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SHARP CONSTANT IN NONLOCAL INEQUALITY AND ITS
APPLICATIONS TO NONLOCAL SCHRODINGER EQUATION
WITH HARMONIC POTENTIAL*

JIANQING CHEN', BOLING GUO*, AND YONGQIAN HANS

Abstract. This paper contains two parts. In the first part, we derive a variant of Gagliardo-
Nirenberg interpolation inequality involving nonlocal nonlinearity and determine its best (smallest)
constant. In the second part, we study two applications of this inequality and its best constant. In
the first application, we use this best constant to establish a sharp criterion for the global existence
and blow-up of solutions of the inhomogeneous Schrédinger equation with harmonic potential and
nonlocal nonlinearity

le(y)|P

ipe=—Np+ o> o —plp|P 2 |z —y|o

in the critical case p=2+ (2 —«a)/N. The result indicates that the existence of blow-up solutions not
only depends on the mass of the initial data but also on the profile of the initial data. In the second
application, we use this best constant to prove that when 2+ (2—a)/N <p< (2N —a)/(N —2), the
solutions exist globally in time for one class of initial data whose norm can be as large as one wants.

Key words. Nonlocal interpolation inequality, sharp constant, global solutions, blow-up, non-
local Schrodinger equation.
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1. Introduction
This paper is concerned with the nonlinear Schrédinger equation with harmonic
potential

i+ Do —|z)?p+F(p)=0, zeRN, >0, (1.1)

where ¢ :=p(z,t): RY xR, —C is a complex-valued function and F(¢p) is a nonlin-
earity (possibly nonlocal) satisfying suitable assumptions given later.

Equation (1.1) models a lot of physical phenomena. For example it is known
as the Gross-Pitaevskii (GP) equation in the context of Bose-Einstein condensates
(BEC) with parabolic traps. In fact, assuming a highly anistropic trap, Kivshar et al
[17] derived the GP-equation equation (1.1) with F(p) = p|¢|? as a model equation for
the macroscopic dynamics of cooled atoms confined in a three dimensional parabolic
potential created by a magnetic trap. Deconinck et al derive a three dimensional
Schrodinger equation with potential and nonlocal nonlinearity; see [10, Equ. (5)].

Equation (1.1) with nonlocal nonlinearity F'(p) has also appeared in other appli-
cations. For example, Kurth derived in [18] that Schrédinger equation with harmonic
potential and nonlocal nonlinearity can be used to describe average pulse propagation
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550 SHARP CONSTANT AND ITS APPLICATIONS

in dispersion-managed fibers. Usually the nonlocal nonlinearity is assumed to be of
Hartree type, i.e.,

F(p)=(Vx|p[*)e,

where the kernel V' is in some weak L9-space and * denotes convolution, see e.g.
[10, 14] and the references therein. It is of interest to understand the original nonlocal
problem directly, although in most applications it is hard to get a clue on properties
of the kernel.

These motivate us to study equation (1.1) directly with nonlocal nonlinearity of
the following form

e,

iyl t>0, zeRY, (1.2)
[

ipr=—Lp+ Ifc\2so—s0\<plp’2/R
where p>2 and 0<a<N. The purpose here is to extend those results for the
Schrédinger equation with local nonlinearity to the case of nonlocal nonlinearity and
shed some new light for the Schrodinger with nonlocal nonlinearity. We remark that
when a=1, p=2 and N =3, equation (1.2) is equivalent to the Schrodinger-Possion
system with harmonic potential,

’L(pt‘f'A(,D :|{IJ|2QD—V($)S@7 .’L'GRN
AV =|pf*.

This equation typically arises in the mean field approximation of many body effects,
modeled by the Possion equation with a confinement modeled by the quadratic po-
tential of the harmonic oscillator. If the potential vanishes, then this equation models
the classical limit of the field equations describing quantum mechnical non-relativistic
many boson system [1]. For other variants of the Schrodinger equation, we refer the
interested reader to [6] and the references therein.

Now we come back to equation (1.2). Given an initial data

@(x,0) =0 (), (1.3)

we are interested in the following question: Under what conditions the solutions of
equations (1.2)—(1.3) exist globally in time and under what conditions the solutions
of equations (1.2)—(1.3) blow up in a finite time?

Noting that in the case of local nonlinearity F(¢)=|p[P~2, one can use the stan-
dard Gagliardo-Nirenberg inequality to study equation (1.1); we refer the interested
readers to [11, 22, 25, 7, 8] for the stability of standing waves as well as global existence
of equation (1.1) with various initial data. However, for the nonlocal nonlinearity like
equation (1.2), the issue of whether or not a particular choice of initial data generates
a blow-up solution of equation (1.2) is more subtle. In particular the arguments used
in [7] cannot deduce a sharp condition on the existence of global solutions or blow-up
solutions of equation (1.2), so we need to find other ways as we will see in the present
paper.

In section 2, we derive a variant of the Gagliardo-Nirenberg interpolation in-
equality involving nonlocal nonlinearity and determine the best (smallest) constant;
see Theorem 2.3 and Theorem 2.7. We emphasize that the best constant determined
here is not only of independent interest, but can also be used to study equations
(1.2)—(1.3). In section 3, we sketch some results on the Cauchy problem of equation
(1.2). In section 4, since we deal with the problem harmonic potential |x|?, we use
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Theorem 2.7 to establish a sharp criterion on the solutions of equations (1.2)—(1.3)
in the critical nonlinearity p=2+ (2 —«)/N; see Theorem 4.1 and Theorem 4.3. The
results indicate a sharp threshold on the existence of global solutions of equation (1.2).
Furthermore, the results suggest the existence of blow-up solutions of equation (1.2)
depends on both the mass of the initial data and the profile of the initial data. In
section 5, we give a sufficient condition to the existence of global solutions of equation
(1.2) in the case where 2+ (2—a)/N <p< (2N —«)/(N —2). The interesting aspect
is that equation (1.2) possesses global solutions even when one takes the initial data
as large as one wants; see Theorem 5.3. The final section is an appendix where we
outline the proof of Proposition 3.1.

To establish the results in view, we base our approach on an idea originated from
[24, 2]. We emphasize that the use of Theorem 2.7 is essential in the proofs of Theorem
4.1, Theorem 4.3, and Theorem 5.3. We point out that Theorem 2.7 can also be used
to establish a sharp threshold to the existence and nonexistence of standing waves of
NLS-equation with nonlocal nonlinearity as well as their stability. The results will be
published elsewhere.

Notations. Throughout this paper, H!(RY) denotes the standard Sobolev space with
the standard norm. We denote the norm of the space LY(R™) by |- |/5¢,1<g< 00,
and denote the integral / dx simply by / unless stated otherwise. We also denote

RN
various positive constants by C' or C;. v denotes the complex conjugate and Re

denotes the real part.

2. Best (smallest) constant

The goal of this section is to derive a variant of the Gagliardo-Nirenberg inter-
polation inequality (see Theorem 2.3) and determine its best constant (see Theorem
2.7). This inequality and the best constant will play an essential role in what follows.
Firstly, we state some lemmas.

LEMMA 2.1. (Gagliardo-Nirenberg inequality, see e.g. [5]) Let 1<q<X*2 when
N >3 and 1 <qg<+4o0 when N=1, 2. Then there is a positive constant C' depending

on N and q such that for any u€ H(RV),

N(q471) %_N(qélfl)
Jurt<e( froar) T ( [up)

LEMMA 2.2. [21, p. 31] Let0< B< N and f € LY(RY), he L"(RN) with 1 + 14+ £ =2
and 1<q, r<oo. Then

f(@)|[h(y
[, OOy < g0 el o veRY,
RV xRN [Tyl

where C(q,r,3,N) is a positive constant depending on q, v, 3, and N.

Next we use Lemma 2.1 and Lemma 2.2 to derive a variant of Gagliardo-Nirenberg
interpolation inequality.

THEOREM 2.3. Let 0<a<N and (2N —a)/N <p<2*(«a), where 2*(a):=(2N —
a)/(N—=2) when N>3 and (2N —«a)/N <p<+oo when N=1, 2. Then there is a
positive constant C(p,a, N) depending on p, a and N such that for any u€ H*(RY),

/wam dedySC(p,a,N) </|Vu|2>A (/W)B, 2.1)
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whereA:W and BZW'
Proof.  Taking |f(x)|=|u(z)[P, [h(y)|=lu(y)|P, g=r=53",, and applying
Lemma 2.2, we get that

2N —«a

2 p 2Np N
[ MO o fy) 3
RN xRN lz—y[*

By the assumption of (2N —«a)/N <p<2*(a) and Lemma 2.1, we obtain that

—N(Np—2N+a)

2Np 9 (2N a) 9 e T 22N-a)
|u|zv==a <C |Vul |l . (2.3)

It is now deduced from (2.2) and (2.3) that (2.1) holds. |
LEMMA 2.4. Let N>2, 0<a<N and (2N —a)/N <p<2*(a). If up, —u weakly in

H} i RY) = {ue H'(RY); u(z)=u(|z|)}, then
p p p p
RN xRN |z —y| RN xRN |z —yl

Proof. Firstly, for positive numbers a,b,c, and d, there holds

2|aPb? — cPdP| = |(bP +dP)(a? — P) + (aP + ) (bP — dP))| (IE)

<P +dP)(aP Y a—c| 4+ (aP +cP)(OP - dP b —d|.
Putting a = |u, (2)|, b= |u,(y)|, c=]u(x)|, d=]|u(y)|, we obtain from Lemma 2.2 with
B=a, r=gq= 52—, and the fact that {u,} is bounded in H},,,(R") that

radial

/ (Jn W) [7 4 [u()[P) (1 ()P~ + (@) [P~ [un ()] — @M gy

|z —y[*
- 2N —«

2 (Iunm—u<x>|||un<x>|p-1+|u(x)|p—1)2“‘] &

2N—«a

</ <|un<y>|p+|u<y>p>w3“a) - ]

P % 2Np 2Np ﬁ 22Na
<o frr-wree) ] o s )
o 2N —«a

gog( / |un<x>—u<x>|ﬁv”—”a)”;.

It is now deduced from the Strauss lemma, i.e.,

U, —u  weakly in H! .. (RY) implies that u, —u strongly in Lo"s (RM),
that

/|un 2N a0 as n—oo.
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Therefore as n — oo, we have that

P P p—1 p—1 _
/ (lun (W) +[u@)[P) (un () [P~ + [u() [P~ [[un ()] — Ju(@)]] ddy —0.
RN xRN |z —y|*
By a similar argument, we obtain that as n — oo,
P P p—1 p—1 _
A A e L TS TP
RN xRN lz—yl|*
Combining these with (IE), we easily obtain that
P P P P
[ G, u@P ),
RN xRN [z —yl|* RN xRN T —y[®
The proof is complete. 0

Now we are going to determine the best (smallest) positive constant C(p,c, N)
such that (2.1) holds. This will be done by minimizing the functional

S IVu)A(f [u?)?

J(u) = eI . ue HY(RV),
Jar e PGP gy
where
_ —(N(p—
A:N(p 22)—&-047 g2 ( (1; 2)—1—04).

According to inequality (2.1), the functional J is well defined and C* in H'(RY).
Moreover, we have that:

LEMMA 2.5. Let N>2, 0<a<N, 2N—-a)/N<p<(2N—a)/(N —2) when N >3,
and (2N —a)/N <p<+oco when N=2. Then

m=1inf{J(u); u€ H'(RY), u+#0}

is attained by a function 1 € HY(RN). Moreover v is the minimal action solution of

—2AA¢+23¢_2mWWp—2/ [v(y)lP

RN |7 —y|*

dy=0, >0 andpc H'(RY) (2.4)

and

el — / B@PRWP ;g
RN xRN

|z —yl*

Proof. First, it is easy to see that for any 0#£uc H'(RY), J(u)>0. (2.1) implies
that we can find a sequence {v, } C H}(R") such that

0<m= lim J(v,) <+oo.

n—oo

For any \, p>0, if we set u™*(z)=Au(uz) then we have that

Jiwae@p =y v,
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/ () = X2 / uf? and

/ [ () [P [+ () [P dxdy:/\%u“*w/ [w@PluWP o,
RN xRN |z —yl> RN xRN [z —yl*

It follows from the choice of A and B that
(22N [ [Vu)A N2 [ uf?)?
)\2pua—2N f]RNx]RN ‘u(x”plu(y)‘pd.’ll‘dy

|z—y[>

J(w) = J(u).

Now let {u,}C HY(RY) be a minimizing sequence of m. We can assume that
u,, >0 since [|V]u,||? < [|Vu,|?. Furthermore, by symmetrization [3, 19, 4], we can
take up (z) =up(]z|). Choosing

|
[[t4n |2 [[ten |5

Hn = ) n = N
1V nl2 V|7

we obtain a sequence 1, (z) = u)\""#n () satisfying the following properties:

wnGHl(RN)7 ¢n($):1/)n(|$|) and wnZO,
lnll3=1 and [[Ven|3=1;
m= lim J ().

Going if necessary to a subsequence, still denoted by {,}, we may assume that
Y, —1p weakly in H! .. (RN). It is now deduced from Lemma 2.4 that

radial
[ O, [ PO
RN xRN

dxdy.
|z —yl|~ RVxRY T —Y|*

On the other hand, by weak convergence ||1||2 <1 and ||V|2 <1. Therefore

1
m<J(@)< ~ = lim J(¢)=m.
o PG g, = o

It follows that ([ |V|*)A([[¢|*)® =1 and hence ||¢||2=1 and || V|2 =1. So ¥, — 1
strongly in H*(R™) and

o JIVePR)E ([ _( [ (@)l ()1 )
m—J(T/J)— f]RNXRN ‘w(”‘”yf%y)'pdxdy_ /RNx]RN |x—y|°‘ dl‘dy .

Noticing that
d (RN
@ J(¢p+en)=0 for all ne Cgo(R™),
de e=0

we have from a direct computation that ¢ satisfies (2.4). |
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REMARK 2.6. Here and after, a minimal action solution of an equation is defined
in the following sense. For example, for equation

p
fAu+ufu|u|p72/ MW 0, we HLU®RY) (2.5)
RN [T —y[®

and functional

2 2 1 p P
= [T L[ P g g
2 2p Jry sy |T—yl®

we give the following definitions. The set of solutions of equation (2.5) is denoted by
T', namely

P={pcH'(RY); ¢#0, L'(¢)=0}.
The set of minimal action solutions of equation (2.5) is denoted by G, namely

G={¢el; L(¢)<L(y) forany eI}

THEOREM 2.7. Suppose the assumptions of Lemma 2.5 hold. The best constant
C(p,a,N) in inequality (2.1) is exactly given as

B\* B
c<p,a,zv>=p( ) ]2

B\ A
N(p—2)+o
- (N(p-2)+a)\ N(p-2)+a 2
where w is the minimal action solution of
p
—A¢+¢—¢|¢|p72/ [6(y)l dy=0, ¢>0 and pc H (RY). (2.6)
RN |2 —y|*
REMARK 2.8. We emphasize that when p:2—|—2’T‘)‘ and w is a minimal action

solution of (2.6), then the following

N __il=l? x it
t)=(T—t)"2e iT-D _" ) eTTD
pla,t)=(T—t) e w(T t>e

is a solution of iw; + A+ @|p[P~2(|z| = *|p|P) =0 and ¢ blows up at finite time. But
for general p, the blow-up derived by self-similarity is still open and we can not
solve it at this moment. Actually, considering the Schrodinger equation with local
nonlinearity ip; = —Ap —|¢|9p, one can get the blowup profile by self-similarity and
pseudo-conformal invariance holds only for ¢= %. These are problems for further

study.

Proof of Theorem 2.7.
Proof. Scaling

b(x) = (2pm) " T u(x)
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we know from Lemma 2.5 that u(x) satisfies

—2AA¢+2B¢—¢|¢\P—2/RN f(yl)/"i dy=0, ¢>0and ¢ H'(RV).

- (%)) ((2)')

shows that w(z) is the ground state solution of equation (2.6). Now using

comem ((2) 7)o (2)')

and the fact that ||| =1, we obtain that

B
c<p,a7zv>=m—1=p( ) )22

A second scaling

B
(B 1)) S e
2p—(N(p—2)+a) Np-2)+«

The proof is complete.

22p

REMARK 2.9. We emphasize that although we do not know whether the minimal
action solution of equation (2.6) is unique or not, the best constant C(p,«,N) is
independent of the choice of w. Indeed, denote d=inf{L(u); weT}, then for a
minimal action solution w of equation (2.6), we have that 0 <d= L(w) < 400 and d is
independent of the choice of w; see e.g. [9]. On the other hand, since w is a solution

of equation (2.6) we have that

[rvup - Noro2n w(a) P ()P

RN xRN |z —y|*

drdy=0 and

N —2N p p
[ (1o -2 P o
2p RN xRN T —y[*

p P
RVNxRN [T —yl® "2 N(p—2)+a)

N(p
2 __
/'vw|_2p p2+a/|

d=L(w) = 5— e Jul,

Therefore

and

It is deduced that

which is equivalent to

1
2p—(N(p—2)+« 2
p—1
Thus C(p,a,N) is independent of the choice of w.
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3. Cauchy problem
In this section, we sketch some results on the existence of a local or global solution
of equations (1.2)—(1.3). Define

Y={uc H' (RY); /|a:|2|u|2 < o0}

Then ¥ is a Hilbert space under the inner product
{(u,v)5 :Re/ (VUV17+ |z|2u@+u6).

The norm on ¥ is denoted by [|u|% = [(|Vu|?+|z|*|ul*+|ul?). The following Propo-
sition is proved in the appendix for the readers convenience.

PROPOSITION 3.1. Let 0<a<min{N,4} and 2<p<2*(a). For any po€X, there
is a T=T(|lvollz) >0 and a unique solution ¢ of equation (1.2) with v € C(]0,T),X)
and ©(0) =@o. Moreover, we have conservation of particle number

[1e8= [ oo (3.1
and conservation of energy

Blo)=y [ (IWoP+iaPle?) -5 [ O oy by (a2)

2p |z —yl*
for all t€[0,T), where either T =00 or T <+oo and lim;_,p- ||¢|s =+o0.

THEOREM 3.2. Let 0 <a<min{N,4} and 2<p<2*(a).

o If2<p<2+4(2—a)/N, then for any po€X the solution p(x,t) of equation
(1.2) ezists globally in time.

o [f2<p=2+(2—a)/N, then the solution p(x,t) of equation (1.2) exists glob-
ally in time provided the initial data ||@ol|r2 sufficiently small.

Proof. Let o(x,t) € C([0,T),X) be the solution of equation (1.2) with initial data
0. By Proposition 3.1 and Theorem 2.3, we have that

E(po) =E(p)

/ (0ol +1aPle)-c( [170P)

(IVel* +|z*[el*)
N(p— 2)+ 2p— (N(p 2)+a)

_c( / (Ve +lall¢l?) ) (/ '*”'2>

If 2<p<2+4(2—a)/N, then the Young inequality implies that there is 0 <e < % and
C. such that

N(p—2)+a 2p—(N(p—2)+a)

(f1er)

2p 2p—(N(p—2)+a)

E(%o)Z(%fg)/(‘vwﬁﬂﬂ 10[2) </|s0|2> B

Hence [(|V¢]?+|z|?|¢]?) is bounded with respect to ¢. Proposition 3.1 implies that
o(z,t) exists globally in time.
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If p=2+(2—a)/N, then

Blgo) 25 [ (Ve el =C [ mﬂ(/ J)H

1 o
25 [09eP+ialol) -0 [(v+iatol) ( [16)
>0 (VP +lalol)

provided |[¢ol/z2 sufficiently small. Tt follows that the solution ¢(x,t) of equation
(1.2) exists globally in time when p=2+(2—a)/N and ||@gl|r2 is small enough. 0O

REMARK 3.3. It is observed that in Theorem 3.2, ||¢o||2 small enough” is vague.
It is naturally to ask: how small? This is one of the goals of the next section.

4. Critical mass for critical nonlinearity

In this section, we will use “our best constant” to give a sharp condition on the
solution of equations (1.2)—(1.3) which exists globally in time or blows up in a finite
time. In particular, we give an answer to the question: how small an initial data
can ensure the existence of global solution of equations (1.2)—(1.3) in the case of
p=2+4(2—a)/N? The answer is simple, as we see below.

THEOREM 4.1. Let N>2, 0<a<min{N,4}, and p=2+(2—a)/N. If po€X and

leollz2 <llwl| 2, (4.1)

where w is a minimal action solution of equations (2.6), then equation (1.2)-(1.3)
has a global solution ¢(x,t)€C(R4,%).

Proof. Let p(x,t) € C([0,T),%) be a solution of equations (1.2)—(1.3) in the case
of p=2+4(2—a)/N. Using Theorem 2.7, one has

N+4+2—a
()Pl (y) " 2N+2—a<f<p|2> v / 2
T dady < Vel 4.2
= N\ TP ver e
Combining (4.2) with the conservation of energy equation (3.2), we obtain that

1 N lp()[Pl(y) P
E(oo) == [ [ IVl + |20 _7/ LAGPI L ATV
(1) 2/(| o™+l |S0|) 2@N+2—0a) Jgyxry |z —y[® o (4.3)
Ni2—o .

A ()™ et
J1e8= [t < [ 1u

both [|Ve|* and [|z|?*|¢|?* are bounded for ¢ € [0,T). It is deduced from Proposition
3.1 that ¢(x,t) exists globally in ¢ € [0,+00). O

As

REMARK 4.2. We point out that we are studying the Schrodinger equation with
harmonic potential, and the condition (4.1) is sharp in the sense of the following
theorem.
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THEOREM 4.3. Let N>2, 0<a<min{N,4}, and p=2+(2—«)/N. If po €L with
the form

wol(z)= c)\%w(/\x),

where A>0, w is the minimal action solution of (2.6), and c is a complex number
with |c|>1, then

lollzz = w2 (4.4)

Moreover the solution ¢(xz,t) of equations (1.2)—-(1.3) must blow up in a finite time.
In order to prove Theorem 4.3, we need several lemmas. Firstly, we have the
following virial identity which originated from Glassey [16].

PROPOSITION 4.4. Let N>2, 0<a<min{N,4}. Let po€X and ¢€C([0,T),X) be
the solution of equations (1.2)-(1.3). If h(t)=3 [|z|*|¢|* and p=2+(2—a)/N, then
one has

B (t) = SE(p0) — 16h(t). (4.5)

Proof. We only prove equation (4.5) formally. Since ¢ satisfies equation (1.2), we
have that

. _ y)P
sotz<A<pxl2<p+<Plsol” 2/R o)l dy)-

N |z —yl®

Therefore
n'(t)= Re/ 2@y = 21H1/<,5$V<P
and
R (t) =2Im / (PrxVo+pxViy)
= 2Im/g5t:17V<p - 2Im/sot(N@+IV@)
=—2Im [ ps(Np+22Vp)

P
:—QRe/(NQH—Qa:V@) (Agp—|x|2g0+<p|<p|p2/R |ﬂy”dy)

N |z —yl®

Direct computations show that

Re/(N¢+2$V¢)A<p:—2/|Vg0\2;

Re/(N<ﬁ+2xV<ﬁ)|x\2ap:—2/|m|2\<p|2;

p
R
R

N |z —yl|*

p P p
RN xRN |T—y|* Ry [T —y|*
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Since

p — 9N p p
RN |2 —y|* P Jrvxey |z —yl®

we obtain that

p _ P p
Re [ (N mvpplgrt [ O g, MDta [ e,
RN |7 —y|* p RNxRN [T —y[®

It is now deduced that

h”(t) :4(/(|v902_|x2|<p|2)_A[(p_2)+a/RNxRN dedy)

2p |z —yl|«
=8E(p) — 16h(t).
0

LEMMA 4.5. Let N>2, 0<a<min{N,4}, and p=2+(2—a)/N. If oo Z0 satisfies
that

n(0)=3 [ laPleol* = Eeo)

then the solution ¢ of equations (1.2)—(1.3) blows up in a finite time.

Proof. From Proposition 4.4, we have that
1
h(t):ﬁsin(4t+9)+§E(<po), (4.6)

where 3 and 6 are constants determined by h(0) and h’(0). Moreover,

1 2 2
5= (n0)- 35w +45(v0) (@7)
Thus if h(0) > E(pg), (4.6) and (4.7) imply that there exists Ty < oo such that
lim h(t)=0.
t—Ty

It is deduced from (see e.g. [24])

/Isozgc(/w(pp)i</|w|2);

that there exists 0 <T < 400 such that
lim Vol? = +oo.
. IT* / ‘ 90|

This proves that (z,t) blows up in a finite time. a

Proof of Theorem 4.3.
Proof. For any positive constant A and complex number ¢ with |¢|>1, a direct
computation yields that

N
/ ool = |ef? / NFw(Ae) 2z = [cf? / wl? > / ul?.



JIANQING CHEN, BOLING GUO, AND YONGQIAN HAN 561

On the other hand, since the function w(z) makes the inequality (2.1) into an equality,

one has that
P P 2N +2—
[ WOy, N2 (o
RN xRN N

|z =yl
Therefore
IR [oo(a) o)l
E(¢0) —2/|V<po\ SEN 19—a) /me Te— dzdy+h(0)
1 —ax
=A== [ 1Vl +h(0)
<h(0).

It follows from Lemma 4.5 that ¢(x,t) blows up in a finite time. The proof of Theorem
4.3 is complete. a

REMARK 4.6. From Theorem 4.1 and 4.3, we see that when p=2+(2—a)/N, |Jw|| 12
is the critical mass for the solutions of equations (1.2)—(1.3) which exist globally in
time. The prescribed initial data in Theorem 4.3 also implies that the existence
of blow-up solutions of equations (1.2)—(1.3) not only depends on the mass of the
initial data but also on the profile of the initial data. So it is very reasonable to
conjecture that for some class of initial data po with ||@g| L2 > ||w]| L2, the solutions
of equations (1.2)—(1.3) exist globally in time. In fact, this conjecture is true in the case
of 24+(2—a)/N <p<2*(a). Furthermore, we can prove that when 2+ (2—a«)/N <
p < 2*(«), the solutions of equations (1.2)—(1.3) exist globally in time for a large class
of initial data whose norm can be taken as large as one wants.

5. Global solutions for supercritical nonlinearity

After developing the critical mass for the existence of global solutions and the
blow-up solutions of equations (1.2)—(1.3) in the critical nonlinearity p=2+ (2 —«)/N,
attention is now focused on the existence of global solutions of equations (1.2)—(1.3) in
the case of supercritical nonlinearity 2+ (2—a)/N <p<2*(«). An interesting aspect
is that we can obtain global solutions for arbitrarily large data. We emphasize that
the use of Theorem 2.7 is essential. First we need the following lemma from Bégout

[2].

LEMMA 5.1. Let ICR be an open interval, sp€I, §>1, a>0, b>0 and P(s)€
C(I,LRy). Set f(y)=a—y+by® for any y>0. Define y*:(bQ)_e%l and b*zeo%ly*.
Assume that ®(sg) <yx, a <bs, and fo®>0. Then ®(s) <y, for any s€l.

Proof. Since ®(sg) <y, and ® is a continuous function, there exists a § >0 such
that ®(s) <y, for any s € (sg—0,80+9) CI. If D(s) <y, were not true for any s € I, by
continuity there would exist a s, € I satisfying ®(s«)=y.. Then fo®(s,)=f(y«)=
a—0b,<0. However, this is impossible from fo® >0. Therefore ®(s) <y, for any
s€I. The proof is complete. 0

Next, we define a real valued function V' (\) as follows,

A—1
A—1\7F b1 a4
V(A)() lw|,Z A=75,  A>0,

B
where A= W and B= w. Denote

S={ue; ||ullrz <V(IVullZ: + |lzulZ2)}-
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LEMMA 5.2. Let N>2, 0<a<min{N,4}, and 2+ (2—a)/N <p<2*(a). S is an
unbounded subset of X.

Proof. For any M >0, we choose v €Y such that [|z|?|v]*> M. Define u,(z)=
AT v(Az) (A>0), then we have from direct computations that

/|x\2|u,\(x)|2dx=/|x|2)\N+2|v()\x)\2dac=/|x|2|v|2dq:> M,

|Vu,\(:c)|2dx:)\4/\Vv|2dx and /|u>\(a:)|2dx:)\2/|v|2dm.

Therefore for A small enough, we have

A—
2B
||uA||L2(Vuxniﬁnmniz) =A||v||L2(A4W|%2+||xv||i2)

A1\
_ 2 p—1
<(%5%) T hlE-

According to the definition of S, we obtain that uy €S for A small enough. On the
other hand,

sl > [ loPhusf? = [ laflofdo > .
These prove that S is unbounded in X. ]
THEOREM 5.3. Let N >2, 0<a<min{N,4} and 2+ (2—a)/N <p<2*(a). Ifpo €S,
then the solutions p(z,t) of equations (1.2)—(1.3) exist globally in t €[0,400). More-
over for any t € (0,T) we have that

2(p—1)

2B A
ol 2= IV (B)72 + lzp)I72) < glwlz™
and
2N(p—2)+2a

R RO L S (5.1)

Proof. For any t€[0,T), applying Theorem 2.7 to ¢(t,2) and using the choice of
A and B, we obtain that

p(@)Ple(y)”

[ S by < o Wl 2196132 (52
RN xRN [z —y|

Denote a= [(|Vo|? + |z|?|¢0]?) >0. It is deduced from the energy identity and (5.2)

that
1 p P
[ (1wol s lapiol) =2y [ ST
D JRN xRN |z -yl

1 P P
PJryxry |z —y|

1 p p
corl[ e,
I N R T

C(p,a,N)

<a+ leolZZ Vel 72

C(p,a, N A
<a+ 2D pone ([P riaPiel)) . 63
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Let

C(p,o,N)

1/B\*
= ol =5 (5 ) Tl el

Np-2)+a«
2

2(0)= [ IV +1slot0)?).

0=A= >1 and
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Obviously ®(0) =a. At the same time, we define f(y)=a—y+by’. Then (5.2) implies

that
0<a—y+by’, where y=o(t).

Denote

=007, b="ty

Then b, < y.. By direct computation and the exact value of C(p,a, N) we have that

AR g
g = Slwl A ol
and
A-1 2(p—1) _ 2B
b*ZTIIwIIL?“ llpoll 2"~

Morcover, using [l 2 < V([ Vigo|[2a + [lz0][22) = V'(a), we know that

A—1 % p—1 A—1
foollr < (257) 7l o2

which implies that

- oA
a < ——=llwllz" lleol .2

because of 24 (2—a)/N <p<2*(a).

(5.4)

(5.5)

Now using (5.4), (5.5) and Lemma 5.1, we obtain that ®(¢) <y, for any ¢€[0,T").
It follows from [|¢[*= [|po|® that ||¢()]|% is bounded from above uniformly with
respect to t€[0,7). In other words, the solutions of equations (1.2)—(1.3) with g

satisfying (5.1) exist globally in ¢ € [0,+00).
Since ®(t) <y, for any ¢ €[0,T), we obtain that

2(p—1)

2B A -
leoll 22 (IVe@IIZ: +llzo®)72) < Flwl 2™

Next, for the solutions obtained in the above, we give an explicit upper bound on
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llo(®)||%. First we have that

Blgo) =E(0) =3 [ (9P laPloP)— 5 [ FEEIREDE 4,

1 C(p,a,N
> 5 [(90P +laflol?) - 22D o v
1 C(p,a, N A
>5 [ 19+ laplel?) - B opz ( [0vel +loPle?))
C(p,a,N)

— 5 [ (ToP+laPlol?) 1~ ol

A—1
( / <w|2+x|2|s02>) ]
1 AC( ,aN e
3 [(9e+1atoR) (1- 5 | (22222 o )

<[ [aver+iaPlep)) ] A)

Since ®(t) <y, we have that

AC(p,a,N —xT -1
((pp%n%?) ( / (|V<P|2+|ﬂc2ls02)> > 1

by using the exact value of C(p,a, N) obtained in Theorem 2.7. Therefore

[(W%ni@)"ll (/ (lV@|2+m|2|@|2)>1]1A<1

because of 2+ (2—a)/N <p< 2F=2. It follows that

[ (wepiapier) (1-3)

[ (19 1ol ) < 2EZDE i,

E(po) >

NJM—!

which yields that

Np—-2)+a-2
Therefore
2N(p—2)+2a 9
<————F .
oI < 177 255 3 g E00)+ ol
The proof is complete. 0

REMARK 5.4. By Lemma 5.2, we get that equations (1.2)—(1.3) possesses global
solutions for a large class of initial data whose norm can be as large as we want. On the
other hand, from the definition of V'(\) and Theorem 5.3 we know that V() — ||Jw|| 2
as p—2+(2—a)/N. So we obtain the sharp condition for global existence in the case
of initial data ||¢gl|r2 <|lw||r2, which coincides with Theorem 4.1. In the case of
critical nonlinearity p=24(2—«)/N, the condition (4.1) is sharp. However, we do
not know whether or not the condition (5.1) is sharp in the case of supercritical
nonlinearity 2+ (2—a)/N <p < 2*(«).
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Appendix. In this appendix, we outline the proof of Proposition 3.1 by using
similar arguments [20]. Consider the Schrédinger operator in RV,

A=—A+|z|?.

Let S(t) be the propagator of A and k(t,z,y) be its Schwartz kernel. It is known from
[20] that

_i \N/2 .
k(tw,y) = (27rsiznt> el{cost(\z|2+|y\2)—2m~y}/251nt.

Oh [20] proved the following proposition

ProPOSITION A.1 ([20]). For any ¢q>2 and 0<|t|<Ty, S(t) is a bounded
operator from LT to L1, 1/q+1/¢'=1, and the map t— S(t) is strongly continuous
to B(L?, L?). Moreover, for 0<|t| <Ty, we have

2m|t|\ N/a—N/2
2T ) (A1)

ISl < (7

1/2

where Cy = sup
z,y,[t|<To

DEFINITION A.2 (admissible pair). The pair (r, q) is admissible if 2/r=N(1/2—
1/q), 2<q<o0 for N=1, 2<qg<oo for N=2, and 2<q<2N/(N —2) for N >3.

sint

LEMMA A.3. Let (r,q) be any admissible pair.

(I) For any 0<T <Ty and ) € L*(RY), we have S(t)y € L"(—=T,T; L9), and there
ezists a constant C such that

1SEY| Lr(—1100) SCll]| L2 (A.2)

(II) For any 0<T <T, and ge L" (=T,T; LY (RN)), we have fOtS(t—T)g(T)dTE
L™ (=T,T; LYNC([-T,T); L?), and there exists a constant C such that

H/Ots(tT)g(T)dTHm <Ollgll o (g iy, (A.3)

—T,T;L9)

| /OtS(t—T>g<7')dTHC( (<Ol i (A.4)

[=T,T); L?
Proof. For any ¢ L*(RN) and fe L (=T,T; LY (R")), we obtain

‘/_z RNS(t)wf(t)dxdt‘z)/_i RszS(—t)f(t)dxdt)

<l [ st-oswa,. @s)

H/_TTS(—t)f(t)dt‘ i:/_TT . f(t,x)/_TTS’(t_T)f(T)dexdt
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<Wfller (—r,m; Loty (A.6)

T
| sa=nswir
T

L™ (—T,T;La)

By using equation (A.1) and Hardy-Littlewood-Sobolev inequality (see, e.g. [23, 117—
120]) we obtain

H/ St—71)f dT‘

<CH/ t—|N/a=N/2 . ‘
[ [t =] () o d

L(~T,T)

SC”JCHLT'(fT,T;Lq’)' (A7)

From equations (A.5)—(A.7) we have equation (A.2).
For any fe€ L™ (=T,T; LY (RY)), by using equation (A.2) and equation (A.7) we

obtain
‘/ /RN/ (t—7)g drf(t;z:dxdt’
:‘/O /RNg(T,z)[TS(T—t)f(t)dtdsz‘

T

S(t—m)f(r)dr|
-7

<lgllor —r.r;10)

L™(~T,T; L)
<Clgll o (~r,; Ly If N L~ Loty
t
| [ st=nawye] | . <Clallirrsn, (A8)
t 2 t
H/ S(t—7)g(r)dr :// g(r,2)S(1— t/S —9)g(T)dsdxdr
0 L2 RN
<Nl mlsa—o | sa- d
loll | S >/0 t=staas],

<C|g|

b
2
L2

t
S(t—7)g(r)d H <Cgllyor o s .
| [ st=na@ir] .. 0 <Clalle i)
(A.9)

<t—s>g<s>ds\

LY (-T,T; L")

This completes the proof of Lemma A.3. ]

Now applying Lemma A.3, we can prove the local existence of solution for equa-
tions (1.2)—(1.3) and obtain some conservation laws with @€ > . We consider the
integral equation associated to equation (1.2)

o(t) =S (t)go— i / S(t—7)F (o(r)dr, F()= w2 /R W 4 (a10)

N |z —yl®

For getting some conservation laws precise, we also consider regularized versions of
equation (A.10), as in [20, 15]

go(t):S(t)h*(ggao)—i/o S(t—T)h*{gF(h*cp(T))}dT, (A.11)
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where we let i belong to the Schwarz space and be an even function with ||hl/p: =1,
and g be a C*° cut-off function with compact support. From now on, we denote ¢ =
(g,h) for notational convenience. Let ¢ denote the Dirac delta function. If ¢ =(1,9),
then equation equation (A.11) is equivalent to equation equation (A.10).

Let

2N —a+2p—2
1 N N2>3
- = 1 ]5111;] 1 1 2N —« N=1.2 (A12)
P s\ oy tTmax s —on N () V=L

and 2/y=N(1/2—1/p). It is obvious that (v, p) is an admissible pair.

LEMMA A.4. Let 0<a<N, 2<p<2*(«a), and p be defined in equation (A.12). For
any 1€ H)(R"), we have

IE@) i, < CIRIE (A.13)

Proof. By using the Hélder inequality, we obtain

IF @, < Clela I 11 )™ e
+C I[P~ (D0 + 0y ) } |y~ Lo,

where

e 2p—2

,0+N

11 25 N-ay 1 N-a 1 1 p-1 N-
(1 O‘),—:ﬁ— o= T2 (A
QP N "¢ p  p N

By the Hardy-Littlewood-Sobolev inequality (see, e.g. [23, 117-120]), we obtain
L) s, < Ol 252 (A15)
From (A.12), we have

1.1 _1 1

—z—Z>-——.

ppx p N
By applying the Sobolev imbedding theorem and equation (A.15), we obtain equation
(A.13). a0

LEMMA A.5. Let 0<T<Tp, 0<a<N, 2<p<(2N—a)/(N—2), p be defined in
equation (A.12), and (v, p) be the admissible pair. For anyu,ve L (=T,T; H}(RY)),
we have

H /OtS(t—T)h*{gF(h*u) _QF(h*v)}dT‘

LV (~T,T; L*)
_ 2p—2 2p—2
<CT! 2p/v{||u||[,pw(,T’T;H‘l))+HUHLZ')Y(fT,T;H;)}”u_UHL”(—T,T;LP); (A.16)
t
_ 1-2p/~ 2p—1
H/OS(t T)h*{gF(h*u)}dT‘LW(_T7T;H5)§CT Wl e (ALD)
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where the constant C' is independent of p= (g, h).

Proof. By using equation (A.3), the Holder inequality, and the Sobolev imbedding
theorem, we have

H/ (t—7)h*{gF (h*u)— gF(h*U)}dT‘
< C|[F(hxu) = F(h#0)l| g2 7 11,
' / 2)y' 2)
<o [ {Iu )OI (@I + @I )Wl bl e
’ 1/9'
HlOIE 2 (el = o) £yl =2 e bt
: ' -2)y' 1/
<o Iw=o)ons (e + o2 i)
=T

— 2p—2 2p—2
< cTt QP/W{H“”LI;(_T’T;H;)‘F”U”LI;(_T,T;H;)}HU_U”LW(fT,T;LP)a

LY(=T,T;Lr)

where p.,q1 and go are defined in equation (A.14), constant C is independent of

¢p=(g,h).
From Lemmas A.3 and A.4, we obtain that

t
_ Ia <C|\|F 1
| [ st-rmstormmar] | <CIFG Crim,

T N
2p—1 _ —
<o gy a) " <o I

where the constant C' does not depend on ¢ = (g, h). d

LEMMA A.6. Let 0<a<N and 2<p<2*(a). For any po€ H*(RYN), there exists a
0<T=T(|lpollgr) <To and a unique solution ¢ of equations (A.11) and (A.12) such
that o € C([=T,T]; H'(R"))NLY(=T,T; H}(RN)), where T does not depend on ¢, p
is defined in equation (A.12), and (v, p) is admissible pair.

Proof. Let constants T'>0 and Ry >0 be selected later, and
E=E(T,Ro)={¢le € L"(~T,T; Hy(R")), [l¢ll . (~7,7; Hi(rY)) < Ro}.
Note that E is never empty by Lemma A.3. Endowed with the metric
dist(u, v)=|lu—vll s (-1, L0),
E is a complete metric space. Indeed, since LV (—T,T; H ; (RN)) is reflexive, the closed

ball of radius Ry is weakly compact. We wish to find conditions on 7" and Ry such
that the map M : ¢ — M given by

M¢:S(t)h*(ggpo)—i/o S(t—71)hx{gF(h*p(r))}dr and

Fy=olor [P

yl®
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is a strict contraction on E. For any ¢ € F/, from Lem. A.3 and A.5 we have

— 2p—1
1Ml (1 11 (mvy) < Cllollan +COT? 2’7/”||¢|IL}1(,T,T;H;(RN)),

where the constant C' is independent of ¢ = (g, h). Let us take Ry =2C||¢o]| g:. Note
that 1 —2p/v>0. Thus there exists 7> 0, which does not depend on ¢= (g, h), such
that for any ¢ € F we have

CT172p/A{”W”i€JiT’T; HL(RN)) < R0/2

This implies that M : E— E. For any u, v € E, it follows from Lemma A.5 that

[Mu— Moz~ (—71; L0)

— 2p—2 2p—2
<CT 2Pl 2 sy + 10U oy Hlu = vl o e o,

where the constant C' is independent of ¢ = (g, h). Then there exists 0<T =T (0| g1),
which does not depend on ¢= (g, h), such that

1
[Mu— Mol (—1.7; 10y < §HU_U||LW(7T,T;LP)-
So M : E— FE is strictly contractive. There exists a unique fixed point p € E. From
Lemma A.3, o € C([-T,T); H*(RY)). Lemma A.6 is proved. o

LEMMA A.7. Let 0<a<N, 2<p<2*(a), po€Y., and p € C([-T,T); H(RN)) be
the solution of equation (A.12). Then @€ C([-T,T);> ) and for all te[-T,T], ¢
satisfies the equalities

[ Jetwrar= [ ek (A1)

E(p(t)) = E(go)- (A.19)

Proof. Following the proof of Theorem 4.7 in [20], we can prove this lemma. O

Proof of Proposition 3.1.
Proof. Applying Lemma A.6 and Lemma A.7, we obtain Proposition 3.1. 0

Acknowledgement. The authors greatly appreciate the unknown referees for their
valuable comments and suggestions.

REFERENCES

[1] G. Baym and C.J. Pethick, Ground state properties of magnetically trapped Bose-
condensed rubidium gas, Phys. Rev. Lett., 76, 6-9, 1996.

[2] P. Bégout, Necessary conditions and sufficient conditions for global existence in the
nonlinear Schrodinger equation, Adv. Math. Sci. Appl., 12, 817-829, 2002.

[3] H.J. Brascamp, E.H. Lieb and J.M. Luttinger, A general rearrangment inequality for
multiple integrals, J. Funct. Anal., 17, 227-237, 1974.

[4] A. Burchard and Y. Guo, Compactness via symmetriztion, J. Funct. Anal., 214, 40-73,
2004.



570 SHARP CONSTANT AND ITS APPLICATIONS

[5] L. Caffarelli, R. Kohn and L. Nirenberg, First order interpolation inequalities with
weights, Compositio Math., 53, 259-275, 1984.

[6] Y. Cao, Z.H. Musslimani and E.S. Titi, Nonlinear Schrodinger -Helmholtz equation as
numerical regularization of the nonlinear Schrodinger equation, Nonlinearity, 21,
879-898, 2008.

[7] T. Cazenave, An Introduction to Nonlinear Schrodinger Equations, Textos de Metodos
Matematicos, Rio de Janeiro, 22, 1989.

[8] G. Chen and J. Zhang, Remarks on global esistence for the supercritical nonlinear
Schrédinger equation with a harmonic potential, J. Math. Anal. Appl., 320, 591-598,
2006.

[9] J. Chen and B. Guo, Strong instability of standing waves for a nonlocal Schrédinger
equation, Phys. D, 227, 142-148, 2007.

[10] B. Deconinck and J.N. Kutz, Singular instability of exact stationary solutions of the
nonlocal Gross-Pitaevskii, e-print cond-mat/0208441.

[11] R. Fukuizumi, Stability and instability of standing waves for the nonlinear Schrédinger
equation with harmonic potential, Discrete Contin. Dyn. Syst., 7, 525-544, 2001.

[12] D. Fujiwara, A construction of the fundamental solution for the Schrédinger equation,
J. Analyse Math., 35, 41-96, 1979.

[13] D. Fujiwara, Remarks on convergence of the Feynmam path integrals, Duke Math. J.,
47, 559-600, 1980.

[14] J.J. Garcia-Ripoll, V.V. Konotop, B. Malomed and V.M. Perez-Garcia, A quasi-local
Gross-Pitaevskii for Bose-FEinstein condensates, Math. Compt. Simulation, 62, 21—
30, 2003.

[15] J. Ginibre and G. Velo, On a class of nonlinear Schrédinger equation, I: the Cauchy
problem, J. Funct. Anal., 32, 1-32, 1979.

[16] R.T. Glassey, On the blowing-up of solutions to the Cauchy problem for the nonlinear
Schrédinger equation, J. Math. Phys., 18, 1794-1797, 1977.

[17] Y.S. Kivshar, T.J. Alexander and S.K. Turitsyn, Nonlinear modes of a macroscopic
quantum oscillator, Phys. Lett. A, 278, 225-230, 2001.

[18] M. Kurth, On the existence of infinitely many modes of a nonlocal nonlinear Schrédinger
equation related to Dispersion-Managed solitons, SIAM J. Math. Anal., 36, 967-985,
2004.

[19] E.H. Lieb and M. Loss, Analysis, AMS Graduate studies in Mathematics, 2nd Edition,
Providence AMS, 13, 2001.

[20] Y.G. Oh, Cauchy problem and Ehrenfest’s law of nonlinear Schrédinger equations with
potentials, J. Diff. Equ., 81, 255274, 1989.

[21] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vols. 11, IV, Elsevier
(Singapore) Pte Ltd., 2003.

[22] H.A. Rose and M.I. Weinstein, On the bound states of the nonlinear Schrédinger equa-
tion with linear potential, Phys. D., 30, 207-218, 1988.

[23] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton
University Press, 1970.

[24] M.I. Weinstein, Nonlinear Schrodinger equations and sharp interpolation estimates,
Commun. Math. Phys., 87, 567-576, 1983.

[25] J. Zhang, Stability of attractive Bose-Einstein condensates, J. Stat. Phys., 102, 731-746,
2000.



