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S. Dubois obtains an interesting theorem which states that every mild
solution v to the Navier-Stokes equations in the class C([0, T ); L3 (R3 )) with
the initial data v0 ∈ L2 (R3 ) ∩ L3 (R3 ), div v0 = 0 belongs, necessarily to
C([0, T ); L2 (R3 )) and fulﬁlls energy equalities
 t
2
v(t)L2 + 2
∇v(τ )2L2 dτ = v(s)2L2 for all 0 ≤ s ≤ t < T . (0.1)
s

In particular, v is in the Leray-Hopf
She ﬁrst establishes a certain
 t class.
(t−τ
)Δ
P (v · ∇v)(τ )dτ , and then inbilinear estimate for the evolution 0 e
vestigates behavior near t → +0 of v(t) to apply her estimate to the proof
of energy inequalities. See the main result Theorem 2.1 in her paper. The
purpose of this note is to show that one can prove validity of energy equalities directly by a local existence theorem of the strong solution with the aid
of uniqueness of mild solutions in the class C([0, T ); L3 (R3 )). It is essential
for our argument that the local existence time of the strong solution can be
taken uniformly for every precompact subset in L3 (R3 ) of the initial data.
This was implicitly pointed out by Brezis [1]. Our theorem holds also for Rn
with n ≥ 3. We follow the same notations and deﬁnitions of Dubois’ paper
except for n ≥ 3. For simplicity, we denote by Lnσ (Rn ) the solenoidal vector
ﬁelds in Ln (Rn ).
Theorem 1. Let v0 ∈ L2 (Rn ) ∩ Lnσ (Rn ). Suppose that v is a mild solution of (NSI) in the class C([0, T ); Ln (Rn )) arising from v0 . Then v is in
C([0, T ); L2 (Rn )) and fulﬁlls energy equalities (0.1). In particular, v is in the
Leray-Hopf class on (0, T ), i.e.,
v ∈ L∞ (0, T ; L2 (Rn )) ∩ L2 (0, T ; Ḣ 1 (Rn )).
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To prove the above theorem, we need the following time-local existence
result for the strong solution.
Lemma 1. (Giga-Miyakawa [3], Kato [4], Brezis [1]). For any precompact
subset K in Lnσ (Rn ) there is T∗ = T∗ (K) > 0 such that for every a ∈ L2 (Rn )∩
K we have a unique solution u of (NSE) on [0, T∗ ) with u|t=0 = a having
the properties that
u ∈ C([0, T∗ ); L2σ (Rn ) ∩ Lnσ (Rn )),
1
2

t ∇u ∈ C([0, T∗ ); L2 (Rn ) ∩ Ln (Rn )),

(0.2)
∇2 u ∈ C((0, T∗ ); L2 (Rn ) ∩ Ln (Rn )).
(0.3)

Moreover, such a solution u fulﬁlls the energy identity
 t
2
∇u(τ )2L2 dτ = a2L2 for all 0 ≤ t < T∗ .
u(t)L2 + 2

(0.4)

0

Remark. First, Giga-Miyakawa [3] and Kato [4] gave the existence timeinterval [0, T∗ ) of the solution u(t) for each a ∈ Lnσ (Rn ). Then Brezis [1]
proved that T∗ can be taken uniformly for every precompact subset of initial
data in Lnσ (Rn ). For more detail, see [5, Proposition 2.4 ]. It should be noted
that T∗ can be chosen independently of the size of aL2 .
Concerning uniqueness of the mild solutions of (NSI), we have:
Lemma 2. (Furioli-Lemarié-Rieusset -Terraneo [2], Lions-Masmoudi [6]). If
u and v are mild solutions of (NSI) in C([0, T ); Ln (Rn )), then there holds
u ≡ v on [0, T ).
Proof of Theorem 1. In Lemma 1, we take K ≡ {v(t); t ∈ (0, T )}. Since
v ∈ C([0, T ); Ln (Rn )) with div v = 0, we see that K is a precompact subset
in Lnσ (Rn ). Then it follows from Lemma 1 that there exists a solution u of
(NSE) on [0, T∗ ) with u|t=0 = v0 having the properties (0.2), (0.3) and the
energy identity (0.4) with a replaced by v0 . By (0.2) and Lemma 2, we see
that v ≡ u on [0, T∗ ). We next solve (NSE) beyond T∗ . Indeed, again by
Lemma 1, there exists a solution w of (NSE) with w|t=T∗ = v(T∗ ) such that
w ∈ C([T∗ , 2T∗ ); L2 (Rn ) ∩ Ln (Rn )) and such that
 t
2
∇w(τ )2L2 dτ = v(T∗ )2L2 for all t ∈ [T∗ , 2T∗ ).
w(t)L2 + 2
T∗

By Lemma 2, there holds v ≡ w on [T∗ , 2T∗ ). Then we have that v ∈
C([0, 2T∗ ]; L2 (Rn )) and that v fulﬁlls energy equalities (0.1) for 0 ≤ s ≤
t ≤ 2T∗ . Notice that the existence time T∗ depends only on K. Repeating
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this procedure again for t ≥ 2T∗ , within ﬁnitely many steps, we reach the
conclusion that v ∈ C([0, T ); L2 (Rn )) and that v fulﬁlls energy equalities
(0.1) on the whole interval 0 ≤ s ≤ t ≤ T . This proves Theorem 1.
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