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Abstract. We study the initial-boundary-value problem for the frac-
tional heat equation on a segment (0, a)
ut + AMu|” v+ Cadgu =0, t >0,
u(z,0) = uo(x), (0.1)
u(a,t) = ha(t),ua(0,1) = ha(t),t >0,
where A € R, p >0, a € (1,%] , the constant C, is chosen by a
dissipative condition, such that ReCap®T1~1*} > 0 for Rep = 0 and
z ala]+1
Ogu = / 0 u(st) ds.
Jo (z—s)l}
Here [a] and {a} are integer and fractional parts of a.
The aim of this paper is to prove the global existence of solutions to

the initial-boundary-value problem (0.1) and to find the main term of
the asymptotic representation of solutions.

1. INTRODUCTION

We study the initial-boundary-value problem for the nonlinear fractional
heat equation on a segment
ur + Mul? u+ CodSu =0, t >0,z € (0,a),
u(x,0) = up(z), = € (0,a), (1.1)
u(a,t) = hi(t), uz(0,t) = ha(t),t >0,
where A € R, p > 0, a € (1, %] , the constant C\, is chosen by a dissipative

condition, such that ReCuplt1={a} > 0 for Rep = 0 and the fractional
derivative on a segment is defined as follows

z gla]+l
%u :/ wd&
o (xz—s)led

Here o] and {a} are the integer and fractional parts of a.
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A great number of publications have dealt with asymptotic representa-
tions of solutions to the Cauchy problem for nonlinear evolution equations
in the last twenty years. While not attempting to provide a complete review
of these publications, we do list some known results [1] - [8], [10], [11], [13]
-[16], [19], [20], [21], [25]-[36], where there were obtained optimal time decay
estimates and asymptotic formulas of solutions to different nonlinear local
and nonlocal dissipative equations. In the case of the Cauchy problem the
nonlinear equations were divided into three general types: asymptotically
weak nonlinearity, critical nonlinearity and strong (or subcritical) nonlinear-
ity.

For the general theory of nonlinear pseudodifferential equations on a half-
line we refer to the book [18].

Up to now the theory of nonlinear nonlocal initial-boundary-value prob-
lems on a segment is not developed well due to it’s difficulty. There are
many open natural questions which we need to study. The first of them
is how many boundary data should be posed in the initial-boundary-value
problems for their correct solvability. There are some results in the case of
nonlinear differential equations [9], [12]. However, as far as we know there
are few results in the case of nonlinear pseudodifferential equations ([22],
23], [24)).

This paper is the first attempt to give a systematic approach for obtaining
the large time asymptotic representations for solutions to the nonlinear non-
local equations on a segment with nonhomogeneous boundary data in the
different cases of the order p of the nonlinearity. A description of the large
time asymptotic behavior of solutions for the initial-boundary-value problem
requires new approaches and the reorientation of points of view compared
with the Cauchy problem.

Note that the nonlinear fractional heat equation (1.1) has a huge number
of applications. For example, in the case of o = %, the nonlocal equation
(1.1) is a famous Ott-Sudan-Ostrovskiy equation (see [27] )

p * uss(s,1)
ur + Aul? u+ /0 N
We adopt here an approach based on estimates of the Green function. The
difficulty for nonlocal equations on a segment is that the symbol K(p) is
nonanalytic in the left half-complex plane . Therefore we can not apply the
Laplace theory directly, so we use the methods of paper [23] to construct the
Green’s function.
To state the results of the present paper precisely we give some notation.
Let B be a Banach space; we then denote

ds = 0.
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C([0,T],B) = {f(t) €B: i f(0) = f(2)s =0,V € [o,T]}.

Now we define well posedness of the problem (1.1).

Definition 1. Problem (1.1) is called well posed in a semiclassical sense if
the following properties are fulfilled. Firstly, there exists a unique solution
u(x,t) belonging to a metric space C([0,T],L>(0,a)) N C((0,T],C([0,a])),
which satisfies the equation uy + A|ul? u + Co0%u = 0 in the generalized
sense. Secondly, boundary and initial conditions are fulfilled in the classical
sense

%Erg)u(x,t) = wg(z) in L*(0,a)
Jm ulet) = haft) in C(0,7)
Jim Gpu(z,t) = ha(t) in C([0,T]).

The function u(z,t) we call a semiclassical solution. If T = 400 the function
u(z,t) is called a global semiclassical solution.

We denote metric spaces
2 ={6 € L(0.00)) : 9]}z = sup{t}' ()" ol < 00}.7 >0,
>

and
X ={¢(z,t) € C([0,00); L=(0,a)) : [|9[lx < +oo},

where

léllx = sup (67 o()]le ).
t>0

We introduce constants

+
Ao = e'a \/_ 100 o5 K(z)dz, K(Z) — Caz2_{a}, 5 — 1-— {Oé} > 0.
2T 0 2 — {O[}
Now we state the main results.
First we study large time asymptotic behavior of solutions to the prob-
lem (1.1) in the so-called subcritical case, when the time decay rate of the

nonlinear term is slower than+tl)1{at for the linear behavior.
Denote g(t) = 14+ nb°t 2-{o} | where n = )\%pl\g > 0 and the
constant 6 is the solution of the following equation

+oo 2-(p+D{a} 1
0 :/ (1 +noPr 2-{e3 ) rhy(r)drT.
0
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We prove the following theorem.

Theorem 1. Let {a} ' -2 < p < {a}~! =1 and 0 > 0. Suppose that the
1
initial data ug € L™ and hy € Z,hy € Z are such that ||ug||Le + ||g? ]|z <

1
el™and ||grhallz < € are sufficiently small. Then there exists a unique
global semiclassical solution w € Xg to the initial-boundary-value problem
(1.1) such that

1, o day 1
[(u— Ag™» () =TT g (t)°||x < C,

where

Jun

+i00 +o0
A= Q eK(Z)z{O‘}ldz/ ge (T)ha(T)dT.
27 0 0

In the second theorem we consider the case of the critical nonlinearity,

that is, when the time decay rate of the nonlinear term is balanced with
that of the linear part of the equation. We obtain the following result.

Theorem 2. Let p = {a}™! — 1.Suppose that ug € L™, hy, hy € Z are
such that the norm |[uo||Lee + 32,1 2 |hjlz 15 sufficiently small. Then there
exists a unique global semiclassical solution w € X of the problem (1.1).
Furthermore, there exists a constant V such that the asymptotic formula

_ e} O
u(t) = VE 51T + Ot (a1 )

is valid for t — oo uniformly with respect to x € [0, a], where the constant V
is a small solution of the equation

+o0o
V= A/ hy(t)dr — BV,
0

where

—1 E_A'_ﬁ +i00
A= V2 , ) / e K@) Aad=1g,
2 0

and

1 «
B = a)\Ao/ (1-— z)_%%a} z_(p+1)2£7{!}1} dz.
0

In the third theorem we find the large time asymptotic representations in
the supercritical case; that is, when the nonlinear term decays in time faster
than the linear part of the equation. This type of nonlinearity we call the
asymptotically weak one. We prove the following theorem.
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Theorem 3. Let p > {a}™! — 1.Suppose that ug € L™, hy, hy € Z are
such that the norm |[uo|Lee + 32,1 2 |hjlz 15 sufficiently small. Then there
exists a unique global semiclassical solution uw € X of the problem (1.1).
Furthermore, there exists a constant A such that the asymptotic formula

_ _{a} _fa} g
u(t) = AT 4 Ot F (1 0)

is valid for t — oo uniformly with respect to x € [0, al, where

—i(z+1ed=t) e h
i 0 ’

2

Remark 1. In the case hy(t) = 0 Theorems 1 -3 give us only a decay
rate estimate for the solutions. To obtain the main term of the asymptotics
another approach is necessary. We will study this case in a separate paper.

Remark 2. In this work we pay attention to the case of o € (1, %} Certainly
we do not claim that we could embrace all equations and all cases o >
0. However we expect that a sufficiently wide class of nonlinear nonlocal
equations on a segment could be treated by the same approach of the present

paper.
2. PRELIMINARIES

We consider the following linear initial-boundary-value problem

u+0%u=f, t >0,z € (0,a),
u(z,0) = up(z), = € (0,a), (2.1)
u(a,t) = hy(t), ugy(0,t) = ho(t),t > 0,

. v gl (s, 1) s
833’11,:/0 mds, o € (1,5]

Let K(p) = Cyplelti—tet = ¢ p?>~{2}. Denote

Go = /0 G2y, 1)b(y)dy,

where

t t
Gi_{a}® :/ Gi(z,t —7)p(r)dT and Groy 16 =/ Go(x,t — 7)¢(T)drT,
0 0
where the Green’s function G(z,y,t) is defined by
1 100
Gl t) = ula)y ([ e (22)

21 — 00
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R N I
omi | B ¢ /_mdpep p(K(p)+§>)’

Gilant) = —gt(o)( [ el ElEy,

V[ e e—o@a [, e K®)
—5 _ioodgeﬁ #(&) /_ioodpep m)
= Cilim 9,7 G,y 1),
y—a
and
Go(x,t) = ig (@(/m epxe—K(p)tLdp
’ 2mi e e

1

_ Zood &t plate—1 ZOod px
2mi —100 ge ¢ § —100 pe p(K(p

= (Clim 6;(1_{0‘})6'(1', Y, t).
y—0

Here for w € (—1,1)
1 100 R
we T DT \W
o =5 [ een T,
and the function ¢(&) is defined as

{ K(#(¢)) = =&,
Reg(€) > 0 for all Re§ > 0.

Now we prove the following result.

Proposition 1. Let the initial data ug € L*(0,a), a source

f(l', t) S Llloc(07 003 Ll(ov a))

and boundary data hj(t) € L}, (0,00). Then there exists a unique semiclas-

loc

sical solution u(z,t) of the initial-boundary-value problem (2.1), which has

the representation

t
U(.CU, t) = gUO + / g(t - T)f(T)dT + glf{a}hl + g{a}fth’
0

Proof. To derive an integral representation for solutions of the problem
(2.1) we suppose that there exists a solution u(x,t) of problem (2.1), which

is extendede to zero outside of the interval (0,a); that is,
u(z,t) =0 for all x ¢ [0, al.
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However everywhere below we denote by

k _ k
Oyu(0,t) = a:liglro Oyu(x,t)
Fu(a,t) = lim(]a’;u(x,t), kE=0,1.

We denote the operator

1 [i© ela—pla _ 1
Plap )] = 5 [ S ala.t)da

We have for the Laplace transform

[,{ O‘T uss(s,t)ds}

2 vros -
_ P[% (ﬂ(p, P) - u(0,t) —;3? u(a,t) B 6xup(20,t))]

and since u(p,t) and f(p, t) are analytic for all p

~ ~

u(p,t) = Plu(p,t)], f(p,t) =Plf(p,1)].
Applying the Laplace transformation with respect to = to problem (2.1) we
obtain

B[+ K (p)(@(p. 1)) — HOH=Te ) 80l  fip.1)] =0,

P p?
t>0,z € (0,a), (2.4)
u(p,0) = uo(p),
u(a,t) = hi(t),us(0,t) = ha(t),t > 0.
We look for the solution of (2.4) in the form

where the function u; (p, t) is the solution to the following problem (see paper
[23])

~

ﬁu + K(p) (al (p,t) _ u(O,t)—e;Pau(a,t) i 8;,;1;(20715)) — f(p, t),
u1(p, 0) = uo(p), (2.6)
u(a,t) = hy(t),ug(0,t) = ho(t),t > 0,
[aa(p, )] < M(1+[p)=°(1 + [e77%]) for all [p| > 1,
with some M, 6 > 0. Integrating equation (2.6) with respect to time, we
write uq(p,t) as

t
U1 (p,t) = e K®g,(p) + / e KW 1 (p, 7)dr, (2.7)
0
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where

filp, 1) = f(p,t) + K(p)(u(o’t) — ;—pau(a,t) n axup(ZO’t))‘

In order to get the integral formula for solutions, we need to know the

boundary values u(0,t), u(a,t) and u,(0,t). We will find them using the
growth condition

[a1(p, )] < M1+ [p]) 7 (1 + [e7P%]) for all |p| > 1. (2.8)

It is easy to prove that condition (2.8) is fulfilled in domains ReK (p) > 0.
In domains where ReK (p) < 0, we rewrite formula (2.7) as

+o0

+o0o
B(p )= KO (Gp)+ [ KO pr)ar) = [ e KOy, ryar,
0 t

Clearly the last integral

+oo
[ i
t

satisfies condition (2.8) for all |p| > 1 such that Re K(p) < 0. However,
the first summand with exponentially growing factor e 5@t does not sat-
isfy condition (2.8), therefore we have to put the following necessary and
sufficient condition

+00
fio(p) + /0 KO 1 (p, r)dr = 0 (2.9)

for all |[p| > 1 in the domains where Re K(p) < 0. We use the equation
(2.9) to find the boundary values involved in formula (2.7).There exists only
one root of equation K(p) = —¢ (see paper [23]) such that in the right-half
complex plane Re¢ > 0
Reg¢ > 0.

Taking this root ¢(§) we transform the half complex plane Re & > 0 to
the domain where Re K (p) < 0. The condition (2.9) can be written as the
equation

N = 1(0,¢) — e ?%U(a, &) 0,u(0,&

uo(¢) + f(, ) +¢ 0. ( )+ (0,4)

0 plad

for Re £ > 0, where the functions u(0, £), u(a, &) and 9,u(0, §) are the Laplace
transforms of the boundary data «(0,t), u(a,t) and u.(0,t) with respect to
time, and

a -~ —+o00 a
o) = /0 e Wug(y)dy, 1(6,€) = /O /0 e~ OUHED £y 1) dydt.

=0 (2.10)
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From (2.10) we obtain

~

$0(0) + F(0.8) | o, o SO0,

u(0,8) = — u(a, & 2.11
(0,€) ¢ (a,€) c (2.11)
and the Laplace transform u(0, §) satisfies the growth condition

ja(-, &) < M(1L+ [¢])7 for all [ > 1 (2.12)

with some M, v > 0, which is sufficient for the existence of the inverse
Laplace transform u(-,¢). Taking the inverse Laplace transform of (2.11) we
obtain

~
~

o0 i {019,
u0,0) = o [ o ((ABAEIOED | mongy, ¢ SO g

—1%00

(2.13)

Thus under the supposition that there exists a solution of the problem (2.1)
we get the integral representation for this solution

u<x7t) = Ha(x)‘cil{ul}
1 100 ico t
= Ha(x) (/ dpepxe_K(p)tﬂo(p) +/ dpepw/ e_K(p)(t—T)
0

2—7Ti —ico —100
< (1) + S a0, ) - E P erom(r) 4 o)),

where the functions (0, 7) were defined by formula (2.13).Using represen-
tations (2.13) we have (for simplicity we put f(z,t) =0)

1 100 t
o dpeP® / e K (P>(t*T)K(p)Mdr —L+L+1 (214
—ioco 0 p
where
1 100 pr 3 100 (Z),’u\ ¢ t .
I = e dpeP Le K(p)t . %dg/o dreE@HOT
1 100 g;K p) _ 100 b t .
I = =i dpeP %e K(p)t/‘ e~ ® hl(f)dé/ dreK®)+OT
—100 —100 0
1 100 IKP 3 100 ¢{a}ﬁ g t i
Is = 4—7r2/ dpeP %e K(p)t | T2()d§/ dreE@+)T
—i00 —i00 0

Integrating with respect to 7, substituting the Laplace transform %g(¢) and
using
00 =0y

—100 g K(p) + 5

¢ =0
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we obtain
1 a 00 ¢e—¢(§)y 100 K(p)
L=— [ dyu / d eitg/ dpe?® — ) e (915
! 4772 0 Y O(y) —100 g 5 —1400 p(K(p)-f—f) 5 ( )

Also in the same way we obtain

_ ! B -o©a [ pe_ K(D)
I =— 4712/ drhi(T )/_ioodfe /_icodpep oK (p) + 8 (2.16)

and

L * geet-nglaret [ g K@®)
s = 42 dTM )/_m A I o p(K(p)Jrfz‘ )
2.17

Thus from (2.14) and (2.15)-(2.17) we obtain the integral representation
(2.3) for solutions u(x,t) of problem (2.1). Proposition 1 is proved. O

—i(T+5) 9 [tic
Au(s) = %/0 e K ) iz, (2.18)

Denote

where

K(z) = Cy2® =2~ {a}.
In the next lemma we obtain some necessary estimates of the Green’s func-
tion. We prove the following result.

Lemma 1. The following estimates are true:

1
sup(t) 7 [|[G¢lL~ < Cll¢lLee,
t>0

sup(t) 766 — (07 00(0) [ ol < Cllolu.

sup(t)? V|Gl < Csupll{r} (1) gl

sup(t) 5 |Gap10llL~ < Csup [{r}'7{r)+7|p~
t>0 t>0

and

) {a}+ Hg{a} 16— Ay L(0)(¢ >—% 0+OO¢(T)dTHL°°

< Csup [[{t} () 76|
>0
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Proof. We write the Green’s function (see (2.2))

G(x7y>t) = Fl(x - y7t) =+ FZ(wv yvt)
First we prove the following asymptotic behaviour for ¢ — oo uniformly
with respect to x,y € (0,a) :

1 13+p) s

O G(w,y,t) =t I N (@t ) O ) (2.19)

is true, where p € (—1,1). We write the representation for the function
Fi(x —y,t) as follows:

o F1(x —y,t) = 0 Fy(x,t) + 0 (Fi(x — y, ) — Fi(z,1)). (2.20)
Making a change of variables K (p)t = K (z) we easily find that
OVFy (2,8) = £ 3TN (2t D), (2.21)

Using the estimate |e ™ — 1| < C|py|® for y > 0 and p € (—ico,ic0) and
making the same change of variables we get for y € (0,a)

+ioc0
O (File—y.t) - Faw )] < | [ e KO cmpray

1(1+p)
3 +6'

18 [T Rer(a)), ot -
< Ct BUTH / e R EN 0T dz) < Ct (2.22)
Therefore, from (2.20)-(2.22) we obtain for large time ¢ — oo
1(1+p)
QL Fy (g, t) = ¢ TN (@t ) 4O ), (2.23)
We write the representation of the function 8 Fy(z, y,t)
O Fy(x,y,t) = 0l Fa(x,0,t) + 0 (Fa(w,y,t) — Fa(x,0,1)). (2.24)
Making a change of variables £t = ¢ and K (p)t = K(z) we get
o0 A K(p) —1(1+4p) -1
OMF(x,0,t :/ dgest dpeP” —— 2 — ¢ BUTH A, (zt™ B),
00 = | e L R 0 )
where . '
100 100 K(Z)
Ao(s :/ edotd (q dq/ dze* —————. 2.25
ARG TR O R

Since ReK (z) > 0 for Rez < 0 via the Cauchy theorem we have for s > 0

L = s = L e (2.26)
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where the contour I' is defined as
I'={z¢ (e™00,0) U (0,e™00)}.

Also using K+M>) = —¢' (by definition K(¢) = —q) we obtain

100 e ilbn 1 o 100 q¢u(q)
/me ¢ <q>dq/rdzz<f<<z>+q> 2 /oo WK )

= 2mi /ioo dqelot ¢’ (q).

—100

Therefore we obtain the following estimate of the function Ay(s) :

ralo) = [ 10 apia [ dpe“%zzm | oot

| i (K(Z) —100
B 10 o 1+ ezs;
/iOO ‘¢ ”(Q)dq/rdp 'Z(K(z) +q) 220
= 2mi / e (q)dg — / | e%lw(qmq/pd’z(ezs - Um
100 . 1 . )
- [ [ s =0
We have
STK(z) 1 4 2 K()

= + +
KR2)+q z2+1 (+1)(K()+q) (=+1)(K(2)+q)

and

100

/ e (z+ 1)tz = 2mie®.

—100
Then changing the variables K (p)t = K(z) and &t = ¢, using ¢(q) = rq%,
where r is some complex constant, we get

—L(14p) s [T By L(14p)-1
M Fy(z,y,t)=Ct 5 (zm'e*l" / eI g T dg
—100

+i00 ~ +i00 1
+/ dze”(z—i—l)l/ 11750 (K (1) + g)~dg (2.28)

—100 —100

e e lel—{a} [T By 4
—i—/ dze*z (z+1) / e Yqn (K(2)+q) dq),

—100 —100
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1 1
where £ = zt” fand § = yt 8. Differentiating the representation (2.28) of
the function Fy(x,y,t) with respect to y we get
+i00 1
eq—rqﬁyqa(%u)—ld

O Fy(w, y,t) = —C 7 (zme—f / q

—100

+1i00 _ +i00 %~ 1y
+/ e*(z + 1)_1dz/ 171 0qn P (0,2 1 g)dg

—i00 —100
+ico +ioo 1
+/ emz[a]_{a}(z + 1)_1dz/ eq_qﬁqu(H”)_l(Caz’B + q)_ldq).
—100 —1300
It is easy to see that we can change the contour of integration into
Cr={z=petP :p>0,8 = g +ei} (2.29)
and ‘ -
Co={q=pet™ :p>0,0, = 5 Teb (2.30)
where e1and e are fixed small positive constants. Then since Req, Rez < 0
2
and Rerq3sg > 0 for all z € Cy, ¢ € C5 we have
eRET < Oz H2g 12 (2.31)
and i
e Rer’s < Clg| g, (2.32)
where p1, o,y > 0. Also it is easy to see that for all z € C1, ¢ € C2 and
ve[0,1]
|K(2) +q| 7" < Clz[7P|g[" . (2.33)
Using the inequalities (2.31)—(2.33) with 1, u2 =0 and v € [0,1] we get

||8;+MF2(.’ ) ||lLe < Ct‘%(2+u)(/ e—C|q||q|%(2+“)_1|dq|

Co

+i00 1

*/ |2 72|z + 1|7 |dz| / e~ Clal || 5 EHI=14 | gg|
—300 Co
+100 1

_|_/ ‘Z|[a]_{a}_ﬁ’/’2+1’_1’dz‘/ e—c|qwq‘§(2+ﬂ)—2+l”dq’>
—ioco Co

< ot (2.34)

Also, for p; € [0,0) and pg € [0, 3), choosing v € [0, 1] such that % <
p2 + v < 3 we have

1 1
‘85F2(:L‘,y,t)| < C«t—g(1+u—u1—u2)y—u1ﬁx—uzﬁ(/C e—C\q||q|3(1+u)—1—u1|dq’
2
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1 y_1—
+/c ||z + 1| z|vEHeB /C ¢~Clal|gpAHmr=1=m, g (2.35)
1 2
e A e e A )
1 2

< o b~ f —pal

Therefore, using (2.35) with g1 = 0,42 =0 for ¢t > 1

10 Fy -y, ) [ < G5 0H), (2.36)
From (2.34) and (2.36) we get, for § € [0,1],y € [0,a] and t > 1,
|0y (Fa(z,y,t) — Fa(,0,1))] (2.37)
1(14p+6)

< ClOHEC, )L |0 F (- )lply’ < O
By virtue of (2.24), (2.25), (2.27) and (2.37) we estimate F5(z,y,t) as

71(1+,u,+§)
ol Fa(x,y,t) = O(t . (2.38)
By formulas (2.23) and (2.38) we find
1(14p)
DG,y t) =t BTN (@t F) O 5 D), (2.39)

where

,Z'(£+H) 2 +ioo
Au(s) = %/{) e K@) 41,

The Laplace transform of the function Fy(z,t) is equal to ﬁ(p, t) = e K@),
So making a change of variable K(z) = K(p)t we get

I ()L = [1F2 () s (Rep=0) < C-

Therefore, from (2.35) we have

1Gl = | / Fi(z — y,)8()dylL + | / Fa(,y, £)(y)dy e

< ClF®)[wllollze + C/O y~6(y)ldy < C(1) 7|l

Also using (2.39) with x4 = 0 we obtain

[

5160 (07 F Mol ) [ o)l < Clolun.
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Since, for t < 1,

L [T e—a)- K@)t 1-{a)
= / e P dpg

21t i

2—{a}

= CHe_pa_K(p)tpl_{a}||L1(Rep=0) < C<t>_ po

from (2.35) we get
t
191-{a} Il < C/O 10,1 G, a,t — 7)<l @(7)|dT

t 2—{«a
< Coup {0 e [ 6= 7) T ) ) e
t>0 0

1-— 1+ ~2da)
< Csup {17 () gl (t) 7
>

t
1G{a}-19llLe < C/O 10y G(,0,¢ = 7)|[Le<|o(T)|dT

< Csup [{B77()7 ¢l /t(t —7) 73} ()T
£>0 o

{a}
< Csup [{t} (00|l () 7
t>0

Also from (2.39) we easily get for § € (0,1 — {a})

_fa} [T
1Gfa)—10 — Aay—1(0)(t) 7 ; (7)dT || Lo

t
< Csup [[{t}' (1) 76| / (t — 7) "3 )y gy
t>0 0

_ O
< sup {8} 00l (t)
>

Lemma 1 is proved. O

3. PROOFS OF THEOREMS

From Proposition 1 we write the solution u(z,t) of the problem (1.1) in
the form

u(z,t) = G(t)uo + /0 G(t = TN (w)dr + G _(ay ()1 + Giay—1(H)h2, (3.1)
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where the operators G, G, 14} and Gy,)—1 were defined by (2.2). We denote
metric spaces

Z1={¢ € L™(0,a)},
Zo={¢ € L'([0,00)) : ||z, = igg{t}kwf“llqﬁllw < oo}
and
X = {¢(,t) € C([0,00); L=(0,a)) : [|¢]|x < +oc},
where

Iéllx = sup((£) 757 | (t) ).
t>0

Also we introduce

A

—i(Z+L) 9 [tico
u(s) = ﬂ/ oS K(2) 1,
2mi 0

From Lemma 1 we see that the operator

_ _A{a} oo
Bo(t)¢ =t 21T A(ay—1(0) ¢(7)dr (32)
0

is the asymptotic self-similar operator for the Green’s operator Gy,)_1 in
spaces Y, Zs such that the following estimate is true:

) (Gay -1 ()¢ = Bo()9) Iy < Cll Iz, (3-3)

where § = ;:Ei,

l6lly = sup(t= (=7 || (t) ). (3.4)
t>0

Also we define the operator

G0 =t~ 20(0) [ o)y (3.5)

From Lemma 1 we see that the operator Gy(t)¢ is the asymptotic operator
for the Green’s operator G in spaces Y, Z; such that the following estimate
is true:

162 (G(H)p — Go(H)d) Iy < Cll¢]lz, - (3.6)
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3.1. Subcritical case (Proof of Theorem 1). We consider the case
{a}7' =2 < p < {a}~! — 1. By changing 7 = tz we get for some constant 6

! !
/ Go(t = TN (7 =1 0)dr (3.7)
0
o 1 N
= t_%wepﬂf\o(o)‘v‘/ (1—2) 7@ P 5 g,
0

{a}
1= 5oy TH
= AGPHT 2y T,

where

- (p+ Do} __{o)
2 —{a} 2 —{a}

O<pu=

and
1 ol (py1)Steb
A= a)\AO(O)/ (1—2) 213z 2—{a dz.
0
We call the nonlinearity A in equation (1.1) a subcritical convective.

We make a change of the dependent variable u(z,t) = v(z,t)e %" in
equation (3.1). Then we get the following equation for the new unknown
function v(z,t)

v+ Lo+ e PPN (v) — ¢'v=0.

We choose the auxiliary functions ¢(t) by the following condition

f(e?N(v) — ¢'v) = 0,4(0) =

Thus we obtain the initial-boundary-value problem for the new dependent
variable v(t, x)

v+ Lo =—e PPN (v) — o) (N())), t >0,z € (0,a),
(0317)*’00()E o(z), z € (0,a),
v(a, t) = e¢ (tz v(0,1) = e?®) (t) (38)

¢ = fTH ) f(e PPN (v)), 6(0) =
We denote ((t) = eW’(t). Then we get

F_ PN _
¢ = S V), CO =1,

hence integration with respect to time yields

H=1+p /0 £ @) N (o(r)))dr.
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According to Proposition 1 the integral equation associated with (3.8) can
be written as

vo—/ G(t—r 7()))d7'+91 {a}C”h1+g{a} 1CPh, (3.9)

where the nonlinearity N7 and the functional (, were defined by

Ni(v(7)) = N (v(7)) = (1) f () F(N (v(7))).

We now prove the existence of the solution v(z,t) for the integral equation
(3.9) by the contraction mapping principle. Denote by

Foo o} 1
0= / (1 4+nBP12-Ted )rho(1)dr < Ce.
0
We define the transformation ./\/l( ) by the formula
M(w) vo—/ G(t ()”d Gy G + GgayaCo
(3.10)
{a}
for any w € B, where B = {w € X : f(w(t)) > 10aAo(t)" =T, |lu|x <

Ce, )20~ Bo(t)g#ha)x < P, [y 1) —g(4)] < C14 ()=t 7).
where Gy (t) =1+ Ufot fHw) f(N(w(r)))dr and

o) = 1+p /0 S Bo()gh ha) N (Bo(t)gF ho))dr (3.11)

t
— 14 g8 Ao (0) / (ryt =t
0

1 1
= 1+ n@Pt‘L*z—{a},n = Ap+ 5 {a})_lpAg > 0.
From Lemma 1 we have
(G ()wol|x < C / YDy (2)|da < CettN (3.12)
0

and since f(Ni(w(7))) = 0 using Cu(t) > 2g(t) > 1g°(t),where a; =

iﬁ}u < 1, we get

/gt—T/\/1

c
<3 / (G = N () ldr]| < —E el < ce,

H (3.13)
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where ;1 = (1 — 3u)p > 0. Also by the condition of Theorem 1

1661 (ayg7hallx < M (3.14)
and
||g{a}71.g;h2||x <e. (315)
Therefore, from (3.12)-(3.15) we see that
t dr
M)l < 190l + | [ ot =i 25

1 1
+ 191 (o3¢t lx + |Gay—197 h2llx < Ce.

By direct calculation we have
1 1 1 1
(8 (Gray 16 = Boyg™ ho)| | < |[(6(G_y¢loha — Bot)ciaha) |
+o00 1
4 CHW/O 9% ~ Golha(r)dr| < cetn,

{a}

where we have used (3.3) and the following estimate with 8; = 51 o] :

| [T 168~ citratrias| < a7 [0 lg - Gl ot
0 . 1 0
@7 [ e = Gl ) lar

IN

t
ol ([ [T e
+o0
ey [ ) m T )
0

< ) lhe 2.

Therefore, from (3.12)-(3.15) we obtain
148 (M(w) ~ GayrGi o) x (3.16)
676l -+ 67 [ 6 - NG 2

+||<t>wg1—{a}9;h1||x + ||<t>7(g{a}—1§ﬁh2 - Bo(t)9;h2)||x
< Cettm,

IN
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Now we prove

fM(w)) =

By definition we have

fM(w)) = f(Guo) — f(/O G(t— r)%m) (3.18)

+ F(Gr—{a1Ch1) + f(Giay-1Chha),

{a}

F(Bo(t)g?ha) = 50M(O)(H) F T (317)

N —

where

F(Grag—1Giha) = (07T 0A0)a + F(Grap1Cbha — Bo(t)gPho)

and
1 +00 1
f@MJ@M—&m/ g hadr)
0

[e3

_ Ao} 1 1 B = 2
< ()T (0 (Gray—1Ghha — Bo(t)ge ha)|x < €M7 ()77,
Therefore, from (3.12)-(3.15) we get

fM(w)) > <t>_2£ﬁ} OA(0)a — Celtm <t>—%+77

where A (0)a < e. The last estimate implies estimate (3.17). It remains to
prove the estimate

|Gy (1) — g(t)] < Ce™ () =Tt
for all t > 0. We have by (3.17)
[Cpu) () = g(2)]
< ,0/0 ‘f_l(Bog%hz)f(N(Bog%hQ)) _ f_l(M(w))f(./\/'(M(w))) N

< 5ug<t>1‘“‘ﬁ”]f*(Bog%hz)f(N(Bog%hz»
>

t 1
- M@ WM@))| [ @
0
< El+’y1 <t>ﬁ+ﬂ_’77
where we have used the following estimate

sup(t)! 5T | 171 Bulthg ) SN (B(0)g P )
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— S M) FN (M(w)))
< O |(t) (N (Bo(t)g7 ha) — N(M(w)))Ix
+IN (Bot)g?ho) [ sup(t) =6 1= (Bo(1)gha) — £~ (M(w))
gc«gl—i—w

for all ¢ > 0. Thus we see that M transforms B into itself. Now let us
estimate the difference

IM(v) = M(w)x
= H/g v<r>>ﬁ—m <>>Cw yarl |
FCIG 1y (¢F — oI lx + ClGiay 1 (6F — Ch)hallx
< o] [ 5 @gt - it - Natwrier]
w0l [ o716 - (oD
FCIIGs oy (¢ — CEYhallx + ClIG(ay 1(CE — CE)hallx
< Cllo—wix(e + 5] / 7)IG(E - TN (w(r))ldr|x)
< C(1+ ) - wlix < gl ulx,
where we have used the estimate
L@l < o [ st - Nwtrar
%Ilv wlix < S v~ wiix.

Therefore, M is a contraction mapping in the closed set B of a complete
metric space X. Hence there exists a unique global solution v € B to the
problem (3.8) such that

lolx <Ce (0 = Bo(lgrha)lx < O,
Go(t) —g(t)] < Cettm @ﬁﬂt—v'
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1
Using the relation u(t,z) = v(t, z)(, ? (t) we obtain the existence of solutions
to the problem (1.1) satisfying the following time decay estimates

1
lgrulx < Ce.

We now prove the asymptotic behavior for solutions. By representation
(3.17) we have

1
G(t) = g(t) + O((H = ),
_1
Then via formula u(z,t) = e *®u(z,t) = ¢, * (t)v(x, ) we find the estimate

1 1
1{t)7g7 (u—g »Bogrha)|x < C,

since
gl+% - _1 1
H1—+_((Cv —g »)Bogrhs)|x
t>2,{a} n=
45 -1 _1 1
< Csup| (G ” —g »)|IBogrhalx < C.

t>0 (@ﬁﬂ‘—w
This completes the proof of Theorem 1.

3.2. Critical case (Proof of Theorem 2). Now we consider the case of
p = {a}™! — 1.By changing 7 = tz we get for some constant ¢

t «
/ Golt — 1IN (r~ =55 0)dr (3.19)
0

a} 1 a} {a}
_ 0”+1A0(0)a)\/ (1—2) 70 R g, = AGP T T
0
where
! ol (pr1yle
A:aAAO(O)/ (1 —2) 2 {ayz VT2 (T g2,
0

We call the nonlinearity N in equation (1.1) a critical convective.
Now we prove global existence of the solution of the problem (1.1) in the
space X. Via Lemma 2.1, we have

H/O G(t = m)N(w) = N(v))dr|x < Cllw —vlx([[v]lx + [[wllx).  (3:20)

Also we have

1Go|lx < Cl9|z,- (3.21)
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We apply the contraction mapping principle in a ball X, = {¢ € X : ||¢]|x <
e} in the space X of radius € = 5x||uglz, > 0. For v € X, we define the
mapping M(v) by the formula

M(v) = g(t)uo + /Ot g(t — T)N(U)dT + gl_{a} (t)hl + g{a}_l(t)hg. (3.22)

We first prove that [|[M(v)||x < e, where ¢ > 0 is sufficiently small. From
(3.20), (3.21) and the integral formula (3.22) we have

IM(@)l1x < lIGuollx + | /0 G(t = DIN (w(r)dr|
+ 91— {ay O h1llx + [|[Giay-1()hallx

2
< Clluollz, + Y Ihjllz + Cllvll& < 5 +Cer™ <,

Jj=1

€
2
since € > 0 is sufficiently small. Hence the mapping M transforms a ball X,
into itself. In the same manner we estimate the difference

1
[IM(w) = M(v)llx < 5 llw = v]x,

which shows that M is a contraction mapping. Therefore there exists a
unique solution u € X to the problem (1.1) such that

Jullx <e. (3.23)

We now compute the asymptotic behavior of the solution. First we prove
the following:

Lemma 2. There exists a unique small solution V' of the equation
V=V, - Vrtig (3.24)
where Vo = A_%(O) f0+°° ho(T)dr, |Vo| < € and

L I {a}
A= CL)\A()(O) / (]_ — Z) 2—{a} » (p+1) 2—{a} dz.
0
Moreover, we have the following estimate:

| V| < Ce, |V — V| < CE2

Proof. We prove the existence of the solution V' by the contraction mapping
principle. We define the transformation R(V) by the formula R(V) = Vp —
AVPTL for any V, where W = {|V| < Ce : |V — V| < Ce?}. First we check
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that the mapping R transforms the set W into itself. We have by definition
of the operator Gy (see formula (3.5) and (3.19))

IR(V) = Vy| < C|V|PTE < CePtt,
In the same manner we obtain
1
[R(V1) = R(V2)| < 5|V1 = V2|

Therefore R is a contraction mapping in the closed set W . Hence there
exists a unique solution V' € W to the equation such that

V| < Ce, |V —V| < Ce.
The lemma is proved. O

We are now in a position to prove the asymptotic behavior of solutions w.
By definition of the operator Gy (see formula (3.5) and (3.19)) we have

S 1 S SRS Y
VA = e [ Go(1 - 2)N (2 =T V)dz
0

t «
= / Go(t — T)N(T_%V)d’f
0
and therefore,
1 (7T —u(®)lly < ClIEY(E =BTV — G(t)uo
t

+ /0 G(t — DN (W)dT — Gy qaphs — Gray—1h2)lly < CING(Eusly

¢ __{o}
+ o)’ /0 Golt — TN (u(t)) — N(+~ 2T V))dr [y

t

+Ct)° / (Gt —71) = Go(t — 7))N (u(t))dr|ly
0
+ C(II(t)°(Giay-1h2 — Boha)lly + CII{)G1—{arally)
=L+ 1+ 13+ 1y
From Lemma 1 we obtain
I < [[(°G (H)uolly < Clluollz, -
Using (3.20) we gain

I = C||#)° /0 Golt - YN (wlt)) - N =TTV )dr |y

< O (u(t) — =TV ly (ully + [V]) < Cell () (u(t) — 70T V) |y
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since by virtue of (3.23) and Lemma 2 ||uly + |V] < . Also from estimate
(3.6) we get
t

I3 = C||<t>5/ (Gt —7) = Go(t = T))N(u(t))dr|ly < C.
0
Via Lemma 1 and the estimate (3.3) we obtain

Iy = C(|[{)°(Gay—1h2 — Boha)lly + [[(t)°G1_(ayh2lly) < C.

Hence,

(&3

10 (u(t) — T ETV|ly < C + el[{B0(u(t) — T BTV y

and therefore

_ _{a}
16 (u(t) =t T V) |ly < C.
This completes the proof of Theorem 2.

3.3. Super critical case (Proof of Theorem 3). Let p > {a}~! —1. By
changing 7 = tz we get for some constant 6

t _ A{a}
/ Go(t — T)N (1 213 0)dr
0

{a} 1 {a} {a}
= t?{a}”ePHAo(o)aA/ (1— 2) 7@, P 0aT gy = AgPHLy 7 Te7 7,
0
where
! (1) le
A:a)\AO(O)/ (1 —2) 2 {alz VT2 (T 4z,
0

We call the nonlinearity A in equation (1.1) a supercritical type.
Now we prove global existence of the solution of the problem (1.1) in the
space X.
We apply the contraction mapping principle in a ball X, = {¢ € X :
[¢llx < e} in the space X of radius € = 5= ||uollz, > 0. For v € X,, we
define the mapping M (v) by the formula

M(v) = G(tyuo + / G(t — TIN(W)dT + Gi_ oy (V1 + Gy (£) iz

We first prove that | M(v)|x < €, where € > 0 is sufficiently small. From
(3.20), (3.21) and the integral formula (3.22) we have

t
IM(v)llx < [|Guollx + || /O G(t — )N (v(7))dr|x
+ 1G1-1ay O h1llx + [|Giay—1(t)hallx
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2
1
< Clluollz, + D Ihsllz + Cllolk™ <
j=1

€
5 + Ce” +1 <eg,

since € > 0 is sufficiently small. Hence the mapping M transforms a ball X,
into itself. In the same manner we estimate the difference

1
[IM(w) = M(v)llx < 5 llw = v]x,

which shows that M is a contraction mapping. Therefore, there exists a
unique solution v € X to the problem (1.1) such that ||u||x < e. We now
compute the asymptotic behavior of the solution. We introduce

—i(Z+5£) 9 [+ico
Au(s) = %/0 e K@) 1,

From Lemma 1 we see that the operator

_ A oo
Bo(t)p =t 21F Ay —1(0) o()dr
0
is the asymptotic self-similar operator for the Green’s operator G;,y_1 in the
spaces Y, Zo such that the following estimate is true:

) (Gray -1 ()6 = Bo()9) Iy < Cllé Iz,

{a}
where 6 = ;:Eg% and @[y = sup;sq (£2717 [|¢(¢)||L~ ). Now we prove that

the solution has the following large time asymptotic behavior:

|8 (utt) - 47 757) | < Cluollz +Clelik, (325)

where the constant

—i(g i) g pice b
0 0

211

Indeed, by virtue of the integral equation (3.1) we get
@ ute) = Boma)| (3.26)
<110 @(0puallx + [0 [ 9t - PNy

+ ||<75>‘5/0 G(t — TN (u(r))drx + [{8)° (Gray-1 ()6 — Bo(t)9) Iy < C.
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All summands in the right-hand side of (3.26) are estimated by

1
Clluollz, + > Iz, + Cllulk

§=1,2

via estimates of Lemma 1 and (3.23).Thus by (3.26) the asymptotic (3.25)
is valid. This completes the proof of Theorem 3.
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