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Abstract. A nonlinear system modeling a phase change problem with dissipation is
investigated. The model is derived with the thermodynamical theory of continuum mechanics; it includes among other features superheating and supercooling effects or irreversible
phase changes. One of the equations is doubly nonlinear, with a nonlinearity on the time
derivative of one of the unknowns and the resulting system is non-monotone in (L 2 ) 2 or in
(H- 1 ) 2 . Uniqueness of the solution is proved using the accretivity of the system in (L 1 ) 2 .
The existence of a solution is shown through a regularization of one the nonlinearities. In
this case, such a method permits to weaken the customary assumption of the L 1-framework.

1. Introduction In this paper, existence and uniqueness of the solution of a nonlinear
system modelling some dissipative phase change phenomena is established. The system
investigated is the following:

c(x) ~~

+it -

div (k(x)Vt'J)

=0

dx
dx
dt +8¢(x, dt) +8?./J(x,x) 3 t9
t9 = 0

t'J(t = 0) = t'Jo,

on 8[1

X

inn x (0, T)

(1.1)

(O,T)

(1.2)

in S1

X

(0, T),

x(t = 0) = Xo

in rl,

where 8¢(x, ·)and 8?./J(x, ·)are the subdifferentials of two convex functions ?.j;(x, ·)and ¢(x, ·)
on 1R.
Section 2 is devoted to the introduction of the physical problem under investigation. Also
the usual techniques of thermodynamics are used to derive the model (1.1) and (1.2) in
this section. Thermodynamical considerations allow one to make precise some properties
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of ¢(x, ·) and '!j;(x, ·) (this is achieved by using the method developed by [4], [8], [9]). The
equations (1.1)-(1.2) are shown to cover some usual models for phase changes with dissipation; for example, superheating and supercooling models [16] or irreversible phase change
models [4], [8].
In Section 3, existence and uniqueness of the solution of the nonlinear system (1.1)-(1.2)
is shown. This system is not monotone on (L 2 ( n) )2, but we show that it is accretive in
(L 1 (n) )2, which provides uniqueness. For this existence part, we use regularization and L 2 techniques rather than nonlinear semi-groups theory in L 1 as developed in [3], [6], although
this could lead to an existence result.

2. Modeling the physical problem. As usual, the equations for the model are the
energy conservation equation and the constitutive law linking the variables. For this type of
problems, the variables are the absolute temperature field T (which is strictly positive) and
the proportion x of the one of the two phases into which the medium tends to transform
when the temperature T is greater than a fixed temperature To referred to as the phase
change temperature. The equations are derived through the usual techniques of continuum
mechanics. For completeness's sake, we now briefly recall these techniques.
The first equation is the usual energy conservation law. It reads as

de
dt

+ d'lVq = 0,

(2.1)

where e(T, x) is the internal energy and q is the heat flux. We have assumed that there
is no volumic rate of heat production; .the presence of such a term would give a non-zero
right-hand side in (2.1) which would lead to very few modifications to the following analysis,
without change in the result.
Obviously, one needs two more equations relating q, T and x. Furthermore, one needs
the expression of e as a function ofT and X· These relations are obtained by looking at the
thermodynamics of the physical problem. In the framework of thermodynamics of continuum
mechanics, and especially in the standard material approach, the medium is defined by two
potentials w(x,T,x) and ¢(x,dxfdt), respectively, referred to as the free energy and the
internal dissipation potential [9], [10]. The function ¢(x, ·)is assumed to be convex, positive
with ¢(x, 0) = 0.
The dependence of '!j;(x, ·) and ¢(x, ·) on the space variable x allows one to consider
an inhomogeneous medium. The evolutions of variables are then restricted to satisfy the
following relations:
8\1!
(2.2)
e(x,T,x) = w(x,T,x) -T 8T(x,T,x),

8w
8¢
dx
- 8T(x,T,x) = 8(dx/dt) (x, dt).

(2.3)

If relations (2.2) and (2.3) hold and if
(2.4)
it can be shown (see [8]) that the second law of thermodynamics is satisfied.
To insure (2.4) we use the classical Fourier law

q = -k(x)VT

(2.5)
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Figure 1. Irreversible phase change.
where the heat conductivity k(x) is positive and may depend on the space variable x.
For the problem under consideration, the following choices of 'li(x, T, x) and ¢(x, dx/ dt)
are convenient to obtain the desired behavior of the variables (see [4], [8] for details),

(2.6)
(2.7)
where c( x) is the heat capacity of the medium and L is the latent heat of the phase change
transformation.
With expressions (2.6)-(2.7), the equations of the models (2.1), (2.2), (2.3), (2.4) and (2.5)
become

de
c(x) dt
dx
dt

dx

+ Ldt- div (k(x)Ve) = 0,

+ 8¢(x, dx)
dt. + o'lj;(x,x) 3

e,

(2.8)
(2.9)

where e is equal toT- T 0 • In (2.9), the term o'lj; should read as To'lj;, which is permissible
in the few examples described below; in a general case, this simplification is merely an
approximation of the general term.
The model has to be completed with boundary and initial conditions which will be stated
later.
Let us give some examples of behavior corresponding to special choices for ¢(x, ·) and

'lj;(x,-).
• If ¢(x, ·) is set to be identically equal to 0 and 'lj;(x, ·) is the indicator function I[o,l] of
the closed interval [0, 1], (2.9) leads to

it+

oi(x)

3

e.

(2.9)i

The model (2.8) and (2.9)i describes some superheating and supercooling effects and has
been investigated, for example, in [16].
• If ¢(x, ·)is set to be the indicator function I[D,+=) of the interval [0, +oo) and 'lj;(x, ·)is
equal to I[o,l] as before, (2.9) becomes:

dx
dt

dx

+ oi[o,+=) ( dt) + 8I[o,l] (x) 3 e.

(2.9)ii

The model (2.8)-(2.9)ii corresponds to irreversible phase changes because (2.9)ii forces
dx/ dt to be positive which means that the medium can transform from phase 1 ({X = 0})
to phase 2 ({x = 1}) but the reverse is impossible. This behavior is illustrated in figure 1.
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3. Existence and uniqueness result. Let n be a "regular" domain in IRN, with boundary on, and [0, T] be the interval of timet where the evolution of the medium occupying
the domain n is to be studied (no confusion between T and the absolute temperature may
occur since the absolute temperature will not be used explicitly in the sequel).
The boundary and initial conditions are

e= 0

on

= o) = e0
x(t = 0) = Xo

inn,

B(t

where

eo

and

xo

on,

inn,

are given.

Assumptions on the data.

Hl The functions c(x) ar;td k(x) belong to C 1 (D) and L 00 (n), respectively, and there
exist two strictly positive constants such that

c:::;c(x)

a.e.inn,

k::::; k(x) a.e. inn.
H2 The functions ¢(x, ·) and 'lj;(x, ·) are two normal convex integrands on n x 1R with
values in IR U { +oo} ([7], (15]) such that
(i) ¢(x, ·) is positive and ¢(x, 0) = 0,
(ii) there exist two fi).nctions a(x) in L 2 (n) and b(x) in L 1 (n) such that for every
r E IR,
'lj;(x,r) + a(x)r + b(x) 2:0 a.e. inn.
(iii) for each

X

En

. either sup D(o¢(x, ·))

> 0 or inf D(o'lj;(x, ·))

E D(o'lj;(x, ·))

. either inf D(o¢(x, ·))

< 0 or supD(o'lj;(x, ·))

E D(o'lj;(x, ·))

and

where D(o¢(x, ·)) and D(o'lj;(x, ·)) denote, respectively, the domains of o¢(x, ·)
and o'lj;(x, ·).
H3 The initial data e0 and Xo lie in L 2 (n) and 'lj;(x, Xo) belongs to L 1 (n).
Remark 3.1. Assumption H2 iii) seems technical but is natural in this type of problems
and is implied by the condition D(o¢) + D(o'lj;) = IR (see [3] for a more general set-up).
We now prove the following existence and uniqueness result.
Theorem 3.1. Under the assumptions H1, H2 and H3, there exists a unique solution
with the regularity

(e, x),

and

(3.2)
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of the problem

de

c(x) dt

dx
dt

+
.

dx
.
.
dt - d1v(k(x)\le) = 0 m (O,T) x D,
dx

. (3.3)

.
e a.e. m (0, T) x D,

(3.4)

in D,

(3.5)

x(t=O)=xo inD.

(3.6)

+ 8¢(x, dt) + o'lj;(x, X)

3

e(t = 0) =eo

Proof: We start with uniqueness.
Uniqueness. System (3.3)-(3.4) is equivalent to the following system

c(x) ~~- div (k(x)\le)

+ (id + 8cp(x, ·))- 1 (e- 8'lj;(x,x)) 3

0 in D X (0, T).

ddX(id + 8cp(x,
·))- 1 (e- 8'lj;(x, X)) 3 0 a.e. in D X (0, T),
t
.

(3.7)
(3.8)

where (id + 8¢(x, ·))- 1 denotes the inverse with respect to r of the monotone operator on
IR, r f-t r + 8¢(x,r) (resolvent of 8¢(x, ·)).
Due to assumption H2 (which implies that r f-t ¢(x, r) is convex and l.s.c on IR for almost
every x in D), the graph (id+8¢(x, ·))- 1 is a single valued contraction defined on the whole
R
Let (e 1 , x1 ) and (e 2 , x2 ) be two solutions of the system (3.7)-(3.8) with the regularity
(3.1)-(3.2). The Lipschitz function sge(r) is defined on IR by
1

sge(r) =

{ r/E

-1

if r

> E,

I

if - E::; r::; E,
if r::::;

-E.

Subtracting the equations corresponding to (81 , Xl) and (82 , x2 ), multiplying them respectively by sg 6 (e 1 - e2 ) (which lies in L 2 (0, T; HJ(D))), and sge(X 1 - x 2 ) and integrating over
(0, t), we obtain

(t;
d(e1- ez)
J
\c(x)
dt
, sgo.(el- ez) ds

Jo

t ( d(X1-dt Xz) sg (Xl- xz) dxds+

+ Jo Jn

6

(3.9)

(t ( k(x)sg~(8 1 -8 2 )j\1(81-e 2 )j 2 dxds+ (t ( Bo.(s,x)dsdx=O.

lo Jn

·

lo Jn

Here, B 6 ( s, x) is defined by

B 6 (s, x) = [(id + 8¢(x, ·))- 1 (8 1 - 8'lj;(x, Xl))- (id + 8¢(x, ·))- 1 (8 2
X

-

8'lj;(x,xz))]

[sg€(81- Bz)- sgo.(X1- xz)],

and lies in L 1((0, T) x D) by equation (3.8) and the regularity (3.2) of Xl and xz. In the
definition of Be(s, x), 8'lj;(x, x 1) and 8'lj;(x, xz) denote the sections ofthe sets 8'lj;(x, XI) and
8'lj;(x, x2 ) for which the relations (3.8) are satisfied for Xl and xz.
Using the positivity of k (assumption H1) and (3.5)-(3.6), equality (3.9) leads to

( cje 1 -8 2 j6 (t)dx+ ( !Xl-Xz!o.(t)dx+ (t ( B€(s,x)dxds::::;O,

Jn

Jn

lo ln

.
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where J · !e. is the primitive of sge. with zero value at zero.
Passing to the limit as e: goes to 0 in the above inequality, and using the assumptl.on Hl
again, gives

where B(s,x) is obtained by replacing in Be.(s,x), sge.(r) by the function sg0 defined by
. 1 if r

> 0,

sg0 (r) = { 0 if r = 0,
-1 ifr<O.
To prove uniqueness of the solution, it is then sufficient to show that B (s, x) is non-negative
almost everywhere in (0, T) x st. The subset of (0, T) X D where B(s, x) is not trivially equal
to zero is investigated in the following.
-On the subset of (0, T) x n where either (B 1 (s, x)- B2 (s, x))(x1 (s, x)- xz(s, x))
81 = 82 , we have, due to the monotonicity of 8'1/J(x, ·) on IR,

< 0 or

As (id + 8¢(x, ·))- 1 is single valued and monotone, we can deduce that

1
·))- 1(ez- 8'1/J(x, Xz))
B( s, X ) -_A( s, X ) (id + o¢(x, ·))- (81- 8¢(x, Xl))- (id + 8¢(x,
(
el- 8'1/J(x,xl)- (ez- 8'1/J x,xz ))
is non-negative for almost all (s, x) in (0, T) x D.
-On the subset of (0, T) x n where x1 (s, x) = x2 (s, x), by using equations (3.8), we have,

dxl dxz)
B(s, x) = ( dt - dt sgo(el- 82 ).
But the regularity (3.2) of x 1 and x 2 implies that (dx 1 fdt) = (dxz/dt) for almost all (s, x)
in the set where x 1 = x2 , so that B(s, x) = 0 almost everywhere on this set. This concludes
the proof of uniqueness.

Remark 3.2. In fact, our proof of uniqueness shows that the nonlinear operator associated
with (3.7)-(3.8) is accretive in the Banach space L 1 (D) x L 1 (D) endowed with the norm

II(B,x)ll = llcBIIL (n) + llxiiP(n)·
1

Furthermore, it can be shown that this nonlinear operator ism-accretive in L 1 (D) x L 1 (D)
which can provide the existence of a unique weak solution to (3. 7)-(3.8) using the theory
of nonlinear semi-groups in general Banach spaces [6]. Moreover, following the techniques
developed in [3], the weak solution may be proved to be a strong solution (i.e., with the
regularity (3.1)-(3.2)) by deriving some Lfoc(O, T; L 2 (D)) x L 2 ((0, T) x n) estimates on the
time derivatives de/ dt and dx/ dt of the weak solution.
Our technique is totally different and relies on a regularization of the problem (3.7)-(3.8)
together with estimates for the regularized solution (e.\, X>.) in the natural spaces appearing
in (3.1)-(3.2).
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Existence. Let us first introduce some notations and recall some results of convex analysis.
For any normal convex integrand g( x, r) on D x IR with value in IR U { +oo} satisfying
H2ii) (with g(x,r) in place of 'lj;(x,r)), the functional I 9 defined on L 2 (D) by
I 9 (u)

={

fn g(x, u(x)) dx
+oo

if g(x, u(x)) E L 1 (D),

if not,

is convex and l.s.c on L 2 (D.).
For any). positive, let g)..(x, ·) be the Yosida regularization of g(x, ·) (with respect tor)
which is the 0 1 function defined on IR by

g;>.(x,r) = inf { 2\ lr-zl 2 +g(x,z)}.
zEIR
/\
Under the assumptions on g(x,r), it is known that g;>.(x,u) is a Caratheodory function on
D x IR, with Lipschitz derivative with respect tor ([1]). Moreover, it is obvious that g)..(x,r)
satisfies H2 ii) with (>.j2)a 2 (x) + b(x) in place of b(x).
If we then assume that there exists u0 in L 2 (D) such that g ( x, u 0 ( x)) lies in L 1 (D), it can
be proved that
(I9 )A(u) = I 9 >. (u) for every u E L 2 (D),
where the Yosida regularization of I 9 defined on L 2 (D) by

(I9 ))..(u) =

inf { \ II u- v IIP(n) +I9 (v)}
vEP(n) 2/\

is 0 1 convex, with Lipschitz derivative on L 2 (D).
Concerning the subdifferentials of I 9 and I 9 >., we have the localizq,tion property for every
u in L 2 (D),

8I9 (u) = {v

E

L 2 (D); v(x) E 8g(x, u(x)) a.e. in D}

8!9 >. (u) = 8(I9 )A(u) = 8g)..(x, u(x)) a.e. in D.
Finally, we have the following
Convergence lemma.

hence I 9 >. converges to I 9 in the sense of Mosco ([14]); consequently, if U).. is a sequence of
L 2 ((0, T) x D) such that
U).. ____,

u weakly in L 2 ((0, T) x D),

8I9 >. (u>.) _____, v weakly in L 2 ((0, T) x D),
lim (

lco,T)xn

8I9 Ju)..(t,x))u>.(t,x)dxdt~ (

, v(t,x)u(t,x)dtdx,
lco,T)xn

as ). goes to zero, then

v(t,x) E og(x,u(t,x)) a.e. in (O,T) x D.
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The proof of Theorem 3.1 is given in two steps. In step 1, we prove the existence of a
solution under the assumption that e0 lies in H 2 (D) n HJ(D) and that xo and 8'1/J(-, xo(·))
belong to L 2 (D). In step 2, the initial conditions are only assumed to verify- the assumption
H3. They are then approximated by two sequences e0 and Xo satisfying the hypothesis of
step 1, and we pass to the limit as n goes to infinity.

Step 1. Assume that 'eo belongs to H 2 (D) n HJ(D) and that xo lies in L 2 (D) and is such
that 8'1/J(·, xo(-)) belongs to L 2 (D).
We consider the following regularization of problem (3.7)-(3.8)

c(x) d:t>, - div (k(x)\le;;,)

+ (id + 8¢(x, ·))- 1 (e;;,- 8'1/J;;,(x, X>.))

d~;;,- (id+ 8¢(x, ·))- 1 (e;;,- 8'1/J;;,(x,x;;,)) 3

3 0 in D

x (0, T),

0 in D x (O,T),

(3.10)

(3.11)

e;;,(t = 0) = e0 in D,

(3.12)

= o) =X>- inn,
e;;, = o, on 8D.

(3.13)

x;;,(t

(3.14)

Using assumption H1 on c(x), the Hilbert space

may be endowed with the scalar product

(U, V)H

=

l

c(x)u 1(x)v1(x) dx +

l

u2(x)v2(x) dx.

Let A be the linear operator defined on H by
( -(1/c(x)) d~v (k(x)\lu1) ,

(3.15)

with domain
D(A) = {U E H;u1 E HJ(D), div(k(x)Vu 1 ) E L 2 (D)}.
Using the notations and the results recalled at the beginning of this section, one sees that
the operator u f-t 8'1/J;;,(-,u(·)) is the derivative of the functional (I,p)>.. and is Lipschitz
continuous from L 2 (D) into L 2 (D).
Similarly, the operator u f-t (id + 8¢(·, ·))- 1 (u(·)) is Lipschitz continuous from H into H
(remark that H2 ii) is trivially satisfied for ¢(x, ·), since by H2 i) ¢(x, ·);:::: 0).
In view of assumption H1, the operator B;>.. defined on H by

B;;,(U) = ( (1/c(x)) ((id + 8¢(x, ·))- 1 (ul(x)- 8'1/J;>..(x, u2(x)))))
-((id + 8¢(x, ·))- 1 (ul(x)- 8'1/J;;,(x, u2(x)))

(3.16 )

is Lipschitz continuous from H onto H, as the composition of two Lipschitz operators.
The problem (3.10)-(3.14) can be written as the abstract evolution problem in H for
U;;, = (e;;,,x;;,),
(3.17)
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U.>-(0) =(eo, xo).

(3.18)

Concerning (3.17)-(3.18), the following lemma is a direct application of [5).
Lemma 3.1. Problem (3.17)-(3.18) has a unique strong solution U.>- =(B.>-, X>-) with the

regularity

e>-

E

G0 ([o, T]; D(A)) n G1 ([o, TL L2 (D))
X>- E G1 ([0, T]; L 2 (D)).

(3.19)
(3.20)

The proof of Lemma 3.1 is a simple consequence of
• the maximal monotonicity of the linear operator A on H endowed with the scalar
product C ·)H,
• the Lipschitz property of B.>- on H,
• the fact that (eo, xo) lies in D(A).
We pass to the limit as ,\ goes to zero using the following a priori estimates.
Lemma 3.2. The solution (B.>-, X>-) of (3.17)-(3.18) satisfies the following estimates:

(3.21)

X>- is bounded in W 1 •2 (0, T; L 2 (D)),

(3.22)

81/J>-. (x, X>-) is bounded in L 00 (0, T; L 2 (D)),

(3.23)

independently of.\.
Proof: System (3.17) is equivalent to

(3.24)

(3.25)
and due to the regularity (3.19)-(3.20) and the Lipschitz property of 81/J.>-(x, ·),both hold in
L 2 (D), for all t in (0, T).
Multiplying (3.24) by e>-. and (3.25) by dx.>-/ dt, adding the resulting equations and integrating over .Q X (0, t), yields

~llvce.>-(t)lll2cn) +lot llv'k'Ve>-.(s)lll2(n) ds +lot II d'it>-. (s)lll2(n) ds
+lot

=

l

8cf>(x,.d;>-.)d;>-. dxds+

l

1/J>-.(X,X.>-(t))dx

k

1/J.>-(x, Xo) dx + ~llv'Ceolll2(n)·

Assumption H2 i) implies that

l

8¢>(x, d;>-.) d:: dx

~0

for all t E [0, T].
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Also by H3, 'lj;(x,x 0 (x)) lies in L 1 (D.), so that we conclude
lim

r'1/J>..(x, xo(x)) dx = Jnr'lj;(x, xo(x)) dx.

>..-+o+ Jn

Then inequality (3.26) together with assumption H2 ii) yields

~ih!Ce,>-(t)lli2cn) +lot llvikve>-(s)lli2cn) as+ lot II dit (s)ll~2(n) ds

l
~l
~

'1/J(x,xo(x)) dx + ~llv'Ceolli2cn)
'1/J(x,xo(x)) dx +

+ llallpcn)IIX>..(t)IIP(n) + llbllLl(n)

~llv'Ceolli2(n) + llall£2(n) lot II d~>.. (s)IIL2(n) ds

+ llallLz(n)IIXoll£2(n) + llbllLl(n)·
In view of assumption H1, the last inequality implies that
(3.27)

X>- is bounded in W 1 ' 2 (0, T; L 2 (D.)),

(3.28)

the bounds depending only upon ll'l/J(x,xo(x)IIP(n), lleoli£2(n), llxoli£2(n), llallpcn), llbiiLl(n)
and T.
The equivalence of (3.10) and (3.24), the boundedness of dx>../dt in L 2((0,T) x D.)) and
the fact that eo belongs to H{j(D.) (in 'this step) show that

d:t is bounded in L 2 ((0, T) x D.),

(3.29)

the bound depending on the bounds which appear in (3.27)-(3.28) but also on lleoiiHJ(n)·
To conclude the proof of Lemma 3.2, we have to derive the estimate (3.23). Using the
results recalled at the beginning of this section and the regularity (3.20) of X.>-, the quantity
8'1/J>..(x, X>..) belongs to W 1 , 2 (0, T; L 2 (D.)) and the chain rule holds ([11),[13])

:t (8'1/J>..(x, X>-))= 82'1/J>..(x, X>-)·

d~,>-

a.e. in (0, T)

X

D..

Multiplying (3.25) by (djdt)(8'1/J>..(x, X>-)), integrating over D. then over (0, t), we obtain the
following equality:

(3.30)

rt r

1

d

.

2

= J0 J[/,e.\ dt (8'1/J.>- (x, X>-)) dx ds + -zll 81f.>- (x, Xo) IIP(n) for all t

E [0, T].

The convexity of '1/J.>-(x, ·) and property H2 i) of ¢(x, ·)leads to

fat

l

82'1/J>..(X,X>-)1

d~,>- 12 dxds;::: 0,

(3.31)
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and

rt r (

dx>..) dx>.. 2
lo ln 8¢ x, dt dta '!f;>..(x,x>..) dxds;::: 0,

(3.32)

for all t E [0, T]. Integrating the right-hand side of (3.30) by part, inequalities (3.31) and
(3.32) yield

l!io'!f;>..Cx>..O)IIi2(n)(t)::;

-1t L
-L

d:t>-a'!f;>..(x,x>..) dxds

ea8'!f;>..(x, xo) dx

+

L

(i),.(t)8'!f;>..(x,x>..(t)) dx

+ lll8'!f;>..(-, xo(·)) lli2(n) .

(3.33)

Since, by hypothesis in this step, 8'lj;(-,x 0 (-)) belongs to L 2 (D), we have

so inequality (3.33), together with the estimates (3.23) and (3.29) and Gronwall's lemma,
allow us to conclude that

8'!f;>..(x, X>..) is bound in L 00 (0, T; L 2 (D)),

(3.34)

independently of..\., the bound depending on the bound on de>..Jdt in L 2 ((0, T) x D) and
o'lj;(x, xo) in L 2 (D). This ends the proof of Lemma 3.2. I

Passage to the limit as .\ goes to 0.
Through the application of Aubin's lemma (see [12], e.g.), estimates (3.21)-(3.22) imply
the existence of two subsequences of e>.. and X>.., still denoted e>.. and X>.., such that
(3.35)
and

X>..__,_ X weakly in L 2 ((0,T) x D),

(3.36)

e

for some in W 1 , 2 (0, T; L 2 (D)) n L 2 (0, T; H6(D)) and X in W 1 , 2 (0, T; L 2 (D)).
Passing to the limit in (3.24) is easy and gives

c(x) ~~- div (k(x)Ve)

+ ~; ·= 0

in (0, T) x D.

(3.37)

Due to (3.23), there exists a subsequence of 8'!f;>..(X,X>..), still denoted o'lj;(X,X>..), such that
(3.38)
for some Y identified via the following lemma.
Lemma 3.3. Equation (3.11) and the convergences (3.35)-(3.36) and (3.38) imply that

(3.39)
and

Y E 8'lj;(-, X) a. e. in (0, T) x D.

(3.40)
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Proof: Let ,\ and 11 be two strictly positive reals. Subtraction of the two equations corresponding to ,\ and f-l, multiplication of the resulting equation by X.\ - Xp, and integration
over (0, t) x n yields

~/lx>.- Xp,lliz(n) (t)

·fat

L

[(id + 8¢(x, ·))- 1 (8>.- 8?./J>.(x, X.\))

(3.41)

- (id + 8¢(x, ·))- 1 (Bp,- 8'¢11-(x, x11-))] (X>.- x11-) dx ds
for all tin [0, T]. The right-hand side A of (3.41) is evaluated as follows:

A= fat

L

[(id + 8¢(x, ·))- 1 (8.\- 8?./J>.(x, X>.))

- (id + 8¢(x, ·))- 1 (8>.- 8'¢11-(x, Xp,))] (x>.- x11-) dx ds
+fat

L

[(id + 8¢(x, ·))- 1 (8>.- 8'¢11-(x, Xp,))

- (id + 8¢(x, ·))- 1 (811-- 8'¢11-(x, X11-))] (X>.- X11-) dx ds.
Using the Lipschitz property of the function r
n, and the easy identity

H

(id + 8¢(x, ·))- 1 (r) for almost every x in

we obtain

where

A1 =fat

L

[(id + 8¢(x, ·))- 1 (8>.- 8'1/J>.(x, X>.))- (id + 8¢(x, ·))- 1 (8>.- 8'¢11-(x, Xp,))]
[(id + A.8'1j;(x, ·))- 1 (x>.)- (id + 118'¢(x, ·))- 1 (xfl-)] dx ds,

and

Az =fat

L

[(id + 8¢(x, ·))- 1 (8>.- 8'1/J>.(x, X>.))- (id + 8¢(x, ·))- 1 (8>.- 8'¢11-(x, Xp,))]

[,\8'1/J>.(X, X>.)- f-lO'Ij;/1-(x, X11-)] dx ds.
As r

H

(id+ 8¢(x, ·))- 1 (r) is Lipschitz, A 1 may be rewritten as

A1 = 1t { (id + 8¢(x, ·))- 1 (8.\- 8'1/J>.(x, X>.))- (id + 8¢(x, ·))- 1 (8.\- 8'¢11-(x, X11-))
o Jn

8?./J>.(x, X>.)- 8'¢11-(x, X11-)

(8'¢>. (x, X>.) - 8'1/J#(x, X11-)) [( id + A.8'1j;(x, ·) )- 1 (X>.) - (id + f-l8'¢(x, ·) )- 1 (Xp,)) dx ds.
Using the usual relation

8'1/J>.(x, r) E 8'1/J(x, (id + A.8'1j;(x, ·)r1 (r)),
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we obtain

almost everywhere in (0, T) x n. From the monotonicity of the function
r ~--+ (id + 8q)(x, ·))- 1 (r), we theri deduce that
(3.42)
Concerning A 2 , the Lipschitz property of the function r

1--+

(id + 8q)(x, ·))- 1 (r) leads to

where G is a constant.
At last, using (3.38), (3.41), (3.42) and (3.43), we obtain

From Gronwall's lemma, this last inequality yields

Since, by (3.35), B>.. converge in 0°((0, T]; L 2 (D)), (3.44) shows that X>.. is a Cauchy sequence
in 0°([0, T]; L 2 (D)), which proves (3.39).
To identify Y, we remark that the convergence (3.38) and (3.39) imply that

r

r

lim {T
8'!f;>..(X,X>.,(s))x>-.(s)dxds= {T
Y·xdxds.
>-.-+o+ Jo Jn
·
Jo Jn

(3.45)

Invoking the convergence lemma, (3.38)-(3.39) and equality (3.45) allow us to conclude that
Y E 8'lj;(x, X) a.e. in S1

X

(0, T).

This ends the proof of lemma 3.3. I
To complete the proof of step 1, we have to pass to the limit in (3.25) as .A goes to zero.
Using (3.21), (3.22), (3.23) and (3.36), equation (3.25) leads to the existence of a subsequence of 8q)(x, dx>../dt), still denoted by oq)(x, dx>../dt), such that
dx>-.) ___.
· . Z weakly in L z ((0, T) x D)
8¢ (x, &

(3.46)

where Z is an element of L 2 ((0, T) x n) which, in view of (3.40), satisfies
dx
dt

+ Z + 8'lj;(x,x) 3

8 a.e. in (O,T) x D.

(3.47)
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To identify Z, we multiply (3.25) by dx>._/ dt and integrate over (0, T) x D to get

r (

{T II dx).._ 112

r

{T
dx).._) dx).._
dt £2(n)(t)dt+ Jo Jn 8¢ x,dt dtdxdt+ Jn 'ljJ>._(x,x>._(T))dx

Jo

(3.48)

= { 'ljJ>._(X,Xo)dx+ {T { e).._ddX>._dxdt.
Jn

·

.

Jo Jn

t

As we have seen, In 'ljJ>._(x, xo) dx converges to In '1/J(x, xo) dx which is finite by assumption H3. Due to estimates (3.27)-(3.28) and property H3 i) for ¢(x, ·), (3.48) implies that
In 'ljJ>._(x, X>._(T)) dx is bounded in>... The convergence of X>._(T) to x(T) in L 2 (D) (see (3.39))
and the l.s.c. of I.p;... 0 imply then

(3.49)
:::; lim
)..-+o+

{ 'ljJ>._(X,X>._(T)) dx <+co,
Jn

for any A.o strictly. positive. Appealing to the same argument as for xo, we know that
I.p;.,. 0 (x(T)) =In 'ljJ>._ 0 (x, x(T)) dx converges to I.p(x(T)) as >.. 0 goes to zero and (3.49) shows
that I.p(x(T)) =In '1/J(x, x(T)) dx is finite and

{ 'ljJ (x, X(T)) dx :::; lim { 'ljJ >._ (x, X>._ (T)) dx.
Jn
)..-+o+ ln

(3.50)

Due to (3.28), (3.35), (3.39) and (3.50), passing to the lim as >..goes to zero in (3.48) leads
to
. lim

-

loT

l

8¢(x,

d~>._) d:: dx dt:::;

loTII~~~~~z(n)(t)dt-fn '1/J(x,x(T))dx+

l

(3.51)

'1/J(x,xo)dx+

loT fnei;dxdt,

where the lower-semi-continuity of the norm in L 2 ((0, T) x D) has also been used.
Multiplication of (3.47) by dx/ dt and integration over (0, T) x D while taking account of
(3.40), gives

l zit

faT

dx dt

=-

faT II~~ llizcn) (t) dt - faT

l y~~

dx dt +

faT

l

e

~~ dx dt.

(3.52)

Appealing now to lemma 2.1, p. 189 of [2], and using (3.39), we get

l

loT Y~~ dx dt =

l

'1/J(x, x(T)) dx

-l

'1/J(x, xo) dx.

Equality (3.52) then becomes

{T { zdX dxdt =
Jo Jn

-

dt

loTII~~IIizcn)(t)dt-fn '1/J(x,x(T))dx+

l

'1/J(x,xo)dx+

loT fne~;dxdt.

(3.53)
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Comparing (3.51) and (3.53) gives

_1TJ (

lim

>..-+o+ o

n

dx>..)dx>..
8¢ x, -d
-d dx dt
t
t

~

1TJ
o

n

dx dx dt.
Z-d
t

(3.54)

Using the weak convergence of dx>../dt and 8'lj;(x, dx>../dt), respectively, to dx/dt and Z,
given by (3.28), (3.36) and (3.46), (3.54) together with the convergence lemma implies that
Z E 8¢(x,

it)

a.e. in 0

X

(0, T).

(3.55)

In view of (3.37), (3.47) and (3.55), we conclude that (e, x) is a solution of (3.3)-(3.4). The
convergence (3.35) implies that e(t = 0) = e0 . Estimate (3.27)-(3.28), equation (3.37) and
assumption H1 show that e and x satisfy (3.1)-(3.2). This concludes the proof of step 1.
Step 2. In this step, we only assume that e0 and xo satisfy assumption H3.
Due to the inclusion of domiq, in the closure of dom 8I¢ in L 2 (0), we can choose a
sequence (e 0,x0) satisfying the conditions of step 1 and converging to (eo,xo) in (L 2 (0)) 2
as n goes to infinity. Let (en, xn) be the solution of (3.3)-(3.4) associated to (e 0, xS') through
step 1 with the regularity (3.1)-(3.2).
As we have noted in step 1, the estimates (3.27)-(3.28) only depend on jjeoJIP(n) and
ll'l/J(x, xo) IIP(n) which implies that

(3.56)
and

(3.57)
independently of n.
Using assumption H1, equation (3.3), with en and xn in place of e and x, shows that

(3.58)
By Aubin's lemma, estimates (3.56)-(3.57) and (3.58) imply the existence of a subsequence
(en) xn)) still denoted by (en) xn)) so that

(3.59)
Xn ___,_X weakly in W 1 ' 2 (0, T; L 2 (0)),

as n goes to infinity, for some appropriate
The convergence (3.59) shows that

(3.60)

e and X·

e(t = 0) =eo.

(3.61)

In view of (3.56), (3.59), (3.60) and assumption Hl, passing to the limit as n goes to infinity
in (3.3) with (en) xn) in place of (e) x)) leads to
.
c(x) ~~

+ ~~- div (k(x)Ve) =

0 in (0, T) x 0.

(3.62)

To pass to the limit as n goes to infinity in (3.4) (with (en,xn) in place of (e,x)), we will
use the following lemma.
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Lemma 3.4. The sequence xn satisfies

(3.63)
Proof: It is very similar to the proof of Lemma 3.3. As already mentioned, (3.4) is equiva-

lent to (3.8). Subtraction ofthe two equations (3.8) corresponding to (en, xn) and (em, xm),
multiplication by Xn- Xm and integration over D X (0, t) leads to

lixn- xmlli2(n)(t)::::;

~llx~- x~IJi2(n) +

1t L

[(id + 8¢(x, ·))- 1 (en- 8'1/J(x, xn))

(3.64)

-(id + 81j;(x, ·))- 1 (em- 8'1/J(x, Xm))] [Xn- Xm] dx ds,
for all integers n and m. The right-hand side of (3.64) is evaluated as in Lemma 3.3 to give
(3.65)
where
cl

=

1t L

[(id + 8¢(x, ·))- 1 (en- 8'1/J(x, xn))- (id + 8¢(x, ·))- 1 (en- 8'1/J(x, xm))]

[xn- xm] dx ds.

c2 =

1t L

[(id + 8¢(x, ·))- 1(en- 8'1/J(x, xm))- (id + 8¢(x, ·))- 1(em- 8'1/J(x, xm))]

[xn- xm] dx ds.
For any fixed real z, the graph r 1---+ -(id+ 8¢(x, ·))- 1 (z- 8'1/J(x, r)) is monotone for almost
any X inn, which implies that Cl is negative for all tin (0, T).
Using the contraction property of the application r 1---+ (id + 8¢(x, ·))- 1 (r), for almost
every X in D, (3.65) then implieS 1·

~llxm- xnlli2(Q) (t) ~

~~~X~- X~lli2(Q) +

1t

(3.66)

jjen- emjjp(n)(s)jjxn- Xmi!P(n)(s) ds,

for all tin [0, T]. By Gronwall's lemma, (3.66) gives

for all tin [0, T]. Since en converges toe in L 2 ((0, T) x D) (c.f. (3.59)) and x~ converges to
xo in L 2 (D), (3.67) implies that
(3.68)
This concludes the proof of the lemma. 1
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To pass to the limit in (3.4), we rewrite it as

where Pn is given by

Pn(t, x, z) = -(id + 8¢(x, ·))- 1 (en(t, x)- 87/J(x, z)).
Note that Pn is measurable in (t, x, z) and monotone in z.
Furthermore, from (3.4), we also know that

dxn

-dt E D(8¢(x, ·))

a.e. in D x (0, T).

Let

c_(x) = inf D(8¢(x, ·)),
d_(x)

c+(x) = supD(8¢(x, ·)),

= inf D(8'1/J(x, ·)), d+(x) = supD(87/J(x, ·)).

We define Pn(t, x, ·) as the unique maximal monotone extension of Pn(t, x, ·) with domain
in [d-(x), d+(x)]. Note that Pn coincides with Pn on (d-(x), d+(x)). Now, (3.4) reads as

or functionally,

dxn

-dt

-

n

E Rn(X ),

where Rn denotes the canonical extension of Pn to L 2 ((0, T) x D).
From the definition of Pn, the convergence of en in L 2 ( n x (0, T)) shows that
converges
to R (associated to p corresponding to e) in the sense of maximal monotone graphs. Now
the strong convergence of xn in 0°([0, T]; L 2 (D)), hence in L 2 (D x (0, T)) and that of dxn jdt
weakly to dx/ dt in L 2 ( n X ( 0' T)) implies that

Rn

- dx
dt

E

R(x)

(3.69)

which is the limit of equation (3.4).
However, one can prove more because of assumption H2 and the properties of R. We
claim that -dx/ dt E p(t, x, x) almost everywhere, which can be expressed as dx/ dt +
8¢(x, dxjdt) + 8'1/J(x,x) 3 e almost everywhere.
Indeed, on the set {(t,x) E (O,T) x D,d-(x) < x < d+(x)}, R(x) is explicitly known to
be -(id + 8¢(x, ·))- 1 (e(t, x)- 8'1/J(x, ·)),so that -dxjdt E R(x) can be rewritten as

dx
dx
dt +8¢(x, dt)+87/J(x,x)

3

e.

We now consider R(x) on the sets

G __ = {(t,x) E (O,T) x D; X= d_(x)}
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provided d_-=/= -oo· (resp. G+ = {(t,x) E (O,T) x D; x = d+(x)} provided d+(x)-=/= +oo).
We only i~vestigate the case Q_ (the case G+ beingsimilar). From the definitions of j5,
d_(x) and c+(x), one has

j5(t, x, d_(x))

= p(t, x, d_(x))

U ( -oo, -c+(x)],

(3.70)

where p(t, x, d_(x)) = 0 if d_(x) rl- D.(87j;(x, ·))and (-oo, -c+(x)] = 0 ifc+(x) = +oo. Since
X lies in W 1 •2 (0, T; L 2 (D)) = L 2 (D; W 1 •2 (0, T)), Stampachia's lemma (cf. [11]) applied to
W 1 •2 (0, T) implies
dx
. G _,
(3.71)
dt = o a.e. m
and equation (3.69) then leads to
0 E j5(t,x,d_(x) a.e. in Q_.

(3.72)

Let (t,x) be such that (3.72) holds. For such an (t,x) in G_, relation (3.70) shows that
i) either 0 E p(t,x, d_(x))
ii) or 0:::; -c+(x).
In the case i), (3.71) implies that
dx

dt + 8¢(x,

dx

dt)

+ 87/;(x, d_(x))

3 B,

which shows that (3.4) is satisfied.
In the case ii), one has c+(x) :::; 0, and using assumption H2 iii) c+(x) = 0 (because 0 E
D(8¢(x, ·)) implies that c+(x) 2: 0). With the help of assumption H2 iii), we can conclude,
therefore, that d_(x) E D(87j;(x, ·)).For such a (t,x) in a-, the set B(t,x)- 87/;(x,d_(x))
is not empty and contains strictly positive reals. Using again c+(x) = 0 one has

(id + 8¢(x, ·))- 1 (z)

=0

for all z

> 0,

so that finally
0 E p(t,x,d_(x)),

which concludes the proof of the claim. Therefore, (3.4) holds almost everywhere in Q_. As
already mentioned, the proof is similar on G+, which concludes the proof of Theorem 3.1.
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