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Abstract: Multiple-integral representations of the (skew-)Macdonald symmetric
polynomials are obtained. Some bosonization schemes for the integral represen-
tations are also constructed.

1. Introduction

The Calogero—Sutherland model [1] and its various generalizations [2, 3] have been
extensively studied and these 1/r? type models are known to describe systems with
the generalized exclusion principle in 1 + 1 dimension [4]. The Calogero—Sutherland
model describes a system of non-relativistic particles on a circle under the inverse
square potential. Its Hamiltonian and momentum are

N 1 1a>2 w2 Mo pB-1) w1

Hes=>Y = (=-— ) + |+ WY > (1

¢ ;§2<10qj (L) f,,fz-—:.l sin’ (g1 - 47) ~ i O
i<j

where f is a coupling constant. This Calogero—Sutherland model is related to many
branches of low-dimensional physics and mathematics: quantum Hall effect [5], 2D
Yang-Mills theory [6, 7], matrix model [8, 9], Yangian symmetry [10, 11], Virasoro
symmetry [21-23], W10 symmetry [12], Laplace—Beltrami operator [13, 14], etc.
One of the recent remarkable developments was the evaluation of some dynamical
correlation functions [9, 15-18]. In these calculations the Jack symmetric polyno-
mials [19, 20] play a central role, because they describe the excited states of the
Calogero—Sutherland model. In the previous works [21-24], the free field realiza-
tion of the wave functions, in other words, the integral representations of the Jack
symmetric polynomials is discussed.

Several years ago, Ruijsenaars constructed a relativistic (or lattice regularized)
version of the Calogero system [25]. That model is integrable, since it has mutually
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commuting hermitian operators SA’k (k=12,...,Np):
Iy 1 1 a 1
Sk= > Il hgi—a)i-exp|pd = | Il hai—gp)?,  (12)
1c{l,.,No} i€l JeI 1 0qj | el
1=k = J&l j¢1

where 4(q) = o(q + 1)/o(q) and p € R, u € C. Here o(z) denotes the Weierstrass
o-function defined by

z z z2 )
o(z) =z 1-— €X + )
( ) m,lan ( Qm,n) P (Qm,n 2-Qm,n

(m,n)=+(0,0)

where @, , = 2mw; + 2nw; and 2w; and 2w;3 denote primitive periods. The relation
to the Calogero—Sutherland model is the following:
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where we set u = iflp and @(z) is the Weierstrass g-function given by @(z) =
—%C(z), {(z) = a‘iza(z)/a(z). If we consider the case 2w; = L, w3 = ioo, we have

o= (5 (55 -3):

Thus the system reduces to the model defined by (1.1).

To solve Ruijsenaars’ system, we need an explicit formula for the simultaneous
eigenfunctions of S;’s. When the g-function degenerates to the trigonometric
function, the commuting operators Sj’s essentially degenerate Macdonald’s oper-
ators [19]. Therefore, the eigenfunctions are given by the Macdonald symmetric
polynomials. (As for definitions of the Macdonald symmetric polynomials, see the
following sections.) In this article, we construct integral representations of the
Macdonald symmetric polynomials and construct some boson realization schemes
of the integral formula. These results are considered as natural deformation theories
of the previous works on the Jack symmetric polynomials [21—24]. We hope that
the general elliptic case may be treated in a similar manner.

This paper is organized as follows. In Sect.2 we give a short summary of the
Macdonald symmetric functions. In Sect. 3 we derive multiple integral representation
formulas for the Macdonald symmetric polynomials by using two types of maps.
Moreover using the isomorphism between the ring of symmetric functions and the
boson Fock space, we derive the integral representations of the skew Macdonald
polynomials and the Kostka matrix. In Sect.4 we construct two bosonization
formulas for the integral representation of the Macdonald symmetric polynomials,
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following the idea of the work by Jing [27]. Two cases (f € Z~¢ and B € C) are
discussed separately. The A-type structure and finite temperature calculation method
are used respectively. Section 5 is devoted to discussions.

2. Brief Review of Macdonald Symmetric Functions

In this section we review some basic facts about the Macdonald symmetric func-
tions [19].

2.1. Notations and the Scalar Product (, )4 . Let g, t be independent indeterminates
and A,,Q(,r be the ring of symmetric functions in » variables (xi,...,x,) over the
field of rational functions in ¢ and ¢. We sometimes write ¢ = ¢f. In the limit of
q — 1 this B is understood as the coupling constant of the Calogero—Sutherland
model. The ring A,;q,r) is @ graded ring Ayqe,1) = By A’;;Q(q,t), where A’;;Q(q,t)
consists of the homogeneous symmetric polynomials of degree &, together with the
zero polynomial. Introduce the homomorphism

Pm,n - Am;Q(q,t) - An;Q(q,t) (m = n) s
f(x1yeeisxm) — f(x1,...,%,,0,...,0).

and restricting it, we have

k. 4k k
Pm,n * Am;Q(q,t) - An;Q(l],t) >

for k = 0, m = n, which is always surjective, and are bijective for m = n = k.
Consider the inverse limit

k 1 k
AQ(g,ny = 1M A, 04,1y »

relative to the homomorphism py, , and set Aqe,n = Byzo A, We call the
graded ring Aq,:) as the ring of the symmetric functions.

There are various bases of the ring Aq,:. They are indexed by partitions.
A partition A is a sequence A = (41, 42,43,...) of non-negative integers, such that
M =X = and |A| =), 4 < oo. The nonzero 4;’s are called the parts of 4,
and the number of parts is the length /(1) of A. For two partitions A, u, we define
A+ u= (1 + pi, 42 + 1, ...). The natural partial ordering is defined as follows:

Azpe A=y and Ai+--+A Zm+--+p forallr=21. (2.1)

A partition is identified with the Young diagram. The conjugate partition of A, whose
diagram is obtained by interchanging rows and columns, is denoted by A’. x* stands

for the monomial x* = xflxgz --+. We give some bases of Ag,::
1) my = > x% (monomial symmetric function).
o : distinct

permutation of 4 N
(ii) ps» = pa ps-.., (the r™ power sum p, = x]).

(iii) e;=ey e, ..., (the # elementary symmetric function e, =3 Xiy e Xi)-

i1<---<iy
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We endow Aq(g, With the following scalar product:

(pla pu>q,t = 5/1,;421(51,0 s (22)
where
1) 1 — qﬂ,f
g = [T 7mt - [ A=("2), 23)
rz1 i=1 1 =™

with m, = #{i| 4; = r}.
The Macdonald symmetric function is characterized by the following existence
theorem:

Theorem 2.1 [19]. For each partition ) there is a unique symmetric function P; =
Pj(x;q,t) € Aqg,r) such that

(A) Pr=m; + Zz uymy, Uz € Q(g,t), (2.4)
u<
(B) (P1P)y =0 if Adu. 2.5)

Even though this definition is concise, it is more useful to define the Macdonald
symmetric function by introducing an operator which can be regarded as a natu-
ral deformation of the Calogero—Sutherland Hamiltonian. The following operator is
called the Macdonald operator:

n tx; — X;

D=5 (H ’> Tpx (2.6)
i=1 \j*i Xi —Xj

where T, is the g-shift operator defined by (T, f)(x1,...,%,) = f(x1,...,

g%i,...,Xx,). The other way to define the Macdonald symmetric functions is the

following:

Theorem 2.2 [19]. For each partition A (of length < n), there is a unique sym-
metric function Py(x;q,t) € AyQqq,r Satisfying the two conditions:

(A) Po=my + ZA Upymy, Uy € Q(q,t) 5 2.7)
n<
n .
(C) DiP; =S t""ig" . P, . (2.8)

i=1

It was shown by Macdonald that D; can be included in a family of mutually
commuting operators {D,|r = 1,...,n}. The operator D, is defined by
D= Y ez ¥TNoqr,, 2.9)

1c{1,2,...n} i€l Xi —Xj el
||=r j&I

Theorem 2.3 [19]. The operators D, (r = 1,...,n) commute with each other and
the Macdonald symmetric function P; is the simultaneous eigenvector of these op-
erators with the eigenvalues given by the coefficient of X"~" in [[}_ (X + t"~'q™).
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One can notice that Macdonald’s D, and Ruijsenaars’ 5’k have a similar structure.
Here we list some particular cases of the Macdonald symmetric function P;(q, t):

(i) When ¢t =g, P;(g,q) is the Schur function s;,
(ii) When g = 0, P;(0,7) is the Hall-Littlewood function P,(t),
(iii) limy_,1 P;(q, g") is the Jack symmetric function J;(8),
(iv) When t = 1, P;(q,1) = my,
(v) When g =1, P,(1,t) = ey,
(i) Pi(g™'t71) = Pu(g,1).

Let Q;’s be the dual basis of P,’s, that is
(01(a: 1), Pu(q,1)) g1 = Oi - (2.10)
The following proposition is easily proved:

Proposition 2.4. We have the following equation:

;Pz(x; :)0i(y; g, 1) = (x, y;4,1) , (2.11)
where « )
XiYVj; g )oo
I(x,y)=1(x,y;q,t) = 2 2.12
(x,y) = I(x, y;9,¢) g(xiyj;q)oo (2.12)

Here we have used the following notation:

oo
(@)oo = [1 (1 —agk) foracC. (2.13)
k=0
We remark that II(x,y) = II(y,x) is a Taylor series in x; and y; in the region
lxiyi| < 1.
If we write

0i(x;9,1) = ba(q, )Pi(x; 4, 1) , (2.14)

then we have the explicit formula for b,(g,¢). To state it we need the following
notation: For any s = (i,j) € 4 (i row, j® column in the Young diagram 1), let
us define arm-length a(s), leg-length I(s), arm-colength a’(s) and leg-colength /'(s)

as follows: PR -
als)y=4—j, d@E)=j—-1,
=4 ale) = (2.15)
sy=2%4—1i, lI'(s)=i—-1.
Theorem 2.5 [19]. The explicit formula for the coefficient b)(q,t) is
1 1— qa(s)tl(s)-H
= =[] ——=- 2.
bi(g,1) (P1P)ar Sl;g 1 — geor+146) (2.16)
2.2. The Dual Transformation. Let us define an automorphism
gt * AQ(g,n — AQen (2.17)

by fixing the action on p, as

r— 1—gq
0ulpr) = (-1 ' T pr (2.18)
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and extending it naturally. We have the following theorem which describes the
duality transformation of the Macdonald symmetric functions.

Theorem 2.6 [19]. For any partition A, we have
wg,P3(q,t) = Qu(t,q) (or equivalently w,,Q;(q,t) = Py(t,9)) . (2.19)
It is easy to show

wy JI(x, y;,6) = [T (1 +x:9;) = H(x, y) (2.20)

ij
where w,;', , acts on the variable y. Hence we have

;Px(x; a.Py(y;t,q) = M(x,p) . (2.21)

2.3. The Scalar Product (), . Next we consider the properties of another scalar
product (, ),., . that will be defined below. We shall work with a finite number of
indeterminates x = (xi,...,X,). We set the parameters ¢ and ¢ as 0 < g < 1 and
0 < t < 1. Define

i (xi/xj;q)oo
A = A(x: — H L
(x) (x, q’t) i,j=1 (txi/xj;q)oo
i+j

(2.22)

In the region ¢ < |x;/x;| < t~' (i%j), 4 is a Laurent series in x;’s. For f,g €
AnQg, 1 We define!

1 . dx;
oige = o 1 5 F@@A 0.0

n! < i 2n

= %(constant term in f(X)g(x)4(x)) . (2.23)

The following proposition is the most fundamental one.

Proposition 2.7 [19]. The operator D; is self-adjoint with respect to this scalar
product, namely,

(D1 f, g>:1;q,t = (f’Dlgxt;q,t > (2.24)
Jor all f,g € Anq,»-

From this proposition we have

Proposition 2.8 [19].

<Pl(q’ t)’P#(q’t)>;l;q,t =0 lf‘ 24:# . (225)

YFor f(x) = f(x1,%2,...), we define f(X) = f(1/x1,1/x2,...).
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Furthermore we have

Proposition 2.9 [19].
<Pl(q, t)7 P/l(% t)):z;q,t

_ (@ Qoo(g T oo
1zi<jzn (@S @)oo(gh AT g)oo

ﬁ I,(iB) 1 — g/ ©p=1'6) e
ST BT (= DB+ 1) gy 1 — gu@p=Te=1 "2 A E

(2.26)
where T)(x) is the q-gamma function defined by

) = EL= 1 gy,
3. Integral Representation of the Macdonald Symmetric Polynomials

In this section, we construct integral representation formulas for the Macdonald sym-
metric polynomials. We adopt the same idea as that of the case of Jack symmetric
polynomials [21-24].

3.1. Maps %, Ny and an Integral Formula for P;(x;q,t). Let us define the map
Y, and N, as follows:

% A Qeg,0) — ArQa.0
1) (G f)x) = lfll(xf)s-f(x), 3.1)

Nam = AmQeg,r) = AnQeg0)

f(x)’_)('/Van)(x)_fH H(x yaqat)A(yyqat)f(y) (32)

Vi
Here ,m < oo and n can be equal to oo.

Proposition 3.1. The actions of 9 and N, on the Macdonald symmetric poly-
nomial P are as follows:

(1) P(Sr)-ﬁ-)»(xl,"'axr; q’t) = gSPl(xh”"xr; qat) ) (3'3)

<P1,Pi>q,t

i) Pux1,..sXn3qot) = — o5 —
(i) Pi(x1,..., %3 9,1) MUP1, Pi) gt

NoamPr(X15. . Xm3q,8) . (3.4)
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Proof. As for (i), we can easily check the conditions (A) and (C) in Theorem 2.2.
The statement (ii) can be proved as follows:

(PiPi)gt & dy;
MU Py,Pi)mg:” j=1270y;

~I(x, y;q, )A(y; g, 1)P:(y; g, 1)

_ (P, P1)q.t § ﬁ <> 0u(x; 4, OPU(T; 4, )A(Y; 9, )Pi(y; g, 1)
mA(P7, Py )nig.s 1—127ij e - ,

= (P3, P1)q,:0i(x; 9,1)
= P)(x;q,t) . Q.E.D.

Any Young diagram A can be uniquely decomposed into rectangles:

SN SN-1 s S2 S1

)\ = TN TN-1 ceer (T2 ™

where ry > --- > r, > ry. Therefore the partition A is parametrized as follows:

=@y )+ 6T, 3.5)

where (s") = (5,5,...,5). For the partition 1, we assign a set of partitions A9 (a =
.,N) as follows:

M = () + -+ () + (5] (3.6)
Here we state our main theorem:

Theorem 3.2. Let A be the partition given by (3.5). We have the following multiple
integral representation of the Macdonald symmetric function Pj(x;q,t) € AQ,):

Pi(x;q,t) = Cf Ny Gox JV,N e Gy N Gs, o 1

—cif 1 [l 5t a(x“)fa- HH(x"“,xa,q,t)Au PROMINER)

a=1 j=1

where x; = x"*1 ry,1 = oo and

N P, Pya)g,
CI=C;(q,t)=H <l A )tIt

. 3.8
a=1 ra!<P/1(a),Pj,(a)>;'ﬂ;q,t ( )

Proof. Use Proposition 3.1 iteratively. ¥, adds a rectangle and .4/, ,, increases the
number of variables. Q.E.D.
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Notice that the variable x’s have both lower and upper suffices and the upper
suffices should not be understood as the powers of x. Hereafter, we will frequently
use this convention.

3.2. Another Integral Formula for P (x;t,q). Next we consider another integral
representation of the Macdonald symmetric polynomial P/ (x;t,q) that is obtained
from Q;(x;g,t) by applying the automorphism «, ;. Let us introduce one more map
defined by

~

/Vn,m : AmQ(q fH AnQ(q t)

&) = (Wmf)X) = § H A 9)A(y; 4.0/ (). (39)

Yi

We can prove the following Proposition 3.3 and Theorem 3.4 in the same way as
Proposition 3.1 and Theorem 3.2, respectively.

Proposition 3.3. The following equality holds:

Pl’('xla"-axn;taq)z jn,mpl(xla“"xm;q’t)' (3'10)

m!<PbPl>:n;q,t

Theorem 3.4. Let A be the partition given by (3.5). We have the following
multiple integral representation of the Macdonald symmetric polynomial

Py (x;t,9) € AQu,n:
Py(x;t,q) = CA FN41 "Ng '/‘/VN wW—1 gsz'/‘/rz,rlgsl -1

—lel—[l—[ ( i

a=1 j=1 21ux

. _ N—1 . N
X AN XN q,0) TT T %% 0,0 ] 4% g,1), (3.11)
a=1 a=1
where x; = x'*!, ry 1 = 0o and
Cl(g,1)

(P1,Pi)g: (3.12)

C, =C(g,1) =

3.3. An Integral Formula for the Skew Macdonald Polynomials. Now let us pro-
ceed to discuss how to obtain an integral representation of the skew
Macdonald polynomials. To this end, let us start with introducing a
boson Fock space # which is isomorphic as the vector space to Agqq,: [26,
21]. Define the commutation relations of the bosonic oscillators @, (n € Z4¢) as

follows: "
1—g"
buimo (3.13)
Let |0) be the vacuum vector such that a,|0) = 0 for » < 0 and F be the Fock space
defined by & = Q(g,t)[a—1,a-2,...]|0). Let (0| be the dual of |0) i.e., (0|0) = 1.
Define #* = (0|Q(g,t)[a1,az,...].

[an,am] =n
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We can construct an isomorphism 1 between % and Agq,) as follows:

1. F — AQ(q,t) (314)
|f) = f(x) = 0ICx)|f), (3.15)
and an isomorphism 1* between #* and Ag,s) by
" F - AQ(q,t) (3.16)
(fl= &) =(fIC*(x)0), (3.17)
where
x1—-t"a,
C(x)=exp (nzz:ll _qngp,,> , (3.18)
x1—-t"a_,
()= —Dn 3.19
C*(x) exP(nZ::ll—q” np) (3.19)
where p, is the power sum p,=x]+x5+---. For example, we have
1:a_p|0) — py.

We will use the following notation. For any symmetric polynomial [ € Aq(,s,
we assign an operator f € Q(gq,#)[a_1,a_s,...] and a vector |f) € # such that
z(f|0)) =1(|f)) = f(x). In the same way, we assign an operator f* € Q(q,1)
[a1,as,...] and a vector {f| € F* such that l*((Olf*) = 1*({f]) = f(x). For exam-
ple, (Px(g,1)[0)) = 1(|Pi(g, 1)) = Pa(x;¢,1) and 1*((0P} (g, 1)) = 1*((Pag,1)]) =
P;(x; g,t). For a product f(x)g(x), the corresponding state is fg|0) = f|g) = | f9g).
We have the following proposition:

Proposition 3.5.
(i) Let (f| € #* and |g) € F. We have

(flg) = (f(x),9(x))q: - (3.20)
(ii) Let (f| € #* and |g-h) € F. We have
(flg-h) = ((f1C*(x)|g), (O|C(X)|A))q,: - (3.21)

Proof. We defined the commutation relations of a, so that (i) holds.
(ii) is proved as follows:

(flg - h) = (f1glh) = (i)
= (({|C*(x)[0), (O|C(x)IA))g,c = ((f19C*(x)[0), (OIC(xX)| 1)) g.s
= ((f1C*(x)1g), OICNAN) g1 »

where we have set (i| = (f|§ € #* (which may be 0), and used (i) and §C*(x) =
C*(x)§. Q.E.D.
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We remark that in this boson language, for example, Proposition 2.4 is a conse-
quence of the completeness condition > _,|P,)(Q;| = 1.

By Theorems 3.2 and 3.4, we have the following bosonization formulas for the
Macdonald symmetric polynomial P,(x;q, t):

Proposition 3.6. Let 1 be the partition given by (3.5). We have

o 1—1"a_
Piq.t)= q,t)Hexp<_11 ) ) (3.22)
T dxf e AT B —n
_ij:I] 2m‘xj F] (x,q,t)jl;ll exp( > ) ) (3.23)
Pia.n=4¢ H 2me ﬂ*(x;q,t)jlrjl exp (:_ol - ilf( )" ) (3.24)
_ N dx}'. — il _ooa_n_v-—n
_fjl;ll Srix, F; (x,q,t)j];[1 exp( n}=:1 n( x;) > (3.25)

Namely, (0]C(x)P;(g,1)|0) = (0|P}(q,1)C*(x)|0) = P;(x; ¢,¢). Here F* is defined by

Fr (s q.0) = c;(q,t)A(xN;q,z)i‘”[(x,” "

< H X0y H TG 5 g, A% g, 1), (3.26)

a=l j=

Ey (Nq0) = G (6,9 AG"; t,q)[[ )™

me

N—1 r, dxa
x¢ I1 11 556" H OG5 ,9) A% g) . (3.27)
a=1 j=

Let u and v be two partitions. We define the structure constants f f;v of the ring
Aqg.n by
Pulxs g Py 0:) = 3 fi(4:0Pilx: 1) (3.28)

or equivalently,

fiv = 1ia(@:0) = (Q1, PuP\)g,c € Q(g,1) - (3.29)
The skew Q-function is defined by
TCTEDY [ )0(x: ,1) . (3.30)
This is equivalent to the following condition:
Qs Pr)gyt = (O BuPy) g1 - (3.31)

The skew P-function is given by Py, = b;'b”Q,W.
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Now we are ready to state the boson representation of the skew Q-polynomial.

Theorem 3.7. We have the following boson realization of the skew Q-polynomial:

Ouu(x; ¢, 1) = (D] C*(x)|Py) = (Pu|C(x)|Qs) - (3.32)

Proof. From Propositions 3.5 and 3.6 we have the following:

{DC* DNP), Po)gr = ((QalC*(x)[Pp), (OIC(x)|Py))g,e
<Q/1aPqu>q,z .

This proves the first equality. The second equality can be proved in the same
way. Q.E.D.

As a corollary of this theorem and Proposition 3.6, we obtain integral represen-
tation formulas for the skew Q-polynomial.

Corollary 3.8. Let A be the partition given by (3.5) and u be another partition
p=1(o)+ -+ (a7"). We have the integral representation formulas for Q;
(x;9,t) € Agqq,r) as follows:

b(qa t)ﬂ_lQl/u(x; q, t)

N de

=¢11

j=1 2miz;

M de T+ . . . H(x,Z,q,t)
.jl;[l —_—Zniwj F (2,9, )F, (w; ¢, )I1(Z,W; g, 1) X Ix.:q.1) (3.33)

= f ﬁ ﬁ_ . ﬁ dw; F (2 q,t)F;f(w; q,t)ﬁ(Z,W) % {ﬁ(x,f)

— 3.34
j=1 27IiZj j=1 ZTIZW] H(xa w:q, t) ( )

wodz; P dw; B N II(x,z;q,t)
= . “Ft(z;9,t)F, ;q, Iz, N 3.35
fjl;‘[l 27'CiZj jl;[] 27'5in 4 (Z’q ) # (W 1 ) (Z W) % {H(X,W) ( )

N de oM dW] _ _ _ ﬁ(x’f)
= —_— F (z;q,)F (w;q,)II(Z,W;t,q) X { - 3.36
:fjgl 2riz; j_Ile 2w, (24, 0F, (w; ¢, )II( q) {H(x,w). (3.36)

Remark. More generally, one can directly prove that the skew Macdonald poly-
nomial can be written in the integral transformation .4, , of Eq.(3.2) or in the
power-sums p, as follows:

. _ <Q/1’ Ql) Lt 5 .
Ql//t(xa q’t) - ml(Qb QA)q;n;q,t('/Vn’MQA P/l)(x7 q7t) 5
Ouu(p;q:t) = Pu(P;q,t) Oi(p;g,1)- 1, (3.37)

for all m 2 I(A). Here P,(x) =P, (1) and B, = nll—:‘f,,i %.
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3.4. The Kostka Matrix. As another application of the bosonization constructed
in the last subsection, we will give integral representations of the Kostka matrix
K,Lu(q,t). Let

hi(g,t) = T] (1 — "0+ | (3.38)
SEL
g =TT (1 = gty = hy(r,q) . (339)
SEL
So, we have
bi(g,t) = hi(q,1)/H)(q,1) . (3.40)
Let us define
M)(x;q,1) = hy(q,1)Pi(x;9,1) = h(q,1)0i(x; ¢, 1) . (3.41)

The g-analogue of the Kostka—Foulks polynomial K,(g,¢) introduced by Macdonald
is defined by

My(x;9,t) = 3 Ku(g, 1)Su(x;1) (3.42)

2
where S;(x;¢) is the dual base of the Schur function s,(x) with respect to the scalar
product (, )o,. Further let us define the dual base of S)(x;#) with respect to the

scalar product (, )g, by Si(x;g,1).
We have the following:

Proposition 3.9. For a partition A, we have

dx] /‘[ U0 a_p -—n
ls)) = ¢ H 2mx] Hj(l xi/x;)- 1 exp( . ) |0), (3.43)
i< j=1 n>
I(A) I(4) 1— t” a_n
[S:(8)) = f H NIe! —X;/xj)- H exp( ) P x]_n> |0), (3.44)
= i<j n>
: I(4) 1 a_,
1Si(g,2)) = ¢ H 21r = l];[](l — Xi/xj)- H exp( D i xj,—") |0}, (3.45)
1I(A) d Y
ol =$ 11 27;; YL = x/0)- OIH exp ( ;’) (3.46)
Xj i<j
(5,0 = § H T ) om exp( =10, e
i<j n>
102
0.0 = $ 11 5 T =+ 01T exn (£ ). )
i<j n>
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Proof. An integral representation of the Schur polynomial is well known [26]:

(%)

i) = § W gy} - LA =iy LA =)™ (49)
v

27uyj i<j

Therefore (3.43) and (3.46) are correct states. Since (s;|s,)|i=g = 1,,, We have

I(A) dx; — “J
fH 21‘Clx] % H 2713 v, i .:l;[j(l xj/xt) H 1 —xz/y,
1A = yi/y)=0a, - (3.50)
i<j

Note that Sy(x;?) is independent of ¢. Using the above identity and Proposition 3.5,
we can show the following:

(Su(8), su)o,e = (Sa(®)lsy) q:0= Oius

(S1(g, 1), Su(D))g.e = (Si(q, DISu()) = 61, QE.D.

We remark that we obtain another expression of these states by using another integral
representation of the Schur polynomial [26],

(4)
sw(x) = (- 1)'“3?11 2 ILO =ty TIA —iyy) (3.51)
1Y)

Since Kju(g,t) = (Si(q,1),M,(q,1))q,:, by using Propositions 3.5, 3.6 and 3.9,
we can show the following theorem:

Theorem 3.10. Let A, p be partitions; p= (ahy')+---+(a}'). Kostka matrix
K,,(q.t) is represented as follows:

Klﬂ(% t) = <Sl(q’ t)IMu(q, t))

ﬁ H (1- xj/xi)

127ij i<j

= h,u(q>

) ) CRELE

NG W san
)

d"’ T (- )

Jj=1 27”)’/ i<j

H(_xt/YJat)oo F (¥:9,1) . (3.52)
i,j

= hﬂ(q, t)f 1—.[
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4. Bosonizations of the Integral Formula

In the last section, we introduced the Fock space of the boson field to discuss
how to obtain integral formulas for the skew Macdonald polynomials. One may
notice, however, the bosonization is something partial compared with the case of the
Schur polynomials [26] and the Hall-Littlewood polynomials [27], because we only
bosonized the variable x = xV*!. We consider some fotal bosonization schemes of
the integral representation formula for the Macdonald symmetric polynomials which
was obtained in the last section.

4.1. Firstly we treat the case of f € Z . In this case, we can bosonize the integral
formula by using a similar method to the Jack symmetric polynomial’s case dis-
cussed in our previous paper [24]. Let us introduce the following bosonic oscillators
having A-type like symmetry:

0 for A% =0,

1 — ¢l
1— q|n| 5n+m,0

1—1¢ 1—¢"
n<1_qn+ 1—q—")5"+’"’0 for A% =2,

—n for Aab =—1 . (41)

b
[aza ap] =

and [ad, 0°] = BA°®, where n,m € Z and a,b € {1,...,N + 1}. Here, 4% = 2560 —
o%b+1 — 5%b=1 g the Cartan matrix of Ayy; type. Let us define A-type boson fields
as follows:

Lo(@) = > %Z" +07,
¢%(2) = P%o(2) + 9%(2), "0 & (4.2)
Lo@)=-2 —};’iz_” +aglogz .

n>0

The normal ordering : : is defined as moving ¢ ¢ to the right of ¢ <. The operator
product expansion (in the region |w/z| < ¢f~') is given as follows:

(0 for 4% =0,

p1 o
log (z_ﬂ [T (1—g*w/2) ) for 4% = —1,
k=0

¢ (2)¢p"(w) ~

i B—
log ((—zw)ﬁq—sﬁ(ﬁ—l) H‘ (l_qkw/z) (l_qkz/w)> for A —2 |
k=0
4.3)

For o= (al,...,a"*), let |a) = exp(%ZZ;’ilcx“(A‘l)abe)|0>, where  |0)
satisfies a3|0) =0 (a=1,...,N+1 and n = 0). This |«) satisfies a%la) =0
(@a=1,...,N+1and n > 0) and af|o) = a®|a). We also introduce (x| as the dual
of |a), ie. {a]o) = dyu.
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We can state our result as follows:2

Proposition 4.1. Let A be defined by (3.5). We have the following A-type bosonic
realization of the Macdonald symmetric function for f € Z:

Lg—1)\ip5WN —
Pi;4.1) = Cf (g,1)(~g* ™ D)ifem e

N ra dx% N 0 a N1 N+l
x$ ITT1I 3 L. (@[] e ) H e ! Ny, (4.4)
a=1j=1 «TUX; a=1j=1

where 0% = B(ras1 — 1o+ 1)+ (ni2=0), @ =a"+ BZNHA"” and
= xV*1 ryi1 = oo (after calculation).

Proof. First we remark that for f € Z.¢ (¢t = ¢¥),

B—1
a0 =TI L0~ dxfs),  Mygn=T1T] — 4.5)

i%j k=0 i,j k=0 1- kxzy

A straightforward calculation of the operator product expansion shows that this
integrand agrees with that of Theorem 3.1. Q.E.D.

4.2. Next we construct another bosonization scheme which is applicable for the
case of € C. We utilize Jing’s boson field which was introduced to consider
the Hall-Littlewood symmetric function P(x;¢) having one parameter ¢ [27]. No-
tice that in this case we will not utilize an 4y structure but derive a bosoniza-
tion formula for P(x;q,t) using finite temperature calculation regarding the pa-
rameter ¢ as playing the role of temperature. Let us introduce an N copy of
boson oscillators a2 (a=1,2,...,N), whose commutation relations are given as
follows:

1

[aZ,af’n] = ”1—_‘m5n+m,05ab . (4.6)
Let 7 be the Fock space of these boson fields: # = Q(q,)[a% ;,a%,,...]|0). Normal
ordering : : is defined as moving a? to the right of a®, (n > 0). We define the
grading operator Ly as

Ly = Z Z (1- tn)aa—naz > 4.7)

a=1n=

which satisfies [Lo,a%] = —naZ. We introduce boson fields as follows:

p@)=— ¥ (-dhB g =T a-m=E. (48

n€Zyo n>0

Here we state another bosonization formula:

2'We use the convention H:’zl 0; = 0,0, - - - O, for non-commuting 0;’s.
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Proposition 4.2. Let 1 be defined by (3.5), and let f € C. We have the following
bosonization formula for the Macdonald symmetric function:

Pi(x:9,8) = CH(g, 00(q: o ? ‘r"l]X[ ' l—tffllra DGy
206.0,1) = CF (g, (g o =" (145 )% azlrwkI:Tll_tk a:ul;ll 2m.x;;(xj)

a=1j= a_lj

where x; = x"*! and ry 1 = oo.

Proof. To calculate the trace, we apply the Clavelli-Shapiro trace technique [28].
We introduce the boson oscillators b5, which satisfy the same commutation relation
as a2 and commutes with a?,, and take the following combinations (n > 0):

. a° . qnba
a, = I —nq" +57,, at,=a",+ - ;n . (4.10)
Clavelli and Shapiro’s argument tells us that
0/0)0
Try(q"0) = (0110 (4.11)

H:; 1- qk)N ’

where O is an operator in a2, and 0O is defined as the operator obtained from @ by
replacing a2 with @,. Then we obtain

. d;ﬂ(z) . (q; fI)oo ( n _n n) < 1 _ tn Z —n)
e = ex (1-1")—2" |ex n,
@ Dw 7 nZ>:O P go —gn

X exp (—Z 1- t")é%ﬁz_”) exp (E U——ﬂl)—qn%ﬁ

n>0 n>0 1 _qn

z") , (4.12)

and

(1—t")g" b
n

:e_,ﬁ“_(z): = exp ( S (—-—= a, ”) exp ( > "Z") . (4.13)

n>0 n>0 1 _qn

We have the following OPE’s: in the region q < |z/z;] < 1,

) . e¢ (21)+¢" @). (22/21; @)oo (921/22;9) o0 for a=b
:e¢ (z]): :e¢ (Zz): — (tZz/Zl,q)oo (thI/ZZa Q)oo ’ (414)
. e(i"(21)+<$b(22); for a+b,
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and in the region |w/z| < 1,
w,
3 ; Fo-don, WD oy
ef @ :em - = (W/z; @)oo (4.15)
P AQSRCOP for ab.

. . . N—Eﬁ’;lra . ZN=‘ra .
By using these equations, (¢; ¢)oo (tq; )" *Trg(- - -) in (4.9) becomes

e (X5 )0 (9X8/%3 @)oo ra ot (£x0 /X9 4)oo

ij= 1 (x5 /xE Qoo (GEXT /XT3 @)oo a=1i=1 j=1 (xa+1/ 45 q)oo

i<j

(1 — oxf/x})

1, HIT(x*! X%, q, t N e X

| 46" 4. DI q)ﬂ,,@(l—x?/;')
i<j

:12

(4.16)

a

For each a and a permutation o, we change the integration variables x{ — xg .
Then by using the identity [19]

2

0€S, 1<i<j<n Xo(i) — Xo(j) k=1 1 —1

Xo(i) — [Xa(j) _ no]— ¢k

, (4.17)

where S, is the n™ symmetric group, the integrand agrees with that of

Theorem 3.1. Q.E.D.

5. Discussion

In this paper we have obtained integral representations of the (skew-)Macdonald
symmetric polynomials (Theorems 3.2, 3.4 and Corollary 3.8) and their boson real-
izations (Propositions 4.1, 4.2 and Theorem 3.7). The two maps in Proposition 3.1
have played an essential role in our derivation.

Our first physical motivation for this study is the calculation of the correlation
functions of the Calogero—Sutherland model. The results obtained in this paper and
ref. [21-24] will help us to do it. In particular skew Jack symmetric functions will
be useful for higher point correlation functions. Of course, concerning the analysis
for the Calogero—Sutherland model, the Macdonald symmetric polynomials are un-
necessary, but sometimes calculation for g-deformed quantities is more transparent
than the original ones. We have also constructed free boson realizations for the inte-
gral representations. These realizations will also help us in calculation for correlation
functions. However, in comparison with the case of the Jack symmetric polynomi-
als, these free field expressions are ad hoc in the sense that they merely give the
desired integrands of the integral representations (see the next paragraph). Another
motivation is to solve the Ruijsenaars model, i.e. model with elliptic potential. At
present this problem still seems to be difficult.

For mathematical interest, we would like to mention the relation between free
field realizations and symmetry algebras. In the case of the Jack symmetric poly-
nomial [21-24], this polynomial is realized on the boson Fock space as the state
obtained by the action of screening currents :e*=%°@: on the vacuum. This state is
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the singular vector of the Wy algebra. On the other hand, in the free boson real-
ization, the W)y algebra is the commutant of these screening currents :e*+%°®):. So
we have the following natural question: in the case of the Macdonald symmetric
polynomials, what algebra appears as the commutant of the vertex operators :e% ®):
used in Sect. 4?

After finishing this work, we learned that Frenkel and Reshetikhin constructed
certain g-deformations of the Virasoro and W -algebras [29] by utilizing the free bo-

son realization of the quantum affine algebra Uq(.;l ~) studied in ref. [30]. It seems in-
teresting to clarify the connection between our vertex operators introduced in Sect. 4
and the g-deformed algebras.
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