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Abstract. We are interested in the limit, as m — oo, of the solution
Um of the porous-medium equation u; = Au™ in a bounded domain {2
with Neumann boundary condition, 35: = g on 02, and initial datum
u(0) = ug > 0. It is well known by now that this kind of limit turns
out to be singular. In the case g = 0, it was proved that there exists
an initial boundary layer w,, the so-called mesa, and u,,(t) — u, in
L'(Q), for any t > 0, as m — oo. In this work, we generalize this
result to the case of arbitrary g € L?(0Q), we prove that the initial
boundary layer is still u, and in general (even in the regular case) the
limit function is not a solution of a Hele-Shaw problem. There exists a
time interval I where the limit of u,,, as m — o0, is the unique solution
of a Hele-Shaw problem and elsewhere, u,, conveges to the constant

function ﬁ(jﬂ uo + 1t fasz 9)-

1. INTRODUCTION

Let © be a bounded domain of RV with smooth boundary I'. For m > 1,
we consider the porous-medium equation with nonhomogeneous Neumann
boundary condition

%:Aum on Q = (0,00) x
aé?Ln =g on ¥ = (0,00) x 92 (1.1)
u(0) = ug
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where g € L*(T") and up € L? (Q) . For any m > 0 (cf. Proposition 3), there
exists a unique weak solution u of (1.1) in the following sense:

uwe L2Q), w:=|[u™ue L}, (0, o0; H! Q)

//&w/f uo—/ /Dw D5+/ /eg (1.2)

V¢ € CH([0,00) x Q) compactly supported.

We denote by u,, this solution. We are interested in the behavior of u,,, as
m — 00.
Formally, we see that as m — oo the equation

% = Au™ on @
8 m
;—n =g on X
converges to
% —Aw=0 in@
u € sign(w) in Q (1.3)
ow on 3
i n
) [ 5

which is a weak formulation of a Hele-Shaw-type problem. In fact, the Hele—
Shaw problem is a one-phase free-boundary problem modeling the evolution
of a slow, incompressible, viscous fluid moving between slightly separated
plates, so that the pressure w = w(x,t) > 0 is such that there exists a phase
function v and (u, w) satisfies (1.3) (cf. [19, 17] and [11, 10] for physical and
mathematical formulation, respectively). A sign condition on g corresponds
to the injection through I' if ¢ > 0 and to the suction if g < 0. This case
turns out to be an ill-posed problem under general conditions on g (see
[10]). In this work, although we consider time-independent data, since no
restriction on the sign of g is assumed we will consider the (mathematical
model) generalized free-boundary problem associated to (1.3) that we call
the generalized Hele-Shaw problem.

Since the range of a solution of (1.3) remains in [—1,+1], ug is an incon-
sistent initial datum for (1.3) if ||up|lcc > 1. This implies that the limit of
Uy, may be singular and an initial boundary layer appears in general, when
one passes to the limit. On the other hand, we see that a solution of (1.3)

satisfies
o= [
Q T
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so that, if [ g # 0, then a solution of (1.3) is not defined for large ¢. This
implies that the limit of u,, is not a solution of a Hele-Shaw problem in all of
(0, 00). This formal analysis shows that, even in the regular case ||ug|lco < 1,
the problem is completely different from the similar one with the Dirichlet
boundary condition (see [16, 18, 20]). Indeed, it was proved in [12] that if
the Dirichlet boundary condition is prescribed on the boundary I, then the
limit is a solution of the Hele-Shaw problem.

Recall that the case g = 0 and ug > 0 is completely solved. It was proved
n [2] that w,(t) — uy in L'(Q) for ¢ > 0, where

1
][uo = ﬁ/ ug if ][ug >1
g = 12 Jo (1.4)

- UOX[w=0] T X[jw>0] if up <1

with w € H(Q) the unique solution of the so-called “mesa problem”
w€H2(Q), w>0,0<Aw+uy <1,
w(Aw +up—1) =0 ae. Q and g—: =0on X.
However, to our knowledge, the case g Z 0 was an open problem and there
was no result concerning the limit as m — oo of wu,, even in the regular

case. The aim of this paper is to characterize this limit, for any ug € L?(12),
ug > 0 and any g € L*(I"). We show that, as m — oo,

Um —u  in C ((0,00); Ll(Q)), (1.5)

,u(t):][uo—ki/g for t > 0,
€2 Jr

and defining I = {t > 0: |u(t)| < 1} :=[a,b] witha=b=4oc if I =0, u is
the unique solution of

i) weC (0,00 L), u(0) = o,
i1) u(t) = u(t) a.e. on , for any t € (0,a] U [b, 00)

where, setting

iii) 3w € L} (a,b; H'(Q)) such that u € sign(w) a.e. in Q (1.6)

and// &u— Dw - DE) = //59, Ve € CH((a,b) x Q),

compactly supported;

here uy is given by (1.4). So, the limit function u is a solution of a Hele-Shaw
problem for ¢ € I and u is a constant function in €2, for ¢ € R* \ I. On the
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other hand, we see that I may be empty; for instance, when fF g > 0 and
Fug > 1, then u(t) =fuo + ﬁ Jrg =1, forallt>0.

The existence and uniqueness of a weak solution of (1.3) and (1.1) were
extensively studied in the case where the Dirichlet boundary condition is
prescribed at some part of the lateral boundary, but there are few works with
the Neumann boundary condition; we cite for instance [11, 13]. Briefly, the
main difficulty in considering the Neumann boundary condition remains in
the control of the H'-norm of w in €; the L?-norm of Dw in  is insufficient,
and we must control the average of wj; this is the aim of Lemma 3 and
Lemma 4.

Finally, we notice that using the results of [14], all the arguments of this
paper remain true for the study of the limit of the solution of the Stefan
problem with nonhomogeneous Neumann boundary condition, as the specific
heat ¢ goes to 0. In other words, the limit, as ¢ — 0, of the solution of the
Stefan problem with nonhomogeneous Neumann boundary condition is the
unique solution of (1.6) with the same initial data u, given by (1.4).

To prove these results, we will use abstract arguments of nonlinear semi-
group theory. So, we will be interested in the limit, as m — oo, of the

solution to the stationary problem
m

v=Av"+ f on Q, aL:gon@Q
on

for any f € L'(Q) and g € LY(I"). This is the aim of Section 2. We recall
that this problem was completely solved when g = 0 (see [5] for H f ! <1
and [6] for any f € L'(Q)). In Section 3, we give a new proof of existence
and uniqueness of a weak solution to the generalized Hele-Shaw problem
(1.3) under natural conditions on initial data xo € L? () and g € L*(T). In
Section 4, we prove existence and uniqueness of a solution to (1.1) and (1.6)
and we prove the convergence result (1.5).

2. THE ELLIPTIC PROBLEM

We consider, first, the elliptic problem

m

v=Av"+ f on Q, aai:gonaﬁ (2.1)
n

with f € L1(Q) and g € L*(T'). Applying Theorem 22 in [8], for any m > 0,
there exists a unique solution v of (2.1) in the sense that
ve LYQ = |v|" v e WHH(Q), ae. Q

| - Dé— / (7 =)+ [ gt ¥ eC'@) (22)
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Moreover, if v and 9 are two solutions corresponding to f, f € LY(Q) and
9,9 € LY(T') then (cf. Proposition E in [5])

Lo=or< [g-ir+ [w-o (2.3)
[o=or< [17-A+ [lo-al (2.4)

As m — oo, one has

Proposition 1. Let f € L'(Q), g € LY(T') and for m > 0, let vy, be the

unique solution of (2.1).
[+ /g <1,
o

1) If
there exists a unique solution (v, w) of
ve LYQ), we WHH(Q), v € sign(w) a.e. on Q
[ pw-De= [ (1-vie+ [ g6 vecc@,
Q Q r

and

(2.5)

vm — v in LY(Q) and v |™ Loy, — w in WHL(Q), as m — oo.

2) If
i+ fol=n

then vy, —>—ff—|—@fpg in LY(Q), as m — oo.
First, we prove the following lemma.

Lemma 1. Let f € L(Q), g € LY(I') and vy, be the solution of (2.1). Then,
Vm is precompact in L1(€2).

Proof. According to [5] (step 3 of the proof of Theorem B'), for all w CC €,
U is precompact in L'(w), and since

lvm @) < [1fller@) + llgllzr s
there exists my — oo and v € L'() such that
U, — v a.e Q. (2.6)
First, we assume that f € L*(Q) and g € L?(T); then we have
lomllz2) < C (1flle2) + lgllz2y) »
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where C' depends only on 2. This implies that v, is weakly precompact in
L? () and in L'(£2). Then, using (2.6) we deduce that v,, is precompact in
LY(9).

Now, let f € L'(Q) and g € LY(I"). We consider f. € L*(Q) and g. € L*(T")
such that f. — f in L'(Q) and g. — g in L}(T"), as ¢ — 0. Using the first
step of the proof, we denote by v,,. the corresponding solution, which is
compact in L'(Q). Using (2.4) for m > n > 1, we have

H'Un_val < an_vns||1+||Um_vms||1+||vns_vms”1
< 2{If = felli + Mlg — gelli} + l[vne — vmell1-

So,
limsup [[on —vml1 < 2{|[f = felh +1lg = gcli} —0, ase —0;
n—oo
then vy, is precompact in L'(Q). O

Proof of Proposition 1. If
| ][f +51 [ 9l <1,
€2 Jr

then using Lemma 1, part 1) of the proposition follows exactly in the same
way as in Theorem B in [5].

Let us prove part 2). Due to (2.4), it is enough to prove it for f € L*(Q),
g€ L*(T) and H f + ﬁ Jr gl > 1. We may assume without lost of generality
that f f + o Jpg > 1.

According to [5], we have

{(vm)™ — C¥m>1 is bounded in Wh(Q) (2.7)

where Cy;, = (vy,)™. Using Lemma 1, there exists my — oo such that
Uk 1= U, — v in L1(Q), and using (2.7) we have @y, := (v, )" —Chn, — Woo
in WH1(Q) and almost everywhere on €2. Then, using Jensen’s inequality and
the fact that fv, =ff + ﬁ frg > 1, we have

firs ()" (o o=
kaw > foym - ][ i)

Wi
ka

1 ~ 1
Vg >m7 B (1 Wi )»T,C
=1+ — 1 a.e.,
(cmk Cony

since

we deduce C),, — oo. Then — 0 almost everywhere and
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1
so that v = limyy,, .0 (Chpy, ) ™ is constant almost everywhere on 2 and equal

tofv:—ff—i-ﬁfrg. O
These results may be stated in terms of operators in L*(Q). For m > 1
and g € L}(T), let A7, be the operator defined in L!(2), by

Ad v =—Alv|™ v (2.8)
with
D(A,) = {vel'(Q); w:=|v|™" veW"(Q), Awe L' (Q)
and /(Dw-D§+Aw§) :/gf, Ve e CH(Q)).
Q r
Then A3, is m-accretive in L'(Q) and A, — A9 in the graph sense, where

A9 is the multivalued m-accretive operator in L!(Q) defined by

v, z€ LY(Q), 2 = ﬁ Jrg and
either v = pr a.e. on Q with p € R, |u| > 1

z€ A% & ¢ or there exists w € WH(Q) such that (2.9)
v € sign(w) a.e. on  and

JoDw-DE = [ 26+ [ gé VEeC (D).
Indeed, A9 being defined as above, for f € L'(9), we have
veLYQ) fuv=+f+ ﬁfrg and
v+ A% S f & ¢ either v =p a.e. on Q with p € R, |u| > 1 or
there exists w such that (v, w) is the solution of (2.9),

so that according to Proposition 1, there exists a unique solution v of v +
A%v > f and
v= lim (I+ A%)"f.

m—0o0

Corollary 1. Let f € LY(Q), g € LY(T') and consider f,, € L*(Q), gm €
LY(T') such that, as m — oo,

gm — g i LNT) and f, — f  in LY(Q).
Then
(I+ A9 — (T+ A9 in LNQ), as m — oc.
Proof. Using (2.4), we have
I+ A )™ i — (I + AT 7 f |1y
<N+ AG) ™ o = (T4 AG) T e+ (T + AG) T = (T + A7l
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< / g — gl + /Q o — F1 (1 + A9) Vg — (I + A9) a1,
I

Then, using the Proposition 1, the result of the corollary follows. [l

Proposition 2. For any g € LY(T'), D(A9) = D1 U Dy =: D, where Dy =
{ue L*Q):|jul <1}, Dy = {u=p: peR, |u| > 1} and D(A9) denote
the closure in L' () of the domain of A9.

Proof. By the definition of AY it is clear that D(AY9) C D and Dy C D(A9).
Now we prove that D; C D(A9). For this aim let u € D; and consider u. a
sequence of Dy, such that Hu. + ﬁ Jrgl <1foralle >0 and u. — uin
LY(9), as ¢ — 0. Using Proposition 1, u. € R(I +¢A9) and (I +cA9) tu. €
D(A9), for all € > 0.

Next, we show that

(I+eA) u, —u  in LY(Q) ase — 0, (2.10)

which concludes the proof. Since sign(er) = sign(r) for all e > 0 and r € R,
(I +eA9)"tu, = (I + A%9)~ Ly, and using Corollary 1, we have

(I+eA%) e — (I4+ A% in LY(Q) as e — 0.

As ||uloo < 1 then (I + A%)~lu = u so that (2.10) follows. O

Now if ug € L'(Q) and g € L(T") are given, by the general theory of
evolution equations (see [1], [4], [9]), for any m > 1 there exists a unique
mild solution u,, € C ([0,00); L*(2)) of

dup,
% + A9 Uy 3 0 0n (0,00)  um(0) = up (2.11)

which is given by the exponential formula
t -n
um(t) = e_tAgnuo = lim (I + —A?n) Uo.
n—oo n
Using the Brezis—Pazy theorem, for regular perturbations of a nonlinear

semigroup, and the Proposition 1, we have

Corollary 2. Assume that ug € D. If for m > 1, g, € LY(T') and uom €
LY () are such that g, — g in LY(T') and uom — uo in L'(Q), as m — oo,
then

e M ugm — e M uy i C (10,00); L'(€2)), as m — oo.
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3. THE GENERALIZED HELE-SHAW PROBLEM

The aim of this section is the study, using nonlinear semigroup theory, of
the existence and uniqueness of a weak solution to the two-phase Hele-Shaw
problem (1.3) with a natural initial datum xo € D;.

Theorem 1. Let xo € D1, g € L*(T),

pu(t) = ][XO + ’tﬁ/rg, for any t >0 (3.1)
and
T=max{t>0:|u)<1}. (3.2)

If T > 0, then there exists a unique solution u of the generalized Hele—Shaw
problem in the following sense:

u € L™®(Qr), EI11)€L20TI-I1 ,ueszgn a.e. Qr

and //5tu+/§ //Dw D§+//g§ (3.3)

Ve € HY(Qr), &(T,
where Qr = (0,T) x Q. Moreover, u(t) = e o, for any t € [0,T).

Remark 1. This theorem gives the existence and uniqueness of a weak
solution u to the generalized Hele-Shaw problem with initial data xo € D;y.
Actually, if we assume that g > 0 and xo > 0, then using (2.3) we have u > 0
so that u is the unique weak solution of the one-phase Hele-Shaw problem.
Note that there exist particular choices of negative g and nonnegative xq
such that the one-phase Hele-Shaw problem still has a solution (cf. [10]).

Remark 2. In the one-phase Hele-Shaw problem, T as given above is the
time when the physical model breaks down (cf. [11]).

In order to prove the theorem, we need the following lemmas:

Lemma 2. Let f € L?> (), g € L*(T") and w € HY(Q) such that

/QDw.Dgz/QfgjL/rgg, vV eec(Q).

Then for all £ € W2H(Q) N L*>®(Q), £ >0 and g—f} =0 on I'" we have

+ —A .
/Q wH(—A8) < /[M] fe+ /F e (3.4)

/Qw(—Aé) S/[w<0](—f)£+/m[w<o](—g)g. (3.5)

and
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Proof. Since z = —w is the solution of

/Dz De = / /—gm, Ve,

(3.5) is a consequence of (3.4).
Let us prove (3.4). We consider the sequence j, defined by

o) = (D)7, WreR

where ¢ € N and ¢ > 1. Then, j,(w) € H'(Q2) and for all £ as in the lemma
we have

[ twi=a) - / Diy(w) - DE = [ jyw)Du- D¢
/ Duw - D(E](w / 51/ (w)| Duf?
:/Qféj;( /gqu /53 )| Dw|? < /fﬁjq /Fgéj;(w

This implies that, for all ¢ > 1, we have

Lwniti-ag < { | sewni + [ gew)

As g — oo, we obtain (3.4). O

Q=

Lemma 3. Lete > 0, u,a € L>®(Q), g € L*(T") and w € HY(Q) such that
u € sign(w) almost everywhere in Q, |u| <1 and

/Dw-sz/qu/gﬁ, Ve € CHQ), Ve > 0.
Q o ¢ r
If Hu| < 1, then

HwHLl(Q

< —C lgllyr
< glirr

) =1 Hu‘ )
where C' is a constant depending only on €.

Proof. First, applying Lemma 2, for any ¢ € W2(Q) N L*(Q) with £ > 0,
g—i = 0 on Jf, we have

u—1U
Jurags [ e Pte< [ o< eliemlalim
Q I'Nw>0] [w>0] € I'Niw>0]
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Let & be the solution of
Ay =u——u in Q
% =0 on 02
&0 =0;

we have & € W2P(Q), for any 1 < p < oo, and

1oz < C'Hu— ][UHLOO <C,

where C' is a constant depending only on Q. Set £ = &y + C'; we have £ > 0

and
[t (u=fu) = [ wl-a9) < 2Clgll,

and since wTu = wT almost everywhere in €2, we have

(1= fu) [ w* < 2Clslorc (36)

Now, using (3.5), with & the solution of
—A& =—-u++Hu in Q

% =0 on 0f)
7[51 = 07
and since w™u = —w~, we have

(1+ fu) [ v < 2Clglurc (3.7)

From (3.6) and (3.7) we deduce that

(-] ][u‘) /Q Jw| < 20lgll 21y,

which completes the proof. ]

Proof of Theorem 1. First we show that the mild solution is a solution
of (3.3). By definition of a mild solution, u(t) = L' — lim u.(¢) uniformly for
t € [0,T], where for € > 0, u. is an e-approximate solution corresponding to
a subdivision tg = 0 < t;1 < --- < tp_1 < T =t, with t; — t;_1 < &, defined
by u:(0) = X0, ue(t) = u; for t € (t;_1,t;] where u; € L1(Q) satisfies

U; — WUi—
Yi ZUisd o Aoy, 5 0
ti —ti1
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that is, there exists w. defined by w.(t) = w; on (t;—1,t;) where for all
1=1,...,n,

w; € H! (Q), u; € sign(w;) a.e. Q,

[pwpe= [ [t veecm Y

Since T > 0 and u(t) — u(t) in L'(2) as e — 0 unlformly for t € 0,77,
for € > 0 small enough, one has Hu2| <@ fori=1,...,n with 6 < 1
independent of €. Using Lemma 3,

-

with C7 independent of €.
By density we can replace in (3.8) & by w;; we get

|w;| — wijui—1
/|le|2 /ng / Zt _tz — < Hwi”L2(F)H9HL2(F)a
i1

and then, by the Poincaré inequality, using (3.9),
[Dwill 20) < CollgllL2(r) (3.10)

S CngHLl(F) for i = 1, o, N, (39)

with C5 independent of ¢.

It follows from (3.9) and (3.10) that w. is bounded in L*(0,7; H'(2))
as ¢ — 0. Let g, — 0 such that w., — w in L%(0,T; H(2)). On the other
hand, since u. — u in L}(Q) and u. € sign(w.) almost everywhere on Q, at
the limit u € sign(w) almost everywhere on Q.

Finally, let 1. be the function from [0, 7] into L (£2) defined by @ (¢;) = u;
and suppose i is linear in [t;_1,t;]; for £ € HY(Q) with &(T,-) =0

/ L+ [ g0, / | . D§+/ [ wes

Passing to the limit we conclude that u is a solution of (3.3).
To complete the proof, we have to show the uniqueness of the solution to
(3.3). If (u1,w1) and (ug,ws) satisfy (3.3), then

T
/ /(U1—UQ)§t+D(w1—w2)~D§:0
0 Q

for all ¢ € CHQ) with &(T,-) = 0 with u; € sign(wy) and u; € sign(w)
almost everywhere on ). So, applying Lemma A in the appendix of [6] with
H=L*Q),V =HY(Q), (uv J DuDv, v = u; — ug and v = wy — wy,
the uniqueness follows. [l
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Remark 3. In the proof of Theorem 1, we see that the main difficulty
in considering the Neumann boundary condition remains in the control of
the H'-norm of w, with the L?-norm of Dw, in . This is obvious if one
prescribed Dirichlet boundary condition in some part of I', by using the
Poincaré inequality; otherwise, we need to control the average of ofw, in €2;
this is the aim of Lemma 3.

4. THE LIMIT AS m — 00

Now, let g € L?(2,) up € L?(Q2) and consider the porous-medium equation
(1.1). First, we state the following existence and uniqueness result of a weak
solution:

Proposition 3. For any m > 1, there exists a unique u,,, a solution of
(1.1) in the sense of

Um € L*(Q), Wi = |um|™ 'y, € L, (0,00; H'(Q))

//ﬁtum /5 uo—/ /Dme§+/ /gg (4.1)

VE € C’1 [0,00) x Q) compactly supported.

Moreover, upy(t) = e~ A%

mug, for any t > 0.
And, as m — oo, we have

Theorem 2. Set
t
() —][uo—i—@/g fort>0, T={t>0:|p@)|<1}:=[a,0)
r

with a =b = +oo if [ =0, and let u,, be the solution of (4.1).

There exists u € C([0,00); L(2)) such that

U — u in C((0,00); LY()), as m — oc. (4.2)

If ug > 0, then u is the unique solution of the following problem:
i) we (0,00 L) , u(0) = up,
1) u(t) = pu(t) a.e. on Q for anyt € (0,a] U[b, o0)
iii) 3w € L2 (a,b; HY(Y)) such that u € sign(w) a.e. on (4.3)

and/a/gftu—Dw-sz/:/Fﬁg, Ve € CH(a,b) x Q),

compactly supported

where wg is given by (1.4).
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In order to prove Proposition 3, we need the following result:

Lemma 4. For any m > 0, there exists a constant C depending on m, €2
and N, such that

[ llz2g0) < € {lull 7 qy + 1D 12200 §
for any u € LY(Q) such that u™ := |u|™ 1u € H(Q).

Proof. Let u € L'(Q) such that u™ := |u|™ 'u € H'(Q) for m > 0 fixed.
Using Lemma A.16 of [3], we have

m m 1 ’Q| % m
[u™ 2y < A™[Q2 +K{ (m) + 1}HDU z2(0)
for all A > 0. On the other hand, we see that
1
[llul < Al = 19] = [llul = All 2 19] = S ullry o)
so that

1
el 2y < A™10% + K { (

AQ| )%

1¢||Du™
T MR LT

for all A > ﬁHUHLI(Q). Choosing, for instance, A = ﬁHuHE(Q), the result
follows. O

Proof of Proposition 3. To show the uniqueness of a solution u of (4.1),
we apply Lemma A in the appendix of [6] in the same way as in the proof
of Proposition 2.

To prove that the mild solution u = w,, satisfies (4.1), we consider, as in
the proof of Proposition 2, an e-approximate solution u. corresponding to a
subdivision to < t1 < oo < tpe1 < T < ty,. We have u.(t) = u; on (t;—1, )

with u; € L*( : |uz]m Lu; € HY(Q) and
/le Dt = /g& [Hte veeam. (4.4)
e bi—1

It follows that
Julzaoy < ol + = [ lal
so that
lue(@)ll L2 () < My := [Juollr +T/F lgl, Vvt e[0,T], (4.5)
and, using Lemma 4 and (4.5), we have

will oy < C (1 + [[Dwil| 20 ) (4.6)



MESA-LIMIT OF THE PME AND THE HELE-SHAW 143

with C' independent of €. Now, replacing £ by w; in (4 4), we get

—/ Uz‘\mHJFE/ | D |? SE/gwar /\uz !
m—|—1 O Q T
<cellglrzmyllwill o) + m—H/Q\m_l\m“.

This implies that

1
T A A

1
< g [l eClgliay (14 10wl 1200
so that we := |u.|"™ 1u. satisfies

1 m+1 T 2
p—— | | + |Dw€|
T 1/2
m+1 TC D 2 ]
1 [l gl + ([ [ puk)

This implies that Dw, is bounded in L?(Q); then (4.6) implies that w. is
bounded in L2(0,T; H(€)), and there exists a subsequence that we denote
again by e such that, as ¢ — 0,

we — [u|™ ' weakly in L2(0,T; H'(Q)).

At last, let . be the function from [0,t,] into L'(Q) defined by . (t;) = u;,
where . is hnear in [ti_1,t]; for € € WHL(0,T; LY(Q)) N L*(0,T; H(Q))
with &(T,-) =

/ /uaft /uOé /OT/QDw@D&/OT/I;Ia (4.7)

Passing to the limit in (4.7), we get that u is a solution of (4.1), which ends
the proof of the proposition. O
Proof of Theorem 2. First, we prove the uniqueness of a solution u of (4.3).
By definition, a solution wu(t) of (4.3) is perfectly defined on [0, a] U [b, 00).
On the other hand, applying Theorem 1, for a < a < 8 < b, we find u = u,
on (a, B) x Q, where u, is the mild solution of

<

duq
%—i—AguaBO on («,f)

(@) = u(a).
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Then, if u; and ugy are two solutions of (4.3), by the contraction property of
mild solutions, we obtain

lur (t) = w2 (@)l < flur(e) = uz(a)||p1, Va<a<t<b

Since u1(a) — uz(a) — 0 in L'Y(Q) as a — a, we conclude u; = up on
(a,b) x Q.

For the existence of a solution to (4.3), let u(t) = e 4%y, for t > 0.
By assumption, u satisfies (4.3-i). Being a mild solution it is clear that
u(t) € D, for any t > 0 and fu(t) = pu(t); then u satisfies (4.3-ii). At last,
by Theorem 1, u satisfies (4.3-iii).

Now, as the solution of (4.1) (respectively (4.3)) is given by wu,,(t) =
ety (respectively u(t) = e *4%u,), the convergence result (4.2) follows
from the following lemma, which is based on an idea of [7] (see also [15]),
and this ends the proof of the theorem.

Lemma 5. Let ug € L'(Q), ug > 0 and g € L'(T). As m — oo, we have
ety — e My in C ((0, 00); LI(Q)) (4.8)

where ug is given by (1.4).

Proof. Let 0 < 6 <t < t2 < oo. For all ¢ € [t1,ts], we have

_(t—8VAY _5A0
(t 6)Am€ 6Amu0||1

_($— _SAO _($— _($— _
e 0 g8y — ATy | 4[| emU=ATy ot ATy )

le™ mug — e 4% ug|)1 < ey — e

Using the L' contraction property of the operators AY, and A9, we have

—tA —0A

g — e A1y < e mug — e m |y

—({— g _5A0 —(t—
4 [l AR —0AG o~ (t-0)40

e

0

—6A
upll1 + lug — e gﬂoﬂl-

And, since

I+ A42) g = (14 A4%) ol < A [ fgl, ¥ Ao,
I

_ g _ 0
e84y — =545y, < 6 / 1l
T
and

e mug — e Ayl1 < 5/ g+ [l DA =0y o= (E=0)A%y 1)
r

_SA9
+lug — e ug 1. (4.9)
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Recall that, as m — oo (cf. [2]),
6—5149”“0 — Uy in LI(Q)
and u, € D; then, using the Corollary 2, we have

t—=0)Af, ,—0AS

sup e mygy — e_(t_‘s)A&’gOHl — 0, (4.10)

te [t1 ,tg]

and (4.9) implies

lim  sup [le"mug — e ou )y < 5/ g+ llug — e *>uglly V6> 0.
M0 te(ty,ta] r

At last, let § — 0; then the result follows. O
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