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Abstract. We study the initial-boundary-value problem for the frac-
tional heat equation on a segment (0, a)⎧⎨

⎩
ut + λ|u|ρ u + Cα∂α

x u = 0, t > 0,
u(x, 0) = u0(x),

u(a, t) = h1(t), ux(0, t) = h2(t), t > 0,
(0.1)

where λ ∈ R , ρ ≥ 0 , α ∈ (1, 3
2
] , the constant Cα is chosen by a

dissipative condition, such that ReCαp[α]+1−{α} > 0 for Rep = 0 and

∂α
x u =

∫ x

0

∂
[α]+1
s u(s, t)

(x − s){α} ds.

Here [α] and {α} are integer and fractional parts of α.
The aim of this paper is to prove the global existence of solutions to

the initial-boundary-value problem (0.1) and to find the main term of
the asymptotic representation of solutions.

1. Introduction

We study the initial-boundary-value problem for the nonlinear fractional
heat equation on a segment⎧⎨

⎩
ut + λ|u|ρ u + Cα∂α

x u = 0, t > 0, x ∈ (0, a),
u(x, 0) = u0(x), x ∈ (0, a),

u(a, t) = h1(t), ux(0, t) = h2(t), t > 0,
(1.1)

where λ ∈ R, ρ ≥ 0, α ∈ (1, 3
2 ] , the constant Cα is chosen by a dissipative

condition, such that ReCαp[α]+1−{α} > 0 for Rep = 0 and the fractional
derivative on a segment is defined as follows

∂α
x u =

∫ x

0

∂
[α]+1
s u(s, t)
(x − s){α}

ds.

Here [α] and {α} are the integer and fractional parts of α.
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A great number of publications have dealt with asymptotic representa-
tions of solutions to the Cauchy problem for nonlinear evolution equations
in the last twenty years. While not attempting to provide a complete review
of these publications, we do list some known results [1] - [8], [10], [11], [13]
-[16], [19], [20], [21], [25]–[36], where there were obtained optimal time decay
estimates and asymptotic formulas of solutions to different nonlinear local
and nonlocal dissipative equations. In the case of the Cauchy problem the
nonlinear equations were divided into three general types: asymptotically
weak nonlinearity, critical nonlinearity and strong (or subcritical) nonlinear-
ity.

For the general theory of nonlinear pseudodifferential equations on a half-
line we refer to the book [18].

Up to now the theory of nonlinear nonlocal initial-boundary-value prob-
lems on a segment is not developed well due to it’s difficulty. There are
many open natural questions which we need to study. The first of them
is how many boundary data should be posed in the initial-boundary-value
problems for their correct solvability. There are some results in the case of
nonlinear differential equations [9], [12]. However, as far as we know there
are few results in the case of nonlinear pseudodifferential equations ([22],
[23], [24]).

This paper is the first attempt to give a systematic approach for obtaining
the large time asymptotic representations for solutions to the nonlinear non-
local equations on a segment with nonhomogeneous boundary data in the
different cases of the order ρ of the nonlinearity. A description of the large
time asymptotic behavior of solutions for the initial-boundary-value problem
requires new approaches and the reorientation of points of view compared
with the Cauchy problem.

Note that the nonlinear fractional heat equation (1.1) has a huge number
of applications. For example, in the case of α = 3

2 , the nonlocal equation
(1.1) is a famous Ott-Sudan-Ostrovskiy equation (see [27] )

ut + λ|u|ρ u +
∫ x

0

uss(s, t)√
x − s

ds = 0.

We adopt here an approach based on estimates of the Green function. The
difficulty for nonlocal equations on a segment is that the symbol K(p) is
nonanalytic in the left half-complex plane . Therefore we can not apply the
Laplace theory directly, so we use the methods of paper [23] to construct the
Green’s function.

To state the results of the present paper precisely we give some notation.
Let B be a Banach space; we then denote
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C([0, T ],B) =
{

f(t) ∈ B : lim
t1→t,t1∈[0,T ]

‖f(t1) − f(t)‖B = 0,∀t ∈ [0, T ]
}

.

Now we define well posedness of the problem (1.1).

Definition 1. Problem (1.1) is called well posed in a semiclassical sense if
the following properties are fulfilled. Firstly, there exists a unique solution
u(x, t) belonging to a metric space C([0, T ],L∞(0, a))∩C((0, T ],C1([0, a])),
which satisfies the equation ut + λ|u|ρ u + Cα∂α

x u = 0 in the generalized
sense. Secondly, boundary and initial conditions are fulfilled in the classical
sense

lim
t→0

u(x, t) = u0(x) in L∞(0, a)

lim
x→a−0

u(x, t) = h1(t) in C([0, T ])

lim
x→+0

∂xu(x, t) = h2(t) in C([0, T ]).

The function u(x, t) we call a semiclassical solution. If T = +∞ the function
u(x, t) is called a global semiclassical solution.

We denote metric spaces

Z =
{

φ ∈ L1([0,∞)) : ‖φ‖Z = sup
t>0

{t}1−γ〈t〉1+γ‖φ‖L∞ < ∞
}

, γ > 0,

and
X = {φ(x, t) ∈ C([0,∞);L∞(0, a)) : ‖φ‖X < +∞},

where
‖φ‖X = sup

t>0

(
〈t〉

{α}
2−{α} ‖φ(t)‖L∞

)
.

We introduce constants

Λ0 =
ei π

4

√
2

2π

∫ +i∞

0
esz−K(z)dz, K(z) = Cαz2−{α}, δ =

1 − {α}
2 − {α} > 0.

Now we state the main results.
First we study large time asymptotic behavior of solutions to the prob-

lem (1.1) in the so-called subcritical case, when the time decay rate of the
nonlinear term is slower than that for the linear behavior.

Denote g(t) = 1 + ηθρt
2−(ρ+1){α}

2−{α} , where η = λ 2−{α}
2−(ρ+1){α}ρΛρ

0 > 0 and the
constant θ is the solution of the following equation

θ =
∫ +∞

0
(1 + ηθρτ

2−(ρ+1){α}
2−{α} )

1
ρ h2(τ)dτ.
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We prove the following theorem.

Theorem 1. Let {α}−1 − 2 < ρ < {α}−1 − 1 and θ > 0. Suppose that the
initial data u0 ∈ L∞ and h1 ∈ Z, h2 ∈ Z are such that ‖u0‖L∞ + ‖g

1
ρ h1‖Z ≤

ε1+γ1and ‖g
1
ρ h2‖Z ≤ ε are sufficiently small. Then there exists a unique

global semiclassical solution u ∈ X0 to the initial-boundary-value problem
(1.1) such that

‖(u − Ag
− 1

ρ 〈t〉−
{α}

2−{α} )g
1
ρ 〈t〉δ‖X ≤ C,

where

A =
√

2
2πi

∫ +i∞

0
e−K(z)z{α}−1dz

∫ +∞

0
g

1
ρ (τ)h2(τ)dτ.

In the second theorem we consider the case of the critical nonlinearity,
that is, when the time decay rate of the nonlinear term is balanced with
that of the linear part of the equation. We obtain the following result.

Theorem 2. Let ρ = {α}−1 − 1.Suppose that u0 ∈ L∞, h1, h2 ∈ Z are
such that the norm ‖u0‖L∞ +

∑
j=1,2 ‖hj‖Z is sufficiently small. Then there

exists a unique global semiclassical solution u ∈ X of the problem (1.1).
Furthermore, there exists a constant V such that the asymptotic formula

u(t) = V t
− {α}

2−{α} + O(t−
{α}

2−{α}−δ)

is valid for t → ∞ uniformly with respect to x ∈ [0, a], where the constant V
is a small solution of the equation

V = A

∫ +∞

0
h2(τ)dτ − BV ρ+1,

where

A =
√

2e−i(π
4
+

{α}−1
2

)

2πi

∫ +i∞

0
e−K(z)z{α}−1dz

and

B = aλΛ0

∫ 1

0
(1 − z)−

1
2−{α} z

−(ρ+1)
{α}

2−{α} dz.

In the third theorem we find the large time asymptotic representations in
the supercritical case; that is, when the nonlinear term decays in time faster
than the linear part of the equation. This type of nonlinearity we call the
asymptotically weak one. We prove the following theorem.
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Theorem 3. Let ρ > {α}−1 − 1.Suppose that u0 ∈ L∞, h1, h2 ∈ Z are
such that the norm ‖u0‖L∞ +

∑
j=1,2 ‖hj‖Z is sufficiently small. Then there

exists a unique global semiclassical solution u ∈ X of the problem (1.1).
Furthermore, there exists a constant A such that the asymptotic formula

u(t) = At
− {α}

2−{α} + O(t−
{α}

2−{α}−δ)

is valid for t → ∞ uniformly with respect to x ∈ [0, a], where

A =
e−i(π

4
+

{α}−1
2

)
√

2
2πi

∫ +i∞

0
esz−K(z)z{α}−1dz

∫ ∞

0
h2(τ)dτ.

Remark 1. In the case h2(t) = 0 Theorems 1 -3 give us only a decay
rate estimate for the solutions. To obtain the main term of the asymptotics
another approach is necessary. We will study this case in a separate paper.

Remark 2. In this work we pay attention to the case of α ∈ (1, 3
2 ]. Certainly

we do not claim that we could embrace all equations and all cases α >
0. However we expect that a sufficiently wide class of nonlinear nonlocal
equations on a segment could be treated by the same approach of the present
paper.

2. Preliminaries

We consider the following linear initial-boundary-value problem⎧⎨
⎩

ut + ∂α
x u = f, t > 0, x ∈ (0, a),

u(x, 0) = u0(x), x ∈ (0, a),
u(a, t) = h1(t), ux(0, t) = h2(t), t > 0,

(2.1)

where

∂α
x u =

∫ x

0

∂
[α]+1
s u(s, t)
(x − s){α}

ds, α ∈ (1, 3
2 ].

Let K(p) = Cαp[α]+1−{α} = Cαp2−{α}. Denote

Gφ =
∫ a

0
G(x, y, t)φ(y)dy,

G1−{α}φ =
∫ t

0
G1(x, t − τ)φ(τ)dτ and G{α}−1φ =

∫ t

0
G2(x, t − τ)φ(τ)dτ,

where the Green’s function G(x, y, t) is defined by

G(x, y, t) = θa(x)
1

2πi

( ∫ i∞

−i∞
e−K(p)t+p(x−y) (2.2)
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− 1
2πi

∫ i∞

−i∞
dξeξt φe−φ(ξ)y

ξ

∫ i∞

−i∞
dpepx K(p)

p(K(p) + ξ)

)
,

G1(x, t) = − 1
2πi

θa(x)
( ∫ i∞

−i∞
ep(x−a)e−K(p)t K(p)

p
dp

− 1
2πi

∫ i∞

−i∞
dξeξt−φ(ξ)a

∫ i∞

−i∞
dpepx K(p)

p(K(p) + ξ)

)
= C1 lim

y→a
∂1−{α}

y G(x, y, t),

and

G2(x, t) =
1

2πi
θa(x)

( ∫ i∞

−i∞
epxe−K(p)t 1

p{α}
dp

− 1
2πi

∫ i∞

−i∞
dξeξtφ{α}ξ−1

∫ i∞

−i∞
dpepx K(p)

p(K(p) + ξ)

)
= C1 lim

y→0
∂−(1−{α})

y G(x, y, t).

Here for w ∈ (−1, 1)

∂w
x f =

1
2πi

∫ i∞

−i∞
epx(−p)wf̂dp,

and the function φ(ξ) is defined as{
K(φ(ξ)) = −ξ,

Reφ(ξ) > 0 for all Reξ > 0.

Now we prove the following result.

Proposition 1. Let the initial data u0 ∈ L1(0, a), a source

f(x, t) ∈ L1
loc(0,∞;L1(0, a))

and boundary data hj(t) ∈ L1
loc(0,∞). Then there exists a unique semiclas-

sical solution u(x, t) of the initial-boundary-value problem (2.1), which has
the representation

u(x, t) = Gu0 +
∫ t

0
G(t − τ)f(τ)dτ + G1−{α}h1 + G{α}−1h2. (2.3)

Proof. To derive an integral representation for solutions of the problem
(2.1) we suppose that there exists a solution u(x, t) of problem (2.1), which
is extendede to zero outside of the interval (0, a); that is,

u(x, t) = 0 for all x /∈ [0, a].
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However everywhere below we denote by

∂k
xu(0, t) = lim

x→+0
∂k

xu(x, t)

∂k
xu(a, t) = lim

x→a−0
∂k

xu(x, t), k = 0, 1.

We denote the operator

P[g(p, t)] =
1

2πi

∫ i∞

−i∞

e(q−p)a − 1
q − p

g(q, t)dq.

We have for the Laplace transform

L
{∫ x

0

uss(s, t)√
x − s

ds
}

= P

[ p2

√
p

(
û(p, t)) − u(0, t) − e−pau(a, t)

p
− ∂xu(0, t)

p2

)]
and since û(p, t) and f̂(p, t) are analytic for all p

û(p, t) = P[û(p, t)], f̂(p, t) = P[f̂(p, t)].

Applying the Laplace transformation with respect to x to problem (2.1) we
obtain⎧⎪⎪⎪⎨

⎪⎪⎪⎩
P

[
ût + K(p)(û(p, t)) − u(0,t)−e−pau(a,t)

p − ∂xu(0,t)
p2 ) − f̂(p, t)

]
= 0,

t > 0, x ∈ (0, a),
û(p, 0) = u0(p),

u(a, t) = h1(t), ux(0, t) = h2(t), t > 0.

(2.4)

We look for the solution of (2.4) in the form

û(p, t) = P[u1(p, t)], (2.5)

where the function u1(p, t) is the solution to the following problem (see paper
[23]) ⎧⎪⎪⎨

⎪⎪⎩
û1t + K(p)(û1(p, t) − u(0,t)−e−pau(a,t)

p − ∂xu(0,t)
p2 ) = f̂(p, t),

u1(p, 0) = û0(p),
u(a, t) = h1(t), ux(0, t) = h2(t), t > 0,

|û1(p, t)| ≤ M(1 + |p|)−δ(1 + |e−pa|) for all |p| ≥ 1,

(2.6)

with some M, δ > 0. Integrating equation (2.6) with respect to time, we
write u1(p, t) as

û1(p, t) = e−K(p)tû0(p) +
∫ t

0
e−K(p)(t−τ)f1(p, τ)dτ, (2.7)
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where

f1(p, τ) = f̂(p, t) + K(p)
(u(0, t) − e−pau(a, t)

p
+

∂xu(0, t)
p2

)
.

In order to get the integral formula for solutions, we need to know the
boundary values u(0, t), u(a, t) and ux(0, t). We will find them using the
growth condition

|û1(p, t)| ≤ M(1 + |p|)−δ(1 + |e−pa|) for all |p| ≥ 1. (2.8)

It is easy to prove that condition (2.8) is fulfilled in domains ReK(p) > 0.
In domains where ReK(p) < 0, we rewrite formula (2.7) as

û1(p, t)=e−K(p)t
(
û0(p)+

∫ +∞

0
eK(p)τf1(p, τ)dτ

)
−

∫ +∞

t
e−K(p)(t−τ)f1(p, τ)dτ.

Clearly the last integral ∫ +∞

t
e−K(p)(t−τ)f1(p, τ)dτ

satisfies condition (2.8) for all |p| ≥ 1 such that Re K(p) < 0. However,
the first summand with exponentially growing factor e−K(p)t does not sat-
isfy condition (2.8), therefore we have to put the following necessary and
sufficient condition

û0(p) +
∫ +∞

0
eK(p)τf1(p, τ)dτ = 0 (2.9)

for all |p| > 1 in the domains where Re K(p) < 0. We use the equation
(2.9) to find the boundary values involved in formula (2.7).There exists only
one root of equation K(p) = −ξ (see paper [23]) such that in the right-half
complex plane Reξ > 0

Reφ > 0.

Taking this root φ(ξ) we transform the half complex plane Re ξ > 0 to
the domain where Re K(p) < 0. The condition (2.9) can be written as the
equation

û0(φ) + ̂̂
f(φ, ξ) + ξ

û(0, ξ) − e−φaû(a, ξ)
φ

+
∂xû(0, ξ)

φ{α} = 0 (2.10)

for Re ξ > 0, where the functions û(0, ξ), û(a, ξ) and ∂xû(0, ξ) are the Laplace
transforms of the boundary data u(0, t), u(a, t) and ux(0, t) with respect to
time, and

û0(φ) =
∫ a

0
e−φyu0(y)dy,

̂̂
f(φ, ξ) =

∫ +∞

0

∫ a

0
e−(φy+ξt)f(y, t)dydt.
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From (2.10) we obtain

û(0, ξ) = −φ(û0(φ) + ̂̂
f(φ, ξ))

ξ
+ e−φaû(a, ξ) − φ{α}∂xû(0, ξ)

ξ
(2.11)

and the Laplace transform û(0, ξ) satisfies the growth condition

|û(·, ξ)| ≤ M(1 + |ξ|)γ for all |ξ| ≥ 1 (2.12)

with some M, γ > 0, which is sufficient for the existence of the inverse
Laplace transform u(·, t). Taking the inverse Laplace transform of (2.11) we
obtain

u(0, t) =
1

2πi

∫ i∞

−i∞
eξt

(
−φ(û0(φ) + ̂̂

f(φ, ξ))
ξ

+e−φaû(a, ξ)−φ{α}∂xû(0, ξ)
ξ

)
dξ.

(2.13)
Thus under the supposition that there exists a solution of the problem (2.1)
we get the integral representation for this solution

u(x, t) = θa(x)L−1{u1}

= θa(x)
1

2πi

( ∫ i∞

−i∞
dpepxe−K(p)tû0(p) +

∫ i∞

−i∞
dpepx

∫ t

0
e−K(p)(t−τ)

× (f(p, τ) +
K(p)

p
u(0, τ) − K(p)

p
e−pah1(τ) +

1
p{α}

h2(τ))dτ
)
,

where the functions u(0, τ) were defined by formula (2.13).Using represen-
tations (2.13) we have (for simplicity we put f(x, t) = 0)

1
2πi

∫ i∞

−i∞
dpepx

∫ t

0
e−K(p)(t−τ)K(p)

u(0, τ)
p

dτ = I1 + I2 + I3, (2.14)

where

I1 =
1

4π2

∫ i∞

−i∞
dpepx K(p)

p
e−K(p)t

∫ i∞

−i∞

φû0(φ)
ξ

dξ

∫ t

0
dτe(K(p)+ξ)τ ,

I2 = − 1
4π2

∫ i∞

−i∞
dpepx K(p)

p
e−K(p)t

∫ i∞

−i∞
e−φaĥ1(ξ)dξ

∫ t

0
dτe(K(p)+ξ)τ ,

I3 =
1

4π2

∫ i∞

−i∞
dpepx K(p)

p
e−K(p)t

∫ i∞

−i∞

φ{α}ĥ2(ξ)
ξ

dξ

∫ t

0
dτe(K(p)+ξ)τ .

Integrating with respect to τ , substituting the Laplace transform û0(φ) and
using ∫ i∞

−i∞

φe−φ(ξ)y

ξ

1
K(p) + ξ

dξ = 0



900 Elena I. Kaikina

we obtain

I1 =
1

4π2

∫ a

0
dyu0(y)

∫ i∞

−i∞
dξeξt φe−φ(ξ)y

ξ

∫ i∞

−i∞
dpepx K(p)

p(K(p) + ξ)
dξ. (2.15)

Also in the same way we obtain

I2 = − 1
4π2

∫ t

0
dτh1(τ)

∫ i∞

−i∞
dξeξ(t−τ)−φ(ξ)a

∫ i∞

−i∞
dpepx K(p)

p(K(p) + ξ)
(2.16)

and

I3 =
1

4π2

∫ t

0
dτh2(τ)

∫ i∞

−i∞
dξeξ(t−τ)φ{α}ξ−1

∫ i∞

−i∞
dpepx K(p)

p(K(p) + ξ)
.

(2.17)
Thus from (2.14) and (2.15)-(2.17) we obtain the integral representation
(2.3) for solutions u(x, t) of problem (2.1). Proposition 1 is proved. �

Denote

Λμ(s) =
e−i(π

4
+μ

2
)
√

2
2πi

∫ +i∞

0
esz−K(z)zμdz, (2.18)

where
K(z) = Cαzβ, β = 2 − {α}.

In the next lemma we obtain some necessary estimates of the Green’s func-
tion. We prove the following result.

Lemma 1. The following estimates are true:

sup
t>0

〈t〉
1
β ‖Gφ‖L∞ ≤ C‖φ‖L∞ ,

sup
t>0

〈t〉
1
β

+δ
∥∥∥Gφ − 〈t〉−

1
β Λ0(0)

∫ a

0
φ(y)dy

∥∥∥
L∞

≤ C‖φ‖L∞ ,

sup
t>0

〈t〉
1
β

(2−{α})‖G1−{α}φ‖L∞ ≤ C sup
t>0

‖{τ}1−γ〈τ〉1+γφ‖L∞ ,

sup
t>0

〈t〉
{α}

β ‖G{α}−1φ‖L∞ ≤ C sup
t>0

‖{τ}1−γ〈τ〉1+γφ‖L∞

and

〈t〉
{α}

β
+δ

∥∥∥G{α}−1φ − Λ{α}−1(0)〈t〉−
{α}

β

∫ +∞

0
φ(τ)dτ

∥∥∥
L∞

≤ C sup
t>0

∥∥{t}1−γ〈t〉1+γφ
∥∥
L∞ ,

where δ = 1−{α}
2−{α} .
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Proof. We write the Green’s function (see (2.2))

G(x, y, t) = F1(x − y, t) + F2(x, y, t).

First we prove the following asymptotic behaviour for t → ∞ uniformly
with respect to x, y ∈ (0, a) :

∂μ
y G(x, y, t) = t

− 1
β

(1+μ)Λμ(xt
− 1

β ) + O(t−
1(1+μ)

β
−δ) (2.19)

is true, where μ ∈ (−1, 1). We write the representation for the function
F1(x − y, t) as follows:

∂μ
y F1(x − y, t) = ∂μ

y F1(x, t) + ∂μ
y (F1(x − y, t) − F1(x, t)). (2.20)

Making a change of variables K(p)t = K(z) we easily find that

∂μ
y F1(x, t) = t

− 1
β

(1+μ)Λμ(xt
− 1

β ). (2.21)

Using the estimate |e−py − 1| ≤ C|py|δ for y > 0 and p ∈ (−i∞, i∞) and
making the same change of variables we get for y ∈ (0, a)

|∂μ
y (F1(x − y, t) − F2(x, t))| ≤

∣∣∣ ∫ +i∞

−i∞
e−K(p)t+px(1 − e−py)pμdp

∣∣∣
≤ Ct

− 1
β

(1+μ)−δ
∫ +i∞

−i∞
eReK(z)|z|δ+μ|dz| ≤ Ct

− 1(1+μ)
β

+δ
. (2.22)

Therefore, from (2.20)-(2.22) we obtain for large time t → ∞

∂μ
y F1(x, y, t) = t

− 1
β

(1+μ)Λμ(xt
− 1

β ) + O(t−
1(1+μ)

β
+δ). (2.23)

We write the representation of the function ∂μ
y F2(x, y, t)

∂μ
y F2(x, y, t) = ∂μ

y F2(x, 0, t) + ∂μ
y (F2(x, y, t) − F2(x, 0, t)). (2.24)

Making a change of variables ξt = q and K(p)t = K(z) we get

∂μ
y F (x, 0, t) =

∫ i∞

−i∞
dξeξt φ

1+μ

ξ

∫ i∞

−i∞
dpepx K(p)

p(K(p) + ξ)
= t

− 1
β

(1+μ)Λ2(xt
− 1

β ),

where

Λ2(s) =
∫ i∞

−i∞
eqφμφ′(q)dq

∫ i∞

−i∞
dzezs K(z)

z(K(z) + q)
. (2.25)

Since ReK(z) > 0 for Rez < 0 via the Cauchy theorem we have for s > 0∫ i∞

−i∞
dzezs K(z)

z(K(z) + q)
=

∫
Γ

dzezs K(z)
z(K(z) + q)

, (2.26)
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where the contour Γ is defined as

Γ = {z ∈ (e−iπ∞, 0) ∪ (0, eiπ∞)}.

Also using 1
K′(φ) = −φ′ (by definition K(φ) = −q) we obtain∫ i∞

−i∞
eqφ1+μ(q)dq

∫
Γ

dz
1

z(K(z) + q)
= −2πi

∫ i∞

−i∞
dqeq φμ(q)

K ′(φ)

= 2πi

∫ i∞

−i∞
dqeqφμφ′(q).

Therefore we obtain the following estimate of the function Λ2(s) :

Λ2(s) =
∫ i∞

−i∞
eqφμφ′(q)dq

∫
Γ

dpezs K(z)
z(K(z) + q)

= 2πi

∫ i∞

−i∞
eqφμφ′(q)dq

−
∫ i∞

−i∞
eqφ1+μ(q)dq

∫
Γ

dpezs 1
z(K(z) + q)

(2.27)

= 2πi

∫ i∞

−i∞
eqφμφ′(q)dq −

∫ i∞

−i∞
eqφ1+μ(q)dq

∫
Γ

dz(ezs − 1)
1

z(K(z) + q)

−
∫ i∞

−i∞
eqφ1+μ(q)dq

∫
Γ

dz
1

z(K(z) + q)
= O(t−

μ
β
−δ).

We have

z−1K(z)
K(z) + q

=
1

z + 1
+

−q

(z + 1)(K(z) + q)
+

z−1K(z)
(z + 1)(K(z) + q)

and ∫ i∞

−i∞
ezx(z + 1)−1dz = 2πie−x.

Then changing the variables K(p)t = K(z) and ξt = q, using φ(q) = rq
1
β ,

where r is some complex constant, we get

∂μ
y F2(x, y, t) = Ct

− 1
β

(1+μ)
(
2πie−x̃

∫ +i∞

−i∞
eq−rq

1
β ỹq

1
β

(1+μ)−1
dq

+
∫ +i∞

−i∞
dzezx̃(z + 1)−1

∫ +i∞

−i∞
eq−rq

1
β ỹq

1
β

(1+μ)(K(z) + q)−1dq (2.28)

+
∫ +i∞

−i∞
dzezx̃z[α]−{α}(z + 1)−1

∫ +i∞

−i∞
eq−rq

1
β ỹq

1
β

(1+μ)−1(K(z) + q)−1dq
)
,
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where x̃ = xt
− 1

β and ỹ = yt
− 1

β . Differentiating the representation (2.28) of
the function F2(x, y, t) with respect to y we get

∂μ+1
y F2(x, y, t) = −Ct

− 1
β

(2+μ)
(
2πie−x̃

∫ +i∞

−i∞
eq−rq

1
β ỹq

1
β

(2+μ)−1
dq

+
∫ +i∞

−i∞
ezx̃(z + 1)−1dz

∫ +i∞

−i∞
eq−rq

1
β ỹq

1
β

(2+μ)(Cαzβ + q)−1dq

+
∫ +i∞

−i∞
ezx̃z[α]−{α}(z + 1)−1dz

∫ +i∞

−i∞
eq−q

1
β ỹq

1
β

(1+μ)−1(Cαzβ + q)−1dq
)
.

It is easy to see that we can change the contour of integration into

C1 = {z = ρe±iβ1 : ρ ≥ 0, β1 =
π

2
+ ε1} (2.29)

and
C2 = {q = ρe±iβ2 : ρ ≥ 0, β2 =

π

2
+ ε2}, (2.30)

where ε1and ε2 are fixed small positive constants. Then since Req, Rez < 0
and Rerq

2
3 ỹ > 0 for all z ∈ C1, q ∈ C2 we have

eRezx̃ ≤ C|z|−μ2 x̃−μ2 (2.31)

and
e−Rerqβ ỹ ≤ C|q|−μ1 ỹ−μ1β, (2.32)

where μ1, μ2, γ ≥ 0. Also it is easy to see that for all z ∈ C1, q ∈ C2 and
ν ∈ [0, 1]

|K(z) + q|−1 ≤ C|z|−νβ |q|ν−1. (2.33)
Using the inequalities (2.31)–(2.33) with μ1, μ2 = 0 and ν ∈ [0, 1] we get

‖∂1+μ
y F2(·, ·, t)‖L∞ ≤ Ct

− 1
β

(2+μ)
( ∫

C2

e−C|q||q| 23 (2+μ)−1|dq|

+
∫ +i∞

−i∞
|z|−βν |z + 1|−1|dz|

∫
C2

e−C|q||q|
1
β

(2+μ)−1+ν |dq|

+
∫ +i∞

−i∞
|z|[α]−{α}−βν |z + 1|−1|dz|

∫
C2

e−C|q||q|
1
β

(2+μ)−2+ν |dq|
)

≤ Ct
− 1

β
(2+μ)

. (2.34)

Also, for μ1 ∈ [0, β) and μ2 ∈ [0, β), choosing ν ∈ [0, 1] such that [α]−{α}
β <

μ2 + ν < β we have

|∂μ
y F2(x, y, t)| ≤ Ct

− 1
β

(1+μ−μ1−μ2)
y−μ1βx−μ2β

( ∫
C2

e−C|q||q|
1
β

(1+μ)−1−μ1 |dq|
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+
∫
C1

|dz||z + 1|−1|z|−νβ−μ2β

∫
C2

e−C|q||q|
1
β

(1+μ)+ν−1−μ1 |dq| (2.35)

+
∫
C1

|dz||z|[α]−{α}−νβ−μ2β|z + 1|−1

∫
C2

e−C|q||q|
1
β

(1+μ)−2+ν−μ1 |dq|
)

≤ Ct
− 1

β
(1+μ)+μ1+μ2y−μ1βx−μ2β.

Therefore, using (2.35) with μ1 = 0, μ2 = 0 for t > 1

‖∂μ
y F2(·, ·, t)‖L∞ ≤ Ct

− 1
β

(1+μ)
. (2.36)

From (2.34) and (2.36) we get, for δ ∈ [0, 1], y ∈ [0, a] and t > 1,

|∂μ
y (F2(x, y, t) − F2(x, 0, t))| (2.37)

≤ C‖∂1+μ
y F (·, ·, t)‖δ

L∞‖∂μ
y F (·, ·, t)‖1−δ

L∞ yδ ≤ Ct
− 1(1+μ+δ)

β .

By virtue of (2.24), (2.25), (2.27) and (2.37) we estimate F2(x, y, t) as

∂μ
y F2(x, y, t) = O(t−

1(1+μ+δ)
β ). (2.38)

By formulas (2.23) and (2.38) we find

∂μ
y G(x, y, t) = t

− 1
β

(1+μ)Λμ(xt
− 1

β ) + O(t−
1(1+μ)

β
−δ), (2.39)

where

Λμ(s) =
e−i(π

4
+μ

2
)
√

2
2πi

∫ +i∞

0
esz−K(z)zμdz.

The Laplace transform of the function F1(x, t) is equal to F̂1(p, t) = e−K(p)t.
So making a change of variable K(z) = K(p)t we get

‖F1(t)‖L1 = ‖F̂1(t)‖L∞(Rep=0) ≤ C.

Therefore, from (2.35) we have

‖Gφ‖L∞ = ‖
∫ a

0
F1(x − y, t)φ(y)dy‖L∞ + ‖

∫ a

0
F2(x, y, t)φ(y)dy‖L∞

≤ C‖F1(t)‖L1‖φ‖L∞ + C

∫ a

0
y−1+γ |φ(y)|dy ≤ C〈t〉−

1
β ‖φ‖L∞ .

Also using (2.39) with μ = 0 we obtain

〈t〉
1
β

+δ‖Gφ − 〈t〉−
1
β Λ0(x〈t〉−

1
β )

∫ a

0
φ(y)dy‖L∞ ≤ C‖φ‖L∞ .



Fractional heat equations on a segment 905

Since, for t < 1,

‖ 1
2πi

∫ +i∞

−i∞
ep(x−a)−K(p)tp1−{α}dp‖L∞

= C‖e−pa−K(p)tp1−{α}‖L1(Rep=0) ≤ C〈t〉−
2−{α}

β ,

from (2.35) we get

‖G1−{α}φ‖L∞ ≤ C

∫ t

0
‖∂1−{α}

y G(x, a, t − τ)‖L∞ |φ(τ)|dτ

≤ C sup
t>0

‖{t}1−γ〈t〉1+γφ‖L∞

∫ t

0
〈t − τ〉−

2−{α}
β {τ}−1+γ〈τ〉−1−γdτ

≤ C sup
t>0

‖{t}1−γ〈t〉1+γφ‖L∞〈t〉−
2−{α}

β ,

‖G{α}−1φ‖L∞ ≤ C

∫ t

0
‖∂μ

y G(x, 0, t − τ)‖L∞ |φ(τ)|dτ

≤ C sup
t>0

‖{t}1−γ〈t〉1+γφ‖L∞

∫ t

0
(t − τ)−

1
3 {τ}−1+γ〈τ〉−1−γdτ

≤ C sup
t>0

‖{t}1−γ〈t〉1+γφ‖L∞〈t〉−
{α}

β .

Also from (2.39) we easily get for δ ∈ (0, 1 − {α})

‖G{α}−1φ − Λ{α}−1(0)〈t〉−
{α}

β

∫ +∞

0
φ(τ)dτ‖L∞

≤ C sup
t>0

‖{t}1−γ〈t〉1+γφ‖L∞

∫ t

0
(t − τ)−

1
β

({α}+δ){τ}−1+γ〈τ〉−1−γdτ

≤ sup
t>0

‖{t}1−γ〈t〉1+γφ‖L∞〈t〉−
{α}

β
−δ

.

Lemma 1 is proved. �

3. Proofs of Theorems

From Proposition 1 we write the solution u(x, t) of the problem (1.1) in
the form

u(x, t) = G(t)u0 +
∫ t

0
G(t − τ)N (u)dτ + G1−{α}(t)h1 + G{α}−1(t)h2, (3.1)
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where the operators G,G1−{α} and G{α}−1 were defined by (2.2). We denote
metric spaces

Z1={φ ∈ L∞(0, a)},

Z2={φ ∈ L1([0,∞)) : ‖φ‖Z2 = sup
t>0

{t}1−γ〈t〉1+γ‖φ‖L∞ < ∞}

and

X = {φ(x, t) ∈ C([0,∞);L∞(0, a)) : ‖φ‖X < +∞},
where

‖φ‖X = sup
t>0

(〈t〉
{α}

2−{α} ‖φ(t)‖L∞).

Also we introduce

Λμ(s) =
e−i(π

4
+μ

2
)
√

2
2πi

∫ +i∞

0
esz−K(z)zμdz.

From Lemma 1 we see that the operator

B0(t)φ = t
− {α}

2−{α} Λ{α}−1(0)
∫ +∞

0
φ(τ)dτ (3.2)

is the asymptotic self-similar operator for the Green’s operator G{α}−1 in
spaces Y, Z2 such that the following estimate is true:

‖〈t〉δ(G{α}−1(t)φ − B0(t)φ)‖Y ≤ C‖φ‖Z2 , (3.3)

where δ = 1−{α}
2−{α} ,

‖φ‖Y = sup
t>0

(t
{α}

2−{α} ‖φ(t)‖L∞). (3.4)

Also we define the operator

G0(t)φ = t
− 1

2−{α} Λ0(0)
∫ a

0
φ(y)dy. (3.5)

From Lemma 1 we see that the operator G0(t)φ is the asymptotic operator
for the Green’s operator G in spaces Y, Z1 such that the following estimate
is true:

‖〈t〉δ(G(t)φ − G0(t)φ)‖Y ≤ C‖φ‖Z1 . (3.6)
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3.1. Subcritical case (Proof of Theorem 1). We consider the case
{α}−1 − 2 < ρ < {α}−1 − 1. By changing τ = tz we get for some constant θ∫ t

0
G0(t − τ)N (τ− {α}

2−{α} θ)dτ (3.7)

= t
− {α}

2−{α}+μ
θρ+1Λ0(0)aλ

∫ 1

0
(1 − z)−

1
2−{α} z

−(ρ+1)
{α}

2−{α} dz

= Aθρ+1t
− {α}

2−{α}+μ
,

where

0 < μ =
1 − (ρ + 1){α}

2 − {α} <
{α}

2 − {α}
and

A = aλΛ0(0)
∫ 1

0
(1 − z)−

1
2−{α} z

−(ρ+1)
{α}

2−{α} dz.

We call the nonlinearity N in equation (1.1) a subcritical convective.
We make a change of the dependent variable u(x, t) = v(x, t)e−ϕ(t) in

equation (3.1). Then we get the following equation for the new unknown
function v(x, t)

vt + Lv + e−ρϕN (v) − ϕ′v = 0.

We choose the auxiliary functions ϕ(t) by the following condition

f(e−ρϕN (v) − ϕ′v) = 0, φ(0) = 0.

Thus we obtain the initial-boundary-value problem for the new dependent
variable v(t, x)⎧⎪⎪⎨

⎪⎪⎩
vt + Lv = −e−ρϕ(N (v) − v

f(v)f(N (v))), t > 0, x ∈ (0, a),
v(0, x) = v0(x) ≡ u0(x), x ∈ (0, a),

v(a, t) = eφ(t)h1(t), vx(0, t) = eφ(t)h2(t),
ϕ′ = f−1(v)f(e−ρϕN (v)), φ(0) = 0.

(3.8)

We denote ζ(t) = eρϕ(t). Then we get

ζ ′ =
ρ

f(v)
f(N (v)), ζ(0) = 1,

hence integration with respect to time yields

ζ(t) = 1 + ρ

∫ t

0
f−1(v)f(N (v(τ)))dτ.
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According to Proposition 1 the integral equation associated with (3.8) can
be written as

v(t) = G(t)v0 −
∫ t

0
G(t − τ)

N1(v(τ))
ζv(τ)

dτ + G1−{α}ζ
1
ρ h1 + G{α}−1ζ

1
ρ h1, (3.9)

where the nonlinearity N1 and the functional ζν were defined by

N1(v(τ)) = N (v(τ)) − v(τ)f−1(v)f(N (v(τ))).

We now prove the existence of the solution v(x, t) for the integral equation
(3.9) by the contraction mapping principle. Denote by

θ =
∫ +∞

0
(1 + ηθρτ

{α}
2−{α} )

1
ρ h2(τ)dτ < Cε.

We define the transformation M(w) by the formula

M(w) = G(t)v0 −
∫ t

0
G(t − τ)

N1(w(τ))
ζw(τ)

dτ + G1−{α}ζ
1
σ
w h1 + G{α}−1ζ

1
σ h1,

(3.10)

for any w ∈ B, where B =
{
w ∈ X : f(w(t)) ≥ 1

2θaΛ0〈t〉−
{α}

2−{α} , ‖w‖X ≤
Cε, ‖〈t〉δ(w−B0(t)g

1
ρ h2)‖X ≤ Cε1+γ1 , |ζw(t)−g(t)| ≤ Cε1+γ1〈t〉

1
2−{α}+μ−γ}

,

where ζw(t) = 1 + σ
∫ t
0 f−1(w)f(N (w(τ)))dτ and

g(t) = 1 + ρ

∫ t

0
f−1(B0(t)g

1
ρ h2)f(N (B0(t)g

1
ρ h2))dτ (3.11)

= 1 + ρθρΛ0(0)ρ

∫ t

0
〈τ〉μ+ 1

2−{α}−1
dτ

= 1 + ηθρt
μ+ 1

2−{α} , η = λ(μ +
1

2 − {α})−1ρΛρ
0 > 0.

From Lemma 1 we have

‖〈t〉γG(t)v0‖X ≤ C

∫ a

0
xγ(2−{α})|v0(x)|dx ≤ Cε1+γ1 (3.12)

and since f(N1(w(τ))) = 0 using ζw(t) > 1
3g(t) > 1

3gα1(t),where α1 =
{α}

2−{α}μ < 1, we get∥∥∥〈t〉γ ∫ t

0
G(t − τ)N1(w(τ))

dτ

ζw(τ)

∥∥∥
X

(3.13)

≤ 3
∥∥∥〈t〉γ ∫ t

0
g−3μ(τ)|G(t − τ)N1(w(τ))|dτ

∥∥∥
X
≤ C

ηθ3μρ
‖w‖ρ+1

X ≤ Cε1+γ1 ,
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where γ1 = (1 − 3μ)ρ > 0. Also by the condition of Theorem 1

‖〈t〉γG1−{α}g
1
ρ h1‖X ≤ ε1+γ1 (3.14)

and
‖G{α}−1

g
1
ρ h2‖X ≤ ε. (3.15)

Therefore, from (3.12)-(3.15) we see that

‖M(w)‖X ≤ ‖G(t)v0‖X +
∥∥∥∫ t

0
G(t − τ)N1(w(τ))

dτ

ζw(τ)

∥∥∥
X

+ ‖G1−{α}ζ
1
ρ
wh1‖X + ‖G{α}−1g

1
ρ h2‖X ≤ Cε.

By direct calculation we have∥∥∥〈t〉γ(G{α}−1ζ
1
ρ
wh2 − B0(t)g

1
σ1 h2)

∥∥∥
X
≤

∥∥∥〈t〉γ(G− 1
2
ζ

1
ρ
wh2 − B0(t)ζ

1
ρ
wh2)

∥∥∥
X

+ C
∥∥∥〈t〉γ ∫ +∞

0
|g

1
ρ − ζ

1
ρ
w |h2(τ)dτ

∥∥∥
X
≤ Cε1+γ1 ,

where we have used (3.3) and the following estimate with β1 = {α}
2−{α} :

∣∣∣ ∫ +∞

0
|g

1
ρ − ζ

1
ρ
w |h2(τ)dτ

∣∣∣ ≤ ∣∣∣〈t〉γ ∫ t

0
〈τ〉−γ |g − ζw|

1
ρ |h2(τ)|dτ

∣∣∣
+

∣∣∣〈t〉−γ

∫ +∞

t
〈τ〉γ |g − ζw|

1
ρ |h2(τ)|dτ

∣∣∣
≤ ε1+γ1‖h2‖Z

(∣∣∣〈t〉γ ∫ t

0
〈τ〉−γ− 1

β1ρ
−γ2−1〈τ〉

1
β1ρ

− γ
ρ {τ}−1+γ2dτ

∣∣∣
+

∣∣∣〈t〉−γ

∫ +∞

0
〈τ〉γ−

1
β1ρ

−γ2−1〈τ〉
1

β1ρ
− γ

ρ {τ}−1+γ2dτ
∣∣∣)

≤ ε1+γ1〈t〉−γ‖h2‖Z.

Therefore, from (3.12)-(3.15) we obtain

‖〈t〉γ(M(w) − G{α}−1ζ
1
ρ
wh2)‖X (3.16)

≤ ‖〈t〉γG(t)v0‖X +
∥∥∥〈t〉γ ∫ t

0
G(t − τ)N1(w(τ))

dτ

ζw(τ)

∥∥∥
X

+‖〈t〉γG1−{α}g
1
ρ h1‖X + ‖〈t〉γ(G{α}−1ζ

1
ρ
wh2 − B0(t)g

1
ρ h2)‖X

≤ Cε1+γ1 .



910 Elena I. Kaikina

Now we prove

f(M(w)) ≥ 1
2
f(B0(t)g

1
ρ h2) =

1
2
θΛ0(0)〈t〉−

{α}
2−{α} a. (3.17)

By definition we have

f(M(w)) = f(Gv0) − f
( ∫ t

0
G(t − τ)

N1(w(τ))
ζw(τ)

dτ
)

(3.18)

+ f(G1−{α}ζ
1
ρ
wh1) + f(G{α}−1ζ

1
ρ
wh2),

where

f(G{α}−1ζ
1
ρ
wh2) = 〈t〉

{α}
2−{α} θΛ(0)a + f(G{α}−1ζ

1
ρ
wh2 − B0(t)g

1
ρ h2)

and ∣∣∣f(G{α}−1ζ
1
ρ
wh2 − B0(t)

∫ +∞

0
g

1
ρ h2dτ)

∣∣∣
≤ 〈t〉−

{α}
2−{α}+γ‖〈t〉γ(G{α}−1ζ

1
ρ
wh2 − B0(t)g

1
ρ h2)‖X ≤ ε1+γ1〈t〉−

{α}
2−{α}+γ

.

Therefore, from (3.12)-(3.15) we get

f(M(w)) ≥ 〈t〉−
{α}

2−{α} θΛ(0)a − Cε1+γ1〈t〉−
{α}

2−{α}+γ
,

where θΛ(0)a ≤ ε. The last estimate implies estimate (3.17). It remains to
prove the estimate

|ζM(w)(t) − g(t)| ≤ Cε1+γ1〈t〉
1

2−{α}+μ−γ

for all t > 0. We have by (3.17)

|ζM(w)(t) − g(t)|

≤ ρ

∫ t

0

∣∣∣f−1(B0g
1
ρ h2)f(N (B0g

1
ρ h2)) − f−1(M(w))f(N (M(w)))

∣∣∣dτ

≤ sup
t>0

〈t〉1−μ− 1
2−{α}+γ

∣∣∣f−1(B0g
1
ρ h2)f(N (B0g

1
ρ h2))

− f−1(M(w))f(N (M(w)))
∣∣∣ ∫ t

0
〈τ〉−1+ 1

2−{α}+μ−γ
dτ

≤ ε1+γ1〈t〉
1

2−{α}+μ−γ
,

where we have used the following estimate

sup
t>0

〈t〉1−μ− 1
2−{α}+γ

∣∣∣f−1(B0(t)g
1
ρ h2)f(N (B0(t)g

1
ρ h2))
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− f−1(M(w))f(N (M(w)))
∣∣∣

≤ Cθ−1‖〈t〉γ(N (B0(t)g
1
ρ h2) −N (M(w)))‖X

+ ‖N (B0(t)g
1
ρ h2)‖X sup

t>0
〈t〉

1
2−{α}+γ |f−1(B0(t)g

1
ρ h2) − f−1(M(w))|

≤ Cε1+γ1

for all t > 0. Thus we see that M transforms B into itself. Now let us
estimate the difference

‖M(v) −M(w)‖X

=
∥∥∥∫ t

0
G(t − τ)(N1(v(τ))

1
ζv(τ)

−N1(w(τ))
1

ζw(τ)
)dτ

∥∥∥
X

+C‖G1−{α}(ζ
1
ρ
v − ζ

1
ρ
w )h1‖X + C‖G{α}−1(ζ

1
ρ
v − ζ

1
ρ
w )h2‖X

≤ C
∥∥∥∫ t

0
g−1(τ)|G(t − τ)(N1(v(τ)) −N1(w(τ)))|dτ

∥∥∥
X

+C‖
∫ t

0
g−1(τ)|G(t − τ)N1(w(τ))| |ζv(τ) − ζw(τ)|

g(τ)
dτ‖X

+C‖G1−{α}(ζ
1
ρ
v − ζ

1
ρ
w )h1‖X + C‖G{α}−1(ζ

1
ρ
v − ζ

1
ρ
w )h2‖X

≤ C‖v − w‖X(ερ +
1
θ
‖

∫ t

0
g−1(τ)|G(t − τ)N1(w(τ))|dτ‖X)

≤ Cερ(1 +
ε

θ
)‖v − w‖X ≤ 1

2
‖v − w‖X,

where we have used the estimate

|ζv(τ) − ζw(τ)|
g(τ)

≤ C

θg(t)

∣∣∣ ∫ t

0
f(N (v(τ)) −N (w(τ)))dτ

∣∣∣
≤ Cερ〈t〉

1
2−{α}+μ

θg(t)
‖v − w‖X ≤ C

θ
‖v − w‖X.

Therefore, M is a contraction mapping in the closed set B of a complete
metric space X. Hence there exists a unique global solution v ∈ B to the
problem (3.8) such that

‖v‖X ≤ Cε, ‖〈t〉δ(v − B0(t)g
1
ρ h2)‖X ≤ Cε1+γ1 ,

|ζv(t) − g(t)| ≤ Cε1+γ1〈t〉
1

2−{α}+μ−γ
.
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Using the relation u(t, x) = v(t, x)ζ
− 1

ρ
v (t) we obtain the existence of solutions

to the problem (1.1) satisfying the following time decay estimates

‖g
1
ρ u‖X ≤ Cε.

We now prove the asymptotic behavior for solutions. By representation
(3.17) we have

ζv(t) = g(t) + O(〈t〉
1

2−{α}+μ−γ).

Then via formula u(x, t) = e−ϕ(t)v(x, t) = ζ
− 1

ρ
v (t)v(x, t) we find the estimate

‖〈t〉γg
1
ρ (u − g

− 1
ρB0g

1
ρ h2)‖X ≤ C,

since

‖ g
1+ 1

ρ

〈t〉
1

2−{α}+μ−γ
((ζ

− 1
ρ

v − g
− 1

ρ )B0g
1
ρ h2)‖X

≤ C sup
t>0

| g
1+ 1

ρ

〈t〉
1

2−{α}+μ−γ
(ζ

− 1
ρ

v − g
− 1

ρ )|‖B0g
1
ρ h2‖X ≤ C.

This completes the proof of Theorem 1.

3.2. Critical case (Proof of Theorem 2). Now we consider the case of
ρ = {α}−1 − 1.By changing τ = tz we get for some constant θ∫ t

0
G0(t − τ)N (τ− {α}

2−{α} θ)dτ (3.19)

= t
− {α}

2−{α} θρ+1Λ0(0)aλ

∫ 1

0
(1 − z)−

1
2−{α} z

−(ρ+1)
{α}

2−{α} dz = Aθρ+1t
− {α}

2−{α} ,

where

A = aλΛ0(0)
∫ 1

0
(1 − z)−

1
2−{α} z

−(ρ+1)
{α}

2−{α} dz.

We call the nonlinearity N in equation (1.1) a critical convective.
Now we prove global existence of the solution of the problem (1.1) in the

space X. Via Lemma 2.1, we have

‖
∫ t

0
G(t − τ)(N (w) −N (v))dτ‖X ≤ C‖w − v‖X(‖v‖X + ‖w‖X). (3.20)

Also we have
‖Gφ‖X ≤ C‖φ‖Z1 . (3.21)



Fractional heat equations on a segment 913

We apply the contraction mapping principle in a ball Xε = {φ ∈ X : ‖φ‖X ≤
ε} in the space X of radius ε = 1

2C ‖u0‖Z1 > 0. For v ∈ Xε we define the
mapping M(v) by the formula

M(v) = G(t)u0 +
∫ t

0
G(t − τ)N (v)dτ + G1−{α}(t)h1 + G{α}−1(t)h2. (3.22)

We first prove that ‖M(v)‖X ≤ ε, where ε > 0 is sufficiently small. From
(3.20), (3.21) and the integral formula (3.22) we have

‖M(v)‖X ≤ ‖Gu0‖X +
∥∥∥∫ t

0
G(t − τ)N (v(τ))dτ

∥∥∥
X

+ ‖G1−{α}(t)h1‖X + ‖G{α}−1(t)h2‖X

≤ C‖u0‖Z1 +
2∑

j=1

‖hj‖Z + C‖v‖ρ+1
X ≤ ε

2
+ Cερ+1 < ε,

since ε > 0 is sufficiently small. Hence the mapping M transforms a ball Xε

into itself. In the same manner we estimate the difference

‖M(w) −M(v)‖X ≤ 1
2
‖w − v‖X,

which shows that M is a contraction mapping. Therefore there exists a
unique solution u ∈ X to the problem (1.1) such that

‖u‖X ≤ ε. (3.23)

We now compute the asymptotic behavior of the solution. First we prove
the following:

Lemma 2. There exists a unique small solution V of the equation

V = V0 − V ρ+1A (3.24)

where V0 = Λ− 1
2
(0)

∫ +∞
0 h2(τ)dτ, |V0| < ε and

A = aλΛ0(0)
∫ 1

0
(1 − z)−

1
2−{α} z

−(ρ+1)
{α}

2−{α} dz.

Moreover, we have the following estimate:

| V | ≤ Cε, |V − V0| ≤ Cε2.

Proof. We prove the existence of the solution V by the contraction mapping
principle. We define the transformation R(V ) by the formula R(V ) = V0 −
AV ρ+1, for any V , where W = {|V | ≤ Cε : |V −V0| ≤ Cε2}. First we check
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that the mapping R transforms the set W into itself. We have by definition
of the operator G0 (see formula (3.5) and (3.19))

|R(V ) − V0| ≤ C|V |ρ+1 ≤ Cερ+1.

In the same manner we obtain

|R(V1) −R(V2)| ≤
1
2
|V1 − V2.|

Therefore R is a contraction mapping in the closed set W . Hence there
exists a unique solution V ∈ W to the equation such that

|V | ≤ Cε, |V − V0| ≤ Cε.

The lemma is proved. �
We are now in a position to prove the asymptotic behavior of solutions u.

By definition of the operator G0 (see formula (3.5) and (3.19)) we have

t
− {α}

2−{α} V ρ+1A = t
− {α}

2−{α}

∫ 1

0
G0(1 − z)N (z−

{α}
2−{α} V )dz

=
∫ t

0
G0(t − τ)N (τ− {α}

2−{α} V )dτ

and therefore,

‖〈t〉δ(τ− {α}
2−{α} V − u(t))‖Y ≤ C‖〈t〉δ(t−

{α}
2−{α} V − G(t)u0

+
∫ t

0
G(t − τ)N (u)dτ − G1−{α}h1 − G{α}−1h2)‖Y ≤ C‖〈t〉δG(t)u0‖Y

+ C‖〈t〉δ
∫ t

0
G0(t − τ)(N (u(t)) −N (τ− {α}

2−{α} V ))dτ‖Y

+ C‖〈t〉δ
∫ t

0
(G(t − τ) − G0(t − τ))N (u(t))dτ‖Y

+ C(‖〈t〉δ(G{α}−1h2 − B0h2)‖Y + C‖〈t〉γG1−{α}h1‖Y)
≡ I1 + I2 + I3 + I4.

From Lemma 1 we obtain

I1 ≤ ‖〈t〉δG(t)u0‖Y ≤ C‖u0‖Z1 .

Using (3.20) we gain

I2 = C‖〈t〉δ
∫ t

0
G0(t − τ)(N (u(t)) −N (τ− {α}

2−{α} V ))dτ‖Y

≤ C‖〈t〉δ(u(t) − t
− {α}

2−{α} V )‖Y(‖u‖Y + |V |) ≤ Cε‖〈t〉δ(u(t) − t
{α}

2−{α} V )‖Y
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since by virtue of (3.23) and Lemma 2 ‖u‖Y + |V | < ε. Also from estimate
(3.6) we get

I3 = C‖〈t〉δ
∫ t

0
(G(t − τ) − G0(t − τ))N (u(t))dτ‖Y ≤ C.

Via Lemma 1 and the estimate (3.3) we obtain

I4 = C(‖〈t〉δ(G{α}−1h2 − B0h2)‖Y + ‖〈t〉δG1−{α}h2‖Y) ≤ C.

Hence,

‖〈t〉δ(u(t) − t
− {α}

2−{α} V )‖Y ≤ C + ε‖〈t〉δ(u(t) − t
− {α}

2−{α} V )‖Y

and therefore
‖〈t〉δ(u(t) − t

− {α}
2−{α} V )‖Y ≤ C.

This completes the proof of Theorem 2.

3.3. Super critical case (Proof of Theorem 3). Let ρ > {α}−1 − 1. By
changing τ = tz we get for some constant θ∫ t

0
G0(t − τ)N (τ− {α}

2−{α} θ)dτ

= t
− {α}

2−{α}−γ
θρ+1Λ0(0)aλ

∫ 1

0
(1 − z)−

1
2−{α} z

−(ρ+1)
{α}

2−{α} dz=Aθρ+1t
− {α}

2−{α}−γ
,

where

A = aλΛ0(0)
∫ 1

0
(1 − z)−

1
2−{α} z

−(ρ+1)
{α}

2−{α} dz.

We call the nonlinearity N in equation (1.1) a supercritical type.
Now we prove global existence of the solution of the problem (1.1) in the

space X.
We apply the contraction mapping principle in a ball Xε = {φ ∈ X :

‖φ‖X ≤ ε} in the space X of radius ε = 1
2C ‖u0‖Z1 > 0. For v ∈ Xε, we

define the mapping M(v) by the formula

M(v) = G(t)u0 +
∫ t

0
G(t − τ)N (v)dτ + G1−{α}(t)h1 + G{α}−1(t)h2.

We first prove that ‖M(v)‖X ≤ ε, where ε > 0 is sufficiently small. From
(3.20), (3.21) and the integral formula (3.22) we have

‖M(v)‖X ≤ ‖Gu0‖X + ‖
∫ t

0
G(t − τ)N (v(τ))dτ‖X

+ ‖G1−{α}(t)h1‖X + ‖G{α}−1(t)h2‖X
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≤ C‖u0‖Z1 +
2∑

j=1

‖hj‖Z + C‖v‖ρ+1
X ≤ ε

2
+ Cερ+1 < ε,

since ε > 0 is sufficiently small. Hence the mapping M transforms a ball Xε

into itself. In the same manner we estimate the difference

‖M(w) −M(v)‖X ≤ 1
2
‖w − v‖X,

which shows that M is a contraction mapping. Therefore, there exists a
unique solution u ∈ X to the problem (1.1) such that ‖u‖X ≤ ε. We now
compute the asymptotic behavior of the solution. We introduce

Λμ(s) =
e−i(π

4
+μ

2
)
√

2
2πi

∫ +i∞

0
esz−K(z)zμdz.

From Lemma 1 we see that the operator

B0(t)φ = t
− {α}

2−{α} Λ{α}−1(0)
∫ +∞

0
φ(τ)dτ

is the asymptotic self-similar operator for the Green’s operator G{α}−1 in the
spaces Y, Z2 such that the following estimate is true:

‖〈t〉δ(G{α}−1(t)φ − B0(t)φ)‖Y ≤ C‖φ‖Z2 ,

where δ = 1−{α}
2−{α} and ‖φ‖Y = supt>0

(
t

{α}
2−{α} ‖φ(t)‖L∞

)
. Now we prove that

the solution has the following large time asymptotic behavior:∥∥∥〈t〉δ(u(t) − At
− {α}

2−{α}
)∥∥∥

Y
≤ C‖u0‖Z + C‖u‖2

X, (3.25)

where the constant

A =
e−i(π

4
+

{α}−1
2

)
√

2
2πi

∫ +i∞

0
esz−K(z)z{α}−1dz

∫ ∞

0
h2(τ)dτ.

Indeed, by virtue of the integral equation (3.1) we get∥∥∥〈t〉δ(u(t) − B0(t)h2)
∥∥∥
X

(3.26)

≤ ‖〈t〉γ(G(t)u0‖X +
∥∥∥〈t〉δ ∫ t

0
G(t − τ)N (u(τ))dτ

∥∥∥
X

+ ‖〈t〉δ
∫ t

0
G(t − τ)N (u(τ))dτ‖X + ‖〈t〉δ(G{α}−1(t)φ − B0(t)φ)‖Y ≤ C.
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All summands in the right-hand side of (3.26) are estimated by

C‖u0‖Z1 +
∑

j=1,2

‖hj‖Z2 + C‖u‖ρ+1
X

via estimates of Lemma 1 and (3.23).Thus by (3.26) the asymptotic (3.25)
is valid. This completes the proof of Theorem 3.
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