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Abstract. In this paper we prove the existence of a solution for a
nonhomogeneous bi-layer shallow-water model in depth-mean velocity
formulation. In [7] the homogeneous case was studied. The main dif-
ficulties in the nonhomogeneous case arise from the treatment of the
boundary terms.

1. Introduction

The problem that motivated our study is the modelling of the dynamics of
water masses in the Alboran Sea and the Strait of Gibraltar (the westernmost
part of the Mediterranean Sea). In this sea, two layers of water can be
distinguished: the surface Atlantic water penetrating into the Mediterranean
through the Strait of Gibraltar, and the deeper, denser Mediterranean water
flowing into the Atlantic. Observation of this simplified picture shows that,
if a bi-dimensional model is used to simulate the flow in this region, it is
necessary to consider, at least, a two-layer model.

Here, we propose a model that considers sea water as being composed
of two immiscible layers with different constant densities. In such a model,
waves appear not only on the surface but also at the interface between the
layers. It is assumed that the phenomena to be modelled have wavelengths
large enough to make an appropriate shallow-water approximation in each
layer. Therefore, the partial differential equations system to be studied is a
coupled system of shallow-water equations.

The analysis developed in this paper is based on the techniques used by
P. Orenga and F.J. Chatelon, in collaboration with P.L. Lions, in the study
of the one-layer model. In [2], these authors presented a theorem for the
existence of a solution for the shallow-water problem with nonhomogeneous
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boundary conditions, based on a previous result corresponding to the ho-
mogeneous problem [10]. In [3], they also presented some smoothness and
uniqueness results for the homogeneous problem. In [7] we applied similar
techniques to prove some results for the existence, smoothness, and unique-
ness of a solution for the homogeneous bi-layer model. The main difficulty
found in that case was the treatment of the terms coupling the equations
of both layers. In this paper we prove the existence of a solution for the
nonhomogeneous bi-layer problem. The main difficulty in this case arises in
the treatment of the boundary terms.

1.1. Positioning the problem. Let Ω be a fixed, bounded, and simply
connected open domain of R

2 with the boundary Γ sufficiently smooth. In
oceanographic applications, Ω is the domain corresponding to the surface of
the sea assumed to be at rest. We denote by x = (x1, x2) a point in Ω, by n
the exterior unit-normal vector to Ω on Γ, and by t ∈ [0, T ] the time during
which the flux is studied.

We consider a system composed of two layers of superposed fluids with
densities ρ1 and ρ2 (ρ2 < ρ1). In what follows, index 1 refers to the deeper
layer, and index 2 to the upper layer of the fluid. Let A1 and A2 be the
respective coefficients of viscosity for each layer and g the acceleration of
gravity.

We denote by u1 and u2 the velocity vector fields and by h1 and h2 the
thickness of the lower and upper layer, respectively.

For i = 1, 2, we can split the boundary Γ into three parts: Γe, corre-
sponding to the coasts; Γ+

i , where the flux is going out the i-layer, and
Γ−

i , where the flux is coming into the i-layer. Notice that ui · n = 0 on Γe,
ui · n > 0 on Γ+

i , and ui · n < 0 on Γ−
i .

Then, let Q = Ω × (0, T ), Σ = Γ × (0, T ), Σ+
i = Γ+

i × (0, T ), and Σ−
i =

Γ−
i × (0, T ), i = 1, 2.
If ϕ = (ϕ1, ϕ2) is a vector function from Ω into R

2 and q is a scalar
function from Ω into R, we define the operators α, Curl, and curl as follows:

α(ϕ) =
(−ϕ2

ϕ1

)
, Curl q =

( ∂q
∂x2

− ∂q
∂x1

)
, curlϕ =

∂ϕ2

∂x1
− ∂ϕ1

∂x2
.

The problem we study, which will be referred to as (P) in the sequel, is
the following [6]:

∂u1

∂t
− A1Δu1 +

1
2
∇u2

1 + curlu1α(u1) + g∇h1 + g
ρ2

ρ1
∇h2 = f1 in Q,

u1 · n = G1 on Σ,
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curlu1 = 0 on Σ,

u1(t = 0) = u1,0 in Ω,

∂h1

∂t
+ div (u1h1) = 0 in Q,

h1 = μ1 on Σ−
1 ,

h1(t = 0) = h1,0 in Ω,

∂u2

∂t
− A2Δu2 +

1
2
∇u2

2 + curlu2α(u2) + g∇h2 + g∇h1 = f2 in Q,

u2 · n = G2 on Σ,

curlu2 = 0 on Σ,

u2(t = 0) = u2,0 in Ω,

∂h2

∂t
+ div (u2h2) = 0 in Q,

h2 = μ2 on Σ−
2 ,

h2(t = 0) = h2,0 in Ω,

where ui,0 and hi,0 > 0 are the initial conditions for velocities and depths,
respectively, i = 1, 2.

As usual, we are going to make a change of variables in order to obtain a
homogeneous problem.

Set Gi and ∂Gi
∂t in L2(0, T ;H1/2(Γ)), for i = 1, 2. Then we solve, for every

t ∈ [0, T ], the scalar problem⎧⎨⎩ −Δsi(t) = f̃i(t) ∈ L∞(Ω),
∂si

∂n
(t) = Gi(t) ∈ H1/2(Γ),

where f̃i is chosen in H1(0, T ;L∞(Ω)) and satisfying the condition
∫
Ω f̃i +∫

Γ Gi = 0. We can choose si such that
∫
Ω si = 0. The function wi = ∇si

satisfies wi ∈ H1(0, T ;H1(Ω)2), divwi ∈ H1(0, T ;L∞(Ω)), curlwi = 0 in Ω,
and wi · n = Gi on Γ, for i = 1, 2.

Setting vi = ui − wi, i = 1, 2, we formulate the problem (P) as the
following problem (P)′:

∂(v1 + w1)
∂t

− A1Δ(v1 + w1) +
1
2
∇(v1 + w1)2

+curl (v1 + w1)α(v1 + w1) + g∇h1 + g
ρ2

ρ1
∇h2 = f1 in Q,

v1 · n = 0 on Σ,
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curl v1 = 0 on Σ,

v1(t = 0) = v1,0 in Ω,

∂h1

∂t
+ div (v1h1) + div (w1h1) = 0 in Q,

h1 = μ1 on Σ−
1 ,

h1(t = 0) = h1,0 in Ω,

∂(v2 + w2)
∂t

− A2Δ(v2 + w2) +
1
2
∇(v2 + w2)2

+curl (v2 + w2)α(v2 + w2) + g∇h2 + g∇h1 = f2 in Q,

v2 · n = 0 on Σ,

curl v2 = 0 on Σ,

v2(t = 0) = v2,0 in Ω,

∂h2

∂t
+ div (v2h2) + div (w2h2) = 0 in Q,

h2 = μ2 on Σ−
2 ,

h2(t = 0) = h2,0 in Ω,

where vi,0 = ui,0 − wi(0), i = 1, 2.

1.2. Weak formulation. We will denote by (·, ·) the scalar product of
L2(Ω) and L2(Ω)2 and by ‖·‖W m,p the usual norm in Wm,p(Ω) and Wm,p(Ω)2.

Let V be the space

V = {v ∈ L2(Ω)2, div v ∈ L2(Ω), curl v ∈ L2(Ω), v · n = 0 on Γ}.
As Ω is simply connected, we can consider in V the norm given by

‖v‖2
V = ‖div v‖2

L2 + ‖curl v‖2
L2 .

Recall that V is algebraically and topologically included in the space {v ∈
H1(Ω)2, v · n = 0 on Γ}, and that the bilinear form

a(u, v) = (divu, div v) + (curlu, curl v)

is elliptic.
Let us consider the problem (P)′ under the following weak formulation:

Find (v1, h1) and (v2, h2) in [L∞(0, T ;L2(Ω)2) ∩ L2(0, T ;V )] × [L∞(0, T ;
L1(Ω)) ∩ L2(Q)] such that h1 > 0, h2 > 0, and the following system, which
will be referred as (V), holds:(∂v1

∂t
, ϕ

)
+ A1a(v1, ϕ) − 1

2
(v2

1,divϕ) + (curl v1α(v1), ϕ) − g(h1,divϕ)
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−g
ρ2

ρ1
(h2,divϕ) − (v1w1,divϕ) + (curl v1α(w1), ϕ) = (f1, ϕ)

−
(∂w1

∂t
, ϕ

)
− A1a(w1, ϕ) +

1
2
(w2

1,divϕ) ∀ϕ ∈ V,(∂v2

∂t
, ϕ

)
+ A2a(v2, ϕ) − 1

2
(v2

2,divϕ) + (curl v2α(v2), ϕ) − g(h2,divϕ)

−g(h1,divϕ) − (v2w2,divϕ) + (curl v2α(w2), ϕ) = (f2, ϕ)

−
(∂w2

∂t
, ϕ

)
− A2a(w2, ϕ) +

1
2
(w2

2,divϕ) ∀ϕ ∈ V,

∂h1

∂t
+ div (v1h1) + div (w1h1) = 0 in L1(0, T ;W−1,p(Ω)), p < 2,

∂h2

∂t
+ div (v2h2) + div (w2h2) = 0 in L1(0, T ;W−1,p(Ω)), p < 2,

v1(t = 0) = v1,0 ∈ V, v2(t = 0) = v2,0 ∈ V,

h1 = μ1 on Σ−
1 , h2 = μ2 on Σ−

2 ,

h1(t = 0) = h1,0 ∈ L2(Ω), h2(t = 0) = h2,0 ∈ L2(Ω).

The orthogonal decomposition of L2(Ω)2 in a sum of gradient vectors and
curl vectors [4, 8], L2(Ω)2 = ∇H1(Ω)⊕CurlH1

0 (Ω), will be used to look for
v1 and v2 in V under the form

v1 = vp,1 + vq,1 = ∇p1 + Curl q1, v2 = vp,2 + vq,2 = ∇p2 + Curl q2,

with pi and qi solutions of the scalar problems{
Δpi = div vi in Ω,
∂pi

∂n
= vi · n = 0 on Γ,

{
−Δqi = curl vi in Ω,

qi = 0 on Γ,

i = 1, 2. The functions pi can be chosen such that
∫
Ω pi = 0. We must also

remember that curl vp,i = 0 and div vq,i = 0, i = 1, 2.
In order to simplify the notation, we consider only the simply connected

case. The additional difficulty appearing in the multiply connected domain
is solved by taking into account a dissipation condition at the bottom [9].
In this case, some new functions must be added to the decomposition: the
functions curl r with r solutions of the following m problems:

−Δri = 0 in Ω, ri = 1 on Γi, ri = 0 on Γj , j �= i,

where i = 1, . . . , m and j = 0, . . . , m. We have assumed that Γ has a
finite number of connected components Γi, i = 0, . . . , m, Γ0 indicating the
boundary of the infinite connected component of the complement of Ω in
R

2.
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2. An existence theorem

In this section, we present a global existence result with controlled data.

2.1. Theorem. Preliminaries. Let C be the best constant associated with
Gagliardo-Nirenberg’s inequality:

‖u‖2
L4 ≤ C‖u‖L2‖u‖V , ∀u ∈ V,

and C̃ the injection constant of H1(Ω)2 into L4(Ω)2:

‖w‖L4 ≤ C̃‖w‖H1 , ∀w ∈ H1(Ω)2.

Let C ′ be the injection constant of {Θ ∈ W 1,1(Ω) :
∫
Ω Θ = 0} into L2(Ω):

‖Θ‖L2 ≤ C ′‖∇Θ‖L1 , ∀Θ ∈ W 1,1(Ω) :
∫

Ω
Θ = 0.

Now set, for i = 1, 2, ai the injection constant of H3/2(Γ−
i ) into L∞(Γ−

i ),
and b the constant such that

‖pi‖H2 ≤ b‖div vi‖L2 ,

with pi the solution of {
Δpi = div vi in Ω,
∂pi

∂n
= 0 on Γ.

We consider the N -function Φ(x) = ex2 − 1 and the associated Orlicz space
LΦ(Ω), which is a Banach space with the Orlicz norm, denoted by ‖ · ‖LΦ

.
The Sobolev space H1(Ω) is embedded in LΦ(Ω) [1]. Let k be the injection
constant:

‖p‖LΦ
≤ k‖p‖H1 , ∀p ∈ H1(Ω).

It is not possible to give an analytical expression for Ψ, the complementary
N -function to Φ. However, it can be shown that Ψ is equivalent to Ψ̃, with

Ψ̃(x) = x

√
log+ x.

Let ‖ · ‖LΨ
and ‖ · ‖LΨ̃

be the Orlicz norms in the Orlicz spaces LΨ(Ω)
and LΨ̃(Ω), respectively. The equivalence relation between the N -functions
Ψ and Ψ̃ implies the equivalence between the norms ‖ · ‖LΨ

and ‖ · ‖LΨ̃

and allows us to identify the spaces LΨ(Ω) and LΨ̃(Ω). Let k′ be the best
constant such that

‖h‖LΨ
≤ k′‖h‖LΨ̃

, ∀h ∈ LΨ(Ω) = LΨ̃(Ω).
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Finally, denote by k′′ the best constant such that

‖p‖H1 ≤ k′′‖∇p‖L2 , ∀p ∈ H1(Ω) :
∫

Ω
p = 0.

Now we can define K = kk′k′′. On the other hand, H1/2(Γ) is embedded in
LΦ(Γ) [1]. Let κ be the injection constant:

‖p‖LΦ(Γ) ≤ κ‖p‖H1/2(Γ), ∀p ∈ H1/2(Γ).

The equivalence between the N -functions Ψ and Ψ̃ is still valid: let κ′ be
the best constant such that

‖h‖LΨ(Γ) ≤ κ′‖h‖LΨ̃(Γ), ∀h ∈ LΨ(Γ) = LΨ̃(Γ).

Finally, we define K = κκ′k′′.
Conditions of the theorem. We define the positive1 constants

C1 =
‖h1,0‖L1 −

∫
Σ−

1
G1μ1

meas(Ω)
, (2.1)

C ′
1 =

‖h1,0‖L1 −
∫
Σ−

1
G1μ1

meas(Ω)

(
‖w1‖2

L2(Q) + A1‖divw1‖L1(Q)

+ gT
(
‖h1,0‖L1 −

∫
Σ−

1

G1μ1

)
+ gT

ρ2

ρ1

(
‖h2,0‖L1 −

∫
Σ−

2

G2μ2

))
(2.2)

and

C2 =
‖h2,0‖L1 −

∫
Σ−

2
G2μ2

meas(Ω)
, (2.3)

C ′
2 =

‖h2,0‖L1 −
∫
Σ−

2
G2μ2

meas(Ω)

(
‖w2‖2

L2(Q) + A2‖divw2‖L1(Q)

+gT
(
‖h2,0‖L1 −

∫
Σ−

2

G2μ2

)
+ gT

(
‖h1,0‖L1 −

∫
Σ−

1

G1μ1

))
. (2.4)

We also define the quantities

B1 = A1 − ε − 2ε′ − C1 − g
ρ2

ρ1

1
2μ

− 2C̃‖w1‖L∞(0,T ;L4(Ω)2) (2.5)

− 5C ′2

4λ
‖w1‖2

L∞(0,T ;L2(Ω)2)

1Notice that Gi|Σ−
i

< 0, i = 1, 2.
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and

B2 = A2 − ε − 2ε′ − C2 − g
1
2μ

− 2C̃‖w2‖L∞(0,T ;L4(Ω)2) (2.6)

− 5C ′2

4λ
‖w2‖2

L∞(0,T ;L2(Ω)2),

where ε, ε′, λ, and μ are positive numbers,

lKi =

√
C2 + 16BiCλ − C

4Cλ
, i = 1, 2, (2.7)

where

Cλ =
5(C2 + 4C ′2)

16λ
, (2.8)

and, finally,

lCε,ε′,λ =
2∑

i=1

[1
2
‖vi,0‖2

L2 + (g + Ai)
∫

Ω
hi,0 log hi,0 +

Ai

e
meas(Ω)

+ (g + Ai)‖Gi‖L2(0,T ;H1/2(Γ−
i ))‖μi log μi‖L2(0,T ;H−1/2(Γ−

i ))

+
1
ε

(
‖fi‖2

L2(0,T ;V ′) + ‖wi,t‖2
L2(Q) + A2

i ‖wi‖2
L2(0,T ;H1(Ω)2) +

1
4
‖wi‖4

L4(Q)

)
+ C ′

i +
∫

Ω
pi(0)hi,0 + 2K2 +

K2T

ε′

+
a2

i b
2

4ε′
‖Gi‖2

L∞(0,T ;H1/2(Γ−
i ))

‖μi‖2
L2(0,T ;H−1/2(Γ−

i ))
+

5k′′

4λ
‖wi,t‖2

L2(Q)

+
5
4λ

‖fi‖2
L2(Q) +

(
g‖divwi‖L1(0,T ;L∞(Ω)) +

K2

4ε′
+ (g +Ai)‖ log Gi‖L∞(Σ+

i )

)
×

(
‖hi,0‖L1 −

∫
Σ−

i

Giμi

)]
, (2.9)

which depends only on the data. Let us assume that the eddy viscosities are
great enough to make

Bi > 0, i = 1, 2. (2.10)
Choose λ and μ such that

g > λ + g
μ

2
(2.11)

and ε′ such that
ε′ < min

i=1,2

g + Ai

lK2
i

. (2.12)

Let us suppose that the data satisfy the smoothness hypotheses

fi ∈ L2(Q), (2.13)
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Gi ∈ H1(0, T ;H1/2(Γ)), with log Gi ∈ L∞(Σ+
i ), (2.14)

μi ∈ L2(0, T ;H−1/2(Γ−
i )), with μi > 0 and μi log μi ∈ L2(0, T ;H−1/2(Γ−

i )),
(2.15)

vi,0 ∈ V, (2.16)

hi,0 ∈ L2(Ω), with hi,0 > 0 and hi,0 log hi,0 ∈ L1(Ω), (2.17)

and the compatibility condition

ui,0 · n = Gi(0), (2.18)

for i = 1, 2. Finally, we assume the following hypotheses based on small-size
data:

‖vi,0‖L2 < lKi, i = 1, 2, (2.19)

‖hi,0‖L1 −
∫

Σ−
i

Giμi <
g

2K2
, i = 1, 2, (2.20)

and

lCε,ε′,λ +
2∑

i=1

g + (g + Ai)T
e

meas(Ω) <
1
4

min
i=1,2

lK2
i . (2.21)

Theorem 1. Let Ω be a simply connected, bounded, smooth, open domain
of R

2 with boundary Γ. If (2.10)–(2.21) are satisfied, then the weak problem
(V) has a solution {(v1, h1), (v2, h2)} that satisfies the following estimate:

‖v1‖2
L∞(0,T ;L2(Ω)2) + ‖v2‖2

L∞(0,T ;L2(Ω)2) + ‖v1‖2
L2(0,T ;V ) + ‖v2‖2

L2(0,T ;V )

+ sup
t

∫
Ω

h1 log h1 + sup
t

∫
Ω

h2 log h2 +
∫

Σ+
1

G1h1 log(G1h1)

+
∫

Σ+
2

G2h2 log(G2h2) + ‖h1‖2
L2(Q) + ‖h2‖2

L2(Q) ≤ C, (2.22)

where C > 0 depends on the initial data.

The proof of this theorem consists in obtaining some a priori estimates,
then building a sequence of approximate solutions that satisfy these esti-
mates, and, finally, passing to the limit in the continuity and momentum
equations as in [10]. In this case, the main difficulty is to obtain an a pri-
ori estimate because of the coupled terms, as in the homogeneous case [7],
and because of the boundary terms due to the nonhomogeneous boundary
conditions.
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2.2. A priori estimates.

Lemma 1. If {(v1, h1), (v2, h2)} is a classical solution of the problem (V)
and if the relations (2.10)–(2.21) are satisfied, then we have

hi > 0, i = 1, 2, (2.23)

d

dt

∫
Ω

hi = −
∫

Γ
Gihi, i = 1, 2, (2.24)

−
2∑

i=1

g + (g + Ai)T
e

meas(Ω) ≤ 1
4
‖v1‖2

L∞(0,T ;L2(Ω)2) +
1
4
‖v2‖2

L∞(0,T ;L2(Ω)2)

+
(
B1 −

C

2
‖v1‖L∞(0,T ;L2(Ω)2) − Cλ‖v1‖2

L∞(0,T ;L2(Ω)2)

)
‖v1‖2

L2(0,T ;V )

+
(
B2 −

C

2
‖v2‖L∞(0,T ;L2(Ω)2) − Cλ‖v2‖2

L∞(0,T ;L2(Ω)2)

)
‖v2‖2

L2(0,T ;V )

+
(
g − 2K2

(
‖h1,0‖L1(Ω) −

∫
Σ−

1

G1μ1

))
sup

t

∫
Ω
h1 log+ h1 − g sup

t

∫
Ω

h1 log− h1

+
(
g − 2K2

(
‖h2,0‖L1(Ω) −

∫
Σ−

2

G2μ2

))
sup

t

∫
Ω
h2 log+ h2 − g sup

t

∫
Ω

h2 log− h2

+ (g + A1)
∫

Σ+
1

G1h1 log+(G1h1) − (g + A1)
∫

Σ+
1

G1h1 log−(G1h1)

+ (g + A2)
∫

Σ+
2

G2h2 log+(G2h2) − (g + A2)
∫

Σ+
2

G2h2 log−(G2h2)

+
(
g − λ − g

μ

2

)
‖h1‖2

L2(Q) +
(
g − λ − g

ρ2

ρ1

μ

2
)‖h2‖2

L2(Q)

≤ ε′‖v1‖2
L∞(0,T ;L2(Ω)2)

∫
Σ+

1

G1h1 log+(G1h1)

+ ε′‖v2‖2
L∞(0,T ;L2(Ω)2)

∫
Σ+

2

G2h2 log+(G2h2) + lCε,ε′,λ. (2.25)

Bi −
C

2
‖vi‖L∞(0,T ;L2(Ω)2) − Cλ‖vi‖2

L∞(0,T ;L2(Ω)2) > 0, i = 1, 2. (2.26)

Proof. The inequalities (2.23) are easily deduced from the identity

hi(x, t) = Ki e
−

∫ t
0 divui(Xi(s),s) ds, (2.27)
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where Xi(s) is the trajectory of the particle of fluid that is at a point x ∈ Ω
at instant t; i.e., it is the solution of the problem

dXi

dt
= ui(Xi(t), t), Xi(0) = x,

for i = 1, 2. If the particle was at x0 ∈ Ω at t = 0, then Ki = hi,0(x0), and
if the particle comes into Ω at a point z0 on boundary Γ−

i at instant t = τ ,
then Ki = μi(z0, τ).

The relations (2.24) are obtained by integration over Ω of the respective
continuity equations:

d

dt

∫
Ω

hi +
∫

Γ
Gihi = 0.

We can obtain an estimate for hi in L∞(0, T ;L1(Ω)), integrating in time the
previous equalities:

‖hi‖L∞(0,T ;L1(Ω)) + ‖Gihi‖L1(Σ+
i ) ≤ ‖hi,0‖L1 −

∫
Σ−

i

Giμi, i = 1, 2. (2.28)

The first step to prove the estimate (2.25) is obtaining the energy inequal-
ities, by taking ϕ = v1 in (V)1 and ϕ = v2 in (V)2:

1
2

d

dt
‖v1‖2

L2 + A1‖v1‖2
V − 1

2
(v2

1,div v1) − g(h1,div v1)

−g
ρ2

ρ1
(h2,div v1) = (v1w1,div v1) − (curl v1α(w1), v1)

+(f1, v1) −
(∂w1

∂t
, v1

)
− A1a(w1, v1) +

1
2
(w2

1,div v1), (2.29)

1
2

d

dt
‖v2‖2

L2 + A2‖v2‖2
V − 1

2
(v2

2,div v2) − g(h2,div v2)

−g(h1,div v2) = (v2w2,div v2) − (curl v2α(w2), v2)

+(f2, v2) −
(∂w2

∂t
, v2

)
− A2a(w2, v2) +

1
2
(w2

2,div v2). (2.30)

The terms on the right-hand side of (2.29) and (2.30) are estimated as follows:

|(viwi,div vi)| ≤ ‖vi‖L4‖wi‖L4‖div vi‖L2 ≤ C̃‖wi‖L4‖vi‖2
V ,

|(curl viα(wi), vi)| ≤ ‖curl vi‖L2‖wi‖L4‖vi‖L4 ≤ C̃‖wi‖L4‖vi‖2
V ,

|(fi, vi)| ≤ ‖fi‖V ′‖vi‖V ≤ ε

4
‖vi‖2

V +
1
ε
‖fi‖2

V ′ ,∣∣∣(∂wi

∂t
, vi

)∣∣∣ ≤ ‖wi,t‖L2‖vi‖L2 ≤ ε

4
‖vi‖2

V +
1
ε
‖wi,t‖2

L2 ,
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|Aia(wi, vi)| ≤ Ai‖wi‖H1‖vi‖V ≤ ε

4
‖vi‖2

V +
A2

i

ε
‖wi‖2

H1 ,∣∣∣1
2
(w2

i ,div vi)
∣∣∣ ≤ 1

2
‖wi‖2

L4‖div vi‖L2 ≤ ε

4
‖vi‖2

V +
1
4ε

‖wi‖4
L4 .

To estimate the nonlinear terms (v2
1,div v1) and (v2

2,div v2), we use Gagliardo-
Nirenberg’s inequality:

(v2
i ,div vi) ≤ ‖vi‖2

L4‖vi‖V ≤ C‖vi‖L2‖vi‖2
V , i = 1, 2.

Next, we estimate the terms (h1,div v1) and (h2,div v2) by formally writing

−(hi,div vi)=(∇hi, vi)=
(∇hi

hi
, vihi

)
=(∇ log hi, vihi)=−(log hi,div (vihi)).

Using the continuity equations and (2.24) we have

− (hi,div vi) =
(

log hi,
∂hi

∂t

)
+ (log hi,div (wihi))

=
d

dt
(hi log hi − hi, 1) − (∇(log hi), wihi) +

∫
Γ

Gihi log hi

=
d

dt
(hi log hi, 1) − d

dt

∫
Ω

hi −
(∇hi

hi
, wihi

)
+

∫
Γ

Gihi log hi

=
d

dt
(hi log hi, 1) +

∫
Γ

Gihi − (∇hi, wi) +
∫

Γ
Gihi log hi

=
d

dt
(hi log hi, 1) +

∫
Γ

Gihi + (hi,divwi) −
∫

Γ
Gihi +

∫
Γ

Gihi log hi

=
d

dt
(hi log hi, 1) + (hi,divwi) +

∫
Γ+

i

Gihi log hi +
∫

Γ−
i

Giμi log μi,

for i = 1, 2. The terms |(hi,divwi)| and
∫
Γ−

i
|Giμi log μi| can be easily

bounded by virtue of (2.14), (2.15), and (2.28):

|(hi,divwi)| ≤ ‖hi‖L1‖divwi‖L∞ ,∫
Γ−

i

|Giμi log μi| ≤ ‖Gi‖H1/2(Γ−
i )‖μi log μi‖H−1/2(Γ−

i ).

Then, adding (2.29) and (2.30), and integrating in (0, t), we get

1
2
‖v1‖2

L2 +
1
2
‖v2‖2

L2

+
(
A1 − ε − 2C̃‖w1‖L∞(0,T ;L4(Ω)2) −

C

2
‖v1‖L∞(0,T ;L2(Ω)2)

) ∫ t

0
‖v1‖2

V
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+
(
A2 − ε − 2C̃‖w2‖L∞(0,T ;L4(Ω)2) −

C

2
‖v2‖L∞(0,T ;L2(Ω)2)

) ∫ t

0
‖v2‖2

V

+g

∫
Ω

h1 log h1 + g

∫
Ω

h2 log h2

+g

∫ t

0

∫
Γ+

1

G1h1 log h1 + g

∫ t

0

∫
Γ+

2

G2h2 log h2

≤
2∑

i=1

[1
2
‖vi,0‖2

L2 + g

∫
Ω

hi,0 log hi,0

+g

∫ T

0
‖hi‖L1‖divwi‖L∞ + g

∫ T

0
‖Gi‖H1/2(Γ−

i )‖μi log μi‖H−1/2(Γ−
i )

+
1
ε

∫ T

0

(
‖fi‖2

V ′ + ‖wi,t‖2
L2 + A2

i ‖wi‖2
H1 +

1
4
‖wi‖4

L4

)]
+g

ρ2

ρ1

∫ T

0
|(h2,div v1)| + g

∫ T

0
|(h1,div v2)| . (2.31)

The second step consists in obtaining estimates for h1 and h2 in L2(Q).
To do this, we consider the L2 projection of the equations (P)′1 and (P)′8 on
the gradient vectors field:∫

Ω

(∂v1

∂t
+

∂w1

∂t
− A1Δv1 − A1Δw1 +

1
2
∇v2

1 + ∇(v1w1) +
1
2
∇w2

1

+ curl v1α(v1) + curl v1α(w1) + g∇h1 + g
ρ2

ρ1
∇h2 − f1

)
∇P dx = 0,∫

Ω

(∂v2

∂t
+

∂w2

∂t
− A2Δv2 − A2Δw2 +

1
2
∇v2

2 + ∇(v2w2) +
1
2
∇w2

2

+ curl v2α(v2) + curl v2α(w2) + g∇h2 + g∇h1 − f2

)
∇P dx = 0,

where P ∈ H1(Ω). Setting v1 = vp,1 + vq,1 and v2 = vp,2 + vq,2, and con-
sidering that the projections on the space ∇H1(Ω) of ∂vq,i

∂t and Curl curl vq,i

are zero, we have∫
Ω

(∂vp,1

∂t
+

∂w1

∂t
− A1Δvp,1 − A1Δw1 +

1
2
∇v2

1 + ∇(v1w1) +
1
2
∇w2

1

+ curl vq,1α(v1) + curl vq,1α(w1) + g∇h1 + g
ρ2

ρ1
∇h2 − f1

)
∇P dx = 0,∫

Ω

(∂vp,2

∂t
+

∂w2

∂t
− A2Δvp,2 − A2Δw2 +

1
2
∇v2

2 + ∇(v2w2) +
1
2
∇w2

2
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+ curl vq,2α(v2) + curl vq,2α(w2) + g∇h2 + g∇h1 − f2

)
∇P dx = 0.

And recalling that div vp,i = Δpi and divwi = Δsi, we arrive at

∇
(∂p1

∂t
+

∂s1

∂t
− A1Δp1 − A1Δs1 +

1
2
v2
1 + v1w1

+
1
2
w2

1 + Θ1 + Θ̃1 + gh1 + g
ρ2

ρ1
h2 − F1

)
= 0,

∇
(∂p2

∂t
+

∂s2

∂t
− A2Δp2 − A2Δs2 +

1
2
v2
2 + v2w2

+
1
2
w2

2 + Θ2 + Θ̃2 + gh2 + gh1 − F2

)
= 0,

where ∇Θi are the projections for the L2(Ω)2 scalar product of curl vq,iα(vi)
on the space ∇H1(Ω), ∇Θ̃i are the projections of curl vq,iα(wi), and ∇Fi

the projections of fi, i = 1, 2. We choose these such that∫
Ω

Θi =
∫

Ω
Θ̃i =

∫
Ω

Fi = 0.

Finally, we have

∂p1

∂t
+

∂s1

∂t
− A1Δp1 − A1Δs1 +

1
2
v2
1 + v1w1

+
1
2
w2

1 + Θ1 + Θ̃1 + gh1 + g
ρ2

ρ1
h2 − F1 = ζ1, (2.32)

∂p2

∂t
+

∂s2

∂t
− A2Δp2 − A2Δs2 +

1
2
v2
2 + v2w2

+
1
2
w2

2 + Θ2 + Θ̃2 + gh2 + gh1 − F2 = ζ2, (2.33)

where ζ1 and ζ2 are functions that depend only on time.
Now we define, for δ ∈ [0, T ], the function

ξδ(t) =
{

1, 0 ≤ t ≤ T − δ,
T−t

δ , T − δ ≤ t ≤ T.

Multiplying (2.32) by ξδh1 and (2.33) by ξδh2 and integrating over Q, we
obtain

g

∫
Q

ξδh
2
1 − A1

∫
Q

Δp1ξδh1 + g
ρ2

ρ1

∫
Q

ξδh1h2

=
∫

Q
ζ1ξδh1 −

∫
Q

∂p1

∂t
ξδh1 −

∫
Q

∂s1

∂t
ξδh1 + A1

∫
Q

Δs1ξδh1
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−1
2

∫
Q

v2
1ξδh1 −

∫
Q

v1w1ξδh1 −
1
2

∫
Q

w2
1ξδh1

−
∫

Q
Θ1ξδh1 −

∫
Q

Θ̃1ξδh1 +
∫

Q
F1ξδh1, (2.34)

g

∫
Q

ξδh
2
2 − A2

∫
Q

Δp2ξδh2 + g

∫
Q

ξδh1h2

=
∫

Q
ζ2ξδh2 −

∫
Q

∂p2

∂t
ξδh2 −

∫
Q

∂s2

∂t
ξδh2 + A2

∫
Q

Δs2ξδh2

−1
2

∫
Q

v2
2ξδh2 −

∫
Q

v2w2ξδh2 −
1
2

∫
Q

w2
2ξδh2

−
∫

Q
Θ2ξδh2 −

∫
Q

Θ̃2ξδh2 +
∫

Q
F2ξδh2. (2.35)

As in the homogeneous case [7], the L2 estimates for h1 and h2 are performed
by estimating the terms in these equations and then passing to the limit when
δ → 0. There appear new difficulties due to the boundary terms.

First, notice that
∫
Q ξδh1h2 ≥ 0 because h1, h2 > 0. Then, the second

terms on the left-hand side are treated by using the equalities

−
∫

Ω
hiΔpi = −

∫
Ω

hidiv vi =
d

dt

∫
Ω

hi log hi

+
∫

Ω
hidivwi +

∫
Γ+

i

Gihi log hi +
∫

Γ−
i

Giμi log μi

as follows

− Ai

∫
Q

Δpiξδhi = −Ai

∫ T

0
ξδ

∫
Ω

hidiv vi = Ai

∫ T

0
ξδ

d

dt

∫
Ω

hi log hi

+ Ai

∫ T

0
ξδ

∫
Ω
hidivwi + Ai

∫ T

0
ξδ

∫
Γ+

i

Gihi log hi + Ai

∫ T

0
ξδ

∫
Γ−

i

Giμi log μi,

and

Ai

∫ T

0
ξδ

d

dt

∫
Ω

hi log hi = Ai

∫ T

0

d

dt

∫
Ω

ξδhi log hi − Ai

∫ T

0

dξδ

dt

∫
Ω

hi log hi

= −Ai

∫
Ω

hi,0 log hi,0 +
Ai

δ

∫ T

T−δ

∫
Ω

hi log hi.
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Using the convexity inequality hi log hi ≥ −1
e we have

Ai

δ

∫ T

T−δ

∫
Ω

hi log hi ≥ −Ai

e
meas(Ω).

Then

− Ai

∫
Q

Δpiξδhi ≥ −Ai

∫
Ω

hi,0 log hi,0 −
Ai

e
meas(Ω)

+ Ai

∫
Q

ξδhidivwi + Ai

∫
Σ+

i

ξδGihi log hi + Ai

∫
Σ−

i

ξδGiμi log μi, i = 1, 2.

We next consider the second terms on the right-hand side. We first integrate
by parts,

−
∫

Q

∂pi

∂t
ξδhi = −

∫
Q

∂

∂t
(piξδhi) +

∫
Q

pi
∂

∂t
(ξδhi)

=
∫

Ω
pi(0)hi,0 +

∫
Q

pi
dξδ

dt
hi +

∫
Q

piξδ
∂hi

∂t
,

then we use the continuity equation,

−
∫

Q

∂pi

∂t
ξδhi =

∫
Ω
pi(0)hi,0+

∫
Q

pi
dξδ

dt
hi−

∫
Q

piξδdiv (vihi)−
∫

Q
piξδdiv (wihi)

=
∫

Ω
pi(0)hi,0 +

∫
Q

pi
dξδ

dt
hi +

∫
Q
∇piξδvihi +

∫
Q
∇piξδwihi −

∫
Σ

ξδpiGihi,

and finally the decomposition vi = vp,i + vq,i,

−
∫

Q

∂pi

∂t
ξδhi =

∫
Ω

pi(0)hi,0 +
∫

Q
pi

dξδ

dt
hi +

∫
Q

v2
p,iξδhi

+
∫

Q
vp,ivq,iξδhi +

∫
Q

vp,iwiξδhi −
∫

Σ+
i

ξδpiGihi −
∫

Σ−
i

ξδpiGiμi, (2.36)

for i = 1, 2. The terms −1
2

∫
Q v2

i ξδhi and −
∫
Q viwiξδhi in (2.34) and (2.35)

are split as follows:

−1
2

∫
Q

v2
i ξδhi = −1

2

∫
Q

v2
p,iξδhi −

∫
Q

vp,ivq,iξδhi −
1
2

∫
Q

v2
q,iξδhi (2.37)

and

−
∫

Q
viwiξδhi = −

∫
Q

vp,iwiξδhi −
∫

Q
vq,iwiξδhi, (2.38)
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for i = 1, 2. Using the previous results, (2.34) and (2.35) become

g

∫
Q

ξδh
2
1 + A1

∫
Σ+

1

ξδG1h1 log h1

≤ A1

∫
Ω

h1,0 log h1,0 +
A1

e
meas(Ω) − A1

∫
Σ−

1

ξδG1μ1 log μ1

+
∫

Q
ζ1ξδh1 +

∫
Ω

p1(0)h1,0 +
∫

Q
p1

dξδ

dt
h1 −

∫
Σ+

1

ξδp1G1h1 −
∫

Σ−
1

ξδp1G1μ1

−
∫

Q

∂s1

∂t
ξδh1 +

1
2

∫
Q
v2
p,1ξδh1 −

1
2

∫
Q
v2
q,1ξδh1 −

∫
Q

vq,1w1ξδh1 −
1
2

∫
Q

w2
1ξδh1

−
∫

Q
Θ1ξδh1 −

∫
Q

Θ̃1ξδh1 +
∫

Q
F1ξδh1 (2.39)

and

g

∫
Q

ξδh
2
2 + A2

∫
Σ+

2

ξδG2h2 log h2

≤ A2

∫
Ω

h2,0 log h2,0 +
A2

e
meas(Ω) − A2

∫
Σ−

2

ξδG2μ2 log μ2

+
∫

Q
ζ2ξδh2 +

∫
Ω

p2(0)h2,0 +
∫

Q
p2

dξδ

dt
h2 −

∫
Σ+

2

ξδp2G2h2 −
∫

Σ−
2

ξδp2G2μ2

−
∫

Q

∂s2

∂t
ξδh2 +

1
2

∫
Q
v2
p,2ξδh2 −

1
2

∫
Q
v2
q,2ξδh2 −

∫
Q

vq,2w2ξδh2 −
1
2

∫
Q

w2
2ξδh2

−
∫

Q
Θ2ξδh2 −

∫
Q

Θ̃2ξδh2 +
∫

Q
F2ξδh2. (2.40)

To estimate the terms
∫
Q ζiξδhi on the right-hand side we look for an expres-

sion for ζ1 and ζ2, integrating (2.32) and (2.33) over Ω. We use
∫
Ω pi = 0

and
∫
Ω Δpi =

∫
Ω div vi = 0, and

∫
Ω si = 0 and

∫
Ω Δsi =

∫
Ω divwi =

∫
Γ Gi.

We also have
∫
Ω Θi =

∫
Ω Θ̃i =

∫
Ω Fi = 0, i = 1, 2. We obtain

ζ1 =
1

meas(Ω)

∫
Ω

(1
2
v2
1 + v1w1 +

1
2
w2

1 − A1divw1 + gh1 + g
ρ2

ρ1
h2

)
≤ 1

meas(Ω)

(
‖v1‖2

V + ‖w1‖2
L2 + A1‖divw1‖L1 + g‖h1‖L1 + g

ρ2

ρ1
‖h2‖L1

)
,

ζ2 =
1

meas(Ω)

∫
Ω

(1
2
v2
2 + v2w2 +

1
2
w2

2 − A2divw2 + gh2 + gh1

)
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≤ 1
meas(Ω)

(
‖v2‖2

V + ‖w2‖2
L2 + A2‖divw2‖L1 + g‖h2‖L1 + g‖h1‖L1

)
.

Then ∫
Q

ζiξδhi ≤ Ci‖vi‖2
L2(0,T ;V ) + C ′

i,

with Ci and C ′
i defined in (2.1)–(2.4), i = 1, 2.

The main difficulty is the estimate of the terms∫
Q

pi
dξδ

dt
hi =

∫ T

0

dξδ

dt

∫
Ω

pihi and −
∫

Σ+
i

ξδpiGihi = −
∫ T

0
ξδ

∫
Γ+

i

piGihi.

For this, we must use the theory involving N -functions and Orlicz spaces
[1, 5]. The first term appeared in the homogeneous case [7] and the second
one is due to the nonhomogeneous boundary conditions.

The first term is bounded as follows:∫
Ω
pihi ≤ ‖pi‖LΦ

‖hi‖LΨ
≤ kk′‖pi‖H1‖hi‖LΨ̃

≤ kk′k′′‖∇pi‖L2

(
1 +

∫
Ω

Ψ̃(hi)
)

≤ K‖vi‖L2

(
1 +

∫
Ω

hi

√
log+ hi

)
= K‖vi‖L2 + K‖vi‖L2

∫
Ω

√
hi

√
hi log+ hi

≤ 1
8
‖vi‖2

L2 + 2K2 +
1
8
‖vi‖2

L2 + 2K2
( ∫

Ω

√
hi

√
hi log+ hi

)2

≤ 1
4
‖vi‖2

L2 + 2K2 + 2K2‖hi‖L∞(0,T ;L1(Ω))

∫
Ω

hi log+ hi.

Recalling that dξδ
dt = 0 over (0, T − δ) and dξδ

dt = −1
δ over (T − δ, T ) we can

conclude that∫
Q

dξδ

dt
pihi≤

1
4
‖vi‖2

L∞(0,T ;L2(Ω)2)+2K2+2K2‖hi‖L∞(0,T ;L1(Ω)) sup
t

∫
Ω
hi log+ hi.

Regarding the second term, we start by estimating it in the same way, but
we find a new difficulty: before, we used the known estimate for ‖hi‖L1 in
L∞(0, T ); now, for ‖Gihi‖L1(Γ+

i ), we only know an estimate in L1(0, T ). We
proceed as follows:∫

Γ+
i

piGihi ≤ ‖pi|Γ+
i
‖LΦ(Γ+

i )‖Gihi‖LΨ(Γ+
i ) ≤ κκ′‖pi|Γ+

i
‖H1/2(Γ+

i )‖Gihi‖LΨ̃(Γ+
i )

≤ κκ′‖pi‖H1‖Gihi‖LΨ̃(Γ+
i ) ≤ κκ′k′′‖∇pi‖L2

(
1 + Ψ̃(Gihi)

)
≤ K‖vi‖L2

(
1 +

∫
Γ+

i

Gihi

√
log+(Gihi)

)
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= K‖vi‖L2 + K‖vi‖L2

∫
Γ+

i

√
Gihi

√
Gihi log+(Gihi)

≤ ε′‖vi‖2
V +

K2

4ε′
+ ε′‖vi‖2

L2

∫
Γ+

i

Gihi log+(Gihi) +
K2

4ε′

∫
Γ+

i

Gihi.

And then

−
∫

Σ+
i

ξδpiGihi ≤ ε′‖vi‖2
L2(0,T ;V ) +

K2T

4ε′

+ε′‖vi‖2
L∞(0,T ;L2(Ω)2)

∫
Σ+

i

Gihi log+(Gihi) +
K2

4ε′
‖Gihi‖L1(Σ+

i ).

The estimate of −
∫
Σ−

i
ξδpiGiμi is less difficult:∫

Γ−
i

piGiμi ≤ ‖pi|Γ−
i
‖L∞(Γ−

i )‖Gi‖H1/2(Γ−
i )‖μi‖H−1/2(Γ−

i )

≤ ai‖pi|Γ−
i
‖H3/2(Γ−

i )‖Gi‖H1/2(Γ−
i )‖μi‖H−1/2(Γ−

i )

≤ ai‖pi‖H2‖Gi‖H1/2(Γ−
i )‖μi‖H−1/2(Γ−

i )

≤ aib‖vi‖V ‖Gi‖H1/2(Γ−
i )‖μi‖H−1/2(Γ−

i )

≤ ε′‖vi‖2
V +

a2
i b

2

4ε′
‖Gi‖2

H1/2(Γ−
i )
‖μi‖2

H−1/2(Γ−
i )

,

so

−
∫

Σ−
i

ξδpiGiμi

≤ ε′‖vi‖2
L2(0,T ;V ) +

a2
i b

2

4ε′
‖Gi‖2

L∞(0,T ;H1/2(Γ−
i ))

‖μi‖2
L2(0,T ;H−1/2(Γ−

i ))
.

The terms −
∫
Q

∂si
∂t ξδhi are easily bounded:

−
∫

Q

∂si

∂t
ξδhi ≤

λ

5

∫
Q

ξδh
2
i +

5
4λ

∫ T

0
‖si,t‖2

L2 ≤ λ

5

∫
Q

ξδh
2
i +

5
4λ

∫ T

0
‖si,t‖2

H1

≤ λ

5

∫
Q

ξδh
2
i +

5k′′

4λ

∫ T

0
‖∇si,t‖2

L2 =
λ

5

∫
Q

ξδh
2
i +

5k′′

4λ

∫ T

0
‖wi,t‖2

L2 .

To estimate the terms 1
2

∫
Q v2

p,iξδhi we use Gagliardo-Nirenberg’s inequality:

1
2

∫
Q

v2
p,iξδhi ≤

λ

5

∫
Q

ξδh
2
i +

5
16λ

∫ T

0
‖vp,i‖4

L4
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≤ λ

5

∫
Q

ξδh
2
i +

5C2

16λ

∫ T

0
‖vi‖2

L2‖vi‖2
V .

Regarding −1
2

∫
Q v2

q,iξδhi, −
∫
Q vq,iwiξδhi, and −1

2

∫
Q w2

i ξδhi we simply have
to notice that

−1
2

∫
Q

v2
q,iξδhi −

∫
Q

vq,iwiξδhi −
1
2

∫
Q

w2
i ξδhi = −1

2

∫
Q
(vq,i + wi)2ξδhi

is negative. The estimation of the terms on the right-hand side of (2.34)
and (2.35) concludes with the estimation of −

∫
Q Θiξδhi, −

∫
Q Θ̃iξδhi, and∫

Q Fiξδhi:

−
∫

Q
Θiξδhi ≤

λ

5

∫
Q
ξδh

2
i +

5
4λ

∫ T

0
‖Θi‖2

L2 ≤ λ

5

∫
Q
ξδh

2
i +

5C ′2

4λ

∫ T

0
‖∇Θi‖2

L1

≤ λ

5

∫
Q

ξδh
2
i +

5C ′2

4λ

∫ T

0
‖curl vq,i‖2

L2‖vi‖2
L2

≤ λ

5

∫
Q

ξδh
2
i +

5C ′2

4λ

∫ T

0
‖vi‖2

L2‖vi‖2
V ,

−
∫

Q
Θ̃iξδhi ≤

λ

5

∫
Q
ξδh

2
i +

5
4λ

∫ T

0
‖Θ̃i‖2

L2 ≤ λ

5

∫
Q
ξδh

2
i +

5C ′2

4λ

∫ T

0
‖∇Θ̃i‖2

L1

≤ λ

5

∫
Q

ξδh
2
i +

5C ′2

4λ

∫ T

0
‖curl vq,i‖2

L2‖wi‖2
L2

≤ λ

5

∫
Q

ξδh
2
i +

5C ′2

4λ

∫ T

0
‖wi‖2

L2‖vi‖2
V

and∫
Q

Fiξδhi ≤
λ

5

∫
Q

ξδh
2
i +

5
4λ

∫ T

0
‖Fi‖2

L2 ≤ λ

5

∫
Q

ξδh
2
i +

5
4λ

∫ T

0
‖Fi‖2

H1

≤ λ

5

∫
Q

ξδh
2
i +

5
4λ

∫ T

0
‖∇Fi‖2

L2 ≤ λ

5

∫
Q

ξδh
2
i +

5
4λ

∫ T

0
‖fi‖2

L2 .

Then, adding (2.39) and (2.40), and making δ tend to zero, we have

(g − λ)
∫

Q
h2

1 + (g − λ)
∫

Q
h2

2 + A1

∫
Σ+

1

G1h1 log h1 + A2

∫
Σ+

2

G2h2 log h2

≤
2∑

i=1

[
Ai

∫
Ω

hi,0 log hi,0 +
Ai

e
meas(Ω)
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+ Ai‖Gi‖L2(0,T ;H1/2(Γ−
i ))‖μi log μi‖L2(0,T ;H−1/2(Γ−

i )) + Ci‖vi‖2
L2(0,T ;V ) + C ′

i

+
∫

Ω
pi(0)hi,0 +

1
4
‖vi‖2

L∞(0,T ;L2(Ω)2) + 2K2

+ 2K2‖hi‖L∞(0,T ;L1(Ω)) sup
t

∫
Ω

hi log+ hi + 2ε′‖vi‖2
L2(0,T ;V ) +

K2T

4ε′

+ ε′‖vi‖2
L∞(0,T ;L2(Ω)2)

∫
Σ+

i

Gihi log+(Gihi) +
K2

4ε′
‖Gihi‖L1(Σ+

i )

+
a2

i b
2

4ε′
‖Gi‖2

L∞(0,T ;H1/2(Γ−
i ))

‖μi‖2
L2(0,T ;H−1/2(Γ−

i ))

+
5k′′

4λ
‖wi,t‖2

L2(Q) + Cλ‖vi‖2
L∞(0,T ;L2(Ω)2)‖vi‖2

L2(0,T ;V )

+
5C ′2

4λ
‖wi‖2

L∞(0,T ;L2(Ω)2)‖vi‖2
L2(0,T ;V ) +

5
4λ

‖fi‖2
L2(Q)

]
. (2.41)

The next step is adding equation (2.31) to equation (2.41). Before this,
we are going to make some changes in the terms on the left-hand sides of
both equations. Notice that we can split the term g

∫
Ω hi log hi into

g

∫
Ω

hi log hi = g

∫
Ω

hi log+ hi − g

∫
Ω

hi log− hi.

Using the convexity inequality hi log hi ≥ −1
e , we get a lower bound for the

term −g
∫
Ω hi log− hi:

−g

∫
Ω

hi log− hi = g

∫
{x∈Ω: hi(x,t)<1}

hi log hi

≥ −g

e
meas({x ∈ Ω : hi(x, t) < 1}) ≥ −g

e
meas(Ω).

We also split the term g
∫ t
0

∫
Γ+

i
Gihi log hi in the form

g

∫ t

0

∫
Γ+

i

Gihi log hi = g

∫ t

0

∫
Γ+

i

Gihi log(Gihi) − g

∫ t

0

∫
Γ+

i

Gihi log Gi

= g

∫ t

0

∫
Γ+

i

Gihi log+(Gihi) − g

∫ t

0

∫
Γ+

i

Gihi log−(Gihi) − g

∫ t

0

∫
Γ+

i

Gihi log Gi,

where

−g

∫ t

0

∫
Γ+

i

Gihi log−(Gihi) ≥ −gt

e
meas(Ω),
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and the last term is bounded by

g

∫
Σ+

i

|Gihi log Gi| ≤ g‖Gihi‖L1(Σ+
i )‖ log Gi‖L∞(Σ+

i ).

Now we can take the supremum in the terms on the left-hand side of (2.31).
And using that

g
ρ2

ρ1

∫ T

0
|(h2,div v1)| ≤ g

ρ2

ρ1

μ

2
‖h2‖2

L2(Q) + g
ρ2

ρ1

1
2μ

‖v1‖2
L2(0,T ;V )

and

g

∫ T

0
|(h1,div v2)| ≤ g

μ

2
‖h1‖2

L2(Q) + g
1
2μ

‖v2‖2
L2(0,T ;V )

we finally obtain, from the addition of (2.31) to (2.41), the desired inequality
(2.25).

To obtain estimates for vi and hi we need only2 to prove that

Bi −
C

2
‖vi‖L∞(0,T ;L2(Ω)2) − Cλ‖vi‖2

L∞(0,T ;L2(Ω)2) > 0, i = 1, 2.

This is done using the small-data hypotheses.
Let us assume that v1 and v2 are continuous from [0, T ] into L2(Ω)2. As

‖vi,0‖L2 < lKi, there exists t′ such that ‖vi(t)‖L2 < lKi in [0, t′), for i = 1, 2.
Assume that ‖v1(t′)‖L2 = lK1 and ‖v2(t′)‖L2 ≤ lK2, for instance. Then
(2.25), written for T = t′, implies

lK2
1

4
+ (g + A1)

∫
Σ+

1

G1h1 log+(G1h1) + (g + A2)
∫

Σ+
2

G2h2 log+(G2h2)

≤ ε′lK2
1

∫
Σ+

1

G1h1 log+(G1h1) + ε′lK2
2

∫
Σ+

2

G2h2 log+(G2h2)

+ lCε,ε′,λ +
2∑

i=1

g + (g + Ai)T
e

meas(Ω),

and so3,
lK2

1

4
≤ lCε,ε′,λ +

2∑
i=1

g + (g + Ai)T
e

meas(Ω),

which contradicts (2.21). The same contradiction holds if ‖v2(t′)‖L2 = lK2

and ‖v1(t′)‖L2 ≤ lK1. Therefore, (2.26) is proved.

2Notice that condition (2.11) implies g > λ + g ρ2
ρ1

μ
2

because ρ1 > ρ2.
3Recall that ε′ < mini=1,2

g+Ai

lK2
i

.
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2.3. Approximate solutions. Set a sequence {wi,n} with wi,n ∈ H1(0, T ;
H4(Ω)2), and another sequence {Gi,n} with Gi,n = wi,n·n ∈H1(0, T ;H

7
2 (Γ)),

i = 1, 2.
Let us introduce a basis for V denoted by {ν1, . . . , νn, . . .}, whose elements

belong to H4(Ω)2. Let Vn be the set of linear combinations of the n first
elements of the basis. We consider the following problem:

Find (v1,n, h1,n) and (v2,n, h2,n) in [L∞(0, T ;L2(Ω)2)∩L2(0, T ;Vn)]×C1(Q)
such that the following system, which will be referred to as (Vn), holds:(∂v1,n

∂t
, ν

)
+ A1a(v1,n, ν) − 1

2
(v2

1,n,div ν) + (curl v1,nα(v1,n), ν)

−g(h1,n,div ν) − g
ρ2

ρ1
(h2,n,div ν) − (v1,nw1,n,div ν)

+(curl v1,nα(w1,n), ν) = (f1, ν)

−
(∂w1,n

∂t
, ν

)
− A1a(w1,n, ν) +

1
2
(w2

1,n,div ν) ∀ν ∈ Vn,(∂v2,n

∂t
, ν

)
+ A2a(v2,n, ν) − 1

2
(v2

2,n,div ν) + (curl v2,nα(v2,n), ν)

−g(h2,n,div ν) − g(h1,n,div ν) − (v2,nw2,n,div ν)

+(curl v2,nα(w2,n), ν) = (f2, ν)

−
(∂w2,n

∂t
, ν

)
− A2a(w2,n, ν) +

1
2
(w2

2,n,div ν) ∀ν ∈ Vn,

∂h1,n

∂t
+ div (v1,nh1,n) + div (w1,nh1,n) = 0,

∂h2,n

∂t
+ div (v2,nh2,n) + div (w2,nh2,n) = 0,

v1,n(t = 0) = v1,0,n ∈ Vn, v2,n(t = 0) = v2,0,n ∈ Vn,

h1,n = μ1,n ∈ C1
c (Σ−

1 ), h2,n = μ2,n ∈ C1
c (Σ−

2 ),

h1,n(t = 0) = h1,0,n ∈ C1
c (Ω), h2,n(t = 0) = h2,0,n ∈ C1

c (Ω),

where the data and the constants satisfy the conditions of Theorem 1. Then
we have

Lemma 2. The problem (Vn) has a solution {(v1,n, h1,n), (v2,n, h2,n)} in[
[L∞(0, T ;L2(Ω)2) ∩ L2(0, T ;Vn)] × C1(Q)

]2
, which satisfies

‖v1,n‖2
L∞(0,T ;L2(Ω)2) + ‖v2,n‖2

L∞(0,T ;L2(Ω)2) + ‖v1,n‖2
L2(0,T ;V )

+ ‖v2,n‖2
L2(0,T ;V ) + sup

t

∫
Ω

h1,n log h1,n + sup
t

∫
Ω

h2,n log h2,n
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+
∫

Σ+
1

G1,nh1,n log(G1,nh1,n) +
∫

Σ+
2

G2,nh2,n log(G2,nh2,n)

+ ‖h1,n‖2
L2(Q) + ‖h2,n‖2

L2(Q) ≤ C. (2.42)

Proof. To prove this lemma we apply the second Schauder fixed-point
theorem [11] as in [2]. We obtain approximate solutions that satisfy the
a priori estimates. In fact, due to the regularity of the basis, we have vi,n ∈
H1(0, T ;H4(Ω)2). Therefore, vi,n ∈ C0([0, T ]; C2(Ω)2) and, using (2.27) and
the positivity of initial data hi,0, we have hi,n ∈ C1(Q) and hi,n > 0, i = 1, 2.

2.4. Passage to the limit. Now, we present a lemma that is used to pass
to the limit in the approximate equations. Its proof is the same as the one
of the lemma used to pass to the limit in the homogeneous problem [7].

Lemma 3. For each n ∈ lN, let

{(v1,n, h1,n), (v1,n, h2,n)} ∈
[
[L∞(0, T ;L2(Ω)2) ∩ L2(0, T ;Vn)] × C1(Q)

]2

be the solution of (Vn) given by Lemma 2 that satisfies (2.42). Then we have,
for i = 1, 2,

vi,nhi,n is bounded in L2(0, T ;L1(Ω)2), (2.43)
∂vi,n

∂t
is bounded in L4/3(0, T ;H−1(Ω)2), (2.44)

and we can extract from vi,n and hi,n subsequences still denoted vi,n and hi,n

such that
vi,n −→ vi in L2(0, T ;V ) weakly, (2.45)

vi,n −→ vi in L∞(0, T ;L2(Ω)2) weakly-star, (2.46)

hi,n −→ hi in L2(Q) weakly, (2.47)

vi,nhi,n −→ vihi in L4/3(Q)2 weakly, (2.48)

curl vi,nα(vi,n) −→ curl viα(vi) in L4/3(Q)2 weakly, (2.49)

∇v2
i,n −→ ∇v2

i in L4/3(Q)2 weakly. (2.50)

Passing to the limit in the boundary terms is done as in [2] for the one-
layer problem:

Lemma 4. Let {ui,n = vi,n + wi,n} and {hi,n} be sequences such that

ui,n is bounded in L2(0, T ;H1(Ω)2), (2.51)

hi,n is bounded in L2(Q), (2.52)
∂hi,n

∂t
+ div (ui,nhi,n) = 0, (2.53)
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i = 1, 2. Let {Gi,n = ui,n · n} be a sequence such that

Gi,n −→ Gi in H1(0, T ;H1/2(Γ)) (2.54)

and {μi,n = hi,n|Σ−
i
} such that

μi,n −→ μi in L2(0, T ;H−1/2(Γ−
i )), (2.55)

i = 1, 2. Then
hi = μi on Σ−

i , (2.56)
for i = 1, 2.

2.5. Proof of the theorem. Let {wi,n} be a sequence with elements wi,n ∈
H1(0, T ;H4(Ω)2) such that wi,n −→ wi in H1(0, T ;H1(Ω)2); then {Gi,n},
with Gi,n = wi,n · n, satisfies Gi,n −→ Gi in H1(0, T ;H1/2(Γ)), i = 1, 2. Let
vi,0 and hi,0, i = 1, 2, be the initial conditions of the problem (P)′.

Let {vi,0,n}, {hi,0,n}, and {μi,0,n} be sequences with elements vi,0,n ∈ Vn,
hi,0,n ∈ C1

c (Ω), and μi,n ∈ C1
c (Σ−

i ) such that vi,0,n −→ vi,0 in V, hi,0,n −→ hi,0

in L1(Ω), and μi,n −→ μi in L2(0, T ;H−1/2(Γ−
i )), i = 1, 2. For each n ∈ lN,

set

{(v1,n, h1,n), (v2,n, h2,n)} ∈
[
[L∞(0, T ;L2(Ω)2) ∩ L2(0, T ;Vn)] × C1(Q)

]2

a solution of (Vn) given by Lemma 2, which satisfies the estimate (2.42).
Using Lemma 3, we can extract subsequences to {vi,n} and {hi,n}, also

denoted by {vi,n} and {hi,n}, such that

vi,n −→ vi in L∞(0, T ;L2(Ω)2) ∩ L2(0, T ;V ) weakly-star

and hi,n −→ hi in L2(Q). Then, vi,nhi,n −→ vihi in L4/3(Q)2 weakly, i = 1, 2.
We can deduce from the previous results that div (vihi) belongs to

L4/3(0, T ;W−1,4/3(Ω)) and so hi,t. We also have hi(t = 0) = hi,0. The
obtaining of the boundary condition hi = μi on Σ−

i is done using Lemma 4.
Finally, passing to the limit in all the terms in momentum equations we

obtain vi(t = 0) = vi,0. This concludes the proof that {(v1, h1), (v2, h2)} is a
solution of the weak problem (V).

3. Concluding remarks

In this work we have studied a bi-layer shallow-water model in depth-
mean velocity formulation, with nonhomogeneous boundary conditions. We
have proved a theorem for the existence of a solution, under hypotheses
based on small-size data. The main difficulty with its proof is related to the
presence of the coupling and the boundary terms. In a forthcoming paper,
some smoothness and uniqueness results will be studied.
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