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Abstract. The main result of this paper concerns the limit of the
solution of the Ostrovsky equation as the rotation parameter v goes to
zero. We are interested also in the ill-posedness of the Cauchy problem
associated with this equation. First, using a compactness method, we
show that the initial-value problem of Ostrovsky equation is locally well-
posed in H®(R) for s > 3/4. The compactness method is essentially used
to prove that the solution of the Ostrovsky equation converges to that
of the Korteweg-de Vries equation, as v tends to zero, locally in time, in
H?(R) for s > 3/4. Thanks to some conservation laws and estimates, we
will prove a persistence property of the solutions. Therefore, we show
the convergence of the solutions in Lf;. (R, H*(R)) for s > 3/4. In the
case of positive dispersion, we gain a strong convergence in C(R, H'(R)).
The last section is devoted to studying the ill-posedness of the Cauchy
problem associated with the Ostrovsky equation.

1. INTRODUCTION

In this paper, we study the Cauchy problem for the Ostrovsky equation,
which governs the propagation of weakly nonlinear long surface and internal
waves of small amplitude in a rotating fluid. The liquid is assumed to be
incompressible and inviscid. After a suitable scaling, the Ostrovsky equation
can be written as [7]

(ut - ﬂuxxx + uum);p =u, ¢ R, (11)

where 7, 0 = cte. The parameter v > 0 measures the effect of rotation, and 3
determines the type of dispersion. Namely, for 5 < 0 (negative dispersion),
the equation models surface and internal waves in the ocean and surface
waves in a shallow channel with uneven bottom [1], while for 5 > 0, it models
capillary waves on the surface of a liquid and magneto-acoustic waves in a
plasma [6]. Here the dissipation is ignored.
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We are interested, in this paper, in the local and global well posedness of
the Ostrovsky equation, and in their behavior as the rotation parameter ~y
vanishes. If we set v = 0 in (1.1) and integrate, we obtain the Korteweg-
de Vries (KDV) equation

U — BUggr + g = 0. (1.2)

Thus it is natural to wonder whether the solution of the Ostrovsky equation
converges to the one of the KDV equation as « approaches zero.

There are many results concerning these subjects. Liu and Varlamov [18]
showed that the initial-value problem for (1.1) is locally well posed in the
space

_ sy F-1 (1O ¢ g
X, = {f € H(R)/F 1<T) cH (R)}
with norm || f|lxs = || fllas + H]-"‘%%)HHS for s > 3/2, where F or ~ de-

notes the Fourier transform. They proceed by using a classical compactness
method. This method is quite general and does not use the dispersive nature
of the equation.

Linares and Milanes, see [5], proved that equation (1.1) is locally well-
posed in X for s > 3/4. They use some regularizing effects on the linear part
of the equation. A global existence is deduced thanks to the conservations
laws satisfied by (1.1). In the first part of my thesis, to be defended in
December 2007, the global well-posedness of the Ostrovsky equation, with
negative dispersion, for initial data in a suitable Sobolev space H® (R), for
5> 0 is shown. The Sobolev space H*(R) is defined by

H3(R) = {f c HS(R)/fl(@) e LQ(R)}.
The method used to prove the local well-posedness is an iterative method
based on the dispersive properties of (1.1). The global existence in H*(R),
for s > 0, is deduced, thanks to some conservation laws and estimates.

Huo and Jia, in [8], prove that the Cauchy problem of (1.1) is well posed
in X, for s > %1. They use an iterative method introduced by Bourgain;
see [3, 4]. Due to the conservation of moment, the global existence in L?(R)
is deduced. Isaza and Mejia, in [9], showed that the Ostrovsky equation is
locally well-posed in H*(R), for s > —1/2 if § > 0 (positive dispersion), and
for s > —3/4 if B < 0 (negative dispersion). They used an iterative method
and applied the technique of elementary calculus inequalities introduced by
Kenig, Ponce and Vega [14] for the KDV equation.
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Levandosky and Liu [15] prove that, in the case of positive dispersion
(8 > 0), the solitary waves of (1.1) converge strongly in the space H'(R) to
those of the KDV equation as v goes to zero. They used some variational
methods.

We organize this paper as follows. In the first section, we prove the local
well-posedness, for initial data ug in the Sobolev space H*(R), with s > 3/4,
such that d;'ug € L?(R). We proceed by a compactness method based on
the dispersive property of (1.1). This method is inspired by the work of
Kenig, Ponce and Vega on the KDV equation; see [12].

Equation (1.1) has two conserved quantities, the conservation of momen-
tum

m(u(t)) = |lu(t)[|7. = const,

and the conservation of energy
1
E(u(t)) = / [ﬂui + g(D;lu)2 + guﬂ (t,x)dx = const.
R

Moreover, we have the estimate
1D ut)| 2 < ct?® + || D ol 2.

Due to the conservation of moment and the last estimate, we show the
persistence property of solutions of the Ostrovsky equation. We extend the
local solution proved in [8, 9] to the global one in H*(R), for s > 0.

The compactness method used in the first section is the key in the proof
of the convergence solution of (1.1) to the one of the KDV equation as 7y
tends to zero. The third section is devoted to this aim. First, we show
that we have the local convergence when the initial data ug € H°°, with
0y tu§ € L*(R). Consequently, we deduce the local convergence for any data
ug € H*(R) such that 9, lug € L?(R) , for s > 3/4.

Our second goal, in this part, is the convergence in L7S (R, H*(R)), for
s > 3/4. We obtain this result by using the conservation laws and some
estimates satisfied by (1.1). We show also strong convergence in C(R, H!(R))
in the case of positive dispersion.

In the last section of this paper, we study the ill-posedness result of the
Ostrovsky equation. The iterative method, used in [8, 9] to prove the well-
posedness of the Cauchy problem associated with (1.1), is essentially based
on a bilinear estimate in suitable Bourgain spaces. Here, we show that
this estimate fails for s < —3/4. This result seems to be sharp in the
case of positive dispersion. We establish also that the Cauchy problem for
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(1.1) cannot be solved by an iteration method in H*(R), for s < —1. As a
consequence, the flow map ¢ — u(t,-) cannot be C? in H*(R).

Notation. We denote by F or = the Fourier transform. We define the

—_— —_— 1 ~
operators 9 or D; and |D,|%, o € R, by Dy'f = 971 f(¢) = gf(é)
and \D/fo (&) = |€]*f(€). The Hilbert transform operator H is defined as

Hf = —%f; we have that H0, = HD, = |D,| . We denote by | - |lmp
(respectively | - =, ||+ l2 or || - llz2 and | - loc or ||+ 1) the norm in the

Sobolev space WP (respectively in H*, L? and L™ ).

2. LOCAL WELL POSEDNESS OF THE OSTROVSKY EQUATION VIA
COMPACTNESS ARGUMENTS

In this section, we prove the local existence solution for the Ostrovsky
equation in H*(R), for s > 3/4, based on a compactness method. This
method relies heavily on the dispersive character of the Ostrovsky equation.
We solve first a regularized version of (1.1) involving a small parameter.
After, we prove the convergence of these regularized solutions in H*(R), for
s > 3/4. Rewrite the initial-value problem of (1.1) in the following way:

{ Up — PUggy + Ully = w;lu, r € R, (2.1)

u(0,z) = ug(x).
We will give now the main theorem of this section.
Theorem 2.1. Let s > 3/4. For any uy € H*(R) with Dyluy € L?, there
exist a positive T = T(|Jug|lms + 7]|0; uollr2) (limy—oT(p) = o0) and a
unique solution u(t) of the initial-value problem (1.1) satisfying
uwe C(-T,T),H*(R))  and  Oyuc LY[-T,T],L>).
Moreover, if ug € H* (R) with s' > s, we have a unique solution of (1.1)

with the same existence time T.

To prove Theorem 2.1, we proceed as in the case of the KDV equation;
see [12]. First, we consider the initial-value problem

U — Bugar =0,  v(0,2) = vo(z), (2.2)
whose solution is given by the unitary group S(¢) in H*(R), where S(t) =

P02 (ie., v(-,t) = S(t)vy) is defined by its Fourier transform S(t)vo(€) =
e~P*  We shall state some preliminary estimates, due to the dispersive
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character of (2.2). After, we prove the local existence of (2.1) via compact-
ness method by considering 9, 'u in the second member.

2.1. Linear estimates and local smoothing. In this subsection, we pro-
vide the linear estimates and local smoothing properties for (2.2). We refer
to [12] for the proof of some lemmas. We begin by recalling the sharp version
of the local smoothing effect, proved in [12].

Lemma 2.1. Let vg € L*(R). Then
+o0
| IDais (et = ol

—0o0

for any x € R.

Next, we state a version of the dispersive inequality corresponding to the
group S(t).
Lemma 2.2. For any (a,b) € [0,1] x [0,1/2], we have
11Dz S (t)vollay1—ay < CIEI™* D3 |vglo/(1-4a)-
For the proof, we refer to [11].
Theorem 2.2. For any (a,b) € [0,1] x [0,1/2]

e’ 1/‘]
(/ |||Dx|“b/25<t>voug) < Clluoll (2.3)
and
o 1/ s Y
([T [1napste—nsarigar) "< ([~ ireoa)
(2.4)

where (q,p) = (6/a(b+1),2/(1 —a)) and % +2% = % + % =1.
For a detailed proof see [12]. Next, we recall the maximal function esti-
mate proved in [12].
Lemma 2.3. For any s > 3/4 and p > 3/4, we have
00 5, \1/2
(/ sup [S(O)uofdz) " < (L4 T o]z (2.5)
—oo [=T,T)

To analyze the products that arise from the nonlinear term of the Ostro-
vsky equation, we require the following Leibniz rules for fractional deriva-
tives. For detailed proofs of these facts, see [13].
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Lemma 2.4. Let o = o1 + g € (0,1) with o; € (0,0), p € [1,00) and
p1,p2 € (1,00) such that % = pil + p%. Then

[1De|*(f9) = fID2|"g = g|De|* fllr < cll|De|* fllLo1 | De|* gl 2 -
Now, we turn to the energy estimate satisfied by the solution of (1.1) .

Lemma 2.5. Let u € C([—T,T], H*) be a solution of the initial-value prob-
lem (2.1). Then for any s > 0, we have

T
sup Ju(®)lls2 < eslluollsz exp ( / ||amu<f>||mdr) . (2.6)
T

)

Proof. Applying D? to (1.1) leads to the identity
0Dy — ﬁ@iDsu + w0, D*u + (D*udypu — ud, Du) = 'yDng;u.

Multiplying by D3u, integrating by parts and applying Lemma (2.4) yields
d
D27 < elldzull < | D3ullZe + 1[D%5 w)daullz2 < [|0pull e | D3ull72.

Thus, Gronwall’s inequality yields (2.6).
We state now the conservation laws and some estimates satisfied by equa-
tion (1.1).

Lemma 2.6. Let u € C([0,T]; H*(R)) be a solution of (1.1) associated with
the initial data ug € H*(R), with D, ug € L%. For all t € [0,T), one has

m(u(t)) = lu(t)|2: = const, (2.7
| D7 u(®) |2 < et + D7 o | 12, (2:8)

and
E(u(t)) = /R[ﬁui + %(D;lu)z + %uﬂ (t,x)dx = const. (2.9)

(2.7) and (2.8) hold for s > 0; the conservation of energy (2.9) holds for
s> 1.

Proof. We first prove these estimates for v € C([0,T]; H*(R)) such that
D;?u(t) € L*(R). The general case can be deduced by using a regularized
sequence. We refer to [17] for more details of the proof of this type of
estimate.
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We begin by showing the conservation of the norm L2?. Multiplying (1.1)
by u and integrating over x, noticing that u; € L>([-T,T]; L*(R)) to obtain

d
E/\u(a:,t)]de = ﬁ/uzmudx — /(uz)zuda: — /’yDgluudx =0,

we then have (2.7). To prove the second estimate (2.8), we multiply (1.1)
by D, %u and integrating over z, we obtain

d
_ 4 [p 2
& [ 1Dz e P

= /ﬂumezzudx—/(UQ)Iszu—i—/'yDzluDzQudx: /UQDxludm.

By using Holder’s inequality and the Gagliardo-Nirenberg inequality, we
obtain

d, _ 5/2) v—1. 1/2 5/2) r—1. 1/2
2D ullze < [lull32 D5 ullze < ellull 271 D3 ull 2 = ellll 72 1D5 ull 2
Therefore,
— 3/2 — 3/2
| D ull 2’ < et + | D5 Il

To establish the conservation of energy, we multiply (1.1) by —Buz, + u? —
vD, ?u and integrate over R to get

d 2, Vip-132, 13
+=(D + =0:
o [5% 2( L u) 3 U (t,z)dx = 0;
thus, we obtain (2.9). O

2.2. Proof of Theorem 2.1. We consider the initial-value problem

{ ut_ﬁuzrx+uux:7D;1ua z,t € R,

w(0,2) = e * up = u, (2.10)

where ¢ € S(R) with [¢(z)dr = 1, [2Fp(x)dr = 0, k = 1,2,..., and
e =€ Lp(x/e) for € > 0.

Our first goal will be the proof of Theorem 2.1 with initial data ug, on
an interval of time [T, T], where T depends only on (||ugl|s + || Dy ‘uol12)
and does not depend on ¢, for any € > 0, whenever uy € H*(R) with s > 3/4.
Then we have the next lemma.

Lemma 2.7. For any uy € H*(R), with s > 3/4, there exists T = T'(||ugl|s+

YD tugl|p2) and uw = uc € C([-T,T], H*(R)) a solution of the initial-value
problem (2.10).
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Proof. We perform the change of variables v(t,x) = A\2u(\3, \z), with
initial data vo(z) = A2ug(Az). Then v satisfies the equation

VUt — BUpgpe + VU = fy)\4D;1v, v(0, ) = Nug(Ax). (2.11)

Since ||volls = A¥/2(1 + X®)|luol|s and || Dy woll2 = AV D ug||, we can
always reduce our problem to the case of small initial data in (2.11). More-
over, observe that if there exists a solution for (2.11) v € C([-T,T], H*(R))
whenever (||vo|ls + || Dy tvol|z2) < 8, then for arbitrary data, there exists
a solution of (2.1) for time T' < |lug||s + v||D; tuol|z2) 2. In the following,
we always assume that T' < 1, and we frequently apply the Cauchy-Schwarz
inequality in the integrations with respect to ¢t without further comment.
In view of the energy estimate (2.6), the key is to establish a priori control
of ||0zull rizee- Then using the Duhamel formula, we can write the solution

of (2.11) as

v(t) :S(t)vo—/t S(t—t) (v (t))dt —y\* /tS(t—t’)Dxlv(t’)dt’. (2.12)
0 0

Then

Dpv(t) = —| Dy VA4S (8)| D>/ * Hug (2.13)

t t
+ / 1D, [YAS(t — )| Do/ H (vo (#))dt’ — A / St —t"w(t)dt',
0 0

where H is the Hilbert transform. Hence, using Theorem 4.1 with (a,b) =
(1,1/2) in (2.2), it follows that

T
1001 1 < cllvollsas + /0 11D/ (o (#))dt |1

T
el [ S = ()t g
0 xT

Applying Theorem 2.2 again to the last term in the right-hand side member
with (a,b) = (1,0) and (p,q) = (6,00), and the conservation of the norm L2,
we get

T T
10201 24 Lo < cllvollia,z +C/O II\Dx!3/4(vvx(t’))ll2dt'+6A47/ [v(®)2d2
0

T
< cllvolls/az2 + C/O 1D (w0, () 2t
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By Lemma 2.4, for n > 0, we have
D24+ (08,0) () |2 < (| D> (0000) () = 0| Dy [/ *H700
— Do 100,0) (1) 2 + 1D 10050 (8|2 + [0 Da|* T 70,0(8) o
< el|@v(®) || o= I1De [/ 70(#) 12 + ([0 Da [/ 41050 (8) -

Then

T
/ 11D 2447 (00,0 (#) |2 d
0

T T
s¢ / 18,0 (#") || o< [[| Da [P/ 70(t) |12 dt’ + / o] Do [/, 0(¢') |12 di’

3/4 r N g4 el 1/4
< esup [[v(t)|l3/a4n,2T ( [0z (t))dt' || dt )
[0,T7] 0

T
+/ 0] Dy |2/ 441 0,0(t") || dt’.
0

Using Lemma 2.5, we obtain

T
/ 1D (0000) (1)
0

T
< cloollenaexp (lligue) + [ IoIDa 000 o at.

By the Cauchy-Schwarz and Holder inequalities, we get

T T 1/2
| s, @ar s < V([ JolDa 002
0 0
T 1/2
:T1/2< / / |v|Dx|3/4+’76$v(t/,x)]zdagdt’) / (2.14)
0
T 1/2
<72( [ [ polDaf 0,0t o) Patds)
0

1/2 T 1/2
§T1/2</[su7%\v(m,t)2dx> (sup/0 ]]D$]3/4+778$v(t',a:)\2dt’)
0, x

Now, we treat the second member of (2.14). Using Lemma 2.3 in (2.12), we
obtain

/Sup |v(z,t)|?dx

(0,7]
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T 4
< c{||vo\3/4+n,2 + [ (odo@)la + 1102/ 100,000 de
0

T
+ At /0 (IDZ o)l + 11D+ () ) dt} ,

for n > 0 such that 0 < n < 1/4; hence, from the estimate (2.8) and the
inequality

D241 () ||2 < 1D o) |2 + vt 2,
we have

/ sup o(z OPd < {([ollyaina +X51D7 ol

T
+ / (||v8xv(t)|]2+H|Dx|3/4+"v8$v(t)||2> dt}.
0

For the second term of (2.14), applying Lemma 2.1 to the integral equation
(2.12), we obtain

T 1/2
sup ([ 1D 0,0 ) < el

T T
+/ D> 47 (080 (t')) |2t + CXW/ (1D o ()ll2 + [lo(t)]12) dt’
0 0

T
< ¢ (llvollaa4n.2 + YDz voll) +/0 D47 (w00 (1)) |2dt'.

Then, we choose 7 such that 3/4 < 3/4+n < s and set

1/2
F(T) = [|02v 3 Lo + (/[SOHY% |U(t,x)’2dllf)

T 1/2
tsup ([ 1D 00 o) Pt
T 0

and v = ||lvoll3/atn2 + YA D, voll2. F(T) is a continuous, nondecreasing
function of T. Combining all of the previous estimates, we know that F/(T) <
cv + cvexp cF(T), provided that v < ¢ < 1. Note that F(0) = ||ug|l2 < v.
By using a standard argument, see [10], we show that there exists § > 0
and a constant M > 0 such that if v < §, then F(1) < M. Hence we get
the control on ||0,v]| 4. The energy estimate (2.6) completes the proof
of this lemma. O
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Remark 2.1. Note that, in the proof of Lemma 2.7, we use only the norm
in H3/4" with 3/4 < 3/4+n < s for any n > 0. Then, for any s’ > s, we
have the same time 7' = T'(|Juo||3/45.2 + 7] Dy 'v|l2).

Lemma 2.8. There exists a constant K > 0 independent of € such that the
solution of the initial-value problem (2.10) satisfies

(/OT H|Dm‘s+ab/2ue(t)Hz dt)l/q .

for any (a,b) € [0,1] x [0,1/2] with (q,p) = (6/a(b+1),2/1 — a).
Proof. Applying |Dx\s+“b/ 2to the integral equation, we get
| D |"F 2 () = | Dy |25 (8)| D | *ut

t
_ / D, 128 — )| Dy (ue Oy (#))
0

t
. / S(t — ) D" /20 e (¢t
0

Hence, Theorem 2.2 and Lemma 2.6 yield
T 1/
(/ H|Dx|s+ab/2ue(t)qut> q
0 p
T 1
<c{luolz+ [ NI (@O EDade + 3 (ol + 91D o) }
0

< C(Huo

T
w+ﬂ@$%h%ﬂ/HWﬁf%¢WMDW-
0

The proof of Lemma 2.7 leads to

T
[ lipataacep], i < .

Combining all these estimates, Lemma 2.8 follows. O
Proof of Theorem 2.1. From Lemma (2.7), it follows that for any € €
(0,1), the corresponding solution u(-) of the initial-value problem (2.10)
satisfies

u® € C([0,T]; H*(R)), sup [[u(t)]]s2 < K, (2.15)
(0,7

and

T
/ |0 (0)]| o dt < K. (2.16)
0
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with T and K depending on ||ug||s2 and || D ug]|2. Defining w(t) = ws (t) =
(u€ — u)(t) for € > € > 0, we have that w(t) satisfies the equation

Ayw — BOPw + 1 Opw + WU = YDy w. (2.17)

Thus, a standard argument shows that

d . ¢
Sl @ll2 < e(ll0zu ool + Ozt floo) (B) Jw(B) 2.
Hence,

sup [|(u¢ — u)(1)]2 < ¢uf — uf [l = 0(*), (2.18)
[0,7]
as € tends to zero.

The above inequality proves the existence and uniqueness of a strong
solution u(-) of the initial-value problem (2.1). To obtain the persistency
property, we use the argument given by Bona and Smith in [2] to show that
the sequence (u€), converges in L>°([0,T]; H*(R)) as € tends to zero.

We shall need the following estimates:

sup [|u(t) s < e, (2.19)

)

and
T b2+ ¢ \l/a !
(/ H|Dx|s+“/+u€(t)H dt) <, (2.20)
0 P

for any [ > 0, with (a,b) € [0,1] x [0,1/2], (¢,p) = (6/a(b+1),2/(1 — a)),
and where the constant ¢ depends only on ||ug||s2 and [.

The estimate (2.19) follows from Lemma 2.5 and (2.16). The proof of
(2.20) can be obtained by inserting (2.19) into the proof of Lemma 2.8,
where all the estimates depend linearly on the highest derivatives.

Now using Lemma 2.4 in the equation(2.17), we find that

d ¢ €
Zlw®llsz < e (1900 oo + 1007l ) B)l(?)

‘3,2
+  |luc (t)H&QHaxw(t)Hoo + Ha:cue”s,nnw(t)"r%

o 1 1
with H+ s

%. Now we state a lemma which will be crucial for the sequel.

Lemma 2.9. we have

T
/0 ' ()2 102w (1) ot = 0(1), (2.21)
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and

T
/0 10208l [0(t) 2 = O(1), (2.22)

as € tends to zero, where r1 is sufficiently large.

We shall prove this lemma later. Then by Lemma 2.9 and Gronwall
inequality, we get

sup || (u = u)(#)[|s,2 = 0(1)-
[0,7]

This completes the proof of Theorem 2.1. O
To prove Lemma 2.9, we need the following Gagliardo-Nirenberg inequal-

ity.

Lemma 2.10. Let f € S(R"); we have

”f”m,p — CHf||mo,p0Hf| m1,p17

for po, p1 € (1,00) and mgy, my € [0,00] such that m = Omo+ (1 —0)my and
1_ 0, 1-0

P Dpo p1°

Proof of Lemma 2.9. Let us prove equality (2.21). Using the Sobolev
embedding theorem, we get

10:w(t) oo < cllwllits,1, 0<6<l1.

Applying Lemma 2.10 with p =1 and m = 1 + §, we have

lw(®)lloo < ellw(®)]|%, po lw®)137°, (2.23)
with
0 1-0
1+ 0 =0sp, 1= — 4+ —. 2.24
: — 5 (2.24)

Thus, using the above estimates, along with the Sobolev embedding theorem
and Holder’s inequality, we get

T T
/ 10s(®)locdt < sup (DI / lw ()1, . dt
0 0,7 0
< ces<1—9>+ces<1—9>(/ 11Dalw(®)]2, dt) ,
0
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where (g,po) is such that we can apply Lemma 2.8. Let (a,b) € [0,1] X
[0,1/2], the couple in Lemma 2.8 such that (¢,po) = (6/a(b+1,2/(1 —a)))
and sp = s + a/4 + [. Thus, we obtain

T T
/ [00() fowdlt < ce1=) 4 10 / [1Da e/t ey
0 0

< ce’(1=0) 10,

0/
Zo dt) ‘

Using (2.24), we get s(1—6) —10 = s+a/4—sof = s+ (a/4—1—0). Then,
for s > 3/4, we can choose a, 6 and § ~ 1 such that s > 1+ — af/4. Thus
we obtain s(1 — ) — 16 > 0. We conclude that

T
| 10l = 001).
By the same method, we can prove (2.22), for r; sufficiently large. ([l

3. GLOBAL SOLUTION

In this section, starting from the global existence result for the Ostrovsky
equation in L?(R) due to Huo and Jia (see [8]), we will prove a persistence
property in H5(R), for s > 0. The spaces L?(R) and H*(R) are defined such
that

el 72y = llll 2y + 1Dzl ™ ol 2wy,
and

ol s ) = llll =) + ||\Da:\_180HHs(R)-
We will extend the local solution obtained in [8] to the time interval [0, 7],
for an arbitrary 7" > 0. In the case of positive dispersion, we show the global
existence in C(R, H(R)).

Huo and Jia proved that the Cauchy problem for the Ostrovsky equation
is locally well-posed in H*(R), for s > %1. To this aim, they used an iterative

method introduced by Bourgain, see [3, 4], in a suitable Bourgain space X s,bs
which is defined as

luli%., = 10(=t)ullZ gy + 10U (=0)1Dx " ull Ty

where U(t) is the unitary group associated with the Ostrovsky equation,
defined by its Fourier transform U(t)p(&) = e_Zt(ﬁ£3+%)<ﬁ(§). They extend
the local solution to a global one in C(R, L?(R)) thanks to the conservation
of moment (2.7). Here, we show that, for s > 0, the local solution can be
extended to a global one in L (R, H*(R)) N X*. In the case of positive

loc
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dispersion, we obtain the global existence in C(R, H'(R)). Then we have
the next theorem.

Theorem 3.1. (a) For s >0, 3 <b <1 and uy € H*(R), there exists a
unique global solution for the Ostrovsky equation u € L (R, H*(R) N Xs,b

loc

such that supy 11 [[u(t)|| z. < C, where C depends on T, |uol| .-

(b) For s =1, in the case of positive dispersion (i.e., B> 0), we have a
unique global solution u € C(R, H*(R)) N X1, for initial data uo € H*(R)

To prove this theorem, we shall need the following lemma.

Lemma 3.1. Let s > 1, ug € H® be such that D ug € L*(R). If u is the
solution of (1.1) in the case of positive dispersion with initial data ug, then
there exists C = C (|luo| g1 + || Dy "uol|2) such that

lu(®)ll s + 1D u(t)]]2 < C. (3.1)

Proof. Using the conservation law of energy, we get

E(u(t)) = /[ﬁu + 2(D u)? +3u }(t,x)dsz(uo).

The cubic term with can be estimated in the following way:

| [ de] = | [0 udntu)e)da] < 2105 a0 [ (ol 01z

Using the Gagliardo-Nirenberg and Hélder inequalities and the conservation
of momentum, we get

1/2 1/2
| [ e < Dz o)1 03 o) a2t
_ 1/2 3/2 3 _
= | Dz u(t) |32 [u®)]l3 | (®)]l2 < 18I0 u@)I3 + ClID; u ()2
3 Yiin—
< S1laeu(e) 3 + 32105 u(n)3 + €.
where C depends only on ||upl|2.Therefore, it follows from the conservation

of energy that
1
2(s / o P (£)d + / 1D uf? (1))

<C+B/ t)dx + /|Dly

Then, it turns out that for 3, v > 0
18z u(t)l|2 + [|1DZ 'u(t)]l2 < C = C (|[uollmr + |1 D5 uoll2) -
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Proof of Theorem 3.1. (a) Let s > 0, up € H*(R) and v € C°(R), with
¢ =1on [3, 3] and supp ¢ C [-1,1]. Define 1y = ¢(T~1(-)), for T > 0.
We define the operator

Dy (u) = Lr(U (H)uo + (t)/o Ut —t)s(t') (uug ) (t')dt'.

Assume that ug satisfies ||ugl| 7. < M. Using the conservation of momentum
(2.7) and (2.8), we get ||u(t,-)||;2 < Mo, ¥t € [0, 1], where My depends on
lug||72- Next we extend the local existence result to the interval I = [0,1]
by applying the contraction method in the space with norm

| o = 115 Xopll + all; Xspll,

where o = a(Mj) to be chosen later. Let B, = {u € Xop N Xop/|ula <
r}, with r = 2(My + aMy). In order to prove that ®,, is a contraction
mapping on B,, we first prove ®,,(B,) C B,. By using the linear and bilinear
estimates proved by Huo and Jia, see [8] Theorem 4.1 and Lemmas 3.1-3.3,
we obtain

o (1) (8)loc < Mo + @My + 0" s Xo|1? + afjus X, b
< Mo + aMy + c6” )2,

for 1 < b < b'. Choose § such that c6” ~*r? < r/4. Then |®,(u)(t)]s < 7,
and we have ®,,(B,) C B,. For u,v € B,, reasoning as above, it follows that

" 1
[@ug (1) = P (0], < 8" " (ulo + [v]a)[u = vla < Su—vla.

Therefore, ®,, is a contraction mapping on B,, and there exists a unique
solution on the interval [0, 7] with 77 < 4, satisfying |u|, < r. By the
Sobolev embedding theorem, we have that u € C([0,T1], H*(R)). Hence, we
have a born on [|u(T1,-)|| .. Let M} be this born, and choose o’ such that
o' M! = aMs.

By using the same argument, we prove that ®,7, ) is a contraction on
Bl = {u € Xop N Xop/|ulos < 1" = 2(My+ o/M}) = 2(My + aM,) = r}.
Noticing that the time of existence is also T}, we have a solution on the
interval [T4,2T}] satisfying |u|, < r. Therefore, we construct a successive
local solution on consecutive (overlapping) intervals [iT7, (i + 1)71] to get a
local solution on Iy = [0, 1].

In view of (2.7) and (2.8), we have a born on the norm L? on [k, k + 1]
depending only on ||u(k,.)||;> and 7' = k 4+ 1. Then we can apply the same
method on consecutive intervals I, = [k, k + 1] to get a local solution on .
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One gets thus a unique global solution u such that on each finite interval the
norm || - || 7. is finite .
(b) This result is a direct consequence of (a) and Lemma 3.1. O

4. LimMmiT TO THE KDV EQUATION

In this section, we show that the solution of the initial-value problem (1.1),
of parameter ~,, converges to that of the (KDV) equation as =, tends to
zero. Let 7y, such that 0 < v, < 1 and 7, tends to zero as n — co. consider
the initial-value problem associated with ~,,,

du™ — BORU™ + u"Opu" = v, Dy u", u"(0,z) = up(z), (4.1)
and the initial-value problem associated with the (KDV) equation:
O — B3 + vdpv = 0, v(0,z) = up(z). (4.2)
Then, we have

Theorem 4.1. For s > 3/4, ug € H*(R) with D;'u € L2, there exists
T > 0 such that the solution of the initial-value problem (4.1) converges to
the corresponding one of the (KDV) equation in C([0,T], H*(R)) as vy, tends
to zero.

loc

Theorem 4.2. (a) For s > 3/4, uy, converges to v in LS (R, H*(R)). (b) In
the case of positive dispersion, the convergence is strong in C(R, H*(R)).

Proof of Theorem 4.1. We prove this theorem in two steps.

Step 1. We show in this part the convergence of u* to v¢ in C([0,T],
H?*(R)) as 7, tends to zero, where u“* and v¢ are respectively the solutions
of (4.1) and (4.2) with initial data u*(0,2) = v°(0,z) = (@e * uo) ().

Let T be the common time of existence to u" and v¢ (we can take T
independent of n), and set w(t) = (u —v°)(t). Then w satisfies the equation

Orw — BO3w + U Opw + WOV = v, D u. (4.3)
Multiplying (4.3) by w(t) and integrating by parts, we get

d en € - en
@Iz < 10u™ oo + 1020 o) WO + vl D ' @)l 2w (8| 2

Using the Gronwall inequality and the fact that ||0,u (¢)||co, ||Ozu () |loo <
C, where C depends on ||ugl|s2 + || Dy tull2 and T, we obtain

sup [[w()z2 < Cryn sup | D7 u™ (t)]|2. (4.4)
[0,T) [0,7]
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Applying now Lemma 2.10 with p = pg = p1 = 2, we get
0 —0
lo@ s < ol lw @l
where s = 0s’, < 1. The energy estimate yields
lw) g < N gor + 0N o < e, t€10,T].

Then using the last estimates, we conclude

sup ||w(t)”Hs S C('yn sup ||D;1uenHL2) 6(3—8/)9‘
[0, [0,T]

Using now (2.8), we obtain

sup [lw(t) 77 < Cryp el

[0,7]

)

where ¢ depends on T, |jug||gs and ||D; uglla. Then for fixed €, we have
lw(t)|| = tends to zero as -, tends to zero.

Step 2. In the proof of Theorem 2.1, we showed that u“" converges to u",
where u" is the solution of the initial-value problem (4.1). We remark that,
if 7, is bounded, the convergence is independent of +,; then, we deduce that
the convergence is uniform on n. For the (KDV) equation, we have that v¢
converges to v in C([0,T], H*(R)) (take v = 0), [12]. Then for n > 0, there
exist €9 > 0 such that
sup [[(u®" —u™) () || g < py Vn € N.

0.7] 3

and
sup [[(v° = 0)(8) |1 < 3.
0,71 3

It follows, from the first steps, that there exists ng > 0 such that for n > ng

sup [(u" = v)(1)| < e(7)' 7 < 3.
[0.7) 3
Combining all these estimates, we obtain that for n > ng
sup [|(u" —v)(t)]| s < sup [l (u™ = u) @)l zrs + (| (W™ = o) ()] s

) )

e —®lal <e(3+1+3)=en. O

Proof of Theorem 4.2. (a) By Theorem 3.1, we have
sup [lu(t)||zs < C,

)
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and

sup |[v(t)| s < Co, VT >0,
(0,77

where C' depends on T, |lug|lgs and ||D;'ugl/z2, Co depends on T and
lluo||zrs. Thus, we have ||0;v(f)|loos [[0zu(t)]|eo < C, with C depends

on T and |Jugl|sz2 + || Dy ull2. Then by the first estimates, in the first step
of the proof of the Theorem 4.1, we can write

1-6 . )
sup [|w(t)|lgs < C(% sup ||D;1u€”||L2) 50 < C%ll—ee(s—s )9’
[0.To] [0,To]

where C depends on T > Ty, ||ug||g and || D} tug|2, and Ty is the common
time of existence. We conclude that all the other estimates in the first
and second steps of Theorem 4.1 depend on T, |lug||g1 and || D, tugll2 and
do not depend on Ty. Then by the bootstrapping method, we obtain the
convergence on [0, 7], and we have

sup [|(u" — ) ()]s < Cn, Vn > no,
(0,77

where C' depends on T, |luo|| g1 and || D ugl|2.
(b) In the case of positive dispersion, by Lemma 3.1, we have

lu(®)ll e + 105 u(t)]]2 < C,

where C depends only on (||uo|| g1 + || Dy *uol]2). Then in the first steps of
the proof of Theorem 4.1, we have

1-6 , ,
sup (|- < e sup D7 a2 ) €T < Oyl
(0,71 (0,77

where C' depends only on (||uol|g: + || Dy 'uoll2). We conclude that all the
other estimates, in the first and the second steps of Theorem 4.1, are inde-
pendent of T. Then by the bootstrapping method, we get convergence on
R, and we have

sup [(u" —v)(#)||ms < Cn, Vn > no,
R

where C' depends only on ||ug| gs and || D, tugl|2.
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5. ILL-POSEDNESS RESULT

In this section, we prove that the crucial bilinear estimate, which is the
key of the iterative method used to prove the local well-posedness result
(see [8, 9]), fails for s < —3/4. We show also that the Cauchy problem of the
Ostrovsky equation cannot be solved by an iteration method for ug € H*(R),
s < —1. We deduce that the flow map is not C? from H*(R) to H*(R).

Note that we shall use the same notation as in the other section. Consider
the initial-value problem for the Ostrovsky equation,

{ U — PUgee + vty = yDlu, x € R, (5.1)
u(0,z) = ¢(x).
We have the following result.
Theorem 5.1. The estimate
182 (wv); X o1l < ellus X pll|v; X pl (52)

fails for s < —=3/4.
Theorem 5.2. Let s < —1; then there does not exist T > 0 and a space
X, continuously embedded in C([—T,T], H*(R)) such that there exists C > 0
with

U ¢llxr < Cllollmsm), ¢ € H*(R) (5.3)
and

<l weXr, (5.4)
XT

T

‘/ Ut — t)u(t ug (t')dt’
0

where U(t) is the semigroup associated with (5.1) defined by

U(1)$(6) = e P g(¢).

Note that (5.3) and (5.4) would be needed to implement a Picard iterative
scheme on (5.1) in the space X7. As a consequence of Theorem 5.2, we can
obtain the following result.

Theorem 5.3. Let s < —1. Then there does not exist a T' > 0 such that
(5.1) admits a unique local solution defined on the interval [T, T] and such
that the flow-map data solution ¢ — u(t), t € [T, T), is C? differentiable
at zero from H®(R) to H%(R).

Proof of Theorem 5.1. We construct examples where the bilinear esti-
mate, which is crucial for local well-posedness, fails by considerations similar
to ([14], p. 591).
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Let u € )N(S,b; we define f such that

f(T,£)=<T+6£3+%>b<§>( + el Ya(r €).

Therefore, we have ||f||L2L2 = |lu; X4 p|- Using the definition of the spaces

X, b and X, b—1, one sees that (5.2) implies that

57’4—553 > _|_|§’ 1 7_1761 (7—_7—1’{_61)
H // {1+ BE + ><§1> (1+1&l™)

drid&; ‘
WE - (1+1E-&l™)

< cll 117 2
(r— 71+ BE— &) + —— rere T
£-&

(5.5)
Let A, B C R?, defined by A = {(r,€) € R*/N < ¢ < N+ . |7 +
B8+ 3 < 1} B = —A = {(1.§) eR?*/(-7,—¢) € A} Let f(7,6) =
Xa(1,&)+Xg(1,£). Clearly, we have ||f”LZL§ < ¢N~1. On the other hand, A

contains a rectangle with (N?, N) as a vertex, with dimensions CoN3/2x N2
and longest side pointing in the (3N?2,1) direction. Let D be the rectangle
centered at the origin, of dimensions CoN3/2 x N~2 and longest side pointing
in the (3N?2,1) direction. Therefore, we have

(F % )(7.8)] > %XD<T,5>.

Consider the set S = DN {(7,€)/[¢] > CoN~'}. For (7,€) € S, we have
|€] > CoN~1, € belongs to an interval of radius ~ N=3 and 7 belongs to an
interval of radius ~ N. Hence, (5.5) implies that

N2z N BN [ et 60+ D+ 1e D Parag)

¢
cN3/2 —1/2
> NN / / €0 + 86 +

> N~ N2 N3AN-1/2 -1 N3/20- 1),

) B 1/2
+ PO e Pdg dr)

which implies the conditions %b <2s+ % + % Then for s < —3/4, we have
b<1/2. (5.6)
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Now, we show the necessity of b > 1/2. By polarization and duality, (5.5) is
equivalent to

1

H 3, Vb ; -1 %
(11 + B&; +§—1> ) A+1&al™)

/ / €1€)* (1 + €1~V g(r, Oh(r — 71,€ — &1)dr de
B8+ D) r—m+ BlE— &) + 2P E— &y E—&l )

<clgllzzzzliblizzrz-

(5.7)

272
L2L2

Let D' C R? such that D' = {(7 + 2N3,£ + 2N)/(1,£) € D} . We take

9(1.8) = Xa(7,8),  f(1,§) =Xp(7,§). (5.8)
We have
l9llz2rz 1Pl 222 < eNT2,
and
(Xa * Xa)(11,&1) = \/%XD’(Tlvfl)-
Then

[ otrmr = m)drde = xaxXa(m.60) = Z=Xp(n. ).

Now substituting (5.8) into (5.7) and using the above estimate, we get
eN7V2 > cNN=V2x

ANTHNE pNFeN T2 1 aes dr )
(/2N3_0N3/2 /]V_CN—1/2 (r1 + B3 + l>b<£ TR &1 7'1)
P/ ™ !

> CN1/2N75N73bN3/4N71,

which implies the conditions 3b > —s+ %. Then if s < —3/4, we have b > %,
which implies a contradiction in view of (5.6). This completes the proof of
Theorem 5.1. g

Proof of Theorem 5.2. Suppose that there exists a space X7 such that
(5.3) and (5.4) hold. Take u = U(t)¢ in (5.4). Then

/0 Ut — (U (E)) U (¢ )ba)dt

< C|Ut)gl%,.-

XT
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Now using (5.3), along with the fact that X is continuously embedded in
C([-T,T),H*(R)), we obtain for any t € [-T,T] that
< CNUMDNsw)-  (5:9)

/ Ut — ) [(U(E)) U (H)b)dt
0 Ho(R)

We show that (5.9) fails by choosing an appropriate ¢. Take ¢ defined by
its Fourier transform as
6(€) =a ANTH{1L(O) + 1)}, N>1, 0<a<l,

where I and I are the intervals I} = [-N, —N+a] and I = [N+a, N+2a].
Clearly, we have ||¢| gs ~ 1. We will use the next lemma.

Lemma 5.1. The following identity holds:

t
/0 Ut — ) [(U(E)) U (¢ )d)dt
e—it(P(€)+p(E-£1)—p(8)) _ |
p(&1) +p(€ — &) —p(&))

—c [ e mOghe)ie - & e dt,
R2

where p(€) = B + 1.

Proof. The proof is very similar to that of Lemma 1 in [16]. We will give
the details. Taking the inverse Fourier transform with respect to x, it is easy
to see that

t
[ ve-tiweewesar
= C/t/ eiﬂcf—itp(f)eitlp(f)g[e—it'p(~)¢§(,) *e—it’p(-)qg(.) (€)de dt’
0o JR
= C/t/ eix{—itp(f)eit’p(f)g/ e—it'p(&)qg(&)e—it’p(g_gl)é(g —&)dey de dt’

—c/ /]R2 iz§—itp(§ @5 51)¢>(£ 51)/ —it' (p(§1)+p(§=€1)—p(&)) g4/ d¢, de

oy . . e itp(€1)+p(€—£1)—p(£))) _ 1
_ iwg—itp(€) _
/0 /R B S e s R

Set X(€,£1) = p(€1) +p(€ — &1) — p(€) = —3BEEL(E — &) + 7 iies,

According to the above lemma, we can write

/O Ut =) (U E))U )t = c( (k) + folt,a) + folt.2)),
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where, from the definition of ¢, we have the following representations for fi,

f27 and f3:
e—itX(&fl) -1

- wg—itp(©) €7 T 2
e = om [ qen @O e g e de

§-&€h
e~ tX(E81) _
f (t xz y / 6) € I2 Zw& th(g) (g £1> gl dg?
§—& el

o —itX(§:61) _ |
_c iwg—itp(e)¢ "7 T 2
fg(t,l’,y) alN2s / 51 €D © X(§7£1) dgl dg

§—& €Dy N
o iX(ES)
¢ izg—itp(€) €
+OZN23 / 51 S IQ € X(£7 51) dgl dg
§-& el
Then clearly,
—th —itX(&:61) _ 1d J
Foes t, - - ,
§-&€h
—th —itX(&€1) _ 1d J
Faoe(f)(t,6) = / Geh ~ X&a) €1 d¢,
§-& el
- —ztp —itX(§61) _ de d
z— t,§) = —Vr e
9= O en e i
§-& el
7”7’ 5) efti(gvél) — 1d d
aN25 / G el X(€ &) b
§-&eh
Note that, for a fixed ¢, the supports of F(f;)(t,§), j = 1,2, 3, are disjoint.
Therefore,
_ > s
| [ 06 tn@ ], = Ul

We now give a lower bound for || f3||gsr). Then, for (§1,§ —&1) € I x I

r (&1, — &) € I x I, one has £(€,&1) ~ aN? + é Take a particular
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to = aN~2. Therefore, toX(£,&1) ~ 0(1) and we have
e~ taX(€81) _ 1

X(fvgl)
for& e, E—& €lyor & € Is, £ — & € 1. Hence,

al2aaN"2q
Mopromy > = -t &
Hf3(tow )HH (R) =~ aN?2s

> cozN_Q,

— P2 N—2-25

For s < —1, we have —2 — 2s > 0. If we take « such that o ~ N(2+23+26)%,
with 0 < € < 1, we obtain a®2N 272 ~ N2¢, Now, using (5.9) we get

L (1601 2 13 (Eas sy 2 N

which is a contradiction for N > 1 and € < 1. This completes the proof of
Theorem 5.2. O

Proof of Theorem 5.3. Consider the Cauchy problem

{ Up — PUggy + Ully = fyDglu, x € R, (5.10)

u(0,2) = d¢(x), 'k 1, ¢eH*R).

Suppose that u(d,¢,x) is a local solution of (5.10) and that the flow map is
C? at the origin from H*(R) to H*(R). We have

w(d,t,x) = U (t)¢(z) +/0 Ut —t")(u(8, t'z)u. (6, 2))dt .

Then

ou
9%u

@(0, t,x) = 2/0 Ut —tU#)pU(t') g )dt'.

The assumption of C? regularity yields

| [ ve-nwarswws

2
. < s m)-

But the above estimate is (5.9), which has been shown to fail in the proof
of Theorem 5.2. O
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