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KINETIC MODELS OF CONSERVATIVE ECONOMIES WITH
WEALTH REDISTRIBUTION∗
MARZIA BISI† , GIAMPIERO SPIGA‡ , AND GIUSEPPE TOSCANI§
Abstract. We introduce and discuss kinetic models for wealth distribution in a simple market
economy, which are able to reproduce the salient features of the wealth distribution by including taxes
to each trading process and redistributing the collected money among the population according to a
given criterion. Our analysis gives a theoretical basis to some recent research that analyzed discrete
simplified models for the exploitation of finite resources by interacting agents, where each agent
receives a random fraction of the available resources. It is shown that in general the redistribution
is able to modify the Pareto index, and that this modification can be quantified in terms of the
redistribution operator.
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1. Introduction
In recent years, there have been several attempts to model simple economies in
which a wealth exchange process produces a distribution of wealth similar to that
observed in real economies. One class that might be considered to constitute a mesoscopic approach is based on generalized Lotka-Volterra models [20, 26]. A second
more popular approach relies on methods borrowed from statistical mechanics for
particle systems [18, 12, 6, 5, 17, 25, 9, 11]. Most of these works are particularly
interested in microscopic models of markets where the economic activity is considered
as a scattering process and the evolution of wealth obeys a kinetic equation of Boltzmann type. The features typically incorporated in kinetic trade models are saving
effects and randomness. Saving means that each agent is guaranteed to retain at least
a certain minimal fraction of his initial wealth at the end of the trade. This concept
has been introduced in [6], where a fixed saving rate for all agents has been proposed,
and generalized in [7] by introducing a individual saving rate. Randomness means
that the amount of money changing hands is non-deterministic. Among others, this
idea has been developed in [11] to include the effects of a risky market. Numerous
numerical simulations for models of the prescribed type have been carried out with
different mechanisms for saving and varying degree of randomness (see the recent
book [8] for an overview of the recent results).
In most of the models introduced so far, the trading mechanism leaves the total
mean wealth unchanged. Then, a substantial difference on the final behavior of the
model (presence or not of tailed steady states) can be observed depending on the fact
that binary trades are pointwise conservative, or conservative in the mean [21, 13].
The asymptotic distribution of wealth, however, depends completely on the microscopic structure of binary trades. Other kinetic models have been recently proposed,
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which, while maintaining the kinetic description, introduce more sophisticated rules
for trading. For example, a description of the behavior of a stock price has been developed by Cordier, Pareschi and Piatecki in [10]. Further, there have been efforts to
include non-microscopic effects, like global taxation (and subsequent redistribution),
in recent works of Guala [16], Pianegonda, Iglesias, Abramson, and Vega [24], and
Garibaldi, Scalas, and Viarengo [15].
The model introduced in [16] studies how inelastic binary collisions may be assumed as the application of taxes, and how its redistribution can reproduce the salient
features of empirical distributions of wealth. The model is reminiscent of the inelastic
kinetic model introduced by Slanina [25], and takes into account a simple granular closed-system model in which the collisions are inelastic and the loss of energy
is eventually redistributed among the particles of the system according to a certain
criterion.
In [24], the market is modeled as a one-dimensional lattice, every site of which
represents an agent. Agents with closer ties to each other will be neighbors on the
lattice. Starting from an initial configuration where the wealth is distributed randomly among agents, all agents strive to improve their situation. In particular the
poorest agent is the one feeling the strongest pressure to move up the ladder. At
each time step, the poorest agent, i.e., the one with the minimum wealth, will take
some action to improve its economic state. Since the outcome of any such measure is
uncertain, this outcome is modeled as a random change in the wealth parameter of
this agent. Moreover, whatever wealth is gained (lost) by the poorest agent will be
at the expense of its neighbors and it is assumed to be equally divided among its two
nearest neighbors. After a relatively long transient the system arrives at a stationary
wealth distribution.
Finally, in [15] a simple stochastic exchange game mimicking taxation and redistribution has been studied. Starting from an initial configuration where the wealth
is distributed randomly among agents, taxation is modeled by randomly extracting
some agents. Then, their wealths are redistributed to agents following Polya’s scheme.
The individual wealth equilibrium distribution is subsequently shown to converge, in
the continuum limit, to a Gamma distribution, whose form factor is just the initial
redistribution weight.
The object of this paper is to show how most of these discrete results can be
modeled at a continuous level owing to a kinetic equation of Boltzmann type, similar
to the ones introduced in [21]. The novelty is to introduce a simple taxation mechanism at the level of the single trade to generate a portion of the mean wealth of
the society, that will be totally redistributed to agents to maintain the total wealth
constant. The mechanism of redistribution is assumed sufficiently flexible to be able
to redistribute to agents a constant amount of wealth independently of the wealth
itself, or to redistribute proportionally (or inversely proportionally) to their wealth.
The paper is organized as follows. In the next section we introduce the model
which is described by a Boltzmann equation with a drift, and its main features are
discussed in some detail. Mathematical aspects related to the well posedness of the
problem are analyzed preliminarily in section 3. Section 4 deals with the connections
that may be established between our model problem with taxation and redistribution
and the well known non–conservative model by Slanina [25], in which an exact analytical solution with Pareto tails is available for special values of parameters. The main
results of our model for general values of transaction and redistribution parameters
are presented in sections 5 and 6, with particular emphasis on derivation and clas-

M. BISI, G. SPIGA AND G. TOSCANI

903

sification of steady states in suitable continuous trade (hydrodynamic) limits. The
considered scenarios include stochastic models with risks and deterministic models
without risks, and in all cases explicit dependence of Pareto index on coefficients is
achieved. Numerical results on the solution of the kinetic equation are scheduled as
future work.
2. Kinetic models with redistribution
The goal of a kinetic model of a simple market economy is to describe the evolution
of the distribution of wealth by means of microscopic interactions among agents or
individuals which exchange money. In this picture each trade is interpreted as an
interaction where a fraction of the money changes hands. One generally assumes that
this wealth after the interaction is non negative, which corresponds to impose that
no debts are allowed. In consequence of the trade rules, it is expected to obtain for
large time a stationary wealth distribution f∞ (v) (denoting the density of agents with
wealth v > 0) with Pareto tails,
Z ∞
f∞ (v)dv ∝ w−α .
(2.1)
F∞ (w) =
w

The exponent α is referred to as Pareto index, named after the economist Vilfredo
Pareto [23], who proposed formula (2.1) more than a hundred years ago. According
to recent empirical data, the wealth distribution among the population in a western
country follows in fact a Pareto law, with an index α ranging between 1.5 and 2.5.
The study of the time-evolution of the wealth distribution among individuals in
a simple economy, together with a reasonable explanation of the formation of tails in
this distribution has been recently achieved by means of kinetic collision-like models
in [21] (see also [13]). The time evolution of the wealth distribution f (v,t) is based
on the assumption of collision-like trade events. In a suitable scaling, the effect of
collisions is quantitatively described by a Boltzmann-like equation
∂f
= Q(f,f ).
∂t

(2.2)

Here f = f (v,t) is the distribution of wealth v ∈ R+ at time t ≥ 0, and Q is a bilinear
operator which describes the change of f due to trades among agents. The binary
trade is determined by the linear exchange rules
v ∗ = p1 v + q1 w,

w∗ = p2 v + q2 w.

(2.3)

Here (v,w) denote the (positive) money of two arbitrary individuals before the trade,
and (v ∗ ,w∗ ) the money after the trade. The transaction coefficients pi ,qi , i = 1,2
can be either given constant or random quantities, with the obvious constraint to
be nonnegative. In the present paper the random distribution (or collision kernel, in
the kinetic language) is assumed to be independent of the wealth variables v and w
and independent of time. Moreover, we restrict ourselves to conservative models,
characterized by the further property
hp1 + p2 i = 1,

hq1 + q2 i = 1,

(2.4)

where h·i denotes the expectation value. In consequence of (2.4), the total wealth
involved in the trade (2.3) is conserved in the mean
hv ∗ + w∗ i = v + w.

(2.5)
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A number of different trade models fit into this class. The first by Chakraborti and
colleagues [6, 5] conserves money during the exchange and allows savings that can
be a fixed and equal percentage of the initial money held by each agent. Allowing
the saving percentage to take on a random character [7] introduces then a power law
character to the distribution for high incomes that can be shown to allow existence
of power moments only up to exactly order one. The presence of random terms in
the trade, introduced by Cordier, Pareschi and one of the authors [11] which destroy
the pointwise conservation of wealth, was subsequently shown to be responsible of a
robust convergence to a steady distribution with tails [21].
The homogeneous Boltzmann equation (2.2) can easily be written in weak form.
It corresponds to saying that the solution to (2.2) satisfies, for all smooth functions
φ(v),
*Z
+
Z

d
f (v)φ(v)dv =
φ(v ∗ ) − φ(v) f (v)f (w)dv dw .
(2.6)
dt R+
R2+
Note that (2.6) implies that f (v,t) remains a probability density if it is so initially
Z
Z
f0 (v)dv = 1.
(2.7)
f (v,t)dv =
R+

R+

Moreover, owing to (2.4), the total mean wealth is also preserved in time
Z
Z
m(t) =
vf (v,t)dv =
vf0 (v)dv = m(0).
R+

(2.8)

R+

Since our goal is to understand the role of redistribution, in what follows we assume
that a percentage of the total wealth involved in the trade is not returned to agents.
We can think at this small fraction that does not return as a taxation operated on
the trade. In this case, for a given positive constant 0 < ǫ < 1, the post-interaction
wealths satisfy
hv ∗ + w∗ i = (1 − ǫ)(v + w).

(2.9)

This condition can be reached in a variety of ways. Let us assume that the transaction
coefficients pi ,qi , i = 1,2 are bounded from below
min {pi ,qi } > δ,

i=1,2

(2.10)

for a given small constant δ > 0. Inequality (2.10) implies that a trade can take place
only if both agents participate by putting part of their money into the game. Then,
for any positive constant ǫ ≤ δ, the trade
vǫ∗ = (p1 − ǫ)v + q1 w,

wǫ∗ = p2 v + (q2 − ǫ)w,

(2.11)

is such that both v ∗ and w∗ are nonnegative, but conservation of wealth is lost
hvǫ∗ + wǫ∗ i = (1 − ǫ)(v + w).

(2.12)

We remark that condition (2.10) is enough to prove Theorem 3.5 in [21], which implies
the existence of a unique regular steady state to the Boltzmann equation (2.2). This
is clearly an oversimplified way to introduce taxation into the binary trade rule. The
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main economic reason behind this choice is to prevent from the beginning, by fixing
an upper bound to the taxation parameter, the possibility that the percentage of
taxation will be greater than the minimal quantity of wealth any agent can put into
the trade. Of course, different ways of taxation produce the same effect. For example
ǫ
ṽǫ∗ = p1 v + q1 w − (v + w),
2

ǫ
w̃ǫ∗ = p2 v + q2 w − (v + w),
2

(2.13)

w̌ǫ∗ = (1 − ǫ)(p2 v + q2 w),

(2.14)

and
v̌ǫ∗ = (1 − ǫ)(p1 v + q1 w),

also produce (2.9). In the rest of the paper we will deal with trades of type (2.11).
Our analysis, however, can easily be extended without any additional difficulty to the
other types of trades.
Let Qǫ (f,f ) define the collision operator governing the non–conservative process
which corresponds to the trade (2.11). In weak form,
+
*Z 

Z
d
φ(vǫ∗ ) + φ(wǫ∗ ) − φ(v) − φ(w)
f (v)f (w)dv dw . (2.15)
f (v)φ(v)dv =
dt R+
2
R2+
Note that, due to (2.12), the total mean wealth, on account of (2.4), is exponentially
decaying in time
Z
m(t) =
vf (v,t)dv = m(0)exp{−ǫt}.
(2.16)
R+

The percentage of mean wealth that comes out by taxation, can be restituted to the
agents in such a way that the total wealth is left unchanged. This can be done by
resorting to a redistribution operator, which we can assume to be of the form
Rχǫ (f )(v,t) = ǫ

i
∂ h
(χv − (χ + 1)m(t))f (v,t) .
∂v

(2.17)

It is meant here that m(t) denotes the first power moment of f , which, in general,
makes the operator Rχǫ nonlinear. The weight factor multiplying the distribution function inside the square brackets in (2.17) has been taken to be linear in v for simplicity,
also in order to involve in the mechanism only the most meaningful moments, namely
those of order zero and one. Such a weight function contains only one disposable
real parameter χ, a constant which characterizes the type of redistribution, and that
determines the slope of the straight line as well as the value of v, no matter if physical
or non-physical, at which the weight itself vanishes. The other parameter has been
determined by the constraint that the redistribution operator preserves the number
of agents and actually redistributes the total amount of money that is being collected
by taxation. In fact, note that we have, whatever the constant χ,
Z
vRχǫ (f )(v,t)dv = ǫm(t),
(2.18)
R+

and, provided f (v,t) satisfies in addition the “boundary” condition f (0,t) = 0, also
Z
Rχǫ (f )(v,t)dv = 0.
(2.19)
R+
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The additional boundary condition would not be needed in the special case χ = −1,
which reproduces the standard anti-drift operator considered by Slanina [25]. It is
well known that, in this situation, the steady wealth distribution has thick tails.
A further insight into the effect of the operator (2.17) comes out from the analytic
expression of the solution to the equation
∂
f (v,t) = Rχǫ (f )(v,t),
∂t

(2.20)

with initial density f0 (v) and corresponding initial average wealth m(0). First, it is immediately realized that the process actually creates wealth, with m(t) = m(0) exp(ǫt).
That renders the kinetic equation (2.20) linear, and it can be verified by direct inspection that the solution reads
h

i
(2.21)
f (v,t) = eǫχt f0 eǫχt v − m(0) eǫ(χ+1)t − 1 , t > 0.
Let us remark that, if f0 (v) = 0 for v < 0, the solution at time t > 0 vanishes for
v < m(0)

eǫ(χ+1)t − 1
,
eǫχt

(2.22)

which implies that no agents with wealth below the right-hand side of (2.22) are
present at time t. For χ > −1 the threshold increases in time and diverges as O(eǫt )
for t → +∞.
It is not difficult to check that the actual redistribution function among the population of agents (namely the normalized fraction ψ(v) of the total collected money
that is supplied to each agent of wealth v) can be deduced from (2.17) and reads as


∂f
χ
χ
∂f
ψ(v,t)
=−
v − (χ + 1)
−
f (v,t).
(2.23)
∂v
m(t)
∂v m(t)
Clearly ψ depends on f in a complicated way, however its qualitative analysis versus v
is sufficient for an estimate of the actual redistribution to agents with different wealths
when the characteristic parameter χ of the operator Rχǫ is varied. The case in which
the total yield from taxation is equally distributed among all agents corresponds to
the option ψ(v) = 1, and is achieved in (2.17) by the special option χ = 0. In all other
cases the redistribution is selective, and may correspond to some partition strategy.
It is not guaranteed that ψ should be positive for any v, namely the redistribution
might take away further money (beyond taxation) from a part of the population, and
reinforce another part. On the other hand, in this model the processes described by
the two distinct operators introduced so far proceed simultaneously, and gain or loss is
determined by the overall balance only. It is easy to see that for the most reasonable
trends for the wealth profiles f , the redistribution function ψ is negative or positive
in a right neighborhood of v = 0 according to whether χ < −1 or χ > −1, respectively.
Analogously, when v is large enough, ψ turns out to be positive or negative for χ < 0
or χ > 0, respectively. In a sense, for positive values of the parameter χ, money is
redistributed to agents with little wealth, whereas agents of large wealth are taxed
once more. When χ < −1, we would have the opposite situation in which the poorest
part of the population supplies additional resources to the richest part, and for this
reason we will exclude this range of parameter values from the analysis below. Finally,
in the intermediate case −1 < χ < 0, both the richest and poorest agents are favored
by the taxation/redistribution mechanism, at the expenses of the “middle class”.
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In the next sections we will study in detail the time-evolution to the solution of
the kinetic equation with taxation/redistribution
∂f (v,t)
= Qǫ (f,f )(v,t) + Rχǫ (f )(v,t),
∂t

(2.24)

where the bilinear operator Qǫ accounts for taxation in trades, while the differential
operator Rχǫ accounts for redistribution and (possible) additional taxation. It is clear,
and immediately checked by integration, that the process (2.24) governed by the
full operator Qǫ + Rχǫ not only preserves
the number of agents, but also is globally
Z
d
v f (v,t)dv = 0, so that now the average wealth
conservative in the mean, namely
dt R+
remains constant, m(t) = m(0) = m.
3. Preliminary results
Without loss of generality, we can fix the initial density to satisfy
Z
Z
f0 (v)dv = 1,
vf0 (v)dv = m.
R+

(3.1)

R+

As obtained in the previous section, conditions (3.1) are propagated in time, so that,
if f (v,t) denotes the solution to (2.24), at least formally for all t > 0
Z
Z
f (v,t)dv = 1,
vf (v,t)dv = m.
(3.2)
R+

R+

The proof of the first equality in (3.2) (mass conservation) requires that (2.19) holds,
and this requires that f (v,t) = 0 in v = 0. Even if this appears as a reasonable boundary
condition for our problem (in that it implies that if no agents with negative wealth
are allowed to trade, the resulting density does not develop a jump at the boundary
v = 0), it is not immediate to conclude that this condition, assumed at time t = 0,
propagates at any subsequent time t > 0. Using standard methods of kinetic theory,
however, one can see that this property holds true for the kinetic equation (2.24),
provided the initial density f0 (v) is sufficiently regular.
As it is usually done for this type of kinetic models, most of the analytical properties of the solution are obtained by means of Fourier analysis. From the kinetic theory
of rarefied gases it is well-known that Boltzmann-like equations are often conveniently
studied in Fourier space, see e.g. [3]. This is particularly true for the model under
consideration, since its collision kernel (the probability measure) is independent of v.
In fact, the weak formulation (2.15) for equation (2.24) is equivalent to the Fourier
transformed equation
∂ fb(ξ,t) c  b b
cǫ (fb)(ξ,t),
= Qǫ f , f (ξ,t) + R
χ
∂t

(3.3)

where fb(ξ,t) is the Fourier transform of f (v,t),
Z
fb(ξ,t) =
e−iξv f (v,t)dv.
R+

According to the collision rule (2.11), the transformed kernel reads


D
E
cǫ fb, fb (ξ) = 1 fb((p1 − ǫ)ξ)fb(q1 ξ) + fb(p2 ξ)fb((q2 − ǫ)ξ) − fb(ξ)fb(0),
Q
2

(3.4)
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while
cχǫ (fb)(ξ,t) = −ǫχξ ∂ fb(ξ,t) − iǫ(χ + 1)m(t)ξ fb(ξ,t).
R
∂ξ

(3.5)

The initial conditions (3.1) turn into
fb0 (0) = 1

′
and fb0 (0) = −im.

To prove existence and uniqueness of solutions to equation (3.3) is rather classical [21].
Indeed, our model differs from the pure kinetic equation treated in [21] for the presence
of the redistribution operator (3.5) which corresponds, due to (2.21), to the action
of both shift and drift operators, which affect neither existence nor uniqueness of
solutions. In addition, under condition (2.10), regularity can also be shown to be
propagated in time. To this aim, let us consider the Sobolev spaces of high degree
Z
2
kgkḢ η (R) = |ξ|2η |ĝ(ξ)|2 dξ
R

with η > 0. Indeed, we obtain
Z
d
d
kf (t)k2Ḣ η =
|ξ|2η fˆ(ξ,t)fˆ(ξ,t)dξ
dt
dt R
Z


= 2 |ξ|2η Re fˆ(ξ,t)∂t fˆ(ξ,t) dξ
ZR



 
cǫ fb, fb (ξ,t) + R
cχǫ (fb)(ξ,t) dξ.
= 2 |ξ|2η Re fˆ(ξ,t) Q
R

Consider now that, by mass conservation, |fb(ξ,t)| ≤ 1. Consequently
Z

E
D
|ξ|2η Re fˆ(ξ,t) fˆ((p1 − ǫ)ξ,t)fˆ(q1 ξ,t) dξ
ZR
D
E
≤ |ξ|2η |fˆ(ξ,t)| |fˆ((p1 − ǫ)ξ,t)||fˆ(q1 ξ,t)| dξ

Z
ZR
D
E
2η ˆ
2η ˆ
ˆ
ˆ
|ξ| |f (ξ,t)||f (q1 ξ,t)|dξ .
≤ |ξ| |f (ξ,t)| |f (q1 ξ,t)| dξ =
R

R

Since the trade coefficient q1 satisfies condition (2.10), |q1 | ≥ δ, and
Z

R

|ξ|2η |fˆ(ξ,t)||fˆ(q1 ξ,t)|dξ ≤

Z

1/2

R

|ξ|2η |fˆ(ξ,t)|2 dξ

−(η+ 21 )

|ξ|2η |fˆ(ξ,t)|2 dξ
|q1 |
R
Z
1
≤δ −(η+ 2 ) |ξ|2η |fˆ(ξ,t)|2 dξ.
=

Z

Z

R

1/2 Z

R

|ξ|2η |fˆ(q1 ξ,t)|2 dξ
1/2

1/2

|q1 ξ|2η |fˆ(q1 ξ,t)|2 d(q1 ξ)

R

b ǫ . Finally
An identical result holds for the second term of Q
Z





Z
cǫ fb, fb (ξ,t) dξ ≤ δ −(η+ 21 ) − 1
|ξ|2η Re fˆ(ξ,t)Q
|ξ|2η |fˆ(ξ,t)|2 dξ.
R

R

(3.6)
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Moreover, integration by parts yields
Z
Z


cǫ (fb)(ξ,t) dξ = − ǫχ ξ|ξ|2η ∂ |fb(ξ,t)|2 dξ
|ξ|2η Re fˆ(ξ,t)R
χ
2 R
∂ξ
R
Z
ǫχ
= (2η + 1) |ξ|2η |fˆ(ξ,t)|2 dξ.
2
R

909

(3.7)

From (3.6) and (3.7) we obtain


1
ǫχ
d
kf (t)k2Ḣ η ≤ 2 δ −(η+ 2 ) − 1 + (2η + 1) kf (t)k2Ḣ η .
dt
2

(3.8)

We proved:
Lemma 3.1. Let the initial density f0 (v) belong to Ḣ η , for some η > 0. Then, if the
transaction coefficients satisfy (2.10), the unique solution to the kinetic equation (3.3)
belongs to Ḣ η at any subsequent time t > 0, and the following bound holds
kf (t)kḢ η ≤ exp

n
 o
1
ǫχ
δ −(η+ 2 ) − 1 + (2η + 1) t kf0 kḢ η .
2

(3.9)

The result of Lemma 3.1 guarantees that the boundary condition f (v = 0,t) = 0
is preserved in time, provided it holds true at time t = 0. Suppose indeed that the
initial density for equation (3.3) is such that f0 (v) = 0 if v ≤ 0. Then, if f0 (v) ∈ Ḣ η ,
with η > 1/2, the regularity, according to Lemma 3.1, is propagated in time. By the
Sobolev imbedding [2], this regularity is enough to guarantee that the solution f (v,t),
for any t > 0 is a bounded and continuous function. Since the trade mechanism (2.11)
is such that the post-trade wealths are nonnegative, the wealth which is initially
distributed on R+ remains distributed on R+ , so that f (v,t) = 0 if v < 0. On the other
hand, since f (v,t) is continuous in v = 0, the condition f (v = 0,t) = 0 follows.
4. A non–conservative model without risk
Motivated by the analogy with a dissipative Maxwell gas, F. Slanina [25] introduced an increasing wealth model without distribution, of type (2.3), where
p1 = 1 − q + ν,

q1 = q;

p2 = q,

q2 = 1 − q + ν.

(4.1)

In (4.1), the growth parameter ν is a fixed positive constant, which implies that the
total wealth has increased after the trade,
v ∗ + w∗ = (1 + ν)(v + w).

(4.2)

Since the mean wealth corresponding to this model, labeled now as M (t), is increasing
exponentially in time, M (t) = M (0)eνt , stationary solutions do not exist. However,
the large–time behavior of the model can be described by self-similar solutions. The
standard way to look for self–similarity is to scale the solution according to the rule

which implies that

Z

R+


g(v,t) = M (t)f M (t)v,t ,

(4.3)

v g(v,t)dv = 1 for all t ≥ 0. Moreover g = g(v,t) satisfies the
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equation
Z
Z
d
∂
φ(v)g(v,t)dv − ν
φ(v) (vg) dv
dt R+
∂v
R+
Z
1
g(v)g(w)(φ(v ∗ ) + φ(w∗ ) − φ(v) − φ(w))dv dw
=
2 R2+
Z
=
g(v)g(w)(φ(v ∗ ) − φ(v))dv dw,

(4.4)

R2+

for any smooth function φ. By definition, while the mean wealth of f is increasing,
the scaling (4.3) is such that the mean wealth of g is kept constant. Hence, the drift
operator in (4.4) is responsible for the stabilization of the mean wealth. Now suppose
that ν = −ǫ. Then, the trade (4.1) coincides with the trade (2.11), the mean wealth
is decreasing exponentially in time, and the scaling (4.3) implies again that the mean
wealth of g is kept constant. In this case, the drift operator in (4.4) coincides with
the redistribution (2.17), corresponding to the choice χ = −1.
Let us emphasize that, if ν = −ǫ, the problem of looking for a self-similar solution
to the kinetic dissipative problem given by (4.1) can be rephrased in an equivalent
way as the problem of looking for a stationary solution for a taxation-redistribution
in which the redistribution (χ = −1) is such that the part of the population with
intermediate–low income supplies additional resources to the richest part. As a consequence of this, the solution density tends to produce fat tails. This can be shown
by resorting to the example of Slanina’s paper [25], suitably modified to match our
context. Setting as usual
Z
g(v,t)exp(−sv)dv,
(4.5)
g̃(s,t) =
R+

the equation for g̃ is nothing but the weak form of the kinetic equation relevant to
the test function φ(v) = exp(−sv), with s ∈ R+
∂g̃
∂g̃
− ǫs = g̃(qs) g̃((1 − q − ǫ)s) − g̃(s).
∂t
∂s

(4.6)

Steady solutions to equation (4.6) satisfy
−ǫs

∂g̃
= g̃(qs) g̃((1 − q − ǫ)s) − g̃(s),
∂s

g̃(0) = 1,

g̃ ′ (0) = −1.

(4.7)

Suppose
√
1 − ǫ − 1 − 2ǫ
q=
,
2

(4.8)

with ǫ < 12 , which implies 0 < q < 14 . Direct computations then show that
p p
2q 2(1 − λ − ǫ) = ǫ,

and that the function

√ p
q + 1 − q − ǫ = 1,


√  √
g̃∞ (s) = 1 + 2s e− 2s

(4.9)
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solves (4.7). The function (4.9) is the Laplace transform of the generalized Γdistribution [4, 11]

1
1 exp − 2v
.
(4.10)
g∞ (v) = √
v 5/2
2π
This stationary distribution exhibits a Pareto power law tail for large v’s, with
Pareto index 3/2. Unfortunately, this analytical solution is valid only under the
constraint (4.8), linking together transaction and taxation parameters, q and ǫ, and
does not apply to the general case and to a general redistribution factor χ.
5. Conservative models with risk
To our knowledge, the example presented in the previous section is the unique
case in which an explicit solution to the kinetic model can be found. In all the other
cases, it is quite difficult to obtain from the kinetic model quantitative results both
on the shape of the resulting density, and on the effects of the redistribution operator.
Leaving for the moment the problem of approximating the solution of the Boltzmann
equation through numerical methods, here we resort to an asymptotic method first
introduced in [11] that allows us to recover from the Boltzmann equation a related
Fokker-Planck type equation which on one side maintains most of the properties of
the solution to the kinetic collisional model, and on the other side is suitable to obtain
the analytic expression of the steady solution in terms of the underlying parameters.
This method is particularly suitable for trades which contain random parameters. Let
us consider trade coefficients pi and qi in (2.11) defined as in the CPT model [11],
namely
p1 = 1 − γ + η,

q1 = γ,

p2 = γ,

q2 = 1 − γ + η∗ ,

(5.1)

where γ < 1/2 measures, via its complement to unity, the common saving propensity
of the transacting agents, and η, η∗ are random variables, representing, according to
an idea of [11], the market returns of an open economy, and both taking values in the
open interval (−1 + γ,1 − γ), with zero mean and equal variance σ 2 , namely
hηi = hη∗ i = 0,

hη 2 i = hη∗2 i = σ 2 .

(5.2)

In this way the transaction operation, free from taxation and redistribution, is conservative in the mean, but not necessarily point-wise conservative (at the microscopic
scale).
We may repeat now here the same procedure of [11] in order to construct the weak
form of the kinetic equation governing the whole process and to derive the asymptotic
limit of a continuous trading. Setting τ = γ t as new time variable, the weak form for
the scaled unknown g(v,τ ) turns out to be
Z
d
g(v)φ(v)dv
dτ R+
Z h
i
ǫ
=−
χv − (χ + 1)m g(v)φ′ (v)dv
γ R+

Z 
ǫ
+
(w − v) − v φ′ (v)g(v)g(w)dvdw
γ
R2+

Z 
ǫ2
σ2
1
γ(w − v)2 + v 2 + v 2 − 2ǫv(w − v) φ′′ (v)g(v)g(w)dvdw. (5.3)
+
2 R2+
γ
γ

912

KINETIC MODELS FOR ECONOMIES WITH REDISTRIBUTION

Consider the following hydrodynamic limit:
σ 2 → 0,

γ → 0,

ǫ → 0,

σ2
→ λ,
γ

ǫ
→ κ.
γ

(5.4)

In this regime, repeating the same steps as in [11] we get for g(v,τ ) the following
Fokker–Planck equation:



 

∂ λ ∂
λ
∂g
=
v (vg) +
+ κ(χ + 1) + 1 v − κ(χ + 1) + 1 m g ,
(5.5)
∂τ ∂v 2 ∂v
2

where the taxation/redistribution mechanism is represented solely by the positive
parameter κ, which represents the limiting ratio of taxation rate and transaction
coefficient, and by the constant χ ≥ −1 describing the redistribution policy. Clearly
such an equation is an approximation of the Boltzmann kinetic equation, but, in the
regime defined by (5.4), it describes the asymptotic limit which we are interested in.
The steady state for the equation (5.5) is
n rmo
(r m)
,
v −[2+r] exp −
Γ(1 + r)
v
1+r

g∞ (v) =

(5.6)

where Γ denotes Euler gamma function [1], and
r=

2[κ(χ + 1) + 1]
.
λ

(5.7)



We have g∞ (0) = 0, while for v → ∞ we get g∞ (v) = O v −(2+r) . Therefore the Pareto
index is here 1 + r, or, in other words, the moment of order n exists finite if n < 1 + r.
The CPT model of [11] is recovered for κ = 0. The effects of taxation and redistribution
are accounted for and explicitly quantified by the additional exponent −2κ(χ + 1)/λ
for the wealth variable, which always makes tails slimmer, and thus wealth distribution
more fair. It is clear that this effect is the stronger the higher is the factor κ, i.e. the
higher the taxation rate. It also evident that, if κ and λ are fixed, tails become less
and less thick as χ increases, and in all cases with χ > −1, in which poorest people
are favored by the new mechanism, the percentage of agents at high wealth decreases,
whether or not they are in turn favored (as it would occur when χ > 0). No effects on
the wealth distribution curve are present for χ = −1, in which case the same index as
for the CPT model [11] is recovered, independently of κ, namely, no matter how high
is taxation. It is worth to mention, as a final remark, that g∞ (v) has a maximum
rm
< m (most likely wealth smaller than average wealth). The height of the
at v̄ = r+2
1
F (r), where
maximum is m

exp (r + 2)[log(r + 2) − 1]
F (r) =
r Γ(r + 1)
diverges for r → 0+ and r → +∞, with a positive minimum at r = r̄, where r̄ is the
solution of the transcendental equation
1
Ψ(r + 1) = log(r + 2) − ,
r
with Ψ denoting the digamma function [1]. The result is r̄ ≃ 2.4825, indicating a
universal optimal value for flattening wealth distribution that can be achieved by
playing properly with the taxation parameter ǫ, once the others are known.
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6. Continuous trading limit of a model without risk
Another significant continuous trading limit is in order when no risks (no random
variables) are present in the model, which simply amounts to setting σ = 0 in the rescaled weak form (5.3). The case of no taxation/redistribution, considered by Pareschi
and Toscani in [22], corresponds to the further option ǫ = 0. It is clear that in the
latter situation binary transactions are pointwise conservative, and therefore it is well
known [22] that wealth distribution approaches a steady state in which all agents
share the same (constant) average wealth m (no tails at all in this frame). Let us add
taxation and redistribution in an overall conservative fashion, as before, and let us
consider the limiting situation in which not only γ and ǫ are vanishingly small, but
also χ is vanishingly greater than −1, and the mutual relationships are defined by the
hydrodynamic limit
γ → 0,

ǫ2
→ λ,
γ

ǫ → 0,

χ+1
→ β > 0.
ǫ

In this regime, we get for g(v,τ ) the Fokker–Planck equation:



 

∂g
∂ λ ∂
λ
=
v (vg) +
+ λβ + 1 v − λβ + 1 m g ,
∂τ ∂v 2 ∂v
2

(6.1)

(6.2)

similar to but different from (5.5), whose solution is given again by (5.6), where now
the parameter r is given by
2(λβ + 1)
.
(6.3)
λ
The role of the parameter λ is played here by the limiting ratio ε2 /γ (so, γ must be
O(ε2 ) for ε → 0) instead of the limiting ratio σ 2 /γ which is in order for (5.5), and
taxation/redistribution affects the final result also through the additional limiting
factor β (implying χ = −1 + O(ε)). The same considerations as before are in order,
mutatis mutandis. In particular, the steady state solution exhibits a Pareto tail
O(v −(2+r) ), and the additional power that makes tail slimmer with respect to the CPT
model [11] is exactly −2β, which is independent here from λ. The most remarkable
fact is however that the taxation/redistribution mechanism causes a radical change in
the shape of the equilibrium wealth distribution, which is transformed from a sharp
delta measure to a smooth positive function with support on all of R+ , and with
fat Pareto tail for v → ∞. On the other hand this is in agreement with the kind of
redistribution relevant to the considered parameters (χ ≃ −1), which enhances the
richest and the poorest parts of the agent population, and penalizes the intermediate
part around the mean wealth.
Another approach to the same problem might resort to the Laplace transform of
the kinetic equation, according to the line of [25] presented in section 4 (see also [14]).
For general parameters γ, ǫ, and χ the equation for the transform f˜(s,t) reads as
"
#

∂ f˜
∂ f˜
˜
(6.4)
+ ǫ χs
+ (χ + 1)ms f = f˜ (1 − γ − ǫ)s f˜(γs) − f˜(s).
∂t
∂s
r=

It is easily seen that, in the continuous trading limit defined by (6.1), the stationary
version of this nonlocal equation takes the local form of a second order ordinary
differential equation
"
#
df˜
λ d2 f˜
s
= (λβ + 1)
+ mf˜(s) ,
(6.5)
2 ds2
ds
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which is amenable, in terms of the new variable z = 2(mrs)1/2 , to a modified Bessel
equation of order 1 + r. Skipping known details, its physical solution, involving the
Bessel function K1+r (z), may be Laplace inverted and leads back, for the steady
wealth distribution, to the same solution (5.6) of the Fokker–Planck equation (6.2).
In the present conservative regime without risks, information on the stationary
equilibrium distribution may be achieved for general values of parameters also from
the evolution of moments, which is governed by the weak form of the kinetic equation
relevant to the test function φ(v) = v n , that is readily seen to read as
Z
Z
i o
∂ nh
d
χv − (χ + 1)m f dv
v n f (v)dv − ǫ
vn
∂v
R+
Zdt hR+
i
(6.6)
∗ n
n
(v ) − v f (v)f (w)dv dw.
=
R2+

Since v ∗ = (1 − γ − ǫ)v + γw, the integral on the right hand side may be recast as
Z h
i
(v ∗ )n − v n f (v)f (w)dv dw
=

n−1
X
k=1

R2+

h
i
n
(1 − γ − ǫ)n−k γ k Mn−k Mk + (1 − γ − ǫ)n + γ n − 1 Mn ,
k

where
Mj =

Z

(6.7)

v j f (v)dv,

R+

while the other collision contribution due to Rχǫ is simply handled by parts to finally
yield
i
h
dMn
+ ǫn χMn − (χ + 1)mMn−1
dt
n−1
h
i
(6.8)
Xn
=
(1 − γ − ǫ)n−k γ k Mn−k Mk + (1 − γ − ǫ)n + γ n − 1 Mn .
k
k=1

Therefore, moments of the steady state are related by the recursive formula
h
i
1 − (1 − γ − ǫ)n − γ n + ǫχn Mn∞
n−1
Xn
∞
∞
= ǫ(χ + 1)mnMn−1
+
(1 − γ − ǫ)n−k γ k Mn−k
Mk∞ .
k

(6.9)

k=1

Mn∞

on the left hand side is different from zero, this
As long as the coefficient of
formula allows us to compute a moment of any order n in terms of all lower order moments, starting from M0∞ = 1 and M1∞ = m, even in absence of an explicit knowledge
of the steady distribution. If χ ≥ 0, all coefficients of Mn∞ are positive, for any n > 0,
which indicates that all moments of g∞ are well defined and the steady wealth distribution has slim tails. On the other hand, if −1 ≤ χ < 0, the redistribution regime to
which the previously considered asymptotic limit (6.1) applies, the coefficient of Mn∞
becomes negative sooner or later for increasing n, with a breakdown in the procedure
(all moments are bound to be positive), meaning lack of higher order moments, and
thus implying fat Pareto–like tail. Again, this is not surprising, since redistribution
favors in part also the richest fraction of agents when χ < 0, whereas it increasingly
penalizes such fraction for increasing positive χ.
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7. Conclusions
In this paper, we introduced and discussed kinetic models for wealth distribution
in a simple market economy, which are able to reproduce the salient features of the
wealth distribution by including taxes to each trading process and redistributing the
collected money among the population according to a given criterion. This model
of redistribution allows movement of the money obtained from taxation of trades in
a uniform way among agents of the market, as well as concentration of the wealth
around the (constant) mean wealth. Each of these operations can be quantified by
a rate parameter which is responsible of the steady profile. Our analysis gives a
theoretical basis to some recent research [24, 19, 16], that analyzed discrete simplified
models for the exploitation of finite resources by interacting agents, where each agent
receives a random fraction of the available resources. Both numerical experiments and
asymptotic analysis show that in general the redistribution is able to modify the Pareto
index, and that this modification can be quantified in terms of the redistribution
operator. Future scheduled work includes numerical implementation of the present
model, taxation mechanisms which depend on the wealth of the agent or on the
amount of money earned by transaction, and possibly comparison of our results with
empirical data.
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