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Abstract: An account is given of the structure and representations of chiral bosonic
meromorphic conformal field theories (CFT’s), and, in particular, the conditions
under which such a CFT may be extended by a representation to form a new
theory. This general approach is illustrated by considering the untwisted and
Z,-twisted theories, #°(A) and #(A) respectively, which may be constructed from
a suitable even Euclidean lattice A. Similarly, one may construct lattices A¢ and
Ag by analogous constructions from a doubly-even binary code %. In the case when

% is self-dual, the corresponding lattices are also. Similarly, #(A) and #(A) are
self-dual if and only if A is. We show that H (Ag) has a natural “triality” structure,
which induces an isomorphism %(/lfg) = %(A(g) and also a triality structure on
Jf( /lcg) For € the Golay code, Ag is the Leech lattice, and the triality on Jf( A(g)
is the symmetry which extends the natural action of (an extension of) Conway’s
group on this theory to the Monster, so setting triality and Frenkel, Lepowsky and
Meurman’s construction of the natural Monster module in a more general context.
The results also serve to shed some light on the classification of self-dual CFT’s.
We find that of the 48 theories #(A) and #(A) with central charge 24 that there
are 39 distinct ones, and further that all 9 coincidences are accounted for by the
isomorphism detailed above, induced by the existence of a doubly-even self-dual
binary code.

1. Introduction

In this paper we shall provide the details omitted from the summary of our results
given in [1].

The principal result of the paper will be to show how a study of binary linear
codes leads to an understanding of some of the symmetries of conformal field
theories (CFT’s). We shall restrict ourselves of self-dual chiral bosonic theories,
which are regarded as trivial by approaches to the CFT classification problem which
rely upon a study of the fusion rules for the representations of some chiral algebras
[2]. (For general reviews of CFT see [3,4].) Hence, a complete understanding of
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these “trivial” theories would seem to be essential to obtain, and further our results
show that such theories are not necessarily without an interesting structure.

Indeed, one such theory, constructed initially by Frenkel, Lepowsky and
Meurman (FLM) [5] from the Leech lattice, possesses only discrete automorphisms,
which close to form the largest of the sporadic simple groups, the Monster group
[8-10]. Building on previous work generalising the construction of this Monster
module to other lattices [11], we show that a certain subgroup of discrete sym-
metries, known as triality, which is the key to the construction of the action of the
Monster in the FLM theory, can be seen in this more general context. Triality is
seen to occur in some theories as an obvious consequence of the existence of a
corresponding binary code, and can be lifted to provide an isomorphism between
otherwise potentially distinct CFT’s and further to the triality structure of the form
exhibited by FLM, though in a more general setting. Hence, we see that triality and
binary codes provide insight into the classification of bosonic self-dual theories, and
a more general framework in which to view the hitherto mysterious Monster group.

In addition to these investigations of lattice constructions, we provide a gen-
eral treatment of the representations of bosonic CFT’s. We discuss the notions of
a subconformal field theory and of a hermitian structure on a CFT, and demon-
strate that, under certain conditions, we may extend a CFT by a representation to
form a new CFT. A particular example of this is provided by the twisted lattice
construction, which gives the Monster module in the case of the Leech lattice. Our
treatment is based on the approach of [12], which was inspired by the work of
FLM and Borcherds’ general approach to “vertex operator algebras” [13]. Results
in a similar direction have also been independently described in [14]. This, and ref-
erences therein to the mathematical literature on vertex operator algebras, contain
material on the calculus of formal variables which provides an alternative method
of rendering our results mathematically rigorous.

The layout of the paper is as follows. Sections 2—4 cover the general aspects of
conformal field theories and their representations. In Sect. 5, we sketch the straight
and Z,-twisted lattice constructions of CFT’s and the analogous constructions of
lattices from binary codes. Further details may be found in [11]. Section 6 gives
the results of these constructions, and discusses the connection with the Monster
provided by the work of FLM, while in Sects. 7 and 8 we exhibit the triality structure
in this general framework. Our conclusions are presented in Sect. 9.

2. Definitions and Elementary Properties

In this section, we define what we shall mean by a meromorphic bosonic conformal
field theory (frequently referred to in this paper simply as a “conformal field theory”
for brevity), and review some of the properties which follow from this definition.
[For physicists familiar with conformal field theory, note that we shall consider
only bosonic meromorphic chiral conformal field theories defined on the Riemann
sphere, i.e., they are holomorphic, in the sense that there is only a dependence on
the complex variable z and not its conjugate z*, with meromorphic matrix elements
and “commuting” vertex operators in the sense of (2.4)].

Definition 2.1. 4 meromorphic bosonic conformal field theory (#,%,V,|0),y;)
consists of a Hilbert space of states #, a dense subspace F [typically the
Fock space of states of finite occupation number for some set of harmonic
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oscillators] and a set V of linear operators called vertex operators V(y/,z), which
are linear maps # — H parameterised by a complex variable z, in one-to-one
correspondence with the states y € F. [We shall use the Dirac notation ), but
will write this simply as \y, where it is notationally convenient.] There are two
special states in &, the vacuum |0) and a conformal state ;. We shall take the
product V(n,z1)V(Yn,zz) - - - to be well-defined only for |zi| > |z2| > - - - (see [28]).
The theory must satisfy the properties P1—6 detailed below, and is said to be a
hermitian conformal field theory if it satisfies in addition property P7.

P1. We define the moments of the vertex operator of Y, to be given by
V)= Y Lz "2, 2.1)

neZ
and demand that they provide a representation of the centrally extended Virasoro
algebra
[Lm,Ln) = (m — n)Lypyn + —I%m(m2 —1)om,—n » (2.2)
with Lf =L_, and L,|0) =0,n = —1. [Note that we shall see later that the

requirement (2.2) may be weakened slightly and still hold, in the presence of the
remaining axioms.]

P2. The vertex operators satisfy

V(,2)|0) = e -1y, (23)
and also
P3. The bosonic “locality” relation
Vi, 2)V(¢,0) =V(9, OV (Y,2) . (2.4)

More precisely, we require that the matrix elements of the product V(y,z)V (¢, ()
between states in & should be defined for |z| > |{| and that the function this defines
by analytic continuation be regular except for possible poles at z, { = 0,00 and
z ={. Then (2.4) should be interpreted to mean that the functions obtained from
either side in such a manner are equal. (Note that any extension of the defini-
tion of the vertex operators V' (y,z) from & to the space of generalised coherent
states V(Yn,z1)V(¥2,22) - - V(¥,zn )@ for |z| > |z1| > |z2| > -+ - |zy| and ¢ € &, if
it exists, is unique because of the fact that # is dense in J#.) (Note also that we
could allow a relative minus sign between the two sides of (2.4), corresponding to
fermionic fields.)

The property P2 is equivalent to the conditions

d
[L-1,V(h2)] = -V (¥,2) (2.5)

and
2113(1) V(y,2)|0) =y . (2:6)

(In particular g = L_5|0).) Equivalently (2.5) can be expressed in the form of the
“translation property”

e’ VY, 2)e " = V(2 +w). (2.7)
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From the locality condition (2.4) we can establish a uniqueness property of the
vertex operators.
Proposition 2.2. If U(z) satisfies

U(2)|0) = e™~1¢, (2.8)
for some ¢ € F, and is local with respect to the system of vertex operators, then
U(z) = V(¢,2).
Proof. The proof is straightforward, since

Uz)e =1y = UV (Y, 0)[0) = V(, HU(2)|0)
=V, 0e™=1¢ = V(,0)V (¢,2)|0)

= V($,2)V (¥, 0)|0) = V(¢,z)e 1 . (2.9)
Thus, taking { — 0, we deduce U(z) = V(¢,z). O
Thus, to demonstrate a given operator to be a vertex for a particular state all
we have to do is show that it is local with respect to V and has the appropriate
action on the vacuum.

We may apply this uniqueness property to (2.5) to deduce that, since j—z V(y,z)
is local with respect to V,

diV(xp,z) =V({L_1y,z), (2.10)
z

since both sides are local with respect to V and have the same action on the vacuum,
from (2.3).

Similarly, uniqueness immediately implies that V' (i,z) is linear in i and that
V(|0),z) = 1, again using (2.3) (and the fact that L_;|0) = 0).

In addition, we have

Proposition 2.3. The “duality” relation:
Vi, 2)V(9,O) =V (V ¥,z — )9, 0) . (2.11)

Proof. Again this is a consequence of the uniqueness argument (note that the prod-
uct on the left-hand side of (2.11) is local with respect to V, because each of the
factors is). We use (2.3) and the translation property, i.e.,

V(,2)V (,0)|0) = V(h,2)e -1 ¢ = -1V (,z — )¢
=V W,z = 0$,0l0). O (2.12)

[Note that, as discussed following property P3, these equalities are to be inter-
preted in the sense of analytic continuation of the functions one obtains by taking
matrix elements of the given operators in & .]

These results serve to demonstrate the powerful role played by locality in con-
formal field theory.

Proposition 2.4. Skew-symmetry:

V(,z)p = eL-1V(p,—2z) . (2.13)
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Proof. Using (2.11) together with (2.3) we obtain

VL2V ($,010) = V(V (b2 = D, 0I0) = -1V (2 =D . (2.14)
But using (2.4) first gives
V2V (9,010) = e™ =1V (.0 —2)y . (2.15)
Thus, comparing (2.14) and (2.15) one obtains (2.13). O

This result will be of use in later chapters when we come to defining what are
called the intertwining operators. Note that it also immediately implies linearity of
V(,z) in the state .

Let us also assume

P4. x% acts locally with respect to V, i.e., x?0V(y,z)x%0 is local with respect
to V.

[Note: we could alternatively assume that the spectrum of Ly is integral (which
we deduce in Proposition 2.9 in our present treatment), and then (2.16), and thus
the locality of the action of Ly, would follow as a consequence of (2.59) and its
implications for L_; descendent states.]

Then using [Lo,L_;] = L_;, from the Virasoro algebra (2.2), and the uniqueness
argument (together with Lo|0) = 0) we deduce that

xbov i,z o =y (y,xz), (2.16)
when Loy = hys, or equivalently

[Lo, V(¥,2)] = <z % + h¢,> V(Y,z) . (2.17)

For a general state, i.e., not necessarily an L, eigenstate, we can write (2.16) by
linearity as
xboy(y,z)x~h = v(xtoy,xz) . (2.18)
Later, by imposing the requirement P7 that the conformal field theory has a her-
mitian structure, we will see that the conformal weights Ay for the states y must
always be non-negative integers.
We begin by writing & as a direct sum of eigenspaces of Ly, i.e.,

F =P, (2.19)
n
where Loy = hy for ¢ € .

Definition 2.5. A state  is said to be an su(1,1) highest weight state or a
quasi-primary state if Lj\y = 0. The corresponding vertex operator is said to be
a quasi-primary field.

(The elements L1, Ly of the Virasoro algebra generate a subalgebra isomorphic
to su(1,1) [note that for m, n = 0,%1 in (2.2) the central term vanishes].)
Let us also assume

P5. The spectrum of g is bounded below.

Note that this assumption is physically reasonable, since in a conformally in-
variant quantum field theory we have both a holomorphic and an anti-holomorphic
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conformal structure, with Virasoro generators L, and L, respectively. The Hamil-
tonian H of the theory is given by Lo+ Ly, and in any sensible quantum field
theory the Hamiltonian should be bounded below. Since the holomorphic and anti-
holomorphic sectors are independent, then Ly and Ly should be separately bounded
from below.

Proposition 2.6. The eigenvalues of Ly are non-negative.

Proof. For € &}, a quasi-primary state, using LT_1 =L, and the relation [L;,L_{] =
2Ly, we obtain
IL-1yl> = 2Al|yl?, (220)

so that, by positive definiteness of the norm on the Hilbert space of states, 2 = 0.
If ¢ is an arbitrary non-zero (not necessarily quasi-primary) state with negative
conformal weight 4, then the sequence of states L’l" ¢ for N =0,1,2,... have con-
formal weights 4 — N. If any of these states vanishes, let Ny be the smallest
such value of N. Then LIIVO—1¢ is a quasi-primary state y with conformal weight
h=A4+1—-Ny < 0. The left-hand side of (2.20) is non-negative, but the right-
hand side (since ¥ +0 as we chose Ny to be as small as possible) is negative.
This contradiction implies that the sequence of states LY ¢ are all non-vanishing.
Hence, if any state has negative weight, the spectrum of Ly is unbounded below.
This contradicts PS and hence establishes the result. [

If a state ¢ has conformal weight zero then L;¢ = 0, otherwise we would have
a state with negative conformal weight. Thus, we may apply (2.20) with ¢ = ¢ to
see that L_;¢ = 0 also, i.e., a state has zero conformal weight if and only if it is
su(1,1) invariant. We shall assume

P6. The vacuum is the only su(l,1) invariant state in the theory.

From the fact that the conformal weights are bounded below, we see that
LY¥¢ =0 for N sufficiently large, where ¢ is an arbitrary state of some definite
conformal weight. So we have

Proposition 2.7. # splits up into a direct sum of su(1,1) highest weight represen-
tations. ,

Each is generated by repeated action of L_; on an su(1,1) highest weight state
(a quasi-primary state). This fact will be of use later in proving certain locality
relations, since, by (2.10), we only have to consider quasi-primary states, and for
these the hermitian structure takes a particularly simple form. Let us now define
this hermitian structure.

Proposition 2.8. If V(e* Liz*~2Loy 1/z*) is local with respect to V then
V(e iz oy, 112 = V(§,2) (2.24)
where

V= lim V(e* 1z 2koy, 1/2%)10) (2.25)

and the conjugation map W —  is antilinear.

Proof. All we need do is demonstrate that the left-hand side of (2.24) satisfies
the obvious analogue of (2.5), or equivalently the translation property (2.7). Then,
being local with respect to V, from Proposition 2.2 we see that it must be the
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vertex operator with argument z for a particular state i, which must, using (2.6), be
given by (2.25). (Note that the limit is seen to exist from the translation property.)
The map ¥ — ¥ is clearly antilinear, from the linearity of the map from states
to the corresponding vertex operators noted above as a simple consequence of the
uniqueness theorem. We now establish that the translation property is satisfied.
etliy(eh/fy, D)e=?1 is a local operator (see (2.59)) and so we calculate its effect
on the vacuum and then use the uniqueness theorem. Now

e ly ey, De™1|0) = etieth-1eh1ly (2.26)
_ 4 2L 1
—exp{———l_ch_l}(l &) OCXP{—_C(I—SC)LI}l/J (2.27)
=(1 —sC)_Zhexp{1_—C84L_1}exp{1;€8§L1}¢, (2.28)

where to get from (2.26) to (2.27) we have used

efligtl-1 — exp {ﬁl‘_l}(l _ gC)_ZLoeXp { ] —SSCLI} (2.29)

and, to get from (2.27) to (2.28), [Lo,L—;] = L_;, and we have taken Loy = .
Thus it follows that

ey (el e = (1 — el) "2V (exp { 1 _CSC Ll} v, I—ETC) . (230)

Taking ¢ small gives

L _ Ly, ey % e
[L1, V(e >y, )] = 2hLV ("4, 0) a0 V(e™' "y, (). (2.31)
Therefore
[z R ] = S ), (232)

so that the translation property is satisfied by z=2"¥(e? L1y, 1/z*)!. The required
result follows by linearity of the vertex operators. O

So, let us assume
P7. For all y € F V(e? Liz*=2Loy, 1/z*) is local with respect to V.

The conclusions of Proposition 2.8 then follow. The following result details
some of the useful properties which follow from this hermitian structure.

Proposition 2.9. For ,¢ € #,

(i) if Loy = hys then Loy = hy, i.e., the conjugation operation preserves con-
Sformal weights,
(i) L = —L_1y,
(iii) ¥ =y,
(V) (fpr¢295)" = (_1)h1+h2+h3f$152$3’
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where ¢1, 2, ¢3 € F with Lodp; = hjp; for 1 = j = 3 and
To18285 = (011V (d2, D] 3) , (2.33)
v) Ly = —Liy,

(vi) the spectrum of Ly is integral, i.e., all states have integral conformal
weight,

(vii) (V]9) = ($lv).

Proof.
(i) Consider
eloy ety 0)e™0)0) = eLoetl-1h1/ty, (2.34)
= eMexp{e’lL_i}exp{e™*Li/(y.  (235)
Therefore
ey (ehfy, e = etV (exp{e L /C}, ), (2.36)
and by taking & small we see
o V4,001 = (€ -+ VEbR0.0), 237)
LoV o201 = (2 5 + ) Vo) (238)
showing that Loy = hys as required.
(i) If ¢ =L 1y,
V($,z) =z 22y (el L 1y, 1))t . (2.39)

Now,

ML = (L) 422 Lo + (2*PL)eb

=Lojeh 4 M (22" Lo — (2 PLY (2.40)
using the algebra (2.2). Thus,
— d — _

V(¢2) =~V (2) = —V(L-1¥,2), (2.41)

o _ _
¢=—L_1y. (242)

(iii) For ¢ a quasi-primary state of weight Ay, (2.24) gives

V(,z) =z (Y, 1/z)" . (2.43)

From (i), ¥ has the same conformal weight as Y, so that a second application
of (2.7) shows that the vertex operators for Y and ¥ are equal, and so by the

uniqueness theorem y = . But from (ii), the action of L_, anticommutes with
the barring operation. From the decomposition of & into a direct sum of su(1,1)
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highest weight representations, we thus see that for a general state € # (not

necessarily quasi-primary) ¥ = .
(iv) To establish this result, we note that

Foi6285 = (D11V (02, 1)|¢3)
= (¢1le" =1V (g3, —1)l¢2) by (2.13)
= (| V(¢p3, —1)Te"1| )"
= (ha|V(e 115, —1)el| )" by (2.24) and ¢; = ¢
= (dale™ V(e Py, e M ¢y)" by (2.13)

= (pale V(P e ™M [F5)* by (2.24) and §, = ¢

= (¢1|V (e M1, — 1) |s)* by (2.13)
= (1|V (¢5, —D)|3)* by (2.24)
= (-)s(f5 550" (244)

(v) A quasi-primary state remains quasi-primary under the map  ~— 1, since
ILipl1? = WIL L) = WILLa ) — 2(0|Lo|Vh)
= (YILiL_a[y) — 2()|Lol¥) (2.45)

using first [L;,L_1] = 2Ly and then the facts that bar anticommutes with L_; and
commutes with Ly and that barring preserves the norm (a special case of (iv) given

by setting ¢, = |0) and ¢3 = ¢,), so that
Ll = ILiyl* = 0, (2.46)

for  quasi-primary. Hence we deduce L;) = —L;} for an arbitrary state ¥ by
induction on # in considering states of the form L" ;¢ with ¢ quasi-primary (as
we saw in Proposition 2.7, these span %), i.e., L; anticommutes with the barring

operation.
(vi) From (2.7) and (2.18) we have

OV .2V (9, 0[0) = (z = )W 4Ky, (247)
where Lo = hgp, Loy = hyy and Kyg4 = (0|V (¥, 1)|¢). But, using (2.24) and
V=, V(1) = (e, ). So, using (2.3), 0|V (¥, 1) = (Ylel-1eh, ie.,

Kyg = (e"yle"1¢) . (2.48)
Taking ¢ = ¥ and  (and hence ¢) quasi-primary, K= [l¥|/> and K5, = w1

(using E =), both of which are positive (for }y+0). The locality relation (2.4)
applied to (2.47) then implies that K, = (—1)2"w1<E , (as by = hy), and so hy, must
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be integral. Hence the conformal weights of all quasi-primary states and hence all
of their L_; descendants (i.e., all states) must be integral.

(vii) For general states, locality applied to (2.47) and making use of (2.48)
requires (eX1yf]el1(—1)loy) = (el el (—1)k0¢). Replacing ¢ and ¥ by eli¢ and
el1y respectively and using the facts that L; anticommutes with the bar and that
(=Dloelt = e~Li(—1)k0, we obtain the required result. (The factors of (—1)%0 can-
cel on either side, as the inner products clearly vanish when the conformal weights
of ¢ and y are not equal.) O

An analogue of part (iv) of the above will be of importance later in proving
one of the locality relations when we come to consider extending the CFT by a
particular representation to give a new CFT.

Definition 2.10. The moments of the vertex operators are given by

V(,z) =3 Va)z "M . (249)
nez
Then, by (2.3),
Vo, W0y =y,  Va@)|0) =0 for n > —hy (2:50)

(cf. (2.1) noting that the state Yy = L_,|0) has conformal weight 2). Equations
(2.5) and (2.17) may then be rewritten in terms of modes as

[L09 Vn(‘p)] = _nVn(lp) )
L1, Va1 = (A —n—hy)V1(¥), (2.51)

and the duality relation (2.11) can also be rewritten, giving
VL2V (6,0 =3 (=0 M1 (4,0, (2.52)
n=0

[a relation which holds, as discussed following axiom P3, at the level of analytic
continuation of matrix elements] where

S = Vign()b . 2:53)

and kg and hy are the conformal weights of ¢ and y respectively, the sum being
bounded below because 7}, ¢_,,(|p)¢ =0 for n < 0 (otherwise we would have a
non-zero state with negative conformal weight). This is a precise version of the
operator product expansion (OPE), showing that this important result, often assumed
in theories as an axiom, is simply a consequence of locality, emphasising further
the important role played by the requirement (2.4).

Note also that for y quasi-primary, (2.27) gives

Va(' = V_u() . (2.54)
A fact which will be of use later when we come to discuss sub-conformal field
theories is

Proposition 2.11. The vacuum is generated in the OPE corresponding to states ¢
and ¢.
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Proof. Considering the OPE (2.52) for y = ¢, we see that the leading term in
the expansion on the right-hand side is (z — ) ™2 V' (¢, (), where ¢ = ¢($)¢).
¢o has conformal weight zero, from (2.51), and so must be proportional to the
vacuum state |0) by our assumption P6 about the uniqueness of the su(1, 1) invariant
state, i.e., @9 = k|0), and so the leading term is k(z — {)~?"¢. Comparing with
(247), we see that k = K5, = [le"1¢||* from (2.48). So k > 0, and therefore the
vertex operator for |0) appears in the OPE. [

Consider now the OPE (2.52) for y; with ;. The singular terms in the ex-
pasion ar B0, b1, and 3. o = £10), where ¢’ = 2|, ¢1 = LiL_2[0) =
3L_4]0) =0,
¢2 = Loy = 2y, and ¢3 = L_1yy. Then, setting V('PL,Z) = L(z),

L(z)L({) = %(Z —07 2 - 0L+ E -0 L(C) +0(1), (255)

d¢
where the (z — {)™! term is rewritten using (2.10) and O(1) stands for terms regular
at z = {. From (2.55) we can use the usual contour manipulation arguments to derive
(2.2) (with ¢ = ¢’). That is

1
[LpLm] = —— dz §d¢ — dz §d¢ | 2"V L(2)L(0)

(2miy? |z|fm $ |¢|i€|z| s

(2n Gy J 4L 2 L)L) (2.56)

where the z integral is taken on a contour positively encircling { excluding z = 0 and
the { contour is then taken positively about { = 0. Substituting in from (2.55) gives
the required result. In other words, we can deduce the entire Virasoro algebra from
the conformal field theory structure and the few simple properties used immediately
above (2.55) (in particular, the relation [L;,L_;] =3L_;), i.e., we can weaken the
requirement Pl slightly and it still holds true in full, showing once more the powerful
consequences which follow from the structure of local vertex operators.

We may similarly deduce the conformal properties of vertex operators. We have

LWV () =+ =)V (L¢, ) + (2 ~ C)_3V(L1¢ 9)
+hy(z =72V (@) + (2 —0)” 14 V(¢ O+o0@1), (257)

for a state ¢ of weight Ag. Hence, if L,¢p =0 for n = 1,2 (and so for all n = 1
by (2.2)),

[Ln, V(9. O] = {Cd_c +(n+ 1)%} Vi¢,0), (2.58)

for all n, by the contour manipulation argument.

Definition 2.12. A state ¢ said to be a (conformal) primary state if it is a highest
weight state for the Virasoro algebra, i.e., if L,¢ =0 for n=1,2. The corre-
sponding vertex operator is said to be a (conformal) primary field.

By using once more the fact that the conformal weights are bounded below, we
see that & splits up into Virasoro highest weight representations, each generated
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by the action of the operators L_, for n > 0 on Virasoro highest weight states.
If instead we have ¢ only quasi-primary, then (2.58) holds only for n=0,+1.
The relation (2.58) is a generalisation of (2.5) and (2.17), which hold for all
states.

For a quasi-primary state Y of weight Ay, (2.58) for n = 0,+£1 is equivalent to
the Mobius transformation property

@)

hy
iz ] V(y,y(2)), (2.59)

D,V (y,z)D; " = [

where

2L,
b Vad —bc\ "’
D, = exp{gL_l} (———" - c) exp{——ng} , (2.60)

and
_a+b

@)= a
This freedom to perform Mobius transformations on the variables for quasi-primary

fields means that we can write the three-point function for quasi-primary states
¢1, ¢, and @3 in the form

OV ($1,20)V ($2,22)V ($3,23)|0) = (21 — )37 "1772(z) — z3)l2 =l
@@= 6y (2.62)

where fy 4,4, 1s defined as above and Logp; = h;¢p; for 1 < j < 3. Locality there-
fore implies

To16263 = f¢2¢3¢1 = (_1)h1+h2+h3f¢1¢3¢2 = (_l)hl+h2+h3f¢3¢z¢1 . (2.63)

Definition 2.13. We shall say that two conformal field theories # and #', with
dense subspaces & and F' respectively and corresponding vertex operators V(/,z)
and V'(Y/,z), are isomorphic if there exists a unitary map u: # — #' such that

V'(wp,z) = uV(,zyu"", (2.64)

(2.61)

for Y€ F.

Proposition 2.14. If u: # — H#' is an isomorphism of conformal field theories
H, A then u|0) = |0"), wfy =y, where |0),|0') are the vacuum states and Y,
V] are the conformal states in # and #' respectively.

Proof. Taking ¥ = |0), the vacuum in &%, we have V’(u|0),z) = 1, so by unique-
ness u|0) = |0’), the vacuum state in &#’. Also, we can show that u must map
the other special state in &, the conformal state g, into the corresponding state
Y, in &#'. From the action of the vertex operators on the vacuum, (2.3), to-
gether with (2.64) we see that ul_ju~! = L' . Set L, =uL,u~" for all n. Then
L_y =L",. By conjugation we have L; = L}, and by [L;,L_,] = 2Ly we see that
Lo =L
From the OPE (2.52), we have

VW)V (i, ) = i =090, (2.65)
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where
bn = L)_,uiy . (2.66)

(Note that the conformal weight of wyy; is still 2, as Ly = Ly implies that u preserves
coformal weights). Lyuyy, has zero conformal weight, and so is 5 k10"), by the unique-
ness assumption made above), for some k € C. Liuyy = uLiyy = 0, Ly = 2uyy
(see comment above) and V'(L’_ ujy,() = & 2 V', §) (cf. (2.10)), so that (2.65)
becomes

V2V ) = oz = 07 42— OV . 0)
+(z - C)_ — V’(WL, O+031). (2.67)
Hence, comparing with (2.55), we see that the contour manipulation argument gives
[Ly,,La] = (m = n)Lpsn + %m(mz = Ddm—n , (2.68)

(the modes of V'(wyy,z) are L, by (2.64)).
On the other hand, we find similarly

Vb, )V O, 0) = e = 07 4 2~ V0

+(Z—C)_ V'(V/L O+o@), (2.69)

giving
7

. k
L, L] = (m —n)L.,., + Em(m2 — D) . (2.70)

Comparing (2.68) and (2.70) shows L, = L), for n#0, and so yf = uyy as required
(we already have the case » = 0 from the above discussion). [J

Finally in this section, we discuss the notion of a sub-conformal field theory.
This concept is not particularly exploited in the following sections, but it does
provide an interesting example of the techniques and structures discussed above.

Definition 2.15. A sub-conformal field theory of a conformal field theory # is
defined to be a subspace ¢ H such that

(i) Z is an invariant subspace for each V(¢,z), p € Fy=fNF
(ii) # is invariant under the su(1,1) algebra Ly,Ly

(i) Zy ={¢: ¢ € F,} = F.

We noted earlier that the vertex operator for |0) appears in the OPE of ¢ and ¢.
From (i) and (iii), this immediately implies that |0) € #. (This automatically gives
invariance under L_; from V' (i,z)|0) = e -1y for yy € ¢ together with (i).) Let us
denote the orthogonal complement of ¢ as Ftie, ft={cH (Yl¢p)= 0
V¢ € #}. If ¢ is invariant under L, for some n, then forp € £and Yy € g 0=
(PILn| @) = (P|L_n|p)*, i.e., £+ is invariant under L_,. Hence (ii) is equivalent to
saying that ¢+ is su(1,1) invariant. Also, by (vii) of Proposition 2.9, (iii) could
equally well be stated for #=.
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Proposition 2.16. A sub-conformal field theory of a (hermitian) conformal field
theory is itself a (hermitian) conformal field theory.

Proof. Suppose # is a sub-conformal field theory of #. Let P/ be the ortho-
gonal projection onto _#, and set 1//Lf = P#y;. Write L7 (z) = V(t//Lf ,z) and K(z) =
V(Yk.), where yx = i — lﬂi’@ € #+. To evaluate the OPE L(z)L#({), we require
the actions of L,, L; and Ly on lﬁLf. Loy = 2y gives Lo(lllzf +k) = 2({//57 + Yk ).
But # and #* are L, invariant. So, comparing both sides, we see that Lol//ij = 21//5
(and Loy = 2y ), by uniqueness of the decomposition of a state into a sum of a
state in ¢ and a state in ¢+, szf has conformal weight zero, and so is %|0),
for some ¢/ € C. So

F

c

- = OLa¥) = Welv) = elP/ W) = 111 @271)
since P¥ = p4". Finally, Liy; =0 =L1¢,;’¢ +Liyg. But # and £+ are L, in-
variant. So th//]‘f = —Liyg € #N #+ ={0}. From this, it follows by the usual
contour manipulation argument (or comparing with (2.55)) that

$3
C
L, L1 = (m — n)L2,, + Em(m2 = Ddpen , (2.72)

where L7 are the modes of L* (). To deduce from (2.72) that the )74 satisfy the
(centrally extended) Virasoro algebra, we need to show that [K,,,,L;’f 1 =0, where K,

are the modes of K(z) (L, = L + K,). To do this, we consider the OPE K (z)L” ({).
We need to prove that it contains no singular terms (at z = (), so that the com-
mutator vanishes on applying the contour manipulation argument, i.e., we need
Ky =0 for =1 <n 2.

To show this, let us look at the action of vertex operators for states in - on
states in ¢ and vice versa. Let x denote the operation of taking the operator product
and identifying states with the corresponding vertex operators. Then (i) becomes

F x # C #. Therefore, for y € #+ and ¢, € ¢, (X]V(ez*le*_ZLoa,zl*)h//) =0,
the state forming the argument of the vertex operator being in ¢ by (ii) and (iii).
So, conjugating, and using (2.24), (Y|V(¢,2z)|x) =0, ie, £ x #+ C #+. But,
from (2.13), V(x,2)¢ = eL-1V (¢, —z)y. So, since £+ is invariant under L_, this
result also implies ¢+ x ¢ C #+. Thus, K,y € #+ and LYy € #. But, from
the above calculation of the OPE (2.72), we see that Lnlﬁif € #for -1 =n<2
So K,,l//f =0 for —1 < n < 2, as required.

This gives us a type of generalised coset construction [15], with L7 and K,
satisfying commuting Virasoro algebras with L, = L +K,,

7
[L7.L7) = (m = mLiLy + Som(n® = Do, (2.73)
[Kim: Kn] = (m — n)Kpsn + %m(”ﬂ = 1)om,—n » (2.74)

where & = ¢ — ¢/ = 2|y
Since L, ¢ C ¢ for n=0,+1 by (ii) and L7 # C #, we see that K, # =0
for n =0,%1, i.e., we can replace Lo,Li; by L{ ,Lil respectively when acting
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on #. Hence, ¢ becomes a conformal field theory, with vertex operators V(y/,z)

for Y € ¢ restricted to ¢, vacuum state |0) and conformal state l/li}l . It also retains
the hermitian structure possessed by 5. (Note also that the zero conformal weight

state remains unique, since Lo = L{ on #, and similarly the spectrum of L{ is
bounded below (and hence non-negative).) [

Set f°={l/1€jff:L{l//=0}. We have
Proposition 2.17.

() ye el Vy,z)]=0vneL (2.75)
(ii) #° is a sub-conformal field theory of #.
(iii) The vertex operators corresponding to ¢ and ¢° commute.
(iv) £ C (£, In fact, (#°)° is the largest sub-conformal field theory in #
containing ¢ and sharing the same conformal structure.

Proof-

(i) If ¥ € #9, then L{y =0 for n > 0, since the spectrum of L{ is non-
negative. Also L7y =0, since |[L7,y|]? = |[L7y|*> = 0, using 17, L7 ]1=2L7.
If the commutator vanishes, applying it to the vacuum for » = —1 (for which
L7]0) = 0, since L,|0) = 0 and so L7 [0) = —K,|0) € # U #+ = {0}) gives

LIV(,2)|0) =0, (2.76)

so that (2.6) gives the left-hand side of (2.75). Conversely, if € #°, we look
at the OPE L7 (z)V'(,{). The singular terms involve the vertex operators for the
states L Y for n = —1, and so vanish. Therefore, the right-hand side of (2.75)
follows by contour integration.

(ii) #° is invariant under L., Lo, since if € #° then L{Lml,b = Lngdl// —
[L,,,,Lg¢ Y. The first term vanishes by definition of ¢#°, and the second term, from
(2.72), is —mL3, Y for —1 < m < 1, which vanishes by the argument given in
(i). Also, conjugation of the right-hand side of (2.75) implies that #° is invariant
under the bar operation. Also, for ¢,y € #°, L{ V(g,z)y = V(d),z)L{w, by (2.75),
which vanishes by definition of #°, i.e., #° is invariant under V(¢,z) for ¢ € #°.

Thus, we see that #° is a sub-conformal field theory of .

(iii) For ¢ € #°, (J|¢) = O|L |$) = 0, i.e., Y € #OL. Also, from (2.75)
and the fact that [Lg,K,] = 0, we see that Y € #°. Hence, P/ Ol//L =y, or L{ -
K,. Thus, the Virasoro algebras of # and #° are complementary, (that is, they
commute, and add to give the Virasoro algebra for #). More generally, the vertex
operators corresponding to _# and #° commute, since the singular terms in the OPE
V(y,2)V(¢,{) for y € # and ¢ € #° vanish. To see this, we note by positivity of
the Lo eigenspace that V()¢ = 0 for n > hy. Then from L{l Va(Y)phi = —(hy +
n— D)V,—1(¥)¢ (since L{lqb =0as ¢ € #° so we can replace L{an(l/J) by its
commutator, and as y € ¢ L’ , can be replaced by L_; and we then use (2.51))
we can deduce recursively that V()¢ = 0 for n > —hy, as required.

(iv) The above result gives, in particular, [K,, V(¥,z)] =0 for all n and all
W € #, so that by (2.75) we see that # C (#°)°. Also the conformal state for
(#°)° is complementary to that for #°, and so coincides with that for #. O
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3. Representations of Conformal Field Theories

Definition 3.1. A4 representation (U, %) of the conformal field theory # is a
Hilbert space A" and a set of linear operators U(Y,z) : A — A linear in \y for

Y € F such that
UW,2)U(¢,0) =U ¥,z - )¢,0), (3.1)

(¢f. the duality relation (2.11)), with U(|0),z) =1 (otherwise we could have
Uy ,z) vanishing on some subspace of A').

Equivalently, using the mode expansion of V,
UW-2U(.0) =3, @ = O VU4 D). (32)

where A4, and Ay are the conformal weights of ¢ and  respectively and the ¢,
are as in (2.53). The representations which we consider will be meromorphic, that
is matrix elements of operators in U will be meromorphic functions of the complex
arguments of the operators.

As a simple consequence of this definition, we have

Proposition 3.2.

(1) The operators in U are local.
(ii) The modes of U(Yy,z) satisfy the Virasoro algebra (2.2).
(iii) U(Y,z) possesses the analogous translation property to (2.5).

Proof.
(i) First, note that by taking ¢ = |0) in (3.1) and using (2.3) we obtain
UY,2) = U D5 1y,0). (33)
Hence
UW,2)U($,0) = U 11 (¢,{ —2)p,{) by (3.1) and (2.13)

=UV(¢,{—2),2) by (3.3)
=U(¢, DU ,2) by(3.1),

ie.,
UW,2)U(¢,0) =U(o,O)UY,2), (34)

again in the sense of analytic continuation of matrix elements of either side.

(ii) Set U(Yr,z) = L(z) = Y, Lnz~""2 (using the same notation as for V' (yz,z),
but the distinction will always be obvious from the context). Then (3.2) and the
usual contour manipulation argument show that the L, satisfy the Virasoro algebra
with the same central term as for the conformal field theory #.

(iii) (3.3) implies that

d
W) =UlLy,2). (3.5)
But from (3.2) with ¢ =y, we see that
(L1, UW,2)] = U(L1y,2), (3.6)

and so the result follows. [
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Example 3.3. If ¢ is a sub-conformal field theory of the conformal field the-
ory #, as defined at the end of Sect. 2, then #* forms a representation of ¢, with
U(¢,z) = V(¢,z) restricted to ¢+ for ¢ € £.

Proposition 3.4. The existence of the representation given in Definition 3.1 is
equivalent to the existence of “intertwining” operators W(y,z): # — A" for x€
A (or rather a dense subspace of A°) such that

UW,2)W(x,0) =W(oL,OV(,z) (3.7)
and W(yx,0))0) — y as { — 0.

The locality relation (3.7), interpreted in the usual sense, is referred to as the
intertwining relation.

Proof. Given a representation as above we define W(y,z) by
W(rz)p = e&=1U(¢,—2)x (3.8)

cf. the relation (2.13). We shall ultimately combine the representation and the CFT
to give a new CFT, and the relation (2.13) which must hold for this CFT requires
(3.8) to hold.). Given this definition, we have

UW,2)W (1,0 = U, 2)e - U(¢,—{)x by (3.8)
=1,z - HU(D, —Ox
= 1Ur (Y,2)¢, —x by (3.1)
= WOV W,2)¢ by 38),  (39)

and taking ¢ = |0) in (3.8) and letting z — 0 we obtain W(x,z)|0) — y as z — 0,
as required.

Conversely, if we are given the intertwining operators W(y,z) satisfying the
intertwining relation (3.7) for some operators U(y/,z) and also the limiting relation
as z — 0 on W(y,z)|0), we have

UW,2)U(¢, OW (1, w) = W(Lw)V (¥,2)V (¢, () by (3.7)
=WowlV IV (,z-0¢,{) by (2.11)
=UV(,z =0, OW(r,w) by (3.1). (3.10)

Apply (3.10) to |0) and let w — 0 to give, since y is arbitrary, the required locality
relation on U. In addition, U(|0),z)W (y,{) = W(y,{) from the intertwining relation,
and again action on |0) and letting { — 0 we obtain U(]0),z) =1 as required. O

Note that defining W by (3.8) from the representation U gives
W(%2)|0) = =17, (3.11)

(cf. (2.3)). Conversely, given operators W satisfying the intertwining relation (3.7)
and also (3.11) (which is consistent with the required limit as z — 0 in the definition
of W) we obtain, by applying (3.7) to |0) and using (2.3),

UG, z)et =1y = W(p e 1y . (3.12)
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Taking z — 0, the translation property for U then gives the relation (3.8). Hence,
if we impose the stronger condition (3.11) rather than just the limiting condition
in the definition of the intertwining operators, we always have the relation (3.8)
between W and U.

From (3.8) we have

WD) = LU~y — FIL UG GIY)

using the translation property for U. Hence

W= UG, D= WL, (14

ie.,

diW(x,z) =W(L_1xz). (3.15)
A

Note also that the fact that the U’s are linear operators implies, from (3.8), that
W(y,z) is linear in y, and since U(¢,z) is linear in ¢ then the W’s are linear
operators.

Definition 3.5. If 5# and #' are two isomorphic conformal field theories with
isomorphism u : # — #', as above, and (U, #") and (U, A") are representations
of H and H' respectively, they are said to be equivalent if there is a unitary map
p: A — A such that

pUW,2)p~ = U'(w),2), (3.16)
for all y € .

Propeosition 3.6. If (U, ") is an irreducible representation, i.e., if it has no proper
subspaces invariant under all the U(Y,z) for y € &, then p is unique up to multi-
plication by a constant.

Proof. If p; and p, are two suitable maps satisfying (3.16), then u = p, pi is a
unitary map commuting with U(y,z) for all y € #. By Schur’s lemma (i.e., that
any eigenspace of u is an invariant subspace, and so must be the whole space for
an irreducible representation), we deduce that u is a multiple, k say, k € C, of the
identity map, i.e., p; = kpp. [

4. Extension of a Conformal Field Theory by a Real Hermitian
Representation

Definition 4.1. The representation U described in the preceding section is said to
be hermitian if ’

U($2) =z U(E M, 1)), (4.1)
where ¢ is a state with conformal weight hg, (cf. (2.24)).

_ Further, it is said to be real if there is an antilinear map y ~— ¥ on /" such that
X=X L_1x=—L_;x and

(Fuon)' = (D)t fo o, (4.2)
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(cf. (v) of Proposition (2.9)) where Loy; = h;x; for j=1,2, Lo =hy¢p and
Fuon, = T1lU(@, D|x2). Also, we require that if Loy = A, then LoY = h,J.

Definition 4.2. Set
W(G,z)=z"2rw(e iy, 1/2%), (43)

where hy is the conformal weight of y € A" (i.e., eigenvalue of the zero mode L
of U(Y,z)), and W is given by (3.8).

Note that this definition extends to all states by linearity of W(y,z) in ¥, which
follows from linearity of W(y,z) in x and the antilinearity of the map y — 7. Its
definition is inspired by (2.24) as we wish it to be part of a vertex operator in some
extended conformal field theory. The operator W is a map from # to # which
intertwines the conformal field theory and the representation in the opposite sense
to that in which W does in (3.7), i.e.,

WoLOUW,z)=V({,2)P (1,0) . (4.4)
This follows simply by conjugating (3.7) and using (4.3), (4.1) and (2.24).

Proposition 4.3. We have the locality relation
W20 (12, 0) = W2, OW (11,2) - (4.5)

Proof. First, consider the action of the left-hand side on an arbitrary untwisted
state ¢, i.e.,

WO, 2)W (12, O = W1, 2)e - =1U (¢, — Dz by (3.8)
=W (1,2 — DUS, —Oita (4.6)

where the translation property for W(y,z) used in the last line follows by the same
arguments as in Proposition 2.8 (trivially checking that the appropriate assumptions
which went into that proposition remain valid in this context). Hence, using (4.4),

(1,2 (12, O = =1V (b, O (1.2 = Otz - 47
Therefore, the locality relation (4.5) is equivalent to
V(g —OW (11,2 — Ogr = e*~ 11V (, =)W (12, L — 2)10
= V($, =0 W (10,0 — 201 (4.8)
and so it remains to prove
W2 = e W(y, —2)1 - (4.9)

Note that this is analogous to the relation (2.13). Conjugating (4.9) by using (4.3),
with 4; and 4, the conformal weights of y; and y, respectively, we have to show
the equality of

M (| W(eth7,,z) and 222 (p |W (e ThT,, —2z)er . (4.10)
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Acting on an arbitrary untwisted state ¢ again, and using (3.8), we have to verify
17— _z 1 1=

2 (pale 1 U(¢, —2)e=" [1y) = 22 (e 1 U(e 1 g,2)e” 1 7,) . (411)

From the fact that the representation is hermitian, i.e., using (4.1), we see that this

is equivalent to
z 1r = — —z - 17—

2 (e 1 U(§, —2)e="1 Ty) = 2272 (e ™1 U (@, 1/2") ezt 1) . (412)

So, we see that for y; and y, quasi-primary states, we have to verify

2 (1 |U(¢, —2)|7,) = 22272 (11 |U (&, 1/2*)1[7,)

=227 (7, |U($, 1/2°)|11)* - (4.13)

Using (2.18), we may remove the z dependence from U, and find that the
relation which we have to verify reduces to (4.2), i.e., for a real hermitian repre-
sentation, the locality relation (4.5) holds for quasi-primary states.

To deduce the result in general, we make use of (3.15) and an analogous
result for W(y,z) which we derive below. This enables us, by differentiation, to
infer locality for all L_; descendents of quasi-primary states, which is sufficient by
Proposition 2.7 and linearity of W(y,z) in y. From (2.40) together with (4.3), we
see that

d— _ -
d—ZW(x,z) =-—W(L-1x2), (4.14)
so that, using 7 = y and L_ ;% = —L_7,

d — —
W (62)=-W(L-1y,2), (4.15)

as required. [J
Our main result is

Proposition 4.4. If we also have the locality relation

W (2 ) (12, ) = W (2, OW (11,2 , (4.16)

and the spectrum of L in the representation is strictly positive, then we may

extend the conformal field theory # to a (hermitian) conformal field theory # =
H O A, with vertex operators defined by

V(y,z) 0 3 0 W(xz)
>, P(2) = (
0 U,z) W(x.z) 0

where we use the notation  for (y,0) with y € # and similarly y for (0, y) with
L € A The vacuum and conformal states are (|0),0) and (Yr,0) respectively,
which are written |0) and Y, by this convention.

V(,z) = ( ) , (417

Proof. The vertex operators have the required action on the vacuum, from the ac-
tions of ¥ and W on |0) € #. Since the modes. of U(yy,z) satisfy the same Vira-
soro algebra as the modes of V' (y;,z), then we have the required Virasoro structure.
(Also note that we have uniqueness of the su(1,1) invariant state and a spectrum
of Ly which is bounded below, properties which we assumed for # and which
carry over into this new theory.) The locality relations necessary for this to be a
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conformal field theory reduce to the six relations

V(y,z2)V(9,0) = V(g, OV (¥,2), (4.18)
W(xz)V(9,0) = U(g,O)W(x.2), (4.19)
UW,2)U(¢,0) = U(¢,OUY,2), (4.20)
VL2 )W (1,0 = W(OUW,z2) , (421)
W (1,20 (12, 0) = W (2, OW (1,2 (4.22)
W 2)W (12, 0) = W (32, OW (11,2) (4.23)

which we already have. Note also that the hermitian structure on the U’s and
the 7’s together with reality of the representation gives a hermitian structure on the

new vertex operators, with (Y, ) = W,%). O

A is a sub-conformal field theory of #. We have Y € A and Ygx = 0 in the
previous notation, and there is a symmetric space structure

Hx H CH, H XA CAH, A X HCH, H XA CH . (424)

# has an automorphism 1 which acts as 1 on 5 and —1 on %.

Proposition 4.5. If we have another definition of reality on the space A', with
the conjugation map y — %, then, if #' is the conformal field theory obtained by
using ¥ in place of 3, #' is isomorphic to #.

Proof. We see from
Fo30 = Fagn = 01U@, D), (4.25)

and (4.2) that

(11U, DIxy) = (alU(¢, DI2) (4.26)
noting that conjugation preserves the conformal weight. Let ¥ = uy. Then (4.26)
implies that

W U(p, Du=U(p,1). (427)
Setting ¢ = |0), we find that the map u is unitary. So (4.27) becomes
U(p, D u=uU(e,1). (4.28)

Since Ly commutes with both conjugation operations (by definition), it commutes
with u. So we may use (2.18) to deduce from (4.28) that

U(d,z)u =ulU(¢,z) . (4.29)

So, if our representation is irreducible, then u must be a multiple of the identity, by
Schur’s lemma, i.e., 7 = w2y} for some w € C. Since ¥ = ¥ = x and conjugation is
antilinear, we must have |w| = 1, since

—

= w2y = ww2y = wlw*

% =wl*x. (4.30)

=))

X:
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Thus N N
V'(vg,z) = vV (0,z)v~ ", (4.31)

0= (é g) (432)

is the (unitary) isomorphism. [J

where

Proposition 4.6. Let # and H#' be two isomorphic hermitian conformal field
theories with isomorphism u: # — #'. Suppose (U, #") and (U', A") are equiv-
alent representations of # and H' respectively, with a unitary map p satisfying
(3.16). Then

(i) u preserves the hermitian structure, i.e., wy = uy Vo € #.

(i) pW (g2 u™" = W'(pp,z) Yy € X

(iii) If both representations are real, with conjugation denoted by barring,
X = P Yy € A (rescaling p if necessary).

(iv) If, in addition, the final locality relation (4.23) holds in both theories
(and the representations U and U’ are hermitian), we may extend # and #' to
conformal field theories # and H' respectively, as in (4.17), (note that (4.23)
is not affected by the redefinition p — w~'p) and u @ p defines an isomorphism

H— A
Proof.

(i) This follows simply by conjugating (2.64) and comparing with (2.24).
(ii) For ¢ € #' and y € A,

pW(pz)u ¢ = pe™-1Uu "¢, —z)y by (3.8)
= pe-1p~'U' (¢, —2)py by (3.16)
= U (¢, —2)px
= W'(py,2)¢ by (3.8), (4.33)

where L' | = pL_1p~! is the appropriate moment of the vertex operator for the
conformal state in 2", from (3.16) and the fact that wyy = /. Thus the result
follows.

(iii) We can define a second conjugation operation on 4’ by ¥/ = pp~1ly’ for
x' € A”'. With respect to this conjugation, (U’, #”) is still real, since

1

2 =pp X =ppop Y =pp~ ' =pp” X =¥, (434)

Ly =pp~ 'L ) = pL_yp~'y
=—pL_1p~ 'y =L _pp~ 'y

-1, (435)
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and if Loy’ = hyy’, then

L7t = Lopp~"y' = pLop='y' = pLop~'% = pp~' Loy’
=hppp~ly =hyy . (4.36)

Also, if fy g1, = LU (@, 1)), for ¥}, x4 € A7 and ¢ € #”, then

o, = 07 aleT U@, D) = (o~ iU ¢ Dlp™ )
= fy g1 » (437)

and the reality condition (4.2) follows from that in J#, noting that p and u preserve
the conformal weights (since Lj = uLou™' on #’ and pLop~' on #”). By the
previous argument leading to (4.32), we see that 3/ = w2y’ for some w € C with
|w| = 1, i.e., we just replace p by w™!p to obtain py = py for y € A

(iv) We have, for y € A,

ulW(p,z)p~ ! = (pW(ez*le*_zLOZ, 1/z)u™")! by (4.3) and u, p unitary
= W'(pe* 1" 2oy, 1/z%)} by (ii)
_ W/(ez*L;Z*—zL(’)pZ 1/z* )T
_ W/(ez*L’lZ*—ZLSW’ 1/z* )T
=W (py.z) by (44). (4.38)

Hence, together with (ii), (3.16) and (2.64), we obtain the result. Note that the
requirement px = pY determines p up to a sign, which corresponds to the automor-

phism 1 of 5 which was noted earlier. [

5. Lattice Constructions

The general theory described in Sects. 2—4 is illustrated in the case of the straight
and Z,-twisted constructions of a conformal field theory from a lattice, which we
define below. For full details of these constructions and proofs of their consisten-
cies as meromorphic conformal field theories see [11]. They can be regarded as
being analogues of constructions of lattices from binary codes, and it is for this
reason that we begin this section with a discussion of codes and lattices. In Sect. 6,
we shall demonstrate that the connection with codes is more fundamental than at
first apparent, and in fact provides a more general framework in which to con-
sider Frenkel, Lepowsky and Meurmans’ construction of the natural module for the
Monster group [7].

5.1. Codes and Lattices. Let us begin with some definitions and simple facts.

A binary linear code is a linear subspace € of the vector space F; over the two
element field F, = {0,1}. n is referred to as the length of the code, and dim % is
its dimension. Elements of € are known as codewords, and the weight of a code-
word ¢ € €, wt(c), is the number of non-zero coordinates of ¢, i.e., ¢ = (c1,...,¢s)
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with ¢; =0 or 1 and wt(c) = c2=1-c, where 1 =(1,1,...,1) and we use the in-
ner product x - y = Z};lxjyj, with x = (x1,...,x,) and y = (¥1,...,¥») [and the
arithmetic here is not performed modulo 2!] The dual of the code ¥ is the orthog-
onal space €* ={x € F] :x - y=0 mod2Vy € €}, and is also clearly a binary
linear code. So we have dim%* = n — dim%. A code ¥ is said to be self-dual if
% = %* (so that dim% = %n, i.e., its length must be even). Clearly % is self-dual
if and only if ¥ C ¢* and dim% = dim %*. % is said to be even if c¢? is even for
all c € €. € is said to be doubly-even if c? is a multiple of 4 for all ¢ € 4. The
length of any doubly-even self-dual code has to be a multiple of 8.

An n-dimensional Euclidean lattice A is a subset of n-dimensional Euclidean
space which has integral coordinates in some basis e;, 1= j <n, ie, Az{z;f:l n;
ej :nj € L} is the integral span of a set of n linearly independent n-dimensional
Euclidean vectors. (The definition can clearly be extended to the non-Euclidean
case by dropping the requirement that the inner product be positive definite.) The
length of a vector x € A is x*. A is said to be integral if x - y € Z for all x, y € A
and unimodular if ||A||> = det(e; « ¢;) = 1. The dual lattice A* ={y:x-y€Z
Vx € A} (which is obviously a lattice). Clearly A is integral if and only if 4 C A*.
Also, we see that A is self-dual, i.e., A = A*, if and only if A is both integral and
unimodular, since ||A*| = ||A]|~!. The lattice A is said to be even if x? is even for
all x € A. The dimension of an even self-dual lattice has to be a multiple of 8.

We can define a construction of a lattice from a code, known as the straight
construction [12]. We start from a binary linear code % of length d and define a
lattice A¢ by

Ag = L€ +V277 . (5.1)

We see that Ay is integral if and only if ¥ € €*, and that A¢ is even if and only
if € is doubly-even. Also, the length of the vector %c € Ag corresponding to the
codeword ¢ € ¥ is half the weight of ¢, while the dimension of A¢ is clearly just

the length of ¥, and the Euclidean structure is preserved. The theta function

Os(1) = Y q7°,  g=e’", (52)
x€A

of the lattice is given in terms of the weight enumerator

We(p) =Y p™©, (53)
cE¥
of the code as
O4,(1) = O3(1) Wg(O2(1)/03(7)) , (54)
where 2 ,
()= Y q7, O3(t)= > q™ . (5.5)
rez+l meZ

It is clear that (A¢)* = Ag*, so that Ay is self-dual if and only if € is self-dual.
Also, A is unimodular (which is equivalent to saying that it has one point per
unit volume) if and only if dim% = %d (= dim %*). Therefore, this construction
implies the correspondence between the properties listed in the first two columns
of Table 1. In Sect. 5.2, we shall give a corresponding construction of a conformal
field theory from a lattice which justifies the correspondence between the second and
third columns of the table. [We will discuss the notion of self-duality later. Bosonic
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Table 1. Comparison between codes,lattices and conformal field theories

Codes Lattices Conformal field
theories

length dimension c

weight (half) length conformal weight

€ CE* integral or A C A* meromorphic

dim ¢ = dim €* unimodular ?

self-dual self-dual self-dual

doubly-even even bosonic

Euclidean Euclidean ?

We(p) Ox(7) x(1)

corresponds to evenness, since we have seen that the bosonic locality relation (2.4)
when combined with the hermitian condition requires all conformal weights to be
integral. The function yu(7), the character or partition function, for the conformal
field theory s is defined to be

¥y () = q_”mtr(qLO) = q“"m > dim thh , (5.6)
h

where g = e?™ as before, using the decomposition (2.19).]
We can divide the lattice A¢ into two cosets, by defining

A(®) = L%+ V271, (5.7)
(%)= 56 +V2Z2, (5.8)
where
7 ={xeZ:x*c2Z}, (5.9)
28 ={xeZ:x*c2Z+1}, (5.10)

so that A¢ = Ao(%) U A1(¥F).
A second construction of an even self-dual lattice from a doubly-even self-dual
code can be obtained by first defining

(€)= 56+ L1+ V2L (5.11)
A3(€) = L6+ -1+ V2ZE ), (5.12)

where d = 8n (d must be a multiple of 8 as noted above) and setting A¢ = A¢(%) U
A3(%). This is known as the twisted construction. It is easily seen to be even.
Thus, it must be integral, and self-duality will follow if we can show that Ag is
unimodular, i.e., has one point per unit volume. This is clear, since % is self-dual.

The classification of doubly-even self-dual codes and even self-dual lattices of
length (dimension) 8,16 and 24 is known [9, 16]. If € is a code of length n, and n
is a permutation of the n coordinates of %, then application of 7 to € produces a
code €™ (which clearly shares all the same properties as €). ¥ and €™ are said to
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be equivalent codes. If two codes are not related in this way, they are said to be
inequivalent. There is one doubly-even self-dual linear binary code up to equivalence
of length 8,2 of length 16 and 9 of length 24 (and 85 of length 32). The one of
length 8 is called the Hamming code, and is denoted by eg (for a reason given
below). At length 16, we can take two copies of eg to give eg @ es. The other code is
written as djg. Among the 9 length 24 codes there is one which has no codewords of
weight 4. This is the Golay code, g4, and so can be characterised by the fact that it
is the unique doubly-even self-dual binary linear code of smallest length containing
no codewords of weight 4. Its symmetry group (i.e., the group of permutations 7
leaving it invariant) is one of the sporadic simple groups, the Mathieu group, M>4
(see Sect. 5.1 for a brief discussion of the classification of the finite simple groups).
For the even self-dual lattices, the result is that there is one in 8 dimensions, 2 in 16
dimensions and 24 in 24 dimensions. The 8-dimensional lattice is the root lattice
of Eg, written as Eg, while the 16-dimensional ones are two copies of Ejg, i.e.,
Es @ Eg, and D6, which is the union of the root lattice of D¢ with one of the
spinor cosets of the dual of the root lattice (the weight lattice). The 24-dimensional
even self-dual lattices were classified by Niemeier in 1968. Each such lattice A is
uniquely determined by its set of minimal vectors, A(2) = {1 € A : A*> = 2}, which
form root systems of the following types:

24 412 48 4 43 42 6 4 3 2 4
Qa Al 5 A2 s A3, Aga A 5 Ag, A12a A24a D49 Dﬁ, Dga D12, D247 Eﬁa Eg5

5.13
A%D4, A2D?, 42Dg, A15Do, EgD16, E2D\o, E1417, EeD7411 , G139
where the lattice corresponding to the empty root system is the Leech lattice, A54.
It was shown by Venkov [17] that |A(2)| = 24h, where |A(2)| is the number of
elements in A(2) and A is the common dual Coxeter number of the irreducible
components of the corresponding root system, and that the rank of the root system
was either 0 or 24. Since the algebra must be simply laced, we can then derive
the above list of possibilities. We shall denote the lattices corresponding to the
non-empty root systems simply by the root system itself. The Leech lattice can,
similarly to the Golay code, be characterised as the unique even self-dual lattice
of smallest dimension containing no points of length 2. We also similarly obtain
a sporadic simple group, Conway’s group Coj, given by Aut(Ay)/{%1}, where
Aut(Ay,) is the group of automorphisms of the Leech lattice.
Clearly, we must have A, = A, = Eg. In 16 dimensions, we have Agqe, =
E3 ® Eg and Ay, = Dis. The twisted construction interchanges the two lattices,
giving Aegpe, = D16 and Ay = Eg @ Ej.
For the length 24 codes, we look at the points of length 2 in the lattice, and use
the results of Venkov. We find |A4(2)| = 48 + 16|%4|, where |%4| is the number

of codewords of weight 4, and |A¢(2)| = 8|%4|. This, together with a computation
of the number of orthogonal components into which A(2) decomposes, is sufficient
to identify the lattice.

The results of the two constructions in 24 dimensions are summarised in
Figs. 1,2 and 3, where we have the codes on the left, with the values of |€,| noted,
and the lattices on the right, with straight arrows denoting the straight construction
and wavy arrows the twisted construction.

Since there are 24 lattices and only 9 codes, the two constructions can produce
at most 18 of the lattices, and in fact are found to produce only 12. This is due
to some overlap between the two constructions, which enables us to exhibit the
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1€, code lattice
DIOE‘72
24 dyge, /
\\ D52A72
Fig. 1.
|6 code lattice
D24
66 dyy —
\‘S\ 2
/ Dy,
30 dy
\\9 .
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. 4 . /
6 ‘\\_“9 A38
Fig. 2.
|%.) code lattice
3
3 / £y
42 e D\ Eq
42 diges %
\\'\-;9 D3
8
18 dy’ <7
3 pf
p d46 /
—\_\“‘9 e
1
0 92 /
Ty 4,
Fig. 3.

results in the form of Figs. 1-3. Note that the two exceptional structures which we
discussed earlier, i.e., the Golay code and the Leech lattice, are connected by the
twisted construction.

We shall construct in Sects. 5.2 and 5.3 corresponding straight and twisted con-
structions value of ¢ and no states of conformal weight one, and we would expect
the automophism group of this theory to be in some way connected to one of the
sporadic finite simple groups. These conjectures, essentially due to FLM, are exam-
ined in Sect. 6, where we look at the results of the two constructions and also at
the Monster group.
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5.2. Untwisted Construction of a Conformal Field Theory. In this section, we
discuss the straight or untwisted construction of a conformal field theory from a
lattice, the construction being analogous to the straight construction (5.1) of a lattice
from a binary linear code described in the previous section. We shall define the
space of states and the corresponding vertex operators, as well as the vacuum and
conformal states, and discuss the hermitian structure of the theory. Finally we shall
consider the concept of self-dual theories. The proofs that this is consistent as a
conformal field theory are given in [11].

We start with a Euclidean lattice A4 of dimension d, and introduce orthonormal
states |[1)=¥,;, A€4, (A|A)=0,y, in Dirac’s notation, and oscillators a, n€Z,
1 £j =d, satisfying the commutation relations

la,al]l = méUsy _p, (5.14)

and a{T =al, alld) =0, n>0, p/|i) = ¥|A), where p/ = a({. The space of states

A (A) is then defined to be generated by the action of the oscillators ain, n > 0, on
the momentum states |1), 4 € A. #(A) has a basis consisting of states of the form

Mo
W= ( II aﬁ'ma> [A), (5.15)
a=1

where 4 € A and the m, and j, are positive integers, 1 < j, < d.
We define the position operator g, with g' = g, which is a d-dimensional vector
and only appears in the form e*** 9, by

e al) = 14 4 (5.16)
and define the field
. . . al
X(z)=¢q' —ip/Inz+i > —z7", (5.17)
nt0 7

which similarly only appears in an exponential or as a derivative (so that the
arbitrariness in the definition of Inz is irrelevant). The vertex operator corresponding
to the state (5.5) is then defined to be

M i dmaXie ,

V(y,z) =: (a];[l (m—a—_—l—)—!w(z)) exp{il - X(2)} : g;, (5.18)
where the normal ordering denoted by the colons indicates that g’ is written to
the left of p/ as well as the creation operators being written to the left of the
annihilation operators, i.e., if

‘ o
X’§(z) =iy =z, (5.19)
ns0
then
sexp{id - X(2)} := exp{iA - X (z)}e" " 92" Pexp{id - X.(2)} . (5.20)

The operator g, is a cocycle operator, such that

616, = (—1)* " #6,6,, (5.21)
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where ¢; = e* " 90, a property which is necessary for the bosonic locality relation
(2.4), demonstrated below. The construction and properties of cocycle operators for
both this construction and the twisted construction are discussed in [11].

The vacuum is the state |0) and the conformal state is taken to be the state

1
W= a1 - a-a0). (522)

We have [11]

Theorem 5.1. If A is even, #(A), with the structure defined above, forms a con-
formal field theory with central charge ¢ = d and hermitian structure given by

¢ =(-10¢, (5.23)

where ¢ is a real linear combination of states of the form (5.15) (the result can
clearly be extended to include complex combinations, since we know that the map
¢ — ¢ is antilinear), and 0 is given by

0ai07' = —al OV, =¥_,. (5.24)

Thus, we have a construction of a chiral bosonic conformal field theory with a
hermitian structure from an even lattice. This is analogous to the construction (5.1)
of a lattice from a doubly-even binary linear code. Here, the lattice plays the role
of the code, and the d-dimensional Heisenberg algebra plays an analogous role to
the cubic lattice Z%. The construction provides justification for the correspondences
postulated in Table 1 between properties for lattices and conformal field theories.
In particular, the dimension of the lattice becomes the value of the central charge ¢
in the conformal field theory, while the length of a point in the lattice is related to
the conformal weight of a state, i.e., the state (5.15) has conformal weight given by

1 M
223 m,. (5.25)

h =
v 2 a=1

We have also seen that the bosonic locality relation holds due to the fact that the
lattice is even, and we may write the partition function for the conformal field
theory #(A) in terms of the theta function of the corresponding lattice A as

2 (1) = Oa(0)/m(1), (5.26)
where -
n0=q"* 110 -q"). (5.27)
n=1
We consider the two transformations S and T of the parameter 7, defined by
S(t) = -1/, T(t)y=t+1. (5.28)

These generate the modular group I' = PSL(2,7Z). The lattice is clearly even if and
only if @4(t+ 1) = @4(t). Then

2T+ 1) = gy ()e™N . (5:29)

Also .
Os(—1/r) = (—it)2?|| A*[|O4+(7) (5.30)
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together with #(—1/7) = (it)%n(‘lf) gives
X (—1/1) = | A" [ an)(2) - (531)

Hence, we see that the partition function for the conformal field theory is invariant
under the modular group I, i.e., under the transformations of (5.28), if the lattice
is not only even but, in addition, self-dual with dimension a multiple of 24. It is
invariant under the transformation S and changes by a phase under T if we only
require A to be even and self-dual (i.e., allow d to be an arbitrary multiple of 8).
[Note that the full partition function, including the anti-holomorphic factor, remains
modular invariant since the phases cancel.]

Definition 5.2. A conformal field theory is said to be self-dual if its character is
invariant under the transformation S.

[Note that this definition is consistent with the identification made in Table 1.]

5.3. Zy-Twisted Construction of a Conformal Field Theory. In this section, we
shall define a representation of a sub-conformal field theory of the lattice conformal
field theory #(A). This satisfies the necessary properties, as discussed in Sect. 4, to
extend the sub-conformal field theory to a new theory, which we shall call s#(A),
the twisted conformal field theory, provided that A is even (necessary for J#(A) to
be a conformal field theory), that the dimension of A is a multiple of 8 and that
V2A4* is even. The requirement that /24* be even comes from the verification
of the final locality relation (4.23), which involves the lattice in a non-trivial way
as described in [11]. Note that this is almost a modular invariance condition, i.e.,
almost requires self-duality of A, but arises from a consideration of locality on the
Riemann sphere alone. This construction is the analogue of the twisted construction
of a lattice from a binary code described in Sect. 5.1. Again, the relevant proofs of
our results may be found in [11].

Let A be an even Euclidean lattice of dimension d. As noted in [11], the map
0 defined by (5.24) is an involution (automorphism of order 2) of the conformal
field theory #(A). We write

HEN)={Yy € H(A): 0y = 1y}, (5.32)

so that #(A) = #+(A) @ #~(A).
Lemma 5.3. #"(A) is a sub-conformal field theory of #(A).

Hence #*(A) is a conformal field theory, from Proposition 2.16. It has vacuum
|0), conformal state ¥y and vertex operators those of #(A) restricted to #1(A)
(which we shall still write as V({,z) for € #+(A)). #T(A) consists of states
of the form [1) +|— A) acted on by an even number of creation operators and
|Ay — | — A) acted on by an odd number of creation operators. We have observed
that the d-dimensional Heisenberg algebra plays an analogous role to the lattice Z¢
in the construction of the lattice A¢ from a binary code %, and we see that picking
out #*(A) from H#(A) corresponds to selecting out the coset A¢(%) (in which we
restrict Z¢ to Z%) from Aq.

To obtain the lattice A¢, we then added in the lattice A3(%) which is obtained
by shifting A4¢(%) by 5—\1/-—21 if d is an even multiple of 8 and ﬁl-ﬁ- \/fej for
any j with 1<j<d if d is an odd multiple of 8. So, firstly, we suspect that the
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corresponding construction we produce here will only make sense if d is a multiple
of 8. Analogous to the shifting by ﬁl, we define a Hilbert space #7(A) created

by the action of half-integrally model oscillators cl,reZ+ %, 1<j=d, satisfying

[c, e/l =rd, _s6Y (5.33)

rrs

it . . . .
and ¢/ =c’,, on an irreducible representation space y(A) of the gamma matrix

algebra I'(A) = {£y, : 1 € A} with

. 1,2
e = (D Fps = e Wi V3= (=127, (5.34)

where A, p € A and &(A,u) = +1 (see [11]), with ¢iyo =0 for » > 0 and yg €

x(A). The introduction of the space y(A) is necessary, since we have no zero-

moded oscillators, and so no momentum space on which to represent the cocycles,

and we introduce the algebra by analogy with the cocyle operators in the straight
construction.

The operators
L 1 = o d
n = zrzz_:oo-cr * Cp—r - +16

r€Z+%

S0 (5.35)

(7,s,... will usually denote elements of Z + % in this chapter) satisfy the Virasoro
algebra (2.2) with ¢ =d, and these turn out to be the moments of the operator
corresponding to the conformal state iy, when we define the representation. Thus,
the ground state sector y(A) has conformal weight d/16, and so we see that if we
wish to extend #*(A) by some subspace of H#r(A) to give a new conformal field
theory as described in Sect. 4, then we must have d a multiple of 8 as postulated
above, since the conformal weights must be integral, and the conformal weight of
the state

M .
Y= (z cf_a,,,) %o, (5.36)
a=1

where yo € x(A), 1=j,<d and r, = m, + % with the m, positive integers, is
d M
hy=—+>r,. (5.37)
16 a=1

This also tells us that we must consider only those states with 0 = 1, where
0c/6" = —c/, O =(-1)"x0., (5.38)

gives us an extension of 6 defined in (5.24) from #(A) to #(A) ® #r(A). Define
HiF(A) = {y € #r(A): 0, =%}, (539)

(cf. (5.32)). #7(A) is the subspace of #r(A) consisting of states with integral
conformal weight. It is seen to be analogous to A3(%), in a similar way to the
correspondence which we have noted between H#7(A) and A¢(%). So, we would
expect to obtain an analogue of the twisted construction of a lattice from a binary
code by adjoining the twisted sector #5(A) to #*(A). This is the extension
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which was discussed in Sect. 4. We saw that to do so we must have #;(A) a real,
hermitian representation of #*(A), satisfying an additional locality relation.
Define the field

. o5 cr]

Rl@z)y=i Y, —z7", (5.40)
r=—oco

by analogy with (5.17) (note here we sum over r € Z + %). Then, corresponding

to the state ¥ given by (5.15), we define, by analogy with the definition (5.18) of

the vertex operators in the straight theory,

VA, z) =: ﬁ b @(z) exp{il + R(z)} : (5.41)
T g = D1z i T '
where we use the obvious normal ordering, i.e.,
cexp{il - R(z)} := exp{il - R<(2)}exp{il - R~ (2)}, (542)
where .
. er
RL(z)=i) —z". (5.43)
> rso ¥
Then set
Vr(y,z) = V(e "y, z), (5.44)
where ’
1 _1 1 (_Z)—m—n 1
= — 2 PR R — . N . —
A(z) 2n,ngo ( m ) <n> po——— Ay * Gy 2ao aoIn(—4z) . (5.45)
m+n>0

[Note that the operators L, which we wrote down in (5.35) are actually the modes
of the operator V7(Y1,z), so that these will be the Virasoro generators in the twisted
sector, and the conformal weights are as stated. The normal ordered sum in (5.35)
arises from V2(yy,z) as in the untwisted case. However, e/(=2)yy =y + 1‘1—62_2|O),
so we have the extra term V{(:z72|0),z) = &z~2, which accounts for the shift
in L().]

Let M be a symmetric, unitary matrix satisfying

My," =M . (5.46)

Then the main result of [11] is

Theorem 5.4. The operators Vr(Y,z) define a real, hermitian representation of
the conformal field theroy #+(A), with the conjugation map on the twisted sector
HF(A) given by

T = (=108 8 (5.47)

for
M
Yu = ( 1 c/_",a> u, (5.48)
a=1
the extension to all twisted states following by antilinearity. Further, if \/2A* is

even, H(A) = H+(A)® HF(A) is a hermitian conformal field theory, which is
self-dual if A is self-dual.
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[Note that it has been shown in [23] that the condition that v/24* be even is
also necessary for consistency of the conformal field theory.]

6. Results of the Constructions and Connections with the Monster

6.1. The Monster Module. The result of the recently completed classification of
finite simple groups [10] is that there are 16 infinite families of groups of Lie
type, the alternating groups on n elements for » = 5 and 26 so-called sporadic
simple groups, which do not fit into any systematic classification. One of the spo-
radic groups is the Mathieu group, M4, the symmetry group of the Golay code,
as discussed in Sect. 5.1. Conway’s group Coq is the automorphism group of the
Leech lattice. It involves, as quotients of subgroups, 12 sporadic simple groups
including the Mathieu group. In 1973, Fischer and Griess predicted independently
the existence of what would turn out to be the largest of the sporadic groups,
the Monster, F, (which turns out to involve 19 of the other sporadic groups)
which would have order 2%63205°7711213%17.19.23.29.31.41.47.59.71 ~ 8.10%. It
was observed by Griess, Conway and Norton that the smallest non-trivial irre-
ducible representation of the Monster would have dimension d; = 196883. Nor-
ton showed that this representation would have the structure of a real commu-
tative non-associative algebra, and Griess [8] explicitly constructed such an al-
gebra of dimension 196883 and verified enough of its symmetries to prove the
existence of the Monster (and also that d; = 196883). (Tits subsequently showed
that the Monster is the full automorphism group of the Griess algebra.) However,
the construction of Griess is inelegant. From the point of view which we have
been pursuing in this work, i.e., the analogies between codes, lattices and confor-
mal field theories, we would expect, as was stated towards the end of Sect. 5.1,
the automorphism group of the conformal field theory obtained by the twisted
construction from the Leech lattice to be somehow related to a sporadic sim-
ple group, since the Golay code was related to the Mathieu group and yielded
the Leech lattice under the twisted construction, which was related to Conway’s
group Coy.

Further evidence for this point of view is provided by the theory of modular
functions. The modular group

I' = PSL(2,Z) = SL(2,Z)/{£1) (6.1)
has an action on the upper half complex plane H given by
_at+b _ a b
g-r-—ct+d forg—:i:(c d)eF,‘ceH. (6.2)

Dedekind and, independently, Klein produced a function j(t) on H invariant
under TI. Set ¢ = €*™*. Then

GG

j(r) = e (6.3)
Lemma 6.1. The modular functions (the meromorphic modular-invariant functions
on H U {ioo}) are given by the field of rational functions of j(z). Up to an additive
constant, j(t) is the unique such function having a simple pole at ioo with residue
1ingq.
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We see from (5.26) that j(t) is the partition function for the conformal field
theory # (Eg’ ). We showed there that y(4)(t) was modular invariant for 4 an even
self-dual lattice of dimension a multiple of 24. So, by the above lemma, taking
another even self-dual 24-dimensional lattice in place of E§ in (6.3) will give j(7)
up to an additive constant. The constant term in the expansion of the character as
a power series in ¢ is the number of states of conformal weight 1 in the theory,
which is at least 24 since we always have the states a’ ;|0) for 1<;<24. For the
Leech lattice, these are the only such states, but for other lattices we have the states
|4) for A a lattice point of length 2. We set J(7) to be j(t) with zero constant term,
giving

J(t) =g~ +0+196884g + 21493760¢* + - - - = 3" a,q" , (6.4)
n

where a, = 0 for all n € Z. It was noticed by McKay that
ay=do+d;, (6.5)

where dyp = 1 can be interpreted as the dimension of the trivial representation of
the Monster. McKay and Thompson [18] soon noticed

a=do+di+d;, (6.6)

where d; is the dimension of the next largest irreducible Monster module, and
similarly for other terms. It was conjectured from this that there exists a natural
infinite-dimensional representation of the finite-dimensional Monster

Vi=V eV eV, ®---, (6.7)

such that dim ¥V, = a,, n=—1,1,2,.... From (6.3), it would be imagined that the
natural choice for ¥® would be the conformal field theory #°(A) associated by
the straight construction with a 24-dimensional even self-dual lattice 4. However,
as mentioned above, none of these provide zero constant term in their characters.
Inspired by the analogies to codes and lattices as we have mentioned, the obvious
thing to consider is the twisted construction #(A,4) from the Leech lattice. The
weight one states in the twisted theory #(A) are given in 24 dimensions by |A) +
| —A) for A€ A a vector of length 2, since the states a’|0) are projected out
by taking the 0 = 1 subspace. (There is no contribution from the twisted sector,
since in 24 dimensions the twisted ground state has conformal weight %, and so the
smallest weight of a twisted state is 2 for the states c’_ 1Xos X0 € x(A), 1=j=<24)
So #(A34) has no weight one states and the character is J(7) as required, i.e., it
is conjectured that #(A,4) provides the natural module ¥* for the Monster, with
¥, the space of states in the conformal field theory of weight n + 1.

This conjecture was proved by Frenkel, Lepowsky and Meurman [6,7]. The
basic idea of their work is to construct an involution ¢ known as a triality operator
of the conformal field theory which extends the natural action of Aut(A,4) on the
theory to the Monster. What we shall show in Sect. 6 and 7 is that this triality can
be understood in a more general context than the specific case considered for the
Monster, for which properties special to this case were used. In the remainder of this
section we shall discuss in more detail how the Monster arises as the automorphism
group of #(Az4). In Sect. 6.2, we discuss the results of the straight and twisted
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constructions of conformal field theories, and in particular the coincidences between
the straight and twisted theories.
Aut(A) is the group of automorphisms of the d-dimensional even self-dual lattice
A, ie.,
Aut(A) ={R € SO(d):RA€ AVA€E A}. (6.8)

Its centre is Zp = {£1} = Z,. As already remarked, in the case of the Leech lattice
the automorphism group is Coy, and the group Aut(Ay4)/Zp is Conway’s group Co;.
Co is a simple group of order 2213°547211.13.23 =~ 8.10'%. We have a representation
of Aut(A) on the Hilbert space #(A) given by R — ug with

uRa,{ugl = R,-jaf,, up|A) = [RA), (6.9)

for R € Aut(A). However, this is not a group of automorphisms of the conformal
field theory because we must consider the cocycle operators.

We have from [19] that if y; and 9 are irreducible representations of gamma
matrices with the same symmetry factor ((—1)*"# in this case) then there exists a
unitary transformation S such that

SpS™ = v(A)y (6.10)
where v(1) = +1 and
’ _ v(A+p)

Take ) = yg, for some R € Aut(A). Let
C(A) = {(R.S) : R € Auy(A), §y:87" = v s(Aywi} s (6.12)

for some vg () = £1. Note that in the trivial case ¥, = y1, v(A+ u) = v(A)v(p)
and S € I'(A). Thus, the kernel of the homomorphism (R,S) — R is I'(A), and so
we have the exact sequence

1 = I'(A) — C(A) - Aut(A) — 1. (6.13)
This provides a group of automorphisms of #(A) @ H#7(A) given by
uR,Sa,{u;,}g = R;d, uR,Scrju;’}g = Ryc.,
urs|A) = vrs(A)|RA),  ursy =Sy . (6.14)

Since we have y; = y_;, then 1p = (—1,1) € C(A) acts trivially on #(A). Thus,
we have a group of automorphisms C(A) = C(A)/Zp, where Zp = {(£1,1)} = Z,,
and a homomorphism (£R,S) — R of C(A) — Aut(A)/Zp with kernel I'(A), giving
us the exact sequence

1 - I'(A) — C(A) — Aut(A)/Zp — 1. (6.15)
In the case of the Leech lattice, we obtain
1 — I'(A24) — C(A24) — Coy — 1, (6.16)

and C(A34) together with the triality operator (involution) o generates the Monster
as a group of automorphisms of #(A,4). C(A24) is the centraliser of the involution
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1= (1,—1) € I inside the Monster, i.e., it preserves the “fermion number,” or in
other words it maps states in the straight sector into the straight sector and similarly
for the twisted sector, while the triality operator mixes the straight and twisted
sectors.

The group I'(A) is an extra-special 2-group, i.e., |[I'(A4)| = 29! with centre Z,
and I'(A)/Z, = AJ24 = Z2.

On the other hand, it is 1 which has trivial action when C'(A) acts on J#(A).
So we have a representation of Co(A) = C’(A)/Z,, where Z, = {1,1} 2 Z,. The
homomorphism (R, £S) — R leads to the exact sequence

1 — A/24 — Co(A) — Aut(A) — 1. (6.17)

6.2. Results of the Straight and Twisted Lattice Constructions. In this section, we
shall describe the results of the straight and twisted constructions of a conformal
field theory from an even self-dual lattice in 8, 16 and 24 dimensions.

Let us begin with a few standard results which are relevant.

Proposition 6.2. Let y*, 1<ax<N, be an orthogonal real basis for the weight one
states of a conformal field theory H#, i.e., ¢ = Y and (Y*|Y®) = k3. Set

V(e,z)=T)= 3. Tz """, (6.18)

n
Then these modes obey the affine Kac—Moody algebra
(T8, T] = if®°TE, , + kmd®S,, _, . (6.19)

m> - n

Proof. The operator product expansion (2.52) gives
T*@)T0) = k6™ (z = )7 +if T~ O™ +0(1), (6.20)

where T¢y? = ify°, since this must be a state of weight one, and also Tfy® =
2|0 similarly, where A = (0|T¢|y%), i.e., A* = (Y°|V_1(¥*)|0) by (2.54) if the states
Y are quasi-primary. So A* = (Y°|y?) by (2.50), and so 1 = k6%°. We have that the
weight one states y/? are quasi-primary, since L;y* = 1%|0) say, so A* = (O|L,|y?),
ie., A% = (Y9|L_]|0) = 0, since |0) is su(1,1) invariant. The usual contour mani-
pulation argument then shows that (6.20) is equivalent to (6.19). O

The zero modes define a compact Lie algebra with structure constants 9, i.e.,
we have a continuous group of automorphisms of the conformal field theory. We
shall denote this Lie algebra by gx.

Proposition 6.3. For A an even lattice, the affine algebra of #(A) in Proposi-
tion 6.2 is the affinization g, of the Lie algebra g4 with root system A(2). In
particular, gy 1) = ga.

Proof. The weight one states are given by a’ 110) and |4) for A € A a vector of
length 2. The appropriate operator products may easily be evaluated, for example

V(2 (i L) = e X<@gih* azh it X>@)g,

. eiﬂ . X<(C)ei” . qC‘u . pe[ﬂ 'X>(C)O-” . (6.21)
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The ¢, commutes through to the right and we use 0,6, = &(4, 4)o,4,. Moving ZAr
past e** 9 produces a factor z* * #, while

ot Ko @it X<(O) — gik* XeQgih* X> @ glid X @i X< O]  (622)

where the commutator is given by

[ XoE)in - KOl =~ X Ao g <5) =i-uln<1—§), (6.23)

n>0
from (5.19) and (5.14). Hence we obtain
V2V (1) = (2 = OF " He(d,pyet T H< @i s XDeilii = a
LA pek Poit * X>(2)+ip X>(OO',1+# . (6.24)

Since A, p have length 2, 4 - u = =+2, +1,0. So we only obtain singular terms in
the operator product for A+ u=—1 and 1 u= -2 (i.e,, p = —41). In the first

case,
V) = 2Ry + o). (625)
while in the second case
_ E(Aa_}') _ o, i
V(ALz)V(—=4,0) = Z_07 1+ (z -0z ng(C) +0(1), (6.26)

Taylor expanding the right-hand side of (6.24) about z = {. The vertex operator
for the state ¢ - a_|0) is ie - j—{X (), which has modes a,. Similarly to the above,

we obtain

B XEVGD = SV 0.0+ o). (627)

In commutator form, the algebra of the weight one states is, in the gauge in which

e(h—1) =1,
A mWWVmsn(A+p) A-p=-1
Va2, V()] = S A« Gpym +10pom A~ pp= =2,

0 A-pz0
[e + an V(D] =&« AVyim(4),
le-ann-am)=2¢-N0p—m. (6.28)

This is recognisable as g, as required. [
If we denote [20] the space of conformal fields corresponding to states of con-
formal weight at most n by #,, then we have a map
Wo X Wor = Wosm—1» (6.29)

given by the singular part of the operator product expansion. Thus for n =m =1,
the operator algebra, for the modes of the vertex operators given by taking moments



98 L. Dolan, P. Goddard, P. Montague

with the usual contour manipulation argument, as we have seen above, closes. In
the case n = m =2, we see that it does not close in general, but we can follow
FLM and define a new product such that this cross-bracket algebra does close on
W,. We remove the term corresponding to a state of conformal weight 3 in the
operator product expansion for two states of conformal weight 2 by multiplying by
(z — {) to obtain

2
E=OVW,2)V(9,0) = 2_:0(2 ="V (W -09,0) +0(1) . (6-30a)

For the modes of the corresponding vertex operators, this is

l//m X ¢n = [lﬁm+1, d’n] - [l//ma ¢n+1] > (6~30b)

i.e., it is composed of two brackets which “cross.”

In the case of the theory #(A,4), there are no weight one states, and so we
do not have the continuous group of automorphisms corresponding to these fields,
nor indeed any continuous automorphisms [7] (see also [27]), but only discrete
automorphisms which, as we have stated in Sect. 6.1, close to form the Monster
group. We have an algebra on the space of states 7} of conformal weight 2 (cf.
the decomposition (6.7)) given by ¥ x ¢ = Vy(¥)¢, for ¥, ¢ € V], of which (6.30)
is the commutative affinization [7] %x//L acts as the identity element. The algebra is
commutative and non-associative. (Commutativity follows from the mode expansion
of (2.13), remembering that there are no states of conformal weight one.) We may
call this the Griess algebra. In fact, it is a slight modification of the algebra originally
defined by Griess [8], incorporating a natural identity element [7]. Note that Tits’
proof [21] that the Monster is the full automorphism group of the Griess algebra,
together with the observation that the modes of the vertex operators in W, generate
V'*, implies that the Monster is in fact the full automorphism group of the conformal
field theory.

This completes the necessary review of the standard concepts which are relevant
to this section.

If the rank of g, the Lie algebra corresponding to the affine algebra generated
by the weight one fields in a conformal field theory J#, is equal to the value of the
central charge c of the theory, then we have ¢ weight one fields P/(z) corresponding
to states Y/ (i.e., P/(z) = V(y/,z)) corresponding to a Cartan subalgebra of g.
We choose the states )/ to be real and orthonormal, and the moments of P/(z),
ie.,

Pl(z)=Yajz""", (6.31)
n

satisfy o )
(@, @3] = MmO, 0", (632)
(which we see immediately from (6.19)).

Proposition 6.4. The simultaneous eigenvalues of the p’ = ag form an even lattice
A, and if dim A = ¢, then # = H(A).

Proof. We have that the modes L, of

L'(z) = % :P(z) - P(z) =Y Lz7"2, (6.33)

n
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where the normal ordering is defined as in Sect. 5.2, satisfy the Virasoro algebra
(2.2) with central charge c, i.e.,

(L, L\] = (m — m)L},,, + %m(mz — 1Yo - (6.34)
Also, Pi(2)|0) = e-1a’ ,]0) from (2.3) implies that @;|0) =0 for » > 0. This
gives

LE0) — L,10) = a1 - as]0) =¥ (635)

as z — 0. Also note L;|0) =0 for n = —1 and L;,T =L', (since a,{T =a’,, as the
states corresponding to the P/(z) were chosen to be real and we use (2.54)).

The weight one states are Virasoro primary states, i.e., L,¢ =0 for n > 0 if
¢ is a state of conformal weight one (this is obvious for n = 2 as the conformal
weights are non-negative. For n = 1, the result follows by the argument used in
Proposition 6.1 to show that the states , are annihilated by L;). Thus (2.58) holds
for all n € Z, and we may deduce for V(¢,z) = P/(z) by taking modes that

(L)) = —nal,,, . (6.36)

We may thus deduce that
d
[L-1,L'(@)] = - L'(2). (6.37)
dz

Equations (6.37) and (6.34), together with the fact that L'(z) is clearly local with
respect to the vertex operators (since the P/(z) are), shows that, by the uniqueness
theorem, L'(z) = V(,z).

Equation (6.36) also implies that

m+n

Lo Ly = (m = mLy + 5 = 1o, (6.38)

so that, setting L, = L, — L, (6.34) and (6.38) imply
[Ls Ln] = (m = 1)Ly - (6.39)

Set L(z)=3_, Loz "2 =L(2)~L'(2) =V (Y, 2). But [y~ |*> = (0|LL_,[0) =
(0]4Zo)0) + (0|L2L5]0) by (6.39), i.e., |l — ¥;||> = 0 by L,|0) = L}|0) =0 for
n = —1. Thus Yy =y and so L, = L,.

Since the action of a,’{ on a state decreases the Ly eigenvalue by n, we can
deduce from the non-negative spectrum of Ly that the space may be built up from

states £ satisfying
piWE=KIWE,  (PEPEY =M GJWE=0 forn>0,  (640)

by the action of aj for n < 0. (The states have been decomposed into simultaneous

eigenstates of the commuting hermitian operators p/ = ag.) The k& on 'I’é is a
degeneracy label, which will be shown below to be unnecessary. The space #
decomposes into a direct sum of spaces HE for K+0 (generated from P¢ by the

action of the creation operators a;) and #, generated by the creation operators
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from the vacuum (there is no degeneracy label due to our uniqueness assumption
about the state of conformal weight zero).
From the OPE (2.52) (noting that ¥§ has conformal weight 1K?),

PI(2)V (¥, () = f} V(aiKz_nY’k,C)(z _ ikt
n=0

= 3 Vel ¥ 0~ O

=@ - OTKIV(PE D+ 0(), (641)

so that . .
[P/, V(¥ 01 = KTV (¥, 0, (642)
i.e., acting with V' ( Y’,’é, {) on a state with p/ eigenvalue A/ maps it to a state with
p’ eigenvalue A/ + K/ (if the state is non-zero).
Now, since W§ is quasi-primary and has weight 1K?, V(‘I’,’é,z)—z‘K2 V(PE,
1/z*)t. Equation (6.42) then implies that V(Y’,’é,z) lowers the eigenvalues of p/

by K/. So ‘Pg, given by the action of ¥( ‘Pg,z) on |0), must be a state with p’
eigenvalue —K’. Also, since from Proposition 2.9 it has the same conformal weight

as P, it must be a state of the form Y7, ay ¥¥, for some @ € C. We choose
the degeneracy labels such that ¥§ = P* . (Note that the map y ¥ is invertible
(as it preserves norms, from Proposition 2.9) and so there are the same number of

degeneracy labels in the —K eigenspace as in the K eigenspace.)
Now, from the OPE,

V(PE V(O ~ 2z - )7, (6.43)

where A = 6% from (2.48).
Consider '
VP2V (P, O PE) (6.44)

We see from (6.42) that V(¥*,,0)|PL) € #o, and so V(L z)V(PEg, | €

#J. However, (6.43) implies that, as z — {, (6.44) goes like (z — ()~ K gkl
Thus, we see that there can be only one degeneracy label, and we drop them from
now on.

The momenta K form a lattice also, since the 4-point function

0|V (Yok,z1)V(P-1,22)V (¥, 23)V (¥k,24)|0)

must be non-zero (see below for the details), implying that V(¥,z)V (%, {)|0)
is non-zero, a momentum eigenstate with momentum K + L. The requirement of
integral conformal weights fixes this lattice 4 to be even, and so we have the desired
Fock space structure. However, we must still verify that we have the isomorphism
H =2 #(A) of conformal field theories. In particular, we need to consider the
cocycle structure.

From the additivity of momenta, we see that we must have the OPE

V(¥ 2)V (¥ O) = (2 )z = O HV (Yoo O + - (6:45)
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where &(4, 1) is not necessarily non-zero. (We shall show below that it is in fact
of unit modulus.) Consider the 4-point function

2 2
OV (P20 )V (P 1s22)V (¥1,23)V (P 20)|0) = (21 — 24) ¥ (22 — 23) ™"
(@1 —n) e —z) T M2 —2) T e —2) G ) (6.46)
using su(1, 1) invariance, with

— (z1 —22)(z3 — z3)

- (z1 —z4)(z3 — 23) (6.47)

X

and G(x) having potential poles at x = 0,1 and co. We consider the limits z; — z4,
Zy — 23, Z| — Zp, Z3 — Z4; Z| — Z3, Z3 — z4. The first of these gives, on using
(6.43),

OV (P 2V (P 2)V (P 23)V (Bza)|0) ~ (21 — 22) F (22 — )™, (648)

and we deduce that G(x) is regular at infinity.
Considering the second limit and using (6.45) gives

OV (P20 )V (Vs 22)V (W, 23)V (%,24)[0)
~ 8('—”’ _/1)8()" M) ° (Zl _ZZ)A.I‘(ZES _24)/1.#«)' V( W—l—-llaZZ)V( Wl‘l‘#az4)|0> .
(6.49)
But
OV (P 2)V (P z0)|0) = 23 H (B M Pemir |9, (650)

by (2.43) and the creation property (2.3) (noting that the states ¥) are (quasi-)
primary). Applying (2.29) then gives us

OV (P— 21V (V1 22)V (P1,23)V (P 24)|0)
~ o=ty = A)e(u ) - (21 —22)* T P23 —za)t T Mz —za) FH L (6.51)

Hence G(x) must be regular at x = 0.

Similarly, the third limit gives us that G(x) is regular at x = 1. Hence, by
Liouville’s theorem, G(x) must be a constant, in fact G(x) = 1 from (6.48). So we
deduce that

(O (W2 W (P 122V (Pa23)V (Pin20)|0) = (21 — 28) ¥ (22 — 23) %
(21— ) Mz —z3) T Pz —za) T Mz — ) (6.52)

and
e(—p,—Ne(A,u)=1. (6.53)

However, the OPE (6.45) together with the hermitian property (2.43) tell us that
(A, u)* = e(—p,—A), and so by (6.53) we see that g(4, u) is of unit modulus. The
locality property applied to (6.45) gives immediately that

e(A ) = (—1)* #e(u, 4), (6.54)
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and associativity implies
e(A p)e(A+ p,v) = e(A p+ v)e(pu,v) . (6.55)

We thus see, from [11], that we may make a “gauge transformation” of the
cocycles for #(A) if necessary so that the symmetry factors are given by the
above set of &(4, 1t). Hence, our proposed isomorphism u : # — #(A) is given by

uaju™' = a/; ul¥ = |4, (6.56)

using the notation of Sect. 5.2 for #(A) (where we use a hatted notation to dis-
tinguish the theory #(A)). All that we are now required to show to complete the
proof is that

uV (Y, 2" = V(uy,z), (6.57)

for all y € #. From the definition of the Pi(z), we see that this is true for the
states a’ ,|0). Further, we may act with the modes of the P/(z) (ie., the a;) on
the states ¥; to generate all states in # by use of the duality relation (cf. the
argument given in [11] to simplify the final locality relation), which holds also in
H#(A). Hence, we need only verify (6.57) for y = ¥), A € A. Further, we see that
it is only necessary to verify (6.57) for such states acting on states |u), 4 € A, since
we may act on the left with suitable combinations of the operators ¥ (4’ ,|0),{) and
move them to the right by locality to act on |¢) and raise it to an arbitrary state in
H(A). So, we need only check

ulV (¥,2)| %) = V(|4),2)|4) , (6.58)

for all A,u € A.
Let us verify (6.58) by induction on the modes. From (6.45) we have

V(¥L2) W) = 2" He(h 1) War) + (6.59)
i.e., the first non-zero term in the expansion is
V_ s 32 (BB = 60 )] i) (6.60)

similarly for the right-hand side of (6.58). We have chosen the &(4,u) of 3#(A)
such that (6.58) holds for this mode. Now, from (2.51),

Lo, V(P = (1 = n =} 221 (F) - (6.61)
Hence
LaVu(E) W) = (1 —n = 322 a (B W) + V(P - ai| W)
=1 =n— 422 =4 WV (WD) + p-a Vu(B)|¥,) , (6.62)

using [am, Va(¥2)] = A/ Vinin(P2) (which follows from the OPE (6.41)), and simi-
larly for V,(A)|p). So, if we have (1 —n — %12 — A+ uw)=0 for all relevant n then
the required result follows by induction. Thus, we require the coefficient to be pos-
itive for the first non-zero term, i.e., for n = —%(/l +u)?+ %,uz, and so we have
the desired conclusion. O
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In [20] the twist invariant subalgebras for the theories #(A) were evaluated,
i.e., the algebras generated by the weight one states in J#+(A), which survive into
the twisted theory J# (A), i.e., the states [1) + | — ) for A € A(2). For dimensions
of 24 or greater, the minimal conformal weight in the twisted sector is at least 2, and
so the algebra g " is just the twist invariant subalgebra of g, (). But in 8 and 16
dimensions, the twist invariant subalgebras become “enhanced.” There are twisted
states with conformal weight one in these dimensions, and including the correspond-
ing vertex operators in the operator algebra extends the twist invariant subalgebra.
HA(Eg) as we have seen has g (z) = Eg, and the twist invariant subalgebra Dg
is enhanced to Eg. By Proposition 6.4, we see that # (Eg) & #(Eg), in com-
plete analogy with the result for the constructions of lattices from codes. Similarly,
and again mirroring the results for codes, it is found that ¢ (Eg @ Eg) = 5#(Dj¢)
and # (Dig) = #(Eg ® Eg). The results for the 24-dimensional even self-dual
lattices are shown in Table 2. The lattices A (except for the Leech lattice A54)
are denoted by the algebra whose root system A(2) forms, while the straight and
twisted theories #(A) and # (A) are labelled by the algebra corresponding to
the weight one fields (except for # (Ay) = V*, the natural Monster module).

Table 2. Straight and twisted constructions from even
self-dual lattices in 24 dimensions

A H(A) # (A)
E} E; D}
DigEs DisEs D}
D} D} D§
D§ D§ 43
4% A% A
Aoa U yt
D4 Dy D?,
D}, Dy, Dj
Dj D 43
A3 A3 Al
DyoE3 DyoE} D}43
D43 D343 D3B3
Ao A By,
ArEq ArEq DyAy
Ay5Dy A15Dy DB’
i o B
AnDrEg A1 D7Es DgB3C,4
A2Ds A3Ds D%42
43 43 B3
A} A¢ B
A2D, 42D, A4l
A§ AS B
AL 432 42
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We see that there are 9 coincidences between a twisted theory and a straight
theory (Proposition 6.4 shows that the theories are indeed isomorphic) and the
other 15 twisted theories aredistinct, as their algebras are distinct. This gives us
a total of 39 self-dual bosonic theories with ¢ = 24. We also remember that there
are 9 doubly-even self-dual binary codes of length 24. By comparing with the
results from Sect. 5.1 given in Figs. 1,2 and 3 we see that these coincidences be-
tween the straight and twisted theories are such that the conformal field theory
given by the straight construction from the lattice obtained by the twisted construc-
tion applied to a doubly-even self-dual binary code is isomorphic to the theory
given by the twisted construction from the lattice obtained by the straight construc-
tion applied to the same code. We may thus extend Figs. 1-3 to give Figs. 4-6,
where there is included on the right hand side the dimension of the appropriate Lie
algebra. Again, wavy arrows denote the twisted construction and straight arrows
the straight construction. (dim g (1) = |A(2)| + 24 and dimg (4) = %|A(2)|, in
at least 24 dimensions, so that, from our discussion in Sect. 5.1, dim gu,(4,) =
16|%4| + 72, dim 957 (a = dimg, - = 8|%4| + 24 and dimgz + = 4|%4| in 24
dimensions). Also, Fig. 7 shows the results in 16 dimensions. (Note that Fig. 7 may
be extended indefinitely by adjoining copies of itself, a property which is not shared
by the graphs in 24 dimensions, since in that case dim g decreases as one descends
the graph).

We thus see that the connection with codes is more than just an analogy. Codes
can be used to understand the structure and symmetries of conformal field theories.

In Sect. 7, we prove that %’(Aqg) ~ (Ag) for any doubly-even self-dual binary
code % (of any length — a multiple of 8). Here, we show

Proposition 6.5. Any coincidence between a twisted theory and a straight theory
must be due to the existence of a doubly-even self-dual binary code.

|%. code lattice cft dim g

Eg 744

E’ /701658 744
42 e; /Dmb:s%
2 dyge =
‘-\'\‘H.) D3 /

8
18 W= T 168

Dy 360

6 d, 72
4 "\_.\'\.\)A“ /
0 9 / —H_\\) Ay 24
2
Dyt 0
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16, code lattice cft dimg
-~ D,, 1128
Dy,
66 /7 T D, 552
'\’\,\‘» Dlz /
30 / oy pt 264
6
%"""\) /
12 /7 \“ 120
-V\_\_\‘) A33 /
Ty a0 48
Fig. 5.
|64 code lattice cft dimg
2
. /71)1057 456
10+7
2 _—7 '\—\"')J 2 2
24 dyo€; Ds' 4, 216
) D ZA 2 /
5447
> /', 96
Fig. 6.
|6, code lattice cft dim g
/ ESZ 496
2
ES
28 o __— ~—>7 Dy 496
D16
28 dyg <7 } E’ 496
S
\‘\-\_\_\> Dm 496
Fig. 7.

First we need

Lemma 6.6. Let # be a self-dual bosonic conformal field theory with central
charge ¢ = d. Then 3 is isomorphic to # (Ag) for € some doubly-even self-dual
binary code of length d if and only if g» O su(2)°.

Proof. The proof in one direction is immediate (see (7.1-3)). Conversely, if
gw O su(2)? then rank g» = d. So, from Proposition 6.4, we see that J# = #(A)
for some even lattice A. A is a weight lattice for g, O su(2)?, and so is contained
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between the root lattice of su(2)? and its dual, i.e.,

1
V228 cAc —=Z°. 6.63
V) (6.63)
So we can write <
A= —++227¢ 6.64
V2 (669

for some doubly-even linear binary code € (these properties of ¥ follow since A
is an even lattice). Since 5 is self-dual, y(—1/1) = x#(7), and so we see from
(5.31) that A, and hence %, must be self-dual. Note that this also implies that d
must be a multiple of 8 from the lattice theory discussed in Sect. 5.1. O

Proof of Proposition 6.5. If a twisted theory H (A) in d-dimensions coincides with
a straight theory #'(A’) then the corresponding algebra must have rank d (since
#(A") contains the states a’ 110), 1 < j < d, for which the corresponding fields
commute). The weight one states in # (A) are of the form |A,) = [A) +] — A) for
A € A(2), and these satisfy the commutation relations

0 A-u=0
[Va(A4), Vin(ps )] = { (6.65)
A FWVpm((AF 1)) A+ p==+£l,

from (6.28). Hence, since the algebra has rank d, we must have d orthogonal
vectors in A(2) (since for A -+ y = =+2, 1 = +pu and the states 1, and u, are not
independent). So, denoting these by \/fej for 1 = j =<d, we see from (7.1-3)
that gor(a) D su(2)?, and, since #(A) is self-dual due to the fact that H (A) is,
the above result tells us that A = Ay for some doubly-even self-dual binary code
%. But, as is shown in Sect. 7, # (Ag) = %(Zg). So we deduce also that A’ is
equivalent to Z(g. Therefore, all coincidences are labelled by codes in the manner
noted from the results above. [J

We also note those twisted theories which are distinct from untwisted theories
must have rank strictly less than d, from Proposition 6.4, and this is consistent with
Table 2, since all of the 15 new twisted theories have algebras of rank less than 24.

For € a doubly-even self-dual binary code, we have the decomposition Ay =
Ay(B)U A1(€), Ag = Ag(€) U A3(%). So we can divide #*(Ay) and #*(Ag)
into two subspaces each according to whether the momentum is in A, or not, i.e.,
we define ¥ F = #*(A,) to be the subspace generated by the Heisenberg algebra
from the states |A) with A € A, and with § = £1, 0 < a < 3 (note that we also
include the lattice A,). Similarly we can define twisted spaces J.F (for more details
see the next section). Then we have the decompositions

H(Ag)="" 0¥y @vT @Y,
H(Ag) =V @V @7 @75,
H(A) =Vt @V @ It @ T,

H(Ag) =V &5t 0 T3 @ T3 . (6.66)
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#(A) evident cubic

/ ’ symmetry

A, ’\—\%
% / %‘(/T[)E;?(Ac) induced
1somorphism
'\‘\‘\) 71 / 1%

\‘\) #(Ay) induced cubic

symmetry

Fig. 8.

The triality structure of FLM is an involution acting on #(Ag) which mixes the
straight and twisted spaces, e.g. maps 75" — 75, 7;" — 7t 757 — 757, So, we
might postulate that an extension of this operator to the whole structure (6.66) would
provide the isomorphism between ]f(/l(g) and A (A¢) and also an automorphism
of #(Ag). In the next section, we show that this is true, but give rather a converse
argument to this, i.e., we observe that there is an obvious triality structure of #(A¢)
which, using the isomorphism #(Ay) = #(Ay) which we prove directly, can be
extended to the first three rows of (6.66) and then finally to #(A¢), providing a
simple construction of the triality structure of FLM, which serves to generate the
Monster, and also generalising this structure beyond the particular case associated
with the Golay code. In Sect. 8, we define further involutions to give a cubic group
of automorphisms. This strategy is summarised in Fig. 8.

[Note that if we let go be the Lie algebra corresponding to the sub-conformal
field theory 7;,", and g, for @ = 1,2,3 the algebras corresponding to ¥, #;" and
¥, respectively, then we have a sort of “elaborated symmetric space structure”

[90,90] C go [9o,9al C g ,
(6.67)

[9a:9a] T g0 [9ar96] C g >

where (a,b,c) is a permutation of (1,2,3). g = @Z:o ga can be divided into a
symmetric space in three isomorphic ways, i.e., g/go D ga-]

7. Construction of the Triality Operator

For € a doubly-even self-dual binary code of length d, we defined the spaces
¥,% for a=0,1,2,3 in the previous section. (Note that we suppress the € de-
pendence for ease of notation.) We may also define 8 corresponding twisted
spaces starting from an irreducible representation & = #(Ag) of the gamma matrix
algebra I' = I'(A}) = {y,: 4 € Aj} (noting that AF = AgU A; U A, U A3), which
is described in the appendix. % is of dimension 2!*%/2 and splits into four irreducible
representations Z,, 0 < a < 3, of I'y = I'(Ap), with Zy ® %, an irreducible rep-
resentation of dimension 292 of I'(A U A,) for a = 1,2,3. (Note that the lattice is
only even for a = 1,3). Define 0 = (— 1)‘1/8 on %, fora=0,1,3and 0 = —(—1)48
on %,. Set Z,* = Wi(A ) for 0 < a < 3, the subspace with § = +-1 generated
by the c- oscﬂlators from Z,.
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Define the weight one states

o= sy 0) € % 1)
= (V3 + |~ Vae)) € 97 (2)
d = 5(Vae) — | = Vaep) e ¥y, (73)

1 £ j £ d, where the ¢; are the unit vectors in the direction of the axes (which
we defined in Sect. 5.1). Set J7%(z) = V({2,z), 1 £ a £3, 1 £j £ d. Then these
currents define an affine su(2)? algebra. This follows from the relations (6.28),
which give

m+n

[J72, TR0 = jeabe ke 57k 4 %mam,_,,aabaﬂf , (74)

where there is an implicit sum over ¢, 1 < ¢ < 3. For each su(2), i.e., for each j,
we can define a rotation in that su(2),

in

o/ =exp { \/E(J({l +J({2)} , (7.5)

which rotates by 7 about the axis equally inclined to the first and second axes. Set
d
c=1]d. (7.6)
j=1

Then we have, since the distinct su(2)’s commute,
oJile™ =J2, gJie' =Jl',  oJPo7!=-J3, (7.7)

and o defines an automorphism of #(A¢), provided the cocycles are chosen
appropriately, which has order 2 (62 = 1), i.e., ¢ is an involution of #(Ag).

When d is an odd multiple of 8, we shall modify the definition of ¢ given
above slightly, by redefining for some /, 1 </ < d,

a =exp{3—;§’(.f({‘ +J0’2)} , (7.8)
o still being given by (7.6). This still gives 6> = 1. [Although each individual su(2),
with generators J({a for some j, has half-integral spins on #(Ay), the diagonal
group, with generators Y y J#% has only integral spins, due to the way in which the
occurrence of the half-integral spins is correlated by the codewords. The redefinition
(7.8) for d an odd multiple of 8 changes o by a factor of —1 on states with half-
integral spin with respect to the su(2) labelled by / (but leaves it unchanged on
states with integral spin with respect to this su(2)).]

Proposition 7.1. The spaces ¥,* and T,* for 0 < a < 3 are irreducible as rep-
resentation spaces for ¥y" [7].

Proof. Consider initially the space ¥,” for some @, 0 < a < 3, and some parity
P = +. Suppose that U is an irreducible representation space for ;" contained in
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¥,F. Set
1 . . . . 1 . )
Yl = Eaf_laf_1|0>, )=V z)= 5 :Pl(2)P/(2):, (7.9)

where there is no sum over j (we drop the summation convention unless otherwise
stated) and

Pl(z)=i %Xf(z) , (7.10)
from (5.18). Also, for j+k, set
yh=al d,|0),  LH@)= Vvt z) = Pi)P), (7.11)

(for j+k, P/ and P* commute, so no normal ordering is necessary). Then, since
U is irreducible, L/(z) and L*(z) map U — U, since y/, y/* € ¥;". Denoting the
modes of the vertex operators for Y/ and W/ similarly, we have [L},L5] = 0 and
so we may write U as the direct sum of simultancous eigenspaces of the Lﬁ. If
¢ € U is such a state, say L} ‘¢ =V, 1 <j <d. Then

D¢ =>aldy ¢ (7.12)

(j=+k) must be a state in U, since L*(z): U — U. But
Liajdl, ¢ =/ —n)ajdy_,¢. (7.13)

The projection of the state (7 12) onto the 51mu1taneous eigenspaces must be in U,
so we see from (7.13) that ajak, ¢ € U, i.e., aya’ maps U — U for j=+k. Thus,
so does

la)d* \, aldi] = —M aja), + mb,_,d" , d, (7.14)

for j+k. Hence al al, maps U — U for m#+ — n. Putting m = —n in (7.14) we
have that
ma* ok, —Mal (7.15)

maps U — U for j+k. Since Yy € ¥;;*, then we can decompose U into eigenspaces
of Ly : U — U. Applying (7.15) to a state ¢ € U of conformal weight %y, we see
that af, must annihilate ¢ for sufficiently large M, i.e., for M > hg. Thus a’. am

maps U — U, and we have that ajaf maps U — U for all 1 < j, k <d and
m,n € Z. )

Therefore, since S/ = ajal maps U — U and the operators S commute, we
may decompose U into the direct sum of the simultaneous eigenspaces of these
operators. By application of a;af with m, n = 0 to a state in such an eigenspace,
we see that each such eigenspace contains a state of the form |4,) + P| — A,),

where A, € A,(%). The vectors \/Eej +/2¢; and %c forl £j <k <d, ce®,
generate the lattice Ao(%), and generate from A, the lattice A,(%). Set

G = [V2e; £ V2er) + | — (V2e; £ V2er)), le=|g50) +| = J5¢) . (7.16)

Then V(Cjik,z) and V({.,z) map U — U (since the states are in #;") and,
projecting onto the simultaneous eigenspaces of the operators S/, we see that
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application of these vertex operators takes us from the eigenspace containing
|2a) 4+ P| — A,) to all eigenspaces |1) 4+ P| — A) with A € A,. Applying aja* with
m, n < 0 generates ¥,° from these states (e.g. taking m =0, n < 0 maps us to a
state with an odd number of creation operators and zero mode piece |1) — P| — 1)),
ie+ U = v,F, and so the spaces 7,* are irreducible as representation spaces for
vy

The argument works in a similar way for the spaces Z%. For U an irreducible
representation space for 7" contained in I7, crc maps U — U, as above. Then
by application of clck with , s > 0 we see that U contains a state y for P =
Py or a state ¢’y for P = —P,, where y € %, and Py = (—1)"%. Acting with
the vertex operatz)rs V((3,2) for {=|4)+|—A) € ¥;" in the first case shows

that the set of all such y appearing in U must form an irreducible representation
space for the gamma matrix algebra Iy, i.e., U must contain %,, and then acting

with p ¢k for r,s < 0 we deduce that U = Z,7. In the second case, acting with
c"l 1 shows that U contains all the states c lx, 1 < k < d. We may, as above,
deduce that y ranges over all of Z, (act with V(C 1,z) for 1+ ¢, = 0) and hence that
U=37F 0O

a

Proposition 7.2. ¢ maps 73" to itself. Further, o: v, — ¥{", ¥7" — ¥ and
YT

Proof. From the above argument, a,f,',a’,;, V(C;,t{,z) and V((,z), 1 = j<k =
d,mn€Z, c €%, generate ¥;" from |0). So, since it is clear that ¢[0) = |0),

it is only necessary to show that ¢ transforms these operators into operators which
map ¥, into itself in order to establish the result. Equation (7.7) gives

oV (,2)0™ =V (G2), V(G2 =V({E2),

oV (G,2)07 = —V(l,2). (7.17)

Now V(U,z)V (L5, () for a=1,2,3, 1 < j, k < d, maps 7" to itself, since ¥+
is defined as a subspace of #(A¢) by the conditions § =1 and 0; = 1, where

0, = exp {i%L p}, (7.18)

and each of these products commutes with both 6 and 0;. (6; = 1 fixes the mo-
mentum to lie in A¢(%).) Taking moments of the product with a = 1 shows that

ar{:a’,ﬁ maps 7" to itself, and from
V((E2) = 2V (U 2)V (5,2) F 2V (G 2V (8. 2) (7.19)

we see that V((]i,z) does also. Finally, we must consider V' ({.,z). Set ¥, = ]\/Lic).
Then for j such that e;-c =1,

Vg V(o) = 3V (¥ez), [ V(¥ 2)] = =5V (Yer,2),  (7200)

UV (V)] = LeV(Y,2), [ V(¥r,2)] = —LeV (¥,2), (7.20b)
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where ¢’ = ¢ —2e; and ¢ = s(—\/iej, %c) = —s(ﬁej, %c’). Therefore
j(V(!I’C,z)> » { in ( LI >} ( V(Y’c,z))
o o, =exps ——=
v) " T2\ e 1) [\

i1 e V(¥.,z) (721)

V2 \—ie -1 )\ V(¥,z)) " :
Set A(c) ={c":¢c; = *c, 1 <k < d}, ie., the set of all d-tuples which can be
obtained from ¢ by application of (7.20) for various j. We see that

oV (¥, z)e~" =278l S ey Yp(w,z), (7.22)
' €4(c)

where n(c,c’) is the number of j, 1 < j =< d, such that cj+c; and #n(c,c’) is
given by

e =n(c,c o 7.23
(CEV\/E)\/_ n( )?7z (7.23)
Similarly, we find

oV (¥pnz)o =272 S (i), d W (P pr,2) - (7.24)

€M)

But € is doubly-even, so that n(c,c’) + n(c,—c’) = |c| € 4Z, ie., (—iye=<) =
i< From the appendix,

n(e,c’) = (1Y@ n(e,~¢'), (7.25)
and so (7.22) and (7.24) may be added to give

oV(lz)o™ =272 S D, YV (L,2), (7.26)
c’edy(c)

where A,(c) = {c’ € A(c) : n(c,c") € 2Z}. When n(c,c’) is even, (s € ¥;", since
< 5t 4, where 1 € v/2Z2. Therefore, V({.,z) maps to operators which map

&=
Vo to itself. Thus, o : 7" — #" as required.

Since 7, ¥;" and Vl_ are irreducible as representation spaces for 7;* and
o maps ¥, to itself, it is only necessary to check the transformation of one state

in each space to show that o:¥;” — ¥{", ¥7" — 7, and ¥;~ — 7] . Since
oll = at), aC’ = GC’ and JC’ — g, then this result follows. O

Hence, o gives an isomorphism between 7gt @ 7~ and ¥;" @ ¥;* (note that
these are conformal field theories (Y € 75")).
As stated in the previous section, we shall now show

Proposition 7.3. 5#( /Tg) = ﬁ(/lg), for € a doubly-even self-dual binary code.

Proof. /2. I = p{,, 1 £ j = d, provides a Cartan subalgebra for 9?(/?%), and we
see from (6.65) that \/_2J’2, 1 = j = d, provides a Cartan subalgebra for 5#(Ag)
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(i.e., both I i) and g Forg) have rank d). The corresponding lattice of eigen-
values in the first case on 7" is Ao(%), ie., is d-dimensional. So, by (7.7),
the lattice of eigenvalues of \/_ZJ({Z in #(Ag) is also d-dimensional and con-
tains A¢(¥). By Proposition 6.4, #(A¢) is isomorphic to a theory #(A) for
some d-dimensional even lattice A. A contains Ay(%), and since it is even it
must be integral, and hence A C Ag(€)* = Ag(€) U A1(F) U A(€) U A3(%). Note
that A41(%), A2(¥) and A3(%¥) are all shifts of Ay(%) so that, since A D Ay(%),
if A contains any element of A;(%) then A D A;(%) for i =1,2,3. Thus, there
are three possibilities foi A even, ie., A= Ay(€), A= Ay(€)U A1(¥) = A¢ and
A= Ay(€)U A3(¥) = Ag. For d = 24, these three possibilities can be easily dis-
tinguished by considering their partition functions. dim gx(4,) = 16|%4| + 3d, while
dim g i) = dim g 10(%)) = 8|%4| + d from earlier discussions. Also, since A¢(%)

is strictly contained in Ag, the partition functions for #(A¢) and H#(A(%€)) are
distinct. Hence, all three cases have distinct partition functions, and so to com-
plete the proof in d = 24 it is only necessary to verify that #(A¢) and #(Ag)
have equal partition functions. (Note that since dimg Firg) = 8|%4| +d we can
immediately exclude the possibility A = Ag.) Since 75t @ ¥~ = 7;t @ ¥{" from
the above, then the partition functions for these parts coincide, and it remains to
consider 75" @ 75~ and Z;" ® 7,". The corresponding partition functions are

d d_1 & n x Lo m? 4 & Lntm?
1284t 1Hl(l—q)al( S gD S (i ) (7.27)

m=—00

and
o0 o0
286 [ TTA-g)+(DE T +g)77 ), (7.28)
= —
and these are equal by virtue of the identity
oo 1 2 o0 (o]
> " =T10-¢I10+q). (7.29)
m=—00 n—1 =1

2

Alternatively, we may see the equality immediately since, as we have argued pre-
viously, x Ziag) and y i) AT modular invariant, and so equal up to a constant,
from the discussion of Sect. 6.1. The constant terms coincide, both being equal
to 8|%4| +d, the dimension of the corresponding Lie algebra. The cases d = 8
and d = 16 can be considered separately. There is only one code to consider in
the first case and two in the second, and the results quoted in Sect. 6.2 show
that #(Ay) = H#(Ag) here also. So we have #(Ay) = #(Ag) as required. [

Proposition 7.4. ¢ can be extended to an isomorphism H(Ag) = H(Ag).

Proof. From Proposition 7.3, we have an isomorphism o : #(Ag) — H(Ag)
with 6oJ/!(z)o, ! = J72(2). Restricted to ¥;" @ ¥, ¢ = dou, where u is an auto-
morphism of V0+ ® ¥, commuting with J'Nz), 1 £j £d, ie., u preserves the
eigenspaces of the p/. Thus u|l) = v(4)|4) for A € A¢(¥), where |v(A)| = 1. From
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uV(|u),z)u=" = V(u|u),z) applied to |1), we see that
v(4 4 p) = v(A)o(p) (7.30)

is required. u can be extended to an automorphism of #(Ag) by choosing
U € A3(%) and v(u) such that v(u)? = v(2u) (since 2u € Ag(%) this is known).
This _ensures that (7.30) holds. Then replacing ao by oou gives an isomorphism
H(Ay) — H#H(Ag) which coincides with ¢ on "I/0+ @7, . Thus, o can be ex-

tended to the whole of J#( /T(g) as required. [

Therefore ¥;" ® ¥;~ and 7, @ 7, are equivalent as representations of the iso-
morphic conformal field theories ¥;" ® 7~ and 73" @ #;*. It is shown in Sect. 8
that ¢ maps 75" — ;" and ¥;7 — ;" (in fact, a more generalised form of this

result is demonstrated). (¢ is unique up to the automorphism 1 of # (/ng) which is
1on 7" @, and —1 on 75" @ ¥;7.) o thus gives an isomorphism of 7" @ ¥3*
and 7" @ 7, . For y € 7%, ¢ € ¥5,

o \WWW,z)op = V(oy,z)o . (7.31)

In [24] it is shown that any irreducible hermitian real meromorphic representation
A of #(A)4 is equivalent either to H#'(A)y or H#r(A)4, a twisted analogue of
Proposition 6.4. The argument used there proceeds by showing that any represen-
tation U of a conformal field theory s can be characterised by a state in #; to
do this the expectation value in a state y of the representation of a product of the
operators U(;,z;), representing states \; € J#, is rewritten using (3.8) and locality
as the scalar product of a suitable state of 5# on the product of vertex operators
of A# acting on one of the 1/;’s. The essential representation property (3.1) can be
translated into properties of this state. This argument can be reversed to define a
representation by a suitable state of J# having these properties. This procedure can
be applied to associate a state to any meromorphic representation of #(A),. The
properties required for this state to define a representation are such that the state
defines also a representation of #(A). This representation is an extension of the
initial representation of #(A)., and must restrict to this, in particular restricting to
a meromorphic representation of #°(A),. The (non-meromorphic) representations of
H(A) are easily classified (see e.g. [25]), and those that restrict to a meromorphic
representation of #(A), are simply s#(A) itself and S#7(A) (modulo inequivalent
ground state representations of the twisted cocycles). The possible cases quoted then
follow. These cases are clearly distinguished by a simple count of the number of
states of conformal weight one. (Note that the uniqueness of the twisted representa-
tion has been demonstrated previously in the case of the Leech lattice in [26] using
specific features of this model, so allowing a demonstration of triality for the Mon-
ster theory. The arguments of [24] allow the result to be extended to encompass all
even lattices. This is in the spirit of this paper of extending results for the Mon-
ster to a broader class of theories by abstracting the general properties required.)
Thus, we deduce that 7;" @ 7;" and 75" @ 7, are equivalent as representations
of 7;t @ ;" and ¥;" @ J,* respectively, identified by o. Since o(7,") = ¥5",
then 73+ corresponds to 7;". So ¢ can be extended by a map p from 7,7 — ¥;"
and 737 — 7" into an automorphism of #(A¢), by the arguments at the end of
Sect. 4. For y € 73, ¢ € 5",

PV (Y,2)p~" ¢ =V (oY, 2)d. (7.32)
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Considering (7.31) and (7.32) together, we deduce that acting on 7",

BY(W,z)B =V (y,z), (7.33)

where = op. But we know from the above arguments that the action of 7" on
J,t is irreducible, and so it must follow from a Schur’s lemma type argument that
p =kl for some x € C. From the arguments at the end of Sect.4, we see that

we must have p = +67! since both p and ¢ are compatible with the conjugation

and this fixes the map up to a sign. Therefore, we may choose p =o' on 7"

and rename p: 7,7 — ¥;" as ¢. ¢ squares to 1 on ¥;", ¥;" and 7", and so
to demonstrate that it is an involution, we must check that 6> =1 on J;". For
Vet ey,

V(Y,2)p = aV(oy,2)ap = V(a*Y,z)0*p = V(,2)¢ , (7.34)

and so, since 7" acts irreducibly on 75", (7.34) is equivalent to saying that ¢ = 1
on 7;". This establishes that ¢ is the triality operator postulated, i.e., an automor-

phism of order 2 of #(A¢) such that it maps 7" and Z;* into themselves, and
interchanges 75" and ,;". It is defined up to an automorphism « (induced by 1 on

#(Ag)) equal to 1 on ¥;" & 75" and —1 on ¥;* @ J;*, with which it commutes.

8. Extension to a Cubic Group

Renaming the triality operator ¢ constructed in the previous section of g3, we may
also construct, by permuting {}, {} and ¢}, automorphisms a; and o, of #(Ag).
Then 1, 64, 0102, 610315, 1 < a, b < 3, (where 1; =1 on ;" @ ¥;~ and —1 on
¥F @] and 1, and 13 are defined by cyclically permuting 7;~,7;" and ¥]")
generate a group isomorphic to the symmetry group of the cube, Ss. For (a,b,c) a
permutation of (1,2,3),

0,00, = 1.0, lalp = L, Oalg = 1404, Oalp = 1.0, . 8.1)

There exist subgroups isomorphic to S3, e.g. {1,01,0212,03,010212,6103}.
We therefore extend the spaces which were considered in the previous section
to give the following “magic square” diagram:

(1) ~(23 ~(3)~
H(Ag) H(Ag) H'(Ag)
[ [ [

7/0+ %+ %+
@ (&) &®
(1) #(e) =%+ © % @ I e I
©® &® (&)
2) #e) = %" © K e I e I
&) ©® @b

@) #(4e) = %+ © %~ o IF o

3

(8.2)
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Let ¥, be the space in row a and column b and set ¥, = “//OJr if a-6b=0,
for 0 £ a, b < 3. For (a,b,c) a permutation of (1,2,3), o, : %1 — %1, Va1 —
Va1, Vb, < Ve, i€, it defines an automorphism of ¥;0 © 7,1 and an isomorphism
Vo ® Vo1 — Voo ® V2. Define #, to be the space given by row a and #? to be
the space given by column b. Then o, induces an automorphism of 5, and an
isomorphism #, — #,. The generalisation of the result that ¢ : 75" — Z;" which
was required in the last section is that g, preserves the columns, in the sense that
Ou:Vay — Vag and a0, : Vpy <> Voo for o = 1,2. This induces an automorphism of
the space #? = #(Ag). In a similar way, an automorphism of the third column
is induced. Note that g,, as an automorphism of the second column, is defined
up to the involution 1,, which is 1 on ¥4 @ ¥ and —1 on ¥4, @ ¥,. Thus 1,
commutes with o,. Either o030, is equal to g, or it is equal to 1,07, depending on
the sign choices made in the definitions. Whichever choice is made though, o? =
a5 = (010301)* = 1, so that {1,01,03,0,0501,0103,030, } forms a a group isomorphic
to S3. Thus, we obtain a triality group of automorphisms of %(Ag) explaining the
origin of the term triality operator which has been used so far. In the case € = g4,
the Golay code, the triality group, or just o3, then, as explained in Sect. 6.1, together
with the extension of Conway’s group defined there generates the Monster.

Note that if we reverse the situation of the previous section, and use the modified
definition (7.8) if and only if d is an even multiple of §, then the induced maps,
say &,, interchange columns 2 and 3 rather than preserve them, i.e., the ¢, induce
isomorphisms #? — #73.

Finally in this section, we verify that ¢, does in fact preserve the columns as
stated. In other words, we wish to show

Proposition 8.1. For o = 1,2, and (a,b,c) a permutation of (1,2,3),
00 Vou = Ve, 00 Vax = Vau (83)

Proof. From the arguments of the previous section, we see that for g3 (and anal-
ogously for all the o,) that it either preserves or interchanges the columns, i.e., it
satisfies either (8.3) or

Oa: Voo — cp> 04 Vau — A’/ab’ ) (84)
where o =2 and ff =3 or vice versa. Since, on #(Ag) we have 6,050, = 1,0,
then we see that on ¥, @ 43, for 1 < d < 3, we must have 6,0,0, = *o,, thus
showing that if either one of o, or g, preserves the columns, then both do, since
with two applications of o, whether it preserves or interchanges the columns is of
no consequence. Thus, we can deduce that 1,0, and o3 preserve the columns if
we can show that any one of them does. o, is the simplest of the three to consider.
By cyclic permutation of the corresponding property for ¢ = o3 from Sect. 7,
we have the relations

all=-t, af=8 afd=0, (85)

or
oiajor! = —al,  ai|V2e)) =il —V2e), a1 —V2e) = ~i|V2e;) . (8.6)
Its action on V(¥,,z) is given by an argument similar to that given in Sect. 7 in

showing that ¢ mapped ;" to itself, i.e., for e;-c =1, we use

V3, V(¥,2)] = —LeV(¥,2), [Jj3,V(¥’c/,z)]=—%£V(‘I’c,z), (8.7)
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together with (7.20) to give
j ( V(Y’c,z)> B { in ( 0 (i— 1)8)} V(¥.,z)
\rwn) Pz \—a+10e 0 (www)

i 0 —(1+i)e\ [ (V(¥,z2)
ﬁ(u—m 0 )(W%w»’ )

where

o] = exp { 17”2 2 +Jg3)} , (8.9)

(cf. (7.5)). So it follows by successive application of (8.8) that
o\ V(¥z)o7" = (—1)3llp(e_,,z). (8.10)
Together with (8.6), this gives
o1 = Qexp{inw- p}, (8.11)

where w = ﬁl, which is in A3(%) for d a multiple of 16. This defines o, on
H#(Ag), although it can also be used to define o on 1/‘3t, giving an automorphism

of #| = %(/qu) which preserves “ij), "Vf. On the twisted spaces 7,7, 7,7,
and 7, 61 may be defined by the analogous relation

o1 = Oy, . (8.12)

This provides an isomorphism > — #3 which preserves the columns, and the
required result follows. When d is an odd multiple of 8, if we use the same definition
of g, then we have that w € A5(%), and o) (and hence o, and o3) interchanges
the columns, as noted above. Otherwise, we redefine ¢! for some / by analogy with
(7.8), which serves to modify w to ﬁl + v/2e;, which is once more an element

of A3(¥), and hence g; preserves the columns. (Making this modification when d
is a multiple of 16 gives a ¢; which interchanges the columns.) O

9. Conclusions

The main result of this paper is the demonstration that the remarkable results of
Frenkel, Lepowsky and Meurman on the construction of the natural representation
of the Monster group as a conformal field theory generalise to a wider class of
theories. This generalization exhibits the features which lead to the existence of the
“triality” structure more clearly, and specific features of particular models are not
required.

Following in this spirit, the discussion of the structure and representations of chi-
ral bosonic meromorphic conformal field theories and the construction of orbifolds
illustrates a general program and approach which it is hoped to take further.

The nature of what were previously thought of as merely useful analogies of
conformal field theory with the theories of lattices and codes has been extended to
deeper links between their structures, and it will prove interesting in the future to
extend the depth and, more importantly, the understanding of such connections.
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Appendix

In this appendix we wish to define the gamma matrix algebra I' = I'(Af) =
{£ys: A € A} required for the extension of the triality structure in Sect. 7. In
order to do this, we must specify the symmetry factor S(4, ) [22] in

Va¥u = S(A 1)Puya s (A1)

such that
S(A,S(u,v) =S4+ 1, v), S(A,pn) = 1/8(u, A), S(A,A) =1, (A2)

for A, u,v € A§. The definition of [11] requires modification, since the lattice is
not even in this case. Following [11], S(4, u) = (—=1)*"* for A ,u € A(g = Ay U 4,
or A(g = Ay U A3. Making the choices S(\/_ej, 1) =i= 2\/-_, \/—ej) for
1 £ j £d gives, from (A.2), S(4,u) as follows:

LEA pENM, UE A K€ A3
A€My (FDFHE (=DFE (=DFE (=D

A€ A4 (_1)/1’# (_l)l'u _ gl um _eihum
AE Ay (_1)/1'11 P (—l)’l'”“ g pm
A€ Ay (=1)H etrmm L N D A (A3)

If Z is an irreducible representation of I', then we consider the division of & into
irreducible representations of I'(A¢). Since Ay is an even self-dual lattice, we see
from Appendix C of [11] that such a representation Z(A¢) C I' is of dimension

23, Then #'(Ay) = 9, %(Ag) for w = 2—%1 is also an irreducible representation

space for Z(Ag). Noting that y,%’(A¢) = X(Ag) (since 2w € Ay as 1 € € for
% doubly-even) and that 7, and I'(Ag) generate I, gives & = X (Ag) ® X' (Ag).

In other words, & is of dimension 234+1, Also, from Appendix C of [11], an

irreducible representation of I'(Ap) has dimension 2%‘1_1, so similarly Z'(A¢) =
Fo(Ao) ® Z1(Ag), where Zo(Ayg) and Z'1(Ap) are irreducible representations of
I'(Ap). Similarly, Z'(Ag) = Z2(Ag) ® X3(Ag). Also, we have a decomposition of
Z into irreducible representations of % (A¢), which must be different sums of the
Zj(Ap) (because I'(Ag) and I'(Ag) together generate I'). Thus, we take 2o @ 23
and &) ® %, (dropping the explicit 4y dependence) to be such sums.

The gauge choice y; = y_,; made in [11] cannot be extended to the whole of I'.
We have y;7_; = &(4, —A)po = &(4, —A)1. So y; = y_; implies that y2 = +1, and
so is a central element of I'. From the table (A.3) we can see that this can only be
true for A € Ay. With the definition of 6 given in Sect. 7 however, i.e., inserting an
additional —1 on %, then 6vy,0y; is central, and so, by irreducibility and Schur’s
lemma, must be a multiple of the identity. Since y_,; = :I:y;l, from the above, then
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y2 = +0y_;071(0 = 0~ as 0 is an involution). By a choice of gauge, we take
Oy-0~" =71 (A4)
This gives the involution
oV (y,2)07" =V(6y,z2), (AS)

for y € #(A,), a=0,1,3, acting on the full twisted space 7, & I, & 7, &
T4, explaining the reasoning behind the apparently unnatural definition of 6. This
still gives y, = y_, restricted to Zo ® %, for j =1,3 and A € AgU 4;, as we re-
quired for such self-dual lattices in Appendix B of [11].

To make the above analysis perhaps a bit clearer, an explicit construction is now
given of I' = I'(A}) in terms of I'(Ag). Suppose I'(Ag) = {=£s,: A € A}, 55, is
central in I'(Ay), for v € Ay, as 2v- A is even for all 4 € Ay. So s, is proportional
to $;4+2v, and we arrange the gauge so that they coincide, i.e.,

sisp= (=D sy, 8=, si=si=s, (A6)
for A, u € Ao. Choose k € A, and p € A3 with k- p=1. Then S(x, p)=—S(p, k)=,

from the table. We can take s,, =1 as it is central in I'(Ag) (since 2p- A is even
for all A € Ap). Then we have a representation of I'(Ag) = {£p, : v € Ag}:

s; 0 0 efsy
= = , A7
B (O 85&) s B (Sx 0 ) (A7)

for 1 € Ay, &f = (—1)*" *. This satisfies f; = f_; and pi = (—l)%'lz, as required.
A representation of I'(Af) is then given by defining

Si 0 0 0
= |0 Es 0 0
Tlo oo etes, o |
0 0 0 e
0 efs; 0
lss 0 0 0
V=10 o0 0 s |’
0 0 if™s; 0
0 0 0 &
— 0 0 —STHDSX 0
'y/‘H—(U O 8:{5'1 O O s
s, 0 0 0
0 0 ief s, 0
_ 10 0 0 —isj"s,{
VYitrto = s; 0 0 0 ’ (AS)
0 —es; 0 0
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with & = (—1)®"* and &§® = &2, This gives 0y_,07! = —y, for 1 € 4, al-
though (A.4) holds for the remaining sectors. This could be corrected by a change
of gauge, although #°(A;) need not be considered anyway, since it corresponds to
a fermionic conformal field theory.
Finally, we consider the cocycles for Ay necessary for defining the triality
operator g. Set
ne= I1 1 (A9)

j:Cj=

for ¢ € €. Then 5. = *1, since it is proportional to y, 5 , which is central. We wish
to choose the gauge such that #, =1 for all ¢ € ¥, and also preserve the gauge
choice y; = y_;. This means that we may change y N by a factor ¢; only if we
change y_ Ve, by the same factor. Let 4, = {c € € : #. = 1}. This is a sub-code of
€, since N,y = fcH, Where ¢ + ¢’ is performed modulo 2 (i.e., inside %) (since
the Vv/ze, commute). Then € = % or € = % U (% + c,), where 1, = —1. In the
case 41+%, €* DO ¥. Choose c; € ¥ such that c; §%. Then ¢, - ¢ € 2Z for all
c€% and cy-cy € 2Z + 1 (otherwise c; € €% = €). Set g = —1 for (c2); =1
and ¢ = 1 otherwise. Then #. =1 for all ¢ € ¥ as required. If 5(c,c’) is defined
as in (5.23), then

_ Y
<Elvﬁej)v% =n(c,—c")y o (A.10)
J

Noting y?. = yzc, = (—1)‘%|c|, multiply (5.23) and (A.10) to give
V2 V2
/ )= . e (—1)ill =y (—1yec)
n(e, " n(e, —c") ( I1 Yﬁej>7% (le;lc;vﬁej)vﬁ( 13l = p(-1) ,

3 #c}
(A.11)
and (5.25) follows.
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