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1. INTRODUCTION

In this paper we study the generation of analytic semigroup in the space
L?*(R%), and the characterization of the domain, for a family of degenerate
elliptic operators with unbounded coefficients, which includes some well-
known operators arising in Mathematical Finance, and also in Mathematical
Physics. These results can be employed to obtain existence, uniqueness, and
regularity estimates for the solutions of the associated (linear or semilinear)
parabolic problems, through the well-known theory of analytic semigroups
(e.g., [37]).

This has been done partly in [6] for some so-called “no-arbitrage” operators
arising in contingent claim pricing.

We consider the following differential operator in R%

d d
A= di@)j(@)aij(@)Dij+ ) bi(x)D; — 7 (@), (1.1)
=1

ij=1

where {ai,j(x)}?,jﬂ is a uniformly elliptic bounded and measurable real-

valued d-order matrix on R? and the coefficients v;(x)’s, b;(x)’s and ~(x)
are measurable (not bounded) real-valued functions on R?, with the 1;(x)’s
allowed to vanish in a negligible set Z at most.

It is well known that, in general, these operators do not generate ana-
lytic or strongly continuous semigroup (e.g. consider the one-dimensional
Ornstein-Uhlenbeck operator o D?u + 2 Du, where o is a positive constant).
Indeed, the main difficulty to overcome, to obtain some generation result,
is to manage both the possible unboundedness of all coefficients, and the
possible degeneration of the ones of the second-order terms. However, un-
der suitable growth and compensation conditions on the coefficients, we can
obtain the generation result and the characterization of the domain. The
settlement of these conditions plays a central role in this paper. Actually
they come out as a compromise between our attempt of covering, in a unitary
approach, several operators interesting for the applications, and to avoid as
many technicalities as possible in the proofs.

To give the reader an insight on the above-mentioned conditions and their
application, we anticipate here the simple case of dimension d = 1. In this
case we shall ask for the existence of two suitable constants By and By with
By + By < 2 such that

()| < BIE'Y? [ip()| v(x) Vo €R, (1.2)
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and
1D (6(@)a(2))| < BaE'? [9(a)| 1(x) Va € R, (1.3)
where E is the modulus of ellipticity of {ai7j(:v)}gj:1. For example, (1.2)

and (1.3) are easily verified by the second-order differential operator

22D? + 2D — (2° + 4),
by choosing B; = 1/2 and By = 1. This clearly implies the generation result
for the whole class of the modified Bessel operators 22D? + 2D — (2% + 1?),
where v € R.

The above simple example also shows how to exploit the results of this
paper. Namely, the verification of our assumptions for a suitably chosen op-
erator actually yields the desired generation result, and the characterization
of the domain, for a wider family of operators, which is deducible from the
chosen one by some analytic perturbation (see [35]).

We shall show that other classical operators, as the generalized Schro-
dinger operator, and a wide class of diffusion generators, among which the
Black and Scholes operator, can be handled by the approach outlined above.

Elliptic operators, that possibly degenerate somewhere in the domain, or
have unbounded coefficients, have been studied by many authors. Among
them we recall Baouendi and Goulaouic [3], [4], Clement and Timmerman
[18], and Vespri [50], who have proved the generation of analytic semigroups
for some operators whose coefficients are strongly elliptic in the interior of
their bounded domain, but possibly degenerating in the boundary. We recall
also Aronson and Besala [2], [7], and Cannarsa, Lunardi and Vespri [15], [16],
[38], [39], who have obtained the generation of analytic or strongly contin-
uous semigroups for wide families of operators with unbounded coefficients
in R?, but satisfying everywhere the strong ellipticity condition. Finally, we
recall Cerrai [17], who uses stochastic methods to handle operators similar to
ours, but with different conditions and results, Campiti and Metafune [14],
[43], who also studied operators similar to ours, but in the one-dimensional
case and with the Ventcel’s boundary conditions, and Colombo, Giuli and
Vespri [20], who obtained the generation of strongly continuous semigroup
for differential operators in R?, very similar to ours, but in divergence form
and with different compensation conditions.

In this paper we assume that the coefficients of the operator A, given
by (1.1), are defined in all R%, and we prove first the generation of analytic
semigroups in the space L?(R%). This is obtained by a straightforward appli-
cation of standard Hilbert-space techniques, relying on suitable preliminary
a priori estimates, which are allowed by a natural choice of the compensation
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conditions on the coefficients of 4. Then we obtain the characterization of
the domain of A by a localization procedure adapted to the growth rate of
the weights ;(x)’s at infinity and close to Z.

In a forthcoming paper, part II of this work, we show how to pass from
L?(R%) to LP(RY), for p > 2, by applying a suitable modification of Stewart’s
method [47, 48, 50].

Our main aim is to provide a unitary framework in which we obtain the
generation of analytic semigroups and the characterization of the domain
for some elliptic operators arising in Mathematical Finance. Indeed, in the
no-arbitrage pricing theory, which plays a central role in modern Mathemat-
ical Finance, it is important to provide general existence, uniqueness and
regularity results for some parabolic equations. The semigroup techniques
are then useful tools to get this kind of results, provided one can establish
the semigroup generation and the characterization of the domain for the el-
liptic operator associated to the parabolic equation considered. In addition,
a remark after Garman (see [28]) lightens the financial role played by the
semigroup property in the framework of no-arbitrage prices. This gives one
more motivation for applying the semigroup theory to problems coming from
Mathematical Finance (see Section 4).

Finally, we point out that the analysis of several operators connected with
financial applications calls for a restriction of the domain of the coefficients
in ]Ri, or even in a subset of it. Thus, an appropriate setting of the Cauchy
problem associated to the operator A is usually the positive orthant Ri.
In the above-mentioned forthcoming paper we will show how to overcome
this difficulty in some interesting cases, by imposing suitable boundary con-
ditions. This will allows us to apply our results to prove existence and
uniqueness of the solution of the Cauchy problem associated to the operator
A and to give estimates of the solution of the no-arbitrage price and of its
derivatives for a large class of contingent-claim contracts (see [6]).

The paper is organized as follows. In Section 2 we introduce the notation
and recall some results about weighted spaces and analytic semigroups. Sec-
tion 3 is the heart of the paper and is divided into four parts: the first two
on the generation of analytic semigroup, the third on the characterization of
the domain, and the fourth on the weighted case. Finally, in Section 4 we
show some examples of operators which fit our setting.
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2. PRELIMINARY MATERIAL AND NOTATION

Let Q be an open subset of the d-dimensional Euclidean space R?. We de-
note by C*°(€2) the linear space of all infinitely differentiable complex-valued
functions on 2, and we write C2°(Q2) for the linear submanifold of C*°(2) of
all functions with compact support in €. For every integer k > 0, and every
real 1 < p < oo, we denote by C°™P (1) the linear submanifold of C*°(2)
of all functions ¢ such that Z\a|§n(fﬂ |DYp(x) [P dz)'/? < oco. Here we
are employing the usual multi-index differential notation, o = («, ..., aq),
la| = 25:1 a;, D* = D% ... D% D% = 9% /Jz;". Such a notation will
be dropped in the sequel, writing [, [¢(z)[” dz, 20, [, |Dip(z)|? dz, and
Zgjzl fﬂ |D; jo(x)|P dz, rather than Z\od:n fQ |D¥p(x)|P dz , when n =
0,1, 2, respectively.

We denote by W™P(Q) the usual Sobolev space (see, e.g., [1]), defined as
the completion of C2°(§2) with respect to the norm

e /
ooy 3 ([ 10t dx)

laj<n

writing LP(Q) [resp. H™(Q)] rather than WOP(Q) [resp. W™?(2)], and
using the shorthands WP, LP and H" for W™P(R%), LP(R?) and H"(R?),
respectively.

We denote by WP [resp. Li. ., H.] the linear space of all measurable
complex-valued functions on R? belonging to W™P(Q) [resp. LP(Q), H"(Q)]
for every open subset © of R? having compact closure, and, for any fixed

real-valued function & € VVfg’Cp, we define the weighted Sobolev space Wgn P as
the completion of Cé’o(]Rd) with respect to the weighted norm

def
lullwzr = l€ullwns.

It is well known that Wg P can also be defined as the space of all measurable
functions u such that Eu € W™P. Similarly, for any choice of the functions
o, Bi,i=1,...,d, 6, 4,7 =1,...,d belonging to L} , with ess inf|a| > 0,

we introduce the weighted Sobolev spaces W(lo’tp 3) and W(Qo;p 3.) defined as the

completion of C°(R%) with respect to the weighted norm

d
def
lullyre = llawllze + ) |8 Diul| 1o
(@) —
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and

d d
def
lullyze = loulle + Y 18Dl + > 11655 Dsjul e,
Viapa i=1 ij=1

respectively, and we introduce also the spaces W;’(pm 3) [resp. W; ’(7; 5, 6)] of all

measurable functions u such that u € W(lo’ép ) [resp. u € Wé’lp 5 5)], endowed
with the norms

def def
| yrr1, = ||&u| resp. ||ulyy 2, = ||&ul| 2 .
| HWQ,{L,,@ Ie HW(lazfm resp- | HWZ&M) e ”Wffﬁ,é)]
. . p
Finally, we shall also write Lg, HY, H?a,ﬁ)’ H&ﬂ’é), Hgn,(a,ﬂ) and Hgn,(a,ﬁ,é)

in conformity with the notation introduced above.

3. GENERATION OF ANALYTIC SEMIGROUPS IN L2(R%)

In this section we consider the realization of the operator A in L?. For
clearness we divide the analysis into four subsections:

e first, we consider the easiest case, in which the operator is written in
variational form, and we prove the generation of analytic semigroups,
finding also the consequent estimates for the first derivatives;

e second, we examine the nonvariational case, again proving the gen-
eration of analytic semigroups and the estimates for the first deriva-
tives;

e third, we characterize the domain of the realization A, of A in L?;

e fourth, we extend the previous results to the case of a weighted space
Lg, for a suitable weight &.

3.1. Operators in variational form. Let us consider the second-order
differential operator in variational form

d

d
.,Zl\u d;f Z D](wz(x)w](x)am(x)Dzu) + Z bz(x)Dzu - 72(x)u7 (31)

ij=1 i=1
which satisfies the assumption below.

Assumption 3.1. Suppose that the following conditions hold true

(1) Foralli,j=1,...,d, the coefficients a; j(x) are bounded measurable
real-valued functions on R? such that a; j(z) = a;;(x), and satisfying
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the strong ellipticity condition

d
Re Z a; j(x)ziZ; > E|z|* VzeCd (3.2)
ij=1

for a suitable modulus of ellipticity E > 0 independent of x € R%
(2) foreveryi=1,...,d, the coefficients b;(x) are measurable real-valued
functions on R?, while v(x) and v;(x) are real-valued functions in
L%O . with ess infy > 1; 2
(3) for everyi=1,...,d, we have

[bi(2)| < BEY?ni(x) [vi(x)|+(2) Vo € RY, (3-3)

for a suitable constant B < 2 and measurable real-valued functions
ni(x) on R such that Z;‘i:1 n?(z) = 1.

Remark 3.2. Note that in the case b;(xz) = 0, for every ¢ = 1,...,d, the
operator Au reduces to a classical generalization of the Schrodinger operator
(see [35]). In this case Au is clearly formally selfadjoint and it is easily
checked that it is also negative. Hence, it is a classical problem to ask
whether a suitable extension of A generates an analytic semigroup. On the
other hand, in this particular case, (3.3) is trivially satisfied by choosing
B = 0. Therefore, as a byproduct of our approach, we obtain the generation
and the characterization of the domain for the classical family of generalized
Schrédinger operators.

Remark 3.3. As mentioned in the introduction, we could also consider
more general hypotheses on the coefficients v and ;. In particular, by minor
modifications of the arguments below, we could deal with coefficients having
isolated nonintegrable singularities. In addition, the arguments exploited
in the proofs clearly show that assumption (3.1.3), and the forthcoming
(3.10.2), could be relaxed by requiring that they hold true, but a permutation
of the occurring indices. Namely, we could rewrite (3.1.3) as follows:

3. There exists a permutation o of {1,...,d} such that, for every i =
1,...,d, we have

bi(2)] < BEY? 150 (x) o iy ()| 7(w) ¥z € RY.

2This condition could be replaced by the seemingly more general ess infy > 0, provided
to employ a standard normalization procedure.
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However, for the sake of simplicity, we have preferred to avoid such a more
general formulation, except for the exhibition of a simple example when
treating the nonvariational case.

In order to obtain a realization Aj : D(.Zg) — L? of the formal operator
A which generates an analytic semigroup, we begin by defining a suitable

domain.

Write ¢ = (¢1,...,%,) and consider the weighted Sobolev space H(ly )

endowed with the norm || - || HE - This space becomes a dense linear sub-
v

manifold of L? thanks to the condition ess infy > 1. Then define
-~ Jdef ~
D(A2) = {u € H, s 3K (u)> 0s.t. [a(u, )| < K (u)|ll> Vo€ CZ (R},

where a(-, -) is the sesquilinear form associated to As given by

d d
au,) < — /R d 3" ia)y(x)aij(x) Diu(e) Dyv(x) de

1,7=1
d
() Du(x)v(x)dr — quxﬁxa:
+ [ Enuaas - [ s

for all u,v € L? such that the above integrals make sense. Since C2°(R?) is

dense in L2, for cach u € D(A,) the antilinear functional ¢ € C°(R%) —
a(u, ) € C may be continuously extended to the whole of L?. Therefore, by
virtue of Riesz’ theorem, there exists a unique f € L? such that a(u, ) =
(f, ), for every ¢ € L. This implies that if we choose

-~ d
Ay ™ f,

then the operator Ay D(./Zt\g) — L? is well defined. It follows that we
can characterize a function v € D(le\g) as a weak solution of the resolvent
equation N

(A —Au = f, (3.4)
for any fixed A € C, if and only if we have

d
[ tapla)ds = [ 3 vyt @a @) Do) Dp(w)ds

1,j=1

d
- [ Y b@Datepa)de + [ A+ a)u(w)p(e)ds
Re 52

R4
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for every o € C°(RY).

Following Lunardi [37, Chapter 3|, we establish the announced generation
result for the differential operator /Tg in two steps.

First we show that, for each A € C such that Re A > 0, the resolvent
equation (3.4) has a unique solution in D(Ay) for every f € LE. 13 Then we

prove that, for every such A, the A-resolvent of the operator Ay satisfies
[AR(A; Ag)|| < K,

for a suitable K > 0. The above procedure will be performed by applying
some preliminary lemmas.
From now on we write A for max; j—1 . 4

| j]| 00, Where

llaijlloo = sup |a;j(z)|, foralli,j=1,...,d.
z€R4

Lemma 3.4. Under assumption (3.1), for all u,v € H(l,y vy We have

d
L 3 (o) @y () Dsula) Do) do (35)

ij=1

< A(zdj léiDillz2 ) (i léiDiellz2).
=1 =1

d d
/R Y @) Diu(@)p(@)] da < BEY |yl (Y [viDiullz2)  (36)
i=1 =1
and

/Rd [+ 7% (@))u(@)o(@)] de < (1A + Dllyull 2 o] 2. (3.7)

Proof. The first claim follows by Schwarz’s inequality, which gives

d d
/Rd > Wi(@)y(@)as;(x) Diu(e) Dyo(x) de < AY  [[iDiull 215Dl 2

i,j=1 i,j=1
Then, by virtue of (3.3), we have

d
; /R [bi(w) Diu(w)o(w)| da

3Notice that, as a consequence of this result, the resolvent set of the operator A,
contains the half plane {A € C: Re A > 0}. This implies no loss of generality, thanks to
the already-mentioned analytic perturbation techniques.
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d
1/2 ()Y (x)y(x)D;ul(x)v(x)| ax
<BEY [ In@ita ) Daaypta) d

SBEWzd:(/Rdmz(l‘)W() ) ([ ) Dt )
i=1

< BE'?( / (2)o(@)P de) / ) Do) de)

which is the desired (3.6). Finally, since ess infy > 1 we can write

[N+ 7% (@) u(@)o(@)] < (1A +1) y(@)ul@)] y(@)v()],

for every x € R, and the latter implies (3.7), by applying again Schwarz’s
inequality. (|

Lemma 3.5. Under assumption (3.1), for every u € H(l7 vyr e have

d
Re [ S o) @)y () D) Dy > B3 [wDarls (35)

4,j=1 i=1

and

d B d
| Y m@Da@i@lde < 5 (Il + EY loDalis).  69)
i=1 =1

Proof. Estimate (3.8) follows immediately from (3.2). Furthermore, (3.3)
allows us to write

d
> /R o) Deu(a ()| de
d
<8y /R | )i ) Dyt | do
2(x x)u(x 2 X Y i X 2
SBH(/ @) @) P de) ([ B D) dz)



GENERATION OF ANALYTIC SEMIGROUPS 1095

</ (Z” ) |d$+EZ/ [i(w) Dyu()  d ),

and this completes the proof. (|
We are now in a position to carry on our procedure.

Proposition 3.6. Under Assumption (3.1), Jor each A € C such that Re A >
0, equation (3.4) has a unique solution u € D(A3) for every f € L2(R%).

Proof. For each A € C, we introduce the sesquilinear form @,(-,-) on the
Hilbert space H (1 ) given by

Bauy) /Rdzm 4 (@)ai () Dyu(a) D;o(x)da

i,7=1

2 _
/Rdzb )Dju(x )d:):-l-/Rd()\‘i"Y (z))u(x)v(z)dx.

Then (3.5)—(3.7) imply that, for all u,v € H(l,y > we have

d d
jax(u, )] < AQ [liDiull22) (O ¢ Dsv]l 2)

i=1 i=1

d

+ BE"?|ly0]| 2 liDsullz2) + (Al + 1) a2 [y 2
=1

< Hllullgy | Mollay

for a suitable H > 0. Moreover, if Re A > 0, thanks to (3.8) and (3.9), we
can write

Re @) (u,u) > Re / Z Yi(x)(x)a; j(z) Diu(z)Dju(x)de

i,7=1

_ ‘Adgbi(x)Diu(m)ﬂ(x)dx‘ +Re )\/Rd ()2 de + /Rd 2 (2) [u(z)[? dz

d d
B
>E)  |¢iDul7: - 5(||’YUH%2 +EY_ |[viDgul72) + Re Mull72 + [|lyulj2
i—1 i=1

> Kllul?
> Klully .
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for a suitable K > 0. Therefore, since for each f € L? the map v € H (17 v
(f,v) defines a continuous antilinear functional on H 17 > @ standard ap-
plication of the Lax—Milgram theorem allows us to conclude that for every

f € L? there exists a unique v € H, (17 ) satisfying the equation
ax(u, o) = {f, ),

for every ¢ € C°(R?). Moreover, since a(u, ) = A {u, p) — ax(u, ), it is
clear that such a u belongs to D(Asz). Therefore, for each A € C such that
Re A > 0, the operator A — A : D(Ag) — L? is invertible, as desired.

Proposition 3.7. Under assumption (3.1), for every A € C such that Re A >
0, the A-resolvent R(X; A2) of A satisfies

INR(Y; Ao)|| < K,
for a suitable K > 0 independent of \.
Proof. Given any fixed A € C such that Re A > 0, let u € D(Ay) be the

solution of (3.4) corresponding to some f € L2 Since

ax(u,u) = (f,u) (3.10)

holds true, we have

d
lull 2]l fllz2 = Re /Rd Y il@)y()ai;(z) Diu(z) Dyu(z)dz

4,j=1

d
() D;ul(x)u(x)dx e 2;1: u(x)u(x)dx
_ Re /2}( )Daulayu()ds +Re [ (A% ()u(w)u(a)d

Rd

d d
> By oDl = | [ 30 b(@)Duteate)ds| + Re Muls + .
=1 =1

Therefore, thanks to (3.9), we obtain
d

lull 2l fllz2 > Ivulfe + E Y lviDiull 7. (3.11)
1=1

2
2-B

On the other hand, (3.10) also yields

d
/]Rd Au(@))? de = — /]Rd Z VYi(x)j(x)a; j(x) DiuDju(z)de

ij=1
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d
i(x)Diu(x)u(x)dr — 2(2) Ju(z)]? do z)u(x)dx
+ [ Lt - [ @ P+ [ e

and the latter, by virtue of (3.5), (3.9) and (3.11), implies

d d
B
Mlulze < AQ_ IliDiulz2)® + 2 (Ivulf> + B Y l[iDsul72)

i=1 i=1
+ vallze + 1 ellull 2

< Adz liDiul7z + [lyul 72 +o—gllullzllfllzz < Kllull 21 fll 2,
=1
for a suitable K > 0 independent of A. It then follows
(Mlull2 < K| f]l 2, (3.12)
which is our claim. O

As a consequence of Propositions 3.6 and 3.7 it follows (see, e.g., [37, p.
37])

Theorem 3.8. Under assumption (3.1), the operator Ay : D(Ay) — L2
generates an analytic semigroup on L?.

In addition, we have

Corollary 3.9. Under assumption (3.1), every solution u € D(Ay) of (3.4)
satisfies

N2 lyalle < K'Nflle and Y2 ||giDiull g2 < K| £l 2,
for suitable K', K" > 0 independent of \.
Proof. The claim immediately follows combining (3.12) with (3.11). O

3.2. Operators in nonvariational form. Let us now consider the formal
second-order differential operator

u sz r)Yj(w)a; ;(z ng+Zb )Diju — 7% (z)u, (3.13)

i,j=1

whose coefficients satisfy conditions similar to those on the coefficients of
the operator (3.1), except for some slight modifications and some additional
requirements. Namely we suppose
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Assumption 3.10. Conditions (2) and (3) of assumption (3.1) hold true.
In addition,
(1) for alli,j =1,...,d the coefficients a; j(z) are differentiable on RY;
(2) for alli = 1,...,d the coefficients 1;(x) are differentiable, and we
have
bi(2)] < BLEY 1) [yi(x)|v(2) Ve € RY,
(3.14)
|D;(Wi(@)ij(@)ai;(2))] < BaB" i 5(2) [Wi(2)| () Vo € RY,
for suitable constants By and By such that B1 4+ Bs < 2 and measur-
able positive functions m ;(x) and 12, ;(x) satisfying

d d

Zﬂfz(m) =d Z 77513(37) =1

i=1 ij=1
Remark 3.11. As anticipated in the Introduction, in the one-dimensional
case (3.14) calls for the existence of constants By and By with By 4+ By < 2
such that

|b(x)| < BLE'? [ip(a)[v(z) Va € RY,
(3.15)
|D(W?(x)a(x))| < B2E'? [ip(a)| v(z) Vo€ R™
The latter can be easily verified for several well-known operators, but a trivial
analytic perturbation. Besides the “modified” Bessel operator, we mention
also the infinitesimal generator of the geometric Brownian motion
%042:1;2D2 +raD

where a,r € Ry.

Remark 3.12. The simplest nontrivial example in higher dimensions is
perhaps the infinitesimal generator of the process which is often used to
model the evolution in time of a basket of correlated risky assets. Suppose
we have a basket of d > 1 correlated risky assets whose evolution in time is
described by the d-dimensional process (X¢)i>0 = ((Xt(l))tzo, e (Xt(d))tzo)
which satisfies the system of differential equations

d
X = x4 XY ayuanl?, k=t
j=1

where ry, o, € Ry, for all j,k =1,...d, and (Wt(j))tzo, j=1,...d, are
independent Wiener processes. Then, it is well known that the infinitesimal
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generator of the process (X;);>¢ is the differential operator

d d d
1
5 Z T;T ( Z OéjViOz@k):Ujl‘ij’k + Z TR Dy
Jk=1 i=1 k=1

This operator clearly satisfies assumption (3.10), but a trivial analytic per-

turbation.

Remark 3.13. As already mentioned, Condition (2) of (3.10) could be re-
laxed by requiring that it holds true, but a permutation of the occurring
indices. For instance this applies to the infinitesimal generator of the Brow-
nian motion in the unit circle, which is the bidimensional stochastic process

(Xt(k))tzo, k = 1,2 satisfying the system of differential equations
dx{V = —1xMat — xPaw,

dx? = —1x®ar + xVaw,,
where (Wy)¢>0 is a standard Wiener process. The infinitesimal generator of
the Brownian motion in the unit circle is then given by

% (I%D% —2x1w9 D1 2 + ZL’%D% —x1Dy — :L‘QDQ) ,

and it satisfies Assumption 3.10, but a permutation of the occurring indices,
and a trivial analytic perturbation.

Assumption (3.10) allows us to reduce the analysis of the nonvariational
case to the analysis of the variational one. Indeed, introducing the sesquilin-
ear form af(-,-) associated to the operator A, given by

d
difauv— (i ()i (x)a; i () Diu(x)o(x)dx
a(u,v) = a(u,v) /RdZDy(wz( J¥j(@)ai,; () Diu(z)v(z)dz,

i,j=1
for all u,v € H(lwp), and writing

def
D(Ap) = {uEH(l%w) 3K (u) > 0s.t. |a(u, )| < K(u)||ell2 Ve ECCOO(Rd)},
we can study the realization Ay : D(As) — L? of A employing the results
obtained for the operator As. To this end, following the pattern of the
previous section, we establish some preliminary lemmas.

1

Lemma 3.14. Under assumption (3.10), for all u,v € H(,“p

), we have

d
L, 3 D)@y ) Dartayoo) o

ij=1
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d
< ByEY2d"? ||yl 12 Y i Dl e (3.16)
=1

Proof. Thanks to (3.14), a straightforward computation similar to that in
the proof of Lemma 3.4 gives

d
> [ 1D, @ (@) Dula)o(a)| do

ij=1
d Syl 3
<BoB 3 ([ ik @h@lds) (3 [ @Dt d)
ij=1 JR? Rd

d
= BoE'2d"?||yol| 2 Y i Diull 2,

=1

which is our claim. O

Note that, if v(x) is locally bounded, then we have

d
‘/Rd Z Dj(l/’i(x)l/fj(m)ai,j(a:))Diu(x)Q(g;)dx‘

ij=1

d
< BEV2dV? sup  |y(@)]llellre Y IiDiull e,
TESUPP(p) i=1

for every ¢ € C2°(RY), and the above result yields D(Ay) = D(.Zg).

Lemma 3.15. Under assumption (3.10), for all u € H(l7 vyr We have

d
L 3 10wl (@)as @) Dina)i(o)] da
ij=1
By d
2

(lyulfz + £ llviDsul ). (3.17)
=1

<

Proof. By virtue of (3.14), an analysis similar to that in the proof of Lemma
3.5 yields

d
> [ 1@ @)ass () Duayito)

ij=1
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d
<B Y /R d ‘El/QT]Q,M(x)ibi(x)’y(x)Diu(a:)ﬂ(x)‘ dz

1,j=1
B d E <
2 _
< 2( [ a3 i) he@Pas+ 5 > [ D).
2 \Jpe ij=1 d ij=17R?
from which the desired result easily follows. O

Now we can prove

Proposition 3.16. Under assumption (3.10), for each A € C such that
Re A > 0, the equation

AN—AJu=f (3.18)
has a unique solution u € D(As) for every f € L*(RY).

Proof. For each A € C, we introduce the sesquilinear form ay(-,-) on H (17 )
given by

d
ax(u,v) def ay(u,v) + /]Rd Z D;(s(x)j(x)ai ;(x)) Diu(x)v(x)dx.

ij=1
Then, combining (3.5), (3.6), (3.9) and (3.16), for all u,v € H(l7 > We have

<
jax@ o)l < Hllullgy ol

for a suitable constant H > 0. Moreover, if Re A > 0, from (3.8), (3.9) and
(3.17) it follows that

d
Re ax(u,u) > Re /Rd Z Yi(x)j(x)a; j(z)Diu(x)Dju(x)dx

4,j=1

d
| [ 3 Do @ Dyt

i,j=1

_ ‘ /Rd sz; bl(:c)Dlu(:c)ﬂ(x)daz‘ + Re /Rd()\ + 72(:5)) ’u(g;)’2 dzx

d d
B1 + By
> B (vl — PP (i, 4 B vl )
=1 =1

+Re Alula + Iullfs > Klul,
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for a suitable constant K > 0. Therefore, the same argument as that in the

proof of Proposition 3.6 shows that, for each A € C such that Re A > 0, the

operator A — Ay : D(Ag) — L? is invertible. O
We also have

Proposition 3.17. Under assumption (3.10), for each A € C such that
Re A > 0, the A-resolvent R(\; A2) of the operator Ay satisfies

IAR(A; A2)|| < K,
for a suitable K > 0 independent of \.

Proof. For a fixed A € C such that Re A > 0, let uw € D(.A2) be the solution
of equation (3.18) corresponding to some f € L?. Since, as in the variational
case, the equality

CL)\(U, ’U,) = <f7 U) (319)
holds true, we have

d
[ull2ll fll2 = Re /Rd Y Yil@)y(@)ai;(z) Diu(e) Dya(z)de

1,7=1

d
— Re /Rd Z Dj(wz(x)wj(x)aZ,J(x»DzU(Z')ﬂ(x)dx

ij=1

d
() Dyu(x)u(x)dx e 2(x qux
~Re [ S b@Due)iRe [ O+ o)

d d
> B [wDals = | [ Dy(wia)y(@)asy (o) Dan(o)ita)da
=1

2,j=1

d
- | / Y @) Dauleyu()de| +Re Alullf. + yul .
R =1

Hence, from (3.17) and (3.9), it follows that
d

2—(B1+ B2
lullza 122 = Re Al + 2222l + S D).
=1
which implies
9 d
mlluluzllfﬂm > (lyullfs + B [wiDiull3). (3.20)

=1
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Finally, a computation similar to that in the proof of Proposition 3.7, gives
AullZe < Kl g2l £ 2, (3.21)
for a suitable K > 0 independent of A\, and this is the desired result. [l

From the above results it follows

Theorem 3.18. Under assumption (3.10), the operator Ay : D(A) — L2
generates an analytic semigroup on L?.

Moreover,

Corollary 3.19. Under assumption (3.10), for every solution u € D(As3) of
(3.18), we have

N2 lul e < KIfllze - and A2 i Diull g2 < K" £ 2.
for suitably chosen K', K" > 0 independent of \.

Proof. As in the variational case, combining (3.21) with (3.20), the desired
result immediately follows. O

3.3. Domain characterization. In this subsection we introduce some ad-
ditional conditions on the coefficients of the operator Ay : D(Az) — L? that
allow us to characterize its domain. We divide the domain characterization
in two parts: a first part in which we obtain the suitable estimates for the
first-order derivatives and a second part devoted to the estimates for the
second-order derivatives. This division is justified for better collating the
assumptions needed to handle the two cases.

3.3.1. Domain Characterization: first derivatives. Throughout the sequel
we make the following assumption:

Assumption 3.20. Under (1) of assumption (3.1), and (2) and (3)of as-
sumption (3.2), suppose in addition that v is continuously differentiable and
that, for all i,5 =1,...,d, we have

|bi(2)| < B1E i (2) [yi(2)|(x), Vo € RY,
|Dj(i(@)j(x)aij(@))] < BaEY2nn5(x) [$i(2)|y(x), Vo eRY,  (3.22)

2 |1 (2)Djy(z)ai;(z)| < BsEYV 03, 5(2)2(x), Vo € RY,

for suitable constants By, By and B3 such that By + Bs + By < 2 and
suitable measurable functions m ;(z), n2j(z) and n3, j(z) on RY satisfying

d d d
Yoimimi(x) = dZm:l 77%,1',]'(95) = dZi,jzl 77%,1',]'(37) =1
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Remark 3.21. Notice that
(i) Assuming 7 continuously differentiable implies that the bounded
measurable functions ~, given by

def [ y(z) ifv(z)<n
n(z) = { n elsewhere

for every n > 1, are differentiable almost everywhere in R?. Indeed,
the set Ly, =l {x € R%: y(x) > n} is closed for every n > 1, and 1, is

clearly differentiable in En UL¢. Furthermore, for every x belonging
to the boundary 0L, of L, we have vy(x) = n, and it is easily seen
that ~, is still differentiable in those z € 0L, where (dv), = 0.
Finally, the set {z € OL,, : (dv), # 0}, where -, is not differentiable,
is a continuously differentiable (d — 1)-dimensional submanifold of
R?, which is negligible.

(ii) The assumption of continuous differentiability of v could be weak-
ened by recalling that the addition of a bounded measurable zero-
order term does not influence the generation property of our oper-
ators. In fact, exploiting the same arguments, we could treat the
case in which the function ~(x) is written as 79 + 7, where g is
measurable and bounded, and 7 is continuously differentiable in R

We have

Proposition 3.22. Under assumption (3.20), both v?u and vy yDsu belong
to L?, for everyi=1,...,d. More precisely, u belongs to H(l72 i) and

[l , < K[flL (3.23)

(Zov)
holds true for a suitable K > 0. In particular, for everyi =1,...,d, also
b;D;u belongs to L?, and we have
d d

> biDsull 2 < d*BiEY? Y |l Diul| 2. (3.24)
i=1 =1

Proof. Let u € D(Aj3) be the solution of equation (3.18) corresponding to
some f € L?. Choosing u, = y2u we have clearly u, € L?, and

ax(u, tun) = (f, un)y » (3.25)
for every n > 1. Thanks to the derivation rule we can rewrite (3.25) as

| 0+ juia) P do (3.26)
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d
+ /Rd le i(@)vj(2)ai (@) () Dyu(@) Dju(w)dz
d

= 2)V2 (z)u(x)dz i () D;u(x 2 (o Vu(z)dx
= [ teni@ais+ [ Y @@t

d “
=1

d
N 2/]Rd Z wz(m)wj(w)alﬂ(x)’)/n(x)Dj’}’n(%)Dzu<$)ﬂ(x)d:ﬁ

ij=1

d
- [ 32 Do @)as ) Do @)

,j=1

which clearly implies

Red [ @)@ de+ [ o2 a) lu(o) da

d
+ Re /Rd Z lbi(IL’)@bj(x)ai,j(:E)Diu(x)»yz(x)pja(x)dm

1,j=1

d
2 () Diu(x)y2 (x)u(z) | do
< [ erinla s[5 nwpanieo)d

d
#2 [ W@ s (e ) D ) Deu(a)ie)

ij=1

d
+/Rd > D)y () ai j () Dyu(a) v (v)u(x) | da. (3.27)
i,j=1
On the other hand, we have

d
Re /]Rd > i)y (@)ai () Dau(a)y; (x) Dyui(z) da

1,j=1

d
— /Rd 72(x) Re (Z ()i (x)a; j(z) Dyu(z) Dyu(z))de

ij=1

d
> [ 2 EETEIES (3.28)
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/\f D)2 (@)u()| de < / f |dw>1/2</R V(@) fu(z) 2 d)

<o [ @Fde+ S [ b)) ds
< gl + 5 [ Eart@ lua) P e, (329)

for every € > 0. Furthermore, thanks to (3.22), computations similar to
those in the proof of Lemma 3.15 give

/RdZ‘b z) Diu(z)y2 (2 {dm

< B /R ZEI/%“ Y(z)v2 () [1i(x) Du(z)u(z)| do (3.30)

¢ i=1
B d
< FUL A DR b+ B [ 5263 W) Do) i),

and

[ 3 DA o) Danta o)t

i,7=1

< B2 /Rd Z EYng5(x)y(x)7h (@) [i () Diw()u(x)| da (3.31)

3,j=1

B d
<2 ARen@ e+ E [ 22 D164 (a)Dinto) )

Finally, since (3.22) clearly implies

2 |9 () Djryn(x)ai j(x)] < BsEY 1034 () (2)v(2),

for every z € R?, we have also

2 [ W00V D) s

1,j=1
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< Bs/ Z E', (@) @)y () [i(z) Diu(e)u(x)| de (3.32)

t,j=1
By a
<R[ A @ @ e+ B [ 5203 i) Do)l da)
i=1
Hence, combining (3.28)-(3.32) with (3.27), it follows that

Red [ 2%@)fu(@) do+ [ 23@0*@) o) de
d

+E [ 240 Do) Do)

< g+l [ @@ ) da

S BEBER) ([ 2 o) (o) o

d
+B [ 2@ Y () Daula) o),
=1
and this yields

Re)\/Rd 72(33)‘U(33>‘2d$—|— 2 — (Bl +-822 +BS +E) /Rd 7,21(55')72($)’u($)’2d$

2—(Bi+By+ B

Now, choosing ¢ small enough, it is easily seen that each term on the left side
of (3.33) is positive. Therefore, letting n — oo, the monotone convergence
theorem allows us to conclude that both v2(x)u(x) and v(x)vy;(z)Diu(x)
belong to L?, and (3.23) holds true. Then, by virtue of (3.22), we can easily
complete the proof. O

As an obvious consequence of the above proposition we have that the sum

d
Y via)y()ai(z) Dijule) (3.34)

ij=1

belongs to L?.
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3.3.2. Domain Characterization: second derivatives. Aiming to show that
for all 4, j = 1,...,d the single summand 1;(x)v;(z)D; ju(z) belongs to L?,
we need to strengthen our hypotheses on the coefficients v;(z)’s. Therefore,
having in mind our examples, we will assume then the negligibility of the
set Z = {z € R? : op;(z) = 0, for some i = 1,...,d}, of all zeros of the
¥;(z)’s, and the existence of a suitable countable covering of R? — Z which
allows us to perform a localization procedure. Such a covering will be made
by rectangles of the type

R(xo,mp) = {x € RY : |z; — :L'Z(O)\ < rli(zo)], i=1,...,d},

for zo = (azgo), . ,Q:S))) € R — Z and r > 0. More precisely, we assume

Assumption 3.23. Under assumption (3.20), suppose in addition that
(i) for every i = 1,...,d, the differentiable function 1;(z) belongs to
HllaC and the set Z 1is negligible;
(ii) there exist real numbers r1 > 0 and L > 0 such that for every 0 <
r <11 we can find a countable set N, C R% — Z such that

(a) the family F1 = {R(x,7Y)},ep, is a covering of R — Z;

(b) each rectangle of the family F» = {R(x,2r¢)}, ey, does not
contain any element of Z and has a nonempty intersection with
at most a fized number n, of other rectangles of Fo itself;

¢) we have

—

i)l _ ()]

< in inf < max sup
i=1,...dwcR(wo,2ry) [i(20)] T i=1,d peR(uo 2ry) |¥i(T0)]

for each xg € N,.

Remark 3.24. Notice that

(i) Part (i) of assumption (3.23) is necessary to get estimates for the
second-order derivatives of the solution u of the problem Au = f. In
fact, if some of the ;(x)’s vanish on some open set, then it is not
possible, in general, to get estimates for D; ;u on this set.

(ii) Part (ii) of (3.23) allows us, via a change of variable that will be in-
troduced later, to transform our degenerate global characterization
problem into a set of nondegenerate local ones (one for every rec-
tangle R(x,r1)). We will show that we can obtain local estimates
for the ¢;(z)v;(x)a; ;(x)D; ju’s, which turn out to be independent of
the particular rectangle considered. Finally, thanks to the properties
of the covering given in part (ii)—(a)/(b), these local estimates can
be summed up giving the desired global result.

<1,

SIE
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(iii) We point out that the real difficulty to overcome in this part is to get
estimates in some open neighborhood D of Z and oco. In fact, one
can split our problem into two parts, one related to the neighborhood
D and the other to the compact set R? — D. The latter is a very
classical problem, and it can be handled with well-known techniques
(see [29]). For this reason we will concentrate on getting estimates
on the neighborhood D, while skipping this problem on R% — D.

Assumption (3.23) is convenient for proving our characterization result
(Proposition 3.29). However, it is not easy to check it for given opera-
tors. Therefore, before showing the characterization result, we will establish
Lemma 3.27, which shows that (3.23) is verified under a more treatable as-
sumption, befitted with our examples coming from financial mathematics
(see Section 4). More precisely, we are show that the assumption (3.25)
below implies (3.23).

Assumption 3.25. Under assumption (3.20), suppose in addition that
(i) Part (i) of assumption (3.23) holds true;
(ii) there exist 7o > 0 (small), Ry > 0 (large), and o > 0 such that for
every v € {x € R? : dist(x,Z) < rg or dist(z,0) > Ry} = D (ro, Ro)
and every i =1,...,d we have

|Dji(x)] < o

(iii) for everyi =1,...,d the function 1;(x) depends only on the vari-
able x;.

Remark 3.26. Notice that

(i) Part (ii) of assumption (3.25) states essentially that there exists a
neighborhood of Z and of co where all derivatives D;1); are uniformly
bounded. This yields a sublinear behavior of the ;s close to Z and
to oo.

(ii) One can easily verify (3.25) when the operator A belongs to a family
of operators arising in the pricing of a contingent claim in the multi-
dimensional case (e.g., the d-dimensional Black and Scholes operator
for every d > 1; see Section 4).

Lemma 3.27 below shows that (3.25) implies (3.23) and, actually, some-
thing more.

Lemma 3.27. Under assumption (3.25), there exist real numbers r1 > 0
and 1 < L < 2 such that
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(i) for every 0 < r < r; and vg € {x € R — Z : dist(x,2) <

ro/2 or dist(x,0) > 2Ry} = D (ro/2,2Rp) we have

- R 1C))

i=1,....d z€R(z0,10rp) 103 ()| i=L,..,d e R(z0,10r1)) |[i(z0)

< L;

SIE

(ii) for every r < ry there exists a countable set N, C D (r9/2,2Ry) such
that
(a) the family of rectangles F1 = {R(z0, 1)}, en, 5 a covering of
D (T0/27 QRO)}
(b) every rectangle of the family F» = {R(wo,2r¢)}, cn, does not
contain any point of Z, and has a nonempty intersection with
at most a fired number n, of other rectangles of Fo itself.

Proof of (i). Step (i)—1. We start by observing that, for r; > 0 sufficiently
small, for every 0 < r < ri, and for each zg € D(r¢o/2,2Rp), we have
R(x0,10ry) C D(rg, Ry). Therefore, for each zg € D(r¢/2,2Rp) and every
x € R(zg,10r1)), we have
|Djti(x)] < a,

foralli,j=1,...,d.

Indeed, if zg € D(r0/2,2Ry), we have either ||zg| < 2Ry, or ||xg| > 2Rp.
Let ||zo|| < 2Ro. We have then d (zg, Z) < ro/2, and taking x € R(x¢, 10r1))
we can write

d 1/2
d(@,2) < d(wo, 2) + |l = x| <ro/2+ (Y |ei = 2" (3.35)
=1

d 1/2
<ro/2+ (0 10rwieo)?) < ro/2+ 104214 [ofll o0 20
i=1

where ||1/1||LOO(B(0,2R0)) = maXi=1,..,dSUPzeB(0,2Ry) {lwi(z)|}. Now, (3.35)
clearly implies that choosing 71 small enough we obtain d (z, Z) < rg. Sup-
pose now xg € D(ro/2,2Rp) and ||xo| > 2Ry. Taking z € R(zo,10ry) we
have then [|z|| > Ro. Indeed,

d 1/2
Joll > foll = o — oll = zoll — (3 s — o)
i=1
d N\ 1/2
> ol — 107”(2%- (o) | ) . (3.36)

=1



GENERATION OF ANALYTIC SEMIGROUPS 1111

Now, the point Ty = ”5—8”560 belongs to the boundary of B (0, Ry), and the

line segment between Zo and zg is contained entirely in D(rg, Ry). Then, by
virtue of the differentiability of v; and of (3.25)(iii), we get, fori =1,...,d,

Vi (x0) = ¥; (o) + Dy (§) (9650) - 5:§°)) 7
for a suitable £ € [Zo, x| € D(r0, Ro), and it follows that
[hi (o) | < [4hi (Zo) [ +allZo—zoll < [[¥]lLoe(B(0,R0)) T ([[20]l — Ro) . (3.37)
Combining (3.36) and (3.37), we have then
]| = l|zo ]| — 107 (|[9]| Lo (B(0,R0)) + @ ([0l — Ro)) V.

namely
Jall = llwoll (1 = 10ra/d) = 107 (4]l 12(50,rp)) — o) V.
Finally, wiping off the term aRy and recalling that ||z¢| > 2Ry, we have
||| < 2Ro (1 _ 10m\/8> — 10rVa|[ ]| oo (B0, ))-

From the latter it easily follows that choosing r; small enough we obtain the
desired ||z|| > Rp.

Step (i)—2: Conclusion. We are now in a position to prove (i) of the
lemma. Let xg € D(rog/2,2Ry), and choose r; > 0 sufficiently small. Thanks
to (iii) of assumption (3.25), for every i = 1,...,d and every € R(xo, 10r),
we can write

bi(@) = ilwo) + Dt (&) (ws — 2, (3.38)
for a suitable £ € [z, z¢]. It follows that

[¥i(2)] < [i(zo)| 4+ 10ar(i(xo)l,

which implies

i ()|
0 (z0)] <1+ 10ar. (3.39)

Similarly, from (3.38), we have also
[i()] > [Wi(wo)| — |Ditsi(€)lzs — 21| > [i(wo)| — 10ar|tsi (o),

and the latter yields
|[vi()]
|hi (o)

Therefore the claim (i) follows by choosing again r1 small enough.

> 1 — 100w (3.40)
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Proof of (ii). Now we prove (ii). This proof is more technical and adapts
some arguments used in the proof of the so-called Besicovitch lemma (see
[8, 9, 10]). However, we remark that we cannot apply here the Besicovitch
lemma straightforwardly, since

e the set R — Z to cover is not bounded;
e the family of sets 7 = {R(x, 7))} cga_ is not uniformly regular in
the sense used by Besicovitch (see, e.g., [10]).

We divide the proof into three steps:

Step (ii)—1: Extracting the “good”subfamily. To extract the desired
covering of D (rp/2,2Ry) we use a recursive argument. First, we consider
the family F = {R(x, T¢)}xeD(ro/2,2R0) of the rectangles having centers in
all points of D (r9/2,2Ry), and, by slicing each side into three equal parts,
we divide every rectangle R(z, 1)) of F into 3¢ rectangles, each of which has
the i-th side of length &r |¢; ()| for i = 1,...,d. We write then R(z,r1/3)
for the internal rectangle. Next, among all rectangles of F we choose a
subfamily R¢ such that

(a) the smallest semiaxis is > r - 2% = r;

(b) the internal rectangles R(x,r/3) are pairwise disjoint;

(¢) the family is maximal with respect to the inclusion, namely, there
is no subfamily of F enjoying (a) and (b) above and containing R
strictly).

Clearly, if all ¢(x)’s in the set D (ro/2,2R) take values < 1 such a family
is empty. Any case R is at most countable, because of the two properties
(a) and (b) above. If Rq covers D (r9/2,2Ry) we stop here. If not we choose
another subfamily R of F satisfying

(1) the centers belong to D (r¢/2,2Rg) — URy, where UR stands for the
union of all rectangles belonging to Ro;

(2) the smallest semiaxis is > r- 27! = r/2;

(3) the internal rectangles R(x,r1/3) are pairwise disjoint, and have also
empty intersection with all internal rectangles of the family R;

(4) the family is maximal with respect to inclusion; namely, there is
no subfamily of F enjoying the properties above and containing R4
strictly).

As above, if Rg U Ry covers D (ro/2,2Rp) we stop here. If not we iterate
the procedure. In any case we generate a sequence {R,},~ of subfamilies
of F such that every R, satisfies
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(1) the centers belong to D (r9/2,2Ro) —U}—; (UR}), where URy, stands
for the union of all sets belonging to Ry);

(2) the smallest semiaxis is > r-27";

(3) the internal rectangles R(z, 1 /3) are pairwise disjoint and have also
empty intersection with all internal rectangles of the families Ry for
k=1,...,n—1;

(4) the family is maximal with respect to inclusion.

If this procedure stops after a finite number of steps we have found a count-
able covering. If not, we consider the generated countable family US2 R,
and we prove below that it is a covering for D (r/2,2Ry).

Step (ii)—2: The “good”subfamily is a covering. We argue by con-
tradiction. Let xg € D (r9/2,2Ro) — U2y (URy,). Then consider the rectan-
gle R(xzg,r/3), and let n be the first integer such that min;—; g (xo) >
27", By the maximality of the families Ry for 0 < k < n, there ex-
ist k € {0,...,n} and z € D (ro/2,2Ry) such that R(z,m¢) € Ry and
R(xo,71/3) N R(xk,r/3) # (. This implies that we have

o — 2| < 2 (1w (o) | + s () ). (3.41)

for every i = 1,...,d. On the other hand, since xg ¢ R(xp, ), there exists
at least an index ig € {1,...,d} such that
0 k
i) = | > rlui, (@) | (3.42)

Combining (3.41) and (3.42), we have then

[0 (2] < 5 (I (o0) |+ [ (20) ),

or equivalently

|hig (0) |
Vi, (xg) vert
But this is impossible. In fact, by Assumption (3.25)—(iii), we have also
o (w0) = iy (@) | = | Digtliy (&) Iy’ — i, (3.44)
for suitable € € [z, zx]. Hence, combining (3.41) and (3.43), and taking into
account assumption (3.25)—(ii), we obtain

90 )| = g ()| < |Digutig (@)l — s’ < g (i (o) + i )],

or equivalently

(3.43)

M_1’ <a5<wi° (zo)| +1)-

Vi (k) | 3\t (k) |
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The latter yields

[t (w0) | _ 1+ 5

Wi (k)| ~ 1 — g7’
and choosing r; small enough, for every 0 < r < r1, we can make
14+ &r
5 <2,
1— §T'

which contradicts (3.43).

Step (ii)—3. The “good”subfamily enjoys the finite intersection
property. We write F; for the countable covering of rectangles defined
above, and we write N, for the set of all centers of the rectangles of Fj.
Hence, we are left to prove that the family 72 = {R(w, 2r)}, . enjoys the
announced properties.

Notice first that the first two steps of our proof assure that the family
Fo covers D (rg, Rg) and has empty intersection with Z. Therefore, we need
only to show that every rectangle of F» has a nonempty intersection with at
most a fixed number n, of the others. To this end, we fix any g € N, and
we claim that

- if x € N, is such that R (z,2ry) N R(xg,2rY) # 0, then x € R(xq, 10r);

- there are at most 60 points in N, N R(zq, 10rv).

To prove the first claim, take x € N, such that R(x,2rvy)NR(zq,2ry) # 0.
Then we have

25— 2| < 20 ([a(@)| + s (20) ) - (3.45)
for every ¢ = 1,...,d. In addition, by virtue of the part (i) of the lemma,
for any y € R(x,2ry) N R(xo, 2r)), we have

i (y) | 1 i (y) |
i (o) | <2 and 2 = [¢h; (z) vert’
so that
[Pi () | < 20 (y) | < 49 (20) |- (3.46)

Hence, combining (3.45) and (3.46), the desired claim immediately follows.
To prove the second claim, we recall that, by construction, we have

20 =il > (@) + [ )]

for all z,y € N, and every i = 1,...,d. On the other hand, we have also

|i(2)] S

1
Wi (o) |~ 2
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for every z € R(xo,10r¢). Thus, we can write |z; — y;| > 5[ (z0) |, for all

x,y € N,NR(xp,10r¢Y) and every i = 1,...,d. The latter implies, by suitably

slicing the rectangle R(zg, 10r1), that the points = € N, N R(zg, 10rY) can

be 60¢ at most. g
The following lemma is also needed.

Lemma 3.28. Suppose that assumption (3.23) holds true, and let f and g
be measurable functions satisfying

/ l9()2dy < / F@)Pdy
B(z,r) R(z,2r)

) )

for every x € N,. Then g belongs to L? whenever f does.

Proof. Condition (3.27) (ii) clearly implies that for every = € N, the
corresponding rectangle R (z,2rv) of F2 can be covered by not more than
n, rectangles of the family F7, and that each rectangle of F; can appear in
not more than n, coverings of different rectangles of the family F5. Therefore
we can write

Z/ Yy <nf > / - y) % dy. (3.47)

TEN; R(z 27"1&) TEN;
Moreover, since Condition (3.27) (ii) implies also that each rectangle of the

family F; has nonempty intersection with not more than n, different rect-
angles of Fj itself, we have

2
> /R (W) y)[>dy <n, /R 1F WP dy. (3.48)

TzEN,
Combining (3.47) and (3.48), we obtain

/Ig |dy<Z/R(M) |dy<2/ y)I* dy

TEN, TEN, (z,2r¢)

<ol [ Al ay,

which yields the lemma. O
We are now in a position to carry on our localization procedure, to obtain
a full characterization of the domain.
For each xy = (azgo), ce Elo)) € R? — Z, consider the change of variables

Tyo - R? — R? given by
Tyo(@) S (@1 =2D) /o1 (o), - . -, (wa—2 )/ [alo)]) = @, .., Fa) = F
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with inverse
L@ = @ + [a(@0)| 71,2y + [Ya(20)| Ba) = (21, 7a) = 2.
Clearly Ty, (R(zo,r¢)) = R(0,7) and T;jﬁ)(R(O,T)) = R(zo,r¢), where,

for every r > 0, we write R(0,r) for the d-dimensional cube of R¢ centered
at 0 with semiaxes of length r. Exploiting Lemmas 3.28 and 3.27, we obtain

Proposition 3.29. Under assumption (3.23), the functions
Yi(x)y; () Di ju(x)

belong to L2 foralli,j =1,...,d. More precisely, we have u € H( 2 A h2)
and the estimate

Mlullzz + Y2l o+ e < K| fllr2 (3.49)
vY) (2 7,92)
holds true for a suitable K > 0.
Proof. Writing
d
def
2) Z Y i)y ()a () Diju(x), (3.50)

ij=1
we know that p belongs to L?, and it is easily seen that, for each zg € R —Z,

the change of variables z =l T, -1 (5) allows us to rewrite (3.50) in the form

p(@) d;fp< oL@ ) Z !z/a 0 I\% x0)|ai,j(f)pi,jﬂ(f), (3.51)

with obvious meaning of the “tllda”—labeled functions, and with p still be-
longing to L?. Now, given any smooth cut-off function on R? such that

- 1 ifz e R(0,7)
0r(7) :{ 0 if?c’¢R(o 2r)

we can consider the function v(z ) = 9 (z)u(Z). Clearly, v € L? and, as a
distribution, it satisfies
d ~ o~
vi(z)i(x) -
a; j(z)D; jv = 0, (2)p (3.52)
52 [i(@o) [ (o) ’
d

D) g @ 0,(2)D; + D;b,(¢)D;a
+ Z |¢z($0>||¢]($0)| ( ) ( DZJG( x) 4+ D;0,( )DJ —I—D]HT( YD;ii) .

ij=1
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(here we dropped the cumbersome “tilda”label for the independent vari-
ables since no confusion can arise) whose right hand side, say ¢, fulfills
¢ € L*(R(0,2r)), and ¢ = 0 on OR(0,2r). On the other hand, under our
hypotheses, the second-order differential operator
d -~ -
Yi(x)pi(z)

vy a;,j(x)Di,jv

521 Wi(@o)l 45 (o)

is strongly elliptic in R(0, 2r), and, thanks to well known regularity results
(see [26, Theorem 17.2, p. 67|, [29, 8.3, p. 173] and [19]), it follows that
v € H2(R(0,2r)). In addition, using assumption (3.10), a similar argument
to that in the proof of [29, Theorem 8.8, p.173] assures us that there exists a
suitable constant K > 0, independent of the particular rectangle R(x,2r)
considered, such that the estimate

d
1 e
vl 2(R0.r)) < K(H(ﬂlm(R(o,zr)) +> m||’77/’iDiU”L2(R(O,2r))) (3.53)
i=1 7"
holds true.
Indeed, to prove (3.53), observe first that, for every ¢ € C°(R(0,2r)), we
have

d ~ ~
q = Vi) () a; i(x)D; v(x)p(x)dz
/R(OQT) q(x)(p(x)dx_/z%(o,zr) ”Z=1 |vhi(@o)| [¥5(x0)] (@) Digule)e(e)ds.

(3.54)
In particular, choosing any h € R such that

0 < |2h| < dist(supp(y), OR(0,27)),
and replacing ¢ in (3.54) with the difference quotient

Ahe S p(x + heg) — p(x)

h 9
for some £ =1,...,d, we obtain
d ~ ~
wz(ﬂf)lﬁj(x) . o
ai,'xDL'U",UA (de$
/Rw,zr) jzl |hi (o) |15 (z0)| i(#) Dijo(z) ()

d -~
T ' vilz)y;(z) a;i(x () A" o(x)dx
- /Rm,») 2 Df(wi(xo)uzimon 54()) Div() A" p()d

i,j=1
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d ~ ~
n( Yi@)pix) Dol .
+/R(072r) Z A (|¢z(-’p0)| |wj($0)|al,]< )Dz ( ))D](p( )d . (355)

ij=1
On the other hand, we have
Vi(@)dy(z)
N J ii(x)Dj
(lwz(xo)\!%(xo)la (@) ”(w))
_ 1/}2(1' + hek)wj (.CE + hek)
|vi(zo)] [¥5 (o)

h Jz(x)ij(x) 5 (o
e <¢z‘(ﬂfo)!\¢j(mo)y i ))D] (). (3.56)

Therefore, combining (3.54), (3.55) and (3.56), it follows that

/ d w (x + hek)zp](x + hek)
(02r) ;52 [hi(z0)| [¥5(x0)]

=/ Tx) A" p(r)da

Bl@di@) NS
/R(ozr) Wz o) Hlig(wo)! l,J(if))Dz () A" "p(x)d

2,7=1

ii(x + hep)Dj A ()

i i(x 4 her) Dy A"o(2) Djp(x)d

d
a " ¢Z($)¢J(w> a; i (x v(x)D;o(x)dz
/R(O,Zr) Z = (|¢1(.’E0)| |1/}](x0)| l’j( ))Dl ( )D](p( )d . (357)

ij=1

Now, writing || D¢l|r2(g(0,2r)) @s a shorthand for Zle fR(0,2r) |Dip(z)? da,
and applying [29, Lemma 7.23, p. 161}, we have

/R(0,2'r)

Moreover, since (3.14) of assumption (3.10) implies

DB} () (@)| < BaBY? iy (o) 1 52) (),

we can write

d ~ ~
’ vilz)y;(z) a; i(x w(z) A" Po(z)|dx
/R(Ov??”) i%JD](Wi(QTO)H%(UGOH i )>D2 (@) A" p(z)|d

a(x)ﬁ_h#?(@} dz < |[qllz2(re0,2r) 1 PPl L2 (R(0,2r) - (3.58)
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< B2E1/2d/ Z Vil h iv(x)Afhcp(x)da:

R(0,2r) i—1 |¢1 'TO

d
< BQE1/2dHD<P||L2(R(0,2r) Z W} Wz’yD V][ L2(R(0,2r)) (3.59)
=1 ¢
and similarly
d -~ -
Yi(@)y;(x)
Al J Div(x)Djp(x)dz
S 2 A (ol ) P sete)
d 4 B

< BoE'V2d| Dol o2y Y ] [0iYDivll L2 (r(0.20)- (3.60)

Hence, combining (3.57) with (3.58), (3.59) and (3.60), we obtain
d
Pi(x + heg)j(z + hek)
+ hey)D; Ay ip(x)dx

Lo D T et (7)Ds()

(3.61)
d
~ 1 1 ~
<Dl L2(r(0,2r)) (HQHLQ(R(O,QT)) +2B,E2d Yy itz Wz‘WDz‘UHm(R(ogr)))-
i=1 """
From the ellipticity condition, we obtain that

E/02 Z]nga \dx</02 Zawaﬂ-hek D;p(x)Djp(z)dx.

i 1 z ,j=1
(3.62)
On the other hand, since v has compact support, by the usual density argu-
ment, we can replace ¢(x) with A"v in (3.62). Therefore, combining (3.61)
with (3.62), and taking into account (i) of Lemma 3.27, we can write

d
2
E 3 ‘Diﬁhv(x)‘ dx < LI DA" | 12(re020)
R(0.2r) i3 '

d
1 ~
x (1l z2(ro.2ry) + B8 oA men) (3:63)

Finally, thanks to Young’s inequality, the desired (3.53) follows.
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Now, since
det J(T,", )( ’— [ :(z0)]

changing the variables back, and recalhng the definition of ¢, we have

d
D @) (2) Diju(@)l| 2 (Bay av))

G
_ )1/2 T
H ¥ilzo)l ”z:l H I%bz o H% xo)\Dwu(w)‘ L2(R(0,r)) (364
<L2H|¢ o) [/ Z 105,50 () || L2 (R(0.r))
,7=1
1/2 i
< KL2H|% ()2 (1l 2020y +Z s Dﬂ\ Srom)

<KL* (||9\|L2(B(xo,2r¢)) + Z ||7¢iDiuHL2(B(zo,2r¢))) 7
=1

where g(x) = q (T () for every x € B(xg,2r1y). Moreover, since

1
max —sup [ Difly (Tey (2))] < —[| D00,
i=L,d g€ B(xo,2r) r

1
max  sup |Dig (T u(@)] < 5110?61,
6=1s sl pe B(wo,2r1)) '

it follows that

d TN T~
GO G (@) Dyl (3
| 2 ol e DD )

ij=1

‘ Z Wz To ij xo)‘a i (@)u(@)D; 6 (T, (2 ))’ (3.65)

(@)Y () L,
< ZZ e ey Nl W@ 1Dl < AL D0 )
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and

d TN~
(D) 5@ D, (@) DuE
|3 ol G AP @DG)

d i\ i\
= ‘ . Maiu‘(@@@r (Two,w(a?))DjU(x)‘

5= 1il=o)l
d
i) (@) !
<2 | Ty | Mol 10l Dsu(o)
1 d
< CAAL|Dlloe 3 [45(w)] [ Dju()]. (3.66)

J=1

Combining (3.52) with (3.65) and (3.66), we can write
1
121l 2 (B(zo,2rv)) < 19l L2(B@o,2re)) T+ r_2d2AL2HD29HOOHUHLQ(B(JCO,Qmp))

d
2
+ ~dAL|DOlloo Y _ 143 Ditll 200,20, (3.67)
i=1

and, by virtue of (3.64) and (3.67), it follows that

d

D (@) (@) Di (@)l L2 (Baorv))

ij=1

1
< K (ol e ariy + S5 AT Dbl ariy)  (565)

d d
2
+ ;dALHD@Hoo > i Diull 2 (B 2rey + ||V¢z'DiUHL2(B(xO,2w)))-
=1 =1

Summing up to the covering, thanks to Lemma 3.28 and (3.23), we can

2
conclude that u € H(AYQ’W’W).
With regard to the proof of (3.49), notice that, rewriting (3.18) as

d

d
> wi(a)y(@)ai () Diju = (A+~7(x) u— > bi(x)Diu— f(z),

i,j=1 i=1
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we obtain
d
p(x) = (A++2(@)) u—>>_ bi(x)Dyu — f(=).
i=1
Hence,
d
Ipllz2 < Alllullze + IV?ullz2 + > b Daull 2 + || £ 2
i=1

Finally, combining the latter with the global estimate which arises from
(3.68) by summing on the covering, and taking into account (3.24), we can
complete the proof. O

3.4. Generation in Lg(Rd). In this subsection we consider the problem
of the generation of analytic semigroups on a weighted Sobolev space for a
suitable modification of the differential operator considered up to now. For
this task we choose a weight function { € H}’_, and we invoke the related

weighted Sobolev spaces Lg, Hg1 (y.10) and Hg (42 yih,102) defined in Section 2.
Our result is

Theorem 3.30. Assume that assumption (3.20) still holds true when re-
placing the first-order term of the operator A with

d d
Z b;D; + Z Yivja;; <%D]’ + %Dz)
i—1

ij=1
and the zero-order term with
d d
D; D;éD; D;
—% + Z%%‘ai,j( g’j£+2 22 j£>+zbi ¢,

ij=1 i=1

then the operator A has a realization Ag ¢ : D(Asg¢) — Lg which generates an
analytic semigroup on Lg. Moreover, for each A € C such that Re A > 0, the

resolvent equation Au — As¢u = f has, for every f € L?, a unique solution
u € D(Azg), which satisfies the estimate

1/2 <
Ml + 2l gre gz, <Clflz (369)
. . 172
for a suitable constant C' > 0. In particular we have D(AQ’g) = Hé:(vz,w,W)'

Proof. Given f € Lg, let us consider the formal resolvent equation

Au— Au = f.
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Multiplying both the sides by the weight £, we can write
Agu — A(&u) + (A(§u) — §Au) = £ f.

On the other hand, we have

d d
EAu— A(&u) = Y Pivyjai; (Ds j§)u+ DiEDiu+ DigDju) + > bi( Dig)u,
ij=1 i=1
and since D D,
Di¢Dju= S (€Du) = 25 (Dyl6u) — uDst).
we can rewrite
d
Al€u) = EAu =" (@) (w)a; j(x)
Q=1
D; ;¢(x) Dig D;¢ o DiD;&
x (Tt + oy Dileu) + g Dileu) + 2= 5 6w)
d
+) b Df (&uw).
i—1

Therefore, if we consider the operator Ay : D(Ag) — L? given by D(Ay) &
D(Az), and

A = D¢ D¢
A = Av+ ;1% Y0i(z)a; ;(x )(5( )Dﬂv+€(;)Div)
d
D
T Z Yi(x)j(z)a; j(x) ”§ 5
’L,]:1

our hypotheses assure that, for each A € C such that Re A > 0, the resolvent
equation

A—AJv=yg
has, for every g € L?, a unique solution v € D(A3), which satisfies the
estimate

[Alllollze + |/\|1/2HUHH<1 + [[v] g2 < K{|gl|r2, (3.70)
v¥) (v2,v3,92)

for a suitable K > 0. Now, writing

D(Ase) @ {ueL?:uc € D(A)}, Aseu™ Au,
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and multiplying by £, the resolvent equation Au — As ¢cu = f becomes

A(u) — Az(€u) = &f.
Therefore, (3.69) follows by a straightforward application of (3.70) to v =
&u. Finally, we have D(Ag¢) = Hg (22 88 1t easily follows from the

definition of our weighted spaces (see Section 2).

Remark 3.31. The problem of determining the type of weights for which the
assumptions of the above proposition are satisfied now arises. For instance,
it can be checked that, choosing {(z) = (c+ ]a:|2d)_1, where ¢ € R, the
contribution of the terms depending on ¢ in the operator A in Assumption 1
goes to zero as d increases. It follows that one can always find a good weight
of the form described above, for which Proposition 3.30 holds true.

4. EXAMPLES

Example 4.1. We consider here the PDE for the price of a European contin-
gent claim (see, e.g., [51]) in the multifactor case. Assume that the price pro-
cess of the given underlying d > 1 assets (X;),~,, where X; = (th, . ,Xtd)
satisfies the SDE

dX; =rXydt + o (dlagXt) dWe, Vt>0

where (diagX;) is the diagonal matrix with the components of (X;),~, on
the main diagonal, 7 is the interest rate of a reference riskless asset in the
market, o is a given d-order matrix such that, writing ¢* for the transpose
of o, the matrix o*c is positive definite, and (W};),~, is a d-dimensional
Wiener process, W; = (th, el Wtd).

Write v = v(z,t), where © = (z1,...,24), for the no-arbitrage price of a
contingent claim having payoff g = g(z) at the expiration time 7. Then,
under the so-called no-arbitrage assumption, it is well known that v solves
the backward Kolmogorov PDE, D;v + Av = 0, with the terminal condition
v(z,T) = g(x), where

d
1
Av = §Tr ((odiagz) (D; ;v) (odiagz)*) +r inDiv —rv,
i=1

and (D; jv) denotes the d-order matrix having entries for D; jv, for i,j =
1,...,d.

It can be easily verified that the second-order operator A fits all our
assumptions. Of course, for financial applications we are interested in solving
the above PDE on the positive orthant, not in all R%, but this does not
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affect our results. Indeed, it can be proved that the operator A generates a
positivity-preserving semigroup (see the second part of this paper).

Notice that this equation can be also studied (and solved explicitly) by
taking the change of variable (see [11, 51]) y; = Ina; for all i = 1,...,d.
Our approach has the advantage of proving a general generation property
and a characterization of the domain which turns out to be useful when one
considers some modifications of the basic model above. A first example is
the case when o depends on x, but preserves differentiability and strong
ellipticity (see, e.g., [51]). Another example is discussed below.

Assume that the underlying assets pay dividends with a rate p = p(z,1),
and that they are subjected to a tax rate € = e(x,t). Then we have the
following no-arbitrage PDE

d
1
Dyv + §Tr ((odiagz) (D; jv) (odiagz)®) + (r — p)(1 —€) Z x;Dijv — rv,
i=1

with the terminal condition v(z,T) = g(x). In the case d = 1, p = 0,
e =0 and g(z) = (z — E)T, where F is the maturity price, we obtain the
well-known Black and Scholes equation described in [11]. Also multifactor
models, such as the ones appearing in [24], options on futures contracts, and
swaps can be treated in our framework (see [6], [51]), along with the example
below.

Example 4.2. We consider here the structure model of interest rate deriva-
tives. For the so-called affine single-term structure model the interest rate is
modeled by the stochastic process (X), satisfying the differential equation

dXy = (o (t) + a2() Xy) dt 4 (B1(t) + B2(t) Xe) AW (4.1)

Suitably choosing the coefficients a1 (t), aa(t), 51(t) and B2(t), different term-
structure models can be obtained. In particular (see part II of this work),
two models fitting our framework can be obtained by choosing

(1) ap = ag = 1 =0 [23]

(2) B1=0[12].
The price of a zero-coupon bond maturing at date 7" is the solution of the
Cauchy problem

DtU + Av = 0,

with the end terminal condition v(z,T) = 1, where

Av = L(B1 + B22)? Dy 50 + (a1 + a22) Dy
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We remark in addition that our results allow us to treat also multifactor
models with time-dependent coefficients (see [24, 6]), and also semilinear
perturbations of the above equations, as already shown in the previous ex-
ample.

Example 4.3. The following equation, coming from nonlinear filtering, is
considered in [5, 46]:

Dy =Dy, +aDw—2%v, t>0,rcR

with initial condition v(0, x) = g(x). It can be easily checked that the second
order operator defined by the right-hand side of the above equation satisfies
our assumptions.

Acknowledgments. Thanks to E. Barucci for useful suggestions about
financial applications and G. Da Prato and A. Lunardi for useful discussions.
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