Differential and Integral Equations, Volume 2, Number 2, April 1989, pp. 193-202.
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1. Introduction and results. In this note we consider the question of existence and
multiplicity of periodic solutions with minimal period kT ( k E N) near an equilibrium
(z 0) for systems of the form

=

i

= J'\7 H (t, z),

z E IR 2 n .

(1.1)

Here J is the skewsymmetric matrix

'\7 stands for the gradient in the z-variable, H E C 2 (1R X n, IR) (with n a neighborhood of
0 E IR 2 n) is the Hamiltonian function, which is assumed to depend periodically on time

H(t

+ T, z)

= H(t, z)

T > 0 'Vt E IR, 'Vz E 1R 2 n,

H(t,O):::: 0

'Vt E IR

'\7 H(t, 0):::: 0

'Vt E IR.

and

Such a problem occures, for example, if we know aT-periodic solution x of an Hamiltonian
system whose Hamiltonian does not depend explicitly on time and if we look for periodic
solutions nearby, having period kT.
The existence of these solutions requires assumptions on the linearized part of the equation
at 0 and also on the nonlinear part. Let the Taylor expansion of the function H at 0 be

H(t, z) =
where H(t, z)

1

2 (Qz,

z)

"
+ H(t,
z)

(1.2)

= o(lzl 2 ) uniformly in t. We shall assume for the linearized system
i = JQz
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that the symmetric matrix Q is independent on time, that JQ is diagonalizable and that it
has purely imaginary eigenvalues only. Moreover, we shall assume that this linear equation
does not admit any periodic solution of period T > 0 except the trivial solution z : : : : 0. This
assumption implies, in particular, that z : : : : 0 is an isolated T-periodic solution of the system
( 1.1). We emphasize that Q is not required to be definite in sign.
Concerning the nonlinear part, we shall make the following assumption:
there exist two constants p
{

> 2 and c > 0

clziP~pH(t,z)~(vii(t,z),zJ

and a small

f*

> 0 such

VzEIR 2 n, lzi~E*.

Finally, to simplify the notations, we may assume that T
We will prove the following.

that
(1.3)

= 1.

Theorem 1.1. For every small E > 0 and every positive integer j, there is a constant
k* = k*(E,j) with the following property: for every prime integer k 2: k* the Hamiltonian
system (1.1) possesses at least nj periodic solutions having minimal period k, which are
contained in the prescribed neighborhood of the origin:
sup lz( t) I ~

f.

t

Talking of minimal period here, we simply require that the k-periodic solution is not a
k-times iterated 1-periodic solution.
There are, of course, many results, which, under appropriate conditions on the linearized
part and the nonlinearity near the equilibrium point, guarantee an abundance of "small"
periodic solutions having large periods. Here, we mention the classical Birkhoff and Lewis
Theorem ([1], [2]; see also for a stronger version of that Theorem, Moser [3] and [4]) and the
results contained in the papers [5] by Harris, [6] by Rabinowitz, [7] by Conley and Zehnder,
[8] by Benci and Fortunato, and [9] by the author. For some comments about these results,
we refer to §1 in [9].
The purpose of this note is to establish a multiplicity theorem for subharmonic solutions,
i.e., solutions having period k, for prescribed k in a prescribed neighborhood of 0.
We point out that in contrast to [9], where an analogous multiplicity result is proved,
we do not assume here any symmetry condition for H. The periodic solutions of (1.1) are
obtained by means of a variational approach, as critical points of a suitable functional. Now,
generally, it is for functionals which are invariant under a certain group action that one can
find multiple critical points. While in [9] the invariance of the functional is a consequence
of a particular symmetry (evenness in z) of the Hamiltonian function, in the present note
we just take advantage of a :Zk-symmetry which is intrinsc in the problem of the search for
k-periodic solutions. Problems with :Zk-invariance have been recently treated by Tarantella
in [10] and Michalek and Tarantella in [11]. Also in those papers, multiple subharmonic
solutions are found but in a global rather than local setting as considered here.
We point out here the differences in the assumptions between this note and [9]. First of
all, in [9] we directly treated the case in which the matrix Q = Q(t) depends on time. But
in view of Floquet's theory (see e.g., [12], p. 192), the assumption that Q is not a constant
matrix is not very restrictive. Indeed, whenever the monodromy matrix of a linear equation
with periodic coefficients,

x=

JS(t)x,

(S(t) = S(t + T) = S(t)r),

(1.5)
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is diagonal with eigenvalues f.ts = exp(T.As), then Floquet's theory guarantees the existence
of a canonical change of variables, which reduces the original linear equation to an equation
with constant coefficients,
iJ = JQy,
(1.6)
where JQ is diagonal with eigenvalues As. Therefore, if in our problem, the Hamiltonian is

K(t, x) =

2'1 (S(t)x,

x)

'

+ K(t, x)

with S(t) = S(t + T) and K(t,x) = o(jxj 2 ) and the above diagonality hypothesis is satisfied, a canonical change of variables exists such that the transformed problem has a timeindependent linear part. Moreover, it is not difficult to see that if K( t, x) satisfies assumption
(1.4), then also the transformed superquadratic term H(t, y) in the Taylor expansion does.
In [9] we assume only one Floquet multiplier to lie on the unit circle. But in addition,
we need this Floquet multiplier to be nondegenerate, a requirement which does not appear
here.
The requirement that 0 is an isolated 1-periodic solution of (1.1) amounts in the present
situation to assume (1/27r)w1 ~ 71.., where Aj = iwj (1:::; j:::; n) and Aj+n = Xj (1:::; j:::; n)
are the eigenvalues of -JQ. But, of course, the main difference between [9] and this note
consists in having now dropped the evenness assumption for H.

2. Proof of Theorem 1.1. Since we are looking for solutions of (1.1) in a neighborhood
of the origin, we can extend the Hamiltonian H to all of z E IR 2 n in a suitable way: we may
assume that H satisfies for all z E IR 2 n

,BjzjP :::;pH(t,z):::; (vii(t,z),
and

1

z),

(2.1)

'

-jzjP:::; H:::; o:jzjP

(2.2)

0:

for two positive constants o:, ,8 and for p

H(t, z) = o:jzjP

> 2, and
if jzj ~ R for some R

> 1.

(2.3)

The existence proof is based on the well known variational principle, according to which the
subharmqnic (k-periodic) solutions are the critical points of the functional

f(z) = fk(z) = {k { ~( -J i, z)- H(t, z)} dt
lo 2

= fk { ~(- Ji(t)- Qz(t),z(t))- H(t,z(t))} dt

lo

(2.4)

2

with the boundary condition z(k) = z(O).
If A= Ak denotes the selfadjoint operator in L 2 (0, k), which on its domain

D(A)

=

{z E H 1 ([0,k], IR 2 n): z(k)

=

z(O)}

is defined by

Az

~

-Ji- Qz

(2.5)

196

M.L. BERTOTTI

and

~ fok H(t, z) dz,

¢(z)
then the functional

f

(2.6)

can be expressed as
1

f(z) = 2 (Az, z)- ¢(z).

(2.7)

As a side remark, we observe that the spectrum of A is discrete; it is given by the eigenvalues

271"
J.lmj = km-Wj,

1 ::=; j ::=; n, mE 71.,

and 0 is in the resolvent set or it is an isolated eigenvalue with finite multiplicity. We will
extend f to a functional on the Hilbert space E = W 112 , which is defined as the space of
all k-periodic functions z E £ 2 ((0, k), IR 2n)

whose Fourier coefficients satisfy

L 1JIIzjl

2

< +oo.

jEZ

The inner product of E is usually defined by

(z, w)E = L

(1

+ 2;1JI) (zj, Wj)R2n

(2.8)

jEZ

and the corresponding norm is

II

z II~=

(z, z) E

Vz E E.

,

However, we introduce another equivalent norm which is adapted to the problem. We
normalize, first, the eigenfunctions ~j and ~j+n = {j (1 ::=; j ::=; n), of -JQ, corresponding
to the eigenvalues Aj, Aj+n (1 ::=; j ::=; n), such that
(Q~j,~l) =

(Q~j,~l)

W!Oj,l

=0

for 1 ::=; j, l ::=; n
for 1:::; j,

(2.9)

l:::; n.

(Here, ( · , ·) indicates the usual scalar product in C 2n). Hence, we set
j = 1, · · · , 2n, mE 71..

These functions span E so that Vz E Ewe can write
n

z(t) =

+oo

L L

Re (zjmcPjm(t))

j=l m=-oo

n

=

+oo

L L

j=l m=-oo

1

2(ZjmcPjm(t)

_

+ ZjmcPjm(t))

Zjm E C.

(2.9)
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Moreover, they satisfy

d
27r m
J-d (Reifljm(t)) = -k -Q(Reifljm(t)).
t

(2.10)

Wj

In view of (2.9) and (2.10), we get by an easy computation

1

+oo

n

k

A(z),:,

(-Ji(t)-Qz(t),z(t))dt=kL

L

j=l m=-oo

0

Set

2

(~m-wj)lzjml 2 .

(2.11)

k

n

E+ = { z E E: z(t) = L

L

Re (Zjmifljm(t))}

j=l m>(k/27r)w1
n

E 0 = { z E E: z(t) = L

L

Re (zjmifljm(t))}

j=l m=(k/27r)w1
n

E-

= {z E E:

z(t)

=L

L

Re (Zjmifljm(t)) }.

j=l m<(k/27r)w1

Clearly, dimE+ =dimE- = +oo and dimE 0 < +oo (E 0 could be= {0} ). If we write for
z E E : z = z- + z 0 + z+ E E- EB E 0 EB E+, we will define as our norm in E
(2.12)
and we shall denote by (-, ·) the corresponding scalar product. The norm (2.12) is indeed
equivalent to the norm (2.8) ( see [9]).
We define the bounded selfadjoint operator L E £(E) by extending

(Lz, z) = (Az, z),

(2.13)

where on the right-hand side there is the L 2 scalar product. The functional
therefore, expressed by

f(z) =

1

2 (Lz,

It can be checked similarly as in [13] or [14] that

z)- ifJ(z).

f

on E is,
(2.14)

f is of class 0 1 onE, that

"\1¢, the gradient

of¢ is compact, where

("'V¢(z), w)

~ fo\ii(t, z), w) dt

and that f satisfies the Palais-Smale condition (recall that
condition in the interval [a, b] if any sequence satisfying

f(un)

----+
n_.oo

c E [a, b] and

II

f'(un)

f is said to satisfy the (PS)

liE•

----+

0

n~oo

admits a convergent subsequence). The spectrum of L is a point spectrum and to any
negative (resp. positive, resp. null) eigenvalue of A there corresponds a negative (resp.
positive, resp. null) eigenvalue of L. Moreover, the eigenvectors of every such pair coincide.
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An important role is now played by the Zk-symmetry of the functional, namely the invariance off with respect to j (j = 1, 2, · · · , k )-time shifts:

f(z(t

+ j))

= f(z(t)).

We also emphasize here that the fixed point set of the Zk action
F ~ FixZk

= {z: gz = z,

g

E Zk}

consists of all the 1-periodic functions in E. These two facts (the invariance off and the size
of F) suggest one to try and apply an abstract critical point theorem due to Tarantella [10],
which, for the convenience of the reader, will be stated below. Other results (e.g., Theorem
2.9 in [18]; more generally see [13]-[18]) could be used to deduce the existence or critical
values for our functional. But in our situation, they would not be sufficient to guarantee
the multiplicity of the solutions (see below).
We recall a crucial definition introduced in [10]:
Let T : E -+ E denote a norm preserving (complex) operator that generates a Zk-group
action onE, i.e., Tk = ld.
Definition 2.1. A subspace D of a real Hilbert space E is called j-nice if it satisfies the
following properties:
(a) dim'RD

= 2j and Dis T-invariant;

(b) there exists an homeomorphism 1/J = 1/Jj : D -+ cJ such that Tj : cJ -+ cJ with
Ti = 1/J · T ·1/J- 1 is a unitary representation of the Zk group action on Ci given by

T(x 1
J

x·)

...

'

'

J

=

(ei(211)k)m 1,1x 1 ...
'

ei(21r/k)m1,1 x·)
'

Xl

J '

E C, l = 1, · · · , j

for some integer mj,s 'f. 0 relatively prime to k, s = 1, · · · ,j.
Theorem 2.1. (Tarantella, [10]). Let f E C 1 (X, R) beaT-invariant functional satisfying

f(u) =

1

2 (Lu,

u)- cp(u),

uEX

where L is a bounded selfadjoint T -equivariant operator and V ¢ : X -+ X is compact.
Assume that there exist invariant subspaces x- and Xj+ satisfying: Xj+ c x+ = (X_)j_
is j-nice, LX- = x-, and such that for some constants c0 < c00 and p > 0, we have
(h) f(u) < C00 "'u Ex- EB Xj+
(!2) f(u) 2:: Co VuE x+ n sp
(h) f- 1([co- Eo, Coo)) n F- = 0 for some Eo > 0 with F- =
(f4) f - 1( [Co' Coo)) n Fo = 0 where Fo = F n {u : !' (u) = 0}

x- n F

Iff satisfies (PS) in [c 0 , c00 ), then there exist at least jlk-distinct critical points u1, · · · , Uj
such that
Co:::; f(uh):::; c00 , Vh = 1, · ·. ,j.
By saying that two points u and v are Zk-distinct, we mean that Tiu
1. In order to apply this abstract Theorem, we have to find subspaces

problem.

#- v Vj

x-

= 0, 1, · · · , kand Xj+ for our
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First, since 0 is a regular value or an isolated eigenvalue, there is a A.
1

(Lz, z) ;::: A.

2

II

z

> 0 such that

11 2 ,

Using the embedding (see [13]) (here and henceforth, C will denote various positive constants; ll·llq denotes the norm in Lq((O, k), IR 2n))

II z liP::; c II z II,

Vz E E

(2.15)

we estimate

Since p

!k(z);::: A.

II

z

11

2-1k il(t, z(t)) dt;:::

;::: A.

II

z

11

2-C II z IIP=II

> 2, then for

p

f

z

11

2-c II

II~

2(A.- C II z llp- 2),

II z II= p ===>

fk(z);:::

Vz E E+.

A.

2 > 0.

m~+j

z(t) =

L L

Re (ztmcPtm(t))} with

1=1 m=m~+l

12

n

m~+j

:::;2:j[kL L

l=mm=-=

::::;

z

(2.16)

is bounded above on E- EB E 0 EB Ejn+. Here Ejn+ is defined as
n

Ejn+ = {

11

II

> 0 sufficiently small,
z E E+,

On the other hand,

z

A.

m7 =[~wt].
271"

(2.17)

1

lzzml 2 )-~llzll~

~JC II z II~-~ II z II~::; ~JC II z II~-~ k<P~2 J; 2 II z II~
f k (z ) <
-

(21rj c)2/(p-2JP- 2 ·c
kp a
p 7rJ

=

=kC(J)

(2.18)

2/ p- 2 .

=

We now can set x-(= (X+)_l_)
E- EB E 0 (= (E+)_l_) and Xjn+
Ejn+ and we claim
that Ejn+ is jn-nice provided k > j fr_. Here, r_ is defined as follows:
if rz = wt/271"- [wt/27r] V l = 1, · · · , n (and hence 0 ::::; rz < 1), then r_ = min(1 - r 1).
Clearly, 0 < r_::::; 1. It is clear that dimEjn+ = 2jn and Ejn+ is T-invariant.
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The part b) of Definition 2.1 can be verified by taking, for 'ljJ =

'ljJ:

n

m~+j

1=1

m=m~+1

L L

'1/Jjn,

the map defined by

Re (Zlm¢lm(t))---> (z1,m~+l' ... 'z1,m~+J' ... 'zn,m7+j) E cjn

(for details, see [10]). The assumptions (h) and (h) of Theorem 2.1 are, therefore, verified
and (h) is an immediate consequence of the fact that in our case c0 > 0 (see (2.16)). Indeed
because of our assumptions, fk(z) :=:; 0 if z E E- EB E 0 . At this point, the existence of at
least jn critical values c1 of fk
can be deduced provided k is a prime number satisfying k > j /r_ ~ l:i:(j). These critical values
are not necessarily distinct; in order to find at least jn distinct critical points, assumption
(!4 ) has to be verified. This amounts to showing that none of the found critical points is
in the fixed point set F or equivalently, that the critical points Zk E f- 1 ( c0 , c 00 ) are not
1-periodic functions.
To prove (!4 ) we need an a priori estimate, which is a posteriori used also to evaluate the
amplitude of the periodic orbits found.

Lemma 2.1. Vj E 1\1, and VE > 0, there exists a k* = k*(E,j) E 1\1 with the following
property: for every prime integer k 2: k*(E,j) 2: l:i:(j), it follows that for every critical point
Zk of fk, Zk E f- 1 (co, Coo)
(2.19)
Postponing the proof of this Lemma, we want now to prove (!4 ). This is a consequence of
the fact that 0 is, by assumption, an isolated 1-periodic solution of (1.1) in C 1 (1R, IR 2 n), while
the considered functions Zk tend to 0 ask---> oo uniformly in C 1 (this follows by (2.19)). If
the Zk 's would have period 1, we would get a contradiction.
We remark that in this way, we also have the minimality of the period k for the solutions
Zk·
Proof of Lemma 2.1: We show first that, for the found critical points of fk, we have
(2.20)
with a constant C independent on k. Indeed, since z satisfies

i=J'VH(t,z)
we have
1
--(Az,z)
2

•
+-11k ('VH(t,z),z)dt
=
2

0,

0

so that in view of (2.7), (2.1) and (2.2),

fk(z) = -11k ('V H(t, z), z) dt- 1k H(t, z) dt 2: (E.- 1) 1k H(t, z) dt 2: C
2 0
0
2
0

II z II~

proving the claim (2.20). Hence, from (2.20) and (2.18) and by the way the critical points
are found (namely as minimax; see [10]), we conclude for the critical points zk of !k found
above that

II

Zk

11~:::; C(j)( ~ ) 2 /p- 2
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and hence,

II

zk liP--+ 0 as k

---+

oo.

It is now possible to obtain for k large, for a critical point

(2.21)
Zk

(2.22)
(see indeed [9]). Consequently, also

lz(t)l is bounded (uniformly ink),

(2.23)

so that in view of (2.21),
lim sup lz(t)l = 0.
k-HXJ

t

Specifically, by easy calculations, it is possible to see by (2.21) and (2.23) that the following
is true: VE > 0, Vj E N, there is a k* (E, j) E 71. such that if k 2: k* for the critical points Zk
above considered, it is

I
Having proved (!4 ) by Theorem 2.1 and by Lemma 2.1, we can finally conclude that
VE > 0, Vj E N, there are at least jn distinct critical points Zk of the functional fk, such
that
lzk(t)luxo < E,
provided k is prime and large enough (i.e., k 2: k*(E,j) 2: 1£(j)).
We finally recall that the original Hamiltonian H (for which we only postulated local
assumptions in a neighborhood of 0) was extended to all of IR 2 n by requiring the growth
assumptions (2.1)-(2.3). For the easy details concerning a way this extension can be carried
out, we refer, e.g., to [8]. What is important here is that clearly, the results which can be
obtained which are relative to a neighborhood of 0 are not affected by the behavior of the
system outside this neighborhood.
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