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Introduction. Employing Lyapunov-like functions to reduce the study of parabolic
differential equations to that of ordinary differential equations is considered in [10]. Recently,
due to the applications to real world phenomena such as population dynamics, chemical
reactor theory etc., this technique has gained more popularity [2-8.13]. Furthermore, it is
known that using vector Lyapunov function instead of a single Lyapunov function offers more
flexibility [10, 11, 12] and vector Lyapunov function is a natural tool in the investigation
of large scale dynamical systems [14]. In this paper, we investigate stability properties of
weakly coupled reaction-diffusion systems by means of vector Lyapunov functions and show
that this effective approach is also a natural setting for the discussion of such systems. We
have utilized an idea of [8] in developing the method of vector Lyapunov functions for the
study of reaction-diffusion systems.

1. Comparison results. Let 0 be a bounded domain in Rn and let H = (to, oo) x 0 ,
t 0 2:: 0. Suppose that the boundary aH of H is split into two parts aH0 , aH1 , such that
aH =aHa u aHl, {to} X an c aHa and aHa n anl is empty.
A vector vis said to be an outer normal at (t,x) E aH1 if (t, x- hv) E H for small
h > 0. The outer normal derivative is then given by

au(t, X) = lim u(t, X)- u(t, X- hv)
av
h-+0
h
for any u E C[H, RN]. We shall always assume that an outer normal exists on aH1 and
the functions in question have outer normal derivatives on aH1 . If u E C[H, RN] is such
that the partial derivatives Ut, Ux, Uxx exist and are continuous in H, then we shall say that
u E C*(J), J =[to, oo).
Let f E C[H x RN x Rn x Rn 2 , RN] (Here f represents the vector fk(t,x,u,u~ ,u~x),
k = 1, 2, ... , N; it is important to note that each component fk contains partial derivatives
of kth component of u only. For convenience, we shall use the notation f(t, x, u, ux, Uxx) to
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represent such vector functions). Then
P, Q, R, the quadratic form

f is said to be elliptic at (it, xi) E H if for any u,

N

L

(Qij- Rij))..i)..j :S 0,

).. ERn

i,j=l

implies

f(t1ox1,u,P,Q):::; f(lt,x1,u,P,R).
If this property holds for every (t, x) E H, then f is said to be elliptic in H. Here and in
what follows, the inequalities between vectors are understood component wise.
Also, f is said to be quasimonotone nondecreasing in u if

u:::; v, ui =Vi for 1:::;

i:::; N

implies fi(t, x, u, P, Q) :::; fi(t, x, v, P, Q).

The following comparison result is crucial to our discussion and it is a special case of a result
in [Th. 3.2. 9].

Theorem 1.1. Assume that
(i) v, wE C*(J), f E C[HxRn xRn xRn 2 , RN],
nondecreasing in u and

Vt :S f(t,
(ii) Z E C*(J), Z
either

X,

V, Vx, Vxx),

Wt;::: f(t,

X,

f is elliptic in Hand quasimonotone
W, Wx, Wxx) in H;

> 0 on H, azjav ;::: f3 > 0 on 8H1 and for sufficiently small E > 0,

a) EZt > f(t, x, v, Vx, Vxx)- f(t, x, v- EZ, Vx- EZx, Vxx- EZxx) or
b) EZt

> f(t, x, w + EZ, Wx + EZx, Wxx + EZxx) - f(t, x, w, Wx, Wxx)

(iii) v:::; w on 8H0 and

av
av

<

aw
av

on H;

on 8H1.

Then, v :::; w on H.

As an example, consider the interesting special case

(1.1)
where

n

ak ukXX = ""'
~ ak
ij u X; Xj

n
l

k
bk Uxk = ""'bk
~ j UXj' k = 1,2, ... ,N

i,j=l

j=l

and F is Lipschitzian and quasimonotone nondecreasing in u. That is, F satisfies
n

IFk(t,x,u)- Fk(t,x,v)l:::; L

L

lulL- vl-'1,

(t,x)

E

H.

JL=l

Assume also that the boundary H is smooth enough, that is, there exists a h E C 2 [0 , R+]
such that 8hj8v;::: 1 on 8H1 and hx, hxx are bounded.
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Let M > 1 and define H(x) = exp ((mLh(x)), Z(x) = ( exp(Not))H(x) and Z(x) =
eZ(x), where e = (1, 1, ... , 1), N 0 = MLN +A, L is the Lipschitz constant for F and
/ak Hxx + bk Hx/ :$ Ak :$ A, k = 1, 2, ... , N. Then

~~ =ML(~:))e~MLe>O
and

f(Zf - ak z:x - bk z:)

~

f(N0

-

8H1

on

A)Zk = fM LN zk > fLN Z.

Using the Lipschitz condition ofF, we have
n

IFk(t, x, w

+d)- Fk(t, x, w)l

L dl-' = fLN Z

::::; L

~-t=l

and consequently, we get for

f

> 0,

dt > f[aZxx

+ bZxx] + F(t, x, W +d)- F(t, X, w)

which is exactly condition (b) of (ii) in Theorem 1.1. Similarly (a) of (ii) is also verified.
We note that if H 1 is empty so that oH = 8Ho, then assumption (ii) can be replaced by
a one-sided Lipschitz condition of the form
n

u~u

fk(t,x,u,P,Q)- fk(t,x,u,P,Q)::::; L(ul-' -'iii-')

(1.2)

~-t=l

where L is a positive constant. Even when 8H1 is non-empty assumption (1.2) is enough if
(iii) is strengthened to

ov
ow
av + ~(t, X, v) ::::; OV + ~(t, x, w)

on

()Hl

where~ E c[aHl

X RN' RN] and ~(t, x, u) is strictly increasing in u. Of course, if~ is not
strictly increasing in u or ~ = 0, then we need condition (ii) which implies that we require
smooth boundary information when considering such reaction-diffusion systems.

2. Method of vector Lyapunov functions. We consider the system of reactiondiffusion equations

{

Ut = Lu + f(t, x, u) ~n

JxO,

u(to, x) = 1/>o(x)

ou( t, X) = 0
OV

in 0,

J=(to,oo),
On

J

X

to~O

o0,

(2.1)

where the elliptic operator L is such that
k

=

1,2, ... ,N,

n

L a~J

)..i)..j

~ (J />./2'

i,j=l

and f E C [R+ x 0 x RN , RN]. Here 0 C Rn is assumed to be bounded, open connected
region equipped with a smooth boundary. We assume existence and uniqueness of solutions
of (2.1) in C*(J). For existence results, see [1].
On the basis of Theorem1.1, we can now extend the method of vector Lyapunov functions
(see [10-12]) to study the stability properties of solutions of (2.1).
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Theorem 2.1. Assume that

(i) V E C 1 [R+ x S(p), R.t'], Vu(t, u)Lu::::; L V(t, u), and
Vt(t, u) + Vu(t, u)f(t, x, u)::::; g(t, V(t, u)) on R+ x 0 X S(p),
where g E C [R+ x R.t' , R.t'], g( t, u) is quasimonotonc nondecreasing and locally
Lipschitzian in u;
(ii) f(t,x,O) = 0 and g(t,O) = 0;
(iii) On R+ x S(p),

b(llull) : : ;

I:7= 1 Vi(t, u)::::; a(llull),

where a,

bE K,

K = { 1> E C[R+, R+] : ¢>(0) = 0 and ¢>(s) is strictly increasing ins}.

Then, the stability properties of the trivial solution of either (a)

(2.2)

y(to) =Yo 2: 0,

y' = g(t, y),
or (b)

Vt=Lv+g(t,v)
{
V

in

( )>0
(t o, X ) = .;,
'f'O X _

JxO

. n

ln H,

av(t, x) = 0
av

On

-'---'-

J

X

an
H,

(2.3)

imply the corresponding stability properties of the trivial solution of (2.1).

Proof: Let u( t, x) be any solution of (2.1) and u E C* ( J). Setting m( t, x)
and using assumption (i), we get
mt

::::;Lm+g(t,m)

= V (t, u( t, x))

in JxO

{

m(to,x) = V(to,1>o(x))

am(t, x)
. J
av
= 0 Ill

in 0,

X

a"

(2.4)

H.

Let y(t) and r(t, x) be the solutions of (2.2) and (2.3) respectively existing for t 2: t0 and
x E 0. Then we have

y' = g(t, y),

y(to) =Yo 2: m(to, x)

in

0

(2.5)

and

rt=Lr+g(t,r)

inJxO,

{
r(t 0 ,x)2:m(t0 ,x)

inO,

am(t, x)
av
=0 inJxao.

Consequently, applying Theorem 1.1 yields with v

=m

and w

= y or w

(2.6}

= r the estimates

V(t,u(t,x))::::; y(t), or V(t,u(t,x))::::; r(t,x) in J x 0.
From these estimates and assumptions (ii) and (iii), it is now easy to prove, using standard
arguments, the conclusion of the theorem.
If we have the same operator L, that is, the same diffusion law for all components of u in
(2.1), then one can use a single Lyapunov function. On the other hand, if the system (2.1)
does not enjoy this luxury, then it is not possible to employ a single Lyapunov function. We
note also that if each component of V is convex then clearly Vu (t, u) Lu ::::; LV holds. Thus,
it is clear that for general reaction-diffusion systems, utilizing vector Lyapunov functions
appears to be natural and advantageous.
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Let '1/J( x) be the solution of the steady state problem

L'l/J+f(t,x,'l/J)=O in 0.
{

a'lj;(x) = 0
Ol/

On

(2.7)

~n
UH.

Then, setting w = u- '1/J, we see that w satisfies

Wt=Lw+F(t,x,w) in JxO,

¢ 0 (x)

{ w(to, x) = ¢o(x)- '1/J(x) =
aw(t,x) _
. J
OV
-0 lll

X

aO

0,

m

(2.8)

,

where F(t,x,w) = f(t,x,w + '1/J)- f(t,x,'lj;). Noting that F(t,x,O) = 0, we observe that
the stability properties of the trivial solution of (2.8) imply the corresponding stability
properties of solutions of (2.1) relative to the steady state solution '1/J(x).
For the purpose of illustration, let us consider a typical comparison system

Vt = Avxx- bvx + g(t,v), 0 < x < 1,
{ v(O, x) = '1/Jo(x);::: 0, 0::; x::; 1,
Vx(t, 0) = Vx(t, 1) = 0, t;::: 0,

t ;::: 0
(2.9)

where A> 0 is a diagonal matrix, b > 0 and g(t,v) satisfies

for some Q > 0, where L is aN by N matrix. We shall consider two cases.
(i) L is a positive matrix with
n

max

'

L Lik = L.

1 ::; i ::; N:

k=I

(ii) L is a Metzeler matrix satisfying dominant diagonal condition. that is.
n

LiJ ;::: 0 for i "1- j and - L;; >

L L,

1 .

y=l

i#J

Define R(t,x) = (Ke-a<t+/1(t-xl)e, a, K
(1, 1, ... , 1). Substituting R in (2.9), we get

> 0 and (3

Rt - ARxx + bRx - g(t, R) ;::: R( -a- a(3 2

-

E

b(J) - g(t, R),

where a= maxAii· Let Q =max ( max '1/Joi(x)) and a= La
'

have

OS::xS::I

R to be chosen and e

-L > 0.

(2.11)

In case (i), we now
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if (3 is a root of a(3 2 + b(J + L 0 = 0. But since (3 = ( - b ± Jb2 - 4aL 0 ) /2a, if we suppose
that 0 < a < (b2 ) / ( 4£ 0 ), then (3 is negative. It is easy to check that R satisfies initial and
boundary conditions by choosing K = Qe-f3. As a result, it follows from Theorem 1.1 with
v = r and w = r that

0::::; r(t, x)::::; R(t, x), t

~

0, 0::::; x::::; 1,

which implies exponential asymptotic stability of the trivial solution of (2.9).
In case (ii), set
n

-1·' -L+~
" L..... L t]

and

L

= min1i.

'

j=l
i#j

Then, we get from (2.11),

Rt- ARxx

+ bRx- g(t, R)

~ -R[a(3 2

~

+ b(J + Lo] = 0,
-

with Lo = a- L. We again have two cases: a > L and 0 < a ::::; L. If a > L, then as in
the previous situation, (3 is negative if we assume 0 <a< b2 /4L 0 and we obtain the same
conclusion as before. If, on the other hand 0 < a ::::; L so that L 0 ::::; 0, then b2 - 4aL 0 is
always nonnegative and hence we have one negative root (3 and consequently, the conclusion
remains the same as in the previous case.
It is clear that in case (i), diffusion and convection terms are contributing to stability and
in case (ii) reaction terms are also playing a role. Form these two cases, one can obtain
several possibilities for the coefficients.
Instead of weakly coupled systems (2.1), one can also investigate certain strongly coupled systems with the help of vector Lyapunov functions. As an illustration, consider the
following simple example.

Example. Consider

+ a2u2xx + b1 Ulx + b2U2x + e-tul + U2 sin tU2t = a2U1xx + a1 U2xx + b2u1x + b1 U2x + u1 sin t + e-tu2 ui(O,x) = <f>oi(x), u2(0,x) = <l>02(x) in 0,
U1t = a1 Ulxx

+ u1 u~) sin 2 t,
(uiu2 + u~) sin 2 t,
(u{

in J X 0

8u1 _ 8u2 _
. J 80
8v - 8v - 0 m x
'
(2.12)
with a 1

> a2 .

Then, choosing the vector Lyapunov function V = (V1 , V2 ) with

V1(u) =

1

2(u1 + u2)

2

, V2(u) =

1

2(ui- u2)

2

,

it is easy to obtain, after some computations, the weakly coupled comparison system

Vlt = A1 V1xx + B1 V1x + 91 (t, v)
V2t=A2V2xx+B2V2x+92(t,v), m JxO,
V(O, x) = 'l/!10(x) ~ 0, V2(0, x) = 'l/!2o x ~ 0, in 0,
8Vl = 8V2 = 0 on J
8v
8v

X

80 '

(2.13)
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where 1f)w(x) = V1 (u(O, x)), 1j)2o (x) = V2 (u(O, x)), A1 = a1 +a2, A2 = a1 -a2, B1 = b1 +b2,
B 2 = b1 - b2, g1(t, v) = 2[e-t +sin t]v1 and g2(t, v) = 2[e-t- sin t]v2. It is now clear that
the stability properties of the comparison system (2.13) imply the corresponding stability
properties of the strongly coupled system (2.12).
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