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Abstract. Second order differential expressions of the form w- 1 ( -(pf')' +f) are considered on a real interval I with one singular end point, assuming w > 0 is real-valued but
permitting both p and q to be complex-valued. A number of criteria are established for
the expression to be Dirichlet, conditional Dirichlet and strong limit-point. These lead to
criteria for certain associated operators in the weighted Hilbert space L~ (I) to be maximal
dissipative or maximal quasi-accretive.

I. Introduction. This paper is concerned with the second order, ordinary quasi differential expression T defined for suitable, complex-valued functions f, by
Tf = w- 1(-(pf')' +f) on [a, b),

(1.1)

where p, q, and w satisfy (1.2), (1.3) below, and [a, b) is an interval of the real line, with
-oo < a < b ::::; +oo. The terms limit-point (LP), strong limit-point (SLP), Dirichlet (D)
and conditional Dirichlet (CD) at bare often used to describe certain properties associated
with T. In Race [20], the connections between them were discussed under very general
assumptions concerning w and complex-valued p and q. For the history of the use of these
terms, especially for complex-valued coefficients, see [20, section 2] and the references cited
there. For an early review of D, CD and SLP criteria for real-valued coefficients (when
w = 1), see Everitt [6].
It is well known that for real-valued p and q, the above properties often relate to operators
associated with T being bounded below. Correspondingly, for complex-valued p and q, they
relate to such operators being accretive or dissipative (see, for example [15]). There is also
a close connection with certain integral inequalities (see [5] and the references contained

therein).
The purpose of the present work is to provide conditions on the coefficients in (1.1) which
will ensure T is Dirichlet or conditional Dirichlet. In each case this will be shown to ensure
that T is strong limit-point. It is also shown that in most cases this leads to certain associated
operators being maximal accretive or dissipative.
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We assume the coefficients p, q and w satisfy
p,q: [a, b)-+ C, p(x) -=J 0 (almost all x E [a, b)); p- 1 , q E Ltac[a,b);

(1.2)

w: [a, b)-+ IR, w(x) > 0 (almost all x E [a, b)), wE Ltac[a, b).

(1.3)

In considering the second order, quasi-differential equation

ry = >.y on [a, b),

(1.4)

we assume that the end point a is a regular point and b is singular. Associated with
define the maximal domain A by

A={!: [a, b)-+ C: j,pf' E ACtac[a,b); j,rj E L![a,b)},

T

we

(1.5)

where L![a, b) is the usual Hilbert space of functions which are square-integrable with
respect to the weight w. The differential equation (1.4), or equivalently, the differential
expression r, is said to be limit-point (LP) at b if, for some>. E C (and hence for all>. E C)
there is at most one linearly independent solution to (1.4) in L!(a, b). If (1.4) is singular
but not limit-point at b, it is said to be limit circle (LC) at b; i.e., if all solutions to (1.4)
belong to L!(a, b) for all>. E C (see [19, §5]).
Following previous authors, we define the following terms: the equation ( 1.4) (or the
expression T) is
(i) strong limit-point (SLP) at b if
limpf' g = 0,

(f,g E A);

b-

(1.6)

(ii) Dirichlet (D) at b if
jpj 1/ 2

f'

and

jqj 112 jEL 2 (a,b),

(! E A);

(1. 7)

exists (f,g E A).

(1.8)

(iii) conditional Dirichlet (CD) at b if

Ip

j1 / 2 f' E L 2 (a,b),

(! E A)

and

1--+b qfg

It follows from these definitions that the following implications always hold:

D ==?CD,

SLP ==? LP.

(1.9)

A closed operator H in a Hilbert space 1t is said to be accretive if its numerical range,

()(H)= {(HJ,f): f E D(H) and

llfll

= 1}

(1.10)

is a subset of the right half plane; i.e., if Re(H j, f) 2: 0 for all f in D(H), the domain of
H. If, in addition, H has no proper accretive extension in 1t, then H is said to be maximal
accretive (see Kato [14, p. 279]). The related term, dissipative, is defined differently by
different authors to describe an operator H for which either -H, iH or -iH is accretive. For
the significance and uses of these properties, see Knowles [15], Kato [14] and the references
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contained therein. Further, H is said to be quasi-accretive if, for some >. > 0, (H + >.) is
accretive, with "maximal quasi-accretive" being defined in the obvious way.
We define certain differential operators associated with T in L!(I) (setting I = [a, b)),
commencing with the maximal operator T:
Tf

= Tf

for

f

E V(T)

=

~.

Then, T~ is defined to be the restriction of T to
V(T~)

= {f

E ~ : supp

f is a compact subset of the interior of I}.

The domain V(T~) is dense in L!(I) and T~ is closable, so we denote its closure by T0 . If
we let J denote the usual complex conjugation operation in L!(I), it may be shown that
T0 = JT J and hence that To is J-symmetric; i.e., T 0 2 JT0 J. For details of the appropriate
operator theory, including a characterization of all the boundary conditions which give rise
to J-selfadjoint (i.e., maximal J-symmetric) extensions of T0 , see Race [19]. In view of
that work, it is convenient when T0 is accretive to consider the problem of finding those
J-selfadjoint extensions to T0 which are also maximal accretive. This is made easier by the
fact that a J-selfadjoint operator is maximal accretive if and only if it is accretive (see [15,
§1]).
In §2 we state and discuss some of the existing criteria for T to be Dirichlet or conditional
Dirichlet, which permit q (and sometimes p) to be complex-valued. We state and prove an
extension of a lemma of [20] in §3. In §4 we state and discuss a Dirichlet criterion which
extends a result of Amos and Everitt [1] to permit complex coefficients. We also give a
related conditional Dirichlet criterion which appears to be new even in the real case, as
well as examining the implications for extensions of T 0 to be accretive. A criterion for the
spectrum of J-selfadjoint extensions to be discrete is also given there. In §5 a conditional
Dirichlet criterion is given, which permits p and q to be complex-valued and introduces
the weight function w into a result of Everitt [8]. We again discuss the implications for
accretiveness. Finally, in §§6, 7 we prove the results stated in §§4, 5, respectively.
Since each of our criteria also guarantees T is strong limit-point, (1.9) implies they are
also criteria forT to be in the limit-point case. Few existing limit-point criteria cover general
weight functions and complex coefficients so that even as limit point criteria some of our
results are new (c.f. [16] where w = 1 on [a, oo)).

2. Some known results. There are many sets of conditions on w and real-valued p and
q which ensure T is D, CD or SLP, though it is often assumed that w
1. There are few,
however, which permit p and/or q to be complex-valued, so we cite the main ones here.

=

Theorem 2.1. [10, Theorem 1]. Supposep = w = 1 on [0, oo) and that forsomer satisfying
1:::; r < oo, q E Lr(O,oo), then Tis D and SLP at oo.
Theorem 2.1 is one of the earliest criteria even for real-valued coefficients and indeed it
was Everitt, Giertz and Weidmann who introduced the terms Dirichlet and strong limitpoint in [10]. In [12], Hinton considered criteria for 2n-th order expressions, which permitted
complex-valued coefficients. When specialized to n = 1 this yields the following generalization Theorem 2.1.
Theorem 2.2. [12, Theorem C]. Suppose wand pare continuously differentiable on [a, oo)
for some finite a and q = f + g + h where f is real and
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(a) pfw = O(x 2 ) and (pjw) 112(1 w' I w- 1 + I p' I p- 1 ) = 0(1) at oo;

(b) f > 0 on [a, oo);
(c) faCXJ I g I (pw)-1/2 < oo;
(d)
then

T

I hI= O(w)

at oo;

is D and SLP at oo.

Frentzen proves aD and SLP criteria in [11] for a more general expression than (1.1) but
when applied to (1.1) it reduces to a result which is effectively contained in Theorem 2.2.
In [15], Knowles proves a criterion for certain extensions of the operator To to be dissipative. By combining two of the main results of that work, one immediately obtains the
following CD criterion.

Theorem 2.3. [15, Theorems 2.2, 2.3]. Assume pis real and positive on [a, b). Suppose
there exist real functions Q and S in Lzae[a, b), constants 8 > 0, ~ > 0, K; (1 S i S 4) such
that Req = q1 + q2, Imq = q3 + q4 with q; E Lzae[a, b) (1 SiS 4) and

(i) q1 ~ (1
(ii) q3 ~ (1

+ 8)(H 2 fp)- K 1w where H = J Q;
+ 0(R 2 fp)- K3w where R = J S;

(iii) JJ(q2+Q) ~ -K2inf[e,d]w 112 inf[e,d]P 1/ 2, jJ(q4+S) ~ -K4inf[e,d]w 1/ 2 inf[e,d]P 1/ 2,
whenever fed w 112p- 112 S 1 and J C [c, d];
(iv)

J:

p-1/2w1/2 = oo;

(v) either Q = 0 or fortE [a, b),

I H(t) IS c1

I: I:

s

w,
w
c2 I p(t)q1(t) 11/ 2, J:u: w]- 1 dt
for some constantc C 1 and C2;

=

00

(vi) either S = 0 or fortE [a, b),

I R(t) IS c3

I: I:

s

w,
w
c4 I p(t)q3(t)
for some constants c3 and c4.

11 / 2 ,

J:u: w]- 1 dt

=

00

Then r is CD and SLP at b.
The last part of Theorem 2.3, namely that T is SLP, follows from [20, Theorem 1(a)J
because assumption (iv) forces at least one of the functions wand p- 1 not to be in L(a, b).
As observed in [15], the above result still holds if q3 , q4 and S are replaced by their negatives.
Atkinson considers expressions with complex-valued coefficients in [2] but specializes to
real-valued coefficients before stating a criterion for CD and SLP. Although Atkinson's
methods could be applied to give a criterion for the complex case, his result [2, Theorem 6]
is a special case of Theorem 2.3 above.
The proofs of the results in [15] are adaptations of the proof of a CD criterion for the real
case, due to Evans [3, Theorem 2]. Evans also gives aD criterion there, which may similarly
be adapted to yield

Theorem 2.4. Suppose that Q and S are each of one sign, and that all the conditions of
Theorem 2.3 hold but with (iii) replaced by
(iii)'

t

I q2 + Q IS K2 inf[e,d] w 1/ 2 inf[e,d] p 1/ 2 ,

whenever fed w 112p- 112 S 1. Then

T

fed

I q4 +SIS K4 inf[e,d] w 1/ 2 inf[e,d] p 1/ 2

is D and SLP at b.

Theorems 2.3 and 2.4 include many of the criterion known for
real-valued; see for example [3, Corollaries 1-3].

T

to be D or CD when q is
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We observed that all of Theorems 2.1-2.4 require that p be real and that w 112 p- 112 fj.
L(a, b). This excludes many choices of p and w, including p = w when b < oo. One of our
aims in the present work is to extend the collection of functions p and w for which there are
D and CD criteria when q is complex. We also demonstrate methods for providing criteria
which permit p to be complex-value. It seems likely that the same techniques would enable
the above results to be extended likewise to permit complex p.
We have observed earlier that results such as those stated above can be used as in [15] to
deduce properties of dissipativeness or accretiveness of associated operators, as we shall do
below. An excellent recent survey and discussion of the application of such results in the
real case to certain integral inequalities is given by Evans and Everitt in [5].
An important and very general Dirichlet criterion was given by Kalf in [13] for real-valued
coefficients. This is not included in either the above known criterion or in those which we
give below. It is hoped to show elsewhere, however, that it too can be generalized to
complex-valued coefficients using the techniques given here.

3. Preliminary lemma.
Lemma 3.1. Let () E [0, 21r] and a E (0, 1r /2] be constants and suppose p takes values in
the sector defined by
7r
-a
0:::; arge-t·ep(x):::; 2

(a) Suppose either w(x) fax I p
T

(b) Suppose w(x)

l- 1 f/. L(a, b)

is D at b ~ I q

(almost all x E [a, b)).

(3.1)

or q (j. L(a, b). Then,
11 /

2

f

E

L 2 (a, b) (f

f

12

E ~).

(3.2)

J: Ip l- fj. L(a,b). Then,
1

1

--->b

T

is CD at b ~

a

q

I

exists

(f E

~).

(3.3)

This extends [7, Theorem 2] and [20, Theorem 3]; in the former it was assumed that
b = oo, w = 1 and q was real-valued, whilst in the latter it was assumed that p was real.
As observed in [20], a sufficient condition for (a) and (b) to hold is w (j. L(a, b) and if
wE L(a,b), then

w(x)

1x I

p

l- 1 f/. L(a, b)

~ I p(x) l- 1

1b

w f/. L(a, b).

Proof: In (a), the implication from left to right follows from ( 1. 7). In (b), we cannot have
both p and w being in L(a, b), so although the implication from left to right does not follow

immediately from (1.8), it is a consequence of [20, Corollary 2]. We prove the opposite
implications, assuming () = 0, the insertion of the factor e-ie then being straightforward.
An integration by parts yields that for any f E ~ and x E (a, b),
(3.4)
Assuming the right-hand side of either (3.2) or (3.3), the integrals on the right in (3.4)
converge as x ---+ b- and hence, the last three terms on the right in (3.4) are together

DIRICHLET-TYPE CRITERIA

bounded by K, say. We now suppose p(/') 2
() = 0, (3.1) then implies

r

0:::; arg la pI f'
Hence, in (3.4), I pf' J(x)

7r
12 :::; 2a

1-+ oo

llx

rf. L( a, b)
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and obtain a contradiction. With

on [a, b),

as x-+ b-. Choose X< b sufficiently large so that

pI j'

l2 j > K cosec~

(x E [X, b)).

(3.5)

From (3.4), (3.5) and the definition of K, it then follows that
a
1r
a
-2:::; argpf' f(x):::; 2 - 2
(x E [X, b)).
Hence, from (3.1) with()= 0,
1r

a

1r

1 -

a

-(2- 2):::; argf f(x):::; 2 - 2
Since a

> 0,

(almost all x E [X, b)).

(3.6)

this implies
-

Rej'f(x) =

1
2(1

2

f I )'(x) > 0

(almost all x E [X, b)).

(3.7)

This implies I f I is increasing on [X, b), which conflicts with our assumptions in (3.2) in
(a), when q rf. L(a, b), giving the required contradiction.
On the other hand, from (3.6),

+ tan(1r- a)/2) for almost all x E [X, b).
However, we already know I p f' J( x) 1-+ oo as x -+ b- so we now obtain I p( x) I · Ref' f (x) -+
00 as X-+ b-. Hence, for some xl < b,
I j'J(x) 1:::; Rej'/(x)(1

Integrating, then multiplying by w and integrating again yields

J:

IPI- 1 rf. L(a, b). Thus, in each case we have a contrawhich gives a contradiction if w(x)
2
diction and may deduce that p(/') E L(a, b). Recalling (1.7), this completes the proof of
part (a).
To complete the proof of part (b), we observe that in (3.4), we may now deduce that
limb- pf' f exists for every f E ~- The argument of the proof of [20, Theorem 1(a)J then
shows this limit must be zero and hence T is SLP at b (c.f. [20, §5]). Now, analogous to
(3.4), for any j,g E ~and x E (a, b),

lx gfg=pf'g(x)-pj'g(a)+ 1xwg·rf-1xpf'g'.

(3.8)

Since each term on the right of (3.8) has been shown to converge as x-+ b-, we have proved
that (1.8) holds and hence T is CD at b, as required.

4. Criteria similar to those of Amos and Everitt. The basic result of this section
is
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Theorem 4.1. Let p, q and w satisfy the basic conditions (1.2) and (1.3). Let Req = q1 +q2,
Imq = q3 +q4+q 5 whereqr E Lloc[a,b) (1:::; r:::; 5). Supposealsothatforsomerealconstants
a, /3, '1/J, (),

(i) 0:::; argp(x):::; () < ~ (almost all x E [a, b));
(ii) (Rep)- 1 E L(a, b), w f. L(a, b);
(iii) q 1 (x);::: -aw(x), q3 (x);::: -(3w(x) (almost all x E [a, b));
(iv) lqs(x)l:::; tan'I/Jiq 1 (x)l (almost all x E [a, b)), 0:::; '1/J < ~- B;

(v) fa..... b q2, fa..... b q4 both exist.
Then

T

is CD and SLP at b. If (v) is strengthened to

(v)' q2,q4 E L(a,b),
then

T

is D and SLP at b.

For real-value p and q, this CD criterion seems to be new whilst the D criterion becomes
that of Amos and Everitt [1, Theorem 1], which can also be deduced from [13]. Theorem 4.1
and suitable modifications of subsequent results also hold true if Imp and Im q are replaced
by their negatives. All the results quoted in Section 2 above require w 112p- 112 f. L(a, b);
condition (ii) above is clearly distinct from this. For example, (ii) permits p(x) = xr for any
r > 1 when b = oo and w = 1 on [1, oo).
We define the operators T1 in L![a, b) to be the restrictions ofT to the domains
V(T1 ) = {f E V(T): ltf(a)

+ I2P(a)J'(a)

= 0}

where 1 = (1 1 ,12 ) is an arbirtary non-zero vector in
It is known (see [19, Theorem 5.4])
that if T is LP at b, then the )-selfadjoint extensions of T 0 are precisely the operators T1 .
Analogously, to the last part of [1, Theorem 1], we obtain here
C2 .

Theorem 4.2. Let p, q and w satisfy (1.2), (1.3) and conditions (i)-(v) of Theorem 4.1.
Then,
(a) the operator e-i¢T0 is quasi-accretive for¢>, satisfying 0:::; 1>:::; 7r/2- '1/J;
(b) if also 1 2 = 0 or Re(e-i¢1112 1 ) :::; 0, then the operator e-i¢T1 is maximal quasiaccretive and J -selfadjoint.

If T is any closed, densely-defined linear operator in a Hilbert space 1t, its essential
spectrum Ea(T) is the set of.>. E C for which there is a non-compact sequence {in} in
V(T), II fn II= 1 satisfying limn ..... 00 (T- .>.)fn = 0. It is well known (see [14, 18]) that Ea(T)
is a subset of the closure of the numerical range, B(T). Taking a finite-dimensional extension
of an operator, the essential spectrum remains unchanged, so Ea(T0 ) = Ea(T1 ) for all I·
The regularity field, IJ(T), ofT is the set of all.>. E C for which there is a constant k;.. > 0
for which II (T- .>.)!II> k;.. II f II for all f =I 0 in V(T). The resolvent set, p(T) ofT is the
set of all .A in TI(T) for which the range of (T- .>.) coincides with 1t. The complement of
p(T) in C is the spectrum ofT, a(T) and Pa(T) denotes the set of eigenvalues ofT. In our
case the complex plane divides into two disjoint sets:
C = IJ(To)UEa(To).

(4.1)

The conditions of Theorem 4.2 guarantee that Ea(To) ~ B(To) lies within a sector of
the complex plane. Thus, To and the extensions T1 described in Theorem 4.2 are sectorial
operators which enables the construction of a Friedrichs extension (see Kato, [14, p. 280 and
325]). Furthermore, an operator T which is an extension of a closed densely defined operator
is said to be well posed if IJ(T) is not empty. We may hence deduce that in Theorem 4.2(b),
T1 is well-posed, which yields
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Corollary 4.3. Let p, q and w satisfy (1.2), (1.3) and conditions (i)-(v) of Theorem 4.1.
(a) For some real constant L 1 dependent on the coefficients of (1.1), and for all '"f,
Ecr(T0 ) = Ea(T1 ) ~{A E C: Re>. ~ LI}
(b) If'"Y 2 = 0 or Re('"Yn2 1 )::::; 0, then Pa(T1 ) ~bE C: ReA~ LI}, so T 1 is a well
posed extension of T 0 .

(c) For any ¢ satisfying 0 ::::; ¢ ::::; 1r /2 - 1/J, there is a real constant L 2 ( ¢) such that for all
'"f, Ea(T0 ) = Ea(T1 ) ~{A E C: Re>.e-i¢ ~ L 2 };
(d) If also, 1 2 = 0 or Re(e'¢'"Yn2 1 )::::; 0, then Pa(T1 ) ~{A E C: Re>.e-i¢ ~ £ 2 }, so T 1
is a well posed extension of T 0 .
Similar results to these were obtained by Knowles [15, Theorem 4.1] under the conditions
of Theorem 2.3 above.
As in [1, Theorem 2], we may use the above results to prove
Corollary 4.4. Let p, q and w satisfy (1.2), (1.3) and conditions (i)-(v) of Theorem 4.1.
Suppose also that

(4.2)
Then for all '"f, Ea(T1 ) = Ea(T0 ) = 0 and the spectrum ofT1 consists solely of eigenvalues.
If also, for some¢ satisfying 0::::; ¢::::; 1rj2 -1/J, Re(e'¢'"Yn2 1 )::::; 0, then the eigenvalues of
T 1 are isolated.

As observed in [1, Theorem 3], (4.2) is satisfied if

1b

rb

(4.3)

w(x)(jx (Rep)- 1 )dx<oo.

For example, (4.3) is satisfied on [1, oo) when w = 1 and Rep(x) = xr for any r
[1, Section 7]).

> 2, (c.f.

5. Criteria similar to those of Everitt. In [8], Everitt proved a CD and SLP criterion
for T when w = 1 on [0, oo). The method used can be modified to allow any weight function
w satisfying w ~ L(a, b) with any b ::::; oo. We give here the extension of Everitt's result to
incorporate such general weight functions and to permit complex-valued p and q.
Theorem 5.1. Let p, q and w satisfy the basic conditions (1.2) and (1.3). Let Req = q1+q2 ,
Imq = Q3 + Q4 + Q5, where Qr E Ltac[a, b) (1 :S: r :S: 5). Suppose also that
w ·Rep E ACtac[a, b) and w ·Rep> 0 on [a, b)
and that for some real constants a, (3 and non-negative A, B, 1/J,
(i) 0 :S: argp(x) :S: 8 < 7r/2 (almost all

(ii) w

~

X

e, 8,

(5.1)
Kr (1 ::::; r :::; 4),

E [a, b));

L(a, b);

(iii) q1(x)

~

-aw(x), q3(x)

(iv) i(wRep)'i :S: (wRep)

~

-(3w(x) (almost all x E [a, b));

1 12 (Aw

+ Biq11)

(v) iq5(x)i :S: tan'lj; ·lqi(x)l (almost all

X

(almost everywhere on [a, b));
E [a, b)), 0 :S: 1/J < 1rj2- 8;
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either
(vi) 0 ~I: Qr ~ Kr-l(w(x) Rep(x)) 112 (x E [a, b), r = 2, 4)
or
(vi)' -Kr ~

I: Qr

~ Kr-l(w(x) Rep(x)) 112 and w(x) Rep(x)

:2: 8 > 0 (x

E

[a, b), r

=

2, 4).
Then T is CD and SLP at b. If q2 and q4 are both eventually of one sign, then
SLP at b.

T

is D and

Condition (iv) may be viewed as an assumption concerning how large lq 1 l needs to be,
given any coefficient p. Theorem 5.1 does not require (Rep)- 1 E L(a, b) as in Theorem 4.1;
neither does it require p to satisfy (iv) of Theorem 2.3. This result is, therefore, distinct
from those given earlier.
In the proof given in Section 7 below, assumption (iv) is used only in connection with q2
and q4 , so if q2 = q4 = 0 the same method yields the following extension of [9, Theorem 1].

Theorem 5.2. Let p, q and w satisfy the basic conditions (1.2) and (1.3). Suppose also
that for real constants a, {3, 'lj;, ()
~ argp(x) ~ ()

(i) 0

< 7r/2

(almost all x E [a, b));

(ii) w ~ L(a, b);
(iii) Req :2: -aw(x);
(iv) Imq
Then

T

:2: -(3w(x)- tan'lj; ·I Req(x)l (almost all

X

E [a, b)), 0 ~ '1j; < 7r/2-

e.

is D and SLP at b.

In particular, setting a = f3 = 0, q satisfies the conditions of Theorem 5.2, if for some
0, -(7r/2- ()) + f ~ argq(x) ~ 7r/2 (almost all x E [a, b)). For a discussion of how
Theorem 5.1 compares with previous criteria for real coefficients, see [8]. For real coefficients,
Theorem 5.2 can also be deduced from the Theorem in [13]. We may now use (7.9) and
(7.15) below to obtain
f

>

Theorem 5.3. (c.f. [8, part (d) of Theorem]). Let p, q and w satisfy (1.2), (1.3) and the
conditions of Theorem 5.1.
(a) For every¢ satisfying 0 ~ ¢ ~ 7r/2- 'lj;, the operator e-i<f>T0 is quasi-accretive and
for all "(, T"Y is J -selfadjoint with

(5.2)
where
S(¢)

={.X E C: Re.Xe-i<f> :2:

-(acos¢ + lal sin¢tan'lj; + f3sin¢+

(5.3)
+cos¢(K 1 +K3 tan¢) 2 ) }
if condition (vi) is satisfied and
S(¢)

={.X

E C: Re.Xe-i<f>

:2: -(acos¢+ lalsin¢tan'lj;+f3sin¢+
+cos ¢((K1 + K28- 112) + (K3 + K 4 8- 112 ) tan¢ ) 2)}
(5.4)

if condition (vi)' is satisfied.
(b) Further, for those"( satisfying, either "(2 = 0 or Re(e-i</>'Yl'Y2 1) ~ 0, e-i<f>T"Y is
maximal quasi-accretive and PO"(T"Y) ~ S(¢), so T"Y is a well posed extension ofT0 .
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Since (5.2) holds for all ¢ satisfying 0 :::; ¢ :::; 1r /2 - 1/!, we may replace S( ¢) by S =
no:::;¢:'071"/2-1/1 S(¢). Under assumption (vi), writing,\= X+ iy, we see from (7.9) below that

s =

n{

(x, y): (y

+ Ia Itan 1/! + {3 + 2KlK3)m 2

-(m 2 Kj +X+ a+ Kn}

O:'Om:'Ocot,P

= { (x, y) : 0:::; x +a+ K~ :::; Kj cot 2 1j!
y

+ lal tan'lj! + {3 + 2K1K3 2

U { (x, y) : x +a+ K~

y+

and

-2K3J(x +a+ Ki)}

> Kj cot 2 1/J

(5.5)

and

Ia Itan 1/! + {3 + 2K1K3 2- tan 1/!(x +a+ K~ + Kj cot 2 1j!) }.

Letting X = x +a+ Ki andY = y + Ia Itan 1/! + {3 + 2K1K3, Sis that subset of the right
half-plane, X 2 0, which lies above the parabola Y = -2K3 VX for 0:::; X:::; Kj cot 2 1jJ and
above the line Y +X tan 1/J + Kj cot 1/J = 0 for X 2 Kj cot 2 1jJ. In the special case of q5 = 0,
we may take 1/J = 0, in which case S consists of that part of the right half-plane X 2 0 lying
above the parabola Y = -2K3VX withY= y + {3 + 2K1K3.
Since (5.4) is obtained by replacing K 1 and K 3 , respectively, by (K1 + K 2o- 112) and
(K 3 + K 4 o- 112 ) in (5.3), the same alteration may be made throughout the above comments
to obtain the appropriate set S when (vi) is replaced by (vi)' in Theorems 5.1, 5.3. In the
special case when q2 = q4 = 0, we may take Kr = 0 (1 :::; r :::; 4), so S becomes the quadrant
in which x 2 -a and y 2 -{3. Setting q5 = 0 and choosing q to allow our results to be
applied both to T f and its complex conjugate, for each f E A, Theorem 5.3 yields
Corollary 5.4. (c.f. [4, Corollary 3]). Letp = w = 1 on [a, oo), Req = q1 +q2 , Imq = q3 +q4
where qr E Lloc[a, oo) (1:::; r:::; 4). Suppose that
(i) q1(x) 2 -a, lq3(x)l:::; {3 (almost all x E [a, b));

(ii) -K2:::;

I: q2:::; K1,

Suppose either 1 2

-K4:::;

= 0 or "(112 1

:::;

I: q4:::; K3

0, then

T

(x E [a, b)).

is CD and SLP at b and

Ea(Ty) = Ea(To) ~()(To)~ S,

Pa(T1 ) ~ S

where Sis the set of points (x, y) in the complex plane to the right of the curves

IYI- f3- 2(K1 + K2)(K3 + K4) = {4(K3 + K4) 2(x +a+ (K1 + K 2 ) 2 )} 112
x = -(a+ (Kr + K2) 2).

Example. If p = w = 1, Req 2 0, -K4 :::; I:Imq:::; K 3 (x E [a,b)), then Corollary
5.4 applies with q3 = q2 = 0 and S consists of those points inside the parabola y 2 =
4(K3 + K4) 2x.
If we apply Corollary 5.4 with q1 = q3 = 0, C 1 = K 1 +K2 , C 2 = K 3 +K4 , we may deduce
a result of W.D. Evans,

Corollary 5.5. ([4, Remark 3 following Corollary 3]). Let p = w = 1 on [a, oo) and
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If 12 = 0 or 1112 1 ::::; 0, then ()(To) ~ S and ()(Ty) ~ S, where

S = {x

+ iy:

x ~ -Ci,

IYI::; 2C1C2 + (4C?(x + Ci)) 112}.

As is commented in [4], this result is an improvement on that of Knowles [15, Theorem
4.3], which replaces S by
81 = {x

+ iy: y 2

::;

8K 2 (x

+ 2K 2 )

lyl <- 2x + 5K 2

3
for X~ -2K 2 and

2<x<
for - ~K
2
-

2}
-~K
2

where K = fa= lql (having corrected a sign in [15]). S is strictly contained in 8 1, the two
boundary curves touching at the points x = 0, y = ±4K 2 . The significance of this last
result is in locating the numerical range and hence the eigenvalues of T1 , not in locating
the essential spectrum, for it was shown by Lyantse in Appendix II of [17] that in this case,

Ea(T0 ) = Ea(T1 ) = [O,oo).

6. Proofs of the results of section 4. We commence with the proof of Theorem
4.1 under assumption (v). It follows the proof of [1, Theorem 1] to some extent and the
modification needed to prove the result under assumptions (v)' follows [1] more closely, so
we omit the details of the latter. Since w f/_ L(a, b), it follows from [20, Theorem 1(a)] that
CD ===} SLP. Furthermore, since condition (i) implies that (3.1) holds, Lemma 3.1(b) above
is applicable. To prove T is CD and SLP at b, it, therefore, suffices to prove

r->b

la qlfl 2

exists (f E ~).

(6.1)

We begin with
Lemma 6.1. Let p, q and w satisfy the conditions of Theorem 4.1. For any
exists Y(t:) E (a, b) such that for r = 2, 4,

(f E
Proof: We may choose Y

>a

~,X>

E

>

0, there

(6.2)

Y).

such that

(~ ~ Y),

ib(

Rep)- 1

< 1,

where k is a constant. Following the proof of [1, Lemma A] we obtain for any
(~

Now, an integration by parts yields for any X> Y,

> Y).

(6.3)

f

E ~'

(6.4)
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which, combined with (6.3), gives

(6.5)
But,

{X 1!1·1!'1::; sup 1!1· ( {X ( Rep)-1 r/2 ( {X

}y

[Y,X]

}y

}y

(6.6)

Rep ·1!'12r/2.

Hence, (6.3)-(6.6) prove that

I}y{X q2/fl 2

j ::;

2kE{ sup 1!1 2 + 1x Rep ·lf'n
[Y,X]

a

::; 4kE 1b wlf/ 2 + 2kE( 1 + 21b ( Rep)- 1) 1x Rep ·1!'/ 2,
which yields (6.2) if we choose k =min (1/4, 1/8 J:( Rep)- 1). This completes the proof of
Lemma 6.1 for r = 2; the proof for r = 4 is identical. I
Proof of Theorem 4.1: For any X andY with X> Y, and any

f

E ~

(6.7)

We now let m 2: 0 and take (Re +m Im) of both sides of (6. 7). On adding (o:+m/3)
to both sides (c.f. the proof of [18, Theorem 4.2]), we obtain

J:

wlf/ 2

ix (Re+mlm)plf'/ 2 + i x (q1 + o:w)/f/ 2 +mix (q3 + j3w)lfl 2
(6.8)
+ ix(q2+mq4)/JI 2 +m i x q5/!I 2 =(Re+mlm)pj'f(X)+0(1).
Applying Lemma 6.1 establishes that for any E > 0 and X

> Y,

i x {(1- E(1 + m)) Re +mlm}p/f'/ 2 + i x (q1 + o:w)lf/ 2 +mix (q3 + j3w)lfl 2
(6.9)

+ m [x q5 Jf/ 2

::; (

Re +m Im)pf' ](X)+ 0(1).

We now choose E = ~(1 + tane)- 1 ::; ~and use (iv) to estimate the term involving
gives, for 0 ::; m ::; tan e,

ix
y

1
2

(- Re +mlm)p/f'/ 2 +(1-m tan 7/J)

ix
y

q5 .

This

(q1 + o:w)lf/ 2
(6.10)

+mix (q3 + ,Bw)/f/ 2 :S ( Re +mlm)pj' ](X)+ 0 (1).
Since tan 7/J < cote (by (iv)) for 0 ::; m ::; tan e, each of the terms and integrands on the left
is positive, due to assumptions (i) and (iii).
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Suppose p(/') 2 or (q 1 + aw)j2 fl. L(a, b) so that both sides of (6.10) must diverge to +oo
as X---> b; i.e., for 0 ~ m ~ tanO,
(Rep+

mlmp)(~l/1 2 )' +

(m Rep- Imp) Imf' J---> oo at b.

(6.11)

However, f E L!(a, b) and w fl. L(a, b), so there must be a sequence (xn) in (a, b) converging
to b, on which (1!1 2)' ~ 0. So we must have

(mRep-lmp)·lmf'](xn)---> oo as n---> oo.

(6.12)

J

Setting m = 0 and m = tan 0 implies that on this sequence, Im f' is both positive and
negative (in view of assumption (i)). This contradiction proves Rep(/') 2, (q 1 + aw)f 2 E
L(a, b); hence, IPI · 1!'1 2, lq1l · l/1 2 E L(a, b). Lemma 6.1 then proves that fa-+b q2lfl 2 and
fa-+b q4lfl 2 exist and assumption (iv) proves lq51 · 1/1 2 E L(a, b).

_
If lq 3 l · 1!1 2 fl. L(a, b), then from (6.7) and assumption (iii), we would have IPf' f(X)I --->
oo as X ---> b. However, the argument used in [20, Section 4(a)(i)] demonstrates this is
impossible, so indeed lq3 l· 1!1 2 E L(a, b), completing the proof of Theorem 4.1. I
Turning to Theorem 4.2 we first prove a lemma which is analogous to [1, Lemma B], again
giving details of the proofs under assumption (v) of Theorem 4.1.

Lemma 6.2. Let p, q and w satisfy the conditions of Theorem 4.1, then for every
and r = 2, 4 there exist a number Ar(E) such that

E

>

0

(6.13)

Proof: Under assumption (v)', the integrand on the left of both (6.2) and (6.13) becomes
lqrl·l/1 2. In proving Lemma 6.2, we already know from Theorem 4.1 that each of the integrals
in (6.13) does converge.
As in [1, p. 26], for every f E ~'
(6.14)

If we choose Xr(E) for r = 2, 4 such that

fx

b

(Rep)- 1 <

v;, Ii

X'

qrl <

then integrate qrl/1 2 by parts, we obtain for any

I

i

X'

qrl/1 2 1

~ IJ(X'WI

i

X'

qrl + 2

i

X'

f

v;

(X'~ Y ~ X(E))

(6.15)

E ~'

IJ(~)I·IJ'(~)I·I

i qrl d~
e

(6.16)
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We have used (6.14), (6.15) and assumptions (ii) and (v). Following [1, p. 26-27], we define
for any 8 > 0, and for X= X( E)
k(6)=inf{

1~ ~+6 w:~E[a,XJ},

ry(6)=sup{

1~+6

(Rep)- 1 :~E[a,XJ},

~

observing that k(8) > 0 and lim 8 ~o+ 77(8) = 0; we then have, as in [1], that for any 8 > 0
and for X= X(E),

IJWI 2 :::;

k~8 )

lb

wlfl 2 + 2ry(8)

lb

Rep ·1!'1 2

(~ E [a, X]).

(6.17)

Arguing again, as in (6.16), for r = 2, 4 we have

11X Qrl/121 :::;(sup IJI)2( sup 11x Qrl)
+2( sup If I) (sup 1
1xQr 1b ( Rep)- ) 1b
Letting Cr = SUP[a,b] II: Qrl for r = 2, 4 and using (6.17) in (6.18),
a

[a,X]

[a,X]

a

) (

1

1

[a,X]

[a,XJ

a

1/2 (

a

+ Cr{ 2ry(8) + h(ry(8) +

2(ry(8)) 112 ) (

(6.18)
Rep ·1!'1 2 )

1/2

.

a

lb (

Rep)- 1 )}

lb

(6.19)
Rep ·1!'1 2 .

I:

Now, choose 8 > 0 sufficiently small so that the coefficient of
Rep· 1!'1 2 in (6.19) is
smaller than E/4. If, in (6.16) we let Y = Xr(E), then let X' ----+ band add the result to
(6.19), we obtain (6.13) with

Ar(E) = Cr { k(28) +

(

h

1ba (Rep)- )
1

1/2

(k(8)ry(8))- 1 }.

(6.20)

This completes the proof of Lemma 6.2 I
Proof of Theorem 4.2: Since
CD at b,

T

is SLP at b, limb pf' f = 0 for every f E ~. Since Tis alf\O

rb

rb

j~b

(TJ,f)= }a Tf·f·w=pf'f(a)+ }a Pif'l 2 + a

From assumptions (iv) and (iii) we may say that for any m

~

-m tan '1/J

j

a

b

~

qj/1 2 (JE~).
0 and

(6.21)

f E ~'

b

(q1 + o:w)l/1 2 - m tan 'I/Jio:l1 wl/1 2.

(6.22)
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Hence, for f E ~' m;::: 0, by assumptions (i), (iii) and (iv) and Lemma 6.2 with
r = 2 and f = 1/2m for r = 4,

f

= 1/2 for

(Re+mlm)(TJ,f) = (Re+mlm)pf'f(a) + 1b(Re+mlm)plf'l 2
+

lb

~

(Re+mlm)pf'f(a) + (1- mtan1/J) lb(ql + aw)lfl 2

(ql + mq3)lfl 2 +

l_,b

(q2 + mq4)l!l 2 + m

lb

Q51!1 2
(6.23)

- (a+ m,8 + A2(

1 ) + m tan 1/Jial) {b wlfl 2.
~)
+ mA4(2
2m
}a

Hence, if m 5 cot 1/J and iff E V(To) so that pf' /(a) = 0, then
1 + mA4(-)
1 + mlal tan 1/J)
(Re +mlm)(Tof, f)~ -(a+ m,8 + A2(-)
2
2m

lb
a

wlfl 2.

(6.24)

If m = 0, this can be improved to
(6.25)
Hence, from (1.10),
B(To) <;;; {A E C: Re .X~ -(a+ A2(1))}

(6.26)

and

The same estimates hold true forT, when 12 = 0 and if 12 =I= 0, pf' f(a) = -ln2 1 lf(a)i2
for f E V(T, ). Hence, if Re bn2 1 ) 5 0, the same results hold forT,. This proves Theorem
4.2. I
In Corollary 4.3, (6.25) yields
(6.28)
Since Re (.xe-i¢)

= cos ¢(Re .X+ tan¢ Im .X), setting m = tan¢ in

(6.24) gives

.
1
.
1
£2 = -Ia Ism <P tan '1/'- cos ¢(a+ A2( 2 )) - sm ¢(,8 + A4( 2 cot¢)).

(6.29)

The proof of Corollary 4.4 follows the methods of [1, §4] closely.
7. Proof of Theorem 5.1. To prove T is CD and SLP at b, it again suffices to prove
that (6.1) holds. We first prove Theorem 5.1, assuming condition (vi) holds.
It is convenient to define Qr(x) on [a, b) for r = 2,4 by

(x E [a, b)).

(7.1)
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Condition (vi) then becomes
0::; Qr(x)::; Kr-1 ( w(x) Rep(x) ) 1/2

Two integrations by parts give that, for any

= pf' f(x)-

pf' f(a) +(a+ i/3)

As in (6.8), let m

;::=:

1x

f

(x E [a, b),

r

=

(7.2)

2, 4).

E ~and x E [a, b) (c.f. (3.4) and [8, (4.3)]),

21x

wl/1 2 +

(Q2 + iQ4) Ref' J +

1x

(7.3)
w] · T f.

0 and take ( Re +m Im) of both sides to obtain

1x {(

Re +mim)plf'l 2 + (q1 + aw)l/1 2 + mq5lfl 2 + m(q3 + f3w)lf 21} + (Q2(x)

+ mQ4(x))lf(x)l 2
= ( Re +mim)pf'

+(Re+mim)

fl~ +(a+ m/3)

1x

1x

21x

(Q2 + mQ4) Ref' J

(7.4)

w]·rf.

Using assumption (vi), we have for any 1

21x

wl/1 2 +

> 0, that

(Q2 + mQ4) Ref' J::; 2(K1 + mK3)

1x
1x

::; (K1 + mK3){r

w! IJI( Rep) 1121/'l

Replf'l 2 + ,- 1

1x

(7.5)
wlfl 2}.

Returning to (7.4) we may use (7.5) and (6.22) to obtain (c.f. (6.10) and [8, (4.6)]),
(1 -1(K1 + mK3))
+

1x

1x

Rep ·1/'1 2 + m

1x

Imp ·1/'1 2

{(1-m tan 7/J)(q1 + aw) + m(q3 + f3w) }1/1 2 + (Q2(x) + mQ4(x))lf(x)l 2

:S (Re +m Im)pf'
+ (Re+mim)

11: + (a+ m tan 7/J • Ia I + mf3 + 1-

lx

1 (KI

+ mK3))

lx

(7.6)
wlfl 2

w] · rf.

We now choose 1(m), such that 0 < 1(K1 +mK3 ) < 1. Then all terms on the left-hand side
are non-negative due to (i), (iii), (v) and (vi). In view of (ii), we may argue, as in Section
6 above to prove Pl!'l 2, q1lfl 2, q3lfl 2, q5lfl 2 E L(a, b). Now,

Since Rep· 1!'1 2, wlfl 2 E L(a, b), the limit on the left exists as x --> b. Similarly, using
(iv), since q1 lfl 2, wl/1 2 E L(a,b), the integral on the right converges as x --> b. Thus,
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limb(w Rep) 112lfl 2 exists and, by the argument used in [8, p. 78] (c.f. [20, §4]), must be
zero; i.e.,
(7. 7)
lim(w Rep) 1121fl 2 = 0.
b

It now follows from (vi) that
limQrlfl 2 = 0
b

(r = 2,4).

(7.8)

Letting x --+ b in (7.4), each term on the left is convergent in view of (7.8). The terms on
the right of (7.5) are convergent; hence, so are the integrals on the right of (7.4) and thus,
limbpf' f exists. The usual arguments show this limit to be zero, proving T is SLP at b.
Letting X --+ bin (3.4), we obtain that fa--+b Qrlfl 2 exists for r = 2, 4. This proves T is CD
under assumption (vi). Further, letting 1 = (K1 + mK3)- 1 in (7.6) and letting x --+ b there
yields that for 0 ::; m ::; cot 1/J,
(Re+mim)(TJ,J) 2: (Re+mim)pf'/(a)- (a+ mtan'I/Jial + m(3
+ (K1 + mK3) 2)

II f

(7.9)

11 2 ·

For the proof under assumption (vi)' analogous to [8, §5], let rJ > 0 be a constant, then
define u 11 on [a, b) by
ryw(x),
x E [a,x2)
(7.10)
u11 (x) = {
0,
X E [x2,b)

J:

2 w = K ry- 1. This is possible due to assumption
where x 2 E (a, b) is chosen such that
2
(ii) and yields that
u 11 = K 2 for x 2: x2. Now, write Req = (q 1 - u 11 ) + (q 2 + u 11 ) and
observe that (q1- u 11 ) 2: -(a+ ry)w on [a, b). Next, we define Q 2 on [a, b) by

J:

(7.11)
so that (vi)' becomes
0 :S Q2(x) :S K2 + K1(w(x) Rep(x)) 112 ::; (K1 + K 2o- 112)(w(x) Rep(x)?l 2

(7.12)

(x E [x2,b)). Indeed,
IQ2(x)l::; (K1 + K28- 112)(w(x) Rep(x)) 112 (x E [a, b)).
Similarly, for q4 we construct v 11 and Q 4 and in place of (7.6) obtain for any 1
f E ~ and x E [a, b)

{1 -1(K1 + K28- 1; 2 + mK3 + mK48- 112)}
+

1x

1x

Rep ·1!'1 2 + m

1x

(7.13)

> 0, m 2: 0,

Imp ·1!'1 2

{(1-m tan 1/J)(ql- u 11 + aw + ryw) + m(q3- v 11 + (3w + ryw) }1!1 2

+ (Q2(x) + mQ4(x))IJ(xW

:S (Re +m Im)pf'
X

lx

![ + {a+ m tan 1/Jial + m(3 + ~- 1 (K1 + K 28- 1/ 2 + mK3 + mK48- 112)}

wlfl 2 + (Re +m Im)

1x w/· f.
T

(7.14)
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The remainder of the argument now follows as above, with minor modifications as in [8,
§5] to prove Tis CD at b. Letting rt-+ 0 and x -+ bin (7.14) and setting 1(m) = (K 1 +
K 2 8- 112 + mK3 + mK48- 112)- 1 gives the following analogue of (7.9) for 0:::; m:::; cot 1/J:
(Re +mlm)(Tj,f) 2 (Re+mlm)pj'j(a)- (a+ mtan'l/Jial + mf3+
+ (K1 + K26- 1; 2 + mK3 + mK46- 112) 2)

II

f

11

2.

(7.15)

The last part of Theorem 5.1 follows from the definition ofT being Dirichlet and what has
already been proved.

Acknowledgement. The author thanks the organizers of the International Conference
in Differential Equations which formed the Canadian Mathematical Society's 1986 Annual
Seminar, for the opportunity to present some of these results at that conference in Toronto
in July 1986. He also thanks Dr. H. Kalf for helpful discussions concerning the content and
presentation of these results.
REFERENCES
[1] R.J. Amos and W.N. Everitt, On integral inequalities and compact embeddings associated with ordinary differential expressions, Arch. Rat. Mech. Anal., 71 (1979), 15-40.
[2] F.V. Atkinson, Limit-n criteria of integral type, Proc. Roy. Soc. Edinburg Sect. A, 73 (1974/75),
167-198.
[3] W.D. Evans, On limit-point and Dirichlet-type results for second-order differential expressions, Lecture
Notes in Mathematics, 564, 78-92 (Berlin: Springer, 1976).
[4] W.D. Evans, On the spectra of Schrodinger operators with a complex potential, Math. Ann., 255
(1981), 57-76.
[5] W.D. Evans and W.N. Everitt, A return to the Hardy-Littlewood integral inequality, Proc. Roy. Soc.
London, Ser. A, 380 (1982), 447-486.
[6] W.N. Everitt, On the strong limit-point condition of second-order differential expressions, International
Conference on Differential Equations, 287-307 (New York: Academic Press, 1975).
[7] W.N. Everitt, A note on the Dirichlet condition for second-order differential expressions, Canad. J.
Math., 28 (1976), 312-320.
[8] W.N. Everitt, On a result of Brinck in the limit-point theory of second order differential expressions,
Appl Anal., 15 (1983), 71-89.
[9] W.N. Everitt, Some remarks on the strong limit-point condition of second-order linear differential
expressions, Casopis Pro. Pest. Mat., 11 (1986), 137-145.
[10] W.N. Everitt, M. Giertz, and J. Weidmann, Some remarks on a separation and limit-point criterion of
second-order, ordinary differential expressions, Math. Ann., 200 (1973), 335-346.
[11] H. Frentzen, Limit-point criteria for symmetric, J-symmetric and arbitrary quasi-differential expressions, Proc. London Math. Soc., (3), 51 (1985), 543-562.
[12] D.B. Hinton, Strong limit-point and Dirichlet criteria for ordinary differential expressions of order 2n,
Proc. Roy. Soc. Edinburgh Sect. A, 76 (1977), 301-310.
[13] H. Kalf, Remarks on some Dirichlet type results for semibounded Sturm-Liouville operators, Math.
Ann., 210 (1974), 197-205.
[14] T. Kato, Perturbation theory for linear operators, Berlin, Springer, 1984.
[15] I.W. Knowles, Dissipative Sturm-Liouville operators, Proc. Roy. Soc. Edinburgh Sec. A, 88 (1981),
329-343.
[16] I.W. Knowles and D. Race, On the point spectra of complex Sturm-Liouville operators, Proc. Roy.
Soc. Edinburgh Sect. A, 85 (1980), 263-289.
[17] M.A. Naimark, "Linear Differential Operators", Part II, New York, Ungar, 1968.
[18] D. Race, On the location of the essential spectra and regularity fields of complex Sturm-Liouville
operators, Proc. Roy. Soc. Edinburgh Sect. A, 85 (1980), 1-14.
[19] D. Race, The theory of J-selfadjoint extensions of J-symmetric operators, J. Differential Equations 57
(1985), 258-274.
[20] D. Race, On the strong limit-point and Dirichlet properties of second order differential expressions,
Proc. Roy. Soc. Edinburgh Sect. A, 101 (1985), 283-296.

