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Abstract. Applying the "equivalent curve" method provided by the author, this paper
discusses general solutions for the two dimensional singular integral equation
w(z)- q(z)
1r

f
la

I (_w(~~) 2 da~ =
~-z

f(z),

here G is a simply connected region in the complex plane.
Suppose G is a simply connected region in the complex plane E, its boundary r is formed
by finite arcs inc;. In this paper we discuss general solutions for the following two dimensional singular integral equation on G:

w(z)- q(z)
1r

f
la

I (w(~~) 2 da~ =
~-z

f(z).

(1)

Here the solution w(z) is in the space

and q(z) satisfies conditions

{i) lq(z)l = 1, z E Gj{a1,··· ,aq};
(ii) in G/{a 1, · · ·, aq}, q(z) has continuous partial derivatives which may have poles with
degree smaller than 2 at a 1, · · · , aq;
(iii) f(z) E V{G).
The equation (1) is solved by N.H. Vekua [1] under the condition lq(z)l < 1 and is discussed
by A. Dzuraev [2] and N.N. Komjak [3], [4] in the case lq(z)l > 1 and q(z) = ei-' (here>. is
a real constant).
Denote
(Tw)(z) = _.!._ f I:(~) da~ for wE V(G),
1r la
., - z
then (Tw)(z) has generalized derivatives [1]

o(Tw)(z) = w(z),
oz

o(Tw)(z)
oz

= _.!._ f
7r

la

I

w(~) da .
(~- z)2
~

It is easy to prove that the function (Tw)(z) is analytic in E/G, continuous in E/{a 1, · · · , aq}
and (Tw)(oo) = 0.
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Lemma 1. The equation (1) is solvable if and only if there exists a function H(z) such
that

(i) fl(z) = ij(z)H(z);
Hz(z)- q(z)/(z)
(11.. ) Hz(z)- f(z)
qz(z)
=
qz(z)
,

zE

- {

G/

}

a1,··· ,aQ ;

(iii) except for a1, · · · , aQ (if some of them are on r), 'lj;(t)tEr = (flz (t) - /(t)) /iiz(t) is a
boundary-value of the function '1/J(z) that is analytic in E/G and 'lj;(oo) = 0;
(iv) The function

(2)
is one in V(G).
If the solution exists, then it is precisely w(z) as defined by (2).
Proof: Necessity. If there exists w (z) E V (G) that is a solution of equation ( 1), denote
W(z) = (Tw)(z) and 'ljJ(z)zEE/G = W(z), then '1/J(z) is analytic in E/G and '1/J(oo) = 0.
W ( z) is continuous in E / { a 1 , · · · , aQ} and the equation

Wz(z)
holds in

+ q(z)Wz(z) =

f(z)

G. Put
H(z)

= W(z) + q(z)W(z),

(3)

then H(z) satisfies the condition (i) of Lemma 1 and there holds

Hz(z) = f(z)

+ qz(z)W(z).

(4)

Take the conjugate equation of (4) from (3) and

ifz(z) = -ij(z) 2 qz(z),
and we obtain

Hz(z) = q(z)/(z) + qz(z)W(z),

(5)

thus, other conditions of Lemma 1 follow from (4) and (5).
Sufficiency. If the four conditions hold in Lemma 1 and the function w(z) is defined by
(2), it is known from [1] that

Hz(z)- f(z)
()
qz z

= F(z) + (Tw)(z),

z E G,

(6)

where F(z) is analytic in G. By taking z = t Erin (6) and multiplying two sides of (6) by
1/(27ri(t- z)), integrate (6) along rand obtain F(z) = 0. Hence,

Hz(z)- f(z) =
qz(z)
so

_! {
1r la

_! f

1r}0

J

J

w(~) da = !!__ (Hz(z)- f(z))
(~- z) 2 ~
8z
qz(z)

= !!_((ij(z)H~z))z- f(z)) = !!_(H(z) _
8z

w(~) da~,

~-z

qz(z)

= q(z)/(z)- q(z):

uz

8z
(Hz(z) (-/(z))
qz z

q(z)(Hz(z)- q(z)f(z)))
qz(z)

= ij(z)f(z)- ij(z)w(z),
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concluding that w(z) is a solution of the equation (1). I
Now, solving equation (1), is equivalent to finding the function H(z) that satisfies four
conditions of Lemma 1. For this purpose, the following definitions are needed.

Definition 1. The curve

11 is called an equivalent curve of q( z) if q( z) zEv
region Dis called an equivalent region of q(z) if q(z)zED =constant.

= constant; the

Definition 2. D 2 is called a second type set of G for q(z) if any point of D 2 satisfies one
of the following two conditions:

(i) It lies on an equivalent region of the function q(z ).
(ii) It has a neighborhood in which no point can be joined with the point of the boundary
r by an equivalent curve of q(z).
D 1 = Gj(D2 U {a1,·· · ,aQ}) is called a first type point set of G for q(z). Equivalent
curves of q(z) from rare dense in D1 and D1 does not contain any region where q(z) =
constant. Points a 1 , · · · , aQ are neither in D 1 nor in D2.
In the following, we will prove that if a point z can be joined with a point t E r by an
equivalent curve of q(z), then we can determine H(z) from H(t) restricted on r. Since H(z)
is continuous we can determine all H(z) for z E D 1 .

Lemma 2. If z E G is joined with initial point t E r by the equivalent curve
then
H(z) = H(t) + [ J(~) de+ q(()J(O d~.

Proof: Since qz(z)dz + qz(z)dz = 0 on

11

of q(z),
(7)

(7) will be proved by (4) and (5).

11,

Lemma 3. Iff has parametric representation t = t(s) (heres is arc length), then finding
H(t)tH of Lemma 2 is equivalent to finding '1/J(z) which satisfies the following conditions:
(i) '1/J(z) is analytic in

E/G and '1/J(oo)

= 0;

(ii) 'tjJ(z) is continuous in E/G except a1, · · · , aQ (if some of them are on r) and there
holds the boundary-value condition on r:

t'(s)'I/J'(t)

Proof: Assume

11

+ t'(s)q(t)if;'(t) = t'(s)f(t) + t'(s)q(t)](t).

(8)

= z(s) (here s is arc length).
by T. Denote the normal direction of v by N and call

is an arbitrary arc and has parametric z

Denote the tangential direction of

11

the positive normal direction the one which points to the right ofT. Directional derivatives
of H(z) with respect toT and N are

= Hz(z)z'(s) + Hz(z)z'(s)
HN(z) = i (Hz(z)z' ( s) - Hz(z)z' ( s)).
Hr(z)

So, we have
z'(s)

.

Hz(z)

= - 2-(Hr(z)- zHN(z))

Hz(z)

= - 2-(Hr(z) + iHN(z)),

z' (s)
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and it follows from the condition (ii) of Lemma 1 that

z'(s)(Hr(z)- iHN(z))- 2/(z) _ z'(s)(Hr(z) + iHN(z))- 2q(z)/(z).
z'(s)(qrXz)- iqN(z))
z'(s)(qr(z) + iqN(z)
'
i.e.,

Hr(z)- (z'(s)f(z) + z'(s)q(z)/(z))
qr(z)

=

HN(z)- i(z'(s)f(z)- z'(s)q(z)/(z))
qN(z)

Thus,

W(z) = Hz(z)- f(z)
qz(z)

= Hr(z)- (z'(s)f(z) + z'(s)q(z)/(z)) .
qr(z)

If vis the boundary r: t = t(s) then the last formula gives

.!.( )
'f'

t

_ Hz(t)- f(t) _ Hs(t)- (t'(s)f(t)

qz(t)

tH-

-

+ t'(s)q(t)/(t))

qs(t)

Lemma 3 will be proved from this formula and H(t) = 1/J(t)

'

+ q(t)i/J(t).

In order to find the function 1/J(z) which satisfies the two conditions in Lemma 3, we
conformally map E/G onto K = {1~1 > 1}. If the mapping function is

z

= ¢(~),

~ E K,

¢(oo) = oo,

denote
Q(~)

= 1/J(¢(~)),

then it follows from (8) that (taking into account the boundary K is r(s) =

ei 8 )

rQ'(r)- q(rjJ(r))fQ'(r) = q(¢(r))¢'(r)r/(¢(r))- ¢/(r)f/(¢(r)).

(9)

Obviously, finding 1/J(z) which satisfies the two conditions of Lemma 3 is equivalent to
finding the function Q(~) which satisfies conditions
(i) Q(O is analytic inK and Q(oo) = 0;
(ii) Q(O is continuous ink except finite points (if some of a 1 , · · ·
boundary-value condition (9) holds on lrl = 1.
For the purpose of finding

Q(~),

,

aQ

are on r) and the

we represent q(¢(r)) in the form [1]

q(rjJ(r)) =

Tne2iP(r)+Pt(r)'

lrl = 1,

here n = Indrq(t) is called an index of q(z) tor, P(r) is the boundary-value of the function
P(~) that is analytic inK, IP(oo)l < oo and P 1 (r) =Im2P(r) = i(P(r) -P(r)); hence, we
may further represent q( ¢(T)) in the form

and (9) as
{10)
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satisifies
(11)

If we assume
{ E

E/K,

(12)

{EK,
then finding Q(~) is equivalent to finding a piecewise analytic function h(O that satisfies
the following three conditions:

= r 2 -nh-(r) + h(r), lrl = 1, here fi(r) satisfies (11);
li(t) = h(O, (1{1 =I= 1);

(i) h+(r)
(ii)

(iii) At

~

= oo, h(~)

has zero of order at least 1.

Lemma 4. For the piecewise analytic function
conditions, consider the following cases:

h(~)

satisfying the above-mentioned three

h (r) = 0.

I. The case of the homogeneous equation (10 ), i.e.
(i) ifn

~

-1, then the problem does not have non-trivial solution;

(ii) ifn:::; -2, then the problem has lnl-1 solutions which are linearly independent over
the real field.
II. The case of the inhomogeneous equation (10).
(i) if n :::; 0, then the problem is solvable without any condition;
( ii) if n ~ 1, then one has [~]

+ 1 solvability conditions of the problem

largest integer not larger than

~)

(here [~] is the

:
n
(k=-2,-1,··· ,[2]-2).

Proof: It follows from [5] and condition (i) that

h(~)

=

{

~
27l"Z

J

fi (T)

jTj=l T - ~

c- 2 (~1
27l"Z

If n

~

dr + R( 0,

(13)

h(r) dr+R(O),

jTj=l T -

1, then from the condition (iii),

~EE/K,

R(~)

~

= 0 is obtained.

~EK.

If n:::; 0, then

In I

R(O = Lck~k.
k=O
If equation (10) is homogeneous, then it follows from condition (ii) that
lnl

lnl

'"'ck~:-k
~

k=O

<,

jnj+2

= '"'ck~:k-(ini+2)
= '"'
~
<,
~
k=O

j=2

c

~:-j

lnl+2-j<,

'
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so the homogeneous problem does not have a non-trivial solution when n = 0 or n = -1.
When n ::; -2 it has Jnj-1 solutions which are linearly independent over the real field. h(O
can be represented as
In I

L:ck~k,
h(~)

=

~ E

E/K,

~ E

K;

k=2

In I
"
' " 'Clnl+2-k~k
~

'

k=2

c

where ck = 1n 1+ 2-k (k = 2, ..• , JnJ).
In the case of the inhomogeneous equation (10), consider (11), then it follows from condition (ii) that

h(~)=--1-1
~

/l(r) df=..i_1

27ri lrl=l f - 1/~

= - -1. 1

27rz lrl=l

here n

~

Tn-3fl(r)dr

27ri lrl=l

T-

1 *11
Tn-3 fl (T) dr - ( -.)
~

27rZ

lrl=l

~

1 1
+ -.

Tn-2 fl (T) dr

Tn-lfl(r) dr,

27rz lrl=l ~( T

-

~)

1 and ~ E K, now we turn to condition (iii) and obtain

Take the conjugate at both sides of the above equality and apply the formula (11); again,
it follows that
r- 2fl(r) dr = 1
r- 1 fl(r) dr = 0.
1
lrl=l

lrl=l

Observe the represent form of h(O in (12), we obtain

n-2
=-

L

e-l-k

k=O

so

1

1

Tk fl(r) dr
lrl=l

rkh(r)dr = 0,

lrl=l

and if n

= 1, then the solvable condition is

But it is easy to verify from ( 11) that

(k

+1

1

Tnlrl=l ~(T

~l(r) dr,
~)

= 0 ' 1 ' · .. ' n- 2) '
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so there are only [~ J + 1 solvable conditions

n

(k=-2,-1,··· ,[-J-2).
2

If n :::; 0, then it follows from condition (iii) that
In I

R(O
Let~

= Lck~k.

k=O

E K, then condition (ii) gives (taking into account (13))

Since condition (iii) holds, then

Co= _1_ {

h(r) dr

27ri llrl=l rlnl

cl =

_1_

f

+3

= __1_

h(r) dr

= __1_ f

27ri }lrl=l rlnl+2

If we take

ck such that
Cjnl+2-k

-

= ck

-

1

-2.

h(r)

lrl=l

T

lnl-k+3 dr,

T

1

h(r) dr.

27ri }lrl=l

1

n

fl(r) dr

{

27ri llrl=l

(k

72

= 2, · · · , /n/),

then the function h(~) in the form (13) satisfies the above-mentioned three conditions. This
completes the proof of Lemma 4. I
After h(O is found we can obtain Q(~) from (12) and Q(oo) = 0. It is easy to obtain
'lj;(z) = Q(¢>- 1 (z)), so 'lj;(t), satisfying (8) on r, will be found and solvable conditions (if
n 2: 1) will be obtained from Lemma 4. The number of linear independent solutions is the
same, too. With this 'lj;(t), we put
H(t)

= 'lj;(t) + q(t);[J(t).

(14)

Now we can prove

Theorem 1. If D2 = 0; i.e., D1 = Gj { a1, · · · , aQ }, then the equation (1) is solvable if and
only if the following conditions hold:
(i) In the case of n = Ind rq( t) > 0, there are [i J + 1 solvability conditions which may be
obtained from Lemma 4.
(ii) If the equivalent curve v ofq(z) joins t 1 with t2 (t 1 is initial point and t 1 , t 2 E r),
then the function defined by (14) satisfies
H(t2)- H(tl)

=

l !(~)

d( + q(0](~) d~;
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(iii) w(z)

H. XINMIN

= tzCB·<:.\~[<z))

E V(G), here H(z) is defined by (7).

In the case n ~ -1, the solution is unique; in the case n ::; -2, the solution depends on
lnl - 1 arbitrary real constants.

Proof: Necessary conditions already have been obtained from previous discussion. Now we
prove that the above conditions are sufficient. In the case of n = Ind rq(t) > 0, condition
(i) guarantees that we can find a function 1/J(z) which is analytic in E/G and satisfies
(8) on r, 1/J(oo) = 0. Through 1/J(t), the function H(t)tH or H(z) is obtained by (14)
or by (7). It can be proved from (7) that conditions (i) and (ii) of Lemma 1 are true.
At last condition (iii) of Lemma 1 will be proved from condition (iii) of Theorem 1 and
(Tw)(z) = (Hz(z)- f(z))fqz(z). Hence, w(z) = (8/8z)(iiz(z)- f(z))/iiz(z) is the general
solution of the equation (1). The number of linearly independent solutions follows from
Lemma 4. I
Now we discuss the case D 2 =f 0. Suppose v is a connected component of the boundary
of D2. As equivalent curves whose initial point on r exists in an arbitrary neighborhood of
v on the side of D 1 , we can prove

Lemma 5. Each connected component of the boundary of D 2 is an equivalent curve of
q( z). The boundary of the arbitrarily connected component of D 2 has only finite equivalent
curves of q(z).
The last result of Lemma 5 is obtained due to the fact that the end point of each equivalent
curve in G must be a 1 , · · · , aq unless it is a closed contour.

Theorem 2. If D 2 =f 0 then the equation (1) is solvable if and only if the following
conditions hold:
(i) All conditions of Theorem 1 are true in D 1 .
(ii) For any closed equivalent curve v of q(z)

1

f(z) dz

+ q(z)f(z) dz =

0.

If equation (1) is solvable then its linear independent solutions are infinite.

Proof: The necessity of condition (i) is obvious. Since H(z) is a single-valued function of
z, so the condition (ii) holds.
Sufficiency. If condition (i) holds, then we can decide H(z) in D 1 from the boundary-value
H(t) by (7) and obtain H(z) on the boundary of D 2 consequently. In D 2 we can construct
a few curves Ck, which intersect all equivalent curves of q(z) at only one point and define
a continuous differentiable function H(t) on Ck, this function must satisfy ii(t)tECk =
ij(t)H(t) and be continuous to the boundary of D 2 • Using (8) iterately (here t E C,.), we
may construct a single-valued function H(z) which satisfies all conditions of Lemma 1. If
there is an equivalent region in D 2 , then in that region integral curve v is an arbitrary one
because condition (ii) guarantees that integral in (7) is independent of the form of v.
In the case that D 2 =f 0 and equation (1) is solvable, we will prove that equation (1) has
infinite solutions which are linearly independent over the real field. It is sufficient to prove
that the homogeneous equation (1) has infinite solutions. If there is an equivalent region in
D2, we may suppose there is a disk D = {lz- zol < p} C D2 and q(z)zED = eia (o: is a real
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constant), define

iei1- t(iz- zol2ak- p2ak),
W(z) = {

zED,

k=O

z

0,

E

GjD,

w(z) = W.z(z),
here, a.k is an arbitrary real constant larger than 1 and n is an arbitrary positive integer. It is
easy to check that w(z) is a solution of the equation (1). Suppose there is not any equivalent
region in D2 and D is a connected component of D2. It is known that the boundary of the
connected component D of D2 has only finite equivalent curves of q(z). Denote these curves
by v1, · · · , Vn, choose Zk E vk (k = 1, · · · , n) and define

(1

+ q(z)) t(q(z)- q(zk) + ij(z)- ij(zk))ak, zED,

H(z) = {

k=l

z

0,

E

GjD;

here, a.k is an arbitrary real constant which is larger than 2. It is easy to prove that this
H(z) satisfies all four conditions of Lemma 1. Since a.k is arbitrary, we may construct
infinite solutions of the homogeneous equation (1) from this H(z) and Lemma 1. 1

Remark. (i) If the function f(z) and q(z) have stronger conditions, we can derive the
representation formula of W(z) = (Tw)(z) by q(z) and f(z) directly. Actually, it follows
that from (4) and (5)

+ Qzz(z)W(z) + q.zWz(z),
Hz.z(z) = (q(z)j(z))z + Qz.z(z)W(z) + Qz(z)W.z(z),

H.zz(z) = fz(z)

so

q.z(z)Wz(z)- Qz(z)W.z(z)
If v: z

= z(s)

is an equivalent curve in

G/{a 1 , · · · ,aQ},

QT(z) = q.z(z)z'(s)
QN(z)

= i(q.z(z)z'(s)- q

2

= (q(z)j(z))z- fz(z).

(z)z'(s))

then along v,

+ Qz(z)z'(s) =

0,

= 2iq.z(z)z'(s) = -2iq

2

(z)z'(s),

so along v:

dW(z(s))
--'--''---'-'-=
W.z(z)z'(s) + W
ds

2

(z)z'(s)

= 2iq.z(z)Wz(z)- Qz(z)W.z(z) = 2 i (q(z)j(z))z- fz(z)
QN(z)

If the point z joins with t E
we obtain

r

QN(z)

·

by the equivalent curve v (here the point t is initial), then
(15)
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On the contrary, if W(z) is defined by (15), H(t) and H(z) is defined by (14) and (3)
separately, and it can be proved that the function H(z) satisfies all four conditions of
Lemma 1 and we can obtain a solution of the equation (1).
(ii) For the conjugatE! equation of the equation (1)

W

*( Z ) _ _!_
7r

1j
G

ii(Ow*(O
d0'~ = g ( Z ) ,
(C
)
._-z 2

if we multiply by q( z) both sides of this equation and define

w(z) = ij(z)w*(z),

f(z) = ij(z)g(z),

then it can be transformed to the same form as the equation (1),

1j

ij(z)
w(z)--

G

7r

( w(~)_) 2 da~ = f(z),
~-z

and we need not give further detailed discussion.

Example. Suppose G =
equivalent curve of q( z) is

{izl <

1},

r

=

{itl

= 1}, q(z)

1;1' f(z)

~lzl

+ ~·

The

z(s) = sei 8 (1 2: s 2: r, ()is a real constant).
It is easy to obtain 'ljJ(t) =

-f, so there is if;(t) = 1 ~ 1

on this equivalent curve of q(z). Notice
(q(z)](z))z- fz(z) = 1 and qN(z) = i(z'(s)q:z(z)- z'(s)qz(s)) =~on this equivalent curve.
It follows from (15) that W(z) = zlzl, so w(z) = ~lzl is the solution of equation (1).
The author is deeply grateful to Professor Fang Ainong for his instruction concerning this
paper.
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