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Abstract. In this paper we are concerned with the existence and mul-
tiplicity of nodal solutions to the Dirichlet problem associated to the
elliptic equation Au + q(|z|)g(u) = 0 in the unit ball in R™. The non-
linearity g has a linear growth at infinity and zero, while the weight
function ¢ is nonnegative in [0, 1] and strictly positive in some inter-
val [ri,72] C [0,1]. By means of a topological degree approach, we are
able to prove the existence of solutions with prescribed nodal properties,
depending on the behaviour of the ratio g(u)/u at infinity and zero.

1. INTRODUCTION

In this paper we deal with the existence and multiplicity of radial solutions
to the Dirichlet problem

Au—+q(|z])g(u) =0 if x € Q

(1.1)
u(z) =0 it x € 0Q,

where € is the unit ball in R , N > 1. We assume that g : R — R is locally
Lipschitz and that ¢ : [0,1] — R is continuous. This kind of problem has
been faced by many authors, with different methods and techniques; without
seek of completeness, we refer for instance to the papers [1, 2, 6, 8, 12, 15,
16, 25).

We are concerned with the case when g has a linear growth both in zero
and at infinity; a precise mathematical formulation of this condition is given
in (3.3) and (3.4). Here, for simplicity, we assume that there exist gy > 0
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and go, > 0 such that

.gu)
ilg%) =% (1.2)
and
lim _g(u) = Joo- (1.3)

lu| =400 U
As far as the function ¢ is concerned, we assume that g(r) > 0, for every
r € [0,1], and that there exist gop > 0 and [r1,72] C (0, 1] such that

q(r) > qo, Y r€lri,ral. (1.4)
Moreover, we set @ = max{q(r) : » € [0,1]}. As corollaries of our main
results (Theorems 3.1 and 3.2), we will prove the following:

Theorem A. Under the previous conditions, let j be the smallest integer
such that

Qo) 2/ Qg 1) <7 + 5) (15)

and let | be the largest integer such that

w1+ 3) < s ) g (16)

If j+1 <, then for every integer n € [j+1,1] there exist two radial solutions
U, and vy, to (1.1) such that v, (0) < 0 < uy(0). Moreover, u, and v, have
exactly n zeros in (0,1).

Theorem B. Under the previous conditions, let j' be the largest integer such
that

s 3 _
77(]’ + 5) < riv 1(r2 —71)v/q090 (1.7)
and let I’ be the smallest integer such that
_ 1
(Qoo) M2 (VQgoo = 1) < (' + ). (18)

If I' +1 < j', then for every integer n € [I' + 1,5'] there exist two radial
solutions uy, and vy, to (1.1) such that v, (0) < 0 < uy(0). Moreover, u, and
vy, have exactly n zeros in (0,1).

Roughly speaking, Theorems A and B ensure the existence of radial solu-
tions to (1.1), provided there is a sufficiently large gap between gy and guo.
In turns, this is equivalent to require that the asymptotic behaviours of g at
zero and infinity are different.

In the literature there are several papers concerning boundary value prob-
lems when the nonlinearity is asymptotically linear [3, 4, 9, 11, 15, 17, 18, 20,
21, 24]. In [9, 18, 24] the authors study equations like u”+ f (¢, u) = p(t, u, u’),
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(then N = 1), when f is asymptotically linear only at infinity; they give ex-
istence and multiplicity results depending on the function p.

A completely different approach is considered in [11]: according to the
celebrated conjecture in [21], the authors prove multiplicity results for (1.1),
with N = 1, assuming conditions like (1.2)-(1.3) and ¢ strictly positive in
[0,1]. On the same lines, results comparing the behaviour of g at zero and
infinity are obtained in [17] for autonomous equations involving p-laplacian
like operators. As for the case N > 1, we refer to the paper [15], where a
result similar to Theorems A and B is given in the autonomous case. We also
mention the very recent article [4], which generalizes to systems of second
order equations many of the previous quoted results.

Finally, we refer to the papers [3, 20] for the search of multiple solutions
to (1.1) in the non-radial case.

To the best of our knowledge, the study of asymptotically linear problems
when ¢ has zeros in [0, 1], as in the present article, is new. Indeed, there are
few papers dealing with non-negative functions ¢ having zeros in [0,1]. In
[19] some qualitative and oscillatory results are given; in [13, 14] the authors
study the existence of multiple positive solutions to (1.1), in dimension N =
1, assuming that the limits in (1.2) and (1.3) are zero or infinity.

In order to prove Theorems A and B, we recall that the search of radial
solutions to (1.1) can be performed through the study of the boundary value
problem

(V) M g(r)g(u) =0, W/(0) = 0 = u(1), (1.9)
where r = |z| and w = u(r). Therefore, classical methods of ordinary differ-
ential equations can be applied. In particular, we combine some phase-plane
analysis with a topological degree approach; indeed, we introduce the homo-

topy
(N D) WD (r)g(u) = 0, w/(0) = 0 = u(1), (1.10)

where ¢s(r) = sq(r) + (1 — s)qo, s € [0,1], which carries (1.9) into an au-
tonomous non-singular problem (corresponding to s = 0). Then, in order
to study (1.10), we apply a Leray-Schauder type continuation theorem (see
Theorem 3.9 and [7]) for an abstract fixed point equation equivalent to (1.10).

To this end, we observe that a compactness argument (see (2.34) and
the related discussion) shows that nontrivial solutions u to (1.10) have a
finite number n(u) of (simple) zeros in (0,1). The continuation theorem
will give the existence of solutions to (1.10) with a certain number of zeros,
provided some admissibility condition is fulfilled (see (3.23)). This leads to
the study of the asymptotic properties of n(u) as a function of initial data
of u; the needed estimates (see Propositions 2.11, 2.15, 2.18 and 2.21) are
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obtained by a phase-plane analysis which involves the growth conditions of
g and q. We also notice that results analogous to Theorems A and B can be
obtained when the laplacian A in (1.1) is replaced by the p-laplacian (see
also Remark 3.11). The author wishes to thank Professor Anna Capietto for
useful suggestions.

2. QUALITATIVE RESULTS AND ASYMPTOTIC BEHAVIOUR OF THE
ROTATION NUMBER

In this section we are concerned with the differential equation
(r* N0 4 Vg (r)g(u) = 0, (2.1)

where N > 1, ¢; € C([0,1],R"), for every s € [0,1], and g : R — R is
a locally Lipschitz function. Moreover, the function s — ¢ is continuous.
For every u € R, we set G(u) = [;'g(v)dv. We will prove some results
concerning the behaviour of solutions to initial value problems or boundary
value problems associated to (2.1).

To this aim, we will assume the following conditions on ¢ and gs:

glu)u >0, YueR, u#0, (2.2)
lim G(u) = +o0, (2.3)

|u|—+o0

Jad' >0: |g(u)| <d|ul, YueR, (2.4)

3C,6>0: |g(w)|*<CheGu), YueR, (2.5)

¢s(r) >0, Vrel0,1], se][0,1]. (2.6)

Throughout the paper, we will denote by (H) the set of assumptions (2.2)-
(2.3)-(2.4)-(2.5)-(2.6). Moreover, for every function u defined in [0, 1], we

denote
llull; = max /u(r)? + u/(r)2.
rel0,1]

Existence and uniqueness results for initial value problems associ-
ated to (2.1). We first give a global existence and continuous dependence
result for (2.1); in the proof we will adapt some arguments introduced in [6].
In opposition to [6], in the present case the function gy could have zeros in
[0, 1].

Proposition 2.1. Assume that (2.4) and (2.5) hold. Then, for every e >0
there exists de € (0, €] such that if ug s is the solution to
{ POV 49 Dg, (g ) = 0

w(0) = d, v/(0) =0, 27
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with |d| < d., then ugs can be defined on [0,1] and ||ugs||1 < e.

Remark 2.2. 1. We observe that the existence and uniqueness of the solu-
tion to (2.7) follow from standard fixed point arguments (see e.g. [23]).

2. We stress the fact that the constant d. given in Proposition 2.1 is
independent from s € [0, 1].

Proposition 2.1 is based on some estimates on the function E; defined by

Ey(r,d) = 30 (1) + Gluas(r)) (2.8)

Proof. Let ug s be the solution of (2.7) and let [0, p] C [0,1] be the maximal
interval of definition of ug s; we will show that, when |d| is sufficiently small,
uq,s and u; . are uniformly bounded in [0, p].

For simplicity, we will denote the function ug4 s by u and we will set

v(r) = Es(r,d), Y relo,p] (2.9)
Using the fact that u is a solution to (2.1), we simply deduce

v'(r) = (r)u” (r) + g(u(r))u(r)
s(N—-1) ,

=-——u (r)? + (1 = gs(r)) g(u(r))u' (r) (2.10)
< (1 —gs(r) g(u(r)u'(r), ¥ relo,p;
therefore, from assumption (2.5), we obtain
V() < (= ) gl ) < 3 (1= au(r) Pg(u(r))? + ' (1)?)

% (CCyaGu(r) +u/(r)?) < %v(ﬂ, Y relo,p),

where C' = max{(1 — ¢s(r))? : r € [0,1], s € [0,1]}. Now, integrating (2.11)
on (0,7), we infer that

(2.11)

IN

o(r) < v(0)e2 +CCE)T/2 < ga(a), (2.12)

where H = exp((2 + CCy)/2). Next, we fix (a1,a2) € (0,1) such that
a1 + az < 1/2 and 2ae < 1; moreover, let us consider d. € (0, aj€) such that

v |d] < d.. (2.13)
From (2.12), we then deduce that

[u'(r)] < /2v(r) < age <
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and

ur)| <d+ [ W(o)ldt < (@ +ae< s, Vel
0

N

This implies that v can be extended to [0, 1] and that

lulli = max /lu(r)? + |w(r)? <e O
rel0,1]

In the sequel, we will also be interested in solutions u of (2.1) satisfying
u(rg) =0 =u(rg), for some rg € (0,1]. For these solutions, arguing as in the
proof of Proposition 2.1, it is possible to show the validity of the following:

Proposition 2.3. Assume that conditions (2.4) and (2.5) hold. Let u be a
solution of

SOV =DyY 4 psV=Dg (r)g(u) =
{( Ny 4 g (1)) = 0 o1

u(ro) =0 =1/(ro), ro € (0,1].
Then, u =0 in [0, 1].
Global behaviour of solutions with large initial values. In what fol-
lows, we will consider solutions to (2.1) with «/(0) = 0 and u(1) = 0; we

assume that u(0) = d > 0. The case when u(0) < 0 can be treated in a
similar way. Let us first define

SUp,cioz 9(v) ifax>0
g(z) = <o) 9(V) . (2.15)
SUPye[z,0] g(’U) ifz<0
and let us set
Q = max{gs(r): r€[0,1], s €[0,1]}. (2.16)

For every d > 0, let us consider the solution © = ug4, to (2.1) such that
u(0) = d and «/(0) = 0; from (2.2) and (2.6), we deduce that

(rsN =Dy = 5N =D (1) g(u(r)) < 0,

for every r € [0,1] such that u(r) > 0. Since u(1) = 0, for every 0 € [0,1)
we can consider the first number r¢(d) such that

u(ro(d)) = 0d. (2.17)

We now prove an estimate on rg, depending on ¢ and g; the technique based
on the study of the asymptotic properties of ry has been introduced in [8]
and it is now standard in developing shooting argument for solutions to (2.1)
(see also [6, 16]):
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Lemma 2.4. Assume that conditions (2.2) and (2.6) hold. Moreover, let g,
Q and 1o as in (2.15), (2.16) and (2.17), respectively. Then, for every d >0
and for every 6 € (0,1), we have

ro(d) > \/2(165 0) \/g(dd)' (2.18)

Remark 2.5. An analogous statement holds true when d < 0.

Proof. Let us consider d > 0, § € (0,1) and ¢ as in (2.17). For every
r € (0,79(d)), we integrate (2.1) from 0 to r to obtain

rs(N—l)u/(T,) _ /T tS(N—l)qS(t)g(u(t)) dt, YV re(0,r(d));
0

hence, recalling (2.16), we deduce that

s(N=1)+1
=Y 0) < QD e 0nol@)
i.e.,
u(r) > _%T, Vre (0,70(d)).

By integrating this relation from 0 to ro(d), recalling (2.17), we get

Qy(d)
A-0d< sy 1@

2s(N-1)+1)(1—6) [ d
To(d)E\/ 0 \/g(d)'

The result is proved. ]

and so

By means of (2.18) we are able to give an important estimate on the
function Fy defined in (2.8). Indeed, we can prove the following:

Lemma 2.6. Assume that condition (H) holds true. Then, we have

lim FEy(r,d) =
L B d) = oo,

uniformly in r € [0,1] and s € [0, 1].

Remark 2.7. As before, a completely analogous result holds true when
d — —o0.
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Proof. For simplicity, we will write u instead of ug . We fix # € (0,1); with
ro as in (2.17), it is easy to see that for every d > 0 we have

Es(r,d) > G(0d), Y rel0,ro(d)], s€]0,1]. (2.19)
Therefore, by (2.3), for every M > 0 there exists d); > 0, independent from
s, such that for every d > d, we have
Es(r,d)> M, Y rel0,ry(d)], se€[0,1]. (2.20)
Let us now fix
Y= maX{2N -1, Cg,G(l + Q)2/2}7 (221)

where Cy ¢ and @ are given in (2.5) and (2.16), respectively. For every r > 0
we have

E(r,d) + %Es(r, d) (2.22)
= D24 (1 g gl () + 2 () + LG )
now, from (2.5) and recalling (2.16), we obtain
(L= gu (gl ()] < (1 +QPg(ulr)? + g/ (P, (223)

for every r € [0,1] and s € [0,1]. Therefore, from (2.22) and (2.23), we
deduce that

E;(T', d) + %ES(T’, d) > ((% — S(N _ 1))% B %)u/(r)g

2
2O a2

for every r > 0. Recalling the choice of «y in (2.21) and using (2.5), we finally
obtain

(2.24)
+ LG (u(r) -

2
- sy =0, e

for every r > 0. Now, let us multiply (2.25) by ro(d)” and let us integrate
from 7¢(d) to r: we obtain

El(r,d) + %Es(r, d) > (

X
Ey(r,d) > "2 E,(ro,d) > G(0d)r], (2.26)
T

for every r > rg, s € [0,1]. Using (2.18), we deduce that there exists K > 0
such that

Ey(r,d) > KG(ed)(ng))W, (2.27)
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for every r > rg, s € [0,1]. Now, from conditions (2.4) and the definition of
g, we deduce that there exists C’ > 0 such that

d

—— >(C', Vd>0; 2.28
3@ (229
from (2.3) and (2.28) we obtain
. d v/2
— = . 2.2
Jim_G(0a)(z5)"* = o (2:29)

Therefore, from (2.27) and (2.29) we infer that for every M > 0 there exists
d}; > 0, independent from s, such that for every d > d/j, we have
Es(r,d) > M, Y rerg(d),1], s€[0,1]. (2.30)
The relations (2.20) and (2.30) prove the result. O
Now, it is easy to deduce from Lemma 2.6 the following result:
Lemma 2.8. Assume condition (H). Then, the following statements hold
true:
1. For every Ry > 0 there exists Ro = Ra(R1) > Ry such that for every
solution u = uq s to (2.7) with u(1) =0 we have
ld| <R = wu()?+4d(r)> <Ry, Yrel0R)].
2. For every Ry > 0 there exists Ry = Ra(R1) > Ry such that for every
solution u = uq s to (2.7) with u(1) =0, we have

ld| >Ry = wu(r)?+d(r)> >Ry, Vrel0,R]

Remark 2.9. Lemma 2.8 is usually referred as the ‘elastic property’; it is
crucial in proving existence results for boundary value problems associated
to (2.1), especially when g has a superlinear growth at infinity. In previous
works (see e.g. [7, 16]) it has been proved in the case when g5 > 0.

On the number of zeros of solutions to (2.1). We pass to the study of
the oscillatory properties of solutions to the boundary value problem

(TS(N—l)u/)/ + TS(N_I)qs(r)g(u) =0, UI(O) =0= u(l) (231)

Beside condition (H), we will suppose that there exist go > 0 and [r1,r2] C
(0,1] such that

qs(r) > qo, VY rer,rl, se€l0,1]. (2.32)
Recalling Proposition 2.3, by means of a compactness argument, we deduce
that every nontrivial solution u to (2.31) has a finite number of (simple)
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zeros in [0, 1]. Moreover, from Proposition 2.1 we infer that for every d > 0
there exists puqg > 0 such that for every solution u to (2.31) we have

w(0)] >d = u(r)®+d'(r)?>pg, Vrelo,R]. (2.33)

Next, for every d > 0, let us denote by X4 the set of pairs (u,s), where u
is a solution to (2.31) such that |u(0)| > d; by the previous remark, we can
define the map

n: Zd — N
(u,5) — n(u), (2:34)
where n(u) is the number of zeros of u in [0, 1). Moreover, from [16, Lemma

3.1] and (2.33), we immediately deduce the validity of the following:

Lemma 2.10. Assume conditions (2.4) and (2.5). Then, the application n
is continuous in X4, for every d > 0.

Our aim is to study the asymptotic behaviour of n when |u(0)] — +o0
and |u(0)] — 0. We will be able to give such estimates on n depending on
the behaviour of g at infinity and zero, respectively. We give our first result:

Proposition 2.11. Assume conditions (H) and (2.32). Moreover, suppose
that there exist Zo, > 0 and g5, > 0 such that

# > g2, Yl > Zee. (2.35)

Z Yoo

Then, for every x > 0 there exists d,, > 0 such that for every solution u to
(2.31), we have

WO >dy = 0w > Vom0 1 (2

T
Proof. We first take n = n(x) > 0 such that
. S
No1 [ 2(N—1)  _
_r T — 11 U] qd0goco
V@ogso ———"— (ﬂ Jo1oy- 7 - (237

M+
[ oaN-1) _
8] qdogoo

With this choice of 7, we are led to prove that there exists d,, > 0 such that

7'2—7“1—277—;

[ 2(N=1) _
r 00
WO 2 dy = )z — R
nr+— —F/7/—

[ 2(N-1) _
T qogdo
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It is easy to see that

1< sV < rl_(N_l), Vorelr,rl, sel0,1]. (2.39)

Moreover, from assumption (2.32) and (2.35) we deduce that

S(N_I)QS(T)Q(U)U > QOT{\Tilgo_OUQa Vrer,rl |ul 2 Zo, s €[0,1].

(2.40)
An application of Proposition 2.8, Statement 2, with Ry = (1+4/n(£)?)Z2%
gives the existence of d, = Ry(R;) > 0 such that for every solution u to
(2.31), we have

r

W) > dy = ulr)+d () > (14 %)Zﬁo, Vel (241)

From now on, we will consider a solution u satisfying |u(0)| > d,; in order
to prove (2.38), it is sufficient to show that

r2 T2 2(N—1)
T q0Yoo

i )

2N-1)
T qogdoo

lu(0)] >dy, = n*(u)> (2.42)

2n +

where n*(u) denotes the number of zeros of w in [r1,rs). To this aim, we
will estimate the length of the intervals where |u(r)| < Zs or |u(r)| > Z,
respectively.

First, let us consider an interval [r’, "] C [r1,72] where |u(r)| < Zo. By
(2.41), we necessarily have

W) 2 2 Ve, (2.3

Assume for instance that u/(r) > 27, /n (the other case is similar). We infer
that

u(r”) = u(r') + /7’ ' (r)dr > u(r’) + 22700(7‘” —r'); (2.44)

recalling that |u(r)| < Zs in [/, "], we finally get
' —r <. (2.45)

Now, we assume that [r’,7”] is such that |u(r)| > Z, for every r € [/, r"],

and |u(r’)| = |u(r")| = Zs. Again, we suppose that u(r) > Zo in [r/,7”]
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(the other case can be treated in a similar way). We recall that the equation
in (2.31) is equivalent to the first order system

u = T‘_S(N_l)y
{ y/ _ —T'S(Nil)qs(T)g(u). (2'46)
From the second equation in (2.46) and condition (2.2) we deduce that y
is decreasing in [r,r"]. Moreover, since u has a maximum in [r/,7"], there
exists r* € [r’, "] such that y(r*) = 0; this point 7* is unique and so we can
conclude that

y(r) > 0 for every r € [r',r*]

y(r) <0 for every r € [r*, 7] (2.47)

and
w is increasing in [r/, 7*]
u is decreasing in [r*,7”].

Now, we consider the interval [r/,r*]. From (2.39)-(2.40) and (2.46) we
deduce that

(2.48)

w(r) <™ Vy(r)

, N_l = (2.49)

y(r) < —qory ~ goou(r),

for every r € [r’,7*]. We then multiply by qorl ~'gu(r) the first inequality
in (2.49) and by rlf(Nfl)y(r) the second one; adding up, we obtain

ri N D gogulr)d (r) + y(r)y'(r) <0, Ve [, (2.50)

This implies that the function
2(N—-1)

1 _
Sy(r)? + Ly (ry? (2:51)
is decreasing in [r/, r*]; therefore, we deduce that
¥ AN=1) 2N-1) _
y()? + 11 Vaogu)? <o/ ()? Y Vaogur)?, (252)

for every r € [r/,r*]. This implies that

709 [u(r*)2 — u(r)Q] < u’(r)Q, (2.53)

for every r € [/, r*]. Solving with respect to u/(r) and integrating on (17, r*),
we obtain

P2

A
bo | 3

2.54)

. 1 u(r*) dz 1
mors N-1) \/ 2_ 2 2(N—-1) -+
2(N— _ *)2 _ - _
VN Dgogae 77 u(r)® =2 V1 4095
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In an analogous way, we are able to prove that

1

" x« _
—rt < = . 2.55
" r= 2 (N 1) ( )
q0Yoo
From (2.54) and (2.55) we conclude that
(2.56)
\/ QOgoo
Now, using (2.45) and (2.56), a simple computation shows that
ro —r; < (n*(u) + 1)(27] + ;>
2(N 1)
d0goco
We then deduce that
T —T1 — 277 — il
2(N-1)
n*(u) > 7 ;
2n 4+
2(N-1)  _
1 qdogdo
hence, (2.42) is fulfilled and the result is proved. O

Remark 2.12. When ¢s(r) > qo for every r € [0,r2], the result of Propo-
sition 2.11 holds true for every r; € [0,r2]. It is useful to observe that the
natural choice r; = 0 leads to a very poor estimate (due to the presence
of the factor 7)1 in (2.36)); henceforth, the optimal choice is the value 7
which maximizes the quantity r{v “Irg —rp). It is easy to see that this value
is r1 = ro(1 — 1/N); according to this observation, we can restate the result
as follows:

Proposition 2.13. Assume conditions (H) and (2.35). Moreover, suppose
that there exist qo > 0 and [0,r2] C [0,1] such that

qs(r) > qo, Y rel0,re, s€l0,1].

Then, for every x > 0 there exists d,, > 0 such that for every solution u to
(2.31), we have

WO >dy = 0> a2 @)
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Remark 2.14. In the case when N =1 and ¢(r) > go on [0, 1], it is possible
to refine the proof and to show that

Vg 1
T 2
We observe that, when dealing with solutions u satisfying the boundary con-
ditions «/(0) = 0 = u(1), the presence of the term 1/2 in (2.58) is standard.
Indeed, as it is clear for instance from [10, Sect. 3], the estimate (2.58) is

sharp.

w(O)]>dy, = n(u)> (2.58)

Proposition 2.15. Assume conditions (H). Moreover, suppose that there
exist Zoo > 0 and g, > 0 such that

> Yoo

# <gt, Yl Ze (2.59)

Finally, let Q as in (2.16). Then, for every x > 0 there exists d;( > 0 such
that for every solution u to (2.31), we have

(N-1)/2
uo) > d, = ne < @00 o ey o

Remark 2.16. It is obvious that, when QgL = 1, the estimate (2.60) means
that n(u) = 0, i.e., u is positive in (0,1). Moreover, when Qg1 < 1, (2.60)
simply means that (3.1) has no solutions u with [u(0)| > d\.

An analogous observation holds for (2.97) in Proposition 2.21.

Proof. We first consider the case Qg > 1. We take n = n(x) > 0 such
that

(N-1)/2 (N-1)/2
Qo) gt — 1) = @0 o Sy e

T m™—2n
With this choice, we are led to prove that there exists d;( > ( such that
w(0)| >d, = n(u)< W(@ —1). (2.62)
Now, let 1, € (0,1) be such that
|| <me = |arcsinz| <n. (2.63)
From (2.16) and (2.59) we deduce that

PN, (glwu < Quku?, Vre 0.1, ul > Zu s€ 1. (264)
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Using (2.59) and recalling the definition of § (see (2.15), it is easy to deduce
that there exists d” > 0 such that for every |d| > d” we have

V2 | d 1
Ve \ a(d) = Vo 209

Now, we apply Proposition 2.8, Statement 2, with R; = Zgo /n.2: we infer
that there exists d; = Ry(R1) > Zs > 0 such that for every solution u to
(2.31) we have

Z2
w(0)| >d = u(r)®+d(r)>>=2, Vrelo1] (2.66)

From now on, we will consider a solution u satisfying [u(0)| > d), with
dy, = max(d”,d}). We estimate the length of an interval [/,r"] C (0,1)
such that |u(r)] > Zw, for every r € [r/,r"], and |u(r")| = |Ju(r")| = Zw.
We suppose that u(r) > Z in [r/,7”] (the other case can be treated in a
similar way); arguing as in the proof of Proposition 2.11, we deduce that y
is decreasing in [/, "] and there exists r* € [/, "] such that

y(r) > 0 for every r € [r',1¥]

y(r) <0 for every r € [r*, "] (2.67)

and
u is increasing in 1, r*
u is decreasing in [r*,7”].
Moreover, since u/(r*) = 0, from (2.66) we deduce that u(r*) > Zoo/ny;
therefore, from (2.63) we get

(2.68)

arcsin

2 <. 2.69
u(r) = n (2.69)
Now, we consider the interval [/, r*]. From (2.39) and (2.64) we deduce that

u'(r) > y(r
e 2 ) (270)

for every r € [r/,r*]. We then multiply by QgX u(r) the first inequality in
(2.70) and by y(r) the second one; adding up, we obtain

Qyacu(r)u'(r) +y(r)y'(r) > 0, YV re[r',r]. (2.71)
This implies that the function
1 +
—y(r)? + %u(r)z (2.72)

2 2
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is increasing in [r’, 7*]; therefore, we deduce that
y(r*)’ + Quu(r)? = T () + Qalu(r)?, (273)
for every r € [r/,r*]. This implies that
QgL [u(r*)* —u(r)?] > r’z(N_l)u'(T)Q, (2.74)

for every r € [r',r*]. Solving with respect to «'(r) and integrating on (r’, r*),
taking into account (2.69), we obtain

N-1 * N-1
r! u(r®) dz r!

> __(T_
e b oA am )

In an analogous way, we are able to prove that

PN
O (5 - 77) . (2.76)

From (2.75) and (2.76) we conclude that
JN—1

,r,*

(2.75)

:

1 /
r’—r >

(m—2n). (2.77)

<
O
+

[ee)

Now, let us denote by rq the first zero of u; ry is the point defined by (2.17)
with # = 0. Therefore, from (2.18) and (2.65), we have

1

VQok

Finally, using (2.77) and (2.78), a simple computation shows that
1

1 N
<\/Qg§o> i Qo
(VQg&)N — (VQgk)WN Y

m™—2n

ro > (2.78)

1>mn(u)(m—2n

~—

We then deduce that

n(u) <

and this proves the result. When Qgf = 1, from (2.78) we immediately
deduce that for large initial values any solution u to (3.1) is positive in
(0,1). Analogously, estimate (2.78) implies that (3.1) has no solutions with
large initial values if Qgf < 1. O

Remark 2.17. In the case when N = 1 and ¢(r) > go on [0, 1], it is possible
to improve the result and to obtain the sharp estimate
VQgs 1

— . 2.
- 2+X (2.79)

w(0) >d, = mn(u)<
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Proposition 2.18. Assume conditions (H) and (2.32). Moreover, suppose
that there exist Zo > 0 and g, > 0 such that
g(w)

=~ >g,, V|ul<Zy, u#O0. (2.80)
u

Then, there exists dg > 0 such that for every solution u to (2.31), we have

WOl <dy = () > Jagy 2Ty (2.81)

s

Proof. We first apply Proposition 2.1 with € = Z;. We get the existence of
do = dgz, such that for every solution u to (2.31) we have

w(0)] <dy = |u(r)|<Zy, Vrelo,l1]. (2.82)

From now on, we will consider a solution u satisfying |u(0)| < dp. From
assumptions (2.32) and (2.80), recalling (2.82), we deduce that

PO g (u(r)u(r) = qorl gy u(r) Ve e i, s € 0,1) (2:83)

We now estimate the length of an interval [r/,r"] C [r1, 73], where v’ and 7"
are two consecutive zeros of u. Without loss of generality, we assume that
u(r) > 0, for every r € (r',7"”). Arguing as in the proof of Proposition 2.11,
it is easy to see that there exists r* € (r/,7”) such that

y(r) > 0 for every r € [r',1¥]

y(r) <0 for every r € [r*, "] (2.84)

and
w is increasing in [r/, 7*]
u is decreasing in [r*,7"].

Now, we consider the interval [r/,r*]. From (2.39)-(2.40) and (2.83) we
deduce that

(2.85)

W(r) < ry N Vy(r)

Y (2.86)
Y (r) < —qor gy ulr),

for every r € [, 7*]. We then multiply by gor) gy u(r) the first inequality

in (2.86) and by rl_(N_l)y(r) the second one; adding up, we obtain
rf(N_l)qggo_u(r)u’(r) +y(r)y'(r) <0, Vrel r. (2.87)
This implies that the function
1 rz(Nfl)qog,
Su(r)? + 000 2 (289)
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is decreasing in [r, r*]; therefore, we deduce that

(N_l)qogo_u(r*)2 < u’(r)2 + Tf(N_l)qogO_u(rF, (2.89)

yer)?
for every r € [r/,r*]. This implies that
q9y [u(r*)? —u(r)?] <d'(r)?, (2.90)

for every r € [r/,r*]. Solving with respect to «/(r) and integrating on (1, r*),
we obtain

. 1 u(r) dz ™ 1
AN s SN e N
i N Vgegy 0 u(re)® -2 1 9090

In an analogous way, we are able to prove that

P20V

2.91)

T 1

R 2.92
-2 2(N-1) ( )
T 409
From (2.91) and (2.92) we conclude that
r’ —r < S S— (2.93)
2(N-1) _
T q099
Now, a simple computation shows that
T

ro—r; < (n*(u) + 1) ——,
2(N—1 _
7“1( )QOgo

where n*(u) denotes the number of zeros of u in [r1,72). We then deduce

that
N—-1
/ _r T2 =T
n*(u) Z qogo 1 (ﬂ_ ) -1

and the result is proved. ]
Arguing as in Remark 2.12, it is possible to prove the following:

Proposition 2.19. Assume conditions (H) and (2.80). Moreover, suppose
that there exist qo > 0 and [0,72] C [0,1] such that

as(r) > qo, V1 e[0,r), se(0,1].

Then, there exists dy > 0 such that for every solution u to (2.31) we have

—rY (N - 1N
w(0) <dy = mn(u)>1/q90 2]\,—1\77r -1 (2.94)
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Remark 2.20. As in Proposition 2.11, when N = 1 and ¢(r) > go on [0, 1],
it is possible to refine the proof and to show that

7

09 1
U (2.95)

[u(0) <do = n(u) >

[\]

s

Proposition 2.21. Assume conditions (H). Moreover, suppose that there
exist Zg > 0 and ga' > 0 such that

90 < gty Y Jul < Zo, uto. (2.96)
u
Finally, let Q as in (2.16). Then, there exists df > 0 such that for every

solution u to (2.31), we have
+\(N-1)/2
Qo) "7 fogt — ). (2.97)

wO) <dy = n(w) .

IN

Proof. We first apply Proposition 2.1 with € = Zy: we get the existence of
dy = d'y, such that for every solution u to (2.31) we have

u(0)] <dy, = |ulr)|<Zy, VYrelol]. (2.98)

From now on, we will consider a solution u satisfying |u(0)| < df. From
assumption (2.96), recalling (2.82), we deduce that

PN D, g(urm)u(r) < Qrigfu(m?, Y re 1], se 0.1, (299

We now estimate the length of an interval [r/,r"] C [r1, 73], where v’ and 7"
are two consecutive zeros of u. Without loss of generality, we assume that
u(r) > 0, for every r € (r',7"). Arguing as in the proof of Proposition 2.11,
it is easy to see that there exists r* € (r/,r") such that

y(r) > 0 for every r € [r',1¥]

y(r) <0 for every r € [r*, "] (2.100)
and
u is increasing in [r/, 7]
u is decreasing in [r*, r"]. (2.101)
Now, we consider the interval [/, 7*]. From (2.99) we deduce that
/
>
uin) =z (2.102)

y'(r) > —Qgg u(r),

for every r € [r/,r*]. We then multiply by Qggu(r) the first inequality in
(2.102) and by y(r) the second one; adding up, we obtain

Qgau(r)d' (r) +y(r)y'(r) >0, Yrel . (2.103)
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This implies that the function

Qo
_y( )2 4 220 gy (r)? (2.104)
2 2
is increasing in [r’, r*]; therefore, we deduce that
y(r*)? + Qg u(r)? > N ()2 + Qggru(r)?, (2.105)
for every r € [r/,r*]. This implies that
Qag [u(r)? —u(r)?] > 7“'2(N71)u’(7‘)2, (2.106)

for every r € [r/,r*]. Solving with respect to «/(r) and integrating on (1, r*),
we obtain

/N 1 T T,N_l
7'* — T'/ > / > = 5 . (2107)
V)T =z Qo
In an analogous way, we are able to prove that
Nt
v’ —r* > 5 . (2.108)
Qgq
From (2.107) and (2.108) we conclude that
i e (2.109)

Now, let us denote by rq the first zero of u; rg is the point defined by (2.17)
with # = 0. Therefore, from (2.18) and (2.96), recalling the definition of
(2.15), we can conclude that

1
ro > . (2.110)
Qg
Now, using (2.109) and (2.110), a simple computation shows that
1
1>n(u)——— +

(Qgg )N/ ,/anr.

(Qg N2 — (Qgi )N -1/2

s

We then deduce that

n(u) <

and the result is proved. [l




NODAL SOLUTIONS TO SEMILINEAR ELLIPTIC EQUATIONS IN A BALL 965

Remark 2.22. As in the previous situations, in the case when N = 1 and
q(r) > qo on [0,1], it is possible to improve the result and to obtain the
sharp estimate

ﬁ

N =

Qay

s

lu(0)| <dj, = mn(u)< (2.111)

3. THE MAIN RESULTS

In this section we present our main result. We are concerned with the
existence and multiplicity of radial solutions to the Dirichlet problem

Au+q(|z])g(u) =0 ifzeQ
u(x) =0 it v € 092,

where Q is the unit ball in RY, N > 1. We assume that g : R — R is
locally Lipschitz and that ¢ : [0,1] — R is continuous; moreover, let us
suppose that

(3.1)

glu)u >0, YueR, u#0, (3.2)
and that there exist 0 < Zy < Zo, and gOi >0, g& > 0 such that
g()‘g#goﬁ Y [ul < Zo, u #0, (3.3)
and
0m <9 gt V> 2 (3.4)
On the function ¢, we assumeuthat
q(r) >0, VYrel01], (3.5)
and that there exist [r1,r2] C (0,1] and go > 0 such that
q(r) > qo, Vr€lri,mal (3.6)

Moreover, we set @ = max{q(r) : r € [0,1]}. We will prove the following
results:

Theorem 3.1. Assume conditions (3.2), (3.3), (3.4), (3.5) and (3.6). More-
over, let j be the smallest integer such that

Q5N Qas — 1) < w (i + ) (37)

and let | be the largest integer such that

m(l+ ;) <1y o - 1)1/ 40goc- (3.8)
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If j+1 <1, then for every integer n € [j+1,1] there exist two radial solutions
Up, and vy, to (3.1) such that v, (0) < 0 < up(0). Moreover, u, and v, have
exactly n zeros in (0,1).

Theorem 3.2. Assume conditions (3.2), (3.3), (3.4), (3.5) and (3.6). More-
over, let j' be the largest integer such that

, 3 _ _
(i +35) < (2 — 1)\ 2090 (3.9)

and let I’ be the smallest integer such that

Q)2 Qg — 1) < = (I' + %). (3.10)

If I' +1 < j', then for every integer n € [I' + 1,5'] there exist two radial
solutions uy, and vy, to (3.1) such that v, (0) < 0 < uy,(0). Moreover, u, and
vy, have exactly n zeros in (0,1).

Remark 3.3. It is interesting to observe the role played by the dimension
of the space R” in Theorems 3.1 and 3.2. Since 7V~! — 0 when N — +o0,
it is clear that, for large values of IV, there are not integers [ or j’ satisfying
(3.8) or (3.9), respectively. This implies that, when N is big, we are not able
to give existence and multiplicity results for (3.1); however, we are confident
in the fact that this is not due to the technique of the proof and that, in
general, for N large, (3.1) could not have solutions.

On the other hand, the inequalities (3.7) and (3.8) suggest another feature
of the problem: given N, as large as we want, and two integers j and [ (with
j+1<1), in order (3.7) and (3.8) to be fulfilled it is sufficient to take g
small enough and g, large enough. This means that, in high dimension,
multiplicity results can be obtained when the behaviour of g in zero and
infinity is sensitively different (i.e. when the difference g5 — g(')|r is large). An
analogous remark holds in the dual case (g — g% large) for Theorem 3.2.

Remark 3.4. In the case when N = 1 and ¢(r) > ¢op > 0 in [0, 1], taking
into account Remarks 2.14, 2.17, 2.20 and 2.22, it is possible to see that
Theorems 3.1 and 3.2 reduce to the results contained in [11] and in [17] (for
the case of p-laplacian like operators). See also the forthcoming paper [4].

Remark 3.5. In the situation when ¢(r) > go in some interval [0, 2] C [0, 1],
recalling Remark 2.12 and Propositions 2.13 and 2.19, it is possible to prove
results analogous to Theorems 3.1 and 3.2. Indeed, it is sufficient to replace
(3.8) and (3.9) with

3 N N-—-1 N—-1 ~
m(l+3) < %\/qwm (3.11)
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S 3, (v =1V -
m(j'+5) < G NN) \/ 4090 (3.12)

In the particular case when the ratio g(u)/u admits limits at infinity and
zero, we can restate our results in the following way:

and

respectively.

Corollary 3.6. Assume (3.2)-(3.5) and (3.6). Moreover, suppose that there
exist go > 0 and goo > 0 such that

im 2 g nm L (3.13)
u—0 U |u| =400 U

Let 7 and j' be the smallest and the largest integer such that

Qo) "2 (VQgo ~ 1) < 7 (i + 5) (3.14)

and
w7+ 2) < — ) Vg, (3.15)
respectively. Let also l and ' be the largest and the smallest integer such that
7r(l+g) <T{V_1(r2—r1)\/m (3.16)

and
(Qgoe) N V2 (VQgoo — 1) < (I + %), (3.17)

respectively. If j+1 <1 (orif I'+1 < j), then for every integer n € [j+1,1]
(or n € [I' +1,5'], respectively) there exist two radial solutions u, and vy,
to (3.1) such that v,(0) < 0 < u,(0). Moreover, u, and v, have exactly n
zeros in (0,1).

The following result gives sufficient conditions for the existence of radial
solutions to (3.1) with a prescribed number of zeros; for simplicity, we con-
sider the situation when the limits of g(u)/u at infinity and zero exist:

Corollary 3.7. Assume (3.2)-(3.5) and (3.6). Moreover, suppose that there
exist go > 0 and goo > 0 such that

i 2% g m C (3.18)
u—0 U |u|4>+oo u

For every integer n > 1, there exist 0 < b, < ¢, such that if
(90, 9o0) € (0,b) X (€n, +00) | J(en, +00) x (0, b,) (3.19)
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then there exist at least two radial solutions u, and v, to (3.1), such that
v (0) < 0 < uy(0), having exactly n zeros in (0,1).

Remark 3.8. According to Remarks 2.14-2.17-2.20 and 2.22, it is possible
to show that, when N = 1, [r1,rs] = [0,1] and qo = ¢(r) = Q, for every
r € [0, 1], the numbers b,, and ¢, are given by

m(n+1/2)?
0 .
Therefore, condition (3.19) reduces to the expected

Vg0 < 77(n+ %) <VQgso Or Qi < 7r(n+ %) < v/ Qgo.

Proof. By Corollary 3.6, we can prove the existence of radial solutions with
n zeros in (0, 1) if

(Qgo) N V2(/Qgo — 1) < 7w (n — 1)’ m(n+ §) < rg — 1) V20900

bn: n —

2 2
(3.20)
or if
_ 1 3 _
(Qaoe) M V2(\/Qgoo — 1) < m(n — §)a m(n+ 5) < rg — r1)v/2090-
(3.21)
For every n > 1, let us denote by ¢,, the (unique) point such that
_ 1
¢£LV*¢£] ! :W(”*?;
setting
B (32
= —_—, C = y
n Q n T%(N*l) (7"2 - 7"]_)2 qo
it is easy to see that (3.20)-(3.21) are equivalent to (3.19). O

The proofs of Theorem 3.1 and Theorem 3.2 are based on a topological
degree approach. To this aim, we need to introduce a continuation the-
orem and to develop an homotopy between problem (3.1) and a suitable
autonomous problem.

A Leray-Schauder type continuation theorem. Let us consider an ab-
stract equation of the form

u=G(u,s), (3.22)
where X is a Banach space and G : dom G C X x[0,1] — X is a completely

continuous operator. Moreover, we shall consider an open set C' such that
C C dom G.
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Let 3 be the set of the solutions of (3.22), i.e., ¥ = {(u,s) : u=G(u,s)}
and, for any subset D C X x [0, 1], let us denote the section of D at s € [0, 1]
by Ds = {z € X : (z,s) € D}; we also set Gs = G(-,s). We have the
following theorem (see e.g. [5, 7]):

Theorem 3.9. ([5, Th. 3.4]) Letk : XNC — N be a continuous function;
suppose that there exists n € N satisfying the following conditions:
n ¢ k(00) (3.23)

and

k~Y(n) is bounded. (3.24)
Then, for an open set U} such that (k= (n))o C Uy C UF C Co and TN
Ul = (k= Y(n))o, the Leray-Schauder degree deg(I — Go, UY) is defined. If

deg(T — Go, UY) # 0, (3.25)
then there is a continuum C, C X with

{s€[0,1] : Fue X : (u,s) € Cp} =10,1]

and such that (u,s) € Cp, = (u, s) € C and k(u, s) = n. In particular there
is at least one solution 4 € Cy of the operator equation u = G(u,1) with

k(a,1) =n.

Proofs of the main results. We first observe that, if u(x) is a radial
solution to (3.1), then, setting r = |z|, u(r) is a solution of the boundary
value problem

(N N lg(r)g(u) = 0, w'(0) =0 = u(1). (3.26)
Thus, we are led to study (3.26); to this aim, let us consider the problem
Py g (g =0, W) =0=u(t), (327

where s € [0,1] and ¢s(r) = sq(r) + (1 — s)qo, with go given in (3.6). It is
clear that (3.26) correspond to (3.27) with s = 1.

We now observe that, from (3.2)-(3.3)-(3.4)-(3.5)-(3.6) and the definition
of g5, conditions (H) and (2.32) of Section 2 are fulfilled: indeed, it is easy
to see that (2.4) holds true for some a’ > max(gg, L) and that (2.5) is
satisfied with a constant Cj ¢ depending on g(jf and g% . Moreover, we also
have @ = max{gs(r) : r € [0,1], s € [0,1]}. Therefore, we can apply to
solutions of (3.27) all the results proved in Section 2.

Using standard arguments (see e.g. [22]), it is possible to see that (3.27) is
equivalent to a fixed point equation of the form (3.22), for a suitable operator
G defined on the space

X ={uecl([0,1]): «'(0)=0=u(1)}.
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Now, let us conclude the proof of Theorem 3.1; in Remark 3.10 we will give
the (minor) changes needed to prove Theorem 3.2. Let us fix x > 0 such

that N
— 3
4 /qogo—ow x>t (3.28)

and let us consider the numbers do = dy and dj, given in Proposition 2.11
and Proposition 2.21, respectively. Moreover, let us set

C={(u,s) € X x[0,1]: djy < u(0) < doo}- (3.29)
Finally, for every (u,s) € XN C, let us define
k(u,s) =n(u),

where n(u) is the number of zeros of w in [0,1). From Lemma 2.10, the
function k is continuous in 3 N C; therefore, in order to apply Theorem 3.9,
we need to verify (3.23)-(3.24) and (3.25).

To this aim, let us fix an integer n € [j + 1,1]. Assume that there exists
(u,s) € XN OC such that k(u,s) = n; this implies that u is a solution to
(3.27) such that n(u) = n and u(0) = d or u(0) = dj. In the former case,
from Proposition 2.11 and (3.8)-(3.28), we deduce that n(u) > [ and this
contradicts the choice of n; in the latter, from Proposition 2.21 and (3.7), we
deduce that n(u) < j + 1, which is again a contradiction. Therefore, (3.23)
is fulfilled.

Moreover, since |u(0)| < ds, for every (u,s) € ¥ N C, an application of
Lemma 2.8, Statement 1, with R; = d~, gives the existence of Ry > 0 such
that ||(u, s)|| < Ra; henceforth, also (3.24) is satisfied.

As far as (3.25) is concerned, we observe that it requires that some local
degree associated to solutions of the autonomous non-singular problem

"+ qog(u) =0, 4/(0)=0=u(l) (3.30)

is different from zero. The study of (3.30), based on the notion of ‘time-
map’, has been widely developed (see e.g. [10]); in particular, from [10, Th.
2.3.10] and [10, Th. 2.4.4], we deduce that there exists Uj such that (3.25)

holds true if
1 _
qog; <7(n+35) <\ g (3.31)

(recall that the numbers m%(n+1)? are the eigenvalues of —u” with boundary
conditions u/(0) = 0 = u(1).)
It is immediate to see that (3.8) and n <[ ensure that

1 /
7r(n+ 5) <1/ q09o-
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Finally, by means of a careful computation, it is possible to show that (3.7)
and j < n guarantee the validity of the left inequality in (3.31).

Hence, an application of Theorem 3.9 gives the existence of a solution u,
to (3.26) such that u,(0) > 0 and having exactly n zeros in (0, 1).

It is clear that, taking

C={(u,5) € X x [0,1]: —doo < u(0) < —dp},

we obtain the existence of the solution v, such that v,(0) < 0. Then,
Theorem 3.1 is proved.

Remark 3.10. In order to prove Theorem 3.2, it is sufficient to take y > 0

such that A (N—1)/2
(ngo) B + / 1
= ——(VQek — 1) +x < (I'+3)

and to define
C={(u,s) € X x[0,1]: do <u(0) <d._},

where dy and d., = d;( are given in Proposition 2.18 and Proposition 2.15,
respectively. The proof follows the same lines of the one developed above.

Remark 3.11. We underline the fact that existence and multiplicity results
on the lines of Theorems 3.1 and 3.2 can be obtained also when the laplacian
A in (3.1) is replaced by the p-laplacian (or even more general strongly non-
linear operators, see e.g. [6, 16]). In this case, we need to assume conditions
like (3.3) and (3.4) relating the growth of g and ¢,(u) = u|ulP~2.
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