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UNIQUENESS OF WEAK SOLUTIONS TO A MODEL OF
ELECTRO-KINETIC FLUID*

JISHAN FANT AND HONGJUN GAOf

Abstract. In this paper we prove the uniqueness of weak solutions to a model of electro-kinetic
fluid which consists of a momentum equation together with transport equations of charges. Our result
is new in that it holds even when the momentum vanishes. The existence of weak solutions has been
proved in [P.Biler, W. Hebisch and T. Nadzieja, Nonlinear Anal. TMA, 23, 1189-1209, 1994], [R.
Ryham, C. Liu and Z-Q. Wang, Preprint, 2005], [R. Ryham, arXiv: 0810.2064 v1 (math.AP) 12, Oct
2008].
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1. Introduction
The equations governing the hydrodynamic transport of binary diffuse charge
densities are [1, 2, 3],

ut+u-Vu+Vr—Au=eApVo, (1.1)
divu =0, (1.2)
ni+u-Vn=V-(Vn—nVy), (1.3)
pet+u-Vp=V-(Vp+pVo), (1.4)
eAp=n—p, in Qr:=(0,T)xQ (1.5),

with boundary and initial conditions

u|89:07 (16)
(Vn=nVe)-vjsga=(Vp+pVe) vloga=Ve vlan=0, (L.7)
(u7n7p)|t:0 = (UOan07p0)7 div Uo :Oy in Q. (18)

Here Q CR%(d=2,3) is a bounded domain with smooth boundary 99, v is the unit
outward normal to 9f.

The first equation (1.1) is the linear momentum equation of incompressible flow,
and (1.1) and (1.2) are Navier-Stokes equation with the Lorentz force eApVp. u is
the velocity field and 7 is the pressure.

Equations (1.3), (1.4), and (1.5) are known as the electro-chemical equations [4,
5] or semiconductor equations [6, 7, 8, 9], and electrorheological systems [2, 3, 10,
11, 12] when formally setting u=0. Here, n and p are the charge densities of a
negatively and positively charged species, respectively, hence the sign difference in
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412 UNIQUENESS OF ELECTRO-KINETIC FLUID

front of the convective term in either equations, ¢ is the electrostatic potential, and
€ is a small parameter, known as the Debye length, related to vacuum permittivity
and characteristic charge density.

Very recently, Ryham, Liu and Wang [13] studied the system (1.1)—(1.8) and
proved the global existence of weak solutions when ug € L?(2) and ng,po € L?(2) and
studied the qualitative properties of solutions to the corresponding 1-d stationary
problem with the Dirichlet boundary condition as € goes to zero in [14].

Kurokiba and Ogawa [6] considered the semiconductor device equation (1.3), (1.4)
and (1.5) when formally setting u=0 and Q=R%(d>2) and proved the existence

d
and uniqueness of weak solutions with LP initial data (ng,po) when pzi(dzél),

d 4
p> §(d:3), and p > g(d:Z).

Note that the system (1.1)—(1.5) holds its form under the scaling (u,7,n,p,¢) —
(U,\,m,n/\,l)msﬁx) = ()\u()\zt,)\:c),)\27r()\2t,)\x),)\Qn()\zt,)\x),)\Qp()\zt,/\:r),gp()\2t,)\x)).

2
Under this scaling, the space L?(0,T;LP) is invariant for u when ] +—=1 and the
p

2 d
space LY(0,T;LP) is invariant for (n,p) when ng — =2. Furthermore, L? for uy and
p

L2 for (ng,po) are invariant spaces under this scaling.
The aim of this paper is to study the uniqueness of weak solutions in critical
spaces. We will prove the following results.

THEOREM 1.1. Let (ng,po) € LlogL,ug € L?,n9,po >0 in QCR? and /godsz.
Then there exists a unique weak solution (u,n,p,p) to the problem (1.1)5;1,8) sat-
isfying

(n,p) € L=(0,T; LlogL) N L*(Q7) N L*3(0,T;Wh5), np>0 in Qr,

(ne,pe) € LY3(0,T; (WH4)*),

©e L>(0,T;H)NL*(0,T; H?), VeelL*Qr), (1.9)

uwe Va(Qr):=L>(0,T;L*)NL*(0,T; H') C L*(Q7),

up € LY3(0,T; HY).

REMARK 1.2. We point out that the existence part of Theorem 1.1 is a slight modifi-
cation of the Theorem 1 in Ryham [15], where the author considered the same system,
but with the following boundary condition:

u=0, (Vn—nVe) - v=(Vp+pVp) v=9=0 on JQ.

Here v is the unit outward normal to the boundary 992. However, our method could
not be generalized to this case.
THEOREM 1.3. Let (ng,po) e L3? uge L?,ng,po >0 in QCR3 and / pdz=0.

Q
Assume further that

2 3
we L(0,T;L9>®(Q)) with StgTh 8<asee (1.10)

Here LP>°(Q)=LE (Q) denotes the standard Lorentz space [16]. Then there exists a

w
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unique weak solution (u,n,p,p) to the problem (1.1)-(1.8) satisfying

(ni,p1) €Va(Qr)CL#(Qr),  mp=0 in Qr,

(n,p) € L>=(0,T;L3/?)NL52(Qr)N L3 (0, T;W5/3)n L4(0,T; L?),
(ne,pe) € LP/3(0,T; (W3)*),

© € L®(0,T;W23/2)NL5/2(0,T; W>5/2),

Ve L®(0,T; L3N LY?(0,T;L'%),

w€Vo(Qr), us€L?(0,T;(WH3)*).

(1.11)

REMARK 1.4. Our result is new for equations (1.3), (1.4) and (1.5) when formally
setting ©=0, and hence (1.10) holds. When (1.10) holds, S. Dubois [17] proved the
uniqueness of weak solutions to the Navier-Stokes Equations (1.1), (1.2) when ¢ =0.

REMARK 1.5. The existence part of Theorem 1.3 can be proved by the Galerkin
method and thus we omit the details here. We only need to derive the estimates (1.9)
and (1.11) and prove the uniqueness.

Our proof will be be based on carefully using the low regularity estimates by
introducing two auxiliary functions N and P (see (2.10) and (2.11)).
Let p€[0,+0c] and g €[0,+00]. We define the Lorentz space
LP9(Q)) = {f : QHR,measureable’ 1 fllLea < +oo},

where

Q=

q 400 % % qﬂ
o= d (B (B 0) ) g roe
Supt>0 tipf* (t)7 q= —+00.

Here

f7(t) :=inf {s > 0|Af(s) <t},
Af(t) :==mes{|f| > s}.

It is well known that
ILPP =[P,
We will use the following generalized Holder inequality [16]:

1fgllzra <Cl|fllrvallgllLre o, (L.12)

ap l_ 1,1 11,1 : : con-
with 5= pr T s and = n T We will also use the following notation:

LLogL(Q)=1{/] / |Fllog(e+| fl)dz < +o0}.
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2. Proofs of Theorem 1.1
First, we recall a technical lemma due to D. Chae [18].

LEMMA 2.1 (18, Lem. 2.1)).  For any bounded domain Q CR? with a smooth
boundary we have a continuous imbedding

LlogL(Q) — (H*(Q))*. (2.1)

LEMMA 2.2. n,p>0 in Qr, and

T
/nlogn+plogpdx+4/ /(V\/ﬁ)2+(v\/ﬁ)2dxdt
Q o Jo

T (2.2)
+5/ /(A@)dedt:/nologno + pologpodz,
0o Ja Q

Ve L(0,T;L?). (2.3)

Proof. By the maximum principle, it is easy to prove that n>0 and p>0 in

Qr.

Testing (1.3) by 1+logn and testing (1.4) by 1+logp respectively, and using the

divergence free property, summing up the resulting equality, we easily get (2.2).
Testing (1.5) by ¢, we see that

S - / (n—p)pde < In—pllazs - ol o

<Cln=pllrLogrllellar  (by (2.1))

<ClVelle:.
Here, we used the Poincaré inequality
o= [ ez <CIVe] (2.4
and the assumption / pdx=0.
Q
This proves (2.3). |
LEMMA 2.3.
ue Vo(Qr) C LY(Qr). (2.5)

Proof.  Testing (1.1) by u and taking into account the divergence-free property,
we find that
1d 9 9
—— [ uwidz+ [ |Vu|*dz=¢c | ApVp-udz
<elAgllL2(IVell s llull s
<elApllZ: +el Vel ullis
<el|Aplliz +Cel| Vol Lallull 2| Vull 2

1
<5 IVullZ: +ellAglli: +Cel| Vel LalullZ:,
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and by the Gagliardo-Nirenberg inequality

[vl1Zs < Cllvll 2]Vl 22, for any v € Hy (). (2.6)

Gronwall’s inequality gives (2.5). |
LEMMA 2.4.

(n,p) € L*(Qr)NLY*(0,T;WH4/3), (2.7)

(ne,pe) € LY2(0,T5(WHH)"), (2.8)

up e LY3(0,T; HY). (2.9)

Proof. By the parabolic Sobolev imbedding theorem V2(Q7)C L*(Q7), it is
easy to obtain (n,p) € L*(Qr). Since Vn=2Vy/n-v/n,Vy/neL*(Qr),/n< L*(Qr),
we easily infer that Vn € L*3(Qr) by the Holder inequality.

This proves (2.7) by a similar calculations for p.

It is standard to prove (2.8) and (2.9) and thus we omit the details here. o

Now we are in a position to prove the uniqueness. Let (u;,7;,n;,pi,p:)(i=1,2)
be two weak solutions to the problem (1.1)—(1.8). Also let us denote
UI=Up— U2, TI=T1—T2, NI=N]1—N2, P:=p1—pP2, Y:=Q1—P2.

Now we can define N and P satisfying the following equations

Ndz =0,

Q

—AN=n in Q, (2.10)
oN
v |yq

/de 0,

—AP p in Q, (2.11)

and

81/ 20
From (1.5), (2.10), and (2.11), we know that
cp=—N+P. (2.12)
It is easy to infer that
g+ V- (uyn+uny) =An—V-(nVp1 +nsVe).
Testing this equation by N, we obtain

th/ |VN| da:—i—/ |AN|2dx—/anol VN +noVep-VN+uyn-VN
“+unsg - -VNdx =: Il+12—|-[3+14

(2.13)
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Each term I;(:=1,2,3,4) can be bounded as follows.
L AN 9N Vel
<0||AN||3/2||VN||L2||w1||L4 (by(2.6))
< §||AN||L2J'_OHv‘leL‘leNHL?’

I <|Ina|| 2|V La [ VN L4
<ClnzllLz (IVNlLa + VP L) [VN s (by (2.12))
<Clnallz2 (IVNZa +IIVPII74)
<C||n2||L2||VN||L2||AN||L2 +C||n2HL2HVP||L2||AP”L2

*||AN||L2+C||n2HL2||VNHL2+ HAPHL2+C||n2||L2HVP||L2’

I3 <|luy || 4[| AN 2 [[ VN[ 4
<Ollur |+ |ANIZIVN]Z  (by(2.6))
< SIAN|Z + Cllun [ 9N,

Ly <|[na|| p2|ull 4[| VN ||

<2l [V NIZs +lna e fluls
<Clnzll L2 [VNl L2 [AN] 22 + Cling | 2wl L2 [ Vul| 22

1 1
< ZIANIZ+ S IVullZe +Cline |12 [ VNI Z2 + Clina 2z flullZ-
Substituting these estimates into (2.13), we find that

1d o1 ,

SC(||V<P1||4 +n2ll2s + llua s )llVNII2 (2.14)

*IIAPIILz+C||n2||Lz||VPIILz+ IIVUIILz+C||n2||LzIIUHL2

Similarly for the p-equation, we obtain

P AP
2dt/w Pdz+ L /\ 2da

< C(IVerliza+lIp2ll7e +llusllz) VP22 (2.15)
+SIANIZ: +ClpalBal TN + 5[ Fuls +Clalls el
It is easy to find that u satisfies
ur+ur-Vutu-Vus +Vr=Au+eApVer +eApaVip.

Testing this equation by u and using the divergence-free property, we obtain

1
Ld u2dx+/ |Vu|?dz = /EAng(pl~u+5A<p2V<p-u—(u-V)U2-udx

= J1+Jo+J3,

(2.16)
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Each term J;(i=1,2,3) can be bounded as follows.

Ji< €HA<P||L2 IIV% [l s
*IIANIILNL IIAPIILz+C||V901||L4IIUIIL4

*IIANIIL2+ IIAPIIL2+ IIVUIILz+C||V<P1||L4IIUHL2 (by (2.6))

T2 <) Apal Vil
<elApalloz (IV NIl +[VP] o)llullze (by (2.12)
<ell8pal (VNI IV Pl +<l gal ol

*IIANIILH IIAPIIL2+ IIVuIILz

+CIIA<P2IIL2(IIVNIIL2 + ||VPHL2 +lullZ2),
I3 < [Jull 74|Vl 2 < Cllull 2 [ Vul| 22| Vs |2

1
< < IVullfe +ClVuz |2 [[ul7.

Inserting the above estimate into (2.16), we arrive at

1d
2t ), g /|w dr < AN + 4 ||AP||L2

2.17
+O(\|w1||L4+||Asoz||Lz+HVuz||L2) ull2 (2.17)

+CllAge| 2. (VN7 + IV PZ2) -

Adding up (2.14), (2.15), and (2.17) we conclude that
d
%/ |VN|2+\VP|2+|u|2da:§C(t)/ VN2 +|VP[2+ [uffde
Q Q

with some C(t) € L'(0,T"). Gronwall’s inequality gives N =0= P =wu and thus n=p=
0=, which completes the proof. ]

3. Proof of Theorem 1.2
First, we derive the estimates (1.11).

LEMMA 3.1.
/n2 +p2dx+4/ / Vn4 )dedt
(3.1)
/ / n—p) n?—pg)dxdt—/no +podx
Q
(n,p) €L>®(0,T;L3)NL3 (Qr)NL3(0,T;W'3/3nL*(0,T;L?). (3.2)

Proof.  Testing (1.3), (1.4) by y/n,/p, respectively, using the divergence-free
property, and summing up the resulting equation, we obtain (3.1).
From (3.1), it follows easily that

(n?,p1) €Va(Qr)C L% (Qr)
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and thus
(n,p) € L®(0,T;L*)NLE (Qr).

4
On the other hand, vnzg(vn%)-n%,vn% € L2(Qr),n7 € L'°(Qr), thus Vne

L3(Qr) by the Hlder’s inequality.
By the interpolation inequality

3 5
Inllze < liall ¥y Il

we obtain
ne L*0,T;L%).
This proves (3.2). ad
LEMMA 3.2.
e L0, T;W>2)NL32(0,T;W2%/2)n L*(0,T; H?), (3.3)
©e L0, T;Wh3) N LY/2(0,T;Wh15). (3.4)

Proof. By the standard regularity theory of elliptic second order equations and
(3.2), we easily obtain (3.3) and (3.4) follows from the Sobolev embedding theorem

W23 cWh3 and W23 c WhHi1s, 0
LEMMA 3.3.

ueVa(Qr) C L' (Qr), (3.5)

ur € L2(0,T;(Wh)),  (ne,pe) € L3(0,T;(WH3)*). (3.6)

Proof.  Testing (1.1) by uw and using (1.2), we see that

lg/u2dx—|—/ \Vu|2dm:/EAg0Vgp-udx

<el|AgllL2(IVel Lo flull s
1
<CllelzelIVulle < 5 IVulliz +Cllele:
Using (3.3) and Gronwall’s inequality, we obtain (3.5).
The proof of (3.6) is standard and thus we omit the details here. 0

Now we are in a position to prove the uniqueness. We still use the same notation
as in section 2, and similarly we get (2.13). But each term I;(i=1,2,3,4) can be
bounded as follows

I < [AN| 2 [IVN]| 30 [[Ver ]| pos
6 4
< CIAN| VNI 22 Vel Lo

1 5
< SIANIZ +CIV @il s IV,
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and by the Gagliardo-Nirenberg inequality

4 1
IVN] 5 <CIVNIL AN E.. (3.7)

Ir <[Ine| L2 [[Vell o[ VN || s < Clinz|[ 2 (|AN] 2 + AP 2) [VN|[ 15
<Clnzllz2 (IAN 2 + AP 2) [VN 72 [[AN]| 72
1 1
< SIANIE: + S APIE: +Clinall VN3,
and by the Gagliardo-Nirenberg inequality
IVN|[Z2 <CIVN]| 2 [AN]| 2. (3.8)
L < Cllur||pa=|[AN|| L2 [ VNI 20, , (by(1.12))
1+;

<CHu1IILwHANIILz IIVNIILz
§gHAN”L2+C”u1”L4°0||VN||L27

and by the Gagliardo-Nivenberg inequality ([16])

IVNI | 2, <C||VN||L2Q||AN”L27 q>3. (3.9)

1 1
f4<||n2HLZIIUI|L6HVN||L3<CI|ﬂ2HL2||VU||L2||VN||22||ANH22 (by(3-8))
*IIVUIIL2+ IIANlle+C||n2HL2IIVNHL2

Inserting the above estimates into (2.13), we get

N AN
331 | [VNPdo+ 5 [ [ANPda

(3.10)
5/2 1 1
< 0 (IFoIE +Imalls+ o | 5% ) 1DV T3 + 1 AP + 5 Vul
Similarly for the p-equation, we obtain
14 [ |VPPPdz+1 [,|AP?dx
(3.11)

5/2 1 1
< O IV 2+ Il + | % ) 1N+ IANTR: + 90l

As in section 2, we have (2.16).
Each term J;(i=1,2,3) can be bounded as follows:

J1 <el[Ver|nsl|Aglp2(lull s
4 1
<C[IVerllps (JAN] L2 + [|AP] L) [[ull L= [[Vull 2 (by(3.7))

1 1 1 5/2
< SIANIZ: + S IAPIR. + 5[ VullZa +Cl Vi |32 ful 2,
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Jo <el|Apa| 2 [Vl Lo [[ull Lo
1 1
<Clnz+pellz2 ([AN 2 +[| AP 2) [lull 22 I Vull Z2 - (by(3.8))

1 1 1
< SIAN |+ SIAPI: + £l Val3a +Clina +pallalulz,
Jy= / (V) de < Clluall o [Vl 2l 20,2 (by(1.12)
Q =2

1+3 1-3
< Cllugllzes[Vullpz “lull 2 * (by(3.9))
2

1 e
< S IVullie +Clluz| fa % ullZe.
Substituting the above estimates into (2.16), we obtain

4 [uldr+2 [, |Vul?de

1

2
5/2 20 3.12
sinmw%2+i||AP||iz+c(||wlnLﬁ5+|n2+p2||12+||u2|m,;)||u||i2- (3:12)

Adding up (3.10), (3.11), and (3.12), we arrive at
d
%/ |VN|2+\VP|2+|u|2da:§C(t)/ VNP4 [VPP + ul2de
Q Q

with some C(t)€ L'(0,T). Gronwall’s inequality gives N=P=0,u=0 and hence
n=p=¢=0, which proves u; =ug,n1 =ng,p1 =p2,1 = 2.
The proof is completed.
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