. O, )
where 1,, denotes the unit matrix of degree n. For a
subring K of R put

™ =Sp, (Z) = {M € GLyy(Z) | Jo[M] = J,,}.

Let H, be Siegel’s upper half-space. We denote by
My, (1)) (respectively M (™)) the space of holomor-
phic (respectively C*°) modular forms of weight k& with
respect to ("),

We denote by & (I'™) the submodule of My (I'"™))
consisting of cusp forms. For two C*° modular forms
f and g of weight k with respect to I'™ we define the
Petersson scalar product (f,¢) as in [Katsurada 08].

For a positive integer k& > (n + 1)/2 we define the
Siegel-Eisenstein series E, (Z, s) of degree n as

(/2]
B i(Z,s) = C(1—k—2s) [] (1 — 2k — 45 + 2i)

i=1
<D

J(M, Z)"*(det(S(M(2))))*,
MeT{\T (™

with Z € H,,, s € C, where ((x) is Riemann’s zeta func-

tion, and
F$)={< O* : ) eF(”>}.

Then E, ;(Z, s) is holomorphic at s = 0 as a function of
s, and E,, 1(Z,0) is holomorphic as a function of Z unless
E=(n+2)/2=2mod4or k= (n+3)/2=2mod 4 (cf.
[Shimura 83].)

From now on we assume that E, ;(Z,0) is holomor-
phic as a function of Z and write E,, x(Z) = E,, x(Z,0).
To see the Fourier expansion of E, ;(Z,0) for a prime
number p and a half-integral matrix B of degree n over
Zyp, define the local Siegel series b,(B,s) as in [Kat-
surada 08].

Let m, n be nonnegative integers such that m > n > 1.
For A € Hp,(Zy) and B € 5,(Qp) we define the local
density o, (A, B) and the primitive local density (5,(A, B)
by

ap(A, B) = 2% lim pl-mnin(nth)/2ey A (A B)

€e—00
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and

ﬂp(A7 B) — 2577171 11m p(fmn+n(n+1)/2)e#Be(A7 ‘B)7

e—00

where §,,, is Kronecker’s delta,
Ae(A, B) ={X € Mn(Zp)/p*Mmn(Zy) | AIX] - B
€ p“Hn (Zp)}v

and
B.(A,B) = {X € Ac(A, B) | ranky_ /7 (X) = n}.
We define x,(a) for a € Q, \ {0} as follows;

+1 if Qp(Va) = Qp,
Xpla) = ¢ =1 if Q,(v/a)/Q, is quadratic unramified,
0 if Qy(v/a)/Q, is quadratic ramified.

For a half-integral matrix B of even degree n we define

gp(B ) by

&(B) = xp((=1)"/2 det B).
Let B € Hp(Z)so with n even. Then we can
write (—1)"/22"det B = bpf4 with dp a fundamen-
tal discriminant and fz € Zso. Furthermore, let
XB = (DTB) be the Kronecker character corresponding to

Q(y/(=1)"/2det B)/Q. We note that we have yp(p) =

&p(B) for any prime p. Let

—_—— 0 1/2
Hp="HL-LH with H= (0 7).

For a nondegenerate half-integral matrix B of degree
n over Z, we define a polynomial v,(B, X) in X by
A/;D(Bv X)
(1= X) [T~ pPX2)(1 = p"/2,(B)X) 7!

if n is even,
(1= 20O TIE 20 - p7 X

if n is odd.

Then the following lemma is well known (e.g., [Ki-
taoka 84, Lemma 1]).

Lemma 2.1. For a nondegenerate half-integral matriz
B of degree n over Z, there exists a unique polynomial
F,(B,X) in X over Z with constant term 1 such that

bp(37 5) = PYP(vais)Fp(Bﬂpis)'

Furthermore, for any positive integer k > n/2 and a half-
integral matriz A of degree 2k over Z, such that 2A is
unimodular, we have

ap(A, B) = Fy(B, fp(A)p_k)’yp(B, fp(A)p_k),

and in particular,

ap(Hy, B) = Fy(B,p~")v,(B.p~").

Remark 2.2. For an element B € H,(Z,) of rank m > 0,
there exists an element B € H,,(Z,) N GL,,(Q,) such
that B ~ BL1O,_,,. We note that b,(B,s) does not
depend on the choice of B (cf. [Kitaoka 84]). Thus we
write this as bl()m)(B7 5). Furthermore, F,(B, X) does not
depend on the choice of B. Then we put F,"™ (B, X) =
E,(B, X). For an element B € H,,(Z)so of rank m > 0,
there exists an element B € H,,(Z)so such that B ~
B1O,,_m. Then det B does not depend on the choice of
B. Therefore, we put det™ B = det B. Similarly, we

(m)

write xp~ = X5 if m is even.

Now for a positive semidefinite half-integral matrix B
of degree 2n and of rank m, we put

CQn’l(B) = 2[(m+1)/2] HFZSm)(B’plfmfl)
p
TT7 s joir C(1+ 20 — 20 L(1+m/2 — 1,x ")
if m is even,
T (g2 C(1 + 2 — 21)
if m is odd.

Here we make the convention F\™ (B, p=™~1) = 1 and
L(1+m/2— l,xgn)) = ((1 —1) if m = 0. Then we have
the following result.

Theorem 2.3. Let | be a positive even integer. Assume
thatl >n+3 orl >n+1 according as n =1 mod 4 or
not. Then we have

Eoi(Z)= )

BeHan, (Z)ZO

con,i(B)e(tr(BZ)),

where e(x) = exp(2nv/—1x) for a complex number xz, and
tr denotes the trace of a matrix.

Now we review the pullback formula of Siegel-
Eisenstein series following [Katsurada 08, Sections 3, 4].
Let L/, = Lg(GSp,(Q)" N My,(Z),T™) denote the
Hecke ring over Z associated with the Hecke pair
(GSp,,(Q)F N My, (Z),T'™). Furthermore, for a prime
number p put

= {M € GLan(Qp); Ju[M] = £(M)Jn, 5(M) € Q},
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and let L,, = L(GSp,(Qp),GSp, (Qp) N GLa,(Zy))
be the Hecke algebra associated with the pair
(GSP, (). GSP,,(Qy) N Lo (Z,).

Now assume that f is a Hecke eigenform, namely, a
common eigenfunction of all Hecke operators. For each
prime number p, let ag(p), a1 (p), ..., an(p) be the Satake
parameters of Ly, determined by f. We then define the
standard zeta function L(f, s, St) by

L(f,s,5¢t)

=[ITJ{Q-p )1 = cilp)p™)(1 — ci(p) 'p )} .

p i=1

Now let Zo);;l be the differential operator from
M (T to WS, () @ MY, (T™) in [Bécherer and
Schmidt 00].

Let Esp,1(Z) = E2y,.,1(Z,0) be the Eisenstein series as
above. We then define £y, 1 (21, 22) as

Eon i k(21,22) = (—1)1/2“2_"(2#\/—1)(l_k)”(l —n)

X D Z;l(E%,l)(Zh 22),

where z1, 29 € H,,. Let

fe =y

AeHn(Z)>0

a(Ae(tr(Az))

be a Hecke eigenform in &, (I'™). For a positive integer
m < k —n such that m = n mod 2 put

A(f, m, &) _ (_l)n(ferl)/2+1274kn+3n2+n+(n71)m+2
x D(m+1) [Tk —n—1)
=1
L(f,m,St)

: <f7 f> a—n(n+1)/24+nk+(n+1)m

For two positive semidefinite half-integral matrices
Ay, As of degree n, put

S aw((mh %))

Az AT[R]20

et ( s )

where ég,, 1(A) = (—=1)/2H1277(1 — n)cg, i (A) for A €
Hon(Z)>0, and foll is the polynomial defined in [Kat-
surada 08, Section 3]. Furthermore, for each positive
semidefinite half-integral matrix Ay, put

Fima(2) = )

As€Hn(Z)>0

€1,:(A1, Az) =

6[)].@(141, Ag)G(tl“(Ang)).

We note that we have

Eonik(21,22)

- 5

Aq EHn(Z)Zo

> an(Ar, Ap)e(tr(Arz1 + Azz)).
A2€H W (Z)>0

Thus Fj 4., (22) belongs to My (T™), and

Y Fuwa(z)e(tr(Arz)

Aq EHn(Z)Zo

Eon i k(21,22) =

(cf. [Katsurada 08, Section 3]). In particular, if | < k,
then F 1.4, (22) belongs to & (I'™), and

Y Fua(z)e(tr(Arz)).

Aq E'Hn(Z)>0

Eon i k(21,22) =

Take an orthogonal basis { f; f;l of &,(T™) consisting
of Hecke eigenforms. Write

filz)= Y

AeHn(Z)>0

a;(A)e(tr(Az)).

Now we have the following proposition.

Proposition 2.4. [Katsurada 08, Theorem 4.4] Let I, k,
and n be a positive integers. Assume that k and | +n
are even, and 3 <l <k—-m—-2o0or1 <[l <k—-n-—2
according as n = 1 mod 4 or not. Then for any positive
definite half-integral matriz Ay of degree n, we have

d1
f.l+n7/€;z41 (Z) = Z A(fi7 lvﬁ)ai(Al)fi(_g)'
=1

Remark 2.5. There are some typographical errors in [Kat-
surada 08, p. 105]:

e line 9: For (2my/—1)""F, read (2my/—1)(—F)n;
e line 12: For (—1)(m+1/2+1 pead (—1)n(-m+1)/2+1,

e line 13: For I'(m), read I'(m + 1).

For a prime number p, let T(p) be the element
of L/, defined by T(p) = T™(1,Lpl,)T™.  For
each nonnegative integer ¢ and Ay € H,(Z)-o, write
-7:l+n,k;A1|T(p)i(Z) as

Fronwa TV ()= Y

AeHn(Z)>0

€len (i, A1, A)e(tr(Az)).
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Furthermore, write

fi 1 T(P)(2) = A f(2)-

Thus by Proposition 2.4 we have the following result.

Lemma 2.6. Under the above notation and assumption,
we have

d
erin ki, A, A) =Y NJA(f5,1,St)a;(Ar)a;(A)
j=1

for any nonzero integer i and A € H,(Z)>o.

From now on, we assume that &(I'™) has the
multiplicity-one condition. Namely, we assume that a
Hecke eigenform in ﬁk(F(”)) is uniquely determined, up
to a constant multiple, by its eigenvalues of Hecke op-
erators. First we normalize the standard zeta value
A(f,1,St) for a Hecke eigenform f in & (I'"™) following
[Katsurada 08]. We define the following quantities: For a
Hecke eigenform f(z) = 3", ay(A)e(tr(Az)) in & (T'™),
let 35 be the Og(s-module generated by all ay(A)’s.
Then, multiplying by a suitable constant ¢, we may as-
sume that all ay(A)’s are elements of Q(f) with bounded
denominator. Then 3y is a fractional ideal in Q(f), and
therefore so is A(f, l,&)‘j? if [ satisfies the conditions in
Proposition 2.4. We note that this fractional ideal does
not depend on the choice of ¢. In particular, these values
are uniquely determined by the system of eigenvalues of
f. We also note that the value Ngs) (A(f,1,St))N(34)?
does not depend on the choice of ¢, where N(3y) is the
norm of the ideal 3.

Theorem 2.7. In addition to the above assumption, let
f = fl; A= )\1, a(Al) = al(Al), a(A) = al(A),
K = Q(f), and e; = €14 (i, A1, A). Furthermore, let
P(X) = Oy (X) = Z?:O ba_i X" be the characteris-
tic polynomial of T(p) in &x(T'™). Put A*(f,1,St) =
Naop)(A(f,1,88))N (34)? and assume that ®'(X) # 0, and
a(A1)a(A) #0.

Then for any positive integer 1 satisfying the condi-
tions in Proposition 2.4, we have

i €d—1—j j z/\
A (f1,5) = Nm(z o T T )
N(3y)?

* Niola(A)a(A))

Proof: By Lemma 2.6, we have

d
ei = Y NA(f,1,8t)a;(Ar)a; (A)

j=1

for each i = 0,...,d—1. Then by [Goto 98, Lemma 2.2],

we have

E Z]iedljle

A(f.1,8t)a(A ()

1)a(4) =
The assertion follows immediately. O

Using the above theorem, we can in principle obtain
standard zeta values of a Hecke eigenform in &, (T'(™).
However, to make the computation explicit, we need to
compute the Fourier coefficients of the Siegel-Eisenstein
series of degree 2n and the differential operators explic-
itly. We will do this in the case n = 2 in the next sections.

3. EXACT STANDARD ZETA VALUES FORn = 2

In this section we obtain a useful formula for comput-
ing exact standard zeta values in the case of degree 2.
The following lemma can easily be proved (e.g., [Kat-
surada 99, Proposition 2.2]).

Lemma 3.1. Let n = ny + ny with ny even. Let A1q €
Huny (Zy) N %GLn1 (Zy) and Az € Hp,(Zp) N GL,, (Qyp).
Then for any | > n we have

ap(Hy, Ay LAgg) = Bp(Hy, Avy) oy (Hi—p, L(— A1), A2z).

Proposition 3.2. Let ny be an even integer. Let Ay €
Hon, (Zy) N 5 GLy, (Zy) and Agz € Hyy(Zy). Let m be the
rank of Asa. Then we have

E{mFm) (A L Aso, X) = F{™ (A2, & (A11)p™/?X).

Proof: We may assume that Ass is nondegenerate. By
Lemma 2.1, for any | > ni 4+ no we have

ap(Hyy A1y L Ags) = (A1 LAgo, p ) Fy(Arr LAse, p7).

By Lemma 3.1, we have

ap(Hy, A1 L Asg) = By(Hi, Avi)og (Hi—pn, L(—A11), Ag2).

Again by Lemma 2.1, we have

p(Himny L(=A1), Az2) = (A, & (Ain)p™ )
x FP(AZQafp(All)pnl/z_l).



70  Experimental Mathematics, Vol. 19 (2010), No. 1

Furthermore, we have

By (Hi, A1)
TL1/2
=1-p ) JIa-p*"H@ - p/27 & (An)) !
=1

(e.g., [Kitaoka 93]), and by definition we have

Yp(Ar1 LAse,p7h)
= B,(Hy, Ar1)vp(Aga, £p( A1y )p™/?7h).

Thus the assertion holds. O

Corollary 3.3. Let

_ A A2
A= < tA12/2 AQQ > € Hn1+n2 (Zp) N GLn1+n2 (Qp)
with

All S Hnl (Zp)7 A22 S an (Zp)a A12 € Mnhnz (ZP)

Let m be the rank of A. Assume that 2411 € GLy, (Zy).
Then we have

E™m(4,X)

1
= Fim=m) <A22 - ZA1_11 [A12]a€p(A11)pnl/2X> :

Corollary 3.4. Let ny and ny be positive even integers.

Let
_ A A2
A= < tA12/2 Aso > € H?’L1+n2 (Z)>O
with
A1 € Hn, (Z)so, A2z € Hyy(Z)>o0,

Let pg be a prime number. Let m be the rank of A. As-
sume that 2A11 € GLy,, (Zy) for any prime numberp # po
and 2As5 € GL,,,(Zy,). Then we have

[17m @, x)
p
= Fir?) <A” B _A22 (" A12], X 425 (P0)Pg 2/2X)

X H Figminl)(AQQ - ZAﬁl [A12]7 XA (p)pnl/QX)'

PFPo

Now to make the computation in Section 4 smooth,
we give an explicit form of Fzgl)(A, X) and FZSZ)(A, X) in
the case deg A = 2 (e.g., [Katsurada 05]).

A12 S ]\4711),12 (Z)

Proposition 3.5. Let

ajy a12/2
A= € Ha(Z
( ai2/2  a > 2(Z)20
Pute=ey = ng((lu, @12, 022)'

(1) Assumerank A =1. Then we have

ordy(ea)
FV(AX)= Y (»
i=0
(2) Assume A > 0. Then we have
94, X)
ordp(ea) _ ordy (fA)*i ]
= > X)) D X —xalppX
i=0 j=0
ordy(ea) ordp(fA)—i—l

(P*X?).

X))y

i=0 §=0

Now we give an explicit form of a differential operator
in the case of degree 2 due to Ibukiyama. Let yi,y2,ys
be variables, and for a positive even integer [ put

Gl(y17y27 y37t)

1
O R(y1,y2,y3: ) P02 (Ao (y1, yas 1) —

where

4y3t2)1/2 ’

Ao(y1,y23t) = 1 — yit + yot?

and

R(y1,y2,y3;t)
= (Ao(y1,y2:t) +

Write

(Ao(y1, yas t)* — dyst*)'/?) /2.

0o
— Z Glﬂn(yh Y2, y3)tm7

m=0

Gl (y17 Y2,Y3; t)
and define a polynomial map
Wi Ws
Ql,m(( th W, >)
from S4(C) to C by

Wy W
o ()

= Gim <det W, det W1 det W4,det< t”V/Vl %2 ))
2 4
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where Wy, Wy € 53(C) and W3 € M3(C). Furthermore, By [Ibukiyama 99], Gl.m is a constant multiple of D 5
define a polynomial map P, (X1, X2) from M,(C) x Namely, we have
Mg ((C) to C by 5 o

Gim = di,m D 3

X1'X; XitX, ))

Pm (X1, X2) = Qum (< XotX, Xot X, with some d; ,,. To obtain an exact value of d;,,, put

W = 213224 — Z14223. Then for any integer s we have

Then by [Ibukiyama 99] we have the following proposi- o
tion. d t <8 ) (w®) = Co(s/2)w* !
“ij ) 1<i<2,3<j<4
Proposition 3.6. P, ,,(X1,X2) satisfies [Katsurada 08, and
Section 3, Conditions D-1 to D-3]. 3
det <a ) (’LUS) = 02(8/2)02((8—1)/2)11)5_2
Furthermore, by a direct but rather elaborate calcula- #ij 1<i,j<4
tion we have the following result. and
Proposition 3.7. We have det | -2 det [ -2 (w*) =0
8251']‘ . 8251']‘ . ’
1<i,j<2 3<i,j<4
Gl m(yla Y2, 93)
/2] where Cs(s) = s(s +1/2).
Z ( 2n +l —5/2 ) oo Thus for a positive even integer m we have
= 3
g~l,m (wm)
[(m_il)/z] l+m—v—>5/2 m/2
x (—yz)”( ) . 2n+1—5/2
—~ m—2n—v H (1/2) Z n
p=1 n=0
—2n—v m—2n—2v
(o Yo R
X 2
m —2n
where i 204+2m —5
s\ _IG—i+1 =HC2W2>< m )
m ) m! ' =t
Here we have used the formula
We note that Gim (y1,¥y2,y3) € 27" Z[y1, Y2, y3]. Let ”i/:z s—m+2n s gm—2n _ 96
n m— 2n “\m
gl,m n=0
1 o for s € C. On the other hand, we have
=Gim| —det
T\ 4 0zi; 1<ic? .
e B ) = T Colu/2)Call 24 m— /2)
det<8”> det<8”> , #=1
i 1<4,j<2 i 3<i,j<4 (cf. [Katsurada 08, Section 3]), and therefore we have

det( 3) ) <2l+2m—5>
8zij . m
1<i,j<4 A =
[[= Co(l =2+m—p/2)

Now for a positive even integer [ < k — 2 put

and for f € C*(H,) we define G ., (f) by

Grm(f) = Grm () Z10=0, ( 2k —5 )
- k—1-2
where we write A(f,1,8t) = WF(Z +1OI(E+1-2)

L(f,1,5¢%)

YARVAD . xD(k+1—-1 )
Z = < tzlg Zs > with Z1, 2y € Hy, Z15 € Mg((C) ( )<f’ f> (271—)2k+3l73
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Now let [ be an even integer such that 4 <[ < k—2, and
put

g4,l,k(Z1, 22)

= (-1)//2H272 2/ =1)2R (1 = 2)G) j—1(Eaa) (21, 22),

where 21, 22 6 Hy. Then we note that E,;(Z,0) be-
longb to M (T, and £y x(21, 22) belongs to &, (I?) @
&, ('),

We note that

A(f,1—2,8t) = dip1A(f,1 — 2,8t)

and

Eanp(z1,20) = dig 141 k(21, 22).
Now for positive definite half-integral matrices A; and
As of degree 2, let ¢ (A1, A2) be as in Section 2, and
put gl’k(Al,AQ) = dl,kﬁl,k—l(Al,AQ)- Furthermore, for
each positive definite half-integral matrix A; put

]:—l,k;Al(ZZ) = Z €16 (A1, Ag)e(tr(Azz2)).
A2€H2(2)>0

Then we have .7:';,;@;,41(22) = dy g—1F1 kA, (%2), and there-
fore we have

Z ‘7:_1,]9;141 (Zz)e(tr(Alzl)).

A1€H (Z)>0

g4,l,k(zla 29) =

Let po be a prime number. Assume that 24, € GLy(Z,)

for any prime number p # po and 24, € GL2(Z,,). Then

we have

€.1:(A1, A2)

-l )

Re M,
1 A1 R/2
X Gl -1 (Z det R, det A; det Ao, det < tR}2 A/2 )) ’

where

¢4,1(A)

/241 m—2
= (-1 (-2 Y

1 _ —m
X <A1 - ZAZ 1[tR]7 XA, (pO)pé >

< [[ 7" <A2 - iAl_l[R]ath (p)pl’”>
P#po
L (3 -1, Xgm—z))
if m =4,
¢ - 20)
if m =3,

for
A Ay R/2
“\'R/2 Ay
with rank(A) = m. We note that € (A1, A2) is a rational

number and any prime divisor of its denominator is not
greater than (27 — 1)L

Fix an A1 € Ha(Z)so and a prime number p. We
define € (i, A1, A) as follows:

€1,5(0, A1, A) = &,,(A1, A),
erx(l,A1,A) =€ (i — 1, A1, pA)
+p* e (i — 1, A1, Afp)

+p"2 Y erli—1, A1, AD]/p),
D

1 0
e < 0 p )
and the sum is over D € GLy(Z)U, GLQ( )/ GL2(Z). Let
{fi}e 51 be an orthogonal basis of &, (') consisting of
Hecke eigenforms, and let A; be the eigenvalue of T'(p)

for f;. Then by the Hecke theory of Siegel modular forms
(e.g., [Andrianov 87]) we have

)=

Az€H (Z)>0

where

Frasas | T(p) (22 ek (i, Ay, Ag)e(tr(Aszzz))

for any nonnegative integer i and A; € Ha(Z)so. Thus
by Theorem 2.7 we have the following result.

Theorem 3.8. In addition to the above assumption, let
f = fl, A = )\1, a(Al) = al(Al), a(A) = al(A),
K = Q(f), and for a positive even integer | <
kE —4 put e = €q0k(i,A1,A).  Furthermore, let
P(X) = Oy (X) = Z?:O ba—i X' be the characteris-
tic polynomial of T(p) in &,(I'®). Put A*(f,1,St) =
NK/Q(/N\(f,l,&))N(‘Sf)Z, Assume that ®'(A) # 0 and
a(Ar)a(A) # 0. Then we have

Z ZJ ied 1-5bj X'
'(A) )

A (f,1,8t) = NK/@<

" N(3)?
Ngjg(a(Ar)a(A))

4. NUMERICAL EXAMPLES AND COMMENTS

We compute the special values of the standard zeta func-
tions using Mathematica. Let ¢10,1(7, 2z) and ¢121(7, 2)
be the Jacobi cusp forms in Jig%" and Ji,Y in [Eich-
ler and Zagier 85, p. 40], respectively. Here 7 € H,
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Nk /o(A(fis 1, St)N (35,)*

l
2 | 3%.5°.7.11-13%-17%-.23%.29-31/2' . D

4 | 37.5%.72.11-13-17%-23-29-31-173 - 443/2%° . D

6 | 35.5%.11%.13%.17%.29-31.227-1381069/2% - D

8 | 3%.5°.7-11-13%-17%-23-29 - 31 - 21347 - 58169/2%2 - D

10 | 3%-5%.72.13%.17% .19 - 23 - 31 - 863 - 3673 - 3426433/2*" - D

12 | 3%.5%.7%.11-17%-23-29-37-293 - 6912 - 33721 - 96875477/2* - D
14 | 27-3%.5%.7%.11-13% - 17-23% - 297 - 31 - 467196139 - 541368271/ D
16 | 22°.3™.5%.7.11-13-17-23-29? - 312 - 67 - 1699 - 3617% - 296551/ D

TABLE 1. Standard zeta values of the S-K lift of weight 20.

and z € C. Furthermore, let Ey ;(7) be the Eisenstein
series of weight k with respect to I'") defined in Sec-
tion 2, and put Ex(7) = ((1 — k)" Ey (7). Then it
is well known that E$(7)Es(T)°¢;1(7,2), for a,b > 0,
j =10,12, 4a + 6b + j = k, form a basis of J;'T". Let

A0:<1}2 1{2)’ Al:((l) (1)>

(48,

Furthermore, we denote by &, (I'®)* the Maass subspace
of Gk (F(z))

We have dim &5('?) = 3 and dim&35(I'Y) = 2.
Let fi1, f2 be the basis of &35(I'})) consisting of prim-
itive forms. For i = 1,2 let \; = 48(—2025 4+ /D)
and 48(—2025 — v/D) with D = 63737521. Then ); are
the eigenvalues of T'(2) with respect to f;. They satisfy
the equation X2 + 194400X?2 — 137403408384 = 0, and
Q(f)) = Q(\) = K with K = Q(v/D) (cf. [Hida and
Maeda 97]). Put 6; = A\;/96. Then 6; satisfies the equa-
tion g(X) := X2+ 2025X — 14909224 = 0.

The discriminant of ¢g(X) is D. Thus the discrimi-
nant of Q(v/D) is D, and the ring of integers in Q(v/D)
is Z(Gl) Let hl(T, Z) = E4(T)E6(T)(]510)1(T,Z) and
ha(T,2) = E4(1)?¢12,1(7, 2). These form a basis of J507 .
Put g; = Vh; for i = 1,2. Then these form a basis of
620(1"(2))*, whose Agth Fourier coefficient is 1. Further-
more, for i = 1,2 put f; = —230g; + (—4862 — 6,)gs.

Then fz is the Saito-Kurokawa lift of f;, whose Agth
Fourier coefficient is a; (4o) = —5092 — 6;. We note

i

and

that we have f; = Xgio) /2 for i = 1,2, where X%) and
Xé%) are the eigenforms in [Kurokawa 78]. Then we have
afi (Al) = —10(4816 + 6‘1)

Furthermore, we have Az (T'(2)) = Ai +3- 218, Then

Nijglag, (Ag)) =2%-3"-5-19-23

i

and
Ngjolaj (A1) = =2°-3-5% - 23 2659.

By a simple computation we have N(Sf}) =2%.32.5.23.
Let T20 be the cuspidal Hecke eigenform in [Sko-
ruppa 92]. It is the unique (up to a constant) Hecke
eigenform in &y (I'(?)) that is not a Saito- Kurokawa lift.
We note that 120 = Xé%)/2a where xg%) is the Hecke
eigenform in [Kurokawa 78]. Then fi, fa, and 120 form
an orthogonal basis of &0(I'®). We have Jro = 1,
ara0(Ag) = 1, and ayoo(A1) = 22. Furthermore, we
have Ay2o(7T(2)) = —2%-3%-5-73. Thus by Theorem 3.8,
we have the information contained in Tables 1 and 2.
We have dim &55(I'®) = 4 and dim &,(I'V) = 3.
Let f1, fo, f3 be the basis of &45(I'M)) consisting of prim-
itive forms. For ¢ = 1,2, 3 let \; be the eigenvalues of the
T'(2) with respect to f;. Then they satisfy the equation

X3 4 344688 X2 — 6374982426624 X
— 520435526440845312 = 0,

and Q(f;) = Q(\;) (cf. [Hida and Maeda 97]). Put 6; =
Ai/48 for i = 1,2,3. Then 6; is also an algebraic integer,
and it satisfies the following equation:

g(X) := X3 4 TI81X? — 2766919456.X — 4705905729536

l A(Y20,1,St)

2 | 3°.5.7-11-23-29-31/2%

4 | 32.5%.13.23-29-31-113/2%

6 | 3*-5-7-29-31-7549/2'7

8 | 3%.5.7%.11-29-31-37-4861/2'C
10 | 3-5-7-31-283-617-4098371/2'3
12 | 3*.5%.7%.11-29- 31 - 337 - 91909/2°
14 | 2%.3%.72.13.29 - 12893 - 2166127
16 | 2'1-3%.5%.13.23-29- 347162819

TABLE 2. Standard zeta values of Y20.
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The discriminant of g(X) is —219-3%.5%.72.1465869841 -
578879197969.

Let
hi(T,2) = Es(1)*h10.1 (7, 2),
hg(T, Z) = EG(T)2¢1071 (T, Z),
h3(’7’, Z) = E4(T)E6(T)(]512)1(T, Z)

Then these form a basis of Jyy 7. Put g; = Vh; for i =
1,2, 3. Then these form a basis of 622(F<2))* whose Agth
Fourier coefficient is 1. Furthermore, for ¢ = 1,2, 3 put

fi = 1155(435776 + 316;)g1 — 220(4760624 + 796;)go
+ (286270336 — 605636; + 62)gs.

Then fl is the Saito—Kurokawa lift of f; whose Apth
Fourier coefficient af (Ao) is —257745664 — 421386; + 0.
Then we have a, (A1) = 10(395073536 — 642480; + 6?)
and a g, (A2) = —352(—3767171584 — 1827330, + 67). Let
0 =01, f=fi, A\ =X, and K = Q(f1). Put Ry =
1155(435776+310), Re = —220(4760624+-7960), and Rg =
286270336 — 605630 +62. For elements u1, us, . . ., u, of K
we temporarily denote by (uj,us,...,u,) the Z-module

generated by uq, us,...,u,. Then

[(1,0,0%) : (R1,Ro, R3)] =2°-3% 5% . 7% . 11% . 13 . 157
and
[<R1,R2,R3> : <af(A0),af(A1),af(A2)>] = 2834.

By observing the Fourier coefficients of hi(r,2),
ha(T, z), and hs(T, z), we see that

ag, (B)
det Qg, (A) Agy (B)

Qg (A) Qgs (B)

is divided by 283 for any A, B,C € Ha(Z)>o.
[<R1, RQ, R3> : Sf] is divided by 2834.

Thus we have <af(A0), af(/h), af(A2)> - Sf and

Qgy (A) Qg (C)

Qg, (C)
Qg (O)

Thus

(R, oy R) 3] = 2° -3,

Now using the “round 2 method,” we can find an element
n = (5984 + 580560 + 6%)/10080 in Ok such that 1,6,n
form an integral basis of a p-maximal order of O for
p=2,3,5,7 (cf. [Cohen 93]). We have

[(1,0,m): (1,0,6°)] =2°-3%.5.7,

and therefore the discriminant Dy of K is not divis-
ible by 2-3-5-7. Thus, we have Dg = —D with

D = 1465869841 - 578879197969 and O = (1,6, 7n). This
has also been examined with MAGMA by M. Kida. The
author thanks him for his kind help. Thus we have

N(3;) =2"-37.5%-7°.11° - 13- 157.

Furthermore, we have
A(T(2)) = A+ 322,

Nijolaj(Ao)) = —214. 313 .54 74113 .13 157 - 1213

and
Nijg(ap(Ar)) = —2%-3%.5.72.11°-13-157-1447-2437.

Let T22 be the cuspidal Hecke eigenform in [Sko-
ruppa 92]. It is the unique (up to a constant) Hecke
eigenform in &gy (I'(?)) that is not a Saito-Kurokawa lift.
Then fl, fg, fg, and Y22 form an orthogonal basis of
S22 (I'®) and Q(f;) = Q(f;). We note that

N, jo(A(fi,1,8))N(37,)* = Nijo(A(f,1,56)) N (35)?

for any .

We have STQQ = 1, CLTQQ(A[)) = 1, and aTQQ(Al) =
—22 . 3. Furthermore, we have Ayaa(T(2)) = —28-3-5-
577. Thus by Theorem 3.8, we have the information in
Tables 3 and 4.

Finally, we offer some comments. First, observing
Tables 1 and 4, we note that prime factors of the lth
Bernoulli number and the norm of the algebraic part of
L(fi,1+k—2)L(f;,l+k—1) appear in the numerator of
NK/Q(A(fi, l,&)N(Sﬂ)z. For example, the prime factor
43867 of Ngjq(A(fi, 18,St)N(3;)? in Table 3 is a prime
factor of the numerator of the 18th Bernoulli number,
and the prime factors 13553776667 and 365257 of it ap-
pear in the norm of the algebraic parts of L(f;,38) and
L(f;,39), respectively (cf. [Stein 04]). This is not so sur-
prising, because we have

L(fi,1,8t) = CAVL(fi,l + k — 2)L(fi, 1 + Kk — 1)

for fz S 62k_2(F(1>).

Next we comment on our conjecture in [Katsurada 08].
Let f be a Hecke eigenform in & (I'™) and let M be a
subspace of & (I'("™) stable under the Hecke operators
T € L. Assume that M is contained in (Cf)*, where
(Cf)* is the orthogonal complement of Cf in & (I'(™)
with respect to the Petersson product. A prime ideal J
of Oq(y) is called a congruence prime of f with respect
to M if there exists a Hecke eigenform g € M such that

A (T) = Ay (T) mod P
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! NKi/Q(A(fivlvﬂ))N(Sfi)z

3%.5%.7.11% 135 . 172 - 193 - 232 . 297 - 312 - 37/2"% . D
312.5%. 74112 .13% . 172 . 197 297 - 312 - 37 - 151 - 1601 - 6551
x7951/2% . 1423 - D

6 | 3%2.5%.11%.13%.17%.19%.23.29% . 31% . 37 - 137 - 809

X 38029874887/257 . 71423 - D

8 | 32.5-7°-11-13*-17%-19% - 23% .29 - 312 - 37 - 84521 - 8947751
x 699588169271 /2! - 1423 - D

10 | 3'0.5%.7%.11% . 13% . 172 . 19% . 23 .29 - 31 - 372

x 1423469629 - 27864526583393/2%% - 1423 - D

12 | 3'12.5.112.13-17-19%-232.29% .31 - 37- 691% - 953

X 243911 - 4251563 - 6617174324030971171/2'° - 7.1423 - D

14 | 26.3%2.55.78.113 .13 . 172 . 197 . 23. 297 . 31% . 37

x 150197 - 318467 - 1465187 - 13894099 - 63630191,/1423 - D

16 | 226-319.55.72.11% .13%.19-23.29% . 31% . 37 - 3617°

x 1465869841 - 2775014078857939 - 22683897890722493/1423 - D
18 | 2°9.3% .5 .11.13%.17% . 197 - 23 - 292 - 312 - 372

X107 - 438672 - 365257 - 13553776667/1423 - D

TABLE 3. Standard zeta values of the S-K lift of weight 22.

l A(Y22;1, St)

2 | 3%.5-11-23-29-31-37/2%

4 | 3*.5.11-13-29-31-37-103-157/2%7 - 1423
6

8

30.11-29-31-377-485363/2%* - 1423

3%.29-31-37-149 - 3361493719/2'% . 1423

10 | 3%-5-11-37-89-1039 - 2741 - 3616027/2"5 - 1423

12 | 3% 1173137 - 421 - 254725279909/2° - 1423

14 | 3%-7%-11-13-31-37-733 - 2131 - 82625047/2 - 1423

16 | 2°-37.5-11-13-19- 31 - 37 - 30293340159041/1423

18 | 2'6.3%.52.7.13-17-31-37-101 - 439 - 1049 - 49991/1423

TABLE 4. Standard zeta values of Y22.

for any T € L., where § is some prime ideal of Do)
lying above ¥. If M = (Cf)*, we call P simply a congru-
ence prime of f

Now to explain our conjecture. For a normalized
Hecke eigenform f in ng,g(I‘(l)) and a Dirichlet charac-
ter x, let L(f,s, x) be the Hecke L-function of f twisted

by x defined by as follows:

L(f,s,x) = Z ar(m)x(m)m=2.

=1

In particular, if y is the principal character, we write

L(f,s,x) as L(f,s). Put ng) = (2nv/~1)"'L(f,1) and
0 = 2ry=1)"2L(f.2). Forj = +£,1 <1< 2k~ 3

and a Dirichlet character y such that y(—1) = j(—1)""1,
put

(2mv/~1)"'T()L(f,1,x)

L(f,l,X) = 00

In particular, put L(f,l) = L(f,l,x) if x is the princi-
pal character. Then, in [Katsurada 08], we proposed the
following conjecture:

Conjecture 4.1. Let P be a prime ideal of Q(f) not di-
viding (2k —1)!. Then ¥ is a congruence prime of f with
respect to (&, (D)) if and only if P divides the nu-
merator of L(f, k).
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We note that the “if” part of the above conjecture is
a special case of Harder’s conjecture [Harder 03].

Now look at Table 3. in this case, the prime number
1423 appears in the denominator of

Ni,jo(A(fi, 1,St))N (3 )?

i

for I =4,...,18. We have
1423 = P, 9.
in Oqy,), where
P; = (N +967,1423)

and
P, = (A7 + 7T8); + 660, 1423) .

We have degd; = 1 and degd; = 2. Thus by [Kat-
surada 08, Theorem 5.2], ¥; is a congruence prime of fi,
and by a more careful analysis, we see that it is a con-
gruence prime of fz with respect to CY22. In fact, we
have

Conversely, by a direct calculation, we see that there is
no other congruence prime greater than 43 of fz with
respect to CY22. On the other hand, according to the
numerical table in [Stein 04], we have

[No(r) oL(f,22))|
B 113171423
©223.318.510.13.29.31-372.137- 7481

This implies that the conjecture in [Katsurada 08, Sec-
tion 6] is true in this case.

We note that the “if” part has been proved in
[Brown 07] and [Katsurada 08] independently under cer-
tain conditions.
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