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WELL-POSEDNESS FOR THE ZAKHAROV SYSTEM
WITH THE PERIODIC BOUNDARY CONDITION
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(Submitted by: Jerry L. Bona)

Abstract. Under a non resonance condition, we establish the unique local existence
results in weak function spaces for the initial value problem of the Zakharov system
with the periodic boundary condition. The proof is based on the Fourier restriction
norm method, which was developed by J. Bourgain and C.E. Kenig, G. Ponce and
L. Vega.

1. Introduction and Main result. In this paper we consider the initial
value problem with the periodic boundary condition for the one dimensional
Zakharov system:

i0pu + ad?u = un, (x,t) € T x (=T, T),
,3_28t2n — agn = ag(|u]2), (x,t) e T x (=T,T), (1.1)
U(:U,O) = UU(.T), n(a:,O) = no(l‘), 8tn(x70) = nl(x)a zeT,

where « and 3 are real constants with @ # 0,6 > 0, u and n are a complex
valued and a real valued function, respectively, T is a one dimensional torus
which implies the periodic boundary condition and 7" is a positive constant
to be determined later.

The system (1.1) describes the propagation of Langmuir turbulence waves
in an unmagnetized completely ionized hydrogen plasma (see [26]). The func-
tion u(z,t) denotes the slowly varying envelope of the electric field E with
the frequency w such that E(z,t) = Re(u(z,t)exp(—itw)). The function
n(x,t) denotes the deviation of the ion density from the equilibrium. The
constant « is a dispersion coefficient and the constant 3 is the speed of ion
acoustic wave in a plasma.
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Our interest is to prove the well-posedness results in a weak class for
the initial value problem (1.1). The difficulty to deal with the initial value
problem (1.1) is that the second equation of (1.1) has second derivatives in
the nonlinear term. One derivative can be regained because of the second
order hyperbolicity of the second equation of (1.1). But it is a hard task to
regain one more derivative. Then we meet with the difficulty of the so-called
“loss of derivative”, which comes from the second derivatives of the second
equation of (1.1).

There are many papers concerning the Zakharov system for the R¢ case
(see, e.g., [1, 2, 11, 12, 16, 20, 21, 22, 23]). When d = 2,3, J. Bourgain and
J. Colliander [11] proved the well-posedness in the energy space. In [11] the
Fourier restriction norm method was used, which was developed by Bourgain
and Kenig-Ponce-Vega. In [12], J. Ginibre, Y. Tsutsumi and G. Velo showed
that whend =1, —1/2 < sp—s; < 1 and 2sg > s1+1/2 > 0, the one dimen-
sional Zakharov system is well-posed for (ug,ng,n1) € H* x H% x H51~1
by using a variant of the method developed by Bourgain. Furthermore, they
studied the well-posedness in higher space dimensions. Thus, the Cauchy
problem of the Zakharov system for the R? case has extensively been stud-
ied. However, to our knowledge, there are only a few papers concerning the
problem with the periodic boundary condition (see, e.g., [10]). In this paper,
we consider the initial value problem with the periodic boundary condition
for the one dimensional Zakharov system. In [10] Bourgain showed that
when o = 3 = 1, the initial value problem (1.1) is locally well-posed in the
following sense. Assume that the initial data (ug,ng,n1) satisfy uwg € H®

and
sup(k)®! | Fpuo(k)| < oo,

kEZ

sup(k)? | Fpno(k)| < oo,

keIZ)< )7 o(k)] [B]
sup (k)7 Fyna (k)| < oo,

kEZ

with 0 < 0 < s <1/2 < s; <1, where o and s are sufficiently close to 0 and
1/2, respectively. Then the initial value problem (1.1) is locally well-posed.
In [10] the Fourier restriction norm method was used, which was developed
for the Schrédinger and the KdV equation in [6] and [7], respectively.

The aim in this paper is to investigate the time local well-posedness in
a weak space for (1.1), by using the method due to Bourgain [6,7,10] and
Kenig-Ponce-Vega [14,15]. In this paper, under the non resonance condition
that §/a is not an integer, we show the local well-posedness in H%° x H*' x
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H* 71 when 0 < sg—s; <1and 0 < s;+1/2 < 2sq. The weakest Sobolev
class of solutions that our result in this paper can cover is L2x H~1/2x H—3/2,
We do not have to assume the weighted L* condition on the initial data in
the Fourier space such as [B], while we assume the non resonance condition
that 3/« is not an integer. As long as we consider the case that 3/« is not
an integer, our result is an improvement of a previous result in [10].

Before precisely stating our results, we prepare the following notations.

Definition 1.1. Let V be the space of functions f such that
(i) f:TxR—C,
(ii) f(z,-) € S(R) for each z € T,
(iii) f(-,t) € C°°(T) for each t € R.

For s € R, we define the spaces X, and Y, to be the completion of V with re-

spect to the norms: || f||x, = || fll(1,s,1/2); Ifllv. = [fll2,5,1/2), respectively,
where

o~

£l s,y = [{n)*(7 + an®)* f(n, 7)1z L2,

1fll@sm) = 1{m)* (7| = BIn])" F(n,7)

12L02-

Throughout this paper, we shall let ¢ € C§°(R) denote a smooth cut off
function such that ¢» = 1 on [—1, 1] and supporty) C (—2,2). For § > 0, we

put ¥s(t) = 1(t/9).
Our main result is the following theorem.

Theorem 1.1. Assume that 3/« is not an integer. Let sy and s1 satisfy
0<sp—81 <1and 0 < s1+1/2 < 2sg. For any (ug,ng,n1) € H* X
H*t x H5 71 there exist T = T(|luolz2, |noll g=1/2, [In1]| g=3/2) > 0 and a
unique solution (u(t),n(t),0n(t)) of the initial value problem (1.1) in the
time interval [=T,T] such that

u € C([-T,T) : H**(T)), ¢ru € X,,, (1.2)
n € O([-T,T] : H**(T)), ¢¥rn € Ys,, (1.3)
o € C([-T,T] : H*~Y(T)), rdmn € Yy, 1. (1.4)

For any T" € (0,T), there exists a neighborhood U of (ug,no,n1) € H x
H% x H5' 7Y such that the map (g, ng,n1) — (u(t),n(t),d0sn(t)) from B
into the class defined in (1.2)—(1.4) with T replaced by T is Lipschitz.
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Remark 1.1. By Theorem 1.1, we have the local well-posedness in H*° x
H*t x H71 when sy = s1 + 1/2. Of course, the result in Theorem 1.1
covers the Hamiltonian class, that is, the energy space.

Remark 1.2. The lowest admissible values (sg, s1) = (0, —1/2) that can be
reached by Theorem 1.1 are the same as in [12] for the case of R.

In the case of RY, the scaling argument suggests that the critical values
for the Zakharov system may be sg = s1 +1/2 =d/2 — 3/2 (see [12]), from
which it seems natural that the difference of sy and s; be 1/2. Notice that

the difference of the lowest admissible values (sg, s1) reached by Theorem
1.1is 1/2

Remark 1.3. Notice that in the previous result [10], some weighted L
condition on the initial data in the Fourier space is needed (see [B]). In
Theorem 1.1, this kind of assumption is removed, under a non resonance
condition.

Remark 1.4. The estimates crucial to the proof of Theorem 1.1 are the
following:

lunll(1,s0,1-8) < cllull (10,0017l (2,51,0)5 (1.5)

105 (u0) [ 2,51,1-4) < cllll(1,s0.0) [0l 1,50,0)- (1.6)

Under the non resonance condition that 3/« is not an integer, if s and s do
not satisfy 0 < sp—s; < 1 and 259 > s; +1/2 > 0, then the above estimates
(1.5) and (1.6) fail for any constants ¢ > 0 and b € R (see Proposition
2.6 below). Therefore, Theorem 1.1 is the best possible result given by our
method.

Remark 1.5. Even if 3/a € Z, Theorem 1.1 holds for 0 < sy — s; < 1 and
259 > s1 +1 > 1 (see Remark 2.1 below).

Remark 1.6. In [24], a non resonance condition is used for the initial value
problem with the periodic boundary condition for the mKdV type equation.
The non resonance condition on the coefficients o and 8 in this paper is
similar to [24].

The proof of Theorem 1.1 is based on the argument similar to [6, 7, 10,
14, 15]. To prove Theorem 1.1, we use the two different Fourier restriction
norms respectively for the first and the second equation of (1.1). When we
try to evaluate each equation of (1.1), Lemma 2.3 in §2 plays an important
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role in our proof. The proof of Lemma 2.3 is roughly stated as follows. We
consider the following two inequalities:

|7+ an?|+ |7 = 71| = Bln—na||+|m +ani] > |ofjn— n1||n+n1+ﬁa1 (L.7)
BS
7] = Blnl|+17 =71 —a(n—n1)?|+|r +ani| > IaHan—%l—TQI, (1.8)

where S =sign{(7 —71)(n —n1)} and Sy =sign{rn}. When §/a is not
an integer, the third factors in the right hand side of (1.7) and (1.8) never
vanish. This fact enables us to overcome the difficulty of the derivative loss
in the same way as the case of the KdV equation. So we are able to show
the local well-posedness in H*° x H®' x H5'7! for 0 < sg — s; < 1 and
259 > s1+1/2 > 0. Unless 3/« is not an integer, the weakest Sobolev class
of the solution that our proof in this paper can reach seems H/2 x L2 x H~!
(see Remark 1.5).

We conclude this section by giving several notations. Let [ZLP denote
Banach space [2(Z : LP(R)). Throughout the paper, we denote by ~ and F,
the Fourier transform with respect to the space-time and the space variables,
respectively, i.e.,

f(k,T) = /00 /exp(—z’k::n —it7) f(x, t)dxdt,
—oco JT

Fre9(k) = /Texp(—ikx)g(x)daz.
Let (-) = (14|~ |2)1/2.

2. Preliminaries for the proof of Theorem 1.1. First, by using
Duhamel’s principle, we consider the following integral equations associated
with the initial value problem (1.1):

u(t) = S(t)uo —2/ S(t— X)(un)(X)dA,

n(t) = 0V (o + V(t)m + 57 / V(= NO2(lul?)(\)dx

where S(t) = exp(iatd?) and V (t) = sin(t(—02)1/2)/(B(—02)'/?).

We first state the lemma concerning the estimates of the linear and the
nonlinear part of the Schrédinger and wave equations in the function spaces
we consider.
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Lemma 2.1. For any s € R, we have

[0 ()S(H)uollx, < clluollar:

[0V molly, < clinolla-
[V @Omlly, < o1+ 1/8)m e,
-
I00) [ 50— )P rly, < Al 17m + el g
Bk, 1)

l(t) / V(t =m0 ()drly, < SIF sy + G0 =g

See [6,7,10,14,15], for the proof of Lemma 2.1.

Lemma 2.2. Let «, 8 > 0 such that o+ > 1. Putd = min{a, 3, a+F—1}.
Then we have

/°° dr < ¢
oo ()T = 0)7 T (B)F
The proof of Lemma 2.2 follows from a simple argument.
Lemma 2.3. Assume that 3/a is not an integer. Let 0 < 6 < 1/12. For

any so and s1 satisfying 0 < sp —s1 < 1 and 0 < s1+1/2 < 25, there exist
a € (1/2,3/4) and ¢ > 0 such that the following estimates hold.

280

1
[ =
1 <T—|—C¥7’L2 2(1 a) Z/ 7-1 +CB7’L%>1 29<n1>250<n_n1>231

1 oo
d
U =nl=Bln— a2 </oo n2+IT +an2|> )

<c

Y

230 1
I =
1 — <7-—|—0m2 2(1—a) Z/, i 7—1 —|—Oé’I’L 1 29<n1>250< n1>251

< 1 p (/Oo dr’ >
T
=l A" UL Tl 717 7 an

<c

Y
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I >, L
2 = <7_1 i (an nl 230 Buymy 7— + an2>2(1—a) <n _ n1>281
1
X dr
(I7 =71 = Bln — nq[)1=2¢
<c,
()2
I
3= <’T1‘ _ﬂ’nl nl 231 Z/ﬂl . T+Oén2>2(1_a)<7’l, _ n1>250
1
X dr

(T — 711 4+ a(n —nq)2)1—29
<c

)

< 281‘,’1‘2 1
I = >,
(1= Bll20=7 2= [, Try + and) =2 ) (o — )

1 o dr
T —a(n—n1)2>1‘29d (/—oo (n? + [|7'] —5|n||>2“>

<c

)

(n)2 [n|? 1
I = >
=] = Binly2 /ffn+an12%mv%m—mv%

1 o dr’
P Oé(n—m)z)l_%’dﬁ </o<> (In] + [|7'] —ﬁ|n||>2“>

<c,
I Z/ (n)?s1|n|?
" +0m1 ny)?% Eny oy (71 = BIn))20=0) (0 — ny)2%0
1
d
% (T —71 —a(n —nyp)?)1-2¢ g
<c

I

where A, ;, Al

!/
nrs Bryrs Cnyrs Doy, Dy and Ep, -, are defined as
follows:

Anr = {(01,71) i < Inl/2 or 3in]/2 < na] 0,

|7+ an®| > max{|r + anil, [|T — 1| = Bln — [},
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A;w_ ={(n1,m1) :In|/2 < |n1| < 3|n|/2 and n # nq,

|7+ an?| > max{|ry + anil,||r — 71| = Bln — na[}},

By ry = {(n,7) s # na, [mi+and| > max{|r+an’], ||7— 71| = Bln—na|l}},

Cryry = {(n,7) 111 # 0, |71 | =Bl || > max{|r+an?|, |7—71+a(n—n1)?[}},

Dir = {(n1,71) | < 2|nl/5 or 2|nl/3 < |,

[I7] = Blnll = max{|ry + ani], |7 — 71 — a(n —n1)?[}},

D, = {(n1,m) 2[nl/5 < || < 2/n]/3,

I7] = BIn|| = max{|ry + ani|, |7 — 71 — a(n —n1)*|}},
By ry = {(n,7) « |11+ and| > max{[|7] = BIn|, |7 — 71 — a(n —n1)*[}}.

Proof of Lemma 2.3. In the proof of this lemma, we regard S as a suitable
signature.

(I1). First, we consider I1. According to the definition of A, -, it follows
that n # n;. Then we first note that the third factor in the right hand side
of (1.7) never vanish, since 3/ is not an integer. Therefore integrating with
respect to 7/, using (1.7) and Lemma 2.2, we have that I; is bounded by

<TL> 2s9—4a+2

i S:Zil (n1)?%0(n — nq)21 #2720 (n 4 ny + BS/ )220
In1|<|n|/2 or 3[n|/2<|n]

1
X (T +an? —BS(n—nqy))t—e

(2.1)
for e € (46,1/2). Then, in the region of |n1| < |n|/2 or 3|n|/2 < |n1|, we
have that |n —ny|, |n+n1 + 3S/a| ~ max{|n|, |n1|} for sufficiently large |n|.
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Then (2.1) is bounded by

1
C S:Zil <InaX{|n|, |n1|}>min{251+2—2a,251—250+2a}
[n1|<|n|/2 or 3|n|/2<|n4]
1

% (n+ny+ BS/a)?2=2e(r +an? — BS(n —ny))1—¢

1
< -
< 2 Toan{fal R F T3 ) 7+ = S — )]
1

s¢ Z (T +an? — BS(n—ny))t=¢’

S=i17n1

for s —s1 <1, sg > 0 and s; > 2a — 2. Hence, by the argument similar to
the proof in [13,14], we have that I; is uniformly bounded with respect to n
and 7.

(I7). Secondly, we consider I]. In the region of |n|/2 < |ni| < 3|n|/2, we
have that [n — nq| < 3|ni|. In a similar way to the proof of (1), we have
that I{ is bounded by

1
C S;il <n1>2a—1<n _ n1>2$1+2—2a<n +ng + ﬁS/Oé>2_2a
[n|/2<|n1]|<3|n|/2
1

X (T4 an? — BS(n —ny))t-

1
- Z ) (n —nq1)251H 1 (n 4+ ny + BS/a)2=29(r + an? — BS(n —ny))1—¢

(2.2)
for e € (46,1/2) and s; > —1/2.
(I2). Next, we consider I5. In a similar way to the proof of (1), by using
(1.7) we have that I5 is bounded by

oy (2
(n1)2s0(n —np)21 1 (n +ny + BS/a)(r1 +an? + BS(n —ny))t =’

S=x1,n
(2.3)
for e € (2a —1+426,1/2). We divide the sum into the following two regions:

|n| < 3|n1|/2 and 3|ny|/2 < |n|.
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In the region of |n| < 3|n1|/2, (2.3) restricted to the above region is bounded
by

1
<
CS;n (n—mnp)?21t(n+ny + BS/a)(m1 + an? + S(n —ny))L=¢ =

for sp > 0 and s; > —1/2. In the region of 3|n;1|/2 < |n|, we have that
In —n1| > |n|/3 and |n 4+ n1 + BS/a| > ¢|n| for sufficiently large |n|. In a
similar way to above, (2.3) restricted to the above region is bounded by

1

‘ S:zﬂ (nq)2s0(ny2s1=2s0+1(n + ny 4+ BS/a)(m1 + an? + BS(n —nqy))1—¢
3|nal/2<]n]

e ¥ g :

<c

f— )

for sg > 0 and sg — 51 < 1.
(I3). We consider I3. In a similar way to the proof of (I7), using Lemma
2.2 and (1.7), we have that I3 is bounded by

(>
2 TP + B ()T~ G

S=x1,n
(2.4)
for e € (2a —1+26,1), where 71 = v1(n1,71) is the solution of the following
linear equation with respect to n,

ni T1

T — om,% + 2ann; =0, ie., vy = 5 ey
1

We divide the sum into the following three regions:
In1| < |nl/2, |n|/2 < |ni1| < 3|n|/2 and 3|n|/2 < |n4|.

In the region of |ni| < |n|/2 or 3|n|/2 < |n1|, we have that |[n — ni| > ¢|n|,
then (2.4) restricted to the above region is bounded by

P ! <e
S=%1,n (n1)?1+1(2n —ny + BS/a)(n —yi)t=—c = 7
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for so > 0 and s; > —1/2. In the case of |n|/2 < |ni| < 3|n|/2, we have that
(2.4) is bounded by

1

szj;l (n)?s17200% 1 (n—nq)2% (2n—ny + BS/a)((n1)|n — v (na, 1)) =<
Inl/2<[nr |<3Jnl/2

c

Then, by dividing the sum into two cases that n ~ v, and that n ~ v, we
have that (2.4) restricted to the above region is bounded by

1
cte D G )P —m T BSjan
In|/2<|n1]<3|n|/2
(2.5)
for so >0, s > —1/2, so—s1 <1and e € (2a —1+26,1/2). In the region
of |n|/2 < |ny| < 3|n|/2 we have |2n—n; 4+ 3S/a| > c|n| for sufficiently large
In|, then the second term of (2.5) is bounded by

1
CEH: (n)2s1=2s03—¢(1y — 13, )25 (1 — 7)1 <¢

for so >0, sgp —s1 <3/2—¢€/2and s;1 > —3/2+e€.
(I4). Next, we consider I,. We can assume n # 0 in I4. Integrating with

respect to 7/ and 71, using Lemma 2.2 and (1.8), we have that I is bounded
by
2s1+2—2a
DS o
(n1)2%0(n — nq)?s0(n — 2ny — BS/a)?-2a

S==+1
n1|<2[n|/5 or 2|n|/3<|n|

(2.6)

1
((n)n1 = y2(n, 7))~

X

for € € (40,1/2) where v = v2(n,7) is the solution of the following linear
equation with respect to nq,

n
T —an?®+2ann; =0, ie., yo = ~ — T
2 2an

We divide the sum with respect to n; into the following three regions:

In1| < 2|n|/5, 2|n|/3 < |n1| < 3|n|/2 and 3|n|/2 < |n4].
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In the region of |ni| < 2|n|/5 or 3|n|/2 < |n1|, we have
[n — na| ~ max{|n|, [n1[},

then (2.6) restricted to the above region is bounded by

1
¢ Z 2s 2s0—2s14+2a—2 2—2a
P (n1) %0 (ny2so— 2914203 (n — 2n; — BS]a)
In1]<2In|/5 or 3[n|/2<|n:|
1

) — ()

(2.7)
In the region of |ni| < 2|n|/5 or 2|n|/3 < |n1|, we have |n — 2ny — 3S/a| ~
max{|n|,|ni|}. Then in a similar way to the proof of (I3) by dividing the
sum into two cases that n ~ 77 and that n ~ 7, we have that (2.7) is
bounded by

c+ CZ ! <c
250+2¢ (1) 250—251+1—3 _ 1—e = ©
2 T P02 (5 g — 3y, )}
for 46 < e <1/3, s >0, 259 > s1+1—a and sg — s; > 0. In a similar way
to above, in the case of 2|n|/3 < |n1| < 3|n|/2, (2.6) restricted to the above
region is bounded by

c D :
o <n1>2so—251—2+2a<n _ n1>2so <n —2ny — ﬁS/a>2_2a
2|n|/3<|n1|<3|n|/2
1

{({(n)[n1 = v2(n, 7))~

SC + CZ <n1>250—281+1—6<n —

ni

X

1

n1)?0(ny — y2(n, 7))

<c

)

for sg > 0, 2sg > s1+1—a and sg — s1 > 0.

(I}). We consider Ij. In the region of 2|n|/5 < |n1| < 2|n|/3, we have
that |n|/3 < |n — ni| < 5|n|/3. Then by using (1.8), we have that I} is
bounded by

1
2 T =y~ Bl )y el S
(2.8)
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for e € (46,1/2), 2s9 > s1 +1/2 and v2 = y2(n, 7) is defined in the proof of

({4).

(I5). We consider I5. In a similar way to the proof of (1), we have that
I5 is bounded by

<n>251+1
c Z nl 250 n1>2$0<n—2n1 —ﬂS/a><7-1+a(n_n1)2_ﬂ5n>1767

S=+1,n
(2.9)
for e € (2a —1+20,1/2). We divide the sum into the following four regions:

In| < |nal/2, [n1l/2 < fnf < 3[mal/2,
3[n1l/2 < [n| <5lmal/2,  5[ml/2 <|nl.

In the region of |n| < |n1]/2 or 3|n1|/2 < |n| < 5|n1|/2, we have |n — nq| ~
|n1], then (2.9) restricted to the above region is bounded by

1
<
CSZ:I:; Ana)tso=27Hn — 2ny — BS/a)(m1 + an — n1)? — BSn) T T “

for 2s9 > s; +1/2 > 0. In the region of |n1|/2 < |n| < 3|n1|/2 we have
|n —2ny — BS/a| > ¢|n] for sufficiently large |n|, then (2.9) restricted to the
above region is bounded by

1
¢ ;1 (n)250—251-1(n — pg)2%0 (n — 2n; — BS/a)
Ina1/25 | <3n|/2
1

% (11 + a(n —ny)?2 — BSn)1—

ey 1
= iln 230 231 n_n1>250<7'1+a(n_n1) _Bsn>17

<ec

[ Y

for sp > 0 and sop — s; > 0. In the region of 5|n1|/2 < |n| we have that
|n —n1| ~ |n| and |n —2ny — 5S/al ~ |n|, then (2.9) restricted to the above
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region is bounded by

1
) 521 (n1)?s0(n)?s0=251=1(n — 2ny — BS/a)(r + a(n — n1)* — BSn)'~
5|n1|/2<|n]

<c » !
=€ 2 T e Ty a(n— m)? S

<ec

for so >0, s1 > —1/2and so —s; > 0. O

Remark 2.1. When 0 < s —s1 < 1land 1 < s7+1 < 2sq, the result in
Lemma 2.3 holds even for the case of f/a € Z, which leads to the result
without a non resonance condition (see Remark 1.5).

Lemma 2.4. Assume that 3/a is not an integer. Let 0 < 6 < 1/12. For
any so and sy satisfying 0 < sp—s1 < 1 and 0 < s1+1/2 < 2s¢, there exists
¢ > 0 such that the following estimates hold.

s un(k,T)
(k) Omﬂzgu (2.10)
< cllull1,s0,172-0) 7l 2,51,1/2) + 1wl (1,50,1/2) 172l 2,51,1/2—0) )

A ILRS

<‘7_| _6‘k|> HliLl < CHu”(17so,1/279)HUH(l,so71/2)' (2'11)

Proof of Lemma 2.4. First, we prove (2.10). By using the Schwarz in-
equality, we have that the left-hand side of (2.10) is bounded by

2s > |'lj7'\l(k; 7')’2 dT 1/2
<Z(k> 0/_00 <T+ak2>2(1 a)dT m) (2.12)
280 )
Z//Rz T+ak2 2(1—a) [u(ky, 1)
dr 1/2
n 2
x [k = ki, 7 — 7)) dﬁdT/ W)

T+ ak?

where a is defined in Lemma 2.3. We divide the integral region into two
regions that k = k1 and that k # k1. In the region of & = k1, we have that
the contribution of the region of k = k; to (2.12) is bounded by

cllull (150,017l 2,51,0)-
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We next consider the region of k # ki. We divide the integral region into
the following three cases:

|7 4+ ak?| > max{|r + ak}|,||T — 71| — Blk — ki||} and k # Ky, (2.13)
|71 + k| > max{|T + ak?|,||T — 71| — Blk — k1||} and k # ki, (2.14)
I7 = 71| = Blk — k1|| > max{|7 + ak?|, |71 + aki|} and k # k1. (2.15)
In the region of (2.13), we first divide the sum with respect to k; into the
three cases that |ki| < |k|/2, that 3|k|/2 < |k1| and that |k|/2 < |ki| <
3|k|/2. In the region of |ki| < |k|/2 or 3|k|/2 < |ki|, the right-hand side
of (1.7) is greater than ck? for sufficiently large |k|. Then in the region of
|k1| < |k|/2 or 3|k|/2 < |k1| in (2.13), by using the first estimate in Lemma

2.3, we have that (2.12) restricted to the above integral region is bounded
by

> 230(]{7 k1> 251
d
Pt ak2)ia <T—|—ak2 yi-a Z/Ak (71 + ak2) 1 20(]7 — 71| — Blk — k)220 n)

NI

o dr’ 1/
x (/ <k2 4 ‘7_/ 4 ak2|>2“) HUH(1,SO71/279)||n||(2781,1/279)

< Cskup(fl)||U||(1,so,1/2_9)HnH(z,51,l/2—9)
5T

< cllull1,s0,1/2-0) 171l (2,51,1/2—6)-

On the other hand, in the region of |k|/2 < |ki| < 3|k|/2, from the fact
|k—Fk1|+|k+k1+5S/a| > |2k+BS/a|, the right-hand side of (1.7) is greater
than c|k| for sufficiently large |k|. Then in the region of |k|/2 < |k1| < 3|k|/2
n (2.13), by using the second estimate in Lemma 2.3, we have that (2.12)
restricted to the above integral region is bounded by
CSkuP(I{)HU||(1,so,1/2fe)||n||<2,sl,1/2fe) < cllull(1,50,1/2-0) 7]l (2,51,1/2—0)-

In the region of (2.14), we use the duality argument for (2.12) and so it suf-
fices to show the following inequality restricted to the above integral region

k>280
fm, (B0 (m +ak2 172 Z / (k — k1)1 (1 + ak?)20-9)

(2.16)

1
X <‘7_ — 7_1| — ﬂ“{? — k1‘>1_29 dT) ||U‘H(1,so,1/2)HnH(2,81,1/2—0)

<cllull(1,s0,1/2) 17/l (2,51,1/2—0)-
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By using the third estimate in Lemma 2.3, we have that the left-hand side
of (2.16) is bounded by

¢ sup (IQ)HUH(I,SO,I/Q)||n||(2,31,1/2—9) < CHUH(I,SO,I/Q)||n||(2,sl,1/2—9)'

k1,71

In the case of (2.15), the proof is similar to above by using I3 in Lemma
2.3. The proof of (2.11) is a similar way to above, by using I, I} and I5 in
Lemma 2.3. O

Lemma 2.5. Let sg,s1,a,3 and 6 be the same as in Lemma 2.4. Then we
have

HUWH(I,SO,—1/2) < C(”uH(l,so,l/Q—G)||n||(2,51,1/2) + HU||(1,50,1/2)||”||(2,51,1/2—0)),
(2.17)
102 ([t 2,51,-1/2) < ellull,50,172—0) 1l (1,50,1/2)- (2.18)

Proof of Lemma 2.5. It suffices to show

(o )

SC(”“”(LsO,l/z—e)HnH(z,sl,l/z) sz 0l 21 1/2-9)):

2510 ul?)(k, 7)[? 1/2
(O ) < elasonrs- ol

(I7|
(2.20)
By taking a = 1/2 in the proof of Lemmas 2.3, 2.4 and ignoring [ dr/(r +
ak?)?® in (2.12), we obtain the estimates (2.19) and (2.20) in a similar way
to the proof of Lemma 2.4. [

Proposition 2.6. (i) If so and s; do not satisfy so—s1 <1 and s; > —1/2,
then the estimate

lunll(1,s0,1-5) < cllull (150,007l (2,510 (2.21)

fails for any constants ¢ > 0 and b € R.
(i1) If sp and s1 do not satisfy 0 < sg — s1 and 2sg > s1 + 1/2, then the
estimate
102 (u0) [l (2,51,1-0) < cllull@,s0.0) [[V1l(1,50,) (2.22)
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fails for any constants ¢ > 0 and b € R.

Proof of Proposition 2.6. The proof is based on the argument similar to
Kenig-Ponce-Vega [14,15]. First, we prove (i). We take for N € N,

up(k,7) =0(k + N)u(t + aNz)7
ni(k,7) = 6(k — 2N)y(|7| — 28N),

where 0(-) denotes a function such that §(k) = 1 if £ = 0 and §(k) = 0 if
k # 0. Simple calculations yield

@ ()| > b0k — N)9((r + aN? — 26N)/2).
Substituting this into (2.21) we have

N#o
m § CNSONSI7 (223)

which shows the necessity for s; > b — 1. Similarly, taking

Uz (k,7) = 6(k + N)(r + aN?* + 28N),
na(k,7) = 6(k — 2N )y (|7| — 28N),

uz(k, ) = 6(k)¥(7),
n3(k, ) = 6(k — N)¥(|7| = BN),

ui(k,7) = 6(k)Y (T + aN? + BN),
na(k, ) = 6(k — N)y(|r| — BN),
and substituting these into (2.21), we obtain

N®o

s s s b
NOSCNONlN,m

< Nt and N* < eNS N2, (2.24)
according to (u;,n;), j = 2, 3,4, respectively. The relations (2.23) and (2.24)
show the necessity for s; > max{b—1,—b} > —%, s1—s0 > 2max{b—1, —b} >
—1. This completes the proof of (i).

In order to prove (ii), we next take

us(k,7) = 6(k — N)Y(t + aN?),
Us(k,7) = 8(k + N)y(1 + aN?),
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(k — N)Y(t + aN? — 28N),
(k+ N)yY(t + aNQ),

{u@(kw) — 3(k)(r + aN? + BN),
Ox(k,7) = 6(k — N)Y(T + aN?),

and we substitute these (u;,7;), j = 5,6,7,8, into (2.22). Simple calcula-
tions yield

NN
N1-b

NN

2s s 2s b
SCN O,NINSCN ON, m

< eN%, N*IN < ¢N*°N?

(2.25)
according to (u;,v;), j = 5,6,7,8, respectively. The relations (2.25) show
the necessity for

250 —s1 —1/2 > max{b—1/2,1/2 - b} >0,

so — 1 > max{2b— 1,1 —2b} > 0.
This completes the proof of (ii). O

Lemma 2.7. Foranys€R, 0<e<1/2, 6 €(0,1] and0 <0 <0 <1/2,
we have

[s() F| (i,8,1/2)> (2.26)

195 () F |l (35,1 /2—0) < e8P | Pl i.5.1/2) (2.27)

(is.1/2) S 6| F

where 1 = 1, 2.

Proof of Lemma 2.7. To prove (2.26), using [13, Theorem A.12], we have

1/2
165C)FllG,s,1/2) < 1D 05Oz IW Ol g, oy + s Ollge 1l 12,
Jc( t )
(2.28)

where 1/p+1/p' =1, 1 < p < oo and W(t) is defined as follows:

z‘(kx-i—oath)f F(k‘ t) ifi=1
W()F) (1) = 4 22k v ’
(W()F)(x,t) { Zk: ez(kw:tﬁkt)fzp(k.’t)’ if i = 2.
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Using Sobolev inequality, we have that the right-hand side of (2.28) is
bounded by

1405 ()| g2+

Fll(is,1/2—e) + 1 F 5,5,1/2) < 0N Fli,5,1/2)-

To prove (2.27), using the Sobolev inequality with respect to the time vari-
able, we have

195)Fllis1/2-0) < ellvs Ol yaraoso IFllis,1/2-0 < 8”7 [ Fll5,1/2),
fori=1,2. O

3. Proof of Theorem 1.1. We are now in a position to prove Theorem
1.1.

Proof of Theorem 1.1. We put ro = |lug||ms0, 1 = ||nol|gs: and ry =
1] gsi—1 where 0 < sp—s1 <1and 0<s;+1/2<2sy. For § € (0,1], we
define

%50781 (7’0,7"1,7"2) - {(u,n, 815”) S XSO X )/Sl X }/Vslfl : HUHXSO S 2CTO7

Hn Yo, < 2cry, Hathysl—l < 26T2}7

Da(u,m)(£) = H(B)S(B)uo — i (1) / S(t — N) (bsutbsm) (A,

t

U5 (u) () = B0V (o + $(OV (E)ny + F(2) / V(£ = N2 (jsul?)(\)dA.
0]

By Lemmas 2.1, 2.4, 2.5 and 2.7, we have

|5 (u, )]

X, < cro + c6t[|ul

XSO ’n Ysl ?

W5 (w)lly,, ~ 10: W5 (u)|

for some p > 0. Similarly, for (u,n,dn), (u,n,0n) € B, s, (r0,71,72), We
have

vo, 1 Selr+r2) + e |ulk,

15 (u, n) = @5(u,n)l|x,, < ed"(ro+r1)(lu—ulx,, +ln—7ly.,),

[Ws(u) — ¥s(u)

Y., o1 < edtrol|lu — 1l

Ve, ~ 106(¥s(u) — Ws(u)) X.g-
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Thus, we conclude that if we choose § > 0 sufficiently small, then ®s5 x U5 x
Vs : (u,n,0m) — (Ps(u,n), ¥s(u),d:Ws(u)) is a contraction map. Then,
we obtain the unique local existence results in X, x Y;, X Y, _; by the
contraction argument.

For sy and s; satisfying 0 < sg—s1 < 1 and 0 < s1+1/2 < 239, to prove
the uniqueness results, we use the argument similar to [5]. We put

|ul| x7 = inf{|lw]|x, : w € Xs s.t., w(t) = u(t) for t € [0,T] in Hy},

[n]lyr = inf{[[w]ly, : w € Ys s.t., w(t) = n(t) for t € [0,7] in H;}.

Let (u1,m1) and (u2,m2) be the solutions of the initial value problem (1.1)
with the same initial data. We can assume that there exists M > 0 such
that

7 (Durllx,, [Pr(-)uz|
[r()nally,,, [Yr()ne

where T' > 0 is the existence time of the solution. By the definition, for any
€ > 0, there exist (w, ¢) € X, x Ys, such that

X <M7

sg —

Y. <M7

s] —

w(t) = Pr(t)(u1 — ug)(t) for t € [0,T7],

o(t) = Yr(t)(ny — na)(t) for t € [0,77],

X = [4br () (ur — UQ)HXSTOf + ¢,

]

1]

where 0 < T" < min{7, 1} is determined later. We put

v., < |Yr()(n — n2)|]Y5T1/ + e,

5(t) = b(t) / S(t— MU,

a(t) = v(t) / V(t — NN,

where

U(t) = Y (Ow()r ()7 (#)n1(t) + Y7 () r (E)ua () (B)o(2),

N(t) = b ()r (@) ()b ()w(t) + Pr (8)br (D uz(t)Pr (t)w(t).
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Then, we have &(t) = w(t), ¢(t) = ¢(t) and d,6(t) = d,¢(t) for ¢ € [0,T].
Using the same argument as above, there exists 0 < 1 < 1/12 such that

lor () (ur = o)l xzr < T M(|lw]lx,, + [I9]v.,)
<" ([$r () (w1 = w2)llxzr + ¥ () (n1 = na)llya + 2e),

()1 = na)llyz ~ [ ()0ulos = na)llyrr | < T Mol x,,

<" ([r () (ur = )l xz +6)-

By choosing 0 < T” sufficiently small, we have

Y (t)us(t) = Pr(t)ua(t),

Yr(t)na (t) = Pr(t)na(t),
Yr(t)0na(t) = r(t)0ina(t),

for t € [0,T"]. Repeating this procedure, we have the uniqueness result. O
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