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We classify maximal finite irreducible subgroups of GL24(Q),
together with their natural lattices. There are 65 conjugacy

classes of such groups, 41 of which consist of primitive groups.

New methods for finding the maximal finite supergroups of

irreducible cyclic groups are developed and applied.

INTRODUCTIONIn this work we determine a set of representativesof the conjugacy classes of rational irreducible max-imal �nite (r.i.m.f.) groups in GL24(Q). This com-pletes the classi�cation of the r.i.m.f. subgroupsof GLn(Q) for n � 24 started in [Plesken 1991],where the study of maximal �nite subgroups ofGLn(Q) was essentially reduced to that of irreduc-ible groups, and continued in [Plesken and Nebe1995] and [Nebe and Plesken 1995] (compare also[Plesken 1985], where the maximal �nite irreduc-ible subgroups of GLp(Z) for primes p < 24 aredetermined).Finite subgroups of GLn(Q) �x positive de�nitequadratic forms on the one hand and on the otherhand they act on n-dimensional lattices. In partic-ular the r.i.m.f. groups can be regarded as full au-tomorphism groups of lattices in Euclidean spaces.The existence of the Leech lattice, the unique evenunimodular lattice of dimension 24 with minimalsquare length 4 [Conway and Sloane 1993], makesthe dimension particularly interesting. The auto-morphism group of this lattice is a covering groupof the Conway group and an r.i.m.f. group. In closerelation to this lattice are some other interesting k-modular lattices of r.i.m.f. subgroups of GL24(Q)that turn up; k-modular lattices are de�ned inDe�nition 1.4(vii). Examples are given after Re-mark 1.10, and detailed in my thesis [Nebe 1995,c
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164 Experimental Mathematics, Vol. 5 (1996), No. 3Chapter VI]. In fact, this paper is supposed tomake one main part of the results of my thesisavailable to a wider audience. I have not includedits second part, the discussion of the simplicialcomplexes M irr24 (Q) and M irr;F24 (Q), which encodethe interrelation of the r.i.m.f. groups via commonirreducible subgroups.The group GL24(Q) has 65 conjugacy classes ofr.i.m.f. groups, listed in Table 1. Of these, 41 con-sist of primitive groups (De�nition 1.14).Dimension 24 is the lowest where r.i.m.f. groups�xing a two dimensional space of invariant quad-ratic forms turn up (Theorem 3.1). Already inGL16(Q) there exist two nonuniform r.i.m.f. groups�xing a four-dimensional space of invariant forms[Nebe and Plesken 1995]. These two examples showthat for nonuniform groups it might happen thatthe determinant of each integral invariant posi-tive de�nite quadratic form is divisible by someprime not dividing the order of the automorphismgroup. That this is not possible for uniform groupsand under some additional assumptions also if thespace of invariant quadratic forms is of dimensiontwo has been shown in [Nebe and Plesken 1995](see also [Feit 1974] for the absolutely irreduciblecase). Theorem 2.2 deals with this problem whenthe commuting algebra of the group is isomorphicto a number �eld, and gives rise to a purely arith-metic method to determine the r.i.m.f. supergroupsof those groups.The classi�cation of the nonabelian �nite sim-ple groups and their character tables [Conway etal. 1985; Jansen et al. 1995] is used. However,the results of Section 4, where some r.i.m.f. super-groups of the irreducible �nite cyclic subgroups ofGL24(Q) are determined, are independent of thisclassi�cation, thanks to Theorem 2.2.Concrete number-theoretic questions, such as thecomputation of fundamental units and class num-bers, can be dealt with using KANT [Pohst etal. 1993]. Group-theoretic problems can often besolved using GAP [Sch�onert et al. 1994] or CAY-LEY [Cannon 1984]. The main computations aredone with the help of programs developed at the

Lehrstuhl B f�ur Mathematik of the RWTH Aachen,such as the program for computing the automor-phism group of a lattice implemented by B. Sou-vignier [Plesken and Pohst 1985; Souvignier 1994;Plesken and Souvignier 1996], the sublattice algo-rithm to compute all invariant lattices of a givenmatrix group and other C programs partly imple-mented by H. Br�uckner.The principal strategy for the construction of themaximal �nite groups is the use of normal sub-groups. An important notion is that of imprimi-tivity (De�nition 1.14), which reduces the classi-�cation of r.i.m.f. groups to the one of primitivemaximal �nite groups. For a primitive subgroupG � GLn(Q), the restriction of the natural repre-sentation of G to a normal subgroup of G is ho-mogenous. In particular each abelian normal sub-group of G is cyclic. Using a theorem of P. Hall,which classi�es those p-groups whose abelian char-acteristic subgroups are cyclic, this restricts thepossibilities for the maximal nilpotent normal sub-group Fit(G) of G.Let C := CG(Fit(G)) be the centralizer in Gof Fit(G). Then C is a normal subgroup of Gand C=Z(Fit(G)) is a subgroup of the automor-phism group of a direct product of �nite simplegroups. Therefore the possibilities for C can be de-rived from the classi�cation of �nite simple groupsand their character tables in the Atlas of FiniteGroups [Conway et al. 1985]. The quotient groupG=(CFit(G)) is isomorphic to a subgroup of theouter automorphism group Out(Fit(G)) of Fit(G),so in principle the group G may be constructedusing only group theoretical means. But the ex-clusive usage of group theoretical constructions iscumbersome and not stable against errors. It isnot very powerful, because it does not use the factthat G is maximal �nite.Maximal �nite groups satisfy a certain closed-ness condition: They are full automorphism groupsof all their invariant lattices with respect to alltheir invariant quadratic forms.Therefore, the language of lattices and quadraticforms is introduced in Section 1.



Nebe: Finite Subgroups of GL24(Q) 165Section 2 develops further arithmetic methods,also dealing with reducible normal subgroups (Def-inition 2.4). Short-cuts using the knowledge ofcertain irreducible but not necessarily normal sub-groups of G can be obtained with the help of The-orem 2.2.Section 3 contains the main result, the list of ir-reducible maximal �nite subgroups of GL24(Q); seeTable 1 on pages 173{174. That table also displayssome information about the invariant lattices. Onthe one hand, these lattices have nice geometricand arithmetic properties and are of interest ontheir own. On the other hand, they provide pow-erful means for identifying the r.i.m.f. groups.That the groups listed in Table 1 are maximal�nite can easily be checked using Remark 1.3, so itremains to prove that the list of r.i.m.f. groups iscomplete. This is done in the last three sections.Nearly two-thirds of the r.i.m.f. subgroups ofGL24(Q) have irreducible cyclic subgroups. There-fore the r.i.m.f. supergroups of those irreduciblegroups are determined in Section 4, which is alsointeresting for the classi�cation of cyclotomic lat-tices. The results of this Section are independentfrom the classi�cation of �nite simple groups. Thelatter is often used in Section 5, where we de-termine the r.i.m.f. groups having an irreduciblesubgroup that is a central product of quasisim-ple groups. Whereas Section 4 provides short-cutsused throughout Section 6, Section 5 is mainly in-tended to �x the notation for the occurring char-acters of the quasisimple groups.The last section completes the proof of Theo-rem 3.1, classifying the primitive r.i.m.f. groupsby constructing normal subgroups and determiningthe r.i.m.f. supergroups as automorphism groups ofinvariant lattices.A table of notations may be found on page 192.An additional table, on pages 193{195, lists theinvariant forms of the primitive r.i.m.f. groups ofdegree dividing 24 that are not tensor products offorms of smaller dimension. The invariant forms,as well as generators for the r.i.m.f. groups, areavailable in GAP.

1. DEFINITIONS AND FIRST PROPERTIESThis section introduces the language of lattices andquadratic forms. The main (trivial) observation isRemark 1.3, describing the maximal �nite groupsas full automorphism groups of all their invariantlattices. Frequently used notations from [Pleskenand Nebe 1995] are brie
y repeated (see also thetable of notations on page 192).
Definition 1.1. Let G � GLn(Q) be a �nite rationalmatrix group. The set Q1�n has a natural QG-module structure.
(i) A set L � Q1�n is a full Z-lattice if L is afree abelian subgroup of rank n. The set of G-invariant full Z-lattices is denoted by Z(G).
(ii) A quadratic form X 2 Qn�nsym is G-invariant ifgXgtr =X for all g 2 G. The Q-vector space ofG-invariant quadratic forms is denoted by F(G),and the subset of F(G) consisting of positivede�nite quadratic forms is denoted by F>0(G).
(iii) G is called uniform if dimF(G) = 1.
(iv) The enveloping algebra �G is the Q-subalgebraof Qn�n spanned by the matrices in G.
Definition 1.2. Let L;L0 be full Z-lattices in Q1�n ,F� Qn�nsym a subset of the symmetric rational n�n-matrices, and F 2 F.
(i) The automorphism group Aut(F;L) of F on Lis de�ned as the set of g 2 GLn(Q) such thatLg = L and gFgtr = F .
(ii) The Bravais group B(F; L) of F on L is de�nedas the intersection of all Aut(F 0; L), as F 0 runsover F.
(iii) If G is a �nite subgroup of GLn(Q) and L 2Z(G) is a ZG-lattice, the Bravais group of G onL is de�ned as the Bravais group of the spaceof G-invariant forms: B(G;L) := B(F(G); L).
Remark 1.3. Let G � GLn(Q) be a �nite rationalmatrix group. Each �nite supergroupG0�GLn(Q)of G is contained in a group Aut(F;L) for someF 2 F>0(G), and L 2 Z(G). In particular, G ismaximal �nite if and only if G = Aut(F;L) for allF 2 F>0(G) and all L 2 Z(G).
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Definition 1.4. Let L;L0 be full Z-lattices in Q1�nand F; F 0 2 Qn�nsym;>0 positive de�nite symmetricmatrices.
(i) The dual lattice L#(F ) of L with respect to Fconsists of the elements x 2 Q1�n satisfyingxFytr 2 Z for all y 2 L.
(ii) F is called integral on L if L#(F ) � L.
(iii) F is called primitive on L if L#(F ) � L andpL#(F ) 6� L for all primes p.
(iv) If F is integral on L, the latticeLev(F ) := fx 2 L j xFxtr 2 2Zgis called the even sublattice of L with respect toF . We call (L;F ) even if Lev(F ) = L.
(v) det(F;L) denotes the determinant of a Grammatrix of L with respect to F .
(vi) (L;F ) is called normalized if F is integral onL and the �nite abelian group L#(F )=L is ofsquare-free exponent and of rank at most 12n[Watson 1962].
(vii) For k 2 N, the lattice (L;F ) is called k-modularif there is a matrix T 2 GLn(Q) with L =L#(F )T and TFT tr = kF . (See [O'Meara 1973],where such a lattice is called T -modular.) A1-modular lattice is called unimodular.
Remark 1.5. Let G � GLn(Q) be a �nite rationalmatrix group, F 2 F>0(G), and c 2 CQn�n(G) withdet(c) 6= 0. The set Z(G) is closed under the oper-ations d(F ) :M 7!M#(F );g(F ) :M 7!M ev(F );m(c) :M 7!Mc;e : (M1;M2) 7! hM1;M2iZ;s : (M1;M2) 7!M1 \M2;where M;M1;M2 2 Z(G).A �nite rational matrix group G � GLn(Q) iscalled lattice sparse if any lattice in Z(G) can beobtained from any other by combining the �ve op-erations just de�ned. If p is a prime, G is calledp-lattice sparse if any lattice L 2 Z(G) can be ob-tained, by combining these operations, from any

other lattice in Z(G) that contains L with index ap-power.
Definition 1.6. Let U be a �nite subgroup of GLn(Q)and S � Z(U).
(i) S is called U -critical if all r.i.m.f. supergroupsof U are conjugate to a group Aut(F;L) withF 2 F(U) and L 2 S.
(ii) S is called U -normal critical if all r.i.m.f. super-groupsG containing U as a normal subgroup areconjugate to a group Aut(F;L) with F 2 F(U)and L 2 S.
Remark 1.7. Let U be a �nite subgroup of GLn(Q)and let S � Z(U) be a set of representatives of theorbits of NGLn(Q)(U) on Z(U).
(i) S is a U -critical set.
(ii) If U is uniform, the subset S0 of normalized el-ements of S is a U -critical set.
(iii) If U is uniform and lattice sparse, every latticeL 2 Z(U) is U -critical.
Notations 1.8. Examples of r.i.m.f. groups are theautomorphism groups of the following irreducibleroot lattices: An for n 6= 7; 8, Bn for n 6= 4, F4,E6, E7, and E8 [Plesken 1991]. We will use thesame symbol to denote one of these root lattices,the corresponding root system, and the (GLn(Q)-conjugacy class of) its automorphism group.For prime p, the irreducible rational represen-tations of PSL2(p) of degree p � 1 and p + 1 aredescribed in [Plesken and Nebe 1995, Chapter V].According to the notations introduced there, thelattices of dimension p+ 1 are denoted by Mp+1;i,where i 2 f2; 3; 4; 6g divides (p � 1)=2. The cor-responding representations are obtained by induc-ing up the representation of the Borel subgroup ofSL2(p) (of unimodular matrices �a0 bc�, for a; b; c 2Fp ) onto h�(p�1)=ip�1 i � C � .The ZPSL2(p) lattices of dimension p � 1 canbe constructed as follows. The cyclic group Cp =hai � GLp�1(Q) of order p acts on the root latticeAp�1. The Cp-sublattices of p-power index in Ap�1are linearly ordered and generated by the rows of



Nebe: Finite Subgroups of GL24(Q) 167the matrices (a � Ip�1)i. Denote the unique ZCp-sublattice of Ap�1 = A(1)p�1 of index pi�1 by A(i)p�1.The lattices A(i)p�1 are called Craig lattices [Conwayand Sloane 1993].If i 2 f2; 3g divides (p+1)=2 and p > 3, then ac-cording to [Plesken and Nebe 1995, Theorem V.8]the automorphism group of A((p+1)=(2i))p�1 is isomor-phic to C2 � PGL2(p) and a lattice sparse r.i.m.f.group.For the nonabelian �nite simple and quasisimplegroups we use the notation of [Conway et al. 1985],except that we denote the alternating group of de-gree n by Altn, to avoid confusion with the rootsystem An. Split extensions are indicated by thesymbol : , while . indicates an extension that maybe either split or nonsplit. The group h�In; Gi isdenoted by �G.For i = 1; 2, let Gi � GLni(Q) be irreducible�nite matrix groups with corresponding naturalrepresentations �i and commuting algebras Ai :=CQni�ni (Gi). The Ai are Q-division algebras. Thetensor product G1 
G2 �= G1C2G2need not be an irreducible subgroup of GLn1n2(Q),since the Q-algebra A1 
Q A2 is not necessarily adivision algebra. If Q is a maximal common sub-algebra of A1 and A2, an irreducible constituentgroup of G1 
G2 is denoted by G1 
Q G2.The following abbreviations are used: If Q = Q ,thenQ is omitted in most cases. Q�=Q [�] is simplydenoted by �. The quaternion algebra Q �= Qp;qwith center Q rami�ed at the places p and q withHasse invariant 12 is abbreviated as p; q.If G1 or G2 are of degree 1 over Q, then 
Q issimply denoted by �. Hence Q8 �Q8 denotes theabsolutely irreducible subgroup of GL4(Q) isomor-phic to Q8C2Q8 = 21+4+ . Alternatively, this groupmay be denoted by D8 
D8 or 21+4+ .Consider the case when G1 = C5 and G2 =SL2(3). Then the enveloping algebras are �G1 �=A1 �= Q [�5 ] and �G2 �= A2 �= Q1;2. Although the

maximal common subalgebra of A1 and A2 is Q ,we have �G2 � A2�21 . The irreducible subgroup ofGL8(Q) isomorphic to C5 � SL2(3) is denoted byC5 
p50SL2(3).Among the commonly occurring groups are exten-sions of the matrix groupsG1
QG2 by a cyclic groupof order 2. They are denoted as follows:
Notations 1.9. For i = 1; 2, let Gi � GLni(Q) be�nite irreducible matrix groups with commutingalgebras Ai in Qni�ni , and let Q be a maximalcommon subalgebra of dimension d of A1 and A2.Setting n := n1n2=d, we view as embedded in Qn�nthe groups Gi, their rational algebra spans �Gi, aswell as Ai, Q, G1 
Q G2, etc. Assume that G1 
Q G2is an irreducible subgroup of GLn(Q).
(i) Let ai 2 �Gi n Gi be units normalizing Gi suchthat p�1a2i 2 Gi for some square-free nonzerointeger p. ThenG12(p)
Q G2 := hG1 
Q G2; p�1a1a2iis an irreducible �nite subgroup of GLn(Q) con-taining G1 
Q G2 as a subgroup of index 2.
(ii) Assume there is a chain of simple Q-algebrash �G1 �G2i �A�B � Qn�n with (crossed product)B = A�Ax for some x 2 B satisfying x2 = �1,xAx = A, and x �Gix = �Gi for i = 1; 2. If thereare units ai 2 �Gi with aix normalizing Gi andp�1(aix)2 2Gi, for i=1; 2, and some square-freeinteger p 6= 0, thenG12(p)�Q G2 := hG1 
Q G2; p�1a1a2xiis an irreducible �nite subgroup of GLn(Q) con-taining G1 
Q G2 with index 2.
(iii) Let A1 � �G1 be a simple subalgebra of Qn�ncentralizing �G2. Let a1 2A1 n �G1 and a2 2 �G2 beunits normalizing G1 and G2, respectively, withp�1a2i 2 Gi for some square-free nonzero integerp. ThenG1 2(p)�@�Q G2 := hG1 
Q G2; p�1a1a2i



168 Experimental Mathematics, Vol. 5 (1996), No. 3is an irreducible �nite subgroup of GLn(Q) con-taining G1 
Q G2 with index 2.In each case, if p=1, we omit (p) from the symbols.If G1 or G2 is of degree 1 over Q, we omit the � andthe subscript from the symbols, writing instead2(p)� ,2(p)� , and 2(p)@�.
Examples. The symbol [6:U4(3):2 2�p-3SL2(3)]24 rep-resents an irreducible matrix group G of degree 24constructed from the matrix groupG1 := 6:U4(3):22 � GL12(Q)with commuting algebra A1 :=CQ12�12(G1) and thematrix group G2 := SL2(3) � GL4(Q) with com-muting algebra A2 := CQ4�4(G2); both A1 and A2are isomorphic to Q [p�3]. The commuting alge-bra Q � Q24�24 of the central productG1 
p-3G2 = 6:U4(3):2 
p-3SL2(3) � GL24(Q)is again isomorphic to Q [p�3], and we have G =hG1 
p-3G2; xi for a suitable matrix x 2 Q24�24 in-ducing the Galois automorphism on Q.The group G could also be denoted by the sym-bol [6:U4(3):22(2)� SL2(3)]24. Here G1 = 6:U4(3):21is an irreducible subgroup of GL24(Q) with com-muting algebra A1 �= Q1;2, and G2 is isomorphicto the unit group of the maximal Z-order in A1,this being unique up to conjugacy.This notation distinguishes the two isomorphicgroups [L2(7)2(2)
 F4]24 and [L2(7) 2(2)�@� F4]24, since itimplies that the irreducible constituents of the re-striction of the natural representation to L2(7) areabsolutely irreducible in the �rst case but not inthe second.In most cases it is not necessary to construct theextensions by the cyclic group of order 2 explic-itly, since these extensions occur in a natural wayas subgroups of the normalizer of G1 
Q G2 in theautomorphism group of a suitable lattice. Also,the extension cannot be read o� from the sym-bol, as shown by the example of the two isoclinic

r.i.m.f. subgroups [(SL2(5) � SL2(5)) : 2 2�p5Alt5]24;iof GL24(Q).The occurrence of such pairs of groups is ex-plained as follows.
Remark 1.10. Let U � GLn(Q) be an irreducibleBravais group with dimQ(F(U)) = 2. Then themaximal totally real sub�eldK of the center of thecommuting algebra of U is a real quadratic num-ber �eld. Assume that there is a U -invariant latticeL2 Z(U) giving rise to an embedding U ,!GLn(Z)such that D := NGLn(Z)(U)=U is isomorphic to anin�nite dihedral group. Then the two nonconju-gate subgroups of D of order 2 de�ne two uniformsupergroupsG= hU; xi andH = hU; txi, containingU with index two. Here tU generates the transla-tion subgroup of D and x induces the Galois auto-morphism of K.If one takes for example U = �D10 � GL4(Q),then G and H are conjugate in GL4(Q). But itoften occurs that the two groups G and H arenot isomorphic|for instance in the last exampleof the two isoclinic r.i.m.f. subgroups of GL24(Q),but also in other cases, where only one of the twogroups G or H is maximal �nite. Two examplesof such groups U are closely related to the Leechlattice: 2:J2 � SL2(5) and SL2(13) � SL2(3). Oneextension of each group|namely [2:J2 2� SL2(5)]24and [SL2(13)2(2)@�SL2(3)]24|is a maximal �nite sub-group of GL24(Q), the other one a subgroup of ther.i.m.f. group [2:Co1]24, the automorphism group ofthe Leech lattice. The group U = SL2(13)�SL2(3)is also the automorphism group of an extremal 3-modular lattice. Further examples can be found in[Nebe 1995, Chapter VI].The following observation may be used for someof the r.i.m.f. subgroups of GL24(Q), to distinguishthe two groups G and H.
Remark 1.11. Let U E G be a normal subgroup ofG of index 2 with Z(U) = Z(G) �= C2, and assumethat G=Z(U) is a semidirect product G=Z(U) =U=Z(U) : hxZ(U)i and that the conjugacy class ofthe complement xZ(U) of U=Z(U) in G=Z(U) is



Nebe: Finite Subgroups of GL24(Q) 169unique. Then there are two isoclinic but noniso-morphic groups containing U with index two, Gand the subcentral productH �=GC2C4. If hxZ(U)iis a complement of U=Z(U) in G=Z(U)�=H=Z(U),the two groups G and H may be distinguishedby the isomorphism type of the group hx;Z(U)i,which is either C2 � C2 or C4. The group G iscalled split if hx;Z(U)i �= C2 � C2, and nonsplitif hx;Z(U)i �= C4. If the complement xZ(U) ofU=Z(U) in G=Z(U) is not unique, but for all com-plements x0Z(U) the groups hx0; Z(U)i � G areisomorphic to hx;Z(U)i, the isomorphism type ofthe latter group also distinguishes the two groupsG and H and the same nomenclature of split andnonsplit groups is used.The next lemma is useful in verifying the unique-ness of the complement of U=Z(U) in G=Z(U).
Lemma 1.12. Let G = U : hxi �= U :C2 and H =V : hyi �= V :C2 be semidirect products, where theconjugacy class of the complement hxi of U in Gis unique, and likewise the conjugacy class of thecomplement hyi of V in H. Then there is a uniqueconjugacy class of complements of U � V in thesubdirect product GC2H = (U � V ) : hxyi � G�H.
Proof. Let hai �= C2 be a complement of (U � V ) in(U � V ) : hxyi. Then a = (ux)(vy) for some u 2 Uand v 2 V . Since 1 = a2 = (ux)2(vy)2 2 U � V , weget (ux)2 = (vy)2 = 1. Hence huxi is a complementof U in G, and hvyi is a complement of V in H.Therefore there are elements u0 2 U and v0 2 Vwith (ux)u0 = x and (vy)v0 = y, so a(u0v0) = xy. �The uniqueness condition of Remark 1.11 is in par-ticular ful�lled for these pairs (G=Z(U); U=Z(U)):(Sn;Altn) for n� 5 (where the complement is gen-erated by a transposition); (PGL2(q);PSL2(q)) forq an odd prime power (where the complement isgenerated by an element of order two correspond-ing to an element in GL2(q) whose determinant isnot a square); and (J2 :2; J2). So it is well de�nedto say that the two r.i.m.f. groups [2:J2 2�SL2(5)]24and [SL2(13) 2(2)@� SL2(3)]24 are split in the sense of

Remark 1.11. For G := [(SL2(5) 2� SL2(5)) : 2]8,where U = (SL2(5) � SL2(5)) : 2, the complementof U=Z(U) in G=Z(U) is not unique, but all groupshx;Z(U)i for x2GnU such that x2 2Z(U) are iso-morphic to C2�C2, so G is split. The correspond-ing nonsplit group GC2C4 is a proper subgroup ofE8. In this sense the group[(SL2(5) � SL2(5)) : 2 2�p5Alt5]24;1is split and[(SL2(5) � SL2(5)) : 2 2�p5Alt5]24;2is the corresponding nonsplit group.Here is an important case where one obtains aunique matrix group:
Lemma 1.13. Let U be a �nite uniform subgroup ofGLn(Q). For i= 1; 2, let Gi := hU; xii be absolutelyirreducible subgroups of GLn(Q) containing U withindex 2, where x1 and x2 induce the same auto-morphism on U . Then G1 and G2 are conjugate inGLn(Q).
Proof. By [Plesken and Nebe 1995, Lemma II.7],dimQ(CQn�n(U)) equals 1 or 2. Since U is uniform,this implies that the commuting algebra CQn�n(U)is either Q or isomorphic to an imaginary quad-ratic number �eld K. Assume �rst that CQn�n(U)has dimension 2. Then the xi induce the Galoisautomorphism on K. Since both elements xi in-duce the same automorphism on U one has x1x�12 2CQn�n(U) = K. Hence x1 = kx2 for some elementk 2 K of norm �1, the only elements of �nite or-der in Q� . But the norm form of K is positivede�nite, so the norm of k has to be 1, and hencex21 = x22. Therefore the map ' :U [fx1g!U [fx2gwith 'jU = id and '(x1) = x2 extends to a groupisomorphism G1 ! G2. Moreover the natural rep-resentations of G1 and G2 are induced from thesame representation of the subgroup U of index 2,so they are equivalent. Therefore G1 and G2 areconjugate in GLn(Q). If CQn�n(U) = Q the lemmafollows similarly. �
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Definition 1.14 [Plesken 1991]. A �nite irreduciblerational matrix group G � GLn(Q) is imprimitiveif there ism dividing n andH �GLm(Q) such thatG is conjugate to a subgroup of the wreath productH o Sk, for k = n=m. (Elements of H o Sk are k� kblock matrices with entries in H and at most onenonzero entry in each row and column; formally,H o Sk is generated by elements diag(h1; : : : ; hk),for hi 2H, together with elements P 
 Im, for P ak�k permutation matrix.) If G is not imprimitive,we call it primitive.The imprimitive r.i.m.f. groups G have the formG = H o Sk for some primitive r.i.m.f. group H �GLm(Q) with m = n=k and hence can easily beconstructed if the r.i.m.f. groups of degree m areknown for all proper divisors m of n. If Xm isa symbol for the primitive r.i.m.f. subgroup H ofGLm(Q), the imprimitive group G = H o Sk is de-noted by Xkm.
Remark 1.15. Let G � GLn(Q) be primitive and letN E G be a normal subgroup of G.
(i) If N is abelian, then N is cyclic.
(ii) If G :N = 2 then N is irreducible.
(iii)The natural representation ofN consists of pair-wise equivalent irreducible representations.
(iv) If 1 6= N is a p-group for some prime p, thenp�(p� 1) divides n for some � � 0.
2. METHODS FOR DETERMINING THE R.I.M.F.

GROUPSIn determining the r.i.m.f. subgroups of GLn(Q)it is crucial to be able to determine all r.i.m.f.supergroups G of a given (irreducible) subgroupU � GLn(Q). According to Remark 1.3, the groupG is of the form G = Aut(F;L) for some L 2 Z(U)and F 2 F>0(U). Since each lattice L 2 Z(U) de-�nes an embedding U !GLn(Z) and since GLn(Z)has only �nitely many conjugacy classes of �nitesubgroups (see [Buser 1985], for example), Z(U)decomposes into �nitely many orbits under the op-eration of the normalizer NGLn(Q)(U) by multipli-cation from the right.

Thus the main problem for nonuniform groupsU is to determine the relevant F 2 F>0(U).If one only has to determine those r.i.m.f. super-groups G of U , with dimF(G) � 2, the followingtheorem may be applied:
Theorem 2.1 [Nebe and Plesken 1995, Theorems II.2and II.4]. Let G be a �nite subgroup of GLn(Q)with dimF(G) � 2. If G is irreducible, assumethat the class group of the maximal real sub�eldK of the center of CQn�n(G) is generated by theideal classes represented by prime ideals containingjGj. Then for each L 2 Z(G) there exists a formF 2 F>0(G) integral on L with det(F;L) havingonly prime divisors dividing jGj.Passing to the Bravais group B :=B(U), one canoften construct a bigger subgroup B �G such thatthe commuting algebra CQn�n(B) is commutative.The next theorem deals with this commonly occur-ring situation; in order to state it, we need someadditional notation for totally real �elds.Let K be a totally real number �eld. A �nite setof rational primes is denoted by �(K) if
(a) each ideal class of K has an integral ideal con-tainingQri=1 p�ii for some p1; : : : ; pr 2�(K) and�i 2 N, and
(b) for each x 2 K there is an integral y 2 K suchthat xy is totally positive and the prime divisorsof the norm NK=Q(y) lie in �(K).Note that there is a generating set f�Ijg of the nar-row ideal class group ofK [Hasse 1963] representedby integral ideals Ij such that the prime divisorsof the norm of the Ij ly in �(K).
Theorem 2.2. Let G be a �nite irreducible subgroupof GLn(Q), and let L 2 Z(G) be a ZG-lattice. As-sume that C := CQn�n(G) is commutative, and letK denote the maximal totally real sub�eld of C.Then there exists F 2 F>0(G) primitive on L suchthat the prime divisors of det(F;L) lie in the �niteset � := �(K) [�(jGj), where �(jGj) denotes theset of prime divisors of jGj, and the set �(K) is asdescribed above.
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Proof. Assume that F 2 F>0(G) is integral andprimitive on L and that some prime p =2 � dividesdet(F;L). It su�ces to show that F can be modi-�ed to some F 0 2 F>0(G) in such a way that F 0 isintegral on L, p - det(F 0; L), and any prime divid-ing det(F 0; L) either divides det(F;L) or lies in �.Denote the completion at p of L by Lp and lete1; : : : ; el be the primitive idempotents of Qp 
 C.Since p - jGj, the lattice Lp splits into a direct sumof irreducible ZpG-lattices Xi, for i = 1; : : : ; l, eachof which has only p�Xi as ZpG-sublattices. Thenl� 2, because p jdet(F;L) and F is primitive on L.Let M 0 be the maximal order in C. Taking theidempotents ei modulo p one gets primitive idem-potents ofM 0=pM 0. Hence the ideal pM 0 splits intol di�erent prime ideals pM 0 = �01 : : : �0l that are per-muted transitively by the Galois group Gal(C=Q)[Lang 1970]. For the ideal pM in the maximal or-der M of the maximal totally real sub�eld K thefollowing two situations may occur:1) pM = �1 : : : �l where �iM 0 = �0i, or2) pM = �1 : : : �l=2 where �iM 0 = �02i�1�02i.In the �rst case eiF :Xi ! HomZp(Xi;Zp) in-duces a quadratic form on the lattice Xi, for 1 �i� l. The dual lattice L#(F ) is of the form L#(F ) =p�1X1 � � � � � p�lXl for some �i 2 Z, for 1 � i � l.Since �(K) satis�es condition (a), there are yi 2Mwith �i = (yi; p) such that the prime divisors ofthe norm of yi lie in � [ fpg, for 1 � i � l. De-�ne F1 := y�11 : : : y�ll F . Then p does not divide thedeterminant det(F1; L) of F1 on L and all prime di-visors of det(F1; L) either divide det(F;L) or lie in�. Because of condition (b) on � one may choosey 2 M such that yF1 is positive de�nite and theprime divisors of the norm of y lie in �. If theendomorphism ring of L is not the maximal orderM 0 � C, then the form yF1 need not be integralon L. But then there is some m 2 N such thatF 0 :=myF1 is integral on L and the prime divisorsof m divide the group order jGj.In the second case F induces isomorphismsX2i�1 �= HomZp(X2i;Zp):Hence the dual lattice L#(F ) is of the form

L#(F ) = p�1(X1 �X2)� � � � � p�l=2(Xl�1 �Xl)for some �i 2 Z. As in the �rst case one constructsa G-invariant quadratic form F 0 2 F>0(G) integralon L, such that the prime divisors of det(F 0; L)either lie in � or divide det(F;L) and p - det(F 0; L).�As shown by the example of the two r.i.m.f. groups[D120 :C2]16;1 and [D120 :C2]16;2 of GL16(Q) with 4-dimensional spaces of invariant forms, the set �(K)is necessary. The two r.i.m.f. groups leave invari-ant no positive de�nite lattice whose determinantis only divisible by primes < 11. The commutingalgebras of the above two groups are both isomor-phic to Q [p3;p5], a number �eld whose maximalorder contains no totally positive prime elementdividing 11.Theorem 2.2 is applied via the following corol-lary, which is also referred to as the m-parameterargument, where m := [K :Q ] is the dimension ofF(U).
Corollary 2.3. Let U � GLn(Q) be a �nite irreduc-ible matrix group whose commuting algebra C :=CQn�n(U) is commutative. Let L 2 Z(U) be a ZU -lattice and G � GLn(Q) a �nite supergroup of Uacting on L. In the notation of Theorem 2.2, let Kbe the maximal totally real sub�eld of C, and de-note by ~� = ~�(K; jGj) the union of �(K 0) over allsub�elds K 0 of K. Then there exists F 2 F>0(G),primitive on L, such that the prime divisors ofdet(F;L) lie in ~�.
Proof. The commuting algebra of G is a sub�eldof C and its maximal totally real sub�eld K 0 is asub�eld of K. Hence �(K 0)� ~� and the statementfollows from Theorem 2.2. �Another important method deals with primitiver.i.m.f. supergroups G of (reducible) subgroups Nof GLn(Q) containing N as normal subgroup. Theidea is to construct a G-invariant order �0 in theenveloping algebra �N containing the Z-order gen-erated by the matrices in N . Since the Z-modulegenerated by �0 and the matrices in G is again anorder, there is a �0-lattice on which G acts.



172 Experimental Mathematics, Vol. 5 (1996), No. 3We recall the radical idealizer process [Benz andZassenhaus 1985]. Let � be a Z-order in a sim-ple Q-algebra A. The arithmetic (right) radicalARr(�) of � is de�ned as the intersection of allthose maximal right ideals of � that contain thediscriminant ideal of �. The arithmetic radical is afull Z-module inA. Its (right) idealizer Idr(ARr(�))is de�ned as the set of all elements a 2 A suchthat ARr(�)a � ARr(�); this again is a Z-orderin A containing �. The repeated application ofIdr � ARr is called the radical idealizer process. Itconstructs a �nite ascending chain of Z-orders inA. The maximal element (Idr � ARr)1(�) of thischain is necessarily a hereditary order in A [Reiner1975, pp. 356{358].
Definition 2.4. Let N � GLn(Q) be a �nite groupand let F 2 F>0(N). Assume that the algebra�N � Qn�n generated by the matrices in N is sim-ple. Then the natural QN -module Q1�n decom-poses into a direct sum of l copies of an irreducibleQN -module V . Let �0 be the hereditary order in�N obtained applying the radical idealizer processto the order hNiZ. Let L1; : : : ; Ls � V be represen-tatives of the isomorphism classes of the irreduc-ible �0-lattices in V . Then the generalized Bravaisgroup B�(N) of N is de�ned as the set of g 2 �Nsuch that gFgtr = F and Lig = Li for 1 � i � s.
Proposition 2.5 [Nebe and Plesken 1995, II.10]. LetG be a primitive r.i.m.f. group in GLn(Q) with N EG. Then N E B�(N) E G. Moreover , if X isa �nite subgroup of the unit group �N� of �N withN E X, then X � B�(N).This proposition is a good criterion for decidingwhich normal subgroups of primitive r.i.m.f. groupsmay occur. It implies that a primitive r.i.m.f. grouphas no normal subgroup N conjugate to L2(8), 2:Alt8, Alt9, 2:Alt9 or 2:Sp6(2), where the naturalcharacter of N is a multiple of the absolutely irre-ducible rational character of degree 8 of N , sinceN is not normal in B�(N) = 2:O+8 (2):2. CompareTable 4.

3. RESULTS

Theorem 3.1. Up to conjugacy , there are 65 r.i.m.f.subgroups of GL24(Q), of which 41 are primitivegroups. Four r.i.m.f. groups are not absolutely irre-ducible, and three of them even have a two-dimen-sional space of invariant forms. Twenty-eight ofthe r.i.m.f. groups leave modular lattices invariant.These 65 groups are listed in Table 1, whose infor-mation is arranged as follows.In the �rst column, the number of the r.i.m.f.group G = Aut(L) is given, followed by a namefor the group. The imprimitive groups (De�ni-tion 1.14) are the ones denoted by Xkd , where Xd isa name for a primitive r.i.m.f. subgroup of GLd(Q)and dk = 24. The additional abbreviations (s) and(ns) state whether the groupG constructed accord-ing to De�nition 1.9 is split or nonsplit in the senseof De�nition 1.11. I thank a referee who encour-aged me to make the description of some of ther.i.m.f. groups precise in this way.The next three columns of the table give infor-mation about the G-invariant lattice L of minimaldeterminant. First the isomorphism type of L#=Lis given. The information in this column also al-lows us to recover the symbol of the invariant formin the Witt ring W (Q), as proposed in [DeMeyeret al. 1989, p. 9]; see [Plesken and Nebe 1995] and[Nebe 1995]. The next column gives the minimumof the lattice, and the following one the number ofshortest vectors of L decomposed into orbits un-der G. The order of G is then given. The columnheaded \sparse?" shows the primes p for which thegroup G is p-lattice sparse, or the word \yes" if thegroup is lattice sparse. Finally, on lines 42, 59, 60,and 65, the last column gives the isomorphism typeof the commuting algebra of G; for the remaininggroups this information is omitted since they areabsolutely irreducible.The groups are ordered with respect to connectedcomponents in the simplicial complexes M irr24 (Q)andM irr;F24 (Q) [Nebe 1995] and with respect to thedeterminants of an invariant lattice of minimal de-terminant.



Nebe: Finite Subgroups of GL24(Q) 173lattice L detL min jLminj jAut(L)j sparse?1 B24 1 1 48 224 �24! p 6= 22 E38 1 2 720 243 �316 �56 �73 yes3 [2:Co1]24 1 4 196560 222 �39 �54 �72 �11�13�23 yes4 [(SL2(5)� SL2(5)) : 2 2�p5Alt5]24;2(ns) 28 4 3600+8640 29 �33 �53 p 6= 55 F 64 212 2 144 246 �314 �5 yes6 [6:U4(3):2 2�p-3SL2(3)]24 212 4 3024 212 �38 �5�7 p 6= 37 E46 34 2 288 235 �317 �54 yes8 [(�3):PGL2(9)2(2)� SL2(3)]24 34 4 12960+6480+2160 28 �34 �5 p 6= 2; 39 [Sp4(3) 2�p-3(31+2+ : SL2(3))]24 38 4 2160 211 �38 �5 p 6= 310 A122 312 2 72 1212 �12! yes11 [6:U4(3):22]212 312 4 1512 221 �314 �52 �72 yes12 F4 
E6 212 �34 4 864 214 �36 �5 yes13 [31+2+ : SL2(3) 2�p-3SL2(3)]212 212 �38 4 432 215 �310 p 6= 314 [3:S62(2)
D8]24 212 �38 4 144 28 �33 �5 p 6= 315 (A2 
 F4)3 212 �312 4 216 225 �310 yes16 [6:L3(4):22(2)
D8]24 212 �312 8 3024+7560 211 �33 �5�7 yes17 [(SL2(3)� C4):22(3)�@�p-1U3(3)]24 212 �312 8 4536+6048 211 �34 �7 yes18 A24 25 2 600 2�(25!) p 6= 519 A64 56 2 120 228 �38 �57 yes20 M46;2 512 3 80 219 �35 �54 p 6= 221 [(SL2(5) 2� SL2(5)) : 2]38(s) 512 4 360 222 �37 �56 yes22 [2:J2 2� SL2(5)]24(s) 512 8 37800 211 �34 �53 �7 yes23 [�D10 2�p5Alt5]212 28 �56 4 240+600 211 �32 �54 p 6= 524 [SL2(5)2(2)� SL2(3)]212 24 �58 4 720 213 �34 �52 p 6= 225 [SL2(5)2(2)
1;221+40� :Alt5]24 28 �58 6 2400 210 �32 �52 p 6= 226 [(SL2(5)� SL2(5)) : 2 2�p5Alt5]24;1(s) 28 �512 8 1800 29 �33 �53 yes27 F4 
M6;2 28 �512 6 240 210 �33 �5 p 6= 228 [SL2(5) 2�@�1;3(�31+2+ ):GL2(3)]24 38 �512 8 1080 28 �35 �5 p 6= 329 (A2 
M6;2)2 312 �512 6 120 211 �34 �52 yes30 [�3:Alt6 :22]212 312 �512 8 540 213 �36 �52 yes31 A2 
 [SL2(5)2(2)� SL2(3)]12 24 �312 �58 8 1080 27 �33 �5 p 6= 232 A46 74 2 168 223 �39 �54 �74 yes
TABLE 1. The r.i.m.f. groups of degree 24. The meaning of the columns is explained on the preceding page.



174 Experimental Mathematics, Vol. 5 (1996), No. 3lattice L detL min jLminj jAut(L)j sparse? comm. alg.33 [L2(7)2(2)
 F4]24 74 4 1008+3024 211 �33 �7 p 6= 234 (A(2)6 )4 712 4 168 223 �35 �74 yes35 [L2(7)2(2)�@� F4]24 712 8 1008+3024 211 �33 �7 p 6= 236 [L2(7)2(2)
D8]212 212 �74 4 2�336 215 �32 �72 yes37 F4 
A6 212 �74 4 504 211 �34 �5�7 yes38 [L2(7)2(2)�@�D8]212 212 �712 8 2�336 215 �32 �72 yes39 F4 
A(2)6 212 �712 8 504 211 �33 �7 yes40 [SL2(13)2(2)@� SL2(3)]24(s) 1312 12 2�2184+8736 26 �32 �7�13 p 6= 241 [SL2(7) 2�p-7L2(7)]24 26 4 2352+8064+14112 28 �32 �72 p 6= 742 [6:Alt7 : 2]24 212 4 3024 25 �33 �5�7 yes Q[p�6]43 [3:M102(2)�@�p-3SL2(3)]24 212 �512 8 1080 28 �34 �5 p 6= 344 [Alt5 2�p5(C32(2)�@�D8)]24 28 �312 �512 10 144 27 �32 �5 p 6= 245 [3:M102(2)�@�D8]24 212 �312 �512 16 1080+1080 28 �33 �5 yes46 (A2 
A6)2 312 �74 4 252 213 �36 �52 �72 yes47 (A2 
A(2)6 )2 312 �712 8 252 213 �34 �72 yes48 A2 
 [L2(7)2(2)
D8]12 212 �312 �74 8 2�504 28 �32 �7 yes49 A2 
 [L2(7)2(2)�@�D8]12 212 �312 �712 16 2�504 28 �32 �7 yes50 A212 132 2 312 (2�13!)2 �2 yes51 [(�L3(3)):2 2� C3]24 132 4 936+5616+8424 27 �34 �13 p 6= 352 A2 
A12 312 �132 4 468 12�13! yes53 [(�D78):C12]24 312 �132 6 624+936 24 �32 �13 p 6= 1354 A4 
E6 34+ �56+ 4 720 211 �35 �52 yes55 (A2 
A4)3 312+ �56+ 4 180 216 �37 �53 yes56 [�3:PGL2(9) 2�p5D10]24 312+ �56+ 8 2700+2160+1080 27 �33 �52 p 6= 557 A2 
 [�D10 2�p5Alt5]12 28 �312+ �56+ 8 360+900 26 �32 �52 p 6= 558 [�U4(2):2]24 28 �310+ �5+ 6 240+1440 28 �34 �5 p 6= 259 [SL2(7)� ~S4]24 74 4 2�1008+2016 27 �32 �7 p 6= 2 Q[p2]60 [SL2(7) 2�Q16]24 26 �74 4 336 28 �3�7 yes Q[p2]61 M38;3 33+ �79 4 252 216 �34 �73 yes62 A4 
A6 56+ �74+ 4 420 28 �33 �52 �7 yes63 A4 
A(2)6 56+ �712+ 8 420 28 �32 �5�7 yes64 [SL2(11)2(2)�@�p�11SL2(3)]24 212 �1112 12 1320 26 �32 �5�11 p 6= 265 [�L2(11) : 2]24 5�118+ 6 2�220+660 24 �3�5�11 yes Q[p5]
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4. THE R.I.M.F. SUPERGROUPS OF IRREDUCIBLE
CYCLIC GROUPSWe now determine the r.i.m.f. supergroups of theirreducible cyclic groups in GL24(Q). Since 40 ofthe r.i.m.f. subgroups of GL24(Q) contain irreduc-ible cyclic subgroups, Table 2 provides many short-cuts, used in the main proof of the classi�cationtheorem given in Section 6. The table is of inde-pendent interest in view of the study of cyclotomiclattices. Note that the unimodular lattices �xed by

the irreducible cyclic subgroups of GL24(Q) havealready been determined in [Bayer-Fluckiger 1984].Let �1 � U �= Cm be an irreducible subgroupof GL24(Q). Then m = 70, 78, 90, 52, 56, 72,or 84. The isomorphism classes of ZU -lattices inQ1�24 correspond to the ideal classes of the respec-tive cyclotomic �elds Q [�m ]. The respective classnumbers are 1, 2, 1, 3, 2, 3, 1 [Washington 1982].For brevity's sake, we restrict ourselves to a briefdiscussion of the case U �=C78, which illustrates allU � r.i.m.f. supergroupsC70 2, 3, 5, 7 [2:Co1]24; [2:J2 2� SL2(5)]24; A4 
A6; A4 
A(2)6C78 2, 3, 7, 11, 13 [2:Co1]24; [SL2(13)2(2)@�SL2(3)]24; [�L3(3):2 2�C3]24; A2
A12; [(�D78):C12]24C90 2, 3, 5, 7, 13 E38 ; [Sp4(3) 2�p-3(31+2+ : SL2(3))]24; [(SL2(5) 2� SL2(5)) : 2]38;[SL2(5) 2�@�1;3(�31+2+ ):GL2(3)]24; A4 
E6; (A2 
A4)3C52 2, 3, 7, 11, 13 [2:Co1]24; [SL2(13)2(2)@� SL2(3)]24; A212C56 2, 3, 7 [2:Co1]24; [6:U4(3):2 2�p-3SL2(3)]24; [6:U4(3):22]212;[(SL2(3)� C4):22(3)�@�p-1U3(3)]24; A46; [L2(7)2(2)
 F4]24; (A(2)6 )4; [L2(7)2(2)�@� F4]24;[L2(7)2(2)
D8]212; F4 
A6; [L2(7)2(2)�@�D8]212; F4 
A(2)6 ; [SL2(7) 2�p-7L2(7)]24;[SL2(7)� ~S4]24; [SL2(7) 2�Q16]24C72 2, 3 E38 ; F 64 ; [6:U4(3):2 2�p-3SL2(3)]24; E46 ; [Sp4(3) 2�p-3(31+2+ : SL2(3))]24; A122 ;F4 
E6; [31+2+ : SL2(3) 2�p-3SL2(3)]212; (A2 
 F4)3C84 2, 3, 5, 7 [2:Co1]24; [6:U4(3):2 2�p-3SL2(3)]24; [6:U4(3):22]212; [6:L3(4):22(2)
D8]24;[(SL2(3)� C4):22(3)�@�p-1U3(3)]24; [L2(7)2(2)
 F4]24; [L2(7)2(2)�@� F4]24; F4 
A6;F4
A(2)6 ; (A2
A6)2; (A2
A(2)6 )2; A2
 [L2(7)2(2)
D8]12; A2
 [L2(7)2(2)�@�D8]12
TABLE 2. Supergroups of the irreducible cyclic subgroups of GL24(Q). The �rst column gives the irreduciblecyclic subgroup U � GL24(Q), the second column contains a set � of primes, and the last column gives ther.i.m.f. supergroups G of U such that either the prime divisors of jGj or those of the determinant of an integrallattice (L; F ) 2 Z(G)� F>0(G) lie in �. It turns out that this list of r.i.m.f. supergroups in the third columnof the table is complete except for U �= C56, which is also a subgroup of the r.i.m.f. group [2:J2 2� SL2(5)]24.



176 Experimental Mathematics, Vol. 5 (1996), No. 3the di�culties. The other six subgroups U can bedealt with similarly. For a detailed discussion ofall seven cases see [Nebe 1995].Let G be an r.i.m.f. supergroup of U := C78such that either the prime divisors of jGj or thoseof the determinant of an integral lattice (L;F ) 2Z(G) � F>0(G) lie in � := f2; 3; 7; 11; 13g. Sincethe class number of Q [�78 ] is 2 [Washington 1982],there are two isomorphism classes of ZU -latticesin Q1�24 . Representatives L and L0 can be cho-sen such that L contains L0 of index 13. A conve-nient method to see that the two lattices L andL0 are nonisomorphic is to compute the respec-tive Bravais groups, which are B(U;L) �= �D78 andB(U;L0) = U .One �nds a form F0 2 F>0(U) with det(F0; L) =132. The space F(U) may be identi�ed with themaximal totally real sub�eld K := Q [�78 + ��178 ]of Q [�78 ] via the Q-isomorphism K ! F(U) map-ping c to cF0. The positive de�nite forms in F(U)correspond to the totally positive elements in K.By Corollary 2.3, G is of the form G=Aut(F;L)or G = Aut(F;L0) for some F 2 F>0(U) such that

the prime divisors of det(F;L) or det(F;L0) lie inthe �nite set ~� := ~�(K; jGj). With KANT [Pohstet al. 1993] one decides that ~� may be chosen as~� := f2; 3; 7; 11; 13; 17g if jGj only involves theprime divisors 2, 3, 7, 11 and 13. A more detailedanalysis of the decomposition of 17 in the sub�eldsof K shows that the prime 17 can be omitted. Theprimes 2, 7, and 11 are inert in K; 13 is totallyrami�ed since 13 = p1213e for some prime element p13and unit e 2 K, and 3 decomposes as 3 = p23(p03)2for some prime elements p3; p03 2 K. For both lat-tices L and L0 there is an element n 2 NGL24(Z)(U)conjugating the ideal generated by p3 into the onegenerated by p03. There is no totally positive primedividing 3 or 13, but p3, p03 and p13 can be chosensuch that p3p03, p3p13 and p03p13 are totally posi-tive. The set I := fuF0utrF�10 j u 2 Z[�78]�g formsa subgroup of index two in the group of all totallypositive units of the maximal order ofK. Note thatif � denotes the \complex conjugation" in Q [�78 ],that is, the automorphism de�ned by �78 7! ��178 ,then F0utrF�10 = �u for all u 2 Q [�78 ]. Since uis an isometry between the lattices (L; u�ucF0) andF Aut(F;L) Aut(v0F;L) Aut(F;L0) Aut(v0F;L0)F0 G51 4 14976 G51 4 14976 B1 4 936 B1 4 936p213F0 B2 6 8424 B2 6 8424 B1 6 1248 B1 6 1248p413F0 B2 6 156 B2 6 156 G40 12 13104 G40 12 13104p�213 F0 G3 4 196560 G3 4 196560p3p13F0 B3 6 3588 B3 6 3588 B3 8 8190 B3 8 8190p3p313F0 B3 8 468 B3 8 468 B3 10 468 B3 10 468p3p513F0 B3 12 468 B3 12 468p3p�113 F0 B3 4 7020 B3 4 7020 B3 4 468 B3 4 468p23F0 B2 6 2028 B2 6 2964 B4 6 312 B4 6 312p23p213F0 B2 8 468 B2 10 3276 B4 12 2808 B4 12 2808p23p413F0 B2 12 156 B2 12 312 B5 22 13104 B5 22 13104p23p�213 F0 B5 6 26208 B5 6 26208p3p03F0 G52 4 468 G53 6 1560 B6 6 312 B6 6 312p3p03p213F0 B7 8 1170 G53 8 468 B6 12 2028 B6 12 2028p3p03p413F0 B7 12 936 G53 12 156 B6 16 234 B6 16 234p3p03p�213 F0 B6 4 468 B6 4 468
TABLE 3. For each relevant ZC78 lattice, the table shows the corresponding automorphism group, the minimum,and the number of shortest vectors.



Nebe: Finite Subgroups of GL24(Q) 177(L; cF0) for all totally positive c 2K, one only hasto consider representatives of the I-orbits on theset of totally positive elements of K.Let v0 be any totally positive unit of K not con-tained in I. Taking only normalized lattices, oneconcludes that G is one of the groups in Table 3.The subscripts i of the groups Gi refer to thenumber of the r.i.m.f. group Gi in Table 1. Thegroups Bi are not maximal �nite; we haveB1 = C26 :C6 2(2)@� SL2(3);B2 = (�C13 :C3 
 S3):2 with algebra Q [p13];B3 = �C3 2� (C13 :C3) with algebra K 0;B4 = C26 :C6 � SL2(3) with algebra Q [p13];B5 = SL2(13) � SL2(3) with algebra Q [p13];B6 = �C13 :C12 
 C3 with algebra Q [p�3];B7 = �C13 :C12 
 S3 :(Here we give, for the not absolutely irreduciblegroups Bi, the isomorphism type of the commutingalgebra; K 0 means the sub�eld of Q [�78 + ��178 ] with[K 0 :Q ] = 4.)Note that the isometric lattices (L0; p23p�213 F0) and(L0; v0p23p�213 F0) are extremal 3-modular lattices.
5. ESSENTIALLY SEMISIMPLE GROUPSIn this section we determine the primitive r.i.m.f.groups G such that G(1) is an irreducible centralproduct of quasisimple groups.Table 4 summarizes the information that we needfrom the classi�cation of �nite simple groups. Itdisplays all quasisimple groups having an irreduc-ible rational representation of degree d dividing24. A list of candidates for quasisimple normalsubgroups N of the r.i.m.f. groups G � GL24(Q)can be obtained from this table by taking thosegroups N that are normal in their generalized Bra-vais group B�(N) (De�nition 2.4); this group isgiven in the second column. The fourth column�xes the notation for the natural character of N �GLd(Q), used in Section 6. The isomorphism typeof the commuting algebra CQd�d(N) is also given.

The last column refers to the page in [Holt andPlesken 1989] where a detailed description of theZN -lattice in Q1�d may be found.That the table follows from the classi�cation of�nite simple groups and from [Conway et al. 1985]can be seen as follows. In [Landazuri and Seitz1974; Seitz and Zalesskii 1993] it is shown thatmost of the �nite Chevalley groups having a pro-jective representation of degree at most 24 are con-tained in [Conway et al. 1985]. The exceptions are:
1. some linear groups that have no representationof degree d j 24 because of their group order andthe formula in [Schur 1905];
2. the group L2(49), whose 24-dimensional repre-sentation has real Schur index 2; and
3. the group Sp4(7), for which the character �eldof the two conjugate 24-dimensional representa-tions is Q [p�7] [Srinivasan 1968].A case-by-case discussion using Theorem 2.1, Ta-bles 2 and 4, and the inclusions of the �nite sim-ple groups from the lists of maximal subgroups in[Conway et al. 1985] yields the following two propo-sitions:
Proposition 5.1. Let G be a primitive r.i.m.f. sub-group of GL24(Q) such that G(1) is irreducible andquasisimple. Then G is conjugate to one of theseeight r.i.m.f. groups: [2:Co1]24, [6:Alt7 : 2]24, A24,[�U4(2):2]24, [SL2(7) � ~S4]24, [SL2(7) 2� Q16]24,[SL2(13)2(2)@� SL2(3)]24, or [�L2(11) : 2]24.
Proposition 5.2. Let G be a primitive r.i.m.f. sub-group of GL24(Q) such that G(1) is irreducible anda central product of at least two quasisimple groups.Then G is conjugate to one of these r.i.m.f. groups:[SL2(7) 2�p-7L2(7)]24, [(SL2(5)�SL2(5)) : 2 2�p5Alt5]24;2,[2:J2 2� SL2(5)]24, [(SL2(5) � SL2(5)) : 2 2�p5Alt5]24;1,A4 
E6, A4 
A6, or A4 
A(2)6 .As a referee pointed out, one might think thatother elements of the Suzuki chain in the Conwaygroup might give rise to r.i.m.f. groups G isoclinicto a maximal subgroup of [2:Co1]24. That only the



178 Experimental Mathematics, Vol. 5 (1996), No. 3N B�(N) d character comm. alg. pageAlt5 �S5 4 �4 Q 272Alt5 �Alt5 6 �3a + �3b Q[p5] 273SL2(5) SL2(5) 8 2(�2a + �2b) Qp5;1;1 275SL2(5) SL2(9) 8 2�4 Q1;3 274SL2(5) SL2(5) 12 2�6 Q1;2L2(7) �L2(7) 6 �3a + �3b Q[p�7] 290L2(7) �L2(7) 6 �6 Q 291L2(7) �L2(7) : 2 8 �8 Q 293SL2(7) SL2(7) 8 �4a + �4b Q[p�7] 295SL2(7) SL2(7) 24 2(�6a + �6b) Qp2;1;1SL2(9) SL2(9) 8 2�4a or 2�4b Q1;3 3113:Alt6 �3:Alt6 12 �3a + �03a + �3b + �03b Q[p5;p�3]3:Alt6 �3:Alt6 12 �6 + �06 Q[p�3]6:Alt6 6:Alt6 24 �6a + �06a + �6b + �06b Q[p2;p�3]L2(8) 2:O+8 (2):2 8 �8 Q 328L2(11) �L2(11) : 2 24 �12a + �12b Q[p5]SL2(11) SL2(11) 12 �6a + �6b Q[p�11]SL2(13) SL2(13) 24 2(�6a + �6b) Qp13;1;1Alt7 �S7 6 �6 Q 3162:Alt7 2:Alt7 8 �4a + �4b Q[p7] 3173:Alt7 6:U4(3):2 12 �6 + �06 Q[p�3]6:Alt7 6:Alt7 24 �6a + �06a + �6b + �06b Q[p2;p�3]L3(3) �L3(3) 12 �12 QU3(3) �U3(3) 12 2�6 Q1;3SL2(23) SL2(23) 24 �12a + �12b Q[p�23]SL2(25) SL2(25) 24 2�12 Q1;52:Alt8 2:O+8 (2):2 8 �8 Q 3206:L3(4) 6:L3(4) 12 �6 + �06 Q[p�3]U4(2) �U4(2) : 2 6 �6 Q 336U4(2) �U4(2) : 2 24 �24 QSp4(3) Sp4(3)� C3 8 �4a + �4b Q[p�3] 338U3(4) 2:G2(4) 24 2�12 Q1;22:M12 2:M12 12 �12 QAlt9 2:O+8 (2):2 8 �8 Q 3232:Alt9 2:O+8 (2):2 8 �8 Q 3242:J2 2:J2 24 2(�6a + �6b) Qp5;1;12:Sp6(2) 2:O+8 (2):2 8 �8 Q 3406:U4(3) 6:U4(3):2 12 �6 + �06 Q[p�3]2:O+8 (2) 2:O+8 (2):2 8 �8 Q 3412:G2(4) 2:G2(4) 24 2�12 Q1;2Alt13 �S13 12 �12 Q6:Suz 6:Suz 24 �12 + �012 Q[p�3]2:Co1 2:Co1 24 �24 QAlt25 �S25 24 �24 Q
TABLE 4. The quasisimple irreducible rational matrix groups of degree d j 24. The meaning of the columns isexplained in the second paragraph of Section 5.



Nebe: Finite Subgroups of GL24(Q) 179group [2:J2 2� SL2(5)]24 turns up is explained byLemma 1.12, since the unique subgroup of indextwo in the other absolutely irreducible maximalsubgroups of [2:Co1]24 corresponding to elementsof the Suzuki chain is uniform.
6. PROOF OF THEOREM 3.1We now complete the proof of the classi�cationin Theorem 3.1. The primitive r.i.m.f. groups arebuilt up using normal subgroups. Therefore theproof is organized according to the possibilities for

normal p-subgroups of the r.i.m.f. groups. The dif-ferent primes p are dealt with in decreasing order,always assuming that p is the biggest prime withOp(G) 6= 1. The ordering of the case-by-case dis-cussion is adapted to the one in Table 5. In par-ticular, the �rst eight possibilities for O2(G) areexcluded in Lemma 6.14 by a uniform argument.
Theorem 6.1. Let G be a primitive r.i.m.f. group inGL24(Q) and let p is a prime such that N :=Op(G)is nontrivial. Then N is one of the groups listed inTable 5.N B�(N) degQ comm. alg. Out(N)C13 �N 12 Q[�13 ] C12C7 �N 6 Q[�7 ] C6C5 �N 4 Q[�5 ] C4C9 �N 6 Q[�9 ] C631+2+ �N : SL2(3) 6 Q[p�3] GL2(3)C3 �N 2 Q[p�3] C2Q8 �Q8 
D8 N :Alt8 8 Q S8Q8 �Q8 
 C4 N :S6 8 Q[p�1] S6 � C2Q16 �Q8 N :S3 8 Q[p2] S3 � C2 � C2QD16 
p-2Q8 N :S3 8 Q[p�2] S3 � C2Q8 
p-1C8 N :S3 8 Q[�8 ] S3 � C2 � C2D32 N 8 Q[�16 + ��116 ] C4 � C2QD32 N 8 Q[�16 � ��116 ] C4C16 N 8 Q[�16 ] C4 � C2D8 
Q8 N :Alt5 8 Q1;2 S5Q8 �Q8 N : (S3 � S3) = Aut(F4) 4 Q S3 o C2Q8 � C4 N :S3 4 Q[p�1] S3 � C2Q16 N 8 Qp2;1;1 C2 � C2D16 N 4 Q[p2] C2 � C2QD16 N 4 Q[p�2] C2C8 N 4 Q[�8 ] C2 � C2Q8 N :C3 4 Q1;2 S3D8 N 2 Q C2C4 N 2 Q[p�1] C2C2 N 1 Q 1

TABLE 5. The �rst column shows the possibilities for the normal p-subgroups N of G. The second gives thegroup B�(N) (De�nition 2.4), which is, according to Proposition 2.5, also a normal subgroup of G. Columns 3and 4 allow us to restrict the possibilities for the centralizer CG(N) = CG(B�(N)). Since G=NCG(N) embedsin the outer automorphism group Out(N) of N , this group is given in the last column.
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Proof. Let G � GL24(Q) be primitive and let pbe a prime such that N := Op(G) 6= 1. It fol-lows from Remark 1.15 that all abelian charac-teristic subgroups of N are cyclic. The possiblep-groups with this property were classi�ed by P.Hall [Huppert 1967, p. 357], and are either cyclic,extraspecial of exponent p, or central products ofa cyclic and an extraspecial group. For p= 2 therealso occur dihedral, quasidihedral, and quaterniongroups, and central products of these groups withextraspecial groups. Remark 1.15 also implies thatp�1 divides 24, so that p 2 f2; 3; 5; 7; 13g. Since24 is not divisible by 5, 7, or 13, one has N = Cp,if p = 5, 7, or 13. In the case p = 3, either thedegree of the irreducible constituents of the natu-ral representation of N is 2 and N �= C3, or thedegree is 6 and N is isomorphic to C9 or 31+2+ . Inthe case p = 2 the degree of the irreducible con-stituents of the natural representation of N divides8 and the Theorem of P. Hall implies that N is oneof the 2-groups in Table 5. The groups B�(N) canbe obtained by considering the lattice of invariantlattices in the irreducible constituent module of thenatural QN -module in the respective cases. �We now consider the various possibilities for prim-itive r.i.m.f. groups G, according to the highest psuch that Op(G) 6= 1.
Case O13(G) 6= 1

Proposition 6.2. If G is a primitive r.i.m.f. group ofdegree 24 with O13(G) 6= 1, then G is conjugate to[(�D78):C12]24 and has a presentationG = ha; b; c ja78; b2; ab = a�1; c12; ac = a67; [b; c] = a23i:
Proof. Let G be a primitive r.i.m.f. group of de-gree 24 with O13(G) 6= 1. Theorem 6.1 impliesthat O13(G) �= C13. Since the centralizer C :=CG(O13(G)) embeds in GL2(Q [�13 ]), it is soluble.Moreover Op(G) = 1 for p 6= 2; 3; 13 and O2(G) �O3(G) = O2(C) �O3(C) is one of these groups: C2,C4, D8, Q8, or C6. Hence the prime divisors of jGjare contained in f2; 3; 13g. If O2(G) � O3(G) 6= �1

then G contains an irreducible subgroup �= C52 orC78. Table 2 implies G = [(�D78):C12]24 in thiscase.Otherwise O2(G) � O3(G) = �1 and C �= C26is a reducible normal subgroup of G. The factorgroup G=C is isomorphic to a subgroup of C12 =Aut(C13). The split extension C26 :C12 is reducibleand the unique maximal nonsplit extension C26 :C12 is a proper subgroup of [SL2(13)2(2)@� SL2(3)]24.�
Case O7(G) 6= 1, O13(G) = 1

Proposition 6.3. All primitive r.i.m.f. groups G �GL24(Q) satisfy O7(G) = 1.
Proof. LetG be a primitive r.i.m.f. group of GL24(Q)with O7(G) 6= 1. Theorem 6.1 implies O7(G) �=C7. The centralizer C := CG(O7(G)) embeds inGL4(Q [�7 ]) and hence Op(G) = Op(C) = 1 for allprimes p > 7.If C is insoluble, C contains one of these �vegroups as its normal subgroup C(1): Alt5, SL2(5),SL2(7), SL2(9), or 2:Alt7 (see Table 4). In the �rst,second, and fourth cases G contains an irreduciblesubgroup �=C70 and the prime divisors of jGj are 2,3, 5, and 7. Table 2 then shows that O7(G) = 1. Inthe third case G contains an irreducible subgroup�= C56 and the prime divisors of jGj are 2, 3, and7. Table 2 then shows that O7(G) = 1 again.Also in the last case G contains an irreduciblesubgroup �=C56 but 5 divides the order of G. SinceO7(G)C(1) is irreducible modulo 5, the determi-nants det(F;L) are not divisible by 5 for all(L;F ) 2 Z(O7(G)C(1))� F(O7(G)C(1))with F primitive on L. Hence Table 2 shows thatO7(G) = 1 also in this case.Now assume that O5(C) = O5(G) > 1. ThenO5(G) �= C5 and G contains an irreducible self-centralizing normal subgroup �= C70. Hence theonly primes dividing jGj are 2, 3, 5, and 7, andagain Table 2 shows that O7(G) = 1.Now let O3(C) = O3(G) > 1. Then O3(G) �= C3and G contains a normal subgroup N �= C21. The



Nebe: Finite Subgroups of GL24(Q) 181centralizer CG(N) embeds in GL2(Q [�21 ]), hence issoluble, and O2(G) = O2(CG(N)) is one of C2, C4,D8, or Q8.In the last three cases, G contains an irreduciblesubgroup �= C84. Since jGj is only divisible by theprimes 2, 3, and 7, Table 2 shows that O7(G) = 1.If O2(G) =C2, G contains a self-centralizing nor-mal subgroup Z �= C42. The factor group G=Z isisomorphic to a subgroup of C6�C2. Since the splitextension Z : (C6�C2) is reducible, the primitivityof G implies that 22 divides G :Z and every sub-group of index 2 of G is nonsplit over Z. But theunique maximal extension with these properties isimprimitive too, since it contains the reducible nor-mal subgroup C7 :C3 
 ~S3 of index 2.Next assume that C is soluble and O5(C) =O3(C) = 1. Then O2(G) = O2(C) is one of C2, C4,D8, Q8, C8, D16, Q16, QD16, Q8 �C4, or Q8 �Q8.In the �rst case C14 is a reducible self-centralizingnormal subgroup of G and G is reducible. In cases5{8, G contains a self-centralizing irreducible nor-mal subgroup �= C56 and is not maximal �nite byTable 2. In the second and third cases, O7(G) �O2(G) = :N E G is a reducible normal subgroupof index � 6 in G. Since the unique extension N :C3 is reducible this contradicts the primitivity ofG.Now assume that N := O2(G) � O7(G) is iso-morphic to Q8 
 C7. Since Q [�7 ] does not splitthe quaternion algebra Q1;2, N is irreducible withcommuting algebra CQ24�24(N) �= Q�7;2;2 and has a12-dimensional space of invariant forms. The Bra-vais group B of a normal critical lattice is B :=C7 
 SL2(3) and has the same commuting algebraas N . Consider two cases:
(a) 32 divides jGj: Then O2;7;3(G) is conjugate toC7 :C3
SL2(3) and has a 4-dimensional space ofinvariant forms. The Bravais group of a normalcritical lattice is L2(7) 
 SL2(3), contradictingthe assumption O7(G) = C7.
(b) 32 does not divide jGj: Then B is a normal sub-group of G with G=B � C2 �C2. If G=B �= C2,G is not maximal, since we have, for example,

G < G :C3 � GL24(Q). Hence G=B �= C2 � C2and G contains an irreducible subgroup �= C56.Since the prime divisors of jGj are 2, 3, and 7,Table 2 shows that O7(G) = 1.Next assume that O2(G)�O7(G) = D8 
 C28 = :N E G. Then B�(N) = C7 
 (SL2(3)� C4):2 E Gand hence G contains an irreducible subgroup �=C84. Since the prime divisors of jGj are 2, 3, and7, Table 2 shows that O7(G) = 1.If O2(G)�O7(G) =Q8�Q8
C7= :N EG, thenB�(N) =F4
C7EG andG contains an irreduciblesubgroup �=C84. Since the prime divisors of jGj are2, 3, and 7, Table 2 shows that O7(G) = 1. �
Case O5(G) 6= 1, O13(G) = O7(G) = 1

Lemma 6.4. Let G be an r.i.m.f. group of degree 24containing a subgroup U conjugate to C15 
p5Alt5.Assume that the prime divisors of jGj lie in theset f2; 3; 5; 7g, or that there is a lattice (L;F ) 2Z(G) � F>0(G) with F integral on L, such thatthe prime divisors of det(F;L) lie in f2; 3; 5; 7g.Then G is one of the following six r.i.m.f. groups:[2:Co1]24, [(SL2(5)� SL2(5)) : 2 2�p5Alt5]24;2,[2:J2 2� SL2(5)]24, [(SL2(5) � SL2(5)) : 2 2�p5Alt5]24;1,A2 
 [�D10 2�p5Alt5]12, or [�3:PGL2(9) 2�p5D10]24.
Proof. The commuting algebra of U is isomorphic toQ [�15 ] and U �xes up to isomorphism four latticesL1; : : : ; L4. The Bravais group B(U;L1) =B(U;L4)is conjugate to �D30 2�@�p5 Alt5, and B(U;L2) andB(U;L3) are both conjugate to �3:Alt6 2�p5C5. Us-ing the 4-parameter argument (see Corollary 2.3and the paragraph before it), one �nds that ther.i.m.f. supergroups of U are conjugate to A2 
[�D10 2�p5 Alt5]12, [(SL2(5) � SL2(5)) : 2 2�p5Alt5]24;1,or [(SL2(5)� SL2(5)) : 2 2�p5Alt5]24;2 (on L1 and L4),or [2:Co1]24, [2:J2 2� SL2(5)]24, or [�3:PGL2(9) 2�p5D10]24 (on L2 and L3). �
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Lemma 6.5. Let G be an r.i.m.f. group of degree 24containing a subgroup U conjugate to C20 
p5Alt5.Assume that the prime divisors of jGj lie in theset f2; 3; 5; 7g, or that there is a lattice (L;F ) 2Z(G)�F>0(G) with F integral on L, such that theprime divisors of det(F;L) lie in f2; 3; 5; 7g. ThenG is one of these �ve r.i.m.f. groups: [2:Co1]24,[(SL2(5)� SL2(5)) : 2 2�p5Alt5]24;2, [2:J2 2� SL2(5)]24,[�D10 2�p5Alt5]212, or [(SL2(5)�SL2(5)) : 2 2�p5Alt5]24;1.
Proof. Similar to the proof of Lemma 6.4. �
Proposition 6.6. Let G � GL24(Q) be a primitiver.i.m.f. group with O5(G) > 1. Then O5(G) = C5and G is conjugate to either A2 
 [�D10 2�p5Alt5]12or [�3:PGL2(9) 2�p5D10]24.
Proof. Let G � GL24(Q) be a primitive r.i.m.f.group with O5(G) > 1. Theorem 6.1 implies thatO5(G) �= C5. Moreover the centralizer CG(O5(G))embeds in GL6(Q [�5 ]).Because of Proposition 6.3 one has O7(G) = 1.Hence Op(G) = 1 for all primes p > 5.Assume �rst that O3(G)> 1. Then Theorem 6.1implies that O3(G) �= C3, C9, or 31+2+ .In the second case G contains an irreducible self-centralizing normal subgroup �= C90, and Table 2then shows that O5(G) = 1.In the third case G has a normal subgroupBo(O5(G)
O3(G)) �= �C5 
 31+2+ : SL2(3):Hence G contains an irreducible subgroup �= C90.Since the prime divisors of jGj are 2, 3, and 5,Table 2 then shows that O5(G) = 1.Now assume O3(G) �= C3. SinceC := CG(O3(G)�O5(G))embeds in GL3(Q [�15 ]), the last term of the de-rived series C(1) of C is one of 1, Alt5, or 3:Alt6(see Table 4). Furthermore G=C is isomorphic toa subgroups of Aut(C15) = C4 �C2.

In the �rst case C is soluble, hence equal to �=C30, and its irreducible constituents are of degree8. Since G=C is a 2-group, G is reducible.In the other two cases, G contains a subgroup Uconjugate to C15
p5Alt5. Hence Lemma 6.4 impliesthat G is conjugate to A2
 [�D10 2�p5Alt5]12 or [�3:PGL2(9) 2�p5D10]24.Now let O3(G) = 1. Then, by Theorem 6.1,O2(G) is isomorphic to C2, C4, D8, or Q8. In allcases the centralizer C := CG(O2(G) � O5(G)) isnot soluble, because otherwise G contains a self-centralizing normal subgroup B := B�(O2(G)) �O5(G) conjugate to C10, C20, C5 
 D8, or C5 
p50SL2(3). The irreducible constituents of B are ofdegree 4 or 8 over Q . Since B is of 2-power indexin G this implies that G is reducible.If O2(G) 6= C2, then C embeds in GL3(Q [�20 ]) orGL3(Q [�5 ]), and G contains a subgroup C20
p5Alt5,contradicting Lemma 6.5.Hence O2(G) = �1 �= C2 andC := CG(O5(G)) ,! GL6(Q [�5 ])is a normal subgroup of index 1, 2, or 4 in G. Ta-ble 4 implies that C(1) is one of the matrix groupsAlt5, SL2(5) (2 groups), Alt5 
p5 SL2(5), L2(7) (2groups), Alt7, U3(3), U4(2), or 2:J2. We take thecases separately.Assume �rst C(1) �= Alt5. Then N := �O5(G)�C(1) is reducible. The outer automorphism groupof N is isomorphic to C4�C2. Since G is primitive,N is of index 4 or 8 in G. In particular, there isan element x 2 G (of order 2 or 4) centralizingC(1) and inducing the automorphism of order 2on O5(G).If x is of order 2, the group hN;xi � �Alt5 
D10 is still reducible. Hence G :N = 8 and U :=�Alt5
 (C5 :C4) is an irreducible normal subgroupof index 2 in G. The Bravais group of a normalcritical ZU -lattice is conjugate to (�Alt5
p5D10) oC2contradicting the primitivity of G.



Nebe: Finite Subgroups of GL24(Q) 183Hence x is of order 4 and G contains an irreduc-ible subgroup U := hN;xi �Alt5
p5Q20. Using The-orem 2.1 one gets a contradiction to C(1) �= Alt5.Now assume that C(1) is conjugate to SL2(5),where the restriction of the natural character ofG to C(1) is 6(�2a + �2b). Then G contains thereducible normal subgroupN :=O5(G)�C(1) withindex a 2-power. Since the irreducible constituentsof N are of degree 8, G is reducible.If instead C(1) is conjugate to SL2(5), where therestriction of the natural character of G to C(1) is4�6, then N := O5(G) � C(1) is an irreduciblenormal subgroup of G. The Bravais group of Nof a normal critical lattice is conjugate to Alt5 
p5(SL2(5) � SL2(5)) : 2, contradicting the fact thatC(1) �= SL2(5).If C(1) is conjugate to Alt5 
p5 SL2(5) or 2:J2,then G(1) is irreducible and Proposition 5.2 or 5.1yield a contradiction to O5(G) = C5.If C(1) = U4(2), then N := O5(G) � C(1) isalready irreducible with commuting algebraCQ24�24(N) �= Q [�5 ]:Using the 2-parameter argument one �nds that Gis a proper subgroup of A4 
E6.In the remaining cases G contains an irreduciblesubgroup �= C70. Since 2; 3; 5, and 7 are the onlyprime divisors of jGj, one gets a contradiction withTable 2. �
Case O3(G) 6= 1, O13(G) = O7(G) = O5(G) = 1

Proposition 6.7. All primitive r.i.m.f. groups G �GL24(Q) satisfy O3(G) 6�= C9.
Proof. Let G be an r.i.m.f. group of degree 24 withO3(G) = C9. Because of Proposition 6.6 one hasOp(G) = 1 for all primes p > 3. Since the central-izer C := CG(O3(G)) embeds in GL4(Q [�9 ]), thepossibilities for C(1) are 1, Alt5, SL2(5), SL2(9),or Sp4(3) (see Table 4).In all cases where C(1) 6=1, the groupG containsan irreducible subgroup �= C90. Since 2, 3, and 5

are the only prime divisors of jGj, the assumptionO3(G) �= C9 contradicts Table 2.If C(1)= 1 then G is soluble and the possibilitiesfor O2(G) are C2; C4; D8; Q8; C8; D16; Q16; QD16;Q8 � C4; Q8 �Q8, and D8 
Q8.In the last seven cases the normal subgroupB�(O2(G))�O3(G) E Gcontains an irreducible subgroup �= C72 (or �= C90in the last case). Since the prime divisors of jGjare 2 and 3 (also 5 in the last case) one gets acontradiction to Table 2.If O2(G) is isomorphic to C2, C4, or D8, thenAut(O2(G)) is a 2-group. Therefore G containsthe reducible normal subgroup O2(G) � O3(G) ofindex 2 and hence is imprimitive.Finally assume that O2(G) �= Q8. Then B :=B�(O2(G)) 
p-3C9 E G is a reducible normal sub-group of G. The factor group G=B is isomor-phic to a subgroup of Out(B) �= C2 � S3. SinceO3(G) �= C9 and O3(G=B) centralizes the nor-mal subgroup B�(O2(G)) it follows that 3 - [G :B].Hence the primitivity of G implies that G=B �=C2 � C2. Therefore CG(O3(G)) is isomorphic toone of GL2(3) � C9 or ~S4 � C9. In particular Gcontains an irreducible subgroup �= C72. Since 2and 3 are the only prime divisors of jGj, one getsa contradiction to Table 2. �
Proposition 6.8. Let G � GL24(Q) be a primitiver.i.m.f. group with O3(G)�= 31+2+ . Then G is either[Sp4(3) 2�p-3(31+2+ : SL2(3))]24 or [SL2(5) 2�@�1;3 (�31+2+ ):GL2(3)]24.
Proof. Let G be an r.i.m.f. group of degree 24 withO3(G) = 31+2+ . Since B�(O3(G)) = 31+2+ : SL2(3)EGcontains a subgroup �= C9, the same argumentsas in the proof of Proposition 6.7 show that G isconjugate to one of the two desired groups. �
Lemma 6.9. Let G be a primitive r.i.m.f. group ofdegree 24 with O3(G) = C3. Then O2(G) is one ofC2, C4, D8, or Q8.
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Proof. Let G be a primitive r.i.m.f. group of de-gree 24 with O3(G) = C3. The centralizer C :=CG(O3(G)) embeds in GL12(Q [�3 ]) and is a normalsubgroup of index � 2 in G. The primitivity of Gimplies that C is irreducible. According to Theo-rem 6.1, the possibilities for O2(G) = O2(C) areC2, C4, D8, Q8, C8, D16, QD16, Q8 �C4, Q8 �Q8,Q16, or D8 
Q8.Let B := B�(O2(G)) � O3(G). If O2(G) is notconjugate to one of the four groups of the lemma,N := CG(B) embeds in GL3(Q [p�3; �8]). In par-ticular, N is soluble and Op(N) = 1 for all primesp > 3. Hence N � B and B is a normal subgroupof 2-power index in G. Since 3 does not dividethe degrees of the irreducible constituents of thenatural representation of B, this implies that G isreducible. �Using the 2-parameter argument one gets the fol-lowing two lemmas:
Lemma 6.10. Let G�GL24(Q) be an r.i.m.f. group.If G contains a subgroup conjugate to SL2(5) : 2 
C3, then G is one of these three groups: [(SL2(5)�SL2(5)) : 2 2�p5Alt5]24;1, [SL2(5)2(2)� SL2(3)]212, or A2 
[SL2(5)2(2)� SL2(3)]12.
Lemma 6.11. Let G�GL24(Q) be an r.i.m.f. group.If G contains a subgroup conjugate to SL2(5):2
C3(nonsplit extension), then G is one of these �vegroups: [2:Co1]24, [(SL2(5)� SL2(5)) : 2 2�p5Alt5]24;2,[6:Alt7 : 2]24, [SL2(5)2(2)� SL2(3)]212, or[SL2(5)2(2)
1;221+40� :Alt5]24.
Proposition 6.12. Let G be a primitive r.i.m.f. groupof degree 24 with O3(G) �= C3 and O2(G) > �1.The possibilities for G are [6:U4(3):2 2�p-3SL2(3)]24,[(�3):PGL2(9)2(2)� SL2(3)]24, [3:S62(2)
D8]24,[6:L3(4):22(2)
D8]24, [3:M10 2�@�p-3SL2(3)]24,A2 
 [SL2(5)2(2)� SL2(3)]12, [Alt5 2�p5(C3 2(2)�@�D8)]24,

[3:M10 2(2)�@�D8]24, A2 
 [L2(7)2(2)
D8]12, orA2 
 [L2(7)2(2)�@�D8]12.
Proof. Because of Proposition 6.2 and 6.3 we haveOp(G) = 1 for all primes p > 3. Lemma 6.9 impliesthat O2(G) is one of the three groups C4, D8, orQ8. Let N := O2(G) � O3(G). As in the proofof Lemma 6.9 one gets that C := CG(N) is notsoluble. Hence C(1) is one of Alt5, SL2(5), L2(7)(2 matrix groups), 3:Alt6 (2 matrix groups), Alt7,3:Alt7, U3(3), 6:L3(4), U4(2), or 6:U4(3) (see Ta-ble 4).If C(1) is isomorphic to one of L2(7), Alt7, 3:Alt7, U3(3), 6:L3(4), or 6:U4(3), the group G con-tains an irreducible subgroup �= C84. Since allprimes dividing jGj are � 7, Table 2 implies thatG is conjugate to one of [6:U4(3):2 2�p-3SL2(3)]24,[6:L3(4):22(2)
 D8]24, A2 
 [L2(7)2(2)
 D8]12, or A2 
[L2(7)2(2)�@�D8]12.Now assume that C(1) �= Alt5. If O2(G) �=C4 or D8, then G contains an irreducible normalsubgroup conjugate to Alt5 
 C12. Using the 4-parameter argument one �nds that G is conjugateto [Alt5 2�p5(C32(2)�@�D8)]24. If O2(G)�=Q8, then G con-tains an irreducible normal subgroup conjugate toAlt5
SL2(3)�C3. The Bravais group of a normalcritical lattice is conjugate to F4
Alt5 contradict-ing O3(G) > 1.Now let C(1) �= SL2(5). If O2(G) �= C4, or D8,then G contains an irreducible normal subgroupconjugate to SL2(5)
p-1C12. The Bravais group of anormal critical lattice is conjugate to 210 :Alt6 :22 2
C12, contradicting the primitivity of G. If, on theother hand, O2(G)�=Q8, thenG contains a uniformnormal subgroup conjugate to SL2(5) 
p-3SL2(3) �C3. In this case one �nds that G is conjugate toA2 
 [SL2(5)2(2)� SL2(3)]12Next assume that C(1) �= 3:Alt6, where the nat-ural character of C(1) is 2(�3a + �03a + �3b + �03b).Then G contains a subgroup 3:Alt6 
 C4. An ap-plication of the 4-parameter argument yields the



Nebe: Finite Subgroups of GL24(Q) 185conclusion that G is one of [3:M10 2�@�p-3SL2(3)]24 or[3:M10 2(2)�@�D8]24.Assume instead that C(1) �= 3:Alt6, where thenatural character of C(1) is 2(�6+�06). If O2(G)�=C4 or D8, then G has an irreducible normal sub-group 3:Alt6
C4. With the 2-parameter argumentone �nds that G is conjugate to [3:S62(2)
 D8]24. IfO2(G) �= Q8, then G has a uniform normal sub-group 3:Alt6 
p-3SL2(3). One �nds that G is conju-gate to [(�3):PGL2(9)2(2)� SL2(3)]24.Finally assume that C(1)�=U4(2). If O2(G)�=C4or D8, then G has an irreducible normal subgroupU4(2) 
 C12. The Bravais group of a normal criti-cal lattice is 6:U4(3):2 2� C4 contradicting C(1) �=U4(2). If O2(G) �= Q8, then G has a uniform nor-mal subgroup U4(2) 
 SL2(3) � C3, whose r.i.m.f.supergroups are E6
F4 and [6:U4(3):2 2�p-3SL2(3)]24,a contradiction with either O3(G) �= C3 or C(1) �=U4(2). �
Proposition 6.13. If G � GL24(Q) is a primitiver.i.m.f. group with O3(G) �= C3 and O2(G) = �1,then G is conjugate to one of these six groups: [6:Alt7 : 2]24, [�3:PGL2(9) 2�p5D10], A2
[�D10 2�p5Alt5]12,[(�L3(3)):2 2� C3]24, A2 
A12, or [(�D78):C12]24.
Proof. If O13(G)> 1, Proposition 6.2 implies that Gis conjugate to [(�D78):C12]24. Because of Propo-sition 6.3 one has O7(G) = 1. If O5(G)> 1, Propo-sition 6.6 implies that G is conjugate to either [�3:PGL2(9) 2�p5D10] or A2 
 [�D10 2�p5Alt5]12. Assumefor the rest of the proof that Op(G) = 1 for allprimes p > 3. The centralizer C := CG(O3(G)) em-beds in GL12(Q [�3 ]) and, being a normal subgroupof index � 2 in G, it is an irreducible subgroupof GL24(Q). The last term of the derived seriesC(1) is a central product of quasisimple groupswith center � C6. Let � denote the natural repre-sentation of G. The primitivity of G implies that�jC(1) = k � � for some rational irreducible repre-sentation �:C(1) ! GLd(Q) with d = 24=k.

Since all subgroups of GL3(Q) are soluble, d > 3.If d = 4, then C(1) is conjugate to Alt5 and Cis reducible.If d= 6, the possibilities for C(1) are Alt5; L2(7)(2 matrix groups), Alt7, or U4(2).In all cases the index of N := B�(C(1))
O3(G)divides the order of Out(C(1)O3(G)), which di-vides 4. Hence G :N = 4, and all proper super-groups of N (in particular C) are irreducible. SinceC(1) 
 S3 is reducible, G contains the irreduciblenormal subgroupM := C(1)CG(C(1)) �= C(1) � ~S3of index 2.If C(1) �= Alt5, then C �= (�Alt5):2 � C3 is re-ducible and hence G is imprimitive.Now assume C(1) �= L2(7), where the naturalcharacter of C(1) is 4(�3a + �3b). Since Q [p�7]splits the quaternion algebra Q1;3 the group M isreducible and hence G is imprimitive.If C(1) �= L2(7), where the natural character ofC(1) is 4�6, then M is conjugate to L2(7) 
 ~S3and already uniform. One �nds that the r.i.m.f.supergroups are [6:U4(3):22]212, (A2 
 A6)2, andA2 
 [L2(7)2(2)
D8]12, contradicting O2(G)O3(G) =C6.In the last two cases, C(1) �= Alt7 or U4(2), weget N �= �S7 � C3 or N �= �U4(2) : 2 � C3, respec-tively, so N is reducible and G is imprimitive.Now consider the case d=8. Table 4 implies thatC(1) is conjugate to one of SL2(5), SL2(5)�SL2(5),SL2(9), or Sp4(3). In all cases Out(O3(G)�C(1))is a 2-group, and therefore G is reducible.If d = 12, Table 4 implies that the possibili-ties for C(1) are SL2(5), 3:Alt6 (2 matrix groups),SL2(11), L3(3), U3(3), 6:L3(4), 2:M12, 6:U4(3), orAlt13.If C(1) �= SL2(5), then C is conjugate to eitherSL2(5) : 2
C3 or SL2(5):2
C3. Using Lemma 6.10or 6.11, respectively, we obtain a contradiction withC(1) �= SL2(5).If C(1) �= 3:Alt6 then C(1) = O3(G)C(1) andG=�C(1) is isomorphic to a subgroup of the group



186 Experimental Mathematics, Vol. 5 (1996), No. 3Out(C(1)) �= C2 � C2. If the natural characterof C(1) is 2(�3a + �03a + �3b + �03b), then C(1)is reducible and the primitivity of G implies thatG=(�C(1)) is isomorphic to C2�C2. In particularG contains one of the isoclinic groups �(3:S6) or�3:S6 of index 2. Since both groups are reduciblethis contradicts the primitivity of G.If the natural character of C(1) is 2(�6 + �06),then again C(1) is reducible and as above G con-tains one of the isoclinic groups �(3:S6) or �3:S6of index 2. Since the split extension �(3:S6) is re-ducible, G contains the uniform group U := �3:S6.The only primitive r.i.m.f. supergroup of U is [3:S62(2)
D8]24, contradicting O2(G) = �1.Now assume that C(1) �= SL2(11). Then N :=C(1)O3(G) = SL2(11)
C3 is an irreducible normalsubgroup of G. Using the 2-parameter argumentone gets that the r.i.m.f. supergroups of N are con-jugate to [2:Co1]24, A122 , or [SL2(11) 2(2)�@�p-11SL2(3)]24,contradicting O3(G) �= C3.If C(1) �= L3(3), then C(1) 
 C3 is already uni-form and its r.i.m.f. supergroups are conjugate to[2:Co1]24, A2 
A12, or [(�L3(3)):2 2� C3]24. HenceG is conjugate to [(�L3(3)):2 2�C3]24 in this case.In the case C(1) �= U3(3) the group C has tobe isomorphic to the nonsplit extension (�U3(3)):2 � C3, because the split extension U3(3) : 2 � C6is reducible. Using the 2-parameter argument one�nds that the r.i.m.f. supergroups of C are con-jugate to [2:Co1]24, [6:U4(3):22]212, [(SL2(3)�C4):22(3)�@�p-1U3(3)]24, or [6:U4(3):2 2�p-3SL2(3)]24, which is acontradiction.Next assume that C(1) �= 6:L3(4). Then C(1) =C(1)O3(G) is reducible and G=C(1) �= C2 � C2.Hence G contains one of the isoclinic groups U1 :=6:L3(4) : 22 or U2 := 6:L3(4):22 (nonsplit exten-sion). Since the commuting algebra of U1 is iso-morphic to Q1;3 the group U1 is uniform. TheZU1-lattices having a maximal order as endomor-phism ring, they are imprimitive, whereas the au-tomorphism groups of the other ZU1-lattices areconjugate to [6:L3(4):22(2)
D8]24|a contradiction.

The group U2 is reducible and hence G is imprim-itive in this case.If C(1) �= 2:M12, then G contains a uniformnormal subgroup isomorphic to 2:M12 �C3 whoser.i.m.f. supergroups are [2:Co1]24 and A122 .If C(1) �= 6:U4(3), then O3(G)C(1) = C(1) isreducible and therefore G=C(1) �= C2 � C2. Inparticular G contains one of the isoclinic groups 6:U4(3) : 21 or 6:U4(3):21 (nonsplit extension). Sincethe �rst group contains the group U1 of the caseC(1) �= 6:L3(4) and the second group is reducible,one gets a contradiction to the primitivity of G.If C(1) �= Alt13, then Alt13 
 C3 is a uniformnormal subgroup of G and G is conjugate to A2 
A12.In the case d = 24, the group G(1) is alreadyirreducible. Using Propositions 5.1 and 5.2 onegets the statement of Proposition 6.13. �
Case Op(G) = 1 for All Odd Primes p

Lemma 6.14. If G � GL24(Q) is a primitive r.i.m.f.group then O2(G) is one of D8 
 Q8, Q8 � Q8,Q8 � C4, C8, D16, QD16, Q16, Q8, C4, D8, or C2.Moreover , CG(O2(G)) 6� O2(G).
Proof. Set B := B�(O2(G)). If O2(G) is conjugateto one of the other 2-groups of Table 5, then N :=CG(B) embeds in GL3(Q[�16]). In particular N issoluble and Op(N) = 1 for all odd primes p. HenceN �B. Since Out(B) is a 2-group, B is of 2-powerindex in G and therefore G is reducible. Also inthe other cases, Out(B) is a 2-group and thereforeCG(O2(G)) 6� O2(G). �To �nish the proof of Theorem 3.1 it remains to de-termine those primitive r.i.m.f. groups G such thatO2(G) is one of the 11 groups listed in Lemma 6.14.The same lemma also implies that the centralizerCG(O2(G)) contains a normal subgroup that is acentral product of some of the quasisimple groupslisted in Table 4. For the rest of this section,assume that G is a primitive r.i.m.f. group withOp(G) = 1 for all odd primes p.
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Proposition 6.15. If O2(G) �= D8 
 Q8, then G isconjugate to [SL2(5)2(2)
1;221+40� :Alt5]24.
Proof. The normal subgroup B := B�(O2(G)) isconjugate to 21+40� :Alt5. The centralizer�1 6= CG(B)embeds in GL3(Q1;2). Table 4 implies thatCG(B)(1) �= SL2(5):Hence G contains the uniform normal subgroupSL2(5) 
1;221+40� :Alt5 and is conjugate to [SL2(5)2(2)
1;221+40� :Alt5]24. �
Lemma 6.16. The r.i.m.f. supergroups ofU := Alt7 
 C8are A6 
 F4 and A46.
Proof. U �xes four lattices up to isomorphism. TheBravais groups are conjugate to S7 
 D16. TheLemma follows with the 2-parameter argument. �
Proposition 6.17. If O2(G) �= Q8 � Q8, then G isconjugate to one of F4 
 E6, F4 
M6;2, [L2(7)2(2)
F4]24, [L2(7)2(2)�@� F4]24, F4 
A6, or F4 
A(2)6 .
Proof. The normal subgroup B := B�(O2(G)) of Gis conjugate to F4. The centralizer �1 6=CG(B) = :C embeds in GL6(Q). With Table 4 one �nds thatC(1) is one of Alt5, L2(7) (2 matrix groups), Alt7,or U4(2).If C(1) �= L2(7), then C(1)B contains an irre-ducible subgroup �= C56. Since 2, 3 and 7 are theonly primes dividing jGj, Table 2 implies that Gis conjugate to [L2(7)2(2)
 F4]24, [L2(7) 2(2)�@� F4]24, orF4 
A(2)6 .If C(1) �= Alt7, then C(1)B contains an irreduc-ible subgroup Alt7 
 C8. From Lemma 6.16 oneconcludes that G is conjugate to F4 
A6.If C(1) �= Alt5, then C(1)B is irreducible withcommuting algebra�=Q [p5]. With the 2-parameterargument one gets that G is conjugate to F4
M6;2.

If C(1) �= U4(2), then C(1)B is uniform andlattice sparse and hence has a unique r.i.m.f. su-pergroup. This is F4 
E6. �
Proposition 6.18. If O2(G) �= Q8 � C4, then G isconjugate to [(SL2(3)� C4):22(3)�@�p-1U3(3)]24.
Proof. The normal subgroup B := B�(O2(G)) isconjugate to (SL2(3)�C4):2. The centralizer �1 6=CG(B) = :C embeds in GL6(Q [p�1]). Hence C(1)is one of Alt5, SL2(5), L2(7) (2 matrix groups),Alt7, U3(3), or U4(2).If C(1) �= L2(7) or U3(3), the group C(1)B con-tains an irreducible subgroup �= C56. Since 2, 3,and 7 are the only prime divisors of jGj, Table 2implies that G is conjugate to [(SL2(3) � C4):22(3)�@�p-1U3(3)]24.If C(1) �= Alt7, then C(1)B contains the sub-group Alt7 
C8 contradicting Lemma 6.16.If C(1) �= Alt5, then C(1)B is already irreduc-ible. The Bravais group B(C(1)B;L) of a normalcritical lattice L is conjugate to F4 
Alt5, contra-dicting O2(G) �= Q8 � C4.If C(1) �= SL2(5) or �= U4(2), the group C(1)Bis uniform and one arrives at a contradiction. �
Proposition 6.19. If O2(G)�= C8, D16, QD16, or Q16,then G is conjugate to [SL2(7) 2�Q16]24.
Proof. In all cases, G contains a normal subgroupN �=C8. The centralizer �1 6=CG(N) = :C embedsin GL6(Q [�8 ]). Table 4 implies that C(1) is one ofAlt5, SL2(5), L2(7) (2 matrix groups), Alt7, U3(3),or U4(2).If C(1) �= L2(7) or U3(3), then C(1)N containsan irreducible subgroup �= C56. Since the primedivisors of jGj are 2, 3, and 7, one concludes fromTable 2 that G is conjugate to [SL2(7) 2�Q16]24.If C(1) �= Alt7, then C(1)N is conjugate toAlt7 
 C8 contradicting Lemma 6.16.If C(1) �= Alt5, then C(1)N is irreducible. Ap-plying the 4-parameter argument one gets a con-tradiction.



188 Experimental Mathematics, Vol. 5 (1996), No. 3If C(1) �= SL2(5), the Bravais group of C(1)Nof a normal critical lattice is conjugate to SL2(5):C2 � ~S4, contradicting the fact that N E G.If C(1) �= U4(2), then C(1)N is irreducible. Anapplication of the 2-parameter argument yields acontradiction. �
Lemma 6.20. Let U := L2(7) 
 SL2(3), and assumethat the commuting algebra of U is isomorphic toQ1;2. Then the r.i.m.f. supergroups of U are con-jugate to [2:Co1]24, [6:U4(3):2 2�p-3SL2(3)]24, [L2(7)2(2)
F4]24, or F4 
A6.
Proof. Since U is already uniform, the lemma fol-lows by an easy inspection of the ZU -lattices. �
Proposition 6.21. If O2(G) �= Q8, then G is conju-gate to [SL2(7) � ~S4]24, [SL2(11) 2(2)�@�p-11SL2(3)]24, or[SL2(13)2(2)@� SL2(3)]24.
Proof. G has a normal subgroup B := B�(O2(G))conjugate to SL2(3). Since the centralizer �1 6=CG(B) = :C embeds in GL6(Q1;2) the group C(1)is one of Alt5, Alt5 
p5SL2(5), SL2(5), L2(7) (2 ma-trix groups), SL2(7), SL2(11), SL2(13), Alt7, U3(3),U4(2), U3(4), 2:J2, or 2:G2(4) (see Table 4).If C(1) �= Alt5
p5SL2(5), SL2(7), SL2(13), U3(4),2:J2, or 2:G2(4), then G(1) = C(1) is already irre-ducible. Propositions 5.2 and 5.1 imply that G isconjugate to either [SL2(7) � ~S4]24 or [SL2(13) 2(2)@�SL2(3)]24.If C(1) �= Alt5, then C(1)B is irreducible withcommuting algebra isomorphic to Qp5;1;1. TheBravais group on a normal critical lattice is conju-gate to 2:J2 � SL2(5), contradicting O2(G) �= Q8.If C(1) �= SL2(5), then G is imprimitive, be-cause it contains the reducible normal subgroupB�(C(1)B) = SL2(5)2(2)� SL2(3) of index two.Now assume that C(1) �= L2(7), where the natu-ral character of C(1) is 4(�3a+�3b). Since Q [p�7]does not split the quaternion algebra Q1;2, thegroup C(1)B is an irreducible subgroup of GL24(Q)with commuting algebra Qp-7;2;2. Moreover, G con-

tains C(1)B of index � 4 and one of the followingpossibilities occurs:
(i) G is conjugate to one of the three groups L2(7) :2
SL2(3), (�L2(7):2)
p-1SL2(3), or the split ex-tension L2(7) 2�@� SL2(3).
(ii) G is conjugate to the nonsplit extension L2(7) 2�@�SL2(3).
(iii) G contains a subgroup conjugate to L2(7) 
GL2(3) or L2(7) 
p-7~S4.In the �rst case G is a subgroup of F4
A(2)6 , and inthe second case G is a subgroup of [L2(7)2(2)
 F4]24.In the last case G contains an irreducible subgroup�= C56, contradicting Table 2.If C(1) �= L2(7), where the natural characterof C(1) is 4�6, then G contains the subgroup Uof Lemma 6.20 and one gets a contradiction toO2(G)�O3(G) �= Q8.If C(1) �= SL2(11), then C(1)B is uniform �xingthe same lattices as its unique r.i.m.f. supergroup[SL2(11)2(2)�@�p-11SL2(3)]24. Hence G is conjugate to thislatter group.If C(1) �= Alt7, then G contains the subgroupU of Lemma 6.20 and one gets a contradiction toO2(G)�O3(G) �= Q8.Now assume C(1) �= U3(3). Then C(1)B is anirreducible normal subgroup of G with commutingalgebra �= Q2;3. Moreover jG=C(1)Bj � 4, and oneof the following possibilities occurs:
(i) G is conjugate to U3(3) : 2 
p-3SL2(3).
(ii) G is conjugate to (�U3(3):2)� SL2(3) or to thesplit extension U3(3) 2
p-1 SL2(3).
(iii) G is conjugate to the nonsplit extensionU3(3) 2
p-1 SL2(3):
(iv) G has a subgroup conjugate to U3(3)
p-2GL2(3)or U3(3)
1;3~S4.In the last case G contains an irreducible subgroup�=C56. Since 2, 3, and 7 are the only prime divisors



Nebe: Finite Subgroups of GL24(Q) 189of jGj, this contradicts Table 2. In the �rst caseG is a proper subgroup of [6:U4(3):2 2�p-3SL2(3)]24,in the second case a subgroup of [(SL2(3) � C4):2 2(3)�@�p-1U3(3)]24, and in the third case a subgroup of[2:Co1]24, contradicting the maximality of G.In the last case C(1) �= U4(2), the group C(1)Bis already uniform �xing three lattices up to iso-morphism. Since their automorphism groups areconjugate to F4 
 E6 and [6:U4(3):2 2�p-3SL2(3)]24,this is a contradiction to O2(G)�O3(G) �= Q8. �
Proposition 6.22. O2(G) is not isomorphic to C4 orD8.
Proof. In both cases G contains a normal subgroupN �= C4. The centralizer C := CG(N) embeds inGL12(Q [p�1]). Let � denote the natural repre-sentation of G. The primitivity of G implies that�jC(1) = k � � for some rational irreducible repre-sentation �:C(1) ! GLd(Q) with d = 24=k.Since all subgroups of GL3(Q) are soluble, d > 3.If d = 4, then C(1) is conjugate to Alt5, and Cis reducible.If d= 6, the possibilities for C(1) are Alt5, L2(7)(2 matrix groups), Alt7, or U4(2). In all cases,O2(G)C(1) is reducible and [G :O2(G)C(1)] � 2;therefore G is imprimitive.If d = 8, then C(1) is conjugate to one of SL2(5)or SL2(9) (see Table 4). Since Out(C(1)) is a 2-group, G is reducible.If d = 12, then C(1) is conjugate to one ofSL2(5), SL2(11), L3(3), U3(3), 2:M12, or Alt13 (seeTable 4).In the �rst case, C(1)�=SL2(5), the group C(1)Nis reducible. The primitivity of G implies O2(G) �=D8 and G contains the uniform normal subgroupC(1)O2(G) of index 2. Since the automorphismgroup on a normal critical lattice is conjugate to[SL2(5)2(2)
1;221+40� :Alt5]24, this is a contradiction.If C(1) �= SL2(11), then C(1)N is irreduciblewith commuting algebra isomorphic toQ [p11;p�1]:

Applying the 2-parameter argument one gets a con-tradiction to N E G.If C(1) �= L3(3), then C(1)N is already uniform.Its unique r.i.m.f. supergroup is conjugate to A212contradicting the primitivity of G.If C(1) �= U3(3), then C(1)N is reducible. Theprimitivity of G implies that O2(G) �= D8 and theuniform group C(1)O2(G) is of index 2 in G. Thegroup C(1)O2(G) �xes up to isomorphism threelattices and its unique primitive r.i.m.f. supergroupis conjugate to [(SL2(3)�C4):22(3)�@�p-1U3(3)]24 contra-dicting O2(G) �= D8.If C(1)�=2:M12, then C(1)N is already uniform.Since the automorphism group of a normal criticallattice is imprimitive, one gets a contradiction.In the last case, C(1) �= Alt13, the group C(1)Nis uniform �xing up to isomorphism four lattices.Its unique r.i.m.f. supergroup is conjugate to A212and imprimitive.If d = 24, then C(1) = G(1) is already irreduc-ible. Propositions 5.1 and 5.2 yield a contradictionto the assumption on O2(G). �
Proposition 6.23. If G � GL24(Q) is a primitiver.i.m.f. group with largest soluble normal subgroup�1, then G is conjugate to one of these 12 r.i.m.f.groups: [2:Co1]24, [(SL2(5)� SL2(5)) : 2 2�p5Alt5]24;1,[(SL2(5)�SL2(5)):2 2�p5Alt5]24;2, [SL2(13)2(2)@�SL2(3)]24,[�L2(11) : 2]24, [2:J2 2�SL2(5)]24, [SL2(7) 2�p-7L2(7)]24,[�U4(2):2]24, A24 , A4
A6, A4
A(2)6 , or A4
E6.
Proof. Let � denote the natural representation ofG. The primitivity of G implies that �jC(1) =k �� for some rational irreducible representation �:C(1) ! GLd(Q) with d = 24=k. The assumptionon the Fitting group of G implies that CG(G(1))��G(1).Since all subgroups of GL3(Q) are soluble, d > 3.If d = 4, then C(1) is conjugate to Alt5, and Cis reducible.If d = 6, one has the following possibilities forC(1): Alt5, L2(7) (two matrix groups), Alt7, or



190 Experimental Mathematics, Vol. 5 (1996), No. 3U4(2). In all cases the group O2(G)C(1) is re-ducible and [G :O2(G)C(1)] � 2; therefore G isimprimitive.If d = 8, then C(1) is conjugate to one of SL2(5)or SL2(9) (see Table 4). Since Out(C(1)) is a 2-group, G is reducible.If d=12, then C(1) is conjugate to one of SL2(5),SL2(11), L3(3), U3(3), 2:M12, or Alt13 (see Table 4.In all cases one has jOut(G(1))j = 2 and hence Gis imprimitive.If d = 24, then G(1) is already Q-irreducibleand the statement of the proposition follows fromProposition 5.1 and 5.2. �
ACKNOWLEDGEMENTSI would like to thank Eamonn O'Brien for numer-ous suggestions that helped improve the expositionof the material in this article.
REFERENCES[Bayer-Fluckiger 1984] E. Bayer-Fluckiger, \De�niteunimodular lattices having an automorphism of givencharacteristic polynomial", Comment. Math. Helvet.59 (1984), 509{538.[Benz and Zassenhaus 1985] H. Benz and H. Zassen-haus, \�Uber verschr�ankte Produktordnungen", J.Number Theory 20 (1985), 282{298.[Buser 1985] P. Buser, \A geometric proof of Bieber-bach's theorems and crystallographic groups", L'en-seignement math�ematique 31 (1985), 137{145.[Cannon 1984] J. J. Cannon, \An introduction tothe group theory language Cayley", pp. 145{183in Computational Group Theory (Durham, 1982),edited by M. D. Atkinson, Academic Press, London,1984.[Conway et al. 1985] J. H. Conway, R. T. Curtis, S.P. Norton, R. A. Parker, and R. A. Wilson, Atlasof Finite Groups: Maximal Subgroups and OrdinaryCharacters for Simple Groups, Oxford UniversityPress, Oxford, 1985.[Conway and Sloane 1993] J. H. Conway and N. J. A.Sloane, Sphere Packings, Lattices and Groups, 2nded., Springer, New York, 1993.

[DeMeyer et al. 1989] F. DeMeyer, D. Harrison, andR. Miranda, \Quadratic forms over Q and Galoisextensions of commutative rings", Memoirs Amer.Math. Soc. 77, no. 394 (1989).[Feit 1974] W. Feit, \On integral representations of�nite groups", Proc. London Math. Soc. (3) 29(1974), 633{683.[Sch�onert et al. 1994] M. Sch�onert et al., GAP:Groups, Algorithms, and Programming, Lehrstuhl Df�ur Mathematik, RWTH Aachen, Germany, 1994.Available by anonymous ftp, together with the GAPsystem, on the servers dimacs.rutgers.edu or math.rwth-aachen.de.[Hasse 1963] H. Hasse, Zahlentheorie, 2nd. ed., Akade-mie-Verlag, Berlin, 1963.[Holt and Plesken 1989] D. F. Holt and W. Plesken,Perfect Groups, Oxford University Press, Oxford,1989.[Huppert 1967] B. Huppert, Endliche Gruppen I,Grundlehren der Math. Wiss. 134, Springer, Berlin,1967.[Jansen et al. 1995] C. Jansen, K. Lux, R. A. Parkerand R. A. Wilson, An Atlas of Brauer Characters,Oxford University Press, Oxford, 1995.[Pohst et al. 1993] M. Pohst et al, \KANT-V2", pp.212{218 in Computeralgebra in Deutschland (1993),edited by Fachgruppe Computeralgebra der GI,DMV und GAMM.[Lang 1970] S. Lang, Algebraic Number Theory,Addison{Wesley, Reading (MA), 1970.[Landazuri and Seitz 1974] V. Landazuri and G.M. Seitz, \On the minimal degrees of projectiverepresentations of the �nite Chevalley groups", J.Algebra 32 (1974), 418{443.[Nebe 1995] G. Nebe, \Endliche rationale Matrixgrup-pen vom Grad 24", Dissertation, RWTH Aachen(1995).[Nebe and Plesken 1995] G. Nebe and W. Plesken,\Finite rational matrix groups", Memoirs Amer.Math. Soc. 116 (1995), no. 556.[O'Meara 1973] O. T. O'Meara, Introduction to Quad-ratic Forms, Grundlehren der Math. Wiss. 117, 3rd.printing, Springer, 1973.



Nebe: Finite Subgroups of GL24(Q) 191[Plesken and Hanrath 1984] W. Plesken and W.Hanrath, The lattices of six-dimensional Euclideanspace, Math. Comp. 43 (1984), 573{587.[Plesken 1985] W. Plesken, \Finite unimodular groupsof prime degree and circulants", J. Algebra 97 (1985),286{312.[Plesken 1991] W. Plesken, \Some applications of rep-resentation theory", pp. 477{496 in RepresentationTheory of Finite Groups and Finite-Dimensional Al-gebras (Bielefeld, 1991), edited by G. O. Michler andC. M. Ringel, Progr. Math. 95, Birkh�auser, Basel,1991.[Plesken and Nebe 1995] W. Plesken and G. Nebe,\Finite rational matrix groups", Memoirs Amer.Math. Soc. 116 (1995), no. 556.[Plesken and Pohst 1985] W. Plesken and M. Pohst,\Constructing integral lattices with prescribed min-imum, I", Math. Comp. 45 (1985), 209{221.[Plesken and Souvignier 1996] W. Plesken and B.Souvignier, \Computing isometries of lattices", toappear in J. Symb. Comp.

[Reiner 1975] I. Reiner,Maximal Orders, London Math.Soc. Monographs 5, Academic Press, London, 1975.[Schur 1905] I. Schur, \�Uber eine Klasse von endlichenGruppen linearer Substitutionen", pp. 128{142 inGesammelte Abhandlungen, Springer, Berlin, 1973.[Seitz and Zalesskii 1993] G. M. Seitz and A. E.Zalesskii, \On the minimal degrees of projectiverepresentations of the �nite Chevalley Groups, II",J. Algebra 158 (1993), 233{243.[Souvignier 1994] B. Souvignier, \Irreducible �niteintegral matrix groups of degree 8 and 10", Math.Comp. 63 (1994), 335{350.[Srinivasan 1968] B. Srinivasan, \The characters ofthe �nite symplectic group Sp(4; q)", Trans. Amer.Math. Soc. 131 (1968), 488{525.[Washington 1982] L. C. Washington, Introductionto Cyclotomic Fields, Graduate Texts in Math. 85,Springer, New York, 1982.[Watson 1962] G. L. Watson, \Transformations ofa quadratic form which do not increase the class-number", Proc. London Math. Soc. (3) 12 (1962),577{587.Gabriele Nebe, Lehrstuhl B f�ur Mathematik, RWTH Aachen, Templergraben 64, 52062 Aachen, Germany(gabi@willi.math.rwth-aachen.de)Received June 30, 1995; accepted in revised form March 11, 1996



192 Experimental Mathematics, Vol. 5 (1996), No. 3Fq �eld with q elements�m primitive m-th root of unityQp;q quaternion algebra over Q rami�ed at p and q (with Hasse invariant 12 )Q�;p;q quaternion algebra over Q[�] rami�ed at places over p and q (with Hasse invariant 12 )In n� n-unit matrixG0 derived subgroup of the group GG(1) last term of the derived series of the group GOp(G) biggest normal p-subgroup of GOp0(G) biggest normal subgroup of G of order prime to pOp0(G) smallest normal subgroup of G with index prime to pCn cyclic group of order nD2n dihedral group of order 2nQ2n generalized quaternion group of order 2nQD2n generalized quasidihedral group of order 2n with presentation ha; b j a2; b2n�1; ba= b�1+2n�2iSL�n (q) group of n� n-matrices over Fq with determinant �1Altn Alternating group of degree n21+2n+ central product of n copies of D8p1+2n+ extraspecial p-group of prime exponent p 6= 2S6(2); U4(2); : : : groups of Lie type in the notation of [Conway et al. 1985]A o B wreath product of the group A with BA C B subdirect product of the groups A and B amalgamated over the common factor group CA C B central product of the groups A and B with identi�ed central subgroup CA C B subcentral product of the groups A and B amalgamated over the common factor group COut(G) the outer automorphism group of G1.1 F(G) space of G-invariant quadratic forms1.1 F>0(G) positive de�nite cone in F(G)1.1 Z(G) set of G-invariant lattices1.2 Aut(F;L) automorphism group of the pair (F;L)1.2 B(F; L) Bravais group of F with respect to L1.2 B(G;L) Bravais group of G with respect to L1.4 L#(F ) dual lattice of L (with respect to F )1.4 Lev(F ) even sublattice of L (with respect to F )1.4 det(F;L) determinant of L (with respect to F ) = jL#(F )=Lj1.8 An; : : : ; E8 root systems1.8 M�;�p+1;r lattices of L2(p) of degree p+ 11.8 A(m)p�1 lattices of L2(p) of degree p� 1 (Craig lattices)1.8 �A hA;�Ii1.8 N :H semidirect product of N with H1.8 N :H extension of N with H (usually nonsplit)1.8 A
Q B1.9 A2(p)
Q B, A2(p)�Q B, A2(p)�@�Q B, A2(p)� B, A2(p)�B, A2(p)@�B, etc.
TABLE 6. Notations used in this article.
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21 2A2

F42 0 1 12 1 12 1221 21 1 21 1 12A4
E62 1 1 1 1 12 1 0 1 12 0 0 12 1 13 2 11 3 20 1 31 1 1 31 0 1 1 31 1 1 0 13M6;2

A62 1 1 1 1 12 1 1 1 12 1 1 12 1 14 2 11 4 21 1 42 2 1 41 2 2 1 42 1 0 0 14A(2)6
E82 1 0 1 1 1 1 12 0 1 1 1 1 04 2 1 0 0 1 12 4 2 1 1 0 10 0 4 2 0 1 11 2 2 4 2 0 01 2 0 2 4 2 02 2 1 2 0 4 22 2 2 0 1 0 41 1 2 1 1 0 14[(SL2(5) 2� SL2(5)) : 2]8

42 42 0 42 1 2 41 2 1 2 42 1 2 1 0 42 2 1 2 1 0 41 1 2 0 1 0 14M8;3[6:U4(3):22]124 0 1 2 0 2 0 1 2 1 0 24 0 2 1 1 2 2 0 0 2 04 4 1 2 2 0 2 0 0 1 22 4 4 1 1 2 1 2 0 2 01 1 4 4 2 0 2 0 2 1 21 0 0 4 4 1 2 2 2 1 20 0 0 1 4 4 2 2 0 2 01 0 2 1 1 4 4 1 1 0 11 1 0 0 2 2 4 4 2 0 21 0 0 1 1 1 0 4 4 2 22 1 1 0 1 0 1 1 4 4 11 1 0 1 0 1 0 1 0 4 40 1 1 2 1 1 1 2 1 2 40 0 0 1 0 1 0 1 1 2 14[31+2+ : SL2(3) 2�p-3SL2(3)]12
[�D10 2�p5Alt5]124 2 0 0 2 0 0 2 1 1 1 04 1 1 0 0 2 0 1 1 0 04 4 2 1 0 1 1 0 2 1 01 4 4 0 2 0 1 0 0 1 02 1 4 4 1 1 1 2 0 1 11 2 1 4 4 2 0 0 1 2 02 2 1 1 4 4 0 0 1 2 11 1 1 0 1 4 4 1 2 0 21 0 1 1 0 1 4 4 2 1 20 1 1 1 1 1 1 4 4 2 20 0 1 2 0 1 1 1 4 4 21 1 1 2 1 1 1 1 2 4 41 1 0 1 0 1 1 1 1 1 41 0 1 1 1 1 1 0 1 2 14[SL2(5)2(2)� SL2(3)]12

[�3:Alt6 :22]128 1 2 4 0 3 4 3 2 2 3 28 0 1 2 1 3 3 2 1 4 44 8 1 2 4 3 2 3 4 4 01 4 8 2 0 3 1 4 2 1 22 1 4 8 4 3 2 4 2 0 40 2 1 4 8 4 2 2 4 1 11 2 0 2 4 8 1 1 2 3 30 1 0 1 0 4 8 1 1 1 01 1 1 2 0 1 4 8 2 1 20 0 1 0 0 1 0 4 8 2 21 1 0 1 0 0 1 1 4 8 22 0 0 0 2 0 1 0 0 4 81 0 2 2 1 0 2 0 1 1 41 0 1 1 1 1 1 1 2 2 14[L2(7)2(2)
D8]12
[L2(7)2(2)�@�D8]128 2 4 4 2 3 1 3 4 4 4 48 4 2 3 4 3 4 1 2 1 12 8 1 1 3 3 3 0 1 4 41 2 8 2 0 3 0 0 0 4 31 1 2 8 1 4 0 0 0 2 11 1 1 2 8 2 4 1 2 1 21 1 1 1 2 8 3 1 1 1 21 1 1 1 1 2 8 4 2 0 31 1 1 1 1 1 2 8 4 0 01 1 1 1 1 1 1 2 8 0 11 1 1 1 1 1 1 1 2 8 41 1 1 1 1 1 1 1 1 2 81 1 1 1 1 1 1 1 1 1 21 1 1 1 1 1 1 1 1 1 12A12[2:Co1]244 2 1 1 1 1 1 2 1 2 1 2 1 1 2 1 2 2 2 2 2 1 2 14 2 1 1 2 1 1 2 2 1 1 1 1 2 1 1 2 2 2 2 1 2 14 4 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 11 4 4 2 2 2 2 2 2 2 2 2 2 2 2 2 2 1 1 1 2 2 01 1 4 4 2 2 2 2 2 2 2 2 2 2 2 2 1 1 1 1 1 1 01 2 2 4 4 2 2 2 2 2 2 2 2 1 2 1 2 2 2 1 1 2 11 2 0 0 4 4 2 2 2 2 2 2 2 1 2 2 2 2 2 2 2 2 12 1 1 1 1 4 4 2 2 2 2 2 2 2 2 2 2 1 2 2 2 2 12 1 1 1 1 2 4 4 2 2 2 2 2 2 2 1 2 2 2 2 2 2 11 2 1 2 2 2 1 4 4 1 1 2 2 2 2 2 2 2 2 1 2 2 11 2 1 2 2 0 1 2 4 4 2 2 2 1 2 2 2 2 1 2 1 1 02 1 2 1 1 2 2 1 1 4 4 2 2 2 2 2 1 2 2 2 2 2 02 2 1 2 2 2 2 2 2 2 4 4 2 2 2 1 1 1 2 2 2 2 12 1 1 1 1 2 2 1 1 2 2 4 4 2 2 1 1 2 2 1 2 2 02 1 2 1 1 1 2 1 1 2 2 1 4 4 2 2 1 1 2 2 2 2 11 1 2 1 1 1 2 1 1 2 2 2 2 4 4 2 1 2 2 2 2 1 12 1 2 2 0 2 2 1 0 2 2 2 2 2 4 4 2 2 1 2 2 1 02 1 1 1 1 1 2 1 0 1 1 1 1 1 2 4 4 2 2 2 1 2 12 2 2 2 0 2 2 1 1 2 2 2 1 2 2 1 4 4 2 2 2 2 12 1 1 1 1 1 1 1 0 2 1 1 2 1 2 1 1 4 4 2 2 2 22 2 1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 2 4 4 2 2 12 1 1 1 1 2 2 1 1 2 2 2 2 1 2 0 2 2 1 4 4 2 12 1 1 2 0 2 2 1 0 2 2 1 2 1 2 1 2 2 1 2 4 4 12 1 2 1 1 1 1 1 0 2 1 1 2 1 2 2 1 2 1 1 2 4 42 0 2 1 1 1 2 1 1 1 1 2 2 2 2 2 1 1 1 1 1 2 42 1 1 2 0 2 1 1 0 2 2 2 1 1 2 1 2 2 1 2 2 1 04[(SL2(5)� SL2(5)) : 2 2�p5Alt5]24;2

[6:U4(3):2 2�p-3SL2(3)]244 2 1 0 2 1 1 1 2 2 1 2 2 1 1 2 1 1 1 1 1 1 0 14 1 0 2 1 2 0 2 1 1 2 1 2 1 1 1 1 1 1 1 1 1 14 4 1 1 2 2 2 2 1 1 0 2 1 2 1 1 2 1 1 2 1 2 22 4 4 0 1 1 1 0 0 1 0 2 1 1 2 1 1 1 1 1 1 2 12 2 4 4 2 1 1 2 2 1 1 1 1 1 1 1 1 0 1 1 2 1 12 2 2 4 4 2 2 1 1 1 0 2 1 1 1 1 1 1 2 2 2 2 22 2 2 1 4 4 1 1 1 2 1 2 2 1 1 0 2 1 2 2 1 2 22 2 1 2 2 4 4 1 2 1 0 2 1 1 1 2 2 1 2 2 1 2 12 2 2 2 2 2 4 4 2 1 1 1 1 2 1 1 1 0 1 1 1 1 11 2 2 2 2 2 2 4 4 1 1 1 0 1 1 2 1 0 1 1 1 1 11 1 1 0 2 1 2 1 4 4 2 2 1 0 1 0 2 2 2 2 0 1 12 1 2 2 2 2 2 2 1 4 4 1 1 1 1 1 1 2 1 1 1 0 02 2 1 2 2 1 2 2 1 2 4 4 1 1 2 1 2 1 2 2 1 1 21 1 1 1 1 1 2 1 2 1 1 4 4 2 2 1 1 2 1 1 2 1 11 1 1 1 1 1 2 1 2 1 1 2 4 4 2 2 1 1 0 1 2 1 11 2 0 1 1 2 2 1 2 1 1 2 2 4 4 2 1 2 1 1 2 1 12 2 2 2 2 2 1 2 0 2 2 0 1 0 4 4 1 1 1 1 2 1 01 1 1 1 1 1 2 1 1 1 1 2 2 2 0 4 4 1 2 2 0 2 01 2 1 0 2 1 2 1 2 0 1 2 2 2 1 2 4 4 1 1 1 1 11 2 0 1 1 2 2 1 1 1 1 2 2 2 1 2 2 4 4 2 1 2 01 2 1 1 1 1 2 1 2 0 1 2 2 2 0 2 2 2 4 4 1 2 01 1 1 1 1 1 2 1 2 1 1 2 2 1 1 1 2 2 1 4 4 1 11 2 1 1 1 1 2 0 2 1 1 1 2 2 1 1 2 2 1 2 4 4 11 2 1 0 1 1 2 1 2 1 1 2 1 2 0 1 2 2 2 2 2 4 41 1 1 1 1 1 2 1 2 2 1 2 2 2 0 2 1 2 1 2 2 2 41 2 1 1 1 1 1 1 1 1 1 1 2 2 1 2 2 2 2 1 2 2 24[(�3):PGL2(9)2(2)� SL2(3)]24

[Sp4(3) 2�p-3(31+2+ : SL2(3))]244 1 2 1 1 2 2 1 1 1 1 2 2 2 2 1 1 1 1 2 1 1 2 14 2 0 1 2 1 1 0 1 1 0 1 1 0 1 1 1 1 1 1 1 1 14 4 1 2 1 1 1 1 2 1 1 1 1 1 2 2 2 1 1 0 0 1 11 4 4 2 1 1 2 2 1 1 2 1 1 1 1 1 1 1 1 1 1 1 12 1 4 4 2 0 1 2 1 1 1 0 0 1 1 1 1 1 0 1 1 0 11 2 0 4 4 1 0 1 1 0 1 1 1 1 0 1 1 0 1 1 1 1 01 0 1 0 4 4 1 1 2 1 2 2 2 2 1 1 1 0 2 0 0 2 01 0 1 0 0 4 4 1 1 2 1 1 1 0 2 1 1 2 1 2 2 1 20 1 0 1 1 0 4 4 1 2 1 1 1 2 1 2 1 1 1 1 1 0 10 0 0 1 0 1 2 4 4 1 1 1 1 1 2 2 2 1 1 0 0 1 01 0 1 0 0 0 0 1 4 4 1 2 1 1 1 1 1 2 1 2 2 1 20 1 0 1 1 0 0 0 1 4 4 2 2 2 2 1 1 0 2 1 1 2 00 0 1 0 0 0 1 1 2 1 4 4 2 2 1 2 1 1 2 1 1 2 10 1 0 1 1 1 0 0 0 0 1 4 4 2 1 1 2 1 2 0 1 2 00 0 0 1 1 0 0 0 1 0 0 0 4 4 1 1 1 0 2 0 1 0 01 0 0 0 0 0 1 1 0 0 0 0 0 4 4 2 2 1 1 1 1 1 10 0 0 1 1 1 0 0 1 0 0 0 0 1 4 4 2 1 1 1 0 1 10 0 0 1 0 1 0 0 1 0 1 0 0 1 0 4 4 1 1 0 1 1 11 0 1 0 0 0 1 1 0 0 0 1 1 0 1 1 4 4 0 2 2 1 21 0 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 4 4 0 1 0 10 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 2 0 4 4 2 1 20 1 0 1 0 1 0 0 1 0 1 0 2 1 0 0 1 0 1 4 4 0 20 1 0 1 0 1 0 0 1 0 0 0 0 1 0 0 0 1 1 0 4 4 00 0 0 1 1 1 0 0 1 0 1 0 0 1 0 0 0 1 1 0 0 4 40 0 1 0 0 2 1 1 0 1 0 1 1 0 1 1 0 0 0 0 1 0 40 0 0 1 1 1 0 0 1 2 0 0 0 1 0 0 1 0 1 0 0 0 14[3:S62(2)
D8]24
TABLE 7. The invariant forms of the primitive r.i.m.f. subgroups of GLd(Q) with d dividing 24 that are nottensor products of forms of smaller dimension. For compactness, we write �x as �x.
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D8]248 4 4 4 2 4 4 2 2 4 0 4 2 2 4 2 4 4 4 1 2 1 3 18 4 4 4 4 4 4 2 4 4 4 2 2 4 4 4 4 4 3 4 2 2 28 8 4 4 3 3 2 4 3 2 3 3 3 4 4 4 2 3 1 4 1 2 13 8 8 2 4 4 4 4 4 4 4 2 2 4 4 4 4 4 2 3 3 4 34 1 8 8 3 3 4 4 3 4 3 2 3 0 4 4 2 3 3 2 1 2 13 3 4 8 8 4 2 3 4 4 4 2 2 3 3 4 4 4 2 2 2 3 43 3 2 3 8 8 2 3 4 4 4 1 2 3 3 4 4 4 3 3 2 4 44 2 3 1 3 8 8 4 2 2 2 3 1 0 4 4 0 2 2 3 2 3 24 4 3 2 3 2 8 8 3 4 3 2 3 0 4 4 2 3 1 3 3 3 34 3 4 2 2 4 3 8 8 4 4 3 4 3 3 4 4 4 2 3 4 2 22 3 2 4 3 3 4 3 8 8 4 0 2 2 4 4 4 4 3 2 3 1 34 3 4 2 4 3 4 4 4 8 8 1 2 3 3 4 4 4 4 2 1 2 12 3 2 3 4 3 4 2 4 3 8 8 3 3 4 1 1 1 3 1 3 2 33 3 4 2 1 3 3 3 1 3 2 8 8 3 3 2 2 2 1 3 2 1 14 4 2 2 3 3 4 2 4 4 2 3 8 8 4 2 4 3 2 2 2 1 23 2 4 4 2 2 3 4 3 3 2 1 1 8 8 4 4 3 3 4 4 3 44 3 3 4 2 1 4 3 4 2 2 3 4 2 8 8 4 4 0 3 2 1 22 3 4 3 2 3 1 4 3 2 0 4 2 2 4 8 8 4 2 2 4 2 42 4 4 3 0 2 4 4 3 2 2 4 4 2 3 4 8 8 1 3 3 3 14 2 3 3 3 3 4 1 2 2 4 4 4 1 4 2 3 8 8 2 3 2 34 3 2 4 3 3 4 2 4 2 2 4 4 1 4 3 3 4 8 8 3 4 32 4 2 2 3 3 4 3 4 2 4 2 4 1 4 2 4 2 4 8 8 2 44 3 2 3 4 2 2 2 3 4 2 3 4 2 4 4 2 4 2 1 8 8 44 2 4 3 3 4 2 4 3 4 1 3 4 2 2 4 4 2 4 3 4 8 84 2 2 3 3 2 4 3 4 3 4 1 2 3 2 1 1 2 2 0 3 2 84 3 3 2 4 4 2 4 2 3 4 1 1 4 1 2 1 3 1 2 2 2 28[(SL2(3)� C4):22(3)�@�p-1U3(3)]24
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