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ON THE ORDER OF MAGNITUDE
OF TITCHMARSH-WEYL FUNCTIONS

F. V.

ATKINSON

Argonne National Laboratory and University of Toronto

Abstract. Upper and lower bounds are obtained for the absolute values of a family of
Titchmarsh-Weyl m-coefficients, thereby determining their order of magnitude; only minimal restrictions on the second-order differential operator are imposed. The method also
yields the asymptotic behaviour in a certain exceptional case. The results are applied to
the estimation of spectral functions.

1. Introduction. Recent progress in the spectral theory of the second-order operator

- (py') 1 + qy = ), wy,

- oo < a ::; x < b ::; oo ,

(1.1)

focussing on the twin concepts of a spectral function and an m-coefficient, has dealt largely
with asymptotic approximation to these entities, necessarily with restrictive hypotheses on
the coefficients in the differential operator. In the case of the m-coefficient the topic stems
from the original order result of Hille [23], improved to an asymptotic formula by Everitt
[10]. In one direction these have led the way to higher asymptotics, or indeed asymptotic
series for the case p = w = 1 (see e.g. [18-20, 25-26]). Another type of development has
been to extend the Everitt formula [10] to more general circumstances [1, 2, 11].
The thrust in this paper is in a third direction, going back to the aspect dealt with by
Hille. We aim to obtain order-of-magnitude results covering the most general case of (1.1),
imposing only the standard requirements for the "right-definite" case. We do not assume
any specific asymptotic form for p, q and w as x --+ a, and do not, in particular require p to
be positive. We are concerned with results of the general form
( 1.2-3)
as ),

--+

oo in a sector
E ::;

arg ), ::;

1r -

E •

(1.4)

for fixed f. with 0 < f. < 1r /2. In ( 1.2-3), 'lj;( ),) is a positive function to be specified, actually
dependent only on I), I·
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Here we encounter the problem of the meaning to be attached to the term "TitchmarshWeyl function" for (1.1), and the question of its uniqueness. Bypassing this last point, we
obtain, much as in [1-3], bounds for a general point in a certain region D(X, >.), the "Weyl
disc", to be defined later. The bounds will of course apply to the function m(>.) in the case
of uniqueness, that is to say the limit-point case.
Order-of-magnitude results for the Titchmarsh- Weyl function can be applied to obtain
similar results for the spectral function; the parallel argument for asymptotic behaviour has
been given in [2, 17]. They can also serve as an intermediate step in the proof of asymptotic
formulae.
The present paper completes to a large degree an earlier paper [3], in which upper bounds
of the form ( 1.3) were obtained, along with corresponding upper bounds for the spectral
function. These upper bounds for lml could be verified as giving the correct order of
magnitude in explicitly soluble cases of standard type, for example in which a = 0, q = 0
and p, ware powers of x (see [3], p.6). It turns out that the upper bounds referred to, while
valid, sometimes give an over-estimate; an example of this involves the "rapidly oscillating"
choice p(x) = 1/ sin x- 1 considered in more detail in §6. Our main aim here is to obtain
upper and lower estimates which agree on the order of magnitude in a wide variety of cases,
perhaps in all.
The results of this paper can be obtained in more than one way, and indeed have been
so obtained. In an earlier version of the paper, written during a visit to the University of
Birmingham, England, in 1985, I employed what may be termed the circle geometry method
used earlier in [1]; in this method we estimate points in the "Weyl disc" by estimating some
convenient reference point in the disc and also estimating the diameter of the disc. In this
paper I use an entirely different method, based on the interpretation of the m-coefficient
in terms of Riccati equations with solutions lying in the closed upper half-plane. This
interpretation appears suitable for extensions to "half-linear" equations, and indeed was
so derived. A general survey of the theory of the Titchmarsh-Weyl m-coefficient, covering
developments up to the late 1970's is given in [9]. A substantial update of this survey is in
preparation [5]. An important memoir of Bennewitz [6] provides a detailed account of new
developments in the theory, both as regards order-of-magnitude aspects and also as regards
asymptotic approximations, and is not confined to the right-definite case.
We pass to a brief review of the contents of individual sections of the paper.
We begin, in §2 with an apparently unrelated topic, that of estimates for solutions of
scalar Riccati equations. The connection with the present topic lies in the characterization
used here for elements of the Weyl disc D(X, >.), that it consists of numbers m such that
the solution of the initial-value problem, with w ~ 0, Im >. > 0,

v'

=

-p- 1 -

(>.w- q)v 2

,

v(a)

= m,

(1.5)

satisfies Im v(X) ~ 0. We discuss in §3 the relation between this and more conventional
definitions. In §4 we give a preliminary upper bound for the Sturm-Liouville case, effective,
roughly speaking, in cases of standard type. This general result for the Sturm-Liouville
case is given in §5, with examples in the following section. In §7 we deal with a special
case, which is remarkable in that the present methods yield an asymptotic formula for the
Titchmarsh- Weyl coefficient, and not merely order-of-magnitude results.
We conclude the paper with brief discussions of two further aspects, firstly applications
to the estimation of spectral functions, and secondly the asymptotics of m in the situation
that ). ----> 0.
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2. Lemmas on Riccati equations. We obtain in this section necessary conditions on
the initial value v(a) in order that the equation

v'(x) = -a(x)- ,B(x)v(x) -1(x)v 2 (x),

a:::; x:::; c,

(2.1)

should have a solution satisfying
Im v(c) ::::: 0.

(2.2)

Here c E (a, b), and a, ,8, 1 are in L1 0 c[a,b); they are in general complex valued.
We write
CYo= icia(t)idt,

(2.3)

and define similarly ,Bo, ')'o, ,BI(x), 1I(x).
We have then

Lemma 1. Under the above conditions, if (2.1) has a solution satisfying (2.2), we have

iv(a)i::::: Imai(c)- ao(4,8o

+ 16ao1o),

11/v(a)i::::: Im1I(c) -1o(4,8o

+ 16ao1o).

(2.4)
(2.5)

It will be sufficient to prove (2.4) only; we can then deduce (2.5) by applying (2.4) to the
differential equation satisfied by v* = -1/v.
Passing over trivial cases, we assume that
ao

> 0,

4,8o

+ 16ao1o < 1,

iv(a)i < ao,

(2.6-8)

since the right of (2.4) does not exceed

(2.9)
We first establish an upper bound for lv(x)j. We claim that

lv(x)i < 4ao,

In the contrary event, there would be an x 1

(2.10)
E

(a, c] such that

lv(xl)l = 4ao,
iv(x)i < 4ao

for a:::; x < x 1 .

We would then have

iv(xl)- v(a)i > 3a 0
while, by integration of (2.1) and use of (2.11), we would also have

by (2.7). This gives a contradiction, and so proves (2.10).

(2.11)
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We next integrate (2.1) over (a, c), and write the result in the form

lc

v(a) = v(c) + a1 (c)+

(f3v + jv 2 ) dx.

Here we take imaginary parts, note that Im v(c) :::: 0, and use (2.10). This gives

Since lv(a)l:::: Imv(a), this proves (2.4).
In the event that a(x) is real-valued, but not 1(x), so that only (2.5) is informative, a
transformation is useful. We give the details in the case that f3(x) = 0, which is relevant to
the Sturm-Liouville application. We thus take it that v is a solution of

v' = -a -jv 2

,

Im v(x) :::: 0,

a::; x::; c,

(2.12)

with
Ima(x)::=O,

Im1(x)::::o,

a:=;x::;c.

(2.13)

We write

V(x) = v(x)

+ ai(x),

(2.14)

so that
(2.15)
and also

V(a) = v(a),

ImV(x):::: 0,

a::; x::; c.

(2.16)

By applying Lemma 1 to (2.15) we get

Lemma 2. Defining L:::: 0 by
(2.17)
we have

lc

jv(a)j:::: Im

1ai dx- IOL

lc

(2.18)

hail dx,

(2.19)

11/v(a)l:::: lmji(c) -10Ljo.

In applying the results (2.4-5) to (2.15) we must replace a by 1ai and /3 by -21a1, while
1 remains unchanged. Since v(a), V(a) are the same we have from (2.4) that (with all
integrals over (a, c)),
jV(a)l :::: Im
:::: Im

I

1ai dx- 8

I

I

1ai dx- (8L

hail dx

+ 16£ 2 )

I

I

ha1l dx- 16/o

(I

hail dx

f

(2.20)

hail dx,

on using the Schwarz inequality. We observe that we may take it that L < 1/10, since
otherwise (2.18-19) are trivial. We then get (2.18) from (2.20).
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The proof of (2.19) is similar.
It should be noted that the argument yields slightly stronger results than those stated.
The left-hand sides of (2.18-19), may be replaced respectively by Im v(a), Im ( -1/v(a)). We
omit the details but note a possible application at the end of §5.

3. Various definitions of the Weyl disc. In this section we list for comparison
various definitions of the "Weyl disc" D(X, >.), associated with any X E (a, b) and any )..
with Im).. > 0; this will be a set of complex numbers m having various equivalent properties.
Such an object can be set up for (1.1) and any homogeneous initial conditions (see e.g. [9]),
though it is essentially sufficient to take one case; as usual, we take here the Dirichlet initial
conditions.
We make in the sequel the following general assumptions regarding (1.1):
(i) 1/p, q, ware real and Lebesgue-integrable on compact subsets of [a, b),
(ii) w(x) ~ 0, and

ix w(t)dt >

0

for

x E (a, b),

(iii) writing

r(x) = 1/p(x),
we require that

ix wr~ dt >

ri(x) =

0

for

(3.1)

ix r(t) dt,

x E

(a,

(3.2)

b).

(3.3)

We denote as usual by B(x), ¢(x) a pair of solutions of (1.1), fixed by the initial data

(} = 0, pB' =

1, ¢

=

-1, p¢'

= 0,

at x

= a.

(3.4)

The second and fourth of these are to be interpreted, if necessary, in a limiting sense as
x--+ a, or as values of "quasi-derivatives". We write occasionally B(x, >.), ¢(x, >.);dependence
on ).. is in any case to be understood.
For any X E (a, b) and any ).. with Im).. > 0 we can then set up a number of equivalent
definitions of a "Weyl disc". The first three of these are concerned with properties of a
linear combination
y = (} + m¢
(3.5)
of the solutions determined by (3.5). We write y = y(x) = y(x, >.); we could write also
y = y(x, ).., m). Although we are dealing with the scalar case, we follow matrix usage in
using (*) to indicate the complex conjugate.

Definition 1. The set of m such that
Im (p(X)y'(X)y*(X)- (p(X)y'(X))*y(X)) ~ 0.

(3.6)

Definition 2. The set of m such that either y(X) = 0 or
Im (p(X)y'(X)jy(X)) ~ 0.

(3.7)
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Definition 3. The set of m such that
(3.8)
Definition 4. The image of the lower half-plane Im x
X:---> m = -(B(X)

~

0 under the map

+ xp(X)B'(X))/(¢(X) + xp(X)¢'(X)).

(3.9)

Definition 5. The set of m such that the Riccati equation

v' = -r- (>.w- q)v 2

(3.10)

with initial condition
v(a)

=m

(3.11)

exists over [a, c) and satisfies
Imv(x) ::=: 0,

for

a~

x <c.

(3.12)

This last definition may be modified by replacing (3.12) equivalently by
Im v(c) ::=: 0.

(3.12')

The first four of these definitions are linked in a well-known manner with the identity

2i Im

m

= 2i Im ).

ix wlyl

2

dt

+ (y*py'- y(py')*) lx.

(3.13)

The last, less standard definition, which is our main tool, arises from the differential equation
(3.10) satisfied by
(3.14)
v(x) = -y/(py').
Any of these definitions of the Weyl disc D(X, >.) can also serve as a basis for defining
a Titchmarsh-Weyl function m(>.), namely as a function holomorphic in the upper halfplane Im). > 0 and lying in D(X, >.) for all X E (a, b). For the order of magnitude of such a
function, whether unique or not, it turns out to be sufficient to estimate elements of D(X, >.)
when X= X(>.)---> a in a controlled manner as 1>.1 ---> oo.

4. A one-sided bound for points of the Weyl disc. In a preliminary use of this
machinery, we use Lemma 1 to get an upper bound for points m of a certain Weyl disc; the
result is very close to one of [3], obtained by the circle geometry method. We prove
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Theorem 1. For some

E

in (0, 1r /2) let >. satisfy
E

For large>., let c = c(>.)

85

= c(I.AI)

s; arg ). s;

1r -

(4.1)

E.

be determined so that
(4.2)

Then, for large>., any mE D(c, >.) satisfies
(4.3)

It will clearly be sufficient to prove
since that will yield the strongest form
We apply Definition 5 and Lemma
(3.10), we have
a = p- 1 ,

the result for the case that equality holds in (4.2),
of (4.3).
1. Identifying the differential equation (2.1) with
(3 = 0,

1 = >.w- q.

(4.4)

Since a is real, only (2.5) will be informative, and this shows that for any c E (a, b) we have

(4.5)
for any mE D(c, >.).
We then choose c to satisfy (4.2), with equality, which will be possible if). is sufficiently
large. To see this we note that both integrals on the left of (4.2) are continuous, positive
and non-decreasing functions of c on (a, b), by our hypotheses (3.1), (3.3). We can make
c(>.) unique by specifying it to be the least value satisfying (4.2) with equality.
It is clear that we must have

c(>.)

--+a,

as

I.AI

--+

oo.

(4.6)

Since the second integral in (4.2) then tends to 0, we must also have
(4.7)

and hence
(4.8)

Using this in (4.5) we have

This gives the required result.
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As it happens, Theorem 1 gives the correct order of magnitude in certain straightforward,
explicitly calculable cases, but may give an over-estimate in cases of rapidly oscillating p(x).
Examples of both kinds will be presented in §6.

5. Two-sided bounds for the Weyl disc. We show now that by use of Lemma 2 we
can replace the result of Theorem 1 by upper and lower bounds which agree in cases so far
known. In the notation of Lemma 2, we have now

a1(x)

= r1(x),

1(x)

= .>.w(x)- q(x) ,

(5.1-2)

and, for some c E (a , b) to be determined,

(5.3)
Following (2.17) , we define L

~

0 by

L 2 = l cl .>.w-qldt l cl .>.w -q!rrdt .

(5.4)

Restricting.>. by (4.1), we deduce from (2.18-19) that any mE D(c, .>.)will satisfy

lml ~
11/ml ~

1.>.1 sinE i c wr~ dt- 10L i c l.>.w-

qlr~ dt ,

!.>.1 sinE i c wdt -lOL 1 c !.>.w- q! dt.

(5.5)

(5 .6)

To derive from (5.5-6) a complete determination of the order of magnitude of m in the
general Sturm-Liouville case we have, it seems, to supplement the general hypotheses of §3
with a special hypotheses involving q, namely
(5.7)

as x-+ a. In particular, (5.7) will hold if

(5.8)
with "sup" over [a , x] . Obviously, this is true if q = 0. Indeed, it seems difficult to construct
examples in which (5.7) is not satisfied.
With our general assumptions, including (4.1) and (5.7) we have
Theorem 2. For large.>. let c = c(.>.) E (a , b) be determined subject to
(5.9)
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Then any m E D( c, A) satisfies, for sufficiently large A,

lml

> (1/2)IAI sinE

11/ml

> (1/2)1AisinE

lc wri
lc

(5.10)

dt

(5.11)

wdt.

As in the case of Theorem 1, it is sufficient to prove (5.10-11) with c(A) chosen so that
equality holds in (5.9). We have as previously that c(A) --+a as IAI --+ oo. We shall have also
(5.12)
since r 1 (x)--+ 0 as x--+ a. We can then deduce (4.7), and so also (4.8).
We claim in addition that
(5.13)
It is here that we use the special hypothesis (5.7). A property equivalent to (5.13) is

This follows from (5.7), if IAI be determined from (5.9) with equality. It then follows that

Hence, by (5.4),

L

--+

20- 1 sin f

.

We can now deduce the required results (5.10-11) from (5.5-6).
As indicated at the end of §2 we can sharpen (5.10-11) by replacing the left-hand sides
by Imm, Im(-1/m). Multiplying the results we deduce the remark that
sin 2 arg m 2: 1600- 1 sin 4 f,
for sufficiently large ).; the latter qualification can be dropped if q

(5.14)

=0.

6. Examples and discussion. We take in these examples a= 0. We suppose first that
p, w have power-type behaviour as x --+ 0; it will be sufficient that this be in an integral,
and not necessarily in a pointwise sense. Specifically, let us assume that
(6.1)
(6.2)
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Cij,

n(l), n(2) are positive constants. The requirement (5.7) for
(6.3)

as x --+ 0, which is certainly satisfied if, as we assume, fqf is integrable at x = 0. Applying
Theorem 2, we suppose that c(A) is chosen so as to ensure equality in (5.9) and find that
c( A) is of order
A-l/(n(l)+n(2)) .
(6.4)
Since we have equality in (5.9), the bounds (5.10-11) agree as to the order of magnitude of
m. Using (5.10) we find that m is exactly of order
fA I(c(A) t(1)+2n(2)

or
fAI-n(2)/(n(l)+n(2)).

(6.5)

Thus, to take the simplest example, if
w

= p = 1,

(6.6)

we have n(1) = n(2) = 1, and somis exactly of order
(6.7)
as is known from the original Hille result [23]. One-sided order results were discussed in [3],
on the basis of a result similar to Theorem 1.
If (6.1-2) are sharpened to asymptotic equality as x --+ 0, asymptotic expressions become
available for m; we cite [9], [13], [25, 26]. If (6.1-2) are further sharpened to equality over
the half-axis [0, oo) exact expressions become available [13] (see also [8]) for the limiting
mE D(oo, A).
We recall here the general remark that our estimates for m E D(c(A), A) automatically
apply to any mE D(X, A) if X;::: c(A), in view of the nesting circle property.
We give next an example in which Theorem 2 yields a more accurate result than Theorem
1. This is
(6.8)
p =esc x- 1 , w = 1, q = 0, 0 < x < oo.
Here

lax fp-

1 fdt

= o(x)

and so, using Theorem 1, we find that for any fixed X E (0, oo ), we have that the general
D(X, A) is of order at most (6.7) as in the case (6.6). Using Theorem 2, however, we
have
mE

and so

(6.9)

ON TITCHMARSH- WEYL FUNCTIONS

89

Used in (5.9), this leads to c(A) of order j-\j- 113 , and so to the sharper estimate
(6.10)
with a corresponding estimate for 1/m. Thus (6.10) gives the precise order of magnitude of
m.
In a forthcoming paper an asymptotic formula along these lines will be derived.
The constant 400- 1 appearing on the right of (5.9) is chosen so as to validate the inequalities (5.10-11). If however this constant is replaced by any other positive number, and again
(5.9) is solved for c(A) with equality, this will not affect the order of magnitude of the right
of (5.10-11).

7. A special example. We show here that for the case
p:=1,

q:=O,

w=1/(xlog 2 x),

0<x<1,

(7.1)

a development of the above methods yields the asymptotic behaviour of m, rather than
just its order of magnitude. The relevant feature of this case is that the weight-function
is concentrated near the initial point. The result can be extended to some other weightfunctions of this nature, and indeed with other choices of p, q [4]. Here we prefer to give a
sharpened version of the result for the special case (7.1), which we cite as

Theorem 3. For fixed X E (0, 1) and A subject to (4.1), any m E D(X, A) satisfies as
jAJ --+ 00
m =-A - 1 (log jAJ- 2log log jAJ) + o (JAj- 1 log log log jAJ).
(7.2)
It turns out to be convenient to prove the equivalent result for -1/m, namely that
-1/m = A(log jAJ - 2log log j-\J) - 1

+ o (IAJlog log log jAJ) / log 2 j-\J.

(7.3)

We apply Theorem 2 (or Lemma 2) to the differential equations

v' = -1- Av 2 /(x log 2 x),

V' =

-A/(xlog 2

x)- V

2 .

(7.4)

(7.5)

Their relationship to the problem at hand is that the solution of (7.4) with v(O) = m E
D(X, A) must satisfy Im v(X) ~ 0, and likewise the solution of (7.5) with V(O) = -1/m
must satisfy Im V(X) ~ 0; we have necessarily also that Im v(x) ~ 0, Im V(X) ~ 0 for
0::; x::; X. Here X E (0, 1) will be fixed throughout our discussion, as will E in (4.1). We
define a function C(A) with the properties that C(-\) > 0, C(A) --+ 0 as j-\J --+ oo, so that
C(A) <X for large A. We will therefore have Im v(C(A)) ~ 0, Im V(C(-\)) ~ 0. We choose

C(A) = (Klog 2 JAJ)/(JAjloglogJAJ),

(7.6)

where
(7.7)
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We integrate (7.5) over (0, C(>.)), and write the result in the form
{C(>.)

V(O)

= ->./(logC(>.)) + V(C(>.)) + Jo

V 2 dt.

(7.8)

Here the first term on the right has the form given by the right of (7.3), so that we need to
show that the last two terms in (7.8) can be accomodated within the error bound in (7.3).
Specifically, we must show that, writing p for 1>-1,

V(C().)) = o (plogloglogpj(log 2 p)),

(7.9)

and also
{C(>.)

lo

V 2 dt =

0

(plogloglogpj(log 2 p)).

(7.10)

We first find a bound for V(O). We apply Theorem 2 with a= 0 and p, q, was in (7.1), and
use (5.10) to get an upper bound for 11/ml = IV(O)I. In (5.9) we replace c by the function
given by
cl(>.) = 20- 1(sinE )p- 1(log p) 312 ,
(7.11)
always for large p. Verifying (5.9), we find that, as 1>-1
1>-1

->

oo,

t! wdt = l>-l/logc1 ""pjlogp,

lo

(7.12)

while
l>-1foc wridt = l>-1foc tdt/log 2 t"'T 11>-Ici/log2 c1 "'800- 1(sin 2 E)p- 1 logp.
1

1

It follows from (7.12-13) that (5.9) is satisfied for large

(7.13)

>., so that substituting (7.13) in

(5.10) we can deduce that, again for large .>.,
IV(O)I < 2000(sin- 3 E)p/logp.

(7.14)

We claim next that a similar bound holds over (0, 1/ p), or that
IV(x)l

< 3000(sin- 3 E)p/ log p,

0:::;

x:::; 1/ p

(7.15)

for large >.. While this can be proved in the same way as (7.14), it can also be proved by
the argument of Lemma 2 (see (2.10)). We denote by x 1 a supposed first value in (0, 1/p)
for which equality holds in (7.15) and integrate (7.5) over (0, xi), using (7.15) over (0, xi),
and derive a contradiction. We omit the details.
We deduce that
11 2
p V dt = 0 (pjlog 2 p)'
(7.16)

fo

in partial verification of (7.10).
To complete the proof of (7.9-10) we need to estimate
V(x),

1/p:::; X :::; C(>.).

(7.17)
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We write
(7.18)
and claim that

V(x) = o (a- 1 log(alx))

(7.19)

in this interval, as p--+ oo.
We apply Theorem 2 once more, this time with

a= x,

c = y = K 1 1 2 a(log(alx)r 112 .

(7.20)

Checking the condition (5.9) needed for Theorem 2, we have

iy wdt = 1lllogxl-1lllogyl = log(ylx)l(llogxlllogyl).

(7.21)

Since, by (7.17),
1I p :::; x :::; (K log 2 p) I (p log log p) = ( K a) I (log log p) ,

(7.22)

llog xl ~log p

(7.23)

we have
asp--+ oo. This is true also withy replacing x. We have
logy= log a- (112) log log(a lx)

+ (112) log K,

(7.24)

and here
log a = 2 log log p - log p ,

(7.25)

K- 1 loglogp:::; alx:::; log 2 p,

(7.26)

log( a I x) = o (log log p) .

(7.27)

while, by (7.22),
so that
Hence

Ilog Yl

~log p.

(7.28)

We have also that
log lylxl = log(alx)- (112) loglog(alx)

+ (1/2) log K,

(7.29)

and so have from (7.21) that

iy wdt

~ log(alx)llog2 p.

(7.30)

Passing to the next factor in (5.9), we have now r 1 (t) = t- x, and so

iy wddt < iy tdtl(log 2 t):::;
~

Ka 2 l(2log(alx)

y 2 1(21og 2 y)

log 2

p)

~

K(log 2

(7.31)
p)/(2p 2

log(a/x)),
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by (7.20), (7.28). Combining this with (7.30) we have, for large A, that

ly IAI 2w dt ly wr? dt:::; (1/2)K(1 + o(1))
and by the choice (7.7) of K this shows that (7.10) holds for large >..
We deduce from (5.10) that

V(x) = o (

p

jY
x

1

wr 2 dt ) ,

(7.32)

1

so that we now need a lower bound for

1wri
Y

X

2
dt = ~Y (t - x)
dt .
2
X
t log t

(7.33)

We start by noting that, by (7.20),
y
-=

x

a/x
log(a/x)

--->()()

as p ---> oo, by (7.26). Thus, for large A, we can bound (7.33) from below by taking the
integral over (2x, y) instead of over (x, y). Using the bounds

t-x?..t/2,

llogti>IJogxl,

(t-x) 2 /t?..t/4,

for t ?.. 2x, and the bound y > 4x for large A, we get as a lower bound for (7.33)
y2
= K
log2 p
8log 2 p
8p2 log( a/ x) ·
Hence

jY

p x

1

wr 2 dt

= o (a- 1 log(a/x)).

1

Using this in (7.32) we get the required result (7.19).
We can now prove (7.9-10). In the case of (7.9) we have

a/C(A)

= K- 1 loglogp,

so that (7.19) yields

V(C(>.)) = o ((p/log 2 p) log(K- 1 loglogp)),
which is equivalent to the required result.
In proving (7.10) we take account of (7.16), and so need to show that
(7.34)
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Using (7.19), we have that the left of (7.34) is of order

1
y

u- 2

log 2 (ujt)dt=u- 1

!C(>-)/p

log 2 udu,

1/(pa)

x

and here the integral on the right is o( 1), the limits of integration being
1/(w)

C()..)jp = K/loglogp,

= 1/log2 p,

both of which are o(1) asp-+ oo. We deduce that

!

C(>.)

V 2 (t) dt = o (p/log 2 p),

l/p

which proves (7.34), and so completes the proof of Theorem 3.

8. The case of small ).... Throughout the foregoing the emphasis was on asymptotics as
1)..1 -+ oo, this making it possible in Sections 4, 5 to eliminate the influence of the potential
q. If however q 0 we can use the same arguments to study asymptotics of them-coefficient
as ).. -+ 0. The details will however vary more from case to case. We confine attention here
to a few examples.
We note first one general difference in this case. In the case ).. -+ oo, the imposition of
(5.9) with equality implied that C()..) -+a; the results thus depended only on the behaviour
of the coefficients near the initial point, so to speak the germs of these functions, and were
applicable to D(X, )..) for any fixed X E (a, b]. If)..-+ 0, we can solve (5.9) with equality if

=

ib

wdt = oo,

(8.1)

and will then have c()..) -+ b; the results will be applicable to D (b, ).. ) .
Passing to examples, we note first the power-type case of §6 in which a = 0, b = oo, with
(6.1-2) being assumed to hold over (0, oo). The order results for c()..) and m are formally
the same, now with ).. -+ 0.
Taking next the case (6.8) of rapidly oscillating p(x), we note first that (8.1) holds, and
that the equation is in the limit-point case at oo, so that there is a unique m(>.). In applying
Theorem 2, we now have
r 1 (x) =

ix

sin C

1

dt

~log x,

(8.2)

as x-+ oo. We then find that (5.9) leads to a choice of c of the form

c()..)

~

K(£)/l)..log 1>.11,

(8.3)

where K(E) > 0 depends on the E in (4.1). We then deduce from (5.10-11) that m()..) is
precisely of order I log I)..II as ).. -+ 0.
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Finally, we take the case (7.1). Again (8.1) holds, and the limit-point condition prevails
at the upper end x = 1. We have here, as c-+ 1-0,

lc
lc

wdx

= 1/llogcl ~ 1/(1- c)

wri dx =

lc

x/log 2 xdx

~ 1/(1- c),

and (5.9) leads to
The conclusion is now that m(.>.) remains bounded, and also bounded from zero as .>.
in a sector (4.1).

-+

0

9. Application to the spectral function. We now specialize to the study of the
limiting Weyl disc D(b, .>.) , Im .>. > 0, which is the intersection of all D(X, .>.) , a< X< b. By
the term "m-coefficient" we understand a function m( .>.) , analytic in the open- upper halfplane, and satisfying there m(.>.) E D(b, .>.). Of course, in the limit-point case when D(b, ..\)
reduces to a single point, m(.>.) is unique. In any case, in view of the Nevanlinna property
Imm(.>.) > 0

if Im.>. > 0 ,

(9.1)

there is a non-decreasing right-continuous function r(J.L) , the spectral function , with the
property that, for Im .>. > 0,

(9.2)
which often can be simplified to
m(.>.) = /_: (J.L- .>.)- 1 dr(J.L) .

(9.3)

This spectral function is unique to within an additive constant, for the m-coefficient in
question. As is well-known, it can be constructed without reference to m(.>.) , by means
of a sequence of Sturm-Liouville problems over (a , bn) with bn -+ b. Some discussion and
references are given in [2].
It is clear that (9.2-3) can be used to translate asymptotic information about r(J.L) into
similar information about m(..\) . The reverse type of argument was considered in [2), by
means of a quantitative version of the Stieltjes inyersion formula (see also [16]). Applying
this procedure to Theorem 2 we get
Theorem 4. With the hypotheses of Theorem 2 and for la.rge rea.l J.L > 0, let c(J.L) be
determined by

(9.4)
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> 0.
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Then, as J.l---. oo,
r(J.l)- r( -J.l)

= 0(11

ic

w dt).

(9.5)

The choice of K does not affect this order-result. The result gives only an upper bound for
the growth of the left of (9.5), and does not deal with whether the spectrum is concentrated
more on the positive or negative half-axes; the latter question will sometimes be determined
by the sign of p(x), when that is fixed.
To indicate the proof, we choose some convenient value of E, say 1fl4, and use Theorem 2
to obtain an estimate of m(>.) in the sector
7f I 4 :::; arg >. :::; 37fI 4 .
We then apply Theorem 2.2.1 (or 2.3.1) of [2] (see also [27] for a partial result in the same
direction) with
A rather similar result was obtained in [3], in which c in (9.5) was determined by
J.l

ic

WI(t)ir(t)idt =

where

w1(x) =

ix

118,

w(t)dt;

the choice of the constant on the right does not affect the order result. It is not clear that
either of these results includes the other.
Similar reasoning can be applied to the case (7.1), for which the asymptotic formula for
m leads to an asymptotic formula for r(J.l), namely
as

J.l ___.

00.

Again we use Theorem 2.2.1 of [2], but now make E---. 0 as J.l---. oo. We omit the details. In
this case, since p(x) > 0, q(x) = 0, there will be no negative spectrum.
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