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(Submitted by: Peter Hess)
Abstract. In this paper, we initiate an investigation of the stability properties of a oneparameter family { u} of spatially homogeneous, time almost-periodic classical solutions to
a class of nonautonomous semilinear parabolic initial value problems with Neumann boundary conditions on bounded regions l1 of JR.N. In particular, for p E ( N, oo) and for every
u E { i1 }, we construct in the Sobolev space H 2 ,P(l1, JR.) a co dimension-one local stable manifold of classical solutions of small amplitude, which thereby all stabilize exponentially rapidly
around u. Our method of investigation exploits the Banach algebra structure of H 2 ·P(ll, JR.)
and mainly rests upon the construction of fixed point solutions to certain nonlinear integral equations in weighted Banach spaces of exponentially decaying H 2 ·P(l1,1R.)-valued
maps. The class of equations which we analyze here contains, in particular, Fisher's type
reaction-diffusion equations of population genetics. The results of this paper arc thereby
complementary to those of [14] and [15].

1. Introduction and outline. This is the second of a series of articles devoted
to the analysis of stabilization phenomena for certain classical solutions to real
semilinear parabolic Neumann boundary value problems of the form

Ut(x, t) =

~u(x,

t)

+ s(t)g(u(x, t)),

Ran(u) ~ (uo,ui),

au
an (x, t) = 0,

(x,t)

En

X

JR.+,
(1.1)

(x, t) E

an

X

JR.+

([14]-[16]). In equations (1.1), n denotes an open bounded connected subset of
IR.N with smooth boundary an and N E [2, oo) n N+, while ~ stands for Laplace's
operator in the x-variablcs. Furthermore, s: JR+ --> lR is the restriction to JR+
of a Bohr almost-periodic function on lR which we shall also denote by s, while
g E cCI) (JR., JR.) possesses at least two zeroes u0 and u 1 such that g( u) > 0 for every
u E ( u0, u!) with the property that g' (u0) > 0 and g' (u!) < 0. Finally, Ran ( u)
denotes the range of u and n stands for the normalized outer normal vector to an.
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In [15], we proved that for every (suitably defined) classical solution (x, t) ---+ u(x, t)
to problem (1.1), there exists a classical time almost-periodic solution t---+ u(t) to
the initial value problem

u'(t) = s(t)g(u(t)),
{ Ran(u)

~

t E IR,

[uo,u1],

(1.2)

u(O) = v E [uo, ul]
such that u(t) - u(t) ---+ 0 as t ---+ oo, strongly in the Sobolev space H 2 ,P(0, IR) for
some p E (N, oo), where u(t)(x) = u(x, t) for every x E IT. In fact, we proved this
result by observing that

= -oo,

(1.3)

lim G(u)=+oo,

(1.4)

lim G( u)
U---+Uo

U---+U]

where G denotes any primitive of 1/ g over the open interval (u 0 , ul) and under
the condition that s be Holder continuous on JR+. Furthermore, we distinguished
two very different cases; in the first one we assumed that the primitive of s is
itself almost-periodic, in which case we proved that every attractor u is a classical
almost-periodic solution to (1.2) of the form

u(t) =

c- 1 {fat d~s(O + G(v) },

(1.5)

where v E ( u 0 , ul), and where c- 1 denotes the monotone inverse of G. In the second
case, we assumed that the primitive of s is not almost-periodic and moreover that
its time average ;.ts(s) satisfies p, 8 (s) < 0 (resp. p, 8 (s) > 0). Under such conditions,
we proved that the (global) attractor is given by the equilibrium solution u = u 0
(resp.
= ul). With the exception of the case = u 0 , 1 , those results of [15] left
entirely open the question of the stability properties of the one-parameter family of
functions { u}vE( uo ,uJ) since for a given v E (Uo, ul) it was a priori still conceivable
that the corresponding solution fi of (1.2) would attract no classical solution of
(1.1).
In this paper, we initiate an investigation of the stability properties of the oneparameter family { u}vE( uo ,uJ). In Section 2, assuming that the primitive of s
is also almost-periodic, our purpose is to prove that for p E (N, oo), for every
E { }vE(uo,uJ) and under further restrictions concerning the regularity of s and
g, there exists in H 2·P(O, IR) a smooth one-codimensional local stable manifold of
classical solutions of small amplitude to Problem (1.1). We also prove that those
solutions stabilize around u exponentially rapidly with a rate deter:rnincd by the
largest negative eigenvalue of some appropriate realization of Laplace's operator in
H 2 ,P(O, C). In order to accomplish this, we first analyze the initial-boundary value
problem
ut(x, t) = .6.u(x, t) + s(t)g(u(x, t)), (x,t)EOxJR+,

u

u

u

u

u(x, 0)

= it(x)

au
on(x,t)=O,

E (u 0 , ul),

x E IT,

(x,t)E80xJR+,

(1.6)
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rather than (1.1 ). We then transform (1.6) into a suitable dynamical system on
H 2,P(fl,JR), a space which becomes a commutative Banach algebra with respect
to the usual pointwise operations and an appropriate norm [1]. \Ve finally exploit the Banach algebra structure of H 2,P(fl, JR.) to carry out the stable manifold
construction without any growth conditions on g, upon invoking fixed point arguments in a weighted Banach space of exponentially decaying maps defined from
JR.ci into H 2,P(fl, JR.). By using some regularity arguments and the strong parabolic
maximum principle, we can then easily prove that our construction provides the
classical solutions to problem (1.1) that we seek. Methodologically, the techniques
of this section are in fact complementary to those used in [7], [8] and [10]-[13] for
the analysis of some hyperbolic problems. In Section 3, we assume that the primitive of sis not almost-periodic and, moreover, that its time average JlB(s) satisfies
ILB( s) < 0 (resp. JlB( s) > 0). Under further restrictions on s and g and using techniques similar to those of Section 2, we then prove that the two equilibria u 0 and u 1
arc exponentially asymptotically stable with the decay rate r uo = g' ( u 0 ) J1 8 ( s) < 0
(resp. ru 1 = g'(ui)J-LB(s) < 0). In Section 4 we apply the results of Sections 2 and
3 to Fisher's type equations of population genetics. Finally, Section 5 is devoted to
some remarks and to the discussion of some open problems while Appendices A, B
are devoted to proving some more technical facts of the theory.
At this point, it is worth observing that the stabilization processes discussed in
this article have a very different physical origin in the case where s has an almostperiodic primitive than they have when s has a time average different from zero.
In fact, our methods of proof will show that in the first case, the convergence of
the solutions of small amplitude to the at tractors { il }vE( uo ,ui) is mainly governed
by the diffusion process. This is in sharp contrast to the second case, where the
convergence to the equilibria u 0 and u 1 is governed by the reaction process. In
the third and last part of this work [16], we shall complete our stability analysis
of the attractors { il}v(uo,ui) through the construction of a one-parameter family
of one-dimensional local center manifolds corresponding to the fact that zero is an
eigenvalue of Laplace's operator in (1.1). The combination of that analysis with
comparison arguments based on parabolic maximum principles will then show that
the above remark is not merely limited to the particular solutions constructed in
this article, but applies to the stabilization process of every classical solution to
Problem (1.1). We still refer the reader to [15] for further references regarding the
origins of the problems investigated here.
Our work concerning Problem (1.1) was primarily inspired by the recent results
of [18]. In fact, the authors of [18] obtained results concerning the ca.<>e where
t --+ s(x, t) is periodic and may also depend on x E IT. However, their method of
proof seems to be strictly limited to the periodic case and docs not actually provide
any rates of decay.

2. A one-parameter family of codimension-one stable manifolds associated with Problem {1.1). Let JRB be the Bohr compactification of the
real line ([4], [6], [9]). Whenever convenient, we shall identify a real Bohr almostperiodic function s with its unique uniformly continuous extension on JR 8 , that is
s E C(JRB,JR); in this case, we have

s(t) ~

L
kEN+

sk cxp[iAkt]

(2.1)
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for every t E IR, where

sk = f..LB(sn) = lim
£-+oo

and t-+ n(t)

e- 1

Jofe d~s(~)n(O

(2.2)

= exp(-iAkt] for each k. In particular,
e

c- 1 Jo{ d~s(0
£-+oo

f..LB(s) = lim

(2.3)

denotes the time average of s. It then follows from a classic criterion of Bohr that
t-+
d~s(O E C(IRB, IR) if and only if t-+
d~s(~) = 0(1) as It!-+= [4]. Under
this condition and under the hypotheses concerning g described in the preceding
section, we proved in [15] that Problem (1.2) possesses the one-parameter family
of almost-periodic C(lLsolutions {u }vE( uo ,ui) given by relation (1.5); in addition,
we proved that each one of those solutions remains uniformly bounded away from
the equilibria u 0 and u 1 and that every Fourier exponent of u is a finite linear
combination with integer coefficients of the Fourier exponents of s. In order to
construct a local stable manifold for every u E { u}vE( 110 ,u,), we now proceed to
define the notion of classical solution to Problem (1.1) and (1.6). Let [N/2] be
the integer part of N /2; throughout the remaining part of this paper, we shall
assume that 0 has a C5 +[N/ 2 Lboundary in the sense of (1] in such a way that 0
lies only on one side of 80 and that it satisfies the interior ball condition for every
x E 80. We note that we have assumed the boundary 80 to be more regular
than in [15]. We shall also write IT for the compact closure of 0, and denote by
C2 •1 (0 X JR+' IR) the set consisting of all functions z E C(O X JR+' IR) such that
(x,t)-+ 8JDo:z(x,t) E C(O x JR+,JR) for all o: = (o: 1 , ... ,o:N) E NN, r EN,
satisfying L::f: 1O:j + 2r ~ 2. In a similar way we define C1•0(IT x JR+, IR) as the set
consisting of all z E C(IT x JR+, IR) with the property that Do: z E C(IT x JR+, IR) for
all o: E NN such that L::f=l O:j ~ 1. Now fix p E (N, =);we then have the following

J;

J;

Definition 2.1. A function u E C2 •1 (0 x JR+, IR) nC(IT x IRci, IR) nC 1 •0 (IT x JR+, IR) is
said to be a classical solution to Problem (1.1) (resp. (1.6)) if the following conditions
are satisfied:

(C 1 ) there exists() E (0, 1] and, for every T E JR+, a function c E £P(O,IR) such
that iu(x, t)- u(x, t')l ~ c(x) It- t'l 0 for every x E 0 and every t, t' E [T, = );

(C2) X-+ u(x, t) E cC 2 l(IT,IR) for every t E JR+;
(C3) (x, t) -+ u 1 (x, t) E C(IT X JR+, IR) and, in fact, t -+ u 1(x, t) E C(JR+, IR)
uniformly in x E IT;

(C 4 ) u satisfies relations (1.1) (resp. (1.6)) identically.
It is then clear that every classical solution to Problem (1.1) is also a classical
solution to Problem (1.6) and that, conversely, every classical solution to (1.6)
is a classical solution to (1.1) by the strong parabolic maximum principle. Now
let u be any classical solution to problem (1.6), pick u E {u}vE(uo,ui) and define
y(x,t) = u(x,t) -u(t) for every (x,t) E IT X IRci. By using relations (1.2) and (1.6),
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we then conclude that y is a classical solution to the initial-boundary value problem

+ s(t)g'(u(t))y(x, t) + s(t)g;,(t, y(x, t)),

Yt(x, t) = D.y(x, t)

(x,t) E 0
y(x,O) = [l,(x)8y
Dn (X, t) = 0,
where

v,

X

JR+,

(2.4)

x E IT,

(X, t) E 80

X

JR+,

+ y(x, t))- g(u(t))- g'(t1.(t))y(x, t).
of u is then reduced to the stability

gu(t, y(x, t)) = g(u(t)

Clearly, the stability analysis
analysis of
the trivial solution of the partial differential equation in (2.4). Let H 2 ·P(C) =
H 2 ·P(0, C) be the usual Sobolev space consisting of all complex LP-functions z with
£P-distributional derivatives Da z for lod E [0, 2], equipped with the norm
z ____, llzll2,p

=

{

L

IID"zll~ }

1/p

,

(2.5)

I<>IE[D,2]

where II . liP denotes the usual LP-norm. For (3 E (0, 1 - p- 1 N], let C1 ,;3(C) =
C1 ,i3(IT, C) be the Banach space of all complex Holder continuous functions on IT
with Holderian derivatives D" z of exponent (3 for Ia: I E [0, 1) and the norm
llzlh.i3

= llzlh,oo + max sup lx- YI- 13 1D"z(x)- D"z(y)l
I<>IE[0,1] x,yEl1
xopy

(2.6)

= max sup ID"z(x)l + max sup lx- YI- 13 1D"z(x)- D"z(y)l.
lniE[0,1] xEfl

ioiE[0,1] x,yEl1
xopy

Recall that there exists the continuous embedding

(2.7)
and that H 2 ·P(C) is a commutative Banach algebra with respect to the usual pointwise operations and a norm equivalent to (2.5) [1). We denote by b.p,N the LPrealization of Laplace's operator on the domain Dom(b.p,N) = H'j.f(C), where

H'j.f(C)

= {z E H 2 •P(C): ;~ (x) = 0,

x E 80 }.

(2.8)

It follows from the standard methods of [5) that b.p,N is the infinitesimal generator of
a compact holomorphic contraction ccoLsemigroup on LP(C); in addition, b.p,N has
a discrete point spectrum, namely o-(D.p,N) = {Ak}kEN+ U {0}, where {.Ak}kEJ''!+ C
IR-, the eigenvalues Ak have finite multiplicities and Ak ____, -oo as k ____, oo [15). Let
p( b.p,N) be the resolvent set of D.p,N and fix .Ao E p( D.p,N) n IR; we first renorm
H'jf(C) with

(2.9)
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It then follows from the closed graph theorem and standard elliptic theory that the
norm (2.9) is equivalent to that defined by (2.5). According to the above remarks
we shall thus assume, without loss of generality, that H'j./(<C) is a Banach algebra
with respect to the usual pointwise operations and the norm (2.9). This Banach
algebra will henceforth be denoted by H~~~.l\f(<C). Our first preparatory result states
the existence of a diffusion semigroup on H;~~.l\f(<C) whose properties arc identical
to those of the semigroup generated by D.p,.l\f· Its proof follows from standard
graph-norm arguments and is therefore omitted.
Lemma 2.1. Let

/:)..1\f

be the H;~~.l\f(<C)-realization of Laplace's operator on the do-

main Dam (D.N) = {z E Hj./(<C): D.p,NZ E H~~~.l\f(<C)}. Then D..l\f is the infinitesimal generator of a compact holomorphic contraction C( 0 Lsemigroup on H~~~.l\f(<C).
In addition, /:)..1\f has a discrete pure point spectrum, namely u(D.N) = up(D.N) =
{>.k}kEN+ U {0}, where {Ak}kEN+ C JR.-, the Ak's have finite multiplicities and
Ak ---+ -oo as k ---+ oo.
From now on, we shall write H;~~.l\f(IR) for the real component of H~~~.l\f(<C)
and { W c,.N" (t)} 1Effici for the restriction of the diffusion semigrou p of Lemma 2.1 on

H~~P,N(IR). Our next preparatory result states that {Wc,.N"(t)} 1 ElP1ci enjoys properties
of exponential dichotomies on H;·P
.r(IR) similar to those of {We,. p, N"(t)}tE""+
on
o,Jv
m0

LP(IR). In fact, define the operators P and Q on H~~~.l\f(IR) by
p =I- Q,

Qz = IOI- 1

1

(2.10)

dxz(x),

where I denotes the identity operator. It is then easily verified that P and Q arc
projection operators on H~~~.l\f(IR). We write Ill · Ill 00 for the usual operator norm
on H~~~.l\f(IR). We then have the following counterpart of Proposition 2.3 of [15].
(Again the proof follows from standard graph-norm arguments and is omitted).
Lemma 2.2. The diffusion semigroup {Wc,.N" (t)} tElP1ci leaves Ran P globally invariant; moreover, if >. 1 denotes the largest negative eigenvalue of D..l\f, there exists a
positive constant c1 depending on N, p, >. 1 and the geometry of 0 such that the
estimates
IIIWc,.N"(t)PIIIoo :S c1 exp[>.lt]
and

IIID.NWc,.N(t)PIIIoo :S c1C 1 exp[>.It]

(2.11)

hold for every t E JR.+. Finally, {Wc,.N"(t)}tElP1t leaves RanQ pointwise invariant;
that is,
(2.12)
Wc,.N"(t)z = z
for every t E IRci and every z E Ran Q.
In relation to our stability analysis of the trivial solution of equation (2.4), we
now observe that the linearized part of (2.4) also contains an almost-periodic perturbation to Laplace's operator. Accordingly, we next investigate a related family

CODIMENSION-ONE MANIFOLDS

699

of evolution operators on H;~~N(JR). Pick u E { ft}vE(uo.u,J; on H;~~N(JR), define the
two-parameter family of operators {Un(t, r)} 1 ~r~O by

Un(t, r) = exp [jt drJs(ry)g'(u(ry))] Wt...N(t- r).

(2.13)

Our next result states that, in fact, the family {Un(t, r)}t>r>O enjoys the same
exponential decay properties as the diffusion semigroup {W (t)} tEIR+.

t..:

0

J;

Proposition 2.1. Lets E C(lRs, JR.) be such that t---+
drys(ry) = 0(1) as It I---+ oo.
1
Let g E C( l(JR,JR) be such that there exists u 0 , 1 E lR with g(u 0 ) = g(ui) = 0 and
g(u) > 0 for each u E (u 0 ,u!) in such a way that g'(u 0 ) > 0 and g'(u!) < 0. Pick
u E {ft}vE(uo,ut)· Then the two-parameter family (2.13) generates a compact family
of evolution operators on H;·PN(JR). Moreover, the following conclusions hold.
0'

(A) The evolution system {Un(t,r)}t>r>o decays exponentially on RanP; that
is, there exists a constant c 2 E JR.+- u~iform in t and r such that the estimate
(2.14)

holds for every t 2: r 2: 0.
(B) The evolution system {Un (t, r )}t>r>o remains uniformly bounded on Ran Q;
that is, there exists constant
EJR.+ uniform in t and r such that

a

c;

IIIUn(t,r)QIIICXl :S: c3,

(2.15)

(C) The restriction of each one of the operators {Un(t,r)} 1 ~r~o to RanQ is
invertible.
Proof. The first part of the statement follows immediately from relation (2.13)
and the compactness of {Wt...N(t)}tEIRt· As for the proof of estimate (2.14), it is
sufficient to show that

(t, r)---+ exp [

Jt

d7Js(ry)g'(u(ry))]

is bounded since we already know that estimate (2.11) holds. \Ve first notice that
the differential equation in (1.2) implies the relation
(2.16)

It then follows from (2.16), the almost-periodicity oft---+ g(u(t)) and statement (C)
of Proposition 2.1 of [15] that
(t,r)---+ exp [jt drys(ry)g'(u(ry))]

=

:;~g~~

(2.17)
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remains uniformly bounded as the product of Bohr almost-periodic functions. This
proves statement (A). The proof of statement (B) is then immediate since, by
relation (2.12), we obtain

U,(t,r)Q = exp

[jt drys(ry)g'(it(ry))]Q

(2.18)

As for the proof of conclusion (C), we note
as an operator equality on H~·PJ\f(IR).
0,
that the equality

Uu(t,r)Q = exp

[jt drys(ry)g'(it(ry))]I

(2.19)

holds on Ran Q.
Remark. We note that if we choose y0 E Dom(~Jif)

n H;~~Jif(IR) n RanP, then

the H;~~Jif(IR)-valued function y(t) = Uu(t,O)y 0 provides a classical solution (in the
sense of the theory of evolution equations on Banach spaces) to the equation

y'(t) =

(~Jif

+ s(t)g'(it(t)))y(t)

(2.20)

which decays exponentially rapidly as t ----+ oo. On the other hand, if y 0 E Ran Q
then t ----+ y( t) provides an almost-periodic classical solution to (2.20). This observation suggests that we identify Ran P with the codimension-one stable manifold
associated with equation (2.20) and Ran Q with its one-dimensional center manifold. While nonlinear versions of Ran Q will be constructed in [16], our purpose in
the remaining part of this section is to construct a local nonlinear version of Ran P
associated with the initial value problem

{

y'(t) =

(~Jif

y(O) = /1-

+ s(t)g'(tt(t)))y(t) + s(t)§u(t, y(t)),

t E JR+,
(2.21)

v

on H~~~Jif(IR), corresponding to equation (2.4). In relation (2.21), we have §u(t, ·):

H;~P,Jif(IR) ----+ H~~~Jif(IR); this map will be properly defined and analyzed in Proposition 2.2 below. It is in the proof of Proposition 2.2 and in the related Appendix
A that the Banach algebra structure of H;~~Jif(IR) will be used for the first time in
a crucial way. The precise result is the following proposition.
Proposition 2.2. Assume that s and g satisfy the hypotl1eses of Proposition 2.1
and pick it E {it},;,E(uo,u,)· Assume, in addition, that g E C( 5 l(JR,IR); for z E

H;~P,Jif(IR) and t E IR, define

§u(t, z) =go (it(t)

+ z)- go it(t)- (g' o it(t))z.

Then 9u(t, ·) E c< 2 l(H~·PJif(IR),
H~·PJlf(JR)) for every t E JR.
0'
0'

(2.22)

Moreover, for j =

0, 1, 2, there exist nondecreasing mappings 1>~): JRci ----+ IRci such that the following
estimates hold uniformly in t E lR and for all z, h, k E H~·PJ\f(IR):
0'

:=:; 1>~0 )[iizll.\o,2,p];

(Er)

ll§u(t, z)il.\o,2,p

(Ez)

IID§,(t, z)hil.\o,2,p :=:; q>~I)[IIzll.\o,2,p]llhll.\o,2,p;

(E3)

IID 2§u(t, z)(h, k)il.\o,Z,p :=:; 1>~2 )[11zll.\o,2,p]ilhll.\o,2,pllkll.\o,2,p·

(2.23)
(2.24)
(2.25)
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In the above expressions, Dfj,(t, ·)and D 2 g,1(t, ·)stand for the first and the second
Fnkhet derivative of g,(t, ·),respectively.

Proof. The fact that z E H~~~N(IR) implies g,(t, z) E H~~~N(IR) for every t E IR follows immediately from relation (2.22), the embedding (2. 7) and the smoothness of g.
The proof of the fact that g E C(s) (IR, IR) implies fj, ( t, ·) E C( 2 l ( H~~~N(IR), H~~~N(IR))
is given in Appendix A. There we establish that the relations
Dfj,(t, z)h

= (g' o (u(t) + z)- g' o u(t))h

(2.26)

and

D 2 fj,(t, z)(h, k)

= g" o (u(t) + z)hk

(2.27)

hold for every z, h, k E H~~~N(IR) in the sense of pointwise multiplication in
H;~~N(IR). It remains to prove the estimates (EJ), (E2) and (E3). In order to
establish (2.23), we have to estimate the U-norm of (.Ao- !'::!.p,N)fj,(t, z). We first
write

(>-o- !'::!.p,N)fj,(t, z)

=Ao(g o (u(t) + z)- go u(t))- g' o u(t)(..\o- !'::!.p,N)z
- g' o (u(t) + z)!'::!.p,NZ- g" o (u(t) + z)IVzl 2

(2.28)

=Ao(g o (u(t) + z)- go u(t)- g' o (u(t) + z)z)- g' o u(t)(..\o- !'::!.p,N)z
+ g' o (11(t) + z)(..\ 0

-

!'::!.p,N)z- g" o (u(t) + z)IVzl 2 .

\Ve then proceed to estimate the LP-norm of each term in (2.28). In order to simplify the notation somewhat, we omit all of the irrelevant positive multiplicative
constants in the formulae that follow; this includes, in particular, all of the embedding constants. With this in mind, consider the first term in (2.28) and write
momentarily T(t,x) = u(t) + z(x); then
(2.29)

uniformly in t and x because of the boundedness of u and embedding (2. 7); in
relation (2.29), a 1 denotes some positive constant. We then infer the estimate
llgo(u(t)+z)IIP~supma~lgo(u(t)+z(x))l~

IEIPl xE!1

This leads us to define 'l/J1,u: IRci ----+ IRci by '1/Jl,u(O
'l/J 1,u is nondecreasing and we have

sup
lg(T)I.
lriE[O,a, +llzll-'o,2,p]

(2.30)

= suplr1E[O,a 1 HJ lg(T)I; clearly,

uniformly in t E JR. The second term in (2.28) is handled in a similar way. As for
the third one, we may write
llg' o (u(t) + z)ziiP:::; supma~ lg' o (tt(t) + z(x))lllziiP
tEIPl xE!1
:::; sup rna~ lg' o (u(t) + z(x))lllzll>-o,2,p
IEIPl xE!1

(2.31)
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because of embedding (2.7); we then argue as above to conclude that the estimate

(2.32)
holds for some nondecreasing function 1/J2 ,n: JR.ci --+ JR.ci uniform in t. The remaining
terms can be handled in a similar fashion by using the definition of II· ll.\o, 2,p and
embedding (2. 7). This proves estimate (El). As for the proof of inequalities (2.24)
and (2.25), we start from relations (2.26) and (2.27). From the method of Appendix
A, we already know that g'o(u(t)+z)-g'ou(t) E H~~~N(JR) along with g" o(u(t)+z).
Invoking the Banach algebra properties of H~,pN(JR.), we then obtain from (2.26)
0'
and (2.27) the inequalities

IID.§n(t, z)hll.\o,2,p::::: llg' 0 (u(t) + z)- g' 0 u(t)ll.\o,2,pllhll.\o,2,p

(2.33)

and

(2.34)
In order to prove estimate (E 2 ) and (E 3 ), it is thus sufficient to show that the
inequalities

llg' 0 (u(t) + z)- g' 0 u(t)ll.\o,2,p::::: <I>~l)[llzll.\o,2,p]

(2.35)

and

(2.36)
hold for some non decreasing functions <1>~1 ' 2 ): JR.ci --+ JR.ci. But this follows from
considerations entirely similar to those entering the proof of estimate (El). D
In order to construct a codimension-one stable manifold associated with the
trivial solution of equation (2.21), we now convert the initial value problem (2.21)
into an integral equation on H~~~N(JR.). The interplay between the estimates of
Proposition 2.2 and those of Proposition 2.1 is essential here. We begin with the
following definition.

Definition 2.2. As before, let )q be the largest negative eigenvalue of i:l.N; we
denote by Y.\ 1 the set of all continuous maps y: JR.ci --+ H~~~N(JR.) such that

IIYII.\1 = sup lly(t)ll.\o,2,p exp[-)q t] < oo.

(2.37)

tEllllci

It is clear that Y.\ 1 becomes a real Banach space with respect to the usual pointwise operations and the weighted norm (2.37).
The conversion of equation (2.21) into an equivalent integral equation will be
proved for decaying solutions of the following kind.

Definition 2.3. Let y: JR.ci --+ H~;~N(JR.); we say that y is an exponentially decaying
classical solution to equation (2.21) if the following three requirements are satisfied:

(RI)

y E Y.\ 1 ;

(R2)

y E C(JR.ci,H~;~N(JR)) nC(ll(JR+,H~~~N(JR)),

(R 3 )

y(t) E Dom (i:l.N) n H~~~N(JR) and satisfies equation (2.21)
identically on H~~~N(JR.) for every t E JR.+.

The basic conversion result is then the following proposition.
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Proposition 2.3. Let s and g satisfy the hypotheses of Proposition 2.1. In addition, assume that g E C( 5 ) (IR, IR) and that s is locally Holder continuous on
JR+. Picl( u E {u}vE(uo,u,) and let y E Y.A 1 be such that y E C(IRci,H~~~N(IR)) n
CCll(JR+, H~~~N(IR)). Then y is an exponentially decaying classical solution to equation (2.21) if and only if the integral equation
y(t) = Uu(t, O)Py(O)

-1

00

+

1t d~Uu(t,~)s(0P§u(~, y(~))
(2.38)

d~Uu(t,~)s(~)(I- P)§u(~,y(~))

holds for every t E IRci. In the first two terms of relation (2.38), {Uu(t, ~)}t>~>o is
- given by relation (2.13), while in the third one we have defined

2: t 2: 0 and every z E RanQ, according to Statement (C) of Proposition 2.1
and relation (2.19).

for~

Proof. Let y be an exponentially decaying classical solution to equation (2.21) and
write yp(t) = Py(t), YQ(t) = Qy(t) for each t E IRci. We then infer from (2.21) that
the equations
y~(t) = (b.N

+ s(t)g'(u(t)))yp(t) + s(t)P§u(t, y(t))

(2.40)

and
YQ(t) = s(t)g'(u(t))YQ(t)

+ s(t)Q§u(t, y(t))

(2.41)

hold for each t E IRci since P and Q are continuous operators on H~~~N(IR) and
since b.NP = Pb.N, b.NQ = Qb.N = 0 on Dom(b.N) nH~~~N(IR). We now prove
that equation (2.40) implies the relation
yp(t) = Uu(t, O)Py(O)

+

1t d~Uu(t, Os(~)P§u(~,

y(0)

(2.42)

for every t E JR.ci, while equation (2.41) implies
(2.43)
with the absolute convergence of the integral in (2.43). This will prove relation
(2.38) since y(t) = yp(t)+YQ(t). In order to derive (2.42) from (2.40), it is sufficient
to show that
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because then (2.42) follows from a standard argument involving the variation of
constants. But statement (2.44) is a simple consequence of inequalities (2.14) and
(2.25) because
~--+ 11Uu(t,0s(~)P§u(~,y(0)il>.o,2,p

:::;c1 exp[>q(t- Olllsll=.~ll.9u(~, v(0)ll>.o,2,p
:::;c1 exp(.A1(t-

OJIIslloo,~

1
1

ds(1-

s)<I>~2 )[11sv(011>. 0 ,2,p]llv(OIIt,2,p

(2.45)

:::;c1 exp(.A1(t- 0JIIslloo,~<I>~2 )(11yll>.~ exp(.AI~]JIIvllt exp(2.A1~]
:::;c1 exp(.A1 tJII sll oo,~ <I>~2 ) [llvii>.~JIIvlll 1 exp(.A1 ~] E L 1( (0, t), ~).
In order to establish relation (2.45), we have successively used relation (2.14), the
second-order Taylor expansion
(2.46)
around the origin of H~'PN(~), estimate (2.25) and relation (2.37) with the monoo'

tonicity properties of <I>~2 ) and the notation llslloo,~ = sup~E~ is(OI- Hence, relation
(2.42) holds. We now prove that (2.41) implies (2.43). To this end, define

z(t) = Uu(O,t)yq(t) = exp [

-1

1

drys(ry)g'(u(ry))]yq(t)

for every t E ~ci according to definition (2.39). We then obtain yq(t)
from which we infer that the relation

0

y (t) = Uu(t, O)z'(t) + s(t)g'(u(t))Uu(t, O)z(t)

(2.47)

= Uu(t, O)z(t),
(2.48)

holds for each t E ~ci. Comparing equation (2.48) with (2.41), solving for z'(t) and
integrating over [t, ~ for some fixed i E (t, oo), we obtain

Uu(t, O)z(i) = yq(t)
where

+

ji d~Uu(t, 0s(~)Q.9u(~,

y(0),

{Uu (t, ~)}~:;::t:;::o is given by relation (2.39). For any fixed

t E

(2.49)

JRci, we now can

prove that
upon invoking the boundedness of (t,O --+ Uu(t,O on RanQ and an argument
similar to that leading to estimate (2.45). This and classic results of integration
theory now imply the absolute convergence of the integral in relation (2.49), with

Uu(t,O)z(oo) = yq(t) +

1= d~Uu(t,0s(OQ.9u(~,y(~))

(2.50)
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and z(oo) = s-limt--+oo z(t). In order to show that (2.43) holds, it remains to prove
that z( oo) = 0. But this is immediate because

as t --> oo. This proves the only if part of the proposition. Conversely, assume that
relation (2.38) holds for every t E IRci and define

Y1(t) = U;,(t,O)Py(O)
Y2(t) =

+

1 d~U;,(t,0s(0P§;,(~,y(~))
1

1 d~U;,(t,0s(0Qg;,(~,y(0).
00

(2.51)
(2.52)

Clearly, t--> U;,(t,O)Py(O) is continuously differentiable on JR+ and belongs to
Dom(6.N) n H~'PN(IR) for every t E JR+. The same property holds true for the
0'
second term in (2.51); in fact, invoking the remark immediately following the proof
of Proposition A.1 in Appendix A, we have~--> g;,(~, y(0) E C(ll(JR+, H~~~N(IR));
the continuous differentiability of the second term in (2.51) then follows from the
local Holder property of s, the fact that {WD-N(t)}tEJR+ is a holomorphic semigroup
0
and minor modifications of the standard arguments of [3] and [5]. Moreover, y 1 ( t) E
Dom(6.N)nH~~~N(IR) and
y~ (t)

= (6.N + s(t)g'(u(t)))YI(t) + s(t)Pg;,(t, y(t))

(2.53)

for every t E JR+. Since y E CCll (JR+, H~~~N(IR)) by hypothesis, it follows in the
same way that t --> Y2(t) = Yl (t)- y(t) is continuously differentiable on JR+ with
y2 (t) E Dom (6.N) n H~~~N(IR) and

y;(t) = (6.N + s(t)g'(u(t)))y2(t)- s(t)Qg;,(t, y(t))

(2.54)

for every t E JR+. Equation (2.21) is then obtained by subtracting relation (2.54)
from relation (2.53). D
While it is conceivable to analyze relation (2.38) as an integral equation on
H~~P,N(IR), it is now our intention to interpret it as a fixed point equation on Y.x 1 •
To this end, define

F0 ,;,(y)(t) = U;,(t, O)Py(O),
F1,;,(y)(t) =

F2,;,(y)(t) =

(2.55)

1 d~U;,(t, 0s(0Pg;,(~,
-1 d~U;,(t, Os(~)(I- P)g;,(~, y(~)).
1

y(0),

00

(2.56)
(2.57)

It follows from easy considerations that t--> Fj,;,(y)(t) E C(IRri, H~~~N(IR)) for each
y E Y.x,. In addition, it follows from the arguments used in the first part of the proof
of Proposition 2.3 that F;,,j maps Y.x 1 into itself for every j (for instance, estimate
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(2.45) proves immediately that y E Y>'l implies that F 1 ,;,(y) E Y.x,). Equation (2.38)
may thus be read as the fixed point equation
2

(2.58)

y = LFi,u(Y)
j=O

on Y.x 1 • With the results of Propositions (2.2), (2.3) and relation (2.58), the structure of our theory thus becomes identical to that developed in ([10]-[13]) for the
analysis of some hyperbolic problems. We are thereby in a position to invoke the
methods developed in those articles to solve equation (2.58) in small balls of Y.x 1 •
In this way, we get the following local stable manifold theorem for equation (2.21),
which is the main result of this section.
Theorem 2.1. Let s and g satisfy all of the hypotheses of Proposition 2.3. Let
and choose Po E JR.+ in such a way that fv(po) = {v E IR: lv- vi<
Po} ~ ( uo, u1). Let c E JR.+ denote the embedding constant corresponding to the
embedding (2.7). Then there exist constants Eo E (O,oo), ko E [1,oo) and, for each
E E (O,Eo), an open spherical neighborhood N( 2 ko)-:! of radius (2k 0 ) ; 1 centered at

u E {u}vE(ua,ui)

the origin of H~~~N(IR) such tl1at the following statements hold.
(A) For every TJ E N( 2 ko)-;1 n Ran P, there exists a unique y;,( ry) E
Py;, ( rJ) = rJ and a unique function

Nc such that

which provides a classical solution to the Cauchy problem

{

y'(t) = (t::.N

+ s(t)g'(1i(t)))y(t) + s(t)g;,(t, y(t)),

(2.59)

y(O) = Yu(TJ)
satisfying estimate (2.61) below. Moreover, the inequality

(2.60)
holds.

(B) The exponential decay estimate
(2.61)

holds for every t E IRci.

(C) There exists a local codimension-one C(l)_manifold M 1s,v
o~ C H~·PN(IR), tanAQ,

gent to Ran P at the origin, namely

(2.62)
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Proof. Using the result of Proposition 2.2, we easily get for flu(t, ·) an estimate
analogous to relation (3.27) in Lemma 3.1 of (13]. This combined with relations
(2.55), (2.56), (2.57) and with inequalities (2.14), (2.15) of Proposition 2.2 then leads
irmnediately to estimates for the Fj,u 's which are identical to those of Proposition
3.3 of (13]. By a nearly verbatim adaptation of the proof of Theorem 3.1 of (13],
we therefore conclude that there exists Eo E (0, oo ), ko E (1, oo) and, for E E (0, Eo],
an open spherical neighborhood N( 2 ko)-;l of radius (2ko); 1 centered at the origin of

H~~P,N(JR.) such that for every

1] E

N( 2ko)-;1 n Ran P, the nonlinear mapping
2

y--+ Fu(Y, ry) = Uu(t, O)ry

+L

(2.63)

Fj,u(Y)

j=l

becomes a contraction in the ball
(2.64)
Now we define Eo= min(Eo,c- 1 po), choose E E (O,Eo) and carry out the above
construction for such a restricted set of E's. Then the mapping Fu (-, 17) defined by
relation (2.63) possesses a unique fixed point Yu(-, 17) E S>'~ (E). In order to prove
statement (A), we first notice that t--+ Yu(t,rt) E C(JR.t,H~·PN(JR.))
by definition of
0,
Y,x 1 ; in addition, it follows from relation (2.63) that the equation
Yu(t, 17)

=

Uu(t, O)ry

+

1t d~Uu(t, ~)s(~)Pflu(~, Yu(~,

-1= d~Uu(t,0s(0(I- P)flu(~,Yu(~,ry))

rt))

(2.65)

holds for every t E JR.t. Set Yu ( 1]) = Yu (0, 1]); clearly Yu ( rt) E N< and Pyu (1]) = 1],
the latter relation being a consequence of relation (2.65) with t = 0. Since it
follows from Appendix B that t--+ Yu(t, ry) E CCll(JR.+, H~~~N(JR.)), we conclude that
(2.59) holds as a consequence of relation (2.65) because of Proposition 2.3. Finally,
relation (2.60) follows from the definition of Eo and the choice of E's. This proves
statement (A). Statement (B) follows immediately from Definition 2.2. The proof
of Statement (C) follows from a direct adaptation of the proof of the corresponding
statement in Theorem 3.2 of (8].
Remark. The necessity of having inequality (2.60) may at first look rather mysterious; in fact, its role is elucidated by translating the content of Theorem 2.1
back into the context of Problem (1.1) or (1.6). The precise result is the following
statement which is a simple consequence of Theorem 2.1.

Corollary 2.1. Lets and g satisfy the same hypotheses as in Theorem 2.1. Fix
E {u},;,E(uo,u!) and let po, c, Eo, ko be as in Theorem 2.1; forE E (O,Eo) and
T/ E N(2ko)-;1 n Ran P, let Yu(·, rt) be the classical solution to problem (2.59) which

tt

satisfies estimates (2.60) and (2.61). On IT x JR.t, define the function (x, t)
u(x, t, ry) = Yu(t, ry)(x) + u(t). Then the following conclusions bold.

--+

(A) For every 1] E N( 2ko)-;1 n Ran P, the function u(-, ·, ry) is a classical solution
to Problem (1.1) in the sense of Definition 2.1 for every p E (N,oo). In
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addition, x ~ u(x, t, ry) E C3 ,.6(0', JR) for each t E JR+ and each f3 E (0, 1p- 1 N]. Finally, if ry 1 -:f ry2 , the function u(-, ·, ry!) is not identically equal to

u(·, ·, TJ2)·
(B) There exist positive constants c4 ,5 depending only on N, p and the geometry
of n such that the following exponential decay estimates hold for every
t E IRci and every f3 E (0, 1- p- 1 N]:
sup iu(x, t, rJ) - u( t) I ::; C4E exp[.\1 t];

(2.66)

xE'IT

sup iV'u(x, t, TJ)i::; csEexp[.\1t);

(2.67)

xE'IT

sup ix- Yi-,eiu(x, t, TJ)- u(y, t, TJ)i::; c4Eexp[.\1t];

(2.68)

x,yE!1
x¢y

sup ix- Yi-,BiV'u(x, t, TJ)- V'u(y, t, TJ)i::; csEexp[.\1t].

(2.69)

x,yE!1
x¢y

Remarks. (1) We first note that relations (2.66), (2.67), (2.68) and (2.69) immediately imply relations (2.10), (2.11), (2.12) and (2.13) of [15). Notice that relations
(2.66), (2.67), (2.68) and (2.69) only reflect a codimension-one exponential stability
of u.
(2) We stress the fact that the method of investigation of this paper is essentially
different from the philosophy of [15); in that paper, we started with any classical
solution u to problem (1.1) and proved that there exists au E {u}vE(uo,u,) such
that relations (2.10), (2.11), (2.12) and (2.13) of [15) hold. In contrast, here we start
with any u E {u}vE(uo,ut) and prove that there exists a smooth codimension-one
stable manifold of classical solutions to (1.1) which satisfy relations (2.66), (2.67),
(2.68) and (2.69). This complementarity of the two approaches will be exploited in
[16).

(3) Relations (2.66), (2.67), (2.68) and (2.69) show that the exponential stabilization of the solutions u(·, ·, ry) around uis essentially governed by the diffusion process
in (1.1) through the largest negative eigenvalue of !:iN'. This was not a priori obvious since in equation (2.59), Laplace's operator is perturbed by an almost-periodic
function coming from the reaction term.

(4) From the definition of (x, t) ~ u(x, t, TJ) in the preceding corollary, we
note that the set of initial configurations for Problem (1.6) may be written as
u(·, 0, TJ) = y;,(TJ) + il, where f) E (u 0 , u!). Thus, according to Statement (C) of
Theorem 2.1, those configurations also generate a smooth codimension-one manifold in H~~~N'(JR) parametrized by rJ E N( 2 ko)-;' n RanP. Since the construction of
Theorem 2.1 can be repeated for each u E {u}vE(uo,ut)' we obtain a one-parameter
family {M~~~}vE(uo,ut) of such manifolds indexed by ii E (uo, u!).
The proof of Corollary 2.1 follows easily from standard parabolic regularity theory
([2], [17]), embedding (2.7), the definition of u(·,·,rJ) and the results of Appendix
B. The details are therefore left to the reader.
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Remarks. (1) Without any further conditions on ry, the above method does not
allow one to construct classical solutions to Problem (1.1) which satisfy condition
(CI) of Definition 2.1 with()= 1. However, if rJ E N( 2 ko)-'< n RanPnDom(~N)
and if s is globally Holder continuous on JR+, a much stronger result holds: the
classical solutions of Corollary 2.1 satisfy

iu(x, t, ry)- u(x, t', ry)l ~cit-

t'l

(2.70)

for every x E IT, for some c E JR+ and for every t, t' E JR+ (and not merely for t,
t' E [r, oo) for each T E JR+).
(2) It is not possible to reiterate the above construction if u = u 0 , 1 . In fact, the
classical solutions to Problem ( 1.1) remain uniformly bounded away from u 0 and
u1 when t-+ drys(ry) = 0(1) as ltl -+ oo [15]. In the next section, we investigate
the stability properties of the two equilibria u 0 and u 1 when J-LB(s) # 0.

J;

3. On the exponential stability of the two equilibria u 0 and u 1 • In
this section, we prove that with certain restrictions on the selection function s,
there exist classical solutions of small amplitude to Problem (1.1) which converge
exponentially rapidly to u 0 or u 1 . We also show that the corresponding rates of
decay are determined solely by g'(u 0 ), g'(u 1 ) and J-LB(s) and thus that they do not
depend on any spectral property of Laplace's operator. Throughout this section,
we still assume that 0 and 80 satisfy the same geometric conditions as before and
that the notion of classical solution is the same as in Section 2. \Ve begin with
the description of the exponential dichotomies of the compact families of evolution
operators {Uuo .1 (t, r Ht>r>o
- - defined by
(3.1)
and
(3.2)
In relations (3.1) and (3.2), {WL'>.N(t)}tEIRt is the diffusion sernigroup of Lemma
2.1. We remark that expressions (3.1) and (3.2) correspond to relation (2.13) when

u = uo,I·
Proposition 3.1. Lets E C(JRB,JR) be such that p,B(s) # 0 and assume
t -+ f 01 drys(ry) = 0(1) as ltl -+ oo, where we have defined s = s - J-LB(s).
g: lR -+ JR. be differentiable at u 0 and u 1 in such a way that g' ( u 0 ) > 0 and g' ( u 1 )
Set ru 0 = g'(uo)J-LB(s) and ru, = g'(ui)JlB(s). Then there exists c7 E JR.+ such

that
Let
< 0.
that

the following two conclusions hold:

(A) if J-LB(s) < 0, then the estimate
(3.3)
holds for every t

~

r

~

0;

(B) if J1B(s) > 0, then the estimate
IIIUu, (t, l')llloo
holds for every t

~

r

~

0.

~

C7

exp[ru, (t-

r )]

(3.4)
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Proof. Writes= f.LB(s) +sin relation (3.1); relation (3.3) then follows from the
facts that s has an almost-periodic primitive and that {W~N ( t)} tEIPI.J is a contraction semigroup on H~~~N(JR.). The proof of estimate (3.4) is of course similar.

Remarks. (1) The hypothesis concerning s in Proposition 3.1 is satisfied for a
wide class of almost-periodic functions such as s( t) = 1 + cos(w 1 t) + cos(w 2 t), where
{w1 , w2 } C lR./ {0} is rationally independent, and whenever s is periodic. However,
it fails to hold, for instance, for s(t) = 1 + I:;~=l k- 2 exp[ik- 2 t] since the primitive
of t ___. s( t) = I:~=l k- 2 exp[ik- 2 t] is unbounded.
(2) In contrast to the estimates of Proposition 2.1, estimates (3.3) and (3.4) hold
on the whole of H~~~N(JR.), irrespective of the fact that 0 E ap(~N). In fact, the
nature of the spectrum of ~N plays no role in the considerations that follow.
In order to investigate the stability properties of u 0 and u 1 , we may now proceed
along the lines of Section 2; the relevant initial value problems on H~~~N(JR.) are
then

{

y'(t)

= (~N + s(t)g'(uo))y(t) + s(t)§u

0

(y(t)),

(3.5)

y(O) = /l - ua
and

{

y'(t) =

(~N

+ s(t)g'(ur))y(t) + s(t)§u, (y(t)),

(3.6)

y(O) = /l- Uj.
In relations (3.5) and (3.6), we have defined

§u 0 , 1 (z) =go (uo,l

+ z)- g'(uo,I)z

(3.7)

for every z E H~·PN(JR.). First converting equations (3.5) and (3.6) into appropriate
0'
integral equations when g is sufficiently smooth and then using fixed point arguments similar to those of Section 2, we obtain the following statement which is the
main result of this section.

Theorem 3.1. Let s satisfy the hypotheses of Proposition 3.1. Assume, in addition, that s is locally Holder continuous on JR.+. Let g E C( 5 l (JR., JR.) be such that
there exists ua,l E JR. with the property that g(u 0) = g(ur) = 0, g(u) > 0 for every
u E (u 0,ur) and g'(u 0) > 0, g'(ur) < 0. Let c E JR.+ denote the embedding constant corresponding to the embedding (2. 7). Then there exist constants E1 E (0, oo ),
k1 E [1, oo) and, for each E E (0, €1 ), an open spherical neighborhood N( 2 ~c!)-'c of radius (2kr)- 1 E centered at the origin of H~~~N(JR.) such that the following statements
hold.
(A) If f.LB(s) < 0, then for every TJ E ~~k!)-'c
there exists a unique function

= {17 E N( 2 k!)-'c:

7]

> 0 on IT},

which provides a classical solution to the Cauchy problem (3.5) with y(O) =
and for which the exponential decay estimate

7]

(3.8)

CODIMENSION-ONE MANIFOLDS

711

holds for every t E JRci.
(B) If f-tB(s) > 0, then for every TJ E ~;icl)- 1 c = {TJ E N(zicl)- 1 c: TJ
there exists a unique function

<0

on

IT},

which provides a classical solution to the Cauchy problem (3.6) with y(O) =
TJ and for which the exponential decay estimate

(3.9)
holds for every t E JRci.
In addition, the inequality
(3.10)

holds in both cases.
\Ve omit the proof of Theorem 3.1 since it is essentially a repetition of the arguments of Section 2 through Proposition 3.1. We simply observe that inequality
(3.10) comes about by suitably restricting the set of admissible E's as we did in the
proof of Theorem 2.1 to obtain inequality (2.60). We also emphasize the fact that
, the corresponding initial condition is Yuo 1 (0, TJ) = TJ and not
for any TJ E N±.
(2k)- 1 f
'
a more complicated function of TJ as in Section 2. This is because of the fact that
the exponential dichotomies of the evolution operators {Uu 0 1 ( t, r )}t>r>o hold on
the whole of H~~~N(JR).
,
- -

Remarks. (1) We can easily verify that the sets ~;icl)- 1 c are (nonempty and)
open in the H~~~N(JR)-topology. In order to see this, let C(JR) be the usual Banach
space consisting of all real continuous functions on IT equipped with the uniform
norm. Since there exists the continuous embedding H~~~N(JR) ----. C(JR) and since
N(zfcJ)- 1 c is an open ball in H;~~N(JR), it is sufficient to prove that the set of all

positive (resp. negative) continuous functions on IT is open in C(JR), a fact that can
be easily verified. The sets N(±.
)_1 E thus provide H~·PN(JR )-smooth manifolds of
2k1
AQ,

small initial data associated with the exponentially decaying solutions Yuo ( ·, TJ) and
Yu1 (-, TJ ).
(2) The conclusions of Statements (A) and (B) already hold if the subsets N±.

(2k1 )-

1

f

are replaced by N( 2 icJ)-'c' In this case, it is the open ball N(zicJ)-Ic which provides
a manifold of small initial data associated with the exponentially decaying solutions
Yuo (-, TJ) and Yu 1 ( ·, TJ). However, without the additional sign constraints of Statements (A) and (B) and without inequality (3.10), it is not possible to garantee that
the functions u(-, ·, TJ) = Yuo (-, TJ) + uo and u(-, ·, TJ) = Yu 1 ( ·, TJ) + u1 satisfy the range
condition in (1.1). In fact, the role of these additional constraints is clarified in the
following corollary
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Corollary 3.1. Lets and g satisfy the same hypotheses as in Theorem 3.1. Let c,
k1 be as in that theorem; forE E (O,EI) and TJ E ~~k:,)-'<' let YuJ,TJ) be the
classical solution to problem (3.5) with y(O, TJ) = TJ which satisfies estimates (3.8)
and (3.10) when P,B(s) < 0. On IT x IRci, define the function (x, t) ---> u(x, t, TJ) =
Yu 0 (t,TJ)(x) + Uo. Then the following conclusions hold.

E1 ,

(A) For every 17 EN+.

(2/c,)-1<

, the function u(·,·,TJ) is a classical solution to

Problem (1.1) in the sense of Definition 2.1 for every p E (N,oo). In addition,
x---> u(x, t, 17) E C 3 ,.6(IT,IR) for each t E JR+ and each (3 E (0, 1- (3- 1 N]. Finally, if
17 1 '# 172 , the function u(·, ·, 171) is not identically equal to u(-, ·, 1]2).
(B) There exist positive constants c8 , c9 depending only on N, p and the geometry
of 0 such that the following exponential decay estimates hold for every t E IRci and
every (3 E (0, 1 - p- 1 N]:
sup iu(x,t,TJ)- ual:::; CsEexp[ruotJ;

(3.11)

xE'i1

supiV'u(x,t,TJ)I:::; CgEexp[ru 0 t];

(3.12)

xEQ

sup lx- Yi-.Biu(x, t, TJ)- u(y, t, TJ)I:::; CsEexp[ru 0 t];

(3.13)

x,yES1
x#y

sup lx- Yi-.BIV'u(x, t, TJ)- V'u(y, t, TJ)i:::; cgtexp[ru 0 t].

(3.14)

x,yES1
x#y

(C) Identical statements hold for the function ( x, t) ---> u( x, t, 17) = Yu 1 ( t, 17 )( x) +
when Jl-B(s) > 0 and TJ E ~;k:,J- 1 ,, with u1 and Tu 1 replacing Uo and ru 0 in
estimates (3.11)-(3.14).

u1

Proof. The above statements follow from Theorem 3.1 exactly as Corollary 2.1
follows from Theorem 2.1. We simply note that because of inequality (3.10) and
embedding (2.7), we get ITJ(x)l < UJ - uo for every x E IT, which implies that
u( x, 0, TJ) = TJ( x) + u 0 E ( u 0 , ui) if TJ > 0 on IT. In a completely similar way,
u( x, 0, 17) = 17( x) + u 1 E ( u 0 , ui) if 17 < 0 on IT, so that the range condition in (1.1)
is satisfied in both cases by the strong parabolic maximum principle.
Remarks. (1) We first note that relations (3.11)-(3.14) imply relations (3.1) and
(2.12)-(2.13) of [15]. We shall in fact prove in [14] that if s satisfies the condition
of Theorem 3.1 and if s is globally Holder continuous on JR+, then every classical
solution to (1.1) converges to u 0 or u 1 exponentially rapidly with a rate of decay
determined by ru 0 or ru 1 •
(2) Relations (3.11)-(3.14) show that the exponential stabilization of the solutions u(·, ·, TJ) around u 0 or u 1 is essentially governed by the reaction-selection
process in (1.1), in contrast to the results of Section 2.

(3) A remark similar to that immediately following the proof of Corollary 2.1 can
be made concerning Condition (CI) of Definition 2.1; in particular, if 17 is chosen
sufficiently regular and if s is globally Holder continuous on JR+, then the classical
solutions of Corollary 3.1 are globally Lipschitz continuous in the time variable on
JR+.
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In the next section, we discuss several examples.
4. The role of reaction-diffusion processes in some examples from
population genetics. It is instructive to reconsider some of the examples of
Section 4 of [15] in light of the preceding results. We begin with the following
example.
Example 4.1. Consider the problem

u 1 (x, t) =

~u(x,

t)

+ (cos(w 1t) + cos(w2t))u(x, t)(1- u(x, t))
X (o:u(x, t) + (1- o:)(1- u(x, t)),
(x, t) En

X

Ran(u)~(0,1),

au
an(x,t)=O,

JR+,
(4.1)

(x,t)EanxJR+,

where o: E (0, 1) and where {w1,w2} C IR/{0} is rationally independent. Here
we have g(u) = u(l- u)(o:u + (1- o:)(l- u)) with u 0 = 0, u 1 = 1 and s(t) =
cos(w 1t) + cos(w 2 t). We can easily verify that all of the hypotheses of Theorem
2.1 or of Corollary 2.1 are satisfied. We can then conclude that every attractor
u E {u}vE(O,l) is quasiperiodic. In addition, given any u E {u}vE(O,l), there exists a
co dimension-one manifold of classical solutions to ( 4.1) which stabilize around u in
the sense of relations (2.66)-(2.69). In this example, the role of the diffusion process
is thus predominant.
Example 4.2. Conclusions entirely similar to those of the preceding example hold
for the boundary value problem

u 1 (x, t)

= ~u(x,

+ sin(wt) sin(1ru(x, t)),

t)

(x,t)EnxJR+,

Ran(u) ~ (0, 1),
(4.2)

au
an(x,t)=O,

(x,t) E an

X

JR+,

where g(u) = sin(1ru), uo = 0 and u1 = 1; here s(t)
all of the attractors are time periodic.

= sin(wt) with wE IR/{0} and

We conclude with the following example.
Example 4.3. Consider the problem

Ut(x, t) =

~u(x,
X

t)

+ (cos(w 1t) + cos(w2t) ± 1)u(x, t)

(1- u(x,t))exp[-u(x,t)],

Ran(u) ~ (0,1),

au
an (x,t) = 0,

(x,t) En

X

JR+,
(4.3)

(x,t) E an

X

JR+,

where {w 1,w 2} is as in Example 4.1. Here g(u) = u(1- u)exp[-u], so that u 0 = 0
and u 1 = 1. Moreover, s(t) = cos(w 1t) + cos(w 2t) ± 1, with J.Ls(s) = ±1. It is
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then easily checked that all of the hypotheses of Theorem 3.1 and of Corollary
3.1 are satisfied, so that Problem (4.3) possesses classical solutions converging to
u 0 = 0 if J.LB( s) = -1 and to u 1 = 1 if PB( s) = 1. In the first case, the rate of
decay is ru 0 = -1, while in the second case we haver= -e- 1 . In both cases, the
reaction-selection process is primarily responsible for the stabilization phenomenon.
We refer the reader to the references of [15] for more information concerning the
significance of Examples (4.1 )-( 4.3) in population genetics.
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Appendix A. On the Fnkhet differentiability of g;,(t, ·) on H~~~N(~). In
this appendix we complete the proof of Proposition 2.2 by proving the following
Proposition A.l. Assume that s and g satisfy the hypotheses of Proposition 2.2.
Pick u E {u}c,E(uo,u,J and define g;,(t, ·) by relation (2.22) for every t E ~. Then

g;,(t, ·) E C( 2 l(H~~~N(~), H~~~N(~)).
Proof. For simplicity, we shall write
(2.22), we obtain

g(n)

for the nth_derivative of g. From relation

g;,(t, z +h)- .9 1,(t, z)
=g 0 (u(t) + z +h)- g 0 (i't(t) + z)- (g(l)

0

u(t))h

(A.1)

for every h, z E H~~~N(~). We now prove that we in fact have

g;,(t, z +h)- g;,(t, z)
=(g(l)

0

(u(t)

+ z)- g(l) 0 u(t))h + h 2

1
1

ds(1- s)g( 2 )

0

(u(t)

+ z + sh)

(A.2)

on H~~~N(~). From relation (A.1), for each x E IT, we obtain

g;,(t, z + h)(x)- g;,(t, z)(x)
=g(u(t)

+ z(x) + h(:r))- g(u(t) + z(x))- gOl(u(t))h(x)

=(g(ll(u(t) + z(x))- 9 (1l(u(t)))h(x)
+h 2 (x)

1
1

(A.3)

ds(1- s)gC 2 l(u(t) + z(x) + sh(x)).

In order to derive relation (A.2) from relation (A.3), it is thus sufficient to prove
that g(ll o (u(t) + z)- g(ll o u(t) E H~~~N(~) along with gC 2 l o (u(t) + z) whenever
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z E H~~~N(IR). It is clear that these two functions belong to £P(JR) and satisfy
Neumann's boundary condition. As for their partial derivatives, we obtain
(9(1)

0

(9(1)

0

(u(t) + z)- 9(1)
(u(t)

0

u(t))x; = (9( 2) 0 (u(t) + z))zx;,

(A.4)

+ z)- 9(1) 0 u(t))x;,x;

= (9( 2 ) o (u(t)

(A.5)

+ z))zx,,x; + (9( 3 ) o (u(t) + z))zx,zx;

in the first case and
(9( 2 ) o

(gC 2 l o (u(t) + z))x;,x;

(u(t)

+ z))x;

= (9( 3 ) o (u(t)

= (9( 3 ) o (u(t)

+ z))zx;,

(A.6)

+ z))zx,,x; + (gC 4 l o (u(t) + z))zx,Zx;
(A.7)

in the second case, for each i, j E {1, ... , N}. From the smoothness of 9, the properties of u and embedding (2.7), we then infer that (9(1) o (u(t) +z)- g(l) ou(t))x; E
£P(JR) along with the second-order derivatives given by (A.5). The conclusion for
(A.6) and (A.7) is similar, so that relation (A.2) holds. Now, define D?Ju(t, z) by

Dgu(t, z)(h) = (g< 1 l

o

(u(t)

+ z)- 9(1) o u(t))h,

(A.8)

where pointwise multiplication in H~~~N(IR) is meant on the right-hand side of (A.8).
From the Banach algebra properties of H~~~N(IR), it follows that Dgu (t, z) is a linear
bounded operator on H~·P
.r(IR) for each z, with its uniform operator norm bounded
0 ,JV
above by
IIID?!u(t, z)llloo ::; ll9(l) 0 (u(t) + z)- g<l) 0 u(t)ll>.o,2,p·
(A.9)

Dgu(t, z) is continuous on H~·PN(IR)
for every
0,
t E R Assume that Zn -> z strongly in H~·P
o, N(IR); it is then sufficient to prove that
9(1lo(u(t)+zn)-> g(llo(u(t)+z) strongly in H~~~N(IR) according to relations (A.8)
We now wish to prove that z

->

and (A.9). From the smoothness of 9 and embedding (2.7), it is already clear that

9(1) o (u(t) +zn)-> 9(1) o (u(t) + z) strongly in £P(IR). By the definition of the norm
(2.9), it thus remains to prove that ~p,N(9(1) o ( u(t) + Zn)) -> ~p,N(g(l) o ( u(t) + z))
strongly in £P(IR). To this end, write momentarily fu(t) = u(t) + z and fu,n(t) =
u(t) + Zn. We have the identity
~p,N(9(1) o (u(t)

+ zn))- ~p,N(9(1) o (u(t) + z))

=~p,N(9(l) o fu,n(t))- ~p,N(9(1) o fu(t))
=(g( 2 ) o fu,n(t))(~p,Nfu,n(t)- ~p,Nfu(t))

+ ~p,N fu(t)(9( 2 ) o fu,n(t)- 9( 2 ) o fu(t))

+ (g( 3 ) o fu,n(t))(IV fu,n(tW- IV fu(tW)
+IV fu(t)l 2 (9( 3 ) o fu,n(t)- g< 3 ) o fu(t)).

(A.lO)
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Since fu,n(t) ---r fu(t) strongly in H~~~N(IR) for each t E IR, it follows from the
smoothness of g and embedding (2.7) that every term in (A.lO) converges strongly
to zero in LP (IR). Thus, z ---r D?Ju. (t, z) is continuous. In order to conclude that
D?Ju(t, ·)is the smooth Frechet derivative of ?Ju.(t, ·),it remains to prove that
llhii,X01, 2,ph 2
as h

---r

1
1

d8(1- 8)gC 2l o (u(t) + z + 8h)

---r

0

(A.ll)

0 in H~,p
N(IR). Write
0,

r(z, h)= h 2

1
1

d8(1- 8)gC 2l

o

(u(t) + z + 8h).

(A.12)

By the Banach algebra properties of H~~~N(IR), we obtain the estimate
llhii.X"01,2,pllr(z, h)II-Xo,2,p:::; llhii-Xo,2,p

1
1

d8ll9( 2) o (u(t) + z + 8h)II-Xo,2,p·

(A.13)

In order to prove (A.ll) from (A.13), it is thus sufficient to show that h

J01 d8llgC 2l o (u(t) +

z + 8h)ll,x 0 , 2,p remains bounded ash

---r

---r

0. In fact, we prove a

stronger result, namely that

E~~

1
1

d8llgC 2l o (u(t) + z + 8h)II-Xo,2,p

=

llgC 2l o (u(t) + z)II-Xo,2,p·

(A.14)

This in turn follows from the fact that gC 2l o ( u( t) + z + 8h) ---r gC 2l o ( u( t) + z)
strongly in H~'PN(IR),
uniformly in 8 E (0, 1) as h ---r 0. In order to see this, write
0,
!u,sh(t) = u(t) + z + 8h and fu(t) = u(t) + z. Clearly, !u.,sh(t) ---r !u(t) strongly in
H~'PN(IR)
uniformly in 8 as h ---r 0; since g(n) is continuous for n = 2, 3, 4, we infer
0,
from this that
g( 2) o fu,sh(t)

---t

gC 2) o fu(t),

(A.15)

fu,sh(t)

---t

g( 3 )

fu.(t),

(A.16)

g( 4 ) o fu,sh(t)

---t

g( 4 ) o fu.(t)

g( 3 )

o

o

(A.17)

uniformly on IT, uniformly in 8 E (0, 1) ash ---r 0. It now follows from (A.15) that
>.. 0 g( 2l o fu,sh(t) ---r )... 0 g( 2l o fu(t) strongly in LP(IR), uniformly ins. Since
119( 2) o fu,sh(t)- g( 2) o fu(t)II-X 0 ,2,p = ll(>..o- ~p,N)(g( 2 ) o fu,sh(t)- 9( 2) o fu(t))IIP,
it remains to prove that ~p,N(g( 2 ) o fu.,sh(t)) ---r ~p,N(g( 2 ) o fu(t)) strongly in LP(IR)
uniformly in s E (0, 1) as h ---r 0. To this end, we note as above that the relation

~p,N(g( 2 ) o fu,sh(t))- ~p,N(g( 2 ) o fu(t))
=(g( 3 ) o fu,sh(t))(~p,Nfu,sh(t)- ~p,Nfu(t))

+ ~p,N fu(t)(g( 3 ) o fu,sh(t)-

gC 3 ) o fu(t))

+ (g( 4 ) o fu,sh(t))(l\7 fu,sh(t)l 2

-

IV' fu(t)l 2)

+IV' fu(tW(g( 4 ) o fu,sh(t)- 9( 4 ) o fu(t))

(A.18)
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holds. Invoking relations ( A.l6), (A.17) and the strong convergence f u,sh ( t) ---+ f 11 ( t)
in H~·PN('R.) uniformly ins, we can now conclude that each term in relation (A.18)
0'
converges to zero strongly in LP('R.) with the desired uniformity ins E (0, 1). This
proves relation (A.14) and hence that D?Ju(t, ·) is the smooth Frechet derivative of
g11 (t, ·)for every t E R While the above arguments require g E C( 4 l(R., 'R.), we note
that the hypothesis g E C( 5 l ('R., 'R.) allows one to carry out the above steps once
more to prove that

D 2 g11 (t, z)(h, k) =
is the smooth Frechet derivative of

g(z)

o

(u(t)

+ z)hk

(A.19)

Dg 11 (t, ·).

Remarks. (1) Using relation (2.28) and arguments similar to those of the above
proof, it is possible to show that if ~ ---+ y( 0 E C(l l (R_+, H~~~N('R.) ), then ~ ---+
g 11 (~,y(0) E C(ll(R_+,H~~~N('R.)) as well. This fact was used in the second part of
the proof of Proposition 2.3.

(2) A proof identical to that of Proposition A.1 also shows that if g E C( 5 l(R., 'R.),
then ?Juo,t E C( 2 l(H~~~N('R.), H~~~N('R.)), where ?Juo,t is defined by relation (3.7). This
was used implicitly in the proof of Theorem 3.1.

Appendix B. Proof of the continuous differentiability of the fixed point
solution to equation (2.65). The main purpose of this appendix is to complete
the proof of Theorem 2.1.
Proposition B.l. Let s and g satisfy all of the hypotheses of Theorem 2.1. Let
u E {u}vE(uo,ut) and let Yu(·,ry) be the fixed point solution to equation (2.65). Then
Yu (-, T7) E C(ll (R.+, H~~~N('R.)) for every T] as specified in Theorem 2.1.
We begin our discussion by splitting equation (2.65) into the sum of the three
terms,

Fo,u(Yn(·, ry))(t) = Un(t, O)Pyu(O, ry),
Fl,u(Yu(·, ry))(t) =

lt d~Uu(t, 0s(0P§u(~, Yn(~, Yu(~,

F2,u(Yn(·, ry))(t) = -

(B.1)

ry)),

1oo d~Uu(t, 0s(0Q?Ju(~, Yu(~, ry)),

(B.2)
(B.3)

according to the notation introduced in relations (2.55), (2.56) and (2.57). We
first notice that t ---+ Fj,u(Yu(-, ry))(t) E C(ll(R_+, H~~~N('R.)) for j = 0 and j = 2.
For j = 0, this is an immediate consequence of relation (2.13) and the fact that
{W6N(t)}tE!lltci is a holomorphic semigroup. For j = 2, we first invoke relation
(2.39) to rewrite (B.3) as

F2,u(YuC.T7))(t) = -exp [.[ drys(ry)g'(u(ry))]
x

1 d~exp
00

[ -1~

drys(ry)g'(u(ry))]s(OQ?Jn(~,yn(~,ry)).

(B.4)
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The result then follows from the absolute convergence of the integral and the fact
that
exp [

-1~ d17s(17)g'(u(17))] s(OQ§u(~, Yu(~, 17))
E L 1 ((t,oo), H~~~N(IR)) nC([t,oo), H~~~N(IR))

for every t E JR+. The remaining part of this appendix is therefore devoted to proving that t - t F1 ,u(Yu(-, 17))(t) E C(ll(JR+, H~~~N(IR)). We begin with the following
lemma.

Lemma B.l. The functions~-+ Yu(~, 17) and~-+ §u(~, Yu(~, 17)) are both locally
Holder continuous on JR+.

Proof. In the first case, it is sufficient to prove that t -+ Fj,u(Yu(-, 17))(t) is locally Holder continuous on JR+ for each j because of relation (2.65). (Note that
Fj,it (Yu ( ·, 17)) is uniformly bounded in t for each j since Fj,it (Yu (·, 17)) E Y,\ 1 by
construction). Because of the remark preceding the statement of Lemma B.1, we
already know that the statement holds true for j = 0 and j = 2. We complete the
proof of the first part of the lemma by showing that t - t F1 ,it (Yu (-, 17)) (t) is locally
Holder continuous on JR+. Fix t 0 E JR+ arbitrarily and choose T E JR+ in such a way
that t 0 E (O,T). Since Yu(·,17) E C(IRci,H~~~N(IR)) by construction, it follows from
relation (2.22) and the smoothness of g that~-+ §u(~, Yu(~, 17)) E C(IRci, H~,p
N(IR)).
0,
Now write

according to relation (2.13), where we have defined

'Pu(O = exp [ -1~

d17s(17)g'(u(17))]s(OP.9u(~,yu(~,17)).

(B.6)

It follows from the remark immediately preceding (B.5) and from relation (B.6)
that 'Pit E Lq((O, T), H~~~N(IR)) for every q E (1, oo) since

Since {W~N(t)} tEJII.ci is holomorphic, it follows from the standard Holder estimates

J;

of [5] that t -+
d~W~N(t- ~)<pu(O is Holder continuous on [0, T] and hence a
fortiori locally so around t 0 . This and relation (B.5) then imply that F1 ,u(Yu(·, 17))
is locally Holder continuous on JR+. We conclude that the latter property holds true
for Yu(·, 17) because of relation (2.65). As for the second part of the lemma, we first
notice that we have
§u(~, Yu(~, 17))

=go (u(O +

Yu(~, 17))-

go u(O- (g' o u(0)Yu(~, 17)

(B.7)

from relation (2.22). We next observe that each term in (B.7) is uniformly bounded
in ~ ir. the H~·P
.,(JR)-topology and that the last two terms on the right-hand side
0 ,ov
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are trivially locally Holder continuous on JR+ because of the corresponding property
for ~ ---+ u( ~) and ~ ---+ Yu (~' TJ). It thus remains to prove that the property holds true
for~---+ go (u(~) + Yu(~, rJ)). To this end, write momentarily z(O = u(O + Yu(~, ry);
by using the mean-value theorem and the Banach algebra properties of H~'P ,r(IR)
0 •"
as in the proof of Proposition A.l, we get

llg o z(O- go z(()ll-'o,2,p::::; llz(O- z(()ll-'o,2,p
x

1
1

dsllg' o (z(()

+ s(z(O- z(())ll-'o,2,p

(B.8)

for every~' ( E JR+. Now fix~,( E JR+ and define Xu(~,() by the relation

z(()

+ s(z(O- z(()) =

u(O +Xu(~,().

(B.9)

Clearly Xu(~,() E H~'PN(JR); it then follows from relation (2.35) of Proposition 2.2
0'
and from the triangle inequality that

llg' 0 (u(O +Xu(~, ())IIAo,2,p::::; <I>Sl)[llxu(~, ()ll-'o,2,p] + llg' 0 u(OII-'o,2,p·

(B.IO)

But ~ ---+ u( 0 and ~ ---+ Yu (~, ry) arc uniformly bounded in ~ with respect to the
H;~P,N(IR)-topology, so that there exist positive constants c 10 and c 11 such that
II Xu (~,()II ,\ 0 ,2,p :S CJo and llg' o it( 0 II ,\ 0 ,2,p :S ClJ. Combining this with the fact that
<1>~1 ) is nondecreasing in relation (B.IO) and then inserting the resulting estimate
into relation (B.8), we obtain

llg o z(O- go z(()ll-'o,2,p::::; cdlz(O- z(()ll-'o,2,p

(B.ll)

e

for some C]2 E JR+ and every ~'
E JR+. But from the first part of the proof and
the definition of z, we infer that ~ ---+ z( 0 is locally Holder continuous on JR+. Then
the same property holds true for ~ ---+ g o z (0. D
It is now easy to complete the proof of Proposition B. I.

Proof of Proposition B.l. It remains to prove that t ---+ F 1 ,u(Yu(-, ry))(t) E
C(ll(JR+, H;~~N(JR)). We first infer from relation (B.6), the fact that s is locally
Holder continuous on JR+, the second statement of Lemma B. I and the boundedness of the functions involved that 'Pu is locally Holder continuous on JR+. Since
{W6.N(t)} 1ERt is a holomorphic semigroup, we then conclude that the convolution

J;

d~W6 N(t- ,;)'Pu(O is continuously differentiable on JR+. This and relation
(B.5) then lead to the desired conclusion.

t---+

Remark. Similar arguments can be used to prove the C(lLregularity of the solutions Yuo,J (·, ry) in Theorem 3.1 as well as the following two results. The proofs are
omitted.
Proposition B.2. Let s and g satisfy all of the hypotheses of Theorem 2.1. Let
1 ) and let Yu(·, ry) be the fixed point solution to equation (2.65) for

u E { u},;,E(uo,u
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some TJ E J\1( 2 ko)- 1 <nRanP, wbcre k0 and E are as in Tbeorem 2.1. Then y;,(-,ry) is
globally Holder continuous on every interval of tbe form [T, oo) for every T E JR+.
The result of Proposition B.1 was used in the proof of Corollary 2.1 to show that
the classical solutions constructed there satisfy condition ( C1) of Definition 2.1 for
some() E (0, 1).
A much stronger result holds true if, in addition, TJ E Dom(~N)· In fact, in this
case we have the following proposition.

Proposition B.3. Let s and g satisfy all of tbe bypotbeses of Tbeorem 2.1. In
addition, assume tbat sis globally Holder continuous onJR+. Let u E {u}vE(uo,ut)'
TJ E J\1( 2 ko l -1 <n Ran P n Dom ( ~N) and let Yu ( ·, TJ) be the corresponding fixed point
solution to equation (2.65). Then y;,(·, ry) is globally Lipschitz continuous on JR+.
Remark. Similar results can be proved for the fixed point solutions
Section 3.

Yuo

1 (-,

TJ) of
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