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Abstract: We consider the Schrédinger operator with magnetic field
no (10 :
H:Z(T——aj)+V il’l]Rn.

Under certain conditions on the magnetic field B = curla, we generalize the
Fefferman—Phong estimates (Bull. A. M. S. 9, 129-206 (1983)) on the number
of negative eigenvalues for —4 4+ V' to the operator H. Upper and lower bounds
are established. Our estimates incorporate the contribution from the magnetic field.
The conditions on B in particular are satisfied if the magnetic potentials a;(x) are
polynomials.

Introduction

This paper concerns the Schrodinger operator with magnetic field:

i Ox;

where i = /=1, ¥ : R* — R is the electric potential and a : R” — R” is the mag-
netic potential.

Let N(A,H) denote the number of eigenvalues (counting multiplicity) of H
smaller than A (or in general the dimension of the spectral projection for H cor-
responding to the interval (—oo,1)). In the case a(x) =0, ie, H=H(0,V)=
—A + V, a basic theorem of Cwickel, Lieb and Rosenblum states that

N, =A+V) £ col{(x, &) e R" x R" : |2 + V(x) <A}|. (0.2)

See [Si2, p. 95]. Using a sharper form of the uncertainty principle, C. Fefferman and
D.H. Phong were able to refine the classical estimate (0.2). Indeed, it was shown

n 1 2
H:H(a,V)=Z<7i—aj)+V inR", n=3, 0.1)
J=1 J
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in [F] that, for p>1 and 4 < 0, N(4,—4 + V) is bounded by C - Ny, where N is
the number of minimal (disjoint) dyadic cubes which satisfy

1/p
()% V|Pd > 0, I )
(©) <|Qlf' I x) Zc> (Q)<\ﬂ7| (0.3)

1(Q) denotes the side length of cube Q and C, ¢ depend only on n and p. A lower
bound was also established. See [F, p. 145, Theorem 6]. The results of Fefferman
and Phong are particularly useful in the cases when the right side of (0.2) becomes
infinite [R, Si3, F].

Concerning the case where the magnetic potential a(x) is present, it is known
that estimate (0.2) still holds for H by the diamagnetic inequality, although one can
not expect N(4,H(a,V)) < N(4,H(0,V)). See [A-H-S]. A obvious problem is that
this estimate does not involve the magnetic field.

The purpose of this paper is to generalize the Fefferman—Phong estimate to
the magnetic Schrddinger operators under certain conditions on the magnetic field
B = curl a. We establish upper and lower bounds of N(4,H) for A £ 0. The condi-
tions on B in particular are satisfied if the magnetic potentials a;(x), j =1,2,...,n
are polynomials. More importantly, our estimates incorporate the contribution from
the magnetic field in an effective way.

To state the main results, we need to introduce an auxiliary function.

Definition 0.4. For a nonnegative function W, the function m(x, W) is defined by

x,7)

1 2
e ) =sup{r>0: WQ(I W(y)dy < 1},

where Q(x,r) denotes the cube centered at x with side length r.

The function m(x, |B|), which behaves like |B|'? in scale, plays a crucial role
in this paper. What makes m(x, |B|) so important is the fact that, under suitable
conditions, we can bound the operator H(a,0) from below by c{m(x, |B|)}?, i.e.,

(H(2,0)f, f) 2 c(m(-,[B)f,m(-,[B])f). (0.5)

See Theorem 4.1. One may consider the above estimate, which is proved in
[Sh3, Theorem 2.7] for a more general case, as a form of the uncertainty principle.

We also need to introduce a class of functions which satisfy the reverse Holder
inequality. This class has been studied extensively in harmonic analysis. See [St2].

Definition 0.6. Suppose W € Lf (R") (1 <p < o0) and W 2 0 a.e. on R". We
say W € (RH), if there exists Cy = 1 such that

l/p
P(x)d < .
(lQ[ fW (x) x) < G |Q| fW(x)dx (0.7)

for every cube Q in IR”.
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We remark that, if W = |P(x)|*, where P(x) is a polynomial of degree £ and
o >0, then W € (RH)y and

mex, W)~ 3 |06P(x)|T (0.8)
1Bl<k
See [Sh2].
Let
B(X) = curla(x) = (bjk(x))lgj,kgn (09)

be the magnetic field generated by a(x), where

6aj 6ak

We are now in a position to state the main results of the paper.

Theorem 0.11. Let n > 3. Suppose a € C*(R"), V € L?
Also assume that |B| € (RH ), and

(R™) for some p>1.

loc

IVB(x)| < Ci{m(x,|B)}’, (0.12)
where |B| = |B(x)| = >_

Ik |bjx(x)|. Then, there exist C = C(n)>0 and ¢ = c¢(Cy,
Cy, n, p) >0, such that, for . < 0, N(4,H) is bounded by C - Ny, where Ny is the
number of minimal (disjoint) dyadic cubes which satisfy

1/p
l(Q)2<[Ql f]Vide> >c, (0.13)

1
S

and

12
1(Q)2<|Ql f|B|2dx> <1. (0.14)

Remark 0.15. In Theorem 0.11, we have implicitly assumed that / has a self-adjoint
realization on L?(IR"). Under the assumption that a € C2(IR") and ¥ € L? (R"), we
may define the quadratic form

loc

n 0 10 _

ql f.9] = Zf ( F cy)f(—,a——aj)gdx—l—fogdx (0.16)
: ]R" xJ 1 x] R”

for f, g € Cg°(R"). The key estimate (see (0.29) and (0.30) below) of this paper

implies that if M, <y(n, p,Co,Cy) for |A| sufficiently large, then g[ f,g] is semi-

bounded from below and closable. In this case, H can be extended to the unique

self-adjoint operator associated with the quadratic form (0.16).

Remark 0.17. Note that the conditions [B| € (RH),; and |VB(x)| < C{m(x, B|)}?
in Theorem 0.11 are dilation invariant. Roughly speaking, these two conditions mean
that the values of |B| do not fluctuate too much on the average and |VB] is uniformly
bounded in the scale {m(x, |B|)}!. Although some condition on VB seems to be
necessary if n = 3, the assumption in Theorem 0.11 is more restrictive than one
would hope. Nevertheless, these conditions are satisfied if the magnetic potentials
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aj(x) are polynomials. This follows easily from the estimate (0.8). Moreover, in
this case, the constants Cp, C; depend only on » and the degrees of polynomials.

Remark 0.18. In Theorem 0.11, the condition (0.14) may be replaced by

1/q
1(Q)2<IQl f|B|qu) <1 (0.19)

for any 0 <g = oo. Indeed, in the proof of the theorem, we will show that
N(ALH) £ C, - Ny, where N is the number of minimal dyadic cubes which satisfy
(0.13) and

l(Q)<in Q G, IBI) (0.20)
Since (0.12) implies that |B(x)| < C{m(x, |B|)}* [Sh4, Remark 1.8], we conclude
that
1/q
l(Q)2<|Q| J Iqudx> < I(Q)*-C- sup{m(x BD} = #’C =1

if o is small.
Note that, if Q is a cube satisfying (0.13) and (0.20) with A =0 and p = n/2,

then
I/p
c £ IO r (f|V|de>
[
| 2—2 1/p
< {int o ) {é ‘V’P”’x}
1/p
[Ve)l?
< —— .
= {g{m(x,|B|)}2p—n x}
Thus,

140
) e BT =

Summing over all minimum cubes which satisfy (0.13) and (0.20), and using
Remark 0.18, we obtain the following.

Corollary 0.21. Under the same assumption as in Theorem 0.11, we have

V(x)|?
N(0,H) £ C f {—m%dx (0.22)

for p = n/2, where C depends on n, p, Cy and C|.
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Clearly, we may replace the domain R” in (0.22) by the set {x € R" : V(x) < 0}.
In the case p = n/2, this is the classical Cwickel-Lieb—Rosenblum estimate. We
remark that Corollary 0.21 may be deduced directly from estimates (0.5) and the
diamagnetic inequality.

Corollary 0.23. Let J;, j = 1,..., denote the negative eigenvalues of H. Under the
same assumption as in Theorem 0.11, we have

[V ()] P!

{x€R":V(x)<0}
for p = n/2, where C depends on n, p, Cy, and C.

Corollary (0.23) follows from Corollary (0.21) by a simple integration argument
as in the classical case.

Example 0.25. Let B(x) be a constant magnetic field in IR®. Using Corollary (0.21),
we get

C
NOH) £ —=t= [ [V|Pdx pz3/2.
lBl 2 {x€R3:V(x)<0}

The following lower bound estimate suggests that the upper bound in Theorem
0.11 is almost optimal.

Theorem 0.26. Suppose a € C'(R"), V € L} (R") and V < 0 a.e. on R". Then,
there exists C, >0 depending only on n, such that, if there exists a collec-
tion of cubes {O,k = 1,2,...,No}, whose doubles are pointwise disjoint, with the
properties

1(0)? Vide | = Gy, 1 0.2
Q) <|Q|f| |x>2 2 (Q)<\/W (0.27)
and
1/2
1(0)? B|%d <1 0.28
(Q)(|Q|f"x)—’ (0.28)
then
NOLH) = Ny .

The paper is organized as follows. In Sect. 1 we give the proof of Theorem 0.26.
This will be done by constructing a certain subspace of L>(IR") and using the mini-
max principle. To prove Theorem 0.11, we follow the approach of Fefferman and
Phong [F]. Also see [K-Sa]. The key step, which requires the systematic control
over the magnetic field B, is to establish the following trace inequality:

o _,
ian J g

1/p
f 145 dx) (0.30)

2

R~

f VllgPdx < C- M{Zl / dX+|/1|]Rf Iglzdx}, (0.29)
J: n

where

M, = sup I(Q)?
b sgp (Q)<|Q|
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and the supremum is over all dyadic cubes satisfying

o4
[ inf —— .
O <l B+ 1)

Note that (0.29) is equivalent to

[ VII(H@,0)+A)~" 2 fPdx < C-M, [ |f]dx. (031)
IRU ]R"
Let K;(x, y) denote the kernel function of the operator (H(a,0) + |2|)~"/2. In Sect. 2
we will show that, for any integer £ > 0,

Cy 1
Ki(x,y)| < ) '
l A( y)| {1 + lx — ylm(x, IBI + Ml)}k |x - yl”—l

This decay estimate is closely related the lower bound (0.5) for H(a,0).

In Sect. 3 we establish the trace inequality (0.29) by using (0.32) and techniques
from harmonic analysis. The proof of Theorem 0.11, which adapts the argument in
[F, K-Sa], is given in Sect. 4.

In recent years there has been a great deal of interest in the magnetic Schrodinger
operator H. For references on the spectral theory of H, we refer the reader to a sur-
vey paper by Mohamed and Raikov [M-R]. We remark that in [Sh4], under certain
conditions similar to that in Theorem 0.11, we study the eigenvalue asymptotics of
H(a, V') with nonnegative potential V. In particular, we show that H(a,V) has a
discrete spectrum if and only if limy_, o, m(x, |B| + V) = oo.

We fix some notation. By dyadic cubes, we mean cubes in R” whose side have
length 2*, and whose vertices are members of the lattice of points of the form
(m2%,...,m,2%) with k, m; being arbitrary integers. Throughout this paper, unless
otherwise indicated, we will use C and ¢ to denote positive constants, which are not
necessarily the same at each occurrence, which depend at most on Cy, Ci, n and p.

Finally, the author would like to thank the referee for several valuable comments.

(0.32)

1. The Lower Bound
In this section we will give the proof of Theorem 0.26 stated in the Introduction.

Proof of Theorem 0.26. Suppose that there exists a collection of cubes {Q; =
O(xs,rr) 1 1=1,2,...,No} such that, 20, N 2Q;, =0 for /1 =1,

r? 1

= [V]dx 2 Coy i< —= (L.1)

|0i] §, V1Al

and

1/2
10 = J BPdx) =1, (12)
101 20,

To prove N(4,H) = Ny, by the minimax principle, it suffices to show that, there
exists a subspace s such that dim # = N, and for any g € /7,
10 2
I a4
i 6xj 4 g

dx+ [ V|gldx 2 [ |g*dx,
R R

n

J 1R”



ie.,
2

dx+ 14| [ |g)*dx < [ |V]|g]*dx, (13)
R~ R~

n
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(3 )s
J=1R"

sincelgOandVéo. .
To this end, we let, for x € Q; = 20,

h}(X)— f{ (Xk—yk)fb,k(y+t(x—y))tdf} y (1.4)

and
P'(x) = ﬁ { Z(xk—yk)fak(y+t(x—J/))dl} dy , (L.5)
g,

where x = (x1,%2,...,%,) and y = (Y1, Y2, -+ Yn)-
A computation shows that

a;(x) = hi(x) + ajj—l(x) forl <j<n (1.6)
J 7 axj ’ = )
and
S Pdx < C-U(Q1) [ BPdx. (1.7)
0, 0

See [I, p. 365].
Note that, by (1.6), for any g € C'(R"),

10 w1 0 /
(;axj—aj>(ge )=e (i@xj hj>g. (1.8)

Now, let Y, € C§°(2Q;) such that y =1 on Q;, 0 < ¥y < 1 and |VYy| < ¢, /r1.
Let
# = Span{e®'yy, 1=1,2,...,No}. (1.9)

If g = Yy, then
2
dx-+ V4| [ lgP dx

IR'!
(320 - )w

<2 [Vl dx+2 [ WPl dx+ |2 [ ) dx
]Rn IRrr IRn

2

= f dx+|/l|ﬂif"|t//l|2dx

sC { 12|Q1|+r12f|Blde+|ll|Qzl}
g

<C-r-al,

where we have used (1.1) and (1.2) in the last inequality.
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Also note that, by (1.1),

]Rf [V |g|* dx folVldx =G0
" 1

It follows that (1.3) holds for g = ei")’gbl if C; = Cy(n) >0 is sufficiently large.
Since ;;’s have disjoint supports, we conclude that (1.3) holds for any g € #. This
completes the proof of Theorem 0.26.

2. Estimates of Kernel Functions

In this section we will establish a size estimate for the kernel function of the operator
(H(a,0) + 2)~"2 (A>0). This estimate will be used in the next section to prove
the desired trace inequality.

The following lemma may be found in [Shl, Lemma 1.4, p. 519].

Lemma 2.1. Suppose W € (RH ),j;. Then
1
W)=~ /4 ) -y £ ——=
(@) mCe W) m(y, W) if [x =y £ o

() m(y, W) < C{1+ |x — y|m(x, W)}om(x, W),

cm(y, W)
(c) m(x, W) 2 1+ [x — ylm(y, W) altat1)’

(d) 1+ |x = ylm(x, W) < C{1 + [x — y|m(y, W)}ot!

for some ky > 0.

Since

(H(a,0)+ A)~"? = Tar‘/l (H(a,0) 4+ A+ o) ' do, (2.2)
0

|-

we shall first estimate the kernel function I(x, y) of (H(a,0)+ A)~L.
The following theorem is a special case of Theorem 1.13 in [Sh4].

Theorem 2.3. Let a € CX(R") and /. = 1. Assume that
1 o 1
<@ g|13|"/2 dx> < G (/1+ 0l é‘ |B|dx> (2.4)
for any cube Q with I(Q) < 1, and
[VB(x)| £ Ci{m(x, Bl + 1)} . (25)
Then

Ci 1

Lix, y)| = '
ITi(x, »)| = {1+ [x — ylm(x, Bl + D)} [x — y[r—2

for |x — y| £ 1 and any integer k > 0.
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Theorem 2.6. Let a € C2(R"). Assume that |B| € (RH )2 and
|[VB(x)| £ C{m(x, B])}’, xeR". 2.7)

Then
Cy 1

hix,y)| < '
ILi(x, v = {1+ x — ylm@x, B[+ D)} |x— y2

for x, y € R", 1> 0 and any integer k > 0.

Proof. We derive this theorem from Theorem 2.3 by a rescaling argument.
For 0 <& <7, let

ooy L rx
ai(x) = Ea,-(g) . (2.8)
Then 2 s .
£ _ aJ ak x
bx) = Oxy, ax, szbjk(s) (29)
Note that
10 1/10 x
(73— )@ =1 (33~ )N (). 2.10)
where g(x) = f(%). It follows that
(a0 + 5 ) = S E@o s an(E). e
Hence, if I'}}(x, y) denotes the kernel function for (H(a% 0)+ 8—2)‘1, we have
Lix, y) = &2 I (ex,ey) . (2.12)
Finally, note that, |B| € (RH ),/, with a constant C; independent of ¢ > 0,
s A 1 /x
m(x,IB [+8—2> = Em(E,IBH-/I), (2.13)

where. B® = (b,), and

S[7BC) = S {nCom)} = S {n(Cmiea))
ofofom )]

by (2.7) and (2.13). Thus, by (2.12) and Theorem 2.3, if |x — y| < %,

[VB*(x)]

L on—2
Iu(x’y)l é Ck ‘ A y) * ! 2
{1+ lox — eylm(ex, [B] + 2)}F Jex — ey
Cy 1

{1+ ¢lx — ylm(ex, B[+ £)} =y

Cy 1
{1+ x = ylm(x, Bl + )} |x = yr=2"
where we have used (2.13) in the last step.
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The proof is then finished since ¢ can be made arbitrarily small.
Using (2.2), we may write

(.00 + 2)7210) = | K. 0) )y (2.14)

where -
Ki(wy) =~ [ a7 Ly ) doc 2.15)

0

Theorem 2.16. Under the same hypothesis as in Theorem 2.6, we have

Ci 1
+ |x — ymQx, B[ + D} e — y[r~!

IKi(x, y)| < a
for x, y € R", A >0 and any integer k > 0.

Proof- 1t follows from (2.15) and Theorem 2.6 that

Cy o~ 12 gy,
] TR ST AT ar

|K;t(xs y)l §

< 1 Ck T a2 gy
= =y {4 = ylmG B+ Y2 g {1+ x — ylva)

< Ck 1
= AL+ = ylm(x Bl + D2 x -yt
where in the second inequality we have used m(x, |B| + A + «) = m(x,|B| + 1) and

m(x, [B| + A+a) 2 V.
The theorem then follows since k > 0 is arbitrary.

Remark 2.17. By part (d) of Lemma 2.1, we also have

Ck 1

Fh—ymG, B+ ¥ k—y 1 (2.18)

IK(x,y)| = a

3. A Trace Inequality

This section is devoted to the proof of the following trace inequality.

Theorem 3.1. Suppose that a € C*(R") and V € L?
assume that |B| € (RH ), and

(R™) for some p>1 Also

loc

[VB(x)| < Gy {m(x,|B))}® on R".

Then, for g € C{(R") and /. = 0,
(l 8x] aj) J

2

S IVllgPdx < {Z S dx+7 [ Iglde}, (3:2)
R" =1 R R
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1/p
viPd

and the supremum is over all dyadic cubes Q with the property

where

M, = sup l(Q)2 (
0

o

O < o e B + Vi

and C depends on Cy, Cy, n, p and o (to be chosen later).
It is not hard to see that (3.2) is equivalent to

]Rf VII(H + )" fPdx £ C-M, lRf |fPdx. (33)

To show (3.3), we note that, by (2.18),

—1/2 |f(y)| dy
DT ONE G B 2 e
<c |f(»)|dy
[P T pe =
m(y,|B[+2)
s I |f(»)|dy

{m(y, B[+ Dx — y[}]x — y|*—!

C
ety vy

C{T(lf D) + (| D)}

where ¢y > 0 is a small constant to be determined later.
The desired estimate of 7»(|f|) is fairly straightforward.

Lemma 3.4. Under the same assumption as in Theorem 3.1, we have

[IVILfPde < C-M;y [ |f*dx.
R” R”

Proof. Note that, by part (d) of Lemma 2.1,

dy C
J

= .
|x—y|>_.J___ {m(y,|B| + A)|x — y|}|x — y|"~V T m(x,|B| + 1)
m(y,|Bl+4

Thus, by the Cauchy inequality, 7, f(x) is bounded by

1/2

c 24
i |f(»)|* dy

{m(x,[B| + D} | S {m(y,|B| + A)lx — y[}e|x — y|»~!
[x—yl= m(y, B[+
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It follows that

]an V| T2 f (o) dx < C]f[n Lf )P dy

y I [V (x)|dx

N P S m(x, B + ) {m(y, |B| + A)|x — y|}|x — y|*—!
=m(y)|B|+}u)

We will show that
[V (x)ldx

e GBI DG B+ Dl 5T =
1= m(7.TBI+7)

<C-M. (35)

Clearly, this gives the estimate in the lemma.
To see (3.5), note that, if ¢ is an integer and 2/~ > ¢,

I |V (x)|dx
s mx Bl + D){m(y, |B| + A)|x — y|}r|x — y|r-!
TR E)

C{m(y,|B| + 1)} I |V (x)|dx
= (20)fFn=1 5 m(x, B[+ 2)
A eATIE))

Clm(n B+ P2 0y ax

(zt)k—kn-—l——,% E(y)

where E(y) is the ball centered at y with radius C2'/m(y, |B|+ 4) and we have
used part (c) of Lemma 2.1 in the last inequality.

Now, fix y, we may cover E(y) by a collection of cubes {Q; = Q(x;,7;)} with
r; = 1/m(x;,|B| + A) such that x; € E(y) and {Q(x;,7;/5), [ = 1,2,...} are disjoint.
Then

[ V@ldx £ 3 [ V)ldx < My Y2
E(y) o) i

= Ml Z[:r? . {m(.X], IBI + /1)}2
< C-Mp -2V {m(y, Bl + )P |Q<x“ %)’
1

t
{xEIR":|x—y| < ——CE—H

< C-My -2 {m(y,|B| + 1)} m(y,|B| +2)

< C-M; -2 m(y, B| + 1)},
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where we have used the fact that, for x € O(x;,7;/5),
t tyko/(ko+1)
< C{2" + (1 4 2ty D}

— b — + — <
ey < bl -l = O
t
.
m(y,|B| + )
Thus,
I |V (x)|dx < C- M1 .
2t m(xalBl'I_’l){m(y’lB,+’1),x—y|}k'x—y|n_l a (21) k+1 —2ko—1

TN )

Equation (3.5) then follows easily if we choose & sufficiently large and sum up
the above estimate over ¢. This completes the proof of Lemma 3.4.
It remains to show that

]Rf T fPV|dx < C - M, IRf [fPax, (3.6)

where fOond
f JWay 3.7)

e =yt

Tif(x) =

[x—y| < —_C
m(y,|B|+4)

Our approach to T; f will be similar to that in the case of —4 + V, where the
corresponding operator is

dy
AR ) = e, f(y) '
Ay @) = e [
See [F, K-Sa].
Let
1/p
Vtix) = sup ('Ql fIledx> , (3.8)
where the supremum is over all dyadic cubes such that x € Q and
o
/ _ 39
O < B+ Vi 39
Clearly, |V(x)| £ V' (x). We will show that
[ITifPVrde £ C - M, [ |f|dx. (3.10)
R” R”
Note that
+
[ TV (ydx = [ £() (A2 P%
R” R” |x - yln

< B
By duality, it suffices to show that
]Rf |T(gVT)|’dx £ C - M,,n! lgl*V+dx , (3.11)
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where

Tg(x) = I _Idy (3.12)

<)
b=l < G BT
Lemma 3.13. Let

1
Mf(x) = S 7oy g lfnldy,

where the supremum is over all cubes Q such that x € Q and

. C4 Co
[ < inf ——M—— .
(@) < I G 1B+ 2

Then, for 0 < g < oo,

]Rf ITf]9dx < cqn{ \Mf|9dx .

Proof. Without loss of generality, we may assume that f = 0 a.e.
Let f > 0 and

E={xeR":|Tf(x) > B}.

By the Whitney decomposition [Stl, p. 167], there exists a collection of disjoint
dyadic cubes {Q;, / =1,2,...} such that E =[J,Q; and 50, N (R"\E) 0.
We will show that, for y > 0 small,

e 0 ITF)| > 26, MF() <96} < CyiT|o].  (3.14)

This implies the estimate in the lemma. Indeed, summing over all cubes Q;, we
obtain

{x e R": |Tf(x)| > 2B}| = [{x e R": Mf(x) > yp}|
+Cy=T{x € R" : [Tf(x)| > B} .

We then multiply both sides of this inequality by gf?~! and integrate in f over
(0,00). The estimate in the lemma follows by choosing y small and bringing the
second integral in the right side to the left.
To show (3.14), we fix Q = Q; = Q(xo,79). We need to consider two cases.
We begin with the case when

€Cy
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Let f = f1+ f2, where f1 = fye0. Let z € 50 N (R"\E). For any x € O, we
write

T(f2)x) = T(f2)(2)

— I Sody i S dy
y—x n—1 — z|n—1
|y—x|<—m(x,I:B:|+i) | | 'y"2'<4;m<z,|ZBl+i> y =2
e e L) ly=12 5B h
1 1
_ d
oL 2(”{|y—xnn—‘ |y—z|n-‘} Y

|y—x]< —_fo
m(x,|B|+1)
=zl < s
m(z,[B|+2)

=h+hL+5.

Note that, by (3.15) and part (a) of Lemma 2.1, m(w, [B| + 1) ~ m(x, |B| + 1)
if w e 5Q. Thus, for 1,

—al(Q)

Co
—x| = —zl -z = D . C—
ly x|= [y Z| |Z xl - m(Z, |B| +A)

- co _ &ccp ¢
= m(z, Bl +4)  m(x,B|+4) T m(x,B|+ 1)

if ¢ is small.
It follows that

L= C - {m(x,|B] + 1)} J S(y)dy
|y—x|<m(x,|lg|+i)

< CMf(x).
Similarly,

LI < C - {m(z,|B| + 1)}"! [ f»dy

y~2|< 8D
C - {m(x,B| + 1)}"! / S(»)dy

_ Cco
Iy =x< ZmBl+D)

IIA

< CMf(x).
To estimate /5, note that

b —z|

L|ZC o —d
5l = . S . f2(») o ¥
Iy =< wBFD
oo 1 1
=CY / f(y)dy - N

j=0 [ZII(Q)]"—I ly_xl,\,zjlég)
ly—x|< m(x,ngH);)
< CMf().
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This, together with estimates for /; and /5, shows that
ITf2(0)| = |T(f2)(2)| + CMf(x) < [T(f)z)| + CMf(x)
S B+CyB =3p/2
if Mf(x) < yp, and y is small.
Thus,
Hx € 0 [Tf(x)| > 2B, Mf(x) < B}

SH{xeQ:|TGO@I > B2, Mf(x) < v}
S {{reR": (=)™ P(f1)E)] > e}

L e
< (G in)™ s 2 (flfldx)
R B~ \ 60

Cn 1 n—1
<= .0 |—— d
S ﬁ”__.l ]Q! <1(6Q)n_]6._£ ]fl x>
< ﬁf”; 1ol - GBYT = CyiTig],

where we have used the weak-type (1,;%;) estimate for the fractional integral
(—=4)"172 (see [Stl, p. 119-120]) in the third inequality.
Next, we consider the case when

7, >.__8_CO—
O = o, B[+ 4)

In this case, we bisect Q repeatedly, stopping at I = Q(xg, ) if

ECy

<%0 3.16
S G B+ 2 (3.16)

We then obtain Q = (J, Ix. Since I; is a maximal element among subcubes which
satisfy (3.16), by part (a) of Lemma 2.1,

Co
. N 1
k= Cmu, Bl + 1) (3.17)
Note that, if x € Iy and |y — x| < co/m(x, |B| + 4),
(&) CC()
ol < |y - P . — <0 @31
ol st e S gy Y S s O

Now let [, = Q(xx, Cco/m(x, |B| + 4)). By (3.16), (3.17) and (3.18), |It| ~ |I|,

Cc
0 < Cyco

)= ——n < inf —=2
U= B T2 = ™ i Bl 1 )

Tf(x)= T(fx};)(x) for x el .
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It then follows from the weak type (1,.”;) estimates of the fractional integral
(—4)~2 [St1, p. 119] that

{x € Q:IT(NHX)| > 2B, Mf(x) < yB}]
= Zk:l{x €l : (=) P(f1)(x) > ¢ B, Mf(x) < v}

n/(n—1)
=Y (flf(X)ldX>
n—1 k };

—~ n
S —= 2kl - YD < Cyn-TlQ|,
'

n—

Q

=

=

a

=

where we have assumed that {x € [, : Mf(x) < 7B} =+0.
The proof of Lemma 3.13 is now complete.
Let

1
MY f(x) =sup ——— [|f(M)|dy, (3.19)
where the supremum is taken over all dyadic cubes with the property

2
I(Q) < inf —C3% (3.20)

yeo m(y, B+ 1)
Lemma 3.21. For 0 < g < oo, we have
JIMf)|fdx < C, [ |MY f(x)|7dx .
R R”
Proof. The lemma follows from
Hx e R" : Mf(x) > B} < cal{x e R" : MP f(x) > 27"B}]. (3.22)

We omit the details. See [K-Sa, p. 215] for a similar estimate.
Finally, we have to show

]Rf IMY(fVH)Pdx £ C - M,,]Rf |fI2V T dx. (3.23)

Lemma 3.24. Suppose that Q is a dyadic cube which satisfies (3.9). Then

l/p
Vt(x)d C V(x)|Pd. 3.2
Ing (x)dx = sup (IQ’I fl ()] x> ) (3.25)

where the supremum is over all dyadic cubes Q' which contain Q and satisfy (3.9).
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Proof. Let ¢(Q) denote the supremum in the right side of (3.25) and

1/p
Vo(x)= sup |Q,| Jlrdy | .
0'coxeQ’ o’
Q' dyadic

Then, for x € Q,
Vi) £ Q)+ V5 (x).

By the maximal theorem,

! JVtdx < Q)+ [fVQ+(x)dx

101 5
I/p
< Q)+ C <|Q| [P dx)
=C-d«Q).
Lemma 3.24 is proved.
It follows from (3.25) that
Vi@x)dx < C - inf V1 (x), 3.26
ol QI [V inf V¥ (x) (3.26)

i.e., VT(x) is an 4, weight on cubes satisfying (3.9). Thus, if £ C Q and Q satisfies
(3.9),

[V 2 B nf V) 2 B - inf VG 2 A B
Hence,
ﬁ Z:Zﬁ > é . I%ll (3.27)
Let
L= sup l(Q)" — fV*(x)dx, (3.28)
where supremum is over all dyadic cubes with the property
. Cle
1Q) < inf WM

Lemma 3.29. We have

[IMB(fVH)Pdx < C L [|fPPVdx.
R7 R”
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Proof. Let j be an integer. Suppose Q}"s are the maximal element among all dyadic
cubes which satisfy

1 ; fc()
I(Q)"_l glflV”de > 2/ and Z(Q) < Ilf m (330)

Then Qf are disjoint for a fixed j and
{xeR":MY(fVHx) > 2/} =JOf .
k

It follows that

[IMP(fVH)Pdx < Y252 {x e R": 2 < MP(fVH)(x) £ 2711}
R" j
— §2zj+2|E;g] ,
where
=N\ {x e R" : MY(fV)(x) > 2F'}. (3.31)
Thus,

2
d) 2 1 k
H£|M bV HPdx < 42 {I(Q")" 1 J lflV+dx} |EX|

2
rreh IE veh
_ . ky . J . J', J
‘CZ{W(Q)f 4 ’Wx} VED e T 10f T 1ghy

k

2
Veof) |Ej|
. kY. J 2,
C- LZ {V+(Q ) S/ |f|V+dx} VH(E) FRE 104

lIA

where we have used the notation

VHE) = [ V(x)dx.
E

Now, note that, if ¢y is small,

C2 Co o4
1(OF inf ——— < inf —— |
O = B GBI+ 1) = 26 me B+ V7
By (3.26),
+ k k
Q) . ﬂ <C

VHES)  10f]
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It follows that

Il/\

[ MOV )Pdx f |fIV+dx o - VH(E])
R”

+(Q ) o

||/\

f MV+(f)]2V+dx

<Cc-LJ IMV+(f)IZV+dX,
R~

where

My+(f)(x) = Zl;g V+(Q)

Q dyadic

[lfv*ady. (3.32)

The lemma then follows from the L? inequality for the dyadic Hardy-Littlewood
maximal function in the space L*(R”, V*dx). We remark that in the dyadic case,
the doubling condition on the measure is not needed.

We now are in a position to give the

Proof of Theorem 3.1. We may assume that A > 0. By Lemma 3.4 and M, < M,
[ IVI(H@,0)+ )72 fPdx < C - M, [ |fPdx+C [ |V]ITi(|f])f dx
IRII ]Rn mn
By duality, the desired estimate of T3(|f|) follows from
[TV H)Pdx < C - M, [ |g*V"dx. (3.33)
R” R”
See (3.11). By Lemma 3.13, Lemma 3.21 and Lemma 3.29,
1TV H)Pdx< C [ [M(gV)Pdx < C [ [MP(gV™)|*dx
R R R
SC-L[|gfVtdx.
IRII

Finally, note that

L= sup 2(Q) (lQl gVJr(x)dx)

lIA

1/p
Csup (Q)? sup — [ |V|Pdx
0 IQI

1/p
< Csup (Q')? - f [ViPdx | =C-M,,
o' |Q|

where Q and Q' are dyadic cubes satisfying (3.9). The proof is complete.
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4, The Proof of Theorem 0.11

In this section we give the proof of Theorem 0.11 stated in the Introduction.
We begin with a lower bound for the operator H(a,0).

Theorem 4.1. Under the same hypothesis as in Theorem 0.11, we have, for g €
Go(R),
(_ A aj) g(x)
Xj

Theorem 4.1 follows from [Sh3, Theorem 2.7] by a rescaling argument similar
to that in the proof of Theorem 2.6. We omit the details.

2

[ Imts BgCof v < €5 T

R”

Definition 4.2. Let % be a collection of dyadic cubes in R". For Q, Q' € B, we
say that Q' is a descendent of Q if Q' is maximal with respect to the property
of being properly contained in Q. We shall say Q branches if Q has at least two
descendents.

The proof of the following lemma can be found in [F, pp. 156—157].

Lemma 4.3. Suppose # is a collection of dyadic cubes in R”. Let %y be the
subset of # consisting of (1) the maximal cubes in %, (ii) the branching cubes in
B, (iil) the descendents of branching cubes in . Then the number of cubes in By
is bounded by C, - N, where N is the number of minimal cubes in 4.

We also need a lemma which may be found in [K-Sa, p. 224].

Lemma 4.4. Suppose Q,,...,Qy are pairwise disjoint dyadic subcubes of a dyadic
cube Q in R”. Then there are (not necessarily dyadic or disjoint) cubes I,...,1I,

such thazQ\U_ O;=Ul Iandm £ C, -k

For A £ 0and « > 0, let o/ = o/(|B|,, 4) denote the collection of dyadic cubes
Q in R” which satisfy

Q) < inff ———

)< e TV

Clearly, if O € ./, so does any dyadic subcube of Q.
We now give the

Proof of Theorem 0.11 Let 4 be the collection of all dyadic cubes Q in o/ with
the property

1/p
1(Q)* <|Q| f|V]de> =c >0. (4.5)

Suppose that Oy, 0s,...,Qy, are the minimal cubes in %. We will show that

there exists a subspace # of L?>(IR") of codimension less than or equal to C, No,

such that, for any g € 5,

- 19 ? 2 2

S [ (5o~ ) el dtlil [lgPdr = [lgPax.  @46)
L oxj R" R”

j:] R"
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By the minimax principle, (4.6) implies that
N(LH) £ C,Ny £ C,Ny for <0,

where Ny is the number of minimal (disjoint) dyadic cubes satisfying (0.13) and
(0.14) in Theorem 0.11. See Remark 0.18.

As in [F], we need to introduce some additional cubes Qy .1, O, 425> OMp
to consist of (i) the maximal cubes in 4, (ii) the branching cubes in %, (iii) the
descendents of branching cubes in 4. It follows from Lemma 4.3 that M, = C, No.

Now, let

My
EO = IRn\ U QJ 5
j=1

E; = Qj\ U O j=12,....M. 4.7)
k+j
0 CO,

Then E; are disjoint and R” = U;’I:"O E;.
Let V; = Vyg,. The same argument as in [F, pp. 157-159] shows that

1/p
1Y [ = [IWirdx| = ca (48)
IF:

for 0 = j < M, and any cube Q in /. Furthermore, if 1 < j < M, (4.8) holds for
any dyadic cube in IR”. Indeed, if O C Q;, then Q € &/ since Q; € . If Q; C O,
(4.8) follows from the fact that supp V; C Q;. Here we have assumed that p < n/2,
since Theorem 0.11 becomes stronger as p decreases.

To prove (4.6), we first estimate the integral over Ey. By (4.8) and Theorem 3.1,

we have
10
= g4
iaXJ / g
for g € C&(]R").

To deal with the case 1 < j < M), we use Lemma 4.4 to obtain

2

dx + |4

EfIVllglzdx < Cq { Z ]Rf Iglde} (4.9)

j=1Rn

where I,{ are cubes (not necessarily dyadic or disjoint) of R”. Also the number of
cubes in {I] : 1 < j < My, 1 <k < m;} is bounded by C, N.
Thus, as in [K-Sa], if x € I] and

[fdy=0,

J
Ik

we have
G| < C= A2 [l )x) £ C—= AV S s, )x) -
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Hence, since (4.8) holds for any dyadic cubes, we may use the trace inequality
for (—A)~'/? [K-Sa, Theorem 2.3] to obtain

SV Pdxs € [V [(=D PV flxg )V dx < Cey [V dx.
E, R" E,

Finally, for each Q;, we construct h/ and @/ as in the proof of Theorem 0.26,
such that

a(x) =h/(x) + V&/(x) forx¢€ 0.

See (1.3-1.7).
We define

= {g e L*(R"): fe_i")Jg(x)dx =0forj=12,....Mp, 1 £k = mj}.

I

Then, # is a subspace of L>(IR") of codimension less than or equal to C, Ng. If
g € # N Domain(H ), we have

[VllgPdx = [|V]|lge™® P dx < Cer [ |[V(ge ™) dx

E E E,
2

10 0P/
< R P
Cer IZ::”! (z ox;  Ox; >g *
n 10 2
< Ce { Z f <;g —al>g dx+f|hl|2|g]2dx}
I=1E, ! E,
n 1o 2
< Cc¢ {E S/ (75 —a;)g dx+f|m(x,|B|)g|2dx} ,
I=1E; ! E,

where we have used [h/(x)| < Cm(x,|B|) on O, in the last inequality. This, together
with (4.9), yields that

J V] lgldx
]R'l

2

10 _
i Ox; a)g

The desired estimate (4.6) then follows from Theorem 4.1 by choosing ¢; sufficiently
small.

The proof of Theorem 0.11 is complete.

dx + [ |m(x,B|)g]*dx + |4| [ |g|2dx}.
]R” ]Rn
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