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Abstract. Considered herein is an initial- and boundary-value problem that arises in
modeling the propagation of small-amplitude, long waves generated by a wavemaker at one
end of a homogeneous stretch of nonlinear, dispersive media. The principle accomplishment
is to show that the solutions to this problem depend continuously in strong norms on both
the initial and the boundary data.

1. Introduction. This paper is a continuation of an earlier one (Bona and Winther
1983) in which an initial- and boundary-value problem for the Korteweg-de Vries equation
was analysed. This classical model appears in the study of small amplitude, long wave
propagation in an impressive variety of physical situations. It was argued in this previous
work that the problem
Ut

+ Ux + UUx + Uxxx = 0,

for x, t 2: 0

(l.la)

with

u(x, 0) = f(x),

for x 2: 0,

u(O, t) = g(t),

for t 2: 0,

(l.lb)

is especially interesting and apropriate as regards the use of this equation in situations
where a wavetrain is created at one end of and travels into an undistured patch of the
medium of propagation. A common example to which the Korteweg-de Vries equation
might be expected to apply arises in a flume with a wavemaker afixed at one end which,
when appropriately oscillated, generates unidirectional, small amplitude, long waves that
travel down the channel (cf. Bona, Pritchard and Scott 1981, Hammack and Segur 1974 and
Zabusky and Galvin 1971).
The problem posed in (1.1) has been investigated by Bona and Heard, as well as in the
present authors' earlier paper. The work of Bona and Heard provides existence of relatively
weak solutions corresponding to weak assumptions on the initial and boundary data f and
Received September 8, 1988.
*Work partially supported by the National Science Foundation, USA.
AMS Subject Classifications: 35B45, 35B65, 35C15, 35Q20, 76B15.
An International Journal for Theory & Applications

KORTEWEG-DE VRIES EQUATION IN A QUARTER PLANE

229

g in (1.1b). In our earlier effort, we were able to provide arbitrarily smooth solutions
corresponding to smooth initial and boundary data, provided that certain compatibility
conditions between these data obtain.
The principle accomplishment of the present paper is a result of continuous dependence
of solutions on the data in spaces that are as restrictive as the solutions allow. Continuous
dependence results are important, but somewhat rare for nonlinear evolution equations in
the rather strong topologies considered here. As a biproduct, we are able to bring the
existence theory into line with that available for the pure initial value problem
Ut

+ Ux + UUx + Uxxx = 0,

u(x, 0) = f(x),

for x E IR, t

~

0,

for x E IR

with
(1.2)

(cf. Bona and Smith 1975, Bona and Scott 1976, Kato 1975 and 1983, and Saut and Temam
1976). Another consequence of our theory is some results of local smoothing of solutions
of (1.2) which are analogous to those obtained by Kato (1983) for solutions of (1.2). We
are also able to show that the local smoothing inherent in (1.1) depends continuously upon
variations in the initial and boundary data, as did Bona and Saut (1988) for (1.2).
The paper is organized as follows. Section 2 sets out notation, reviews the central theorem
from our previous paper, and provides a precise statement of the main results to which
attention is given here. In Section 3 bounds are obtained on the difference between two
solutions of problem (1.1) in terms of the difference between the corresponding initial and
boundary data. Such results are obtained by energy methods that were already exploited
in our earlier work on this problem. There follows in Section 4 a technical lemma that
provides a special approximation scheme for the data in (1.1b). With the bounds and the
approximation scheme in hand, the proof of our main result is readily deduced in Section 5.
The theory of local smoothing is established in Section 6.

2. Notation and statement of the main results. In this section, the notation in
force throughout is reviewed and the main theorem given precise enunciation.
With a few exceptions noted below, the notation utilized will be that which is currently
standard in the theory of partial differential equations (cf. Lions and Magenes, 1968). In
general, if X is a Banach space the norm on X will be denoted ll·llx· However, in the special
case wherein X = Hk(IR+), the Sobolev space of real-valued, square integrable functions
defined on the half line [R+ whose first k derivatives are also square integrable, we shall
write
llfllk for
IIJIIHk(R+)
iff E Hk(IR+). Similarly, if g E Hk(O, T), we write

If k

= 0, the subscript k will be omitted altogether, so that

11!11 = IIJIIL2(iil+) and lglr = lglo,T ·
In Section 4 use will be made of the closed linear subspace H 0 (IR+) of Hm (IR+). The space
H[J(IR+) is the closure in the norm II · lim of the subspace C 0 (1R+), and thus an element
f E H[J(IR+) has the property that f(O) = f'(O) = · · · = cJ1;'- 1 f(O) = 0. Of course, the
space H[J(IR+) inherits its topology from Hm(IR+).
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A central role in our theory will be played by the following, non-standard collections of
functions. For non-negative integers k, define Xk as follows:

In this definition g<Jl(t) is shorthand for
(2.2a)
and ¢Ul = ¢yl is defined recursively by

(2.2b)

(The abbreviation F(j) for the lh derivative ofF with respect to t will be used throughout,
even when F is a function of both x and t.) The class offunctions Xk is given the topology
induced by H 3k+l(IR+) xH1~c(IR+). Note that the traces to which reference is made in (2.1) all
make sense because H 1-functions defined on open subsets of IR have a realization as bounded,
continuous functions. Consequently, xk is a closed subset of H 3k+l(IR+) X Hl~~ 1 (R+).
A word of explanation is warranted concerning the relevance of these spaces to our endeavors. Suppose that there is to hand a solution u of (1.1) taking the initial and boundary
values f and g, respectively, smoothly in the closed quarter plane {(x, t) : x 2': 0 and t 2': 0}.
It follows that

g'(O) =lim g'(t) =lim- [ux(O, t)
t--+0

= -[j' (0)

t--+0

+ u(O, t)ux(O, t) + Uxxx(O, t)]

+ f(O)j' (0) + !"' (0)],

or, in the notation introduced above,

Inductively, one determines that g and

f must satisfy the further relations
(2.3)

for all j such that both sides of (2.3) are defined. This observation leads naturally to the
introduction of the function classes xk.
In the precursor to the present work (Bona and Winther 1983) the following result was
proved.

Theorem 2.1. Assume that(!, g) E Xk for some integer k 2': 1. There then exists a unique
solution u o£(1.1) in Lk:c(IR+; H 3k+l(IR+)) corresponding to the data f and g. Furthermore,
there is a constant c, depending continuously on T, IIJII3k+l and lglk+l,T such that
lluiiL""(O,T;H3k+l(R+))

:S

C.
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The purpose of this paper is to extend Theorem 2.1 in several ways. The major advance consists in showing that the initial- and boundary-value problem (1.1) is well posed in
Hadamard's classical sense. That is, the mapping that assigns to suitable pairs of functions
(!,g) the unique solution u of (1.1) corresponding to specifying f as initial data and gas
boundary data is continuous as a mapping between their respective function classes. As is
well understood, this sort of property of a system is crucial to its perspicuity as a model
for physical phenomena that do not feature any catastrophic change of type. Moreover,
a good continous dependence theory is a strong indicator that satisfactory numerical approximations can be devised for the system in question, and is sometimes a useful tool in
analyzing numerical approximation schemes. As a minor consequence of the analysis, it is
also deduced that the solutions whose existence is guaranteed by Theorem 2.1 actually lie in
the stronger spaces C(~+; H 3 k+l(~+)) and, for each T > 0, in L 2(0, T; H~~+ 2 (~+)). Here
is the precise result in view.

Theorem 2.2. Assume that the initial and boundary data (!,g) lies in Xk for an integer
k ~ 1. There exists a unique solution u of (1.1) inC(~+; H 3 k+ 1 (~+) )nL 2 ,loc(~+; H1~~+ 2 (~+))
corresponding to the data f and g. Furthermore, the map (!,g) r--t u is continuous as a map
from Xk into C(~+; H 3 k+l(~+)) n L2,loc(~+; H1~~+ 2 (~+)).
Remarks. The continuous dependence result means that if {un}~= 1 is a sequence of solutions to ( 1.1) corresponding to the sequence { Un, gn)} :;'= 1 of auxiliary data in X k, and
llfn - Jll3k+l

+ lgn

- glk+1,T

----+

0

as n----+ oo, for all T > 0, then (!,g) E Xk and if u is the solution of (1.1) corresponding to
the data (J, g), it follows that

as n ----+ oo, for all positive R and T.
Since u satisfies the KdV equation and lies inC(~+; H 3 k+ 1 (~+)) n L 2(0, T; H~~+ 2 (~+) ),
it follows immediately that Ut E C(~+; H 3 k- 2 (~+)) n L2(0, T; H1~~- 1 (~+)). A simple inductive argument yields regularity of higher-order, temporal derivatives. The outcome of
this argument is summarized in the next theorem.

Theorem 2.3. Let(!, g) E Xk where k ~ 1 and let u be the solution of (1.1) corresponding
to the initial and boundary data f and g, respectively. Then u lies in

n{
k

Y

=

C 1 (~+; H 3 (k-i)+ 1 (~+)) n L2,loc(~+; H1~~k-il+ 2 (~+))}.

j=O

Moreover, the correspondence (!,g)

r--t

u is continuous from X k into Y.

3. A priori bounds. The purpose of this section is to derive bounds for the difference
between two solutions u1 and u2 of the initial- and boundary-value problem (1.1). These
bounds, which are derived via energy-type arguments, may be expressed in terms of corresponding differences in the initial and the boundary data for the two solutions. Such results
comprise an essential tool in the proof of Theorem 2.2 given in Sections 5 and 6; they are
collected together in Lemma 3.3 below.

232

J.L. BONA AND R. WINTHER

Throughout this section we shall assume that (!I, g 1 ) and (h, g2) are two sets of data for
the problem (1.1) which lie in X 1 . By Theorem 1.1 the corresponding solutions u1 and u2 of
( 1.1) will be elements of L~c (IR+; H 4(IR+)). If the data (!I, gl) and (h, g2) happen to lie in
Xk+l where k 2: 1, then the solutions u 1 and u 2 are in L~c(IR+; H 3k+4(1R+)), and, moreover,
there exist constants Ck,T which depend continuously on T, JJJ;JJ3k+l and Jg;Jk+l,T, i = 1, 2,
such that
(3.1)
for i = 1, 2. Whilst not stated explicitly in the paper of Bona and Winther (1983), (3.1)
is a consequence of the arguments that lead to what we have here called Theorem 2.1 (see
particularly formula ( 6. 7) in the proof of Proposition 6.4 in the last-quoted reference).
To begin the derivation of the desired bounds, introduce the notation

From (1.1) it follows that the function w satisfies the variable-coefficient, initial- and boundaryvalue problem
for (x,t) E IR+ x IR+,}

w(O, t) = D.g(t),

for t E IR+,

w(x, 0) = D.f(x),

for x E IR+,

If j is a non-negative integer, remember that uij)
w(k) satisfies the partial differential equation
w(k)

t

=at u;, fori = 1, 2, and wUl = at w. Then

+ w(k) + (u 1 w(k) + u(k)w)
+ w(k) = p(k)
2
X

(3.2)

X

XXX

'

(3.3)

where
(3.4)

The first result is a bound for the L 2 (1R+)- and H 1 (1R+)-norms of the difference w.

Lemma 3.1. Assume that(!;, g;) E X 1 fori= 1, 2. Then, for any T > 0 there is a constant
Cr depending continuously on T, JJJ;JJ 4 and Jg;J 2 ,r, i = 1, 2, such that
(3.5)

and
(3.6)

for 0 ::=; t ::=; T.
Proof: As mentioned above, these assumptions imply that u; E L 00 (0, T; H 4 (1R+)), for
i = 1, 2. Membership in this function class suffices to justify all the calculations below.
Also, from (3.1) it follows that there is a constant Cr such that
(3.7)
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for i = 1, 2. Here, and below, Cr will denote different constants possessing the same properties as the constant Cr specified in the statement of the lemma. To establish (3.5) let
y = w-r where r(x, t) = 6.g(t)e-x. Then y satisfies the initial- and boundary-value problem
1

Yt + Yx + 2((u1 + u2)Y)x + Yxxx = h
y(O, t)

= 0,

y(x, 0)

(3.8)

= 6.f(x)- r(x, 0),

where h = -{rt +rx + ~((ul +u2)r)x +rxxx)· Upon multiplying (3.8) by 2y and integrating
over IR+ x (0, t), there appears after integrations by parts the relation

IIY(·,t)ll 2 + fat y;(o,s)ds+ fat faoo

((u1+u2)y)xydxds =

llf-r(·,O)II 2 +2fat fa

00

(hy)dxds.
(3.9)

Further integrations by parts shows

(u1 + u2)xy 2 dx,
100 ((u1 + u2)ytydx = --1100
2
0

0

and so from (3.7) and the definition of r we obtain that
ll(ul

+ u2)xiiL=(R+x(O,T)) :S Cr,

llhii£2(R+x(O,T)) :S Crl6.gkr,
and
llriiL=(o,T;£2(R+)) :S Crl6.gkr ·
It thus follows from (3.9) and Gronwall's Lemma that for 0 :::; t :::; T

IIY(·, t)ll 2 + 1t y;(o, s) ds:::; Cr{ll6.fll 2 + l6.gli,r},
and this implies (3.5).
To demonstrate (3.6), multiply (3.2) by -2wxx and integrate over IR+ x (0, t) to obtain
the relation

llw(·, t)ll 2 + 2fat 9t(s)wx(O, s) ds +fat (w;(o, s) + w;x(O, s)) ds
=

llwx(·,O)II 2

+ 1t 100 ((ul +u2)w)xwxxdxds.

(3.10)

Integration by parts gives the expression
1
Joroo ((ul + u2)w)xwxx dx = - (ul + u2)x(O, s)6.g(s)wx(O, s)- 2(u1
+ u2)(0, s)w;(o, s)

-

(ul + u2)xw; dx,
100 (ul + u2)xxWWx dx--3100
2
0

0

from which one adduces using (3.10) along with (3.5) and (3.7) that

llwx(·, t)ll 2 + 1t w;x(O, s) ds :S Cr{II6.JIIi + l6.glli,r + 1t llwx(·, s)ll 2 ds}
for 0 :::; t:::; T. Hence, (3.6) follows from Gronwall's Lemma and the proof of Lemma 3.1 is
thus completed. I
In order to prove continuous dependence results in higher-order Sobolev spaces, we will
obtain bounds similar to the bounds derived in Lemma 3.1 in higher-order Sobolev norms.
Such results can be derived from the estimates of the functions w<k) = 8fw given next.

J.L. BONA AND R. WINTHER

234

Lemma 3.2. Assume that the data (ji, 9i) E Xk+l where k ~ 1 is an integer. For any
T > 0 there are constants Ck,T depending continuously on T, llfill3k+l and l9dk+l,T for
i = 1, 2, such that

and

llw~kl(·, t)ll 2 +

1t (w~~(O,

s)) 2 ds:::;
(3.12)

Ck,r{ll~fll5k+l + l~g~~+l,T + llwiiioo(R+x(O,T)) ·llu~k)III2(0,T;H2(R+))}
for 0 :::; t :::; T.
Proof: Note that since (h 9i) E xk+l, Theorem 2.1 implies that Ui E L 00 (0, T; H 3 k+4(1R+)).
Membership in the latter function space is sufficient to justify the calculations below.
Define a family of constants Co,T which depends continuously on T, ll!ill4 and ll9iii2,T
such that the estimates (3.11) and (3.12) hold for k = 0. This is possible on account of
Lemma 3.1. The present lemma is proved by induction on k. Assume that the estimates
(3.11) and (3.12) regarding w<il hold for 0 :::; j < k. To establish (3.11) for j = k, it is
convenient to write
where

r(k) =
and ~g(k) denotes

~g(k)e-x

at ~g. From (3.3) and the definition of y it follows that
+ Yx + (ulY)x + Yxxx = h,
y(O, t) = 0, y(x, 0) = w<kl(x, 0) -

Yt

where

h = F(k)- (u~k)w)x- Hk)

r(k) (x, 0),

(3.13)

+ r~k) + (ulr(k))x + r~~~)

and F(k) is given in (3.4). After multiplying (3.13) by 2y and integrating over IR+ x (0, t),
we obtain

Note that

and that, from (3.1),

ll(ul)xii£ (R+x(O,T)):::; Cl,T ·
00

(Here, and below, Ck,T denotes various constants having the same properties as those specified in the statement of the lemma). Also, from (3.1) and the induction hypothesis,
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one sees immediately that

IIY(·, 0)11:::;

Ck,r{ll~fll3k

+ l~9lk+1,T}.

Using the preceding facts in (3.14) and applying Gronwall's Lemma, it is confirmed that

for 0 :::; t :::; T. This latter relation implies (3.11).
For the derivation of (3.12), multiply (3.3) by -2w~~) and integrate over IR+ x (0, t). After
suitable integrations by parts, there appears

First observe that

and that (3.1) and the induction hypothesis imply

Note also that (3.3), (3.11) and the induction hypothesis entails the inequality

for 0 :::; j :::; k - 1. This in turn implies that

It follows from the estimates above that

(3.16)
Next, integration by parts gives
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Therefore, by (3.1) and (3.11) it follows that

fat faoo (ulw(k))xw~~ dxds ::=; Ck,r{ll~fll~k + l~gl%+l,T +fat llw~k)ll 2 ds}

(3.17)

for 0 ::=; t ::=; T. Finally, consider the term J~ J000 (u~k)w)xw1~ dxds in (3.15). As before,
integrate by parts to obtain

Then (3.1), (3.11) and the induction hypothesis again give

11

00

t

0

0

(u(k)w)
w(k)
dxds
2
X
XX

<
-

Ck,r{ll~fll~k + ~~gl%+l,T +fat llw~k)ll 2 ds} +fat faoo (u~k))xxWW~k) dxds

(3.18)

for 0::::; t::::; T. To gain control of the last term on the right-hand side of (3.18), write

fat faoo (u~k) )xxWW~k) dx ds ::=; fat faoo {[( u~k) )xxW]
::=;

llwlli=(R+x(O,T))

2

+ (w~k) ) 2 dx ds

·llu~k)lli2(0,T;H2(R+)) +fat fa (W~k)) 2 dxds.
00

(3.19)

The estimate (3.12) is now a consequence of (3.15), (3.16), (3.17), (3.18), (3.19) and Gronwall's Lemma.
This completes the induction argument and hence the proof of the Lemma. I
An inductive use of (3.2) and (3.3), combined with the estimates derived in Lemma 3.2
immediately gives the following estimates for llw(·, t)113k and llw(·, t)113k+l• l8~k+lw(O, ·)lr,
and l8~k+ 2 w(O, ·)IT·

Lemma 3.3. Assume that the data (fi, gi) lies in Xk+l, fori = 1, 2, where k :::: 1 is an
integer. For any T > 0 there is a constant Ck,T depending continuously on T, ll!ill3k+l and
l9ilk+l,T fori= 1, 2, such that for 0 ::=; t ::=; T,

and
llw(·, t)ll~k+l + l8~k+ 2 w(O, ·)I~::::;
Ck,r{ll~fll~k+l

+ l~gi%+1,T + llwlli=(R+x(O,T)) ·llu2lli2(0,T;H3k+2(R+))} ·

(3.21)

If the last results are specialized to the case wherein h = g2 = 0, so that u 2 = 0, a useful
improvement on the bound (3.1) is obtained. This improvement is recorded here for use in
the smoothing theory worked out in Section 6.
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Lemma 3.4. Let(!, g) E Xk+l where k 2: 1 and let u be the solution of (1.1) corresponding
to the initial data f and boundary data g. Then for any T > 0 there is a constant ck T
'
depending continuously upon T, llfiiJk+l, and jgik+l,T such that
(3.22)

and
(3.23)

4. Smooth and compatible approximation of the data. To use the result of
Lemma 3.3 in the estimation of the difference of two solutions of (1.1) in the norm of
L 00 (0, T; H 3 k+l(R)), the present theory requires that the corresponding initial and boundary data lie in the space Xk+l· However, our goal is to establish that the map
(f,g)~--+u

is continuous from Xk into C(R+; Hk+ 1 (1R+)). To prove continuous dependence with respect
to the norms advertised in Theorem 2.2, the natural strategy is to approximate elements of
Xk by elements of Xk+n where n 2: 1. The existence of smooth and compatible approximations of the data will be established in this section. In Sections 5 and 6 these approximations
are used, together with the results from Section 3 to prove the desired continuous dependence
theorem.
The main accomplishments of this section are collected in the following proposition.

Proposition 4.1. Let there be given (!,g) E Xk where k 2: 1. For any integer n 2:0 and
E (0, 1] there exist functions

E

(f"g,) E Xk+n n (H 00 (1R+) x H1~(1R+))
such that for any T

> 0,

(i) llf,- !IIJ(k-i)+ll jg,- gjk+l-j,T = o(~:i) fork 2: j 2: 0, and
(ii) llf,IIJ(k+i)+l, jg.lk+i+l,T :::; cci for j 2: 0
as E! 0, where the constant c depends only on II/IIJk+l, jgjk+l,T+l, j, nand T. Furthermore,
the convergence in (i) depends upon j, n and T, but is uniform on compact subsets of
H 3 k+ 1 (1R+) x Hk+l(O, T + 1). Finally, for any fixed E E (0, 1], the map (!,g) ~--+ (!" g,) is
continuous from xk into xk+n n (H 00 (IR+) X Hl~(IR+)).
The desired approximations in Proposition 4.1 will be constructed via two operators,
a cut-off operator K, and a smoothing operator J,. Before presenting the proof of this
proposition, these operators and some of their relevant properties are delineated.
For the rest of this section, let () denote a fixed coo (IR)-function with the properties

O(x)=:O
O(x)

=1

o:s;O(x):s;1

for x:::; 1,
for x > 2,

}
(4.1)

for all x E IR.

For each E E (0, 1] and f E L 2 (1R+) define K,f E L 2 (1R+) by (K.J)(x) = O(x/~:)f(x). The
operator K, maps Hm(IR+) continuously into H(f'(IR+) for any m 2: 0.
The following lemma exposes the most important property of the family of operators
{ K, : 0 < E :::; 1} for the present purposes.
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Lemma 4.2. Let m and k be integers such that 0 :S: k :S: m. Then, as

for all

f

£ --+

0,

E H 0 (R+). Furthermore, the convergence is uniform on compact subsets of

H 0 (R+).

Proof: If m
prove that

= 0,

the result is easy, so take m ~ 1 and assume that

f

E H 0 (R+). We first

(4.2)
as£

1 0.

Since

f E H 0 (R+) it follows from Taylor's theorem with remainder that
J(x)=

fx(x-~r-lf(ml(Od~,

1

(m- 1)! } 0

and consequently

Since J~' lf(m)(01 2 d~ --+ 0 as f --+ 0, uniformly on compact subsets of H 0 (R+), (4.2)
follows.
Note particularly that (4.2) implies the desired result for k = 0. Also, by interpolation,
the desired result for 0 < k :S: m will follow from the estimate
ll(d/dx)m(Kd-

as f
and

!)II = o(1)

(4.3)

0. To demonstrate the validity of (4.3), define operators KJ1l for each integer j ~ 1
E (0, 1] by the formula

--+
f

where I)U)(x)

= (djdx)i(J(x). Note that

Because (4.2) is valid, the inequality (4.3) follows from the estimate

IIKJ1l ill = o(1)
as

E

1 0 for j

E

Hg(R+) and j ~ 1, a fact which is established next.

(4.4)
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J E Hg (IR+)

From the definition of the operator Kiil it appears that for any

By the Cauchy-Schwartz inequality it therefore transpires that

as E l 0, where the convergence is uniform on compact subsets of Hg(IR+). This establishes
(4.4) and hence completes the proof of the Lemma. I
In addition to the cut-off operators studied above, we shall also use a family of smoothing
operators J,. To define these operators, let ci> be a fixed C 00 -function on IR with the properties
support<[> C [-1/2, 1/2],
For each

E

E (0, 1] and

f

E L 2 (1R+) define

<[> 2: 0,

J,f

E H

and
00

I:

«<>(x) dx

= 1.

(1fi!+) by

Note that the integration is only taken over lfi!+. However, if we let
to all of IR defined by f(x) = 0 for x < 0, then the formula

f

be the extension off

defines Jd(x) for all real x. The map f ~--+ f is continuous as a map from H(;'(IR+) into
Hm(IR). Hence, by an argument completely analogous to the proof of Lemma 5 in Bona and
Smith (1975), the following result may be established.

f E H 0 ('R.+) for some integer m
have the following properties:

Lemma 4.3. Let

IIJd- fllm-1 = o(t:J),
IIJ,fllm+j : : ; CE-j,

~ 0.

Then, as

E---.

0, the functions J<f

for m 2: j 2: 0,

(4.5a)

for j 2: 0,

(4.5b)

where the constant c depends only on llfllm and j. Furthermore, the convergence in (4.5a)
is uniform on compact subsets of H[{'(lfi!+).
Before proving Proposition 4.1, it is worth noting that Lemma 4.2 and Lemma 4.3 both
have analogous versions in H 0\0 c(IR+). By using precisely the same arguments that come to
the fore in the proofs of these' previous lemmas, the following lemma may be validated.
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Lemma 4.4. Let g E HfJ'ioc(~+) for some integer m 2': 0. Then, as
K,g and J,g have the properties that for any T > 0
IJ,g- gfm-j,T,

fK,g- gfm-j,T = o(Ei),

fJ,gfm+j,T :S CE-j ,

f ---+

0, the functions

for m 2': j 2': 0,

(4.6a)

for j 2': 0,

(4.6b)

where the constant c depends only on fgfm,T+l and j. Furthermore, the convergence in (4.6a)
is uniform on compact subsets of H(J'(O, T + 1).
We are now in a position to prove the proposition.

Proof of Proposition 4.1: Let (!,g) E Xk be given, where k 2:: 1. Let 1/J(x) = 1- O(x),
where(} is a fixed, smooth function with the defining properties (4.1). Then 1/J E C 00 (~+)
and
for x 2:: 2, 1/J(O) = 1,
1/J(x) = 0,
and
for j 2': 1.
Consider first the given initial function

f E H 3 k+l(~+). Let
3k

.

Pt(x) = 1/J(x) Lf(jl(o)~~,
j=O

J.

f,(x) = !o,,(x)

+ PJ(x),

and let fo = f- Pi· Define
where !o,,

= JoKofo

with 8 = E113. Clearly, one has

f,- f = !o,,- fo = (Jo- I)Kofo

+ (Ko- I)fo,

and so Lemma 4.2, Lemma 4.3, and the definition of the operators K, and J, therefore
imply that
Iff,- fll3(k-j)+l
iff,I!J(k+i)+l
¢~j) (0)

= o(Ei),

= O(E-i),

= ¢(j) (0),

(~)i J,(O) = 0,

for 0 :::; j :::; k,

(4.7a)

for j 2': 0,

(4.7b)

for 0 :S j :::; k,

(4.7c)

for j

> 3k,

(4.7d)

where ¢Uland ¢~j) is shorthand for the functions ¢Y) and ¢X), associated as in (2.2b) to the
functions f and f" respectively. Furthermore, the bound (4. 7b) holds uniformly on bounded
sets of H 3 k+l(~+) and the convergence (4.7a) is uniform on compact sets in H 3 k+l(~+).
To define the approximations g, of g, first apply a procedure similar to that used to
construct the family {!,}. Define the function
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Furthermore, let

go= g- P9
and let

g,(t) = go,,(t)

+ p9 (t)

where g0 ,, = J,K,g 0 . Finally, define g,(t) by

g,(t) = g,(t)
where

+ h,(t),

k+n

h,(t) = 1/;(t/c)

L

·

j=k+l

<t>~il(o) t~

.

J.

It follows from the construction of j, and g, that they are both smooth functions satisfying
the relation
<t>~il(o) = g~il(o)
for j = 0, 1, .. · , k + n,

and consequently(!" g,) E Xk+n
Lemma 4.4 implies

n (H 00 (~+) x H1~c(~+)).

19,- glk+l-j,T = o(c1),
l9,1k+Hj,T = O(c-1 ),

Observe also that for any T > 0,

for 0 :S j::; k

+ 1,

for j 2:: 0,

(4.8a)
(4.8b)

where the bound (4.8b) holds uniformly on bounded sets of Hk+ 1 (0, T + 1) and the convergence (4.8a) is uniform on compact sets in this space. The desired properties of the
functions g, will therefore follow from the estimates
(4.9)
for j ::; k + 1. Here the constant cis to depend only on IIJII 3 k+l, j and n.
The validity of (4.9) is now established. Note first that a direct calculation shows

for j::; k + 1, where the constant c depends on <P~i) (0) for integers i in the interval [k + 1, n]
and on j. Furthermore, for any i ~ 0, <Pii) (0) can be bounded independently of E by constants
only depending on llfll3k+l and j because of (4.7a) and (4.7d). Hence, (4.9) follows and the
desired estimates (i) and (ii) are now consequences of (4.7), (4.8) and (4.9).
The continuous dependence result that refers to the mapping (!,g) --+ (!<, g<) is a consequence of the continuity properties of the operators J, and K< and the fact that the
map
f(O), J'(o), · · · , JC 3 kl(o) _, h€
is continuous from ~ 3 k+l into H 00 (~+). I
Finally, we shall derive a bound for the solution of the equation (1.1) with data (!" g,)
generated by Proposition 4.1. This result will be used in Sections 5 and 6 to bound the
norm of u 2 appearing on the right-hand side of the estimate (3.21). The result is obtained
via energy arguments similar to those used in Section 3.
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Lemma 4.5. Assume that (!,g) E Xk, where k ~ 1 is an integer, and let (!., g,) E Xk+ 2
forE E (0, 1] be approximations to (!,g) whose existence is guaranteed by Proposition 4.1
with n = 2. If u, denotes the solution of (1.1) with data (!., g,), then for any T > 0

Here the constant

Ck,T

depends only on T, IIJII3k+l and lglk+l,T+l.

Proof: First observe from (3.1) and Proposition 4.1 that

(4.10)
where here, and below, Ck,T denotes constants with the same properties as those specified
in the statement of the Lemma. Thus, the desired estimate will follow from the validity of
an inequality of the form
(4.11)
Furthermore, because of the equation (1.1), (4.11) will follow from
(4.12)
If uUl = u~j) connotes a{u" then for j ~ 1 the function u(i) satisfies the equation

(4.13)
where u = u, and

For any non-negative integer j, let r<il(x, t)

= g~j)(t)e-x

and define

Then y satisfies the equation

Yt

+ Yx + (uy)x + Yxxx

= h

with initial and boundary values given by

y(O, t) = 0, y(x, 0) = u(k+l)(x, 0)- r(k+l)(x, 0),
where

h = -(dk+l)

+ r~k+l) + (ur(k+l))x + r~~tl) + p(k+ll).

After a little manipulation, we obtain
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Note that

t roo

Jo Jo (uy)xydxds =

1

t

2 Jo

r= uxy dxds,

Jo

2

and thus by using (4.10) it follows that

for 0 ::; t ::; T. From the properties of (f., g.) and the definition of y it also follows that
lly(·, 0)11

::; Ck,TE- 213

and
llhii£2(R+ x(O,T))::; Ck,Tf-l ·

Hence, (4.14) and Gronwall's Lemma imply that

This in turn gives (4.12) and so completes the proof. I

5. Proof of the main result. The purpose of this section is to begin the proof of
Theorem 2.2 using the auxiliary results derived in Sections 3 and 4. Two propositions will
be established, the first, Proposition 5.1, states that the solution u of (1.1) corresponding
to data (f,g) E Xk is in C(IR+;H3k+l(IR+)), while Proposition 5.2 gives the continuous
dependence result in this space.
Proposition 5.1. Assume that (!,g) E Xk for some k 2: 1. There exists a unique solution
u of (1.1) in C(IR+; H 3k+l(IR+)) corresponding to the data f and g.
Proof: Since it is already known from Theorem 2.1 that there exists a unique solution u
of (1.1) in L 00 (IR+; H 3k+l(IR+)) corresponding to the data f and g, it is only necessary to
show that this solution actually lies in C (IR+; H 3 k+l (IR+)).
Fix a positive value ofT, let a sequence of approximations {(f., g.)}.E(O,l] c xk+2 to the
data (!,g) be constructed for which the properties delineated in Proposition 4.1 hold, and
let {u.}•E(O,l] denote the corresponding family of solutions of (1.1). From Theorem 2.1 we
have that

Hence for all E E (0, 1], u. certainly lies in C(O,T; H 3k+ 1 (1R+)). It will now be argued that
{u.} is Cauchy in C(O, T; H 3k+l(IR+)). Suppose that 0 < 15 < E::; 1. From Lemma 3.3 and
Proposition 4.1 there follows the existence of a constant Ck,T depending continuously on
IIJII3k+l, lglk+l,T+l and T such that for 0::; t::; T
llu.(·, t)- U8(·, t)113k+l::; ck,r{IIJ.- hll3k+l

+ llu.- U8IIL

00

+ lg.- g8lk+1,T

(R+x(O,T)) ·llu.II£2(0,T;H3k+2(R+))} ·

From Lemma 3.1 and Proposition 4.1 we have

(5.1)
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Also, from Lemma 4.5, it appears that

Together with the fact that

life- foll3k+l, lYe - Yolk+l,T ---> 0, as € ---> 0,
the last three inequalities entail that {ue} is a Cauchy sequence in C(O,T; H 3k+l(R+)).
Hence, as €---> 0, {ue} converges to a function u E C(O,T; H 3k+l(R+)). By continuity it
certainly follows that u satisfies the differential equation (1.1) in the sense of distributions
on R+ x (0, T). Furthermore,

llu(·, 0)- flbk+l ~ llu(·, 0)- ue(·, O)ll3k+l +life- fll3k+l ---> 0,
as €! 0, and

lu(O, ·)- Ylk+l,T ~ lu(O, ·)- Ue(O, ·)lk+l,T +lYe- Ylk+l,T---> 0
as €---. 0. Hence u is a solution of (1.1) with initial and boundary data f and g, respectively.
From the uniqueness result of Theorem 2.1 it is therefore implied that

I
Proposition 5.2. The map (!,g) ...... u is continuous from Xk into C(IR+; H 3k+ 1 (R+)),
where Xk is considered as a closed subset of the Fhichet space H 3k+ 1 (1R+) x H~t 1 (R+).
Proof: Let {(fn,gn)};:o=l be a sequence in Xk that converges to (!,g) E Xk, which is to
say that for any T > 0

llfn - fll3k+l + IYn - Ylk+l,T ---> 0 as n---> oo.
Let Un and u be the solutions of (1.1) corresponding to the data Un,Yn) and (!,g), respectively, n = 1, 2, · · · . Furthermore, letT > 0 be fixed but arbitrary for the rest of this proof.
By Proposition 5.1, it is known that

for all n ;::: 1. The goal here is to show that

as n---. oo. In order that this be established, define, for all n;::: 1 and € E (0, 1] approximations Un,e,9n,e) E xk+2 of Un,Yn) for which the properties stated in Proposition 4.1 hold.
Let also (/e, Ye) be similar approximations of(!, g) and let un,e and Ue be the solutions of
(1.1) corresponding to the data Un,e' 9n,e) and (/e, Ye), respectively, n = 1, 2, · · · .
The difference Un - u will be estimated by considering separately each term in the identity

Un- U = (un- Un,e)

+ (un,e- Ue) + (Ue- u).
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From the proof of Proposition 5.1 we derive immediately that
(5.2)
as

E ---+

0. Consider next the difference

Un -

Un,€·

Again it follows from Proposition 5.1 that
(5.3)

~

as

E ---+

0 for all fixed n

as

E ---+

0, uniformly in n. Also, Lemmas 3.1, 3.3 and 4.5, and Proposition 4.1 imply that

1. Furthermore, by Proposition 4.1,

where Ck,T is independent of n. Hence (cf. (5.1)), the convergence in (5.3) is uniform inn.
Let b > 0 be arbitrary. From (5.2) and the uniform convergence in (5.3), it is concluded
that there exists an E1 E (0, 1J such that
(5.4)

for all E E (0, t: 1 ] and all n
Lemma 3.3 we have

llun,<-

~

1. For the rest of this proof let

u,llc(O,T;H3k+ 1 (R+))

:S Ck,r{llfn,<-

f€113k+l

E

E (0, t:I) be fixed. From

+ lgn,€- g,lk+l,T

+ ilun,€- u,llvx•(R+x(O,T))

·llu,IIL 00 (0,T;H3k+2(R+))},

where the constant Ck,T is independent of n. From the continuity of the map (f, g)
in H 3 k+l(R+) x H1~~ 1 (1R+) (see Proposition 4.1) it is readily concluded that

as n

---+

f-+

(f., g,)

oo. Also by Lemma 3.1 and Proposition 4.1

as n---+ oo. Hence, there exists a positive integer N

= N(b) such that

provided n ~ N.
Together with (5.4), this implies that Un converges to u in C(O, T; H 3 k+ 1 (1R+)). Since T > 0
was arbitrary, this completes the proof of Proposition 5.2. 1

6. Smoothing of solutions. In this final section of the paper the proof of Theorem
2.2 will be completed by showing that the solutions of (1.1) that have been the focus of
attention thus far possess smoothness beyond what has already been established. These
results, enunciated explicitly as Proposition 6.1, are similar to those first discovered by
Kato (1983) and Bona and Saut (1988) for the pure initial-value problem (1.2). Indeed, our
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proof follows the lines laid out in Section 6 in Kato (1983) and in Theorem 9 in Bona and
Saut (1988). (Further work on the pure initial-value problem (1.2) along the lines of Kato's
work may be found in Ponce (1988) where the initial-value problem for the Benjamin-Ono
equation is the principle point of departure). There is an important difference arising in the
proof of smoothing in the case where the underlying spatial domain is the half line, namely
the boundary conditions at x = 0 that appear upon integration by parts. These present
difficulties not arising in the previous theory.
The starting point is a one-parameter class {p R} R>O of real-valued functions defined on
[R+ which are at least piecewise twice continuously differentiable and such that

PR(O) = 0,
PR, p~, p'fl are bounded on [R+,
p~(x)

___.. 0 as x ___.. oo,

p~(x) =

(6.1)

1 for 0::; x::; R,

and there is a positive f.L for which
p~(x)-

f-Lip'fl(x)l 2:: 0 for all x E [R+.

Note that the last condition in (6.1) entails that p~ is everywhere non-negative. The construction of functions p R satisfying (6.1) presents no difficulty. Indeed, the choice

PR(x)

=fox ()(y) dy

where

()(y) = {

1

for 0 ::; y ::; R, and

1 - tanh(y - R)

for R::; y

satisfies all of the properties described in (6.1) with f.L
prominently in the proofs of the last proposition.

=

~,say. The family {PR} will figure

Proposition 6.1. Let (!,g) E Xk where k 2:: 1 and let u E C(IR+; H 3 k+ 1 (1R+)) be the
solution of (1.1) corresponding to initial and boundary data f and g, respectively. Then for
every positive T,
u E L2(0, T; H~~+ 2 (1R+)).
(6.2)
Moreover, the map that assigns to (!,g) E Xk the unique solution of (1.1) in
C(O, T; H 3 k+ 1 (tR+)) is continuous from Xk into L 2 (0, T; H~~+ 2 (1R+)).

Proof: To prove (6.2) it suffices to show that

is bounded for all finite, positive values of R and T. To prove the continuous dependence
result, it suffices to show that if {(fn,gn)};;"= 1 is a sequence from Xk converging to (!,g)
there, and if {un};;c'= 1 and u are the associated solutions of (1.1) in C(IR+; H 3 k+ 1 (tR+)), then
for each value of R and T,
(6.3)
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as n ____, oo. As in Section 5, we begin by regularizing the data. Let { Un,., Yn,,)}O<•~l
and { (!., g,)}o<e<l be families of approximate data in Xk+2 as defined in Proposition 4.1
relative to Un,g;:) and (!,g), respectively, and let {un,e}0<•9 and {u,} 0<, 9 be solutions
of (1.1) associated to this data, n = 1, 2, · · · . Let W stand for either Un,•- Un,o or u,- u 6
where 0 < 6 < f :::; 1 and let U stand for Un,• in the first case and for u, in the second
case. Then the functions Wand U lie in C(R+; H 3 k+7(R+)) and they satisfy the initialand boundary-value problem

Wt

+ Wx + WWx + (UW)x + Wxxx

= 0

for (x, t) E IR x IR+

W(x, 0) = fn,• - fn,6

for x E IR+, and

W(O, t) = 9n,e - 9n,6

for t E IR+.

(6.4)

If W is standing for u, - u 0 then the n's are absent in (6.4).

Differentiate equation (6.4) 3k+ 1 times with respect to x, multiply the result by Pna;"'+I W,
and integrate with respect to the spatial variable over IR+. After integrations by parts, we
come to the relationship

~ :t 1co Pn(x)l8~k+ 1 W(x, tW dx- ~ 1co p~(x)l8~k+IW(x, tW dx

1co Pn(x)[a~k+Iwa~k+ 2 (W 2 )] dx + 1co Pn(x)[a~k+Iwa~k+ 2 (UW)] dx
+~ 1co p~(x)l8~k+ 2 W(x, tW dx + 1co p~(x)[a~k+Iwa~k+ 2 w] dx
+~

- a~k+Iw(o, t)a~k+ 2 w(o, t) =

o.

Rearranging this formula and integrating with respect to the temporal variable over [0, T]
leads to

(6.5)

-~loT loco pn(x)[a~k+Iwa~k+ 2 (W 2 )] dxdt- loT 1co Pn(x)[a~k+Iwa~k+ 2 (UW)] dxdt

-loT loco p~(x)[8~k+IW8~k+ 2 W]dxdt+ loT 8~k+IW(O,t)8~k+ 2 W(O,t)dt.
Estimating the penultimate term on the right-hand side of (6.5) in a straightforward way,
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we come to the inequality

-~loT looo Pn(x)[o~k+lwa~k+ 2 (W 2 )]dxdt

(6.6)

-loT looo PR(x)[o~kHwa~k+ 2 (UW)J dx dt
+loT a~k+lw(o, t)a~k+ 2 w(o, t) dt,
where use has been made of the last property of the weight PR specified in (6.1) to deduce
the left-hand inequality.
The goal now is to establish a bound on the right-hand side of formula (6.6) that is
independent of n, and which tends to zero as E tends to zero. Supposing for the moment
that such a result has been provided, the remainder of the proof is then straightforward. For
it first transpires that the family { u€}O<E<l is Cauchy in the space L 2 (0, T; H 3 k+ 2 (0, R)),
where R, T > 0 are arbitrary. It follows that u€ -+ u in L 2 ,Ioc(IR+; H 3 k+ 2 (1R+)) as E -+ 0.
However, we already know from the results in Section 5 that as E -+ 0, u€ -+ u, the unique
solution of (1.1) with data (f, g), in C(IR+; H 3 k+ 1 (1R+)). In consequence, u = u and it is thus
assured that u E L2(0, T; H1~~+ 2 (1R+)) for all T > 0. Similarly, Un E L 2(0, T; H1~~+ 2 (1R+))
for all n and Un,E -+ Un in this space. Moreover, for fixed, positive Rand T,

Under the present assumption, the first and third terms on the right-hand side of the last
formula can be made as small as we like simply by choosing E small enough, and this holds
uniformly in n. Thus given 'Y > 0, there is an Eo > 0 such that for all E in (0, Eo],
(6.7)
By the continuity of the regularization defined in Proposition 4.1, Un,€, gn,€) -+ (!€, g€) as
in xk+2, and so Proposition 5.2 implies Un,€-+ u€ as n-+ 00 in C(O, T; H 3 k+7(1R+)).
Hence it follows from (6.7) that if E is fixed and less than Eo, then

n-+ 00

and since"(> 0 was arbitrary, it follows that

Un -+ u

in L 2 (0, T; H 3 k+ 2 (0, R)), as desired.

KORTEWEG-DE VRIES EQUATION IN A QUARTER PLANE

249

Attention is thus focussed on proving the bound whose validity was just argued to imply
all the conclusions specified in the statement of the Proposition. To this end, it is useful to
notice the following properties of W and V which follow readily from Lemma 3.1, Lemma
3.3, Lemma 3.4 and Proposition 4.1:

IIW(·, t)113k+I = o(1)
IIW(·, t)lh = o(Ek)

as

f->

0,

(6.8a)

as

f->

0,

(6.8b)

= o(1)
18~k+ W(O, ·)lr = o(1)
!IV(·, t)!i3k+l = 0(1)
!IV(-, t)1!3k+2 = O(E- 112 )

as

f->

0,

(6.8c)

as

f->

0,

(6.8d)

as

f->

0,

as

f->

0,

l8~k+lw(o, ·)lr
2

and

(6.8e)
(6.8f)

uniformly with regard to n and t in [0, T]. Indeed, several of these relations were already
commented upon and used in Section 5.
Turning now to consideration of the right-hand side of (6.6), since PR, p~ and P'k are all
bounded functions, the first two terms are o(l) as f -> 0, uniformly in n by (6.8a). The
final term on the right side of (6.6) is also o(l) as f-> 0 because of (6.8c) and (6.8d). Using
Leibniz' rule, and with one integration by parts, the term that is cubic in W is written as

An examination of the various summands appearing in this expression and reference to
(6.8) shows each one to be o(l) as f-> 0, uniformly inn. Using (6.8a) and (6.8e) , a similar
conclusion is readily reached regarding the integral explicitly involving V, except that the
term

1T 1 PR(x)[Wa~k+IW8~k+ 2 V]
00

dxdt

requires the use of (6.8f) and (6.8b).
The crucial bound being established, the proof of the Proposition is now complete. 1
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