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Let E:y?> = 2® + D bean elliptic curve, where D is an integer
that contains no primes p with 6 | ord,D. For a nontorsion
rational point P on E, write 2(nP) = A,(P)/B2(P) in lowest
terms. We prove that for the sequence {Bam (P)}m>0, the term
Bam (P) has a primitive divisor for all m > 3. As an application,
we give a new method for solving the Diophantine equation
y? = 2® + d™ under certain conditions.

1. INTRODUCTION

Let C : y? = 23 + ax + b be an elliptic curve with integer
coefficients. We denote by C'(Q) the additive group of
all rational points on the curve C. Let P € C(Q) be a
nontorsion point. Write

An(P)

*nP) = B3 (p)

in lowest terms with A, (P) € Z and B, (P) € N. The
sequence {B,,(P)},>1 is known as an elliptic divisibility
sequence. A prime q is a primitive divisor for the term w,,
of an integer sequence {uy },>1 if ¢ divides u,, but does
not divide uy for any 0 < k < n.

M. Ward [Ward 48] first studied the arithmetic prop-
erties of elliptic divisibility sequences. Silverman [Sil-
verman 88| was the first to show that for all sufficiently
large integers n, the term B, (P) has a primitive divi-
sor. Everest, Mclaren, and Ward [Everest et al. 06] ob-
tained a uniform and quite small bound beyond which
a primitive divisor is guaranteed for congruent number
curves Ep : y? = 23 — T?x with T > 0 square-free. Im-
proving their work, Ingram [Ingram 07] showed that for
the curve Er, if 5 | n or n > 2 is even, then B,(P)
has a primitive divisor, and furthermore, if 2(P) < 0 or
{z(P),x(P) 4+ T,z(P) — T} contains a rational square,
then B, (P) has a primitive divisor for all n > 2.

The main purpose of this paper is to prove the fol-
lowing theorems. For a rational number r # 0 we write
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r = p®s/t, where p is a prime and s, ¢t are integers prime
to p. We define ord,(r) =e.

Theorem 1.1. Let E : 4> = 23 + D be an elliptic curve,
where D 1is an integer that contains no primes q with
6 | ordgD, and assume that E has a nontorsion ratio-
nal point P. Then for the elliptic divisibility subsequence
{Ban(P)}n>0, the term Ban(P) has a primitive divisor
for all integers n > 3.

Theorem 1.2. Let C : y?> = 23 + Ax be an elliptic curve,
where A is an integer that contains no primes q with
4 | ord,A, and assume that C has a nontorsion ratio-
nal point P. Then for the elliptic divisibility subsequence
{Bon(P)}n>0, the term Bon(P) has a primitive divisor
for all integers n > 3.

These bounds in Theorems 1.1 and 1.2 are sharp. The
proofs are elementary. However, our results are signifi-
cant because the duplication map plays a very important
role in the arithmetic of elliptic curves. Unfortunately,
our methods do not work for other Weierstrass curves in
minimal form. We anticipate that Theorems 1.1 and 1.2
might be generalized by other methods.

We next give a new method for solving the Diophan-
tine equation y? = 2% 4+ d” in the integer variables z, v,
and n under certain conditions. We call an integral solu-
tion (x,y) trivial if zy = 0, and primitive if ged(x, y) = 1.
We can write n = 6m +r with 0 < r < 6. Applying The-
orem 1.1, we obtain the following theorem.

Theorem 1.3. Let v be an integer with 0 < r < 6, and
let d be an even integer that is sixth-power-free. Let
B, y? = 23 +dF" be an elliptic curve, and assume
that Ey : y?> = 22 + d" has rank one. If Ex has a non-
trivial primitive integral point, then E,, has no nontrivial
primitive integral points for any integer m > N + 3.

In 1977, using algebraic number theory, Rabinowitz
[Rabinowitz 77] gave the full sets of integer solutions to
the Diophantine equations 3% = x2 +27. As an appli-
cation of Theorem 1.3, we will give a new method for
solving the equations y? = 2% 4+ 2". Our method is geo-
metric. We anticipate that our results might find other
applications.

Primitive divisors have been studied by many authors.
A Lucas sequence is defined by U,, = (o™ — ™) /(e — 3),
where a + 8 and a3 are coprime nonzero integers and
the quotient of o and [ is not a root of unity. In 1892,
Zsigmondy [Zsigmondy 92] showed that for the sequence

u, = a™ — b", the term u, has a primitive divisor for
all n > 6, where a and b are positive coprime integers.
In 1913, Carmichael [Carmichael 13] showed that if «
and (§ are real, then U, has a primitive divisor for all
n > 12. Ward [Ward 55] and Durst [Durst 59] ex-
tended Carmichael’s result to Lehmer sequences. In 1974,
Schinzel [Schinzel 74] proved that there exists an effec-
tively computable constant N independent of a and [
such that U,, has a primitive divisor for all n > N pro-
vided @ and 3 are complex. In 1977, Stewart [Stewart
77] showed that if n > %2267 then U, has a primi-
tive divisor. In 1998, Voutier [Voutier 98] proved that if
n > 30030, then the nth term of any Lucas or Lehmer
In 2001, Bilu, Han-
rot, and Voutier [Bilu et al. 01] obtained a major result

sequence has a primitive divisor.

for Lucas and Lehmer sequences. They proved that if
n > 30, then every nth Lucas and Lehmer number has a
primitive divisor, and they listed all Lucas and Lehmer
numbers without a primitive divisor.

In the same paper, Bilu et al. linked the existence of
primitive divisors for Lucas and Lehmer numbers with
Thue equations of high degree.
tive divisor theory has been associated with Diophantine
equations. Our approach follows the classical path. We
also link the existence of primitive divisors for elliptic di-

Traditionally, primi-

visibility sequences with resolving an important class of
Diophantine equations.

2. PROOF OF THEOREM 1.1

In this section, we consider an elliptic curve F : y? =
2% + D, where D is a nonzero integer that contains no
primes g with 6 | ord,D. Assume that E has a nontorsion
rational point P. Write z(nP) = A, (P)/B2(P) in lowest
terms with A, (P) € Z and B, (P) € N. The sequence
{Bn(P)}n>1 is a divisibility sequence, which means that
B,,(P) | B,(P) whenever m | n. For P € E(Q) we
write P = (u/e?,v/e?) in lowest terms. Then by the
duplication formulas we obtain

2(2P) = u(u® — 8De") _ u(9u® — 81}2),
4u2e? 422
ub + 20Du3eb — 8D2%e12
y(2P) = Su3cs
vie
~ —27ub + 36uPv? — 8u*
n Sude3 '

We use the following standard notation: if p is a prime,
we write p¥ || m to indicate that p* is the highest power
of p dividing m.



Yabuta: Primitive Divisors of Certain Elliptic Divisibility Sequences

Lemma 2.1. For P € E(Q) write P = (u/e?,v/e3) and
2"P = (up/€2,v,/ed) in lowest terms. If u and v are
coprime, then v, is odd, not divisible by 3, and prime to
Uy, for all integers n > 1.

Proof: Put

U =u(9u? —8v?), V =—27ub + 36uv? — 8v?.

If u is even, then 23 || V. Otherwise, V is odd. If v is
divisible by 3, then 33 || V. Otherwise, V is not divisible
by 3. Hence v; is odd and not divisible by 3.

We will prove that u,, and v,, are coprime. The proof
is by contradiction. Suppose that u; = v; = 0 mod p for
some prime p. Since vy is odd and not divisible by 3, we
may assume that p > 5. We have

u(9u® — 8v?) = 0 modp,
—27u® + 36u3v? — 8v* = 0 modp.

If w = 0 modp, then from (2-2) we have v = 0 mod p.
If 9u> — 8v? = 0 modp, then substituting v?> =
9u3/8 mod p into (2-2), we have that « = v = 0 mod p,
which is a contradiction. Hence u; and vy are coprime.
Using induction gives the desired result. O

Lemma 2.2. Let P = (pFs/e? pit/e®) € E(Q) be in lowest
terms with k > 0 and | > 0, where p is a prime and s,
Write 2"P = (p*s,/e2,p'"t, /€3)
in lowest terms, where s, and t, are prime to p. Put

v, = 3k, — 2l,, and

t are prime to p.

Ty = —27p*ns8 + 36p“ns3t2 — 8th.

Assume that s and t are coprime. Then for all integers
n=>1,

(1) t,, is odd, not divisible by 3, and prime to s,.

(2) 3p» is an integer, and t, 1 = Thi1 or 2 3T 1.

Proof: Put v = 3k — 2I.
obtain that

By duplication formulas we

pks(9p¥s® — 8t2)

422 ’
pl(—27p?¥s5 + 36p¥s3t2 — 8th)
8t3ed

We put S, 11 = s,(9p"s3 — 8t2).

(1) A similar argument to that in the proof of
Lemma 2.1 would show that ¢,, is odd not divisible by
3 and prime to s,.

(2) We distinguish three cases.

z(2P) =

y(2P) =

305

Case 1. Let p > 5. If v is positive then k; = kand I} = [,
so vy is also positive. If v is negative then k1 = k+ v and
Iy =142v, so vy is zero. Assume that v is zero. Then we
can write k = 2m and [ = 3m for some positive integer m.
If we let = p*™s/e? and y = p>™t/e?, then the equation
y? = 23 + D becomes p®™(t?> — s3) = DeS. From our
assumption 6 { ord, D, we have that ord,D > 6m, so we
must have t2 — s3 = 0 modp. Then S; = s* # 0 modp
and T} = s% # 0 mod p. Therefore k; = 2m and [; = 3m,
and hence v, is zero.

Case 2. Let p = 2. Then

25(9- 2263 — 242)  2kr—24(9g3 — 23-v42)

z(2P) =

122 122 ’
2(—27 . 227346 4 9. 2716312 — 1)
y(2P) = 503
2l+2u—3(_2786 +9. 22—y53t2 _ 23—21/t4)
- t3e3 '

If v > 2 then k; > k and Iy = [; therefore v; > 2. If
v<2then ky =k+v—2andl; =1+ 2v — 3; therefore
vy is zero.

Case 3. Let p = 3. Then

3ks(9-3vs® — 812)  BFTrTIg(s — 8. 37V 22)

2P) =
z(2FP) 4t2e2 4t2e?
3H(—27-3%vs5 4 36 - 3532 — 8t
y(QP) - ( S13¢3 )
€
3l+2u+3(_86 + 4. 3_V_153t2 _8. 3—2y—3t4)
B 8t3e3 '

If v > 0 then ky = k and [; = [; therefore vy = v > 0. If
v < —2then k1 > k+v-+2andly =1+ 2v+ 3; therefore
v1 > 0. If v = —1 then k; = k and [ = [; therefore
r=v=-—1.

Thus we obtain that 3p** is an integer. Next we will
show that to = T5 or 273T,. As mentioned before, t; is
an odd integer not divisible by 3 and prime to s;. So if
p>3and 2| sy orif p=2and v > 2, then 22 || Tb.
Otherwise, Ty is odd. A similar argument to that in
Lemma 2.1 gives that Ss and T, have no common prime
divisors larger than 2. It follows that ¢, is equal to 75 or
273T,. Using induction gives the desired result. O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1: Let P be a nontorsion rational
point on the curve E, and let n > 1 be an arbitrary pos-
itive integer. Write 2"P = (a,5,/€2, bty /€d) in lowest
terms with e,, > 0, where a,, and b, have the factor-
izations a, = p{'p3?---ptm and b, = pflpg2 R
and ged(sp,t,) = ged(sn, an) = ged(tn,b,) = 1. Let

)
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e, = a3b,% Then ¢, = pV'py? - plm, where v; =
3a; — 206;. From Lemma 2.2 we have that 3¢, is an
integer. As mentioned in the proof of Lemma 2.2, the
hypothesis that there are no primes ¢ with 6 | ord,D
is used to show that v; > 0, provided p; > 5. By the
duplication formulas we obtain

ansn(9cnss — 8t2)

4t2e2 ’
b (—27¢2 88 + 36¢,s3t2 — 8t)

8t3ed '

From Lemma 2.2 we see that ¢, is odd, not divisible
by 3, and prime to s, for all n > 1. So to prove that
the denominator of z(2""2P) has a primitive divisor, it
suffices to show that ¢,+1 # £1. Now put

(2" P) =

y(2"t'P) =

Ti1 = —27c2 85 + 36c,s5t% — 8to.

n°n (273)
Then from Lemma 2.2 we have that t,,1 = T,4+1 or
2_3Tn+1~

We will now prove that T,y # 41, £23. The proof is

by contradiction. From (2-3) we have that
27¢% 58 — 36¢,53t2 + 84 + T, = 0.

Then

9c, 55 = 612 + \/12t4 — 3T, 1. (2-4)
Since 3¢, is an integer, 12t* — 37,1 must be square,
namely 4t} — T, 1 = 3w? for some positive integer w,,.
Case 1. Suppose that 7,11 = —1. Reducing the equa-
tion 4t4 + 1 = 3w2 modulo 3, we obtain the congruence
4t* +1 = 0 mod 3. But this congruence has no solutions.

Hence T},41 # —1.
Case 2. Suppose that 7,41 = 1. Then we have that
4¢3 — 1 = 3w?. Putting X = 12¢2 and Y = 36t,w,, we
obtain

Y? = X?—36X.

Using SIMATH, we can solve the Diophantine equa-
tion y? = 23 — 36x. All integer solutions are as follows:
(z,y) = (£6,0), (—3,£9), (—2,£8), (0,0), (12,+£36),
(18,4£72), (294, £5040). So (12t2,36t,w,) = (12,+36),
and therefore t,, = +1. Substituting this and 7T},1; = 1
into (2-4), we obtain ¢,s3 = 1. Therefore ¢, = 1 and
s, = 1. Hence

np _ (9n bn ntlp _ [ On b,
o p = (g i%), ontlp — (@’ i@).
The points 2" P and 2" 1P lie on the curve y? = 2® + D.
Therefore

b2 =a> + Deb and b2 =ad +64Del.

n —

This is impossible. Hence T}, 11 # 1.

Case 3. Suppose that T, .1 = 23. Reducing the equation
4¢3 — 23 = 3w? modulo 3, we obtain the congruence
4t} —23 = 0 mod 3. But this congruence has no solutions.
Hence T}, 41 # 23.

Case 4. Suppose that T}, ; = —23. Then we have that
4t2 4 23 = 3w?2. Putting X = 12¢2 and Y = 36t,,w,,, we
have

Y? = X3+ 288X.

By SIMATH, all integer solutions of the equation
y? = 23 + 288z are as follows: (z,y) = (0,0), (1,£17),
(12,72), (24, +144), (288, £4896). So (12¢2, 36t,w,) =
(0,0),(12,£72), and therefore ¢, = 0 or £1. Then from
(2-4) we have 9¢,,s2 = 12, which is impossible. Hence
T41 # —23. We have thus completed the proof. 0O

Remark 2.3. The bound of Theorem 1.1 is sharp. For ex-
ample, if ' : y? = 23480 and P = (4,12) is a nontorsion
point on E, then 2P = (—4,4) and 2?P = (44, —292).

3. PROOF OF THEOREM 1.2

The proof of Theorem 1.2 is a slight variant of that of
Theorem 1.1. In this section we consider an elliptic curve
C:y? = 23 + Az, where A is an integer that contains no
primes ¢ with 4 | ordgA. Assume that the curve C has
a nontorsion rational point P. If we let P = (z,y), then
by the duplication formulas we obtain

2 _ 4)2 2 _ 9,32
sopy - AP =2,
4y 42242
2%+ 5Az% — 5A%2 — A3
Y
_ (0 —22%)(4a® — da¥y? — )
8x3y3 '
We can write P = (bu?/e?,buv/e?) in lowest terms,

where u and v are coprime; see [Silverman and Tate 94].

Lemma 3.1. Let P € C(Q) be of the form (u*/e?,uv/e?)
in lowest terms with ged(u,v) = 1. Then 2™P has the
form (u2 /€2, u,v,/ed) in lowest terms, where u, and v,
are odd and coprime for all integers n > 1.

Proof: By duplication formulas we obtain that

(v? — 2ut)?
=(2P) = 4uv?e?
(v? = 2ut) (4u® — dutv? — )
2P) = .
y(2F) Sudvie3

Put U; = v? — 2u* and V; = 4u® — 4u*v? — vt If v is
odd, then U; and Vj are odd, while if v is even, then
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2 || Uy and 22 || V;. Therefore both u; and v; are odd. A
similar argument to that in Lemma 2.1 would show that
uy and vy are coprime. Using induction gives the desired
result. O

Lemma 3.2. Let p be a prime, and let P =
(pFs?/e?, plst/e?) € C(Q) be in lowest terms with k > 0,
I >0, and ged(s,t) = ged(s,p) = ged(t,p) = 1. Then
2" P has the form (p*rs? /€2, plns,t,/ed) in lowest terms
with ged(sp,p) = ged(tn,p) = 1 for all n > 1. Put
Vp = 3ky, — 2l,. Then for all integers n > 1,

(1) sp and t, are odd coprime integers.
(2) spi1 =12 —2p"nst and t, 1 = 4p®nsS —ApVrstt? —
th.
Proof: If we put v = 3k — 2[, then
pkfu(t2 _ 2pus4)2
452t2¢2 ’

pl—y(t2 _ 2pus4)(4p2y88 _ 4pu34t2 _ t4)
8s3t3ed '

xz(2P) =

y(2P) =

Put S; =t? — 2p¥s* and Ty = 4p?¥s® — 4p¥s*t? — L.

(1) The proof is similar to that for Lemma 3.1, so we
omit it.

(2) We will show that v is nonnegative. We distin-
guish two cases.

Case 1. Let p > 3. If v is positive then ky = k — v
and [y = [ — v; therefore vy is zero. If v is negative then
k1 =k + v and [y = [ + 2v; therefore vy is zero. Assume
that v is zero. Then we can write k = 2m and [ = 3m
for some positive integer m. If we let x = p>™s?/e? and
y = p®™st/e?, then the equation y? = x3 + Ax becomes
pi™(t? — s*) = Ae. From our assumption 4 1 ord,A,
we have that ord, A > 4m. Therefore we must have ¢ —
s* =0 modp. We obtain S; = —s* # 0 modp and
Ty = —s® # 0 modp. Therefore ky = k = 2m and
l1 =1 = 3m, and hence v, is zero.

Case 2. Let p=2. Then

2k—u—2(t2 _ 2y+184)2 2k+u(2—u—1t2 _ 84)2

(2P) = 52t2¢2 52t2e2 ’
2l7u73(t2 _ 21/+184)(22u+288 o 2u+284t2 _ t4)
s t°e
2l+2u(2—u—1t2 _ 84)(88 _ 2—u54t2 _ 2—2u—2t4)
- s3t3e3 '

If v >0then ky =k —v—2and l; = — v — 3; therefore
vy is zero. If v < —2 then ky = k+ v and [; = [ 4 2v;

therefore v; is zero. Assume that v = —1. Then
2h=1(12 _ g1)2
2P) = e
2072(12 — 51)(s8 — 25%% — 1)

Put S; = t2 — s* and T} = % — 2s*2 — t*. Since s and
t are odd, we have 2 || T} and 2" || Sy for some integer
r > 2. Therefore ky =k+2r—1and [y =1l+7r—1, and
hence 11 =4r —1 > 0.

It follows that v; is nonnegative. We put
Sy =12 —2p"is] and Ty = 4p™1s§ — Ap”isits —t].

Here sy and t; are odd and coprime, so an argument
similar to that for Lemma 2.1 would show that Sy and
Ty are odd coprime integers and both of them are prime
to p. Hence so = S5 and t; = T5. Using induction gives
the desired result. O

Proof of Theorem 1.2: Let P be a nontorsion ratio-
y? = 2% + Az, and let
n > 1 be an arbitrary positive integer. Write 2"P =
(ans?/e?, byspt,/ed) in lowest terms with e,, > 0, where
ap, and b, have the factorizations a, = p{*p5?---pim
and by, = p{"pi2 - pPr | and ged(sp, tn) = ged(sn, an) =
ged(tn,b,) = 1. Let ¢, = a3b,? Then ¢, =
ptps? - plm, where v; = 3a; — 26;. From Lemma 3.2

nal point on the curve C :

we have that ¢, is an integer for all n > 1. As mentioned
in the proof of that lemma, the hypothesis that there are
no primes ¢ with 4 | ord,A is used to show that v; > 0,
provided p; > 3. By the duplication formulas we obtain

anp (= 2e,58)?

ntlp
o ) 4s2(2e2
y(2H1 P — bucy (17 — 2¢nsy,) (dcp sy — densyty — t)
8s3t3ed '

From Lemma 3.2 we observe that s,, and ¢,, are odd co-
prime integers and

tpy1 = 428 —depstit? — 1,

Sp41 = ti — 20nsﬁ,
Put X =2 and Y = 2¢,,s*. Then
Spa1 =X =Y and t,y =Y?-2XY — X2,
and so
2X2:si+1 and Y =X —s,41.

— tpi1 (3-1)

To prove that the denominator of z(2"T2P) has a primi-
tive divisor, it suffices to show that s, 41t,4+1 # £1. The
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proof is by contradiction. Suppose that s, 41t,+1 = +1.
Then from (3-1), we have X =1 and Y = 2, and there-
fore s,, = +1, t, = £1, and ¢, = 1. So

a b a
np __ n n nt+lp n
2"P = (a, i%) and 2 P = (@7

b
ﬁ:—") .

8ed
The points 27 P and 2" P lie on the curve y? = 23+ Azx.
Therefore

b2 =ad + Aayel and b2 =a3 + 164a,el.

This is impossible. Hence spy1tp+1 # £1. We have
completed the proof. 0

Remark 3.3. The bound of Theorem 1.2 is sharp. For
example, if C' : 32 = 2% — 1922 and P = (24,96) is a
nontorsion point on C, then 2P = (16, —32) and 22P =
(49, 329).

4. PROOF OF THEOREM 1.3

Let r be a fixed integer with 0 < r < 6. Let Ey : y? =
22 4+ d” be an elliptic curve, where d is a sixth-power-free
even integer. For a positive integer k£ and the curve E,
we define

Eo (k)
= {(2,) € Fo(Q) : k? divides the denominator of z}.

The following proposition is well known (see, for example,
[Cassels 91]).

Proposition 4.1. Let p be a prime. Then for every point
P € Ey(p) and every nonzero integer n,

ord,z(nP) = ord,x(P) — 2ord,n.

Lemma 4.2. If the curve Ey : y?> = 23 +d" has rank one,
then Eo(d) is an infinite cyclic group.

Proof: The set Ey(d) is simply the intersection of Ey(p©)
for all prime powers p°¢ dividing d. Each Ey(p°®) is torsion-
free, so Fy(d) is torsion-free. Since Ey(d) sits inside Z x F’
for a finite group F, it follows that Ey(d) itself is cyclic.

[

Proof of Theorem 1.3: If E,, : y> = 23 4+ d®™*" has a
nontrivial primitive integral point (s,t), then Ey : y? =
23 + d” has a rational point of the form (s/d*™,t/d>™)
in lowest terms. This theorem can be restated as saying
that for any integer m > N + 3, the group Ep(Q) of all

rational points on the curve Ej has no points of the form
(s/d*™,t/d*™) in lowest terms.

By our assumption, the curve Ey has rank one, so
from Lemma 4.2, we have that Ey(d) is an infinite cyclic
group. Let Py be a generator for Ey(d).
FEn has a nontrivial primitive integral point. Let kg be
the least positive integer k£ such that kP, has the form
(u/d*N ,v/d*N) in lowest terms. Then, from Theorem
1.1 we obtain that the denominator of x(2"koPy) has a
divisor not dividing d for all integers n > 3. Hence,

Assume that

for any nontorsion point P € Ey(Q), if the denominator
of z(P) is divided by d>V+3)_ then it has a divisor not
dividing d. It follows that E,, has no nontrivial primitive
integral points for any integer m > N + 3. 0O

5. THE DIOPHANTINE EQUATION y2 = z3 — 2™

As an application of Theorem 1.3, we will give a new
method for solving the Diophantine equation y? = 23 —
2™, The following argument is another approach to the
results of [Rabinowitz 77].

All integer solutions of the equation y? = 23 — 2" for

integers 0 < n < 5 are as follows:

Solutions
(1,0)

(3,£5)

(2,£2), (5,£11)
(2,0)

no solutions

no solutions

CUk W o= O3

Lemma 5.1. Let n > 0 be an integer. Then the elliptic
curve C,, : y?> = 23—2" has a nontrivial primitive integral
point if and only if n = 1,2.

Proof: As mentioned above, C,, has a primitive integral
point for n = 1,2, and does not for n = 0,3,4,5. Now
write n = 6m + r with 0 < r < 6. Then each of the
curves Cy, C3, Cy, and C5 has rank zero. First we will
show that Cg,, has no primitive integral points for any
m > 1. Suppose that the curve Cg,, has a primitive
integral point (u,v). Then

0?2 — B

—20m or  (v/23™)% = (u/2*™) — 1.

The curve Cy : 4% = 2% — 1 has rank zero; in other words,
all rational points on Cj are torsion. By the Nagell-Lutz
theorem, a torsion point has integer coordinates. Hence
m = 0. It follows that Cg,, has no primitive integral
points for any m > 1. Similarly, none of Cg;,+3, Copmta,
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and Cg,,+5 has primitive integral points for any integer
m > 1.

Both C; and Cy have rank one, and C1(Q) ~ ((3,5))
and Co(Q) =~ ((2,2)). Let
Cn(2)

= {(z,y) € Cn(Q) : 2% divides the denominator of x}.

Then C,(2) is an infinite cyclic group. Put P = (3,5).
Hhen 129 383
2P = (22-52’ _23-53) ’

and therefore 2P is a generator for C1(Q).
Q = (2,2). Then

Next put

2Q = (5,—11),
106 1090
0= (3 33> ’
785 5497
22Q) = —
Q <22.1127 23.113)’

and therefore 22Q) is a generator for C3(Q). From
Proposition 4.1, there are no rational points of the form
(u/22m v/23™) on Cy and Cy for any integer m > 1.
Hence neither Cgp,4+1 nor Cgp,40 has primitive integral
points for any integer m > 1. We have thus completed

the proof. O

Using this lemma, we will give all integer solutions to
the equation y? = 23 — 2™,

Theorem 5.2. [Rabinowitz 77| All integer solutions of the
Diophantine equation y> = x> — 2" are as follows:

n Solutions

n =0 mod 6 (22m, O)

n=1mod6 | (3-2*™ +5.2°™)

n=2mod6 | (222" £2-2%"), (522" £11-2%™)
n=3mod6 | (2-22",0)

n =4 mod 6 | no solutions

n =5 mod 6 | no solutions

Proof: We write n = 6m + r with 0 < r < 6. Assume
that the equation y? = 23 —25™%" has an integer solution

(u,v). Then
() = () -7

As shown in the proof of Lemma 5.1, for all m > 1 both
u/2%2™ and v/23™ must be integers. If (ug,vp) is an inte-
ger solution of the equation % = 23 —2", then u = 22" uq
and v = 23™v,. Thus we have completed the proof. [

6. THE DIOPHANTINE EQUATION y? = 3 4 3™

In this section, we will solve the equation y?> = z3 + 3"
by our methods.

Lemma 6.1. Let n > 0 be an integer. Then the ellip-
tic curve Cy, : y?> = 2% + 3" has no nontrivial primitive
integral points for all integers n > 6.

Proof: All integer solutions of the equation y? = 23 4 3"
for integers 0 < n < 5 are as follows:

Solutions
_170)7 (O + 1)7 (27 j:3)
0

(
(1,£2)

(0,£3), (—2,£1), (3,%6), (6,£15), (40, £253)
(_37 )

(0,49)

no solutions

Gl W - O3

Each of the curves Cy, C3, C4, and C5 has rank zero.
By a similar argument as in the proof of Lemma 5.1,
we have that none of Cen,, Com+3s Comta, Comts has
primitive integral points for any integer m > 1. Both C4
and Cy have rank one, and C1(Q) ~ ((1,2)) and C2(Q) ~
((=2,1)) ® ((0,3)). Let

Cn(3)
= {(x,y) € C,(Q) : 32 divides the denominator of z}.

Put P = (1,2). Then we have

23 11 1873
2P= (-2, —— P= -
( 247 26)’ ’ <32><132’

Therefore 3P is a generator for C4(3).

Next put Q@ = (—2,1) and R = (0,3). Then R is a
torsion point of order 3. After a little computation, we
have that the denominator of z(iQ + jR) is not divisible
by 3 fori=1,2,3 and j = 1,2, and

130870
33 x133 )"

629 22870
20 = (40.-253), 3Q = (3><7 33><73> |

Therefore 3@Q) is a generator for C3(3). Hence from
Proposition 4.1 there are no rational points of the form
(u/3%m v/33™) on C; and Cy for any integer m > 1.
Hence neither Cgp,41 nor Cgppqo has primitive integral
points for any integer m > 1. We have thus completed

the proof. O

Theorem 6.2. All integer solutions of the Diophantine
equation y? = 3 + 3" are as follows:
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n Solutions
n=0 mod6 | (—=3%™,0),
(0,4£3%™), (2-3°™ +3.3°™)
n=1mod6 | (3>™ £2-3°™)
n=2 mod6 | (0,43-3%™), (—2-3%™, £3%™),
(3-3%™ £6-3°™),
(6 -3%™, £15 - 3%™),
(40 - 32™, £253 - 33™)
n=3 mod6 | (—3-3*",0)
n=4 mod6 | (0,£9-3>™)
n =5 mod6 | no solutions

The proof is similar to that for Theorem 5.2, so we
omit it.
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