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DOMAIN DECOMPOSITION ALGORITHM FOR THE PARABOLIC
EQUATION WITH VARIABLE COEFFICIENT *

ZHIQIANG SHENG , XINGPING LIU ¥, AND XIA CUI §

Abstract. In this paper, we design a domain decomposition algorithm for the two-dimensional
parabolic equation with variable coefficient by using a larger spacing at interface points and the
implicit scheme at the interior points, hence get an algorithm with the relaxed stability bounds.
Then we prove the stability and analyze the accuracy of the algorithm by using the idea of maximum
principle. Some results of numerical experiments are also provided.
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1. Introduction

Domain decomposition is a powerful tool for devising parallel PDE methods.
There is rich literature on domain decomposition methods. [1] has developed the
finite difference domain decomposition algorithm for the linear parabolic equation
by using the larger spacing H =mh(m is a positive integer) in the explicit scheme
at the interface points. The algorithm increases the stability bound of the classi-
cal explicit scheme by m? times. [2] has developed some techniques for the linear
parabolic equation by using smaller time step At=At/m in Saul’yev schemes at the
interface points. The algorithm designed with the technique can increase the sta-
bility bound of the classical explicit scheme by 2m times. The algorithm in [3] can
increase the stability bound of the classical explicit scheme by 2m? times for the lin-
ear parabolic equation, using the larger spacing in the x-direction implicit scheme
and the y-direction implicit scheme at the interface points. The parallel efficiency is
not very high, because the algorithm needs the global communication while solving
the tridiagonal linear algebraic equations. [4] has proposed a parallel finite difference
method for parabolic PDEs, using either a high-order explicit scheme or a multistep
explicit scheme with an intermediate mesh size H lying inside (h, Hp) at the interface
points. There are some other algorithms, see [5,6,7,8,9] for related discussions.

However, much of the work has been directed at the linear parabolic equation,
and the proof technique is a constructive method, which is unfit for the parabolic
equation with variable a coefficient. In this paper, we design a domain decomposition
algorithm which can increase the stability bound of the classical explicit scheme by
4m? times for the parabolic equation with a variable coefficient, and prove the stability
and analyze the accuracy of the algorithm by using the idea of maximum principle.

The framework of the paper is as follows. In the next section, a domain decompo-
sition algorithm for the parabolic equation with a variable coeflicient is constructed.
We use a larger spacing at interface points and the implicit scheme at the interior
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points, hence we get an algorithm with the relaxed stability bounds. Then the approx-
imation property is displayed. In section 3, first some Lemmas are provided, then we
prove that the algorithm is stable in the sense of L> and analyze the accuracy of the
algorithm by these Lemmas. In the last section, we provide some results of numerical
experiments and examine numerically the stability, accuracy and parallelism of the
algorithm on a certain test problem.

2. Domain decomposition algorithm
In this paper, we consider the two-dimensional parabolic equation with variable
coefficient:

ut:a(xvyat)uw$+b(xayvt)uyy7 (.I,y)GQ, te [07T]
u(z,y,t) =0, (z,y) €0, te[0,T]
u(z,y,0) =uo(z,y), (z,9) €9, (2.1)

where Q=(0,1) x (0,1); ug is a known function. a is a continuous function and b is a
continuous function in 2, 0<d; <a=a(z,y,t) <K; <oo, 0<de <b=b(z,y,t) < K> <
00.

Divide interval [0,T] and [0,1], [0,1] into N and J, J equal small intervals respec-
tively. Denote 7=T/N, t,=nt, h=1/J, x;=1ih, y;=jh, r=7/h* For a function
¢(z,y,t) defined at mesh points (7,y;,tn), let ¢ =d(z4,y;,tn)-

It’s well known that there are several discrete schemes for the parabolic equation
the explicit scheme:

7l+1 . n n n n n n n n n n n
ul = agrugyy g tagrugg a0y g+ (1- Qaijr—Qbijr)uij,(ZQ)

the implicit scheme:

_anJrl n+1 n+1 n+1 —b%JrlT‘unJrl _b;zj+17,,un+l

ij TWip1,5 Qg5 TUy i,5+1 i,5—1

i—1,j
1 1 1
—|—(1—|—2a%+ r+2b?j+ 7”)u%+ =ug,

(2.3)
the x-direction implicit scheme:
—a%“ru?jll’j +(1+ 2a%+1r)ufj+1 — a?jﬂru?ff’j
= (1=2b7r)ugy +b7ruf ;g +brul g, (2.4)

K2

and the y-direction implicit scheme:
fb%HruZﬁl +(1+ QbZHr)u?jH — b%“ru?j_ll
=(1=2a;r)uy; +airuly, ;+airu g . (2.5)
Their truncation errors are O(7+h?).
In another paper we have gotten a new difference scheme for the linear parabolic
equation, e.g.

n __ [,2,n—1 n—1 n—1 2, n—1 2, n—1
ugs =|[r “i+2,j+T(1_7")ui+1,j +T(1_T)ui—1,j+r U9 ; TT7U; 510

J
(L)l 4 (=l el (L)1 30).

For the same reason, we can get a new difference scheme for the parabolic equation
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with variable coefficient as follows:

el _ (ajr)Qu jtad, 7"(1 a]r)ul 1,; Tai; r(l—al 7") ZHJ—I—(aJT)Qu?HJ
K 1+3afr

+(b;‘jr) o+, r(l1— by} rul ,1+b§’jr(1—b?jr)uﬁj+1—I—(b?jr)zuzjﬁ
1+3b?jr

1—|—a?jr 1+b?jr

+[1—|—3a%r + 1—|—3b?jr

—1Jul. (2.6)

)

By Taylor’s expansion at (4,7,n) for the solution u;'; of ut = augy +buyy, the truncation
error for (2.6) is

O(1+h?),

which is the same as the accuracy of the fully implicit scheme.
Next we design a domain decomposition algorithm.
Define the following operators:

1+a5R  1+b}R
1+3al, R 1430 R
(nR) Ui 2mj+a R(l_ nR) Uy mj+anR(1 anR)

L1’U,n+1 _,nt+l [

i Ui —1ug,

ij

z.l,-m] (a R)2 :,LL-‘l-Qm,j

1+3ain
B (b?jR)Quﬁj72m —I—b?jR(l —b%R)qufm —|—b?jR(1 —b%R)u?’jﬂn + (b?jR)Qu?’j+2m
14304 R ’
(2.7)
gl ntl 1+al.R 1+b%R
L4uij+2:uij+2_[ i i ]“:Lg_

14+3a;R1 | 1+3b)R;
( Rl) 1 2mj+asz1(1 a; Rl) Uy mj+asz1(1 a; Rl) z+m] (Q%R1)2u?+2m,j

1+3(J,ZR1
_(b?le)Quﬁijm—!—b R1(1 b Rl) Ug i m—l—b?le(l—bz—Lle)uﬁjer—F(b%R1)2qu+2m
1—&-3()%]%1 ’
(2.8)
n+1__ n+1 n+1 n+1 n+1 n+1 n+1 ”+% n+sg
Loul;™ = —al" muily + (1"‘2“13' 7’1)Uij —a; gl (1—2bij Rl)u”
nt3i nt+i n+i n+1i
_bi' Rlui j+m_bi' Rluijfm, (29)
ntl __ n+1 n+1 n+1 n+1 n+1 n+1 n+1 ’ﬂ+
Lau; =bi g o A (L2075 w0 iy — (1= 24y, 2 Ry, ?
n+ n+ n+ n+
—ai 2R1“i+n§j_az" QRlu'L—niﬁ (2.10)
n+3 n+3 n+y  ntg  ontg
Lsug; * =—ay; 2r1uz+1j+(1—|—2a rl)u P —ay; 2r1ul i (1 =207 Ry )uy;
-b Rlu”er by Ry (2.11)
nty __gnts "+2 n+s3 ntg n+3 n n
Leu;; > =—b;; T1U1J+1+(1+2b )uij —b,; Tlui7j_1f(1—2ain1)u”
—ap Ryug'y s —ai Riud (2.12)
n+1l __ n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
Syt ==t T —aggn Ty = by i1~ by T+
n+1 n+1 n+1 n
(1420 r+ 2077 r)uls™ —ugl, (2.13)
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where r1 =r/2, R=7/H? Ri=R/2=71/(2H?), H=mbh.
One has the truncation error

L™ =0(r+ H?),

- (
ij
Lku%—i_l :O(’T1 +H2) (k:2,3),
Lyuj; * =0(m + H?) (k=4,5,6),
(

where 7 =7/2.
The domain decomposition algorithm is as follows:
Algorithm:
+1_, ntl
UZ; = u?]

LlU,?j'H =0, at inter face points (zy,y;,t" ) (2m<j < J—2m),
LU =0, at inter face points (x;,y;,t" 1) (2m <i < J —2m),

K2

1
LyU[;" =0,i€ Pyand j € Py, or j € Prand i € P;,

,at boundary points,

LU =0,0<i<2m or J—2m<i<J, and j€ Py,

LU/ 2 =0,0<j<2m or J—2m<j<J, and i€ Py,

LQU,Z;+1 =0, at inter face points (zi,y,t" ) (0<i<2m or J—2m<i<.J),

Lg,U,?j+1 =0, at inter face points (zy,y;,t" ) (0<j<2m or J—2m<j<.J),

SUZ-’}Jrl =0, at interior points (mi,yj7t"+1)(i7ék,j7él), (2.14)
where Py ={2m,J —2m}, P,={l—m,l,l+m}, Ps={k—m,k,k+m}.

Figure 1 and 2 illustrate the various regions that used different operators (J =
14m=2k=1="7).
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Our algorithm and the ones in [1,2,3] all use the classical implicit scheme at the
interior points, the difference lying in the scheme used at the interface points. The
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stability bounds of algorithms relax m? in [1], 2m in [2] and 2m? in [3] respectively.
Our algorithm can relax the stability bound to a further extent (4m?) by combining
the larger spacing with the smaller time step.

We can show the algorithm has a feasible accuracy.

THEOREM 2.1. For the numerical solution U"‘H of the algorithm and the real solution

n+1

u;; - of (1), if the following conditions are satzsﬁed e.g.

1—-aR>0 and 1-bR>0,
then Algorithm is stable and

lle" Moo < le°]loc + C(r+ H?),

H_pyntt 7unj+1’ C' is a positive constant independent of T and H.

where e ;

It is obvious that our algorithm can increase the stability bound of the classical
explicit scheme by 4m? times. The accuracy of the classical implicit scheme is O(7+
h?), but 7 is generally greater than h? in the practical computation, hence we can use
an appropriate H instead of h without reducing the accuracy. The accuracy of the
algorithm in [1] is max;;, |Uf5 —uf| <C(1+h?+ H?), and the stability condition is
T/H? <1/2. If we take 7= H2/2 then the accuracy of algorithm in [1] is max; ; , |U; —
uj;| <C"H?, and the accuracy of our algorithm is |le"*!]|o <|[[€°||oc +C” H?. So the
accuracy of our algorithm is feasible. At the same condition, the algorithms in [2, 3]
have similar accuracy, e.g. O(H?).

3. Proof of Theorem
In order to show the theorem, we first provide some lemmas.

LeMmMA 3.1. If vy satisfies the following relation

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
—a ol —al T el = b ol T = b ol 1+(1+2aij 7 +2b;; r)vij
—1) (Z—kl-l-]. k —1;j:l1+1,"',l2—1),
(3.1)
then
max |"+1|<max{ max |v”| max [olt|, max |”+1|}
<i< 2 1H+1<i<kg— iep J JE Py
< <1 11+1§j§lz—1 1, <j<lIy ky <i<ko

where Pl {kl,kg} P2 {ll,lg}
Proof: Let M= man1<7<k2 |v"+1\7 P= {(zg)||v"+1\—M, i€{ky, - ,ka};j€

11<j<t
{l1,--+,12}}, and (ip,j0) € P, if ig 6 Py or jy € Py, the conclusion is obvious.
Next suppose io ¢ Py and jo ¢ Ps.

Because \U”H | =M, first suppose v"+1 M for convenience, there are
n+1 n+1 n+1 n+1
Yig—1,50 = <M, Yio+1,50 <M, Yig,jo+1 = <M, Yig,jo—1= <M,

from (3.1), we know that

n _ _n+1 n+1 n+1 n+1 _pn+l n+1 _pn+l n+1
Yio.jo — ~ %io,jo" Vio+1,50 — %io,jo" Yio—1,50 — Yio.jo Yio.gjo+1 ~ Yiosgo” Vie.jo—1
n+1 n+1 n+1
+(1+2a 7260 Cio r)v s
_n+l1 n+1 n+1 n+1 n+1 n+1
> aio’jOTM a; ]OTM bZ0 jorM bl0 jOrM—|—(1—&—2aZ0 o —|—2bZO Tio r)M

=M.
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Then suppose U:?;t —M, there are

n+1 n+1 n+1 n+1 _
Ui(rl,yo— —-M, Vil JO> —M, v J0+1> —M, Vioio—1 1> —M,

from (3.1), we know that

n _ _n+l n+1 +an+lrvn+1 _|_bn+1 n+1 1_|_bn+1 n+1

“Yig,jo = %g,50 " Vig+1,50 i0,J0" “t0o—1,j0 i0,j0" Viosjo+ i0,jo " Viosjo—1

—(142a L p 4200 )t

20,J0 20,J0 20 Jo
_ . n+l n+1 n+1 n+1 n+1 n+1
>—apt orM—apt M =0T r M —bi T M A4 (14 2a; " r 4267 r) M
=M,
hence
n n .
M < —vig o <[ o ;

From above, we know that

1 1
M <max{ max |vl’7j|7 max |vf-+ , max | nt [},
k1+1<i<kg—1 i€ Py J Jj € Py
1 +1<j<lp—1 11 <j<lg k1 <i<ko

and the proof is finished.

LEMMA 3.2. If v;; satisfies the following relation

n+1 n+1 n+1 n+1l _ n+1 n+1
_a’Ll 1+1 l + (]‘ +2a’ )vil rvl—l N

=(1-2b]r)v} + by ol g (i=k1+1,- ko —1), (3.2)

and
1-2b%r >0,
then
n+1 +1
Jax gt <meax{  max |vjl, gt oy
j=1-1,1,1%1

Proof: Let M =max,, <<, |v""’1 P={i] \v"+1| =M, i€{ky, - ,ka}}, and ig € P,
if 49 =k; or ig = ko, the conclusion is obvious.
Next suppose ig# k1 and ig # ks.

Because \v"+1| = M, first suppose v}

io 1 = M for convenience, there are

n+1 n+1
vzo—ll—M vzo-‘rllSM

from (3.2), we know that

A (L 2 —
>— a"+17’M+(1+2a"+1 M — a"HrM M.
Notice that

1262 ;7 >0,
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one deduces

n

(1 —2by TR o0 v g 0 vl g < max

G=1-1,0,14+1 i0,5 12
hence
M< max v -
k1+1<i<ko—1
j=1—1,1,14+1
n+l _
Then suppose v, =—M, there are
n+1 n+1
U2071 1= M ,U740+1 1= 2> M
from (3.2), we know that
n+1 n+1 n+1 n+1 n+1 n+1
a’zo l 7Mvzo+1 l (1+2a ) zo l +a’zo l rvzo—l l
> a"+1rM+(1+2a”+1 )M —al e M =M.
Notice that
1267 ;7 >0,
one deduces
n
|(1— 2b10 1)V I l+b10 z”’zo l+l+blo 17'”10 -1l < :ll}llaflﬂ |7%,j|a
hence
M< max v -
ki4+1<i<kg—1
G=1-1,1,141
So we get that
M <max{  max k], ot oty
- ki+1<i<ko—1 " 1l 2,
G=1-1,1,1%41
and the proof is finished.
LEMMA 3.3. If v;; satisfies the following relation
n+1 n+1 n+1 n+1 n+1 n+1
—b; kj+1+(1+2b )Ukj ka TUR iy
= (1 —2ay;m)vg +agirvg gt agrog_y ; (G=lh+1 = 1), (3.3)
and
n
1—2akj7‘20,
then
max |vk+1\ < max{ max |’U» |vkl [, |Uk |}
11 <j<lg i 41<j<lpg—1' Y 1

i=k—1,k k+1

The proof is the same as the proof of Lemma3.2.
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LEMMA 3.4. If v;; satisfies the following relation

il (a;‘jr)%z”_zj —l—a?jr(l —alr)viy —&—a?jr(l — a?jr)vﬁ_m + (a%r)%fwd
4 1+3a;r
(b?jr)%{fj_Q + 07 (L=br)vl; _y +b5r(1=br)vt y + (b%r)202j+2
1+3br

1—|—a%r 1+b?j7‘

- — v 3.4
[1+3a?j7‘ 1+ 3bjr Jvij, (3.4)
and
l=alir>0 and 1-0bjr>0,
then
ntl < n
2m inngaii 2m |U1J |— OISIliaSXJ |Uzj|-
2m<j<J—2m 0SiZT

Proof: Notice that fj;; is a monotonic function for >0, if 1 — a?jr >0and1— b?jr >
0, then

1+a?jr 1—|—b?jr

- 0
n n =
1+3aijr 1+3bijr
Notice (3.4)
n ' n 7
i) o 2ag;r 2075 1+agr L+br 1 "
‘vij |*[ n + n + n + n ]max |Uij|
1+3a%r  1+3b%r 1+3a%%r 1+3b%r 0<i<J
ij ij ij ij 0<i<
n
= max |v}
Jmax [vjj],
0<j<J
so one deduces
n+1 n
max v, | < max v
2m515172m| v |_0§i§J‘ ”'
2m<j<J—2m 0<j<J

and the proof is finished.

Next we show the Theorem.
It’s obvious that U;; satisfies the relation in Lemma 3.1, Lemma 3.2, Lemma 3.3,
Lemma 3.4, So, if there are

1—-aR>0 and 1-bR>0,
notice that U;;“:Ug;:o fori=0ori=J or j=0 or j=J, then we have

max \UZH\
0<i<J
0=5<J

— n+1 n+1 n+1 n+1
=max{ max |Uj™"|, max |Uj™|, max |Uj™|, max U™}

< 0<i<k <i<
0 <t 12527 0 <t 12527
<max{ max |UZ|, max |U"Y, max |UZTH}
) ) il ¢ kj b ) il
1<i<J—1,i#k 0<j<J 0<i<J

1<5<J—1,5#1

T o0<i<g
0<j<Jg

< max |Uj],
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e.g.
U™ oo < [1U™|oo- (3.5)

Then we deduce that
U™ loo <HU™ Moo < < |1U] oo (3.6)

hence the algorithm is stable.
It’s obvious that e;; satisfies the relation:

n+1
Z] 07

Llem'1 = TR"+1, at inter face points (zy,y;,t" ") (2m < j < J—2m),

Liel™ =7RYTYat inter face points (zi,y,t" ) (2m <i<J—2m),

e; at boundary points,

L4eij+2 =n R} : iePiand je Py or j€ Prand i€ Py,
n+i nt1 . . -

L5eij 2 :TlRij 20<i<2mor J—2m<i<J, and j€ Py,
nt+i n+3 . . ;

L6eij 2 :TlRij 20<j<2mor J-2m<j<J, and i€ Ps,

L2€Z+1 :Tle'H, at inter face points (z4,y;,t" T (0<i<2m or J—2m<i<.J),
L3€Zj+1 :TlRZjH, at inter face points (mk,yj,t"+1)(0 <j<2mor J-2m<j<J),
Sentl :TRZH, at interior points (x;,y;,t" ) (i #k,j #1),

ij
where R"+1 <Ci(t+h?)(i#k,j#1), RITI<Cy(r+H?), RZ;—FI < Cr;i(t+H?),
RT3 < (n+ H2), and |y < C, |Cl;| < C.

)

Let Py={k—2m,k—m,k,k+m,k+2m}, Ps={l—2m,l—m,l,l+m,l+2m} and no-
tice Lemma 3.1, Lemma 3.2, Lemma 3.3, Lemma 3.4, if there are

1—-aR>0 and 1—bR>0,

then
max |ek+1|< max lef;|+ max  r|RH
2m<j<J—-2 2m<j<J—2m
O<]<J
< max ety |+ Cr(r+ H?),
(J<]<J
max |eZ;'1|§ max | |—|— max 7'1|Rk |
0<j<2m i=k—m,k k+m 0<j<2m
0<j<2m
< max e+ max 71| R} H— max 7'1|R |
i€ Py i=k—m,k k+m
0<j<2m 0<j<2m
< max |€%|+CT(T+H2),
i€ Py
0<j<2m

max |e"+1| < max |e}|+Cr(r+H?),
J—2m<j<J i€ Py
J—2m<j<J

which means

max \e”Jr | < max |e |+CT(T+H2)
0<5;<J
o<J<J
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With the same reason

max [el ] < max lez; | +Cr(r+H?);

0<i<J

0<1.<J
then we deduce that
max |e"'H
0<i<J
0<j;j<J
= max{ Jmax et nH max |e"+ l, max |e"+1\ max |e"+1\}
o<7<z 12;<J o<7<1 l<7<.]

<max{0<7n<12}x k|e?j|+CT(T+h2), max |ek+ l, Jmax |e"+1\}
0<7<J7¢i =

< max |ef|+Cr(T+H?),
0<i<J

0<j<J
e.g.
le" oo <€ [|oc +Cr(T+H?),
hence
lle™loo < [1€°]oc +CT (7 + H?),

which finishs the proof.

4. Numerical experiment

In this section we provide some numerical experiments.

For the parabolic equation with a variable coefficient, consider the equation (1)
with initial function ug(z,y) =x(1—2z)y(l—y), and

a(z,y,t)=x(1—x),
b(z,y,t)=y(1-y).

The real solution of this problem is u=e~*x(1 —z)y(1—y). We give some numerical
results calculated by serial procedures and the algorithm in Table 1.

In our experiments the algebraic equations are solved by the biconjugate gra-
dient stabilized algorithm. The control error in the biconjugate gradient stabi-
lized algorithm is 1.0e-5. The last computational time is t=0.1. The max er-
ror is max; ;, |uj; —UJ5|, 2x2 processors are used in the parallel computation.

=7/H?*=7/(m?h?)=r/m?, m is the ratio of the larger spatial step length H com-
pared with the one spatial step length h. Our experiments are implemented on a
massively distributed memory computer.

From Table 1 we find the smaller the spacing is, the higher the accuracy is. The
accuracy will reduce while R is increasing and h and m are fixed. The same tendency
occurs while m is increasing and h and R are fixed.

Table 2 shows the parallel property of the algorithm. Where mesh scale equals
JxJ, T, is the run time of a serial implementation, 7T}, is the parallel run time,
speedup is the ratio of T, and T}, parallel efficiency is the ratio of speedup and the
number of CPUS.

From this table we can see that the parallel efficiency will increase while the
number of CPUS is increasing and the scale is fixed. This is because of the fact that our
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Mesh scale | R | m | Max error in | Max error Average er- | Relative er-
the Serial ror ror(100%)
150 x 150 20 |5 7.4106E-004 1.0117E-003 | 9.4656E-005 | 2.4201E-002
150 x 150 2.0 | 10 | 2.8809E-003 2.5180E-003 | 3.0589E-004 | 6.3633E-002
150 x 150 2.0 | 15 | 6.4144E-003 3.8527E-003 | 5.1609E-004 | 0.1081276
150 x 150 4.0 | 5 1.4942E-003 1.2721E-003 | 1.2464E-004 | 3.0503E-002
150 x 150 4.0 | 10 | 5.9528E-003 3.3049E-003 | 3.8478E-004 | 8.6057E-002
150 x 150 4.0 | 15 | 1.3671E-002 5.0588E-003 | 6.1974E-004 | 0.1538021
300 x 300 20 |5 1.8596E-004 3.7717E-004 | 2.4704E-005 | 8.6821E-003
300 x 300 2.0 | 10 | 7.4107E-004 1.0335E-003 | 9.6162E-005 | 2.4789E-002
300 x 300 2.0 | 15 | 1.6570E-003 1.7934E-003 | 1.9685E-004 | 4.4316E-002
300 x 300 2.0 | 20 | 2.8808E-003 2.5726E-003 | 3.0719E-004 | 6.5256E-002
300 x 300 4.0 | 5 3.7146E-004 4.5558E-004 | 3.4156E-005 | 1.0531E-002
300 x 300 4.0 | 10 | 1.4942E-003 1.3189E-003 | 1.2790E-004 | 3.1738E-002
300 x 300 4.0 | 15 | 3.2775E-003 2.3429E-003 | 2.4928E-004 | 5.7677E-002
300 x 300 4.0 | 20 | 5.9528E-003 3.4182E-003 | 3.8950E-004 | 8.9445E-002
450 x 450 2.0 |5 8.2748E-005 2.0571E-004 | 1.1192E-005 | 4.6827E-003
450 x 450 2.0 | 10 | 3.2979E-005 5.8460E-004 | 4.4879E-005 | 1.3630E-002
450 x 450 2.0 | 15 | 7.4106E-004 1.0408E-003 | 9.6829E-005 | 2.4987E-002
450 x 450 2.0 | 20 | 1.3025E-003 1.5458E-003 | 1.6078E-004 | 3.7694E-002
450 x 450 4.0 | 5 1.6560E-004 2.4030E-004 | 1.5361E-005 | 5.4801E-003
450 x 450 4.0 | 10 | 6.6199E-004 7.2731E-004 | 6.1273E-005 | 1.7081E-002
450 x 450 4.0 | 15 | 1.4942E-003 1.3355E-003 | 1.2910E-004 | 3.2175E-002
450 x 450 4.0 | 20 | 2.6437E-003 2.0140E-003 | 2.1057E-004 | 4.9550E-002
Table 1
Mesh scale | Ts (s) CPU | T, (s) Speedup Parallel effi-
ciency(100%)

300 x 300 186.3031359 9 13.837983 13.4632 1.4959

300 x 300 186.3031359 25 3.7042720 50.2941 2.0118

300 x 300 186.3031359 36 2.2475039 82.8934 2.3026

450 x 450 1047.474992 9 76.897519 13.6217 1.5135

450 x 450 1047.474992 25 24.197152 43.2892 1.7316

450 x 450 1047.474992 36 15.337695 68.2942 1.8971

450 x 450 1047.474992 100 4.0995520 255.5096 2.5551

600 x 600 3529.428375 9 404.73663 8.7203 0.9689

600 x 600 3529.428375 25 87.232743 40.4599 1.6184

600 x 600 3529.428375 36 57.924847 60.9312 1.6925

600 x 600 3529.428375 100 14.912160 236.6812 2.3668

Table 2

algorithm can be implemented only with communication between nearby processors.
Because the smaller the scale of the algebraic equations is, the less the iteration count
is when it converges, when we use our algorithm and get some small scale algebraic
equations instead of large scale algebraic equations in the serial procedures, the run
time can be significantly reduced, so the parallel efficiency is very high.
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