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Abstract. In some previous work [1]-[3], the authors have considered
the diffusion of a population in a multilayered habitat, taking into ac-
count both the demographic structure, due to the age distribution of the
individuals, and the spatial distribution related to population spread and
diffusion. The development of the mathematical framework for this kind
of problems leads the attention to a linear problem which incorporates
all the features that make these kinds of problems unusual. This model
is represented by a system of PDEs with discontinuous coefficients and
data and sources at the boundaries between layers with different struc-
ture. In this paper we provide well posedness to such a problem together
with regularity conditions, using m-accretiveness and fixed-points tech-
niques.

1. INTRODUCTION

The modelling of age-structured populations, spreading in a geographi-
cal region, leads to the analysis of non-linear P.D.E.s with non-local terms
that are strictly related to hereditary effects such as those represented in
the framework of integral equations of Volterra type. In particular, in some
previous work [1]-[3], the authors have considered the diffusion of a popu-
lation in a multilayered habitat, taking into account both the demographic
structure, due to the age distribution of the individuals, and the spatial
distribution related to population spread and diffusion.
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However, the same problems studied in [1]-[3] lead to the consideration
of several technical problems mainly focused on well posedness of a certain
linear system which incorporates all the features that make these kinds of
problems unusual. Namely, the hyperbolic character with respect to the age
variable (denoted by a € [0,a™]) interacts with the parabolic features due
to the spatial one (denoted by y € [0,L]). The model is represented by
a system of PDEs with discontinuous coefficients and data and sources at
the boundaries between layers with different structure. Thus, in the present
paper we provide a systematic approach to the problem, stating some basic
results in a framework that allows us to treat various problems in population
dynamics such as the control problems approached in [3].

The same results may be of interest for other modelling problems with
hyperbolic-parabolic behaviour and discontinuous coefficients and data.

We consider the domain Q = (0,a%) X (yo,yn) composed of n parallel
layers

Q; = (0,a") X (yj—1,95), 5 =1,2,..n,
and denote
Pyj = {(a7y]) rac (OﬂaJr)}? j = 07”'7”7

where I'y, with j =0 and j = n are the exterior boundaries, while I'y, with
j=1,...,n—1 represent the interior ones. The time ¢ runs within the finite
interval (0, 7).

The model we are going to analyze reads

3qj aq]' (9 aqj‘
%G % 9 (k@) (g = f 1.1
5T e~ gy K@) T 0 = (1)
in (0,7) xQj,5=1,...,n
Qj(o’avy) = q?(a,y) in Qj: j = 17 ey 1,
qj(taoay) = Fj(t’y) in (O7T) X (yj—layj)7 ] = 17"')”7
4 = gj+1 on (0,T) x Ty, j=1,.n—1,
0q; 0q;
Kj(a)a—zj = Kj1(a) 2 4 kit a)
on (0,7)xTy,, j=1,.n-1,
- Kl(a)({;qyl = ko(t,a) on (O,T) X Fym
Iqn
K, (a)—= = kn(t,a) on (0,7) x Ty,,
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assuming that
q; € LX), f; € L*(0,T; L)),  Fj € L*(0,T; L*(yj-1,y;)),
Ty € C(0.T): L(L* (), LX),k € L20.T:L2(0,a")),  (12)
K; € L®(0,a"),Kj(a) > Ko > 0 a.e. in (0,a™).

We introduce the generic notation defining the function ®(¢,a,y) in the set
(0,T) x &, by

@(t,a,y) = <I>](tﬂ a7y)7 for Yy e (yjflayj) (13)
where ®; stands for any function defined on (0,7") x 2; (see also the notation
(25)-(32) from [1]). Conversely, if @ is a function defined on (0,7) x €, we
define ®; in (0,7) x §2; by setting

Pj(t,a,y) = (a,t,y), vy E (Yj-1,45)- (1.4)
Then, denoting
Hqo=1%*%), H=L*0,L), V=H (L),
with the standard norms, and using assumptions (1.2) we have

¢ € Hy, felL*0,T;Hg), FelL*0,T;H),
ke L*0,T;L*0,a%)), K e L®(Q).

Moreover, we may define the operator 7 (t) : Hg — Hgq by setting
(T(1)8); = (T;(1)8;),

where 6 € Hg and we have used both (1.3) and (1.4). Then 7 (¢) is contin-
uous on Hgq, for each t € [0, 7], and we have that

T ()65, < M [|0]l ., ,¥0 € Ho, M > 0. (1.6)

Concerning the previous problem we are led to adopt the following definition:

(1.5)

Definition 1.1. A weak solution to problem (1.1) is a function
q € C([0,T]; Ho) N L*(0,T; L*(0,a™; V) N C([0,a™]; L*(0, T3 H))  (1.7)
satisfying

_/OT/Qq %fdydadt—/;<?§(t),q(t)>dt (1.8)

T L
+/ (T, a,y)(T, a, y)dady+/ / q(t,a®, y)(t,a™,y)dydt
Q 0 0

T L
—/fwwwmmm@m—/'/zwwwmaw@m
9] 0 0
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/ / ( @i +(T(t) (t))(a,y)w(ua,y)) dydadt

_ /0 | 1o dydact + | ' / " Sy (t et 0,y dadt,
=0

for any function 1 such that
Y € L*(0,T; L2(0,a™; V) NWH2(0, Ts Ha), o € L*(0,T5L2(0,a™; V).
(1.9)

We specify that (-,-) denotes the duality between L?(0,a™; V) and L?(0,
a®; V') defined as

at

(h, g) :/ (h(a), g(@))yry da, Yh € L2(0,a%;V"), g€ L2(0,a*;V),
0

where (-, )y 1, is the pairing between V' and V.

The aim of this paper is to prove existence and uniqueness for (1.1). To
this end we will proceed by steps, considering different particular cases of
the full problem.

2. THE BASIC PROBLEM
To approach our problem we first introduce the linear operator
By : D(By) € L*(0,a™;V) — L*(0,a™; V)
on the domain
D(By) = {v € L*(0,a™;V) : v, € L*(0,a™; V"), v(0,) =0},  (2.1)

where we note that the condition v(0,y) = 0 is meaningful because v €
D(By) implies that v € C([0,a™]; H).
We define By by setting, for v € D(By),

L
(Bov) (@), B)yry = (vala, ), )y y + / K(a, gy (.90t (w)dy,  (22)

for almost every a € [0,a™] and any ¢ € V.
Then we define the operator B : D(B) C Hg — Hgq, by
Bv = B()U,

on the domain D(B) = {v € D(By) : Bv € Hqg}. We note that B is a
quasi m-accretive operator because it is the linear case of the operator A
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discussed in [1] and we specify that by the results in [2] (see Proposition 1
at page 894),

D(B) = Hq. (2.3)
Then we may consider the Cauchy problem
() +Ba(t) = h(t), ae. te(0.T), q0)=q°  (24)

which corresponds to the main problem (1.1) with
7;(t)=0, F;=0, k;j=0, forall j, f=nh.
Actually this is a first step for which we have the following result

Theorem 2.1. Let ¢° € D(B), h € WY(0,T; Hg). Then problem (2.4) has
a strong solution

q € L°°(0,T; D(B)) N WH(0,T; Hg) (2.5)

satisfying the estimate

t t
2
la()) 117, +/O Hq(s,aﬂ-)HHdSJrKo/0 la(s)I1Z2 0.+ ) ds (2.6)

T
2KoT 0112 1 9
< 2 ([Jg HHQ+KO/O 1) 32 0.0t vy 5.

Proof. The existence of the solution satisfying (2.5) follows from the quasi
m-accretiveness of B. We note that, since ¢ satisfies (2.5), then

q € L*(0,T;C([0,a"] : H)) C C([0,a™]; L*(0,T; H)). (2.7)
We note that (2.4) may be specified as
¢'(t)(a) + (Bog(1))(a) = h(t)(a), q(0)(a) = ¢°(a),

for almost every a € (0,a™) and t € (0,7). Since the solution ¢(t) € V for
almost every ¢t € (0,7T) we can write the previous equation in the equivalent
form

//qttay tay)dyda—l—/ (o (t,0,),q(t,0,°)) vy do

//Kayqytaydyda—// (t,0,y)q(t,0,y)dydo.

Then, recalling that

a 1 [ d ) 1 )
/0 <QO(t707 ')7q(t707 ')>V’,V do = 2/0 % ||q(t,a, ‘)HHdO’ = 5 Hq(t7a7 )HH?
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we have the estimate

d a a
2 / lat, 0 )2 do + la(t, a, )2 + 2K / la(t. 0 )13 do
<2 /0 1t 0, e lla(t, 0, )y do + 2K /0 latt, o, )% do

1 a a a
< [ It o pdo + Ko [ latto,)lfdo + 260 [ la(t.o. ) o
0Jo 0 0

so that
a t t a
/0 la(t, o, )% do + /0 las, a, )| ds + Ko /0 /0 la(s, 0,3 dods
9 1 t t
<o+ [ I s ni s+ 250 [ la@)l ds. @8)

From this inequality, taking a = a™, we first derive

9 1 T t
0O, < N, + 56 [ I ey s+ 280 [ )l s,

and, by the Gronwall inequality, we have

2 1 (7
la(®) 7, < 62K0t( 9, + Ko/o 1h() 1 20,0+ v7) ds)'

Then, plugging it into (2.8), we get

a t t a
/O la(t, 0,2 do + /0 la(s,a, )% ds + Ko /0 /0 la(s, 0, )2 dods
< T (02 + 2 [ I gy d5) 29)
< i * %5, Le0atn 45). -

As a consequence (setting again a = at) we have (2.6). O

We note that in the previous theorem we have proved the estimate (2.6) in
which we consider the term h(t) as belonging to the space L2(0,a™; V') while
in the original problem (1.1) the source term f(¢) belongs to Hq. In fact
problem (2.4) occurs in the intermediate cases (see Proposition 3.2 below)
that we are going to consider with a source term h(t) € L?(0,a™; V') though
the final issue concerns only the space Hg.
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3. INTERMEDIATE REDUCED PROBLEMS

We first discuss a particular reduced problem; namely we start considering
vanishing boundary conditions both with respect to a and y, by taking

F; =0, k; =0, forall j. (3.1)

We shall denote by C' some constants depending on the problem parameters
(Ko, T, M). Using the previous result, we have the following.

Proposition 3.1. Let the assumptions (1.2) be satisfied in the particular
case (3.1). Then problem (1.1) has a unique weak solution

q€C([0,T) : Ho)NL*0,T;L*0,a™;V))NnC([0,a™]; L*(0,T; H)), (3.2)
satisfying

t t
2
la(t)I17, +/0 HCJ(s,a+,-)|!Hds+Ko/0 la()IIZ2(0.a+v) 45 (3-3)

01(2 T 2
<O (Il + [ 156 gy ds).
where

Ch = CoeCOM2T, Cp = 22507 max {1 (3.4)

1
7?0}
If, in addition, we assume that

q0 € D(B)7 f € Cl([ovT]vHQ)7 S Cl([O7T]7£(H97HQ>)7 (35)

then

g € C1([0,T); Ho) N C([0,T); D(B)) (3.6)
and
t t
la()lg, + 1|a O3, + Ko /0 la()N72(0,0+ 1) ds + /0 la(s. ™, )|}, ds
< C([|a[15, + 1B + £O)]3, (3.7)

T 2 / 2
# [ s garn + 17Ol ] d5)

where C' is another constant which depends on the parameters of the problem.

Proof. We shall use an approximating procedure and a fixed point argu-
ment. We fix n € C([0,T]; Ha), and consider the problem

¢'(t) + Bq(t) = f(t) = T(t)n(t) ae. t € (0,T), q(0)=q". (3.8)
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Then, we take the sequences
{2 ms1 C D(B),  {hm}tms1 € WEH0,T; Hy),
such that
@ — ¢ in Hg, as m — oo (3.9)

and

h(t) — f(t) = T(t)n(t) in  L*(0,T;Hg) as m — oo. (3.10)
Thus, according to Theorem 2.1, the Cauchy problem

q\ (t) + Ban(t) = hm(t), ae. t€(0,T), qn(0) =4, (3.11)
provides a sequence of solutions

{gm}m>1 € L0, T; D(B)) N W(0,T; H)

satisfying the weak form of (2.4)

_/OT/qu %fdydadt—/oT<gZ)(t)7Qm(t)>dt (3.12)
- /Oa+ /0 " ¢% (0, 9)1(0, a, y)dyda

T L
+/ﬁMﬂmwMﬂmw@w+/‘/thHWWﬁﬂﬂw@ﬁ

/ / 8‘1’” aw dydadt = / / hont) dydadt

for any function satlsfylng (1.9). Moreover, g, satisfies (2.6) and since
the problem is linear we have

lar(®) — am(B)]%, + / la(s,a*,) — gm(s,a*, )| ds (3.13)
Ky / 101(5) = ()22 0057 s

<07 (fla? — ahl, + 5 /0 1(3) = P (5) 220,07 45 -

This latter estimate implies that the sequence {¢n, }m>1 is a Cauchy sequence
in the spaces C([0,T] : Ho)NL?(0,T; L2(0,at,V))NC([0,a*] : L%*(0,T; H))
and we can conclude that ¢,, — ¢ in these spaces. Then, passing to the limit
n (3.12), we get (1.8) which shows that ¢(t) is a solution to (3.8).
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+

Moreover, thanks to (2.8), written for a = a™, we also get that ¢(t) satisfies

t t
2
la(t) %, + Ko / la()32 0001 ds + / la(s.a* )5 ds  (3.19)
0]]2 T 2 T 2
< (0 + [ 15O Eagararyds + | ITIn(s)l, ds)

T t
< o0+ [ 1y ds 322 [ (o), ds).

where Cp = 2e2%0T max {1, K%}} Now if ¢(t) and q(t) are solutions respec-

tively corresponding to n(t) and 7(t), but with the same ¢ and f(t), we
have also

t
lg(t) = a7, < COMQ/O In(s) = 7(s)|I%,, ds. (3.15)
Then, the mapping I' : C([0,T]; Hq) — C([0,T]; Hg), defined by setting
T(n)(t) = q(t), vne C([0,T]; Hq)

where ¢(t) is the solution to (3.8), is a contraction in the norm
-0
lall, = sup (™ fla(®ll,)
te[0,T]

(which is a norm equivalent to the usual norm on C([0,7T]; Hp)), with §
suitably chosen. Indeed, from (3.15), multiplying by e 2% we get

CoM?
—112 0 —n2
la=ally < =55 lln—ll

and, taking 26 > CyM?, we see that ' is a contraction. We conclude that the
fixed point of I' actually belongs to C([0,T]; Ho) N L(0,T; L?(0,a*;V)) N
C([0,a*]; L*(0,T; H)) and it is the unique weak solution to (1.1).
Therefore we can set n = ¢ in (3.14) and applying the Gronwall lemma
we obtain (3.3) as claimed.
If we assume also (3.5) we may use a similar argument to get regularity.
In fact, if we fix n € C1([0,T]; Hg), we have

h(t) = f(t) = T (t)n(t) € C*([0,T]; Ho)
and consequently the Cauchy problem

¢'(t) + Ba(t) = h(t), q(0)=¢"
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has a solution ¢ € C([0, T); Ho) NC([0,T); D(B)). Moreover, z(t) = ¢'(t) is
a mild solution of
2 () +Bz(t) = f'(O) =T ()n(t) =T ()1 (t), 2(0) = —Bq’+f(0)~T(0)n(0),

and satisfies the estimate

la(), + [la' (O],

< C (110, + 12(0)13, + /0 t 1), + 1P )15, ] ds).

where C' is again a suitable constant depending on Kg, T', M and M;. Here,
M arises in
HT’(t)vHHQ < M ||vHHQ , Vv € Hq.

All this allows us to use the previous argument to prove existence of a fixed
point 1 in C1([0, T]; Ho). O
The next step is concerned with non-trivial boundary conditions in the
space variable. In fact we consider problem (1.1)-(1.2) when it is assumed

that
F=0, (3.16)

but with boundary sources k; # 0. In this case we have the following.

Proposition 3.2. Let the assumptions (1.2) be satisfied in the particular
case (3.16). Then problem (1.1) has a unique weak solution

g € C([0,T); Ha) N L*(0,T; L*(0,a*; V) N C([0,a™]; L*(0, T; H)), (3.17)
satisfying

t t
2
la() 117, +K0/0 la()Z2(0.0+:v7) d8+/0 la(s,a™*, )3 ds (3.18)

T n T
<Gl + | U7l + 3 | 1 B ).

where Cy is a new constant depending only on Ko, M,T,n and the domain €.
Proof. We start defining Lo € L%(0,T; L?(0,a*; V")) by setting

(Lo(t),v) :jz;) /0 ki(t,a)v(a,y;)da, (3.19)

for any v € L?(0,at; V). We see that L is well defined in this way, because

120l 20arany = sup{I(Lo(®) 0}l [Vl 2paray S 1) (3:20)
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< Ct?"ZHk ||L2 (0,at)

where C}, is the constant occurring in the trace theorem. Here we have used
the estimate

at ) 1/2
\/ (5,a)v(a,y; da\<||f<:<>|L20a+)(/0 (ay)da) " (3.21)
< Cor I3 (20,0 10l L2 0.0 0

holding for v € L?(0,a™*; V).
Then we consider a sequence {L'},>1 C WH1(0,T; Hg), such that
lim L' = Ly, in L*(0,T;L*(0,a™; V")), (3.22)

m—00

so that, for any v € L2(0,T; L?(0,a™;V)), we have

T
lim / / L' (t)v(t)dydadt = lim <Lm() v(t))dt

m—00 m—00

:/0< )y dt = Z// Yo(t, a,y;)dadt.

Let now ¢ be the solution of the weak problem

/ / dydadt—/o <gf() qm(t)>dt (3.23)
/ / ¢°(a,y)¥(0,a, y)dyda

(Taydyda+/ / t,at,y)dyda

K
/ / a?ﬁ* T(1)g" (1,0, 9)6 (1, 0,) ) dydadt

T T
:/ /Lgnw dydadt—l—/ /fl/J dydadt,
0 Q 0 Q

for any function v satisfying (1.9). We know by the previous Proposition
3.1 that this solution exists and satisfies

2
N CRCly
H

ds
L2(0,a+;V)

qu(t) —q/( t
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t 2
+/ “qm(sva+7')_ql(87a+7'>H ds
0 H

2

ds.
L2(0,at;V7)

T
<c [ |Ee -z
Thus, {¢"} is a Cauchy sequence in
C([0,T]; Ho) N L*(0,T; L*(0,a™; V) N C([0,a™]); L*(0,T; H))

and converges to a ¢ which, going to the limit in (3.23), turns out to be a
weak solution to (1.1), with F' = 0.
Finally, (3.18) is a simple consequence of (3.20), (3.3) with

Cy = 2C) max(1,nC2). O (3.24)

From the previous proof we also draw the following result:

Corollary 3.3. Under the assumption of Proposition 3.2, suppose in addi-
tion that ¢° € D(B), T € C*([0,T]; L(Hq, Hg)), Lo € C*([0,T]; L*(0,a™; V")),
f € CH[0,T); Ha). Then the solution to (1.1) satisfies ¢ € C1([0,T]; Hg) N
C([0,T]; D(B)) and

t t
la()1g, + 1|a O3, + Ko /0 la() 17200t v) ds + /0 a(s,a*, )3, ds

< C(||[13, + 1B + £0) [, + L0013 2(0.0 1
T T
4 /0 1F I, ds + /0 Lo ()22 0.0ty s

T T

+A\W@Wm“+AH@w@ﬁmwmﬂﬁ- (3.25)
Proof. As in the proof of Proposition 3.2 we approximate Ly(t) by a se-
quence {LJ'}m>1 C C1([0, T); Hg) such that

Ly — Ly in C'([0,T); L*(0,a™; V")).
Accordingly, we have the approximating problem
U (1) + Bam(t) + T (t)am(t) = f() + L§'(t),  am(0) = ¢,
which, by the regularity result in Proposition 3.1, has a unique solution
am € C'([0,T]; Ho) N C([0,T); D(B).

Moreover, this solution satisfies (3.7) with f replaced by f + Li* and

t t
(), + N1 ()13, + Ko /0 ()22 95 + /0 lgun(s, a®, )3
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2 2 2
< C( 16°] 5, + 1Ba° + FO)|[ 3, + 1LG"O0) 7200+ 1)
r 2 T 2
[N st [ IR Oy do

T T
+ /0 1/ (5)||%, ds+ /O [CZRHO] A— (3.26)

Considering two solutions ¢, and ¢;, with the same data, we have

t
llgm (t) = @ (D)1, + g (8) — (D)1, + Ko/o lgm(s) = @ (®)172(0 a1
t
2
+ 0 qu(s>a+7 ) - Ql(saa+7 )HHds

’ + L — ’
L2(0,a%+;V") /0 H 0'(0) = Lo(®)

L2(0,at35V7)
T . 2
my/ () ’
[y = @) )

< (| zi© - Lho)

(3.27)

Hence, using (3.22) we deduce that g, is a Cauchy sequence in
C'([0,T]; Ho) N L*(0,T; L*(0,a™; V) N C([0,a™]; L*(0,T; H))
and converges to ¢ in these spaces. Finally, passing to the limit in (3.26),
we obtain (3.25). O
4. THE COMPLETE PROBLEM

Next we are concerned with the last step which covers the general case.
We have the following.

Theorem 4.1. Let the assumptions (1.2) be satisfied. Then problem (1.1)
has a unique weak solution

q € C([0,T]; Ho) N C([0,a™]; L*(0, T; H)) N L*(0,T; L*(0,a™; V) (4.1)
such that

t t
IO, + [ llats.a® )y ds + Ko [l xoanmyds (42
012 g 2
<G+ [ 1), s

n. T
+ ||FH%2(O,T,H) + Z/O Hk(5)||%2(0’a+) dS),
j=0
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for any t € [0,T].
Proof. We consider an approximation of this problem by approximating ¢°,
fy k, F and 7 (t) by the sequences

@™ e D(B), fmecy[0,T];Hq), k™eCY[0,T];L*0,a")), (4.3)
F™ ¢ C*([0,T] x [0,L]) such that F™(0,y) =0 for y € [0, L],
T™(t) € CH([0,T); L(L*(2), L*(2)),

such that
"™ = ¢ in Hq, f™—fin L*0,T;L*Q)), (4.4)
E™ —k in  L*(0,T;L*(0,a%)), F™— F in L*0,T;L*0,L)),
T™(t) — T(t) in  C([0,T]; L(L*(), L*(Q)).

Then, we focus on the approximated problem

dqi"  Oqt 0 dq;"
J I Y (K. J) T g™ = ™ 4.5
5T oy gy (Kl 5l ) + 0 = £ (4.5)
in (0,7) xQy, j=1,...,n,
qT(O’a,y):qgm in Qja jzla"'7n7
qzn(t707y) = F]m(tv y) in (OaT) X (yj—17yj>7 J=1...n,
4" = qj on (0,7)xTy,, j=1,...,n—1,
oq’" aqr
Kj(a)g;:KjH(a) (gy“w;ﬁ on (0,T) x Ty, j=1,...,n—1,
9" m
— Ki(a) Dy = kg on (0,7) x Ty,
' m
Kn(a)8 =k, on (0,7) x I'y,.
Y

We note that we can transform this problem by performing the change
wm = qm . Fm,

getting the following system for w™ :

ow™  Jw™ o ow™ ~
J J Y . J m m — fm
ot da dy (K](a) dy ) T e = f; (4.6)

in (0,7)x 8y, j=1,...,n,

Oom . .
in€y, j=1,...,n,

w§”(0,a, y) = w;
wi'(t,0,y) =0 in (0,7) x (yj-1,¥5), 3=1,...,n,
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wl = wit, on (0,T) x Ty, j=1,...,n—1,

ow' ~
Kjla) 52 = Kinilo) =5 = + k' (ta)

n(0,7)xly,, j=1,...,n—1,

owr
— Ki(a) ;’1 = kMt a) on (0,T) x Ty,
Ko (a) wy' _ k™ (t,a) on (0,T) x Ty, ,
Oy
where
wi™(a,y) = ¢)"™(a,y)
aF
ko' (t,a) = Ki(a) a; (t,0) + ko' (t, a)
- aE™
B (t,0) = Kn(a) =52 (6, 1) + k31 (1, ) (4.7)
Tm OFj% oF" m
k' (t,a) = Kj+1(a)Ty(t,y]~) - Kj(a)a—y(t, yj) + k5" (t, a)
. ) oF™
m _ fm (K
Fr(tsay) = " ay) + 5o (K@) - (69)
oF™

—(TOF () (a9) — 5 (),
Hence, Corollary 3.3 provides the existence of a strong solution to (4.6)
w™ € CY([0,T); He) N C([0,T]; D(B)),

which satisfies

- / ' / wma—wdydadt— / T<?§(t),wm(t)>dt (4.8)
/ (T, a,y)Y(T,a,y dyda+/ / Mt aTy)Y(t,at, y)dydt
/Qw (0, a,y)dyda

T m
/ awg@p +(T(w™ () (a,y)9(t, a, y)>dydadt
0

/
/OT/ m¢dydadt+2/ / K™ (¢, a)v(t, a, y)dadt,

_l’_
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for any 1 satisfying (1.9). Consequently, replacing
qr=w"+ F™ (4.9)
it follows that ¢ satisfies the weak form of (4.5)

/ / dyd dt — / <‘2f/’( ),qm(t)>dt (4.10)
/ "(T,a,y)Y(T,a,y dyda+/ / Mt aTy)Y(t, at,y)dydt

- [ a0, dyda - / / FP (4, ) (8,0, y)dydt

w0 (0 S w0 (et a) )y

/ / fmwdydadtJrZ / / K (t, a)(t, a,y)dadt,

for any 1 satisfying (1.9). Moreover, we have that
g™ € C'([0,T]; Ho) N L*(0,T; L?(0,a™;V)) N C([0,a™]; L*(0, T H)),
g™ € L*(0,T; L*(0,a™; V). (4.11)

Thus, ¢ is regular enough so that we can replace 1) = ¢ in (4.10) to obtain
t t
llg™ ()[4, +/ g™ (s, a™,)[[3 ds + Ko/ la™ () 2.0ty ds  (4.12)
0 . 0
< o[, + [ 17 s
0 -
P g + 3 [ IE 000 )
§=0

for any t € [0, 7.
Now, since the system is linear, the estimate (4.12) can be written for the
difference of two solutions as

/Hq —q (st ds (@13)

+ /0 qu<s> ~q"(s)

qu(t)

2

ds
L2(0,at;V)
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<o [ e -], as o

S -
+;AHk@—k@‘

L2(0,T;H)

L2(0,at) ds) ’

for any t € [0,77].
Since we have (4.4), the sequence (¢™)m>1 is Cauchy in

C([0,T); Ha) N C([0,a™]; L*(0,T; H)) N L*(0,T; L*(0,a™; V')

and its limit ¢ exists in these spaces and satisfies (1.8), obtained from (4.10)
by passing to the limit as m — oo.
Finally (4.2) follows from (4.12) by passing to the limit as m — oc.
Concerning the uniqueness of the solution we obtain it writing for example
(4.2) for the difference of two solutions ¢(¢) and g(t) corresponding to the
same data. 0

Corollary 4.2. In Theorem 4.1, if, in addition,
¢° € D(B), f € CY[0,T);Ho), F € C*([0,T]; L*(0, L)),
ke CY([0,T];L*(0,a")), T € C'([0,T]; L(L*(), L*()))
then
q € C*([0,T]; Ho) N L*(0,T; L*(0,a™; V) N C([0,a™]; L*(0,T; H)),
qa € L*(0,T; L*(0,a™; V")),

(4.14)

and
t t
la(®, + [ ®)]1%, + /0 la(s, a*, )12, ds + Ko /0 la(9) 300t v ds

< C( HQOHZQ =+ HBqO + f(O)HZQ + ||L0(0)”%2(0,a+;‘/’)

T T T T
[ i@ as e [Clr@l,ds [ iE@ s+ [ IF@], b

n T n T
+ZAHWWMM“+ZAHW%%WMQ (4.15)
=0 =0

with C' a constant depending on the problem parameters.

Proof. We resume the proof of Theorem 4.1 and due to the hypotheses we
proceed as in Corollary 3.3. ([

Corollary 4.3. In (1.1) let us assume (1.5) with
ft,a,y) > 0 ae. (t,a,y) € (0,T) x 9, (4.16)
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¢"(a,y) = 0ae (a,y) €9,
F(t,y) 0 a.e. (t,y) € (0,T) x(0,L)
and let us consider that T (t) = 0 for any t € [0,T] and k(t,a) = 0 a.e.
(t,a) € (0,T) x (0,a™).
Then the weak solution to (1.1) is non-negative; i.e.,

q(t,a,y) >0 for any t € [0,T], a.e. (a,y) € . (4.17)

>
>

Proof. Under (1.5) problem (1.1) has a unique weak solution satisfying
(1.8). We shall resume the proof of Theorem 4.1, with non-negative ¢™
fm™, F™, in view of (4.16). We recall in fact that the system (4.5), where
T(t) =0, k(t,a) = 0, has a strong solution ¢ regular enough (see (4.11).
Therefore we can multiply (4.5) by (¢"")” and integrate with respect to
€ (0,a™), y € (0,L) and t. We get

t
@+ [ a0l s+ 280 [ 165 6 gy
< H(qo”‘)—HHQ+/O (g™ (5.0, ds (4.18)
_2/0 /Qfm(s’avy)(qm)_(57a7y)dydads'

Using (4.16), we obtain ||(qm)*(t)\|12qQ = 0 for any t € [0,7], whence we

deduce that ¢"(t,a,y) > 0 for any ¢ € [0, T], for almost every (a,y) € Q.
Finally, we recall that ¢ is strongly convergent to ¢ in C([0,T]; Hq) and

the limit preserves non-negativeness. ([l
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