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Abstract: We investigate the Ward identities of the #, symmetry in the super-
Liouville theory coupled to the super-conformal matter of central charge
éy =1 —2(p — q)*/pq. The theory is classified into two chiralities. For the positive
chirality, all gravitationally dressed scaling operators are generated from the g — 1
gravitational primaries by one of the ring generators in the R-sector acting on them
repeatedly. After fixing the normalizations of the dressed scaling operators, we find
that the Ward identities are expressed in the form of the usual #; algebra constraints
as in the bosonic case: #,**+Dt =0, (k=1,...,q—1;, n€ Zx,_;), where the
equations for even and odd » come from the currents in the NS- and the R-sector
respectively. The non-linear terms come from the anomalous contributions at the
boundaries of moduli space. The negative chirality is defined by interchanging the
roles of p and ¢g. Then we get the ¥/, algebra constraints.

1. Introduction

One of the prominent features of the non-critical string, or 2D quantum gravity is
the appearance of the non-linear structures [1-6], which have been first derived in
the double scaling limit of the matrix model [1] and then developed in the form of
the # -algebra constraints [3,4]. Recently one of the authors (K.H.) [6] has found
that the # -algebra constraints are realized as the Ward identities of #, symmetry
[7] in the Liouville theory approach [5—13]. The scaling operators are then identified
with the tachyon-like operators with discrete momenta. The non-linear terms come
from the anomalous contributions from the boundaries of moduli space.

In this paper we investigate the non-critical NSR string, or 2D quantum super-
gravity. In this case the application of the continuum approach is extremely relevant
because there is no definite matrix model to describe it. The BRST analysis of the
physical spectrum was recently carried out [14]. It was then found that the ring
structure and the associated #o, symmetry algebra are the same as those in the
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basonic case. We here study the Ward identities of #4, symmetry and derive the
usual W -algebra constraints, not super-#" ones, as in the bosonic case.

We should refer to the work of Alvarez—Gaumé et al [15]. From the analysis
of a kind of supersymmetrized matrix model they proposed that the super-Virasoro
algebra constraints will be given in the case of the non-critical NSR string. In the
continuum approach, however, we get a different result from their proposal. So we
need further analysis to clarify the universality class of their model.

The paper is organized as follows. In Sect. 2 we summarize the BRST invariant
states. The BRST charge of the super-Liouville theory coupled to the supercon-
formal matter of central charge ¢y (= %cM) < 1 is defined in the bosonized form.
The picture changing isomorphism [16] is briefly explained. Then we define various
discrete states which form the ¥, algebra and the gravitationally dressed scaling
operators, gravitational primaries and their descendants. Here we introduce the chi-
ralities, which are classified by the momentum in the matter sector. Throughout
this paper all calculations are carried out in positive chirality. In this case there
exist ¢ — 1 gravitational primaries. Their descendants are generated by one of the
ring generators in the R-sector acting on them. For the negative chirality the roles
of p and ¢ are interchanged. In Sect. 3 we define the correlation functions of the
interaction theory perturbed by the scaling operators such that ( p, q)-critical theory
is given [17]. Then we set up the Ward identities of the #,, symmetry. We first
discuss the Ward identities which result in the Virasoro algebra constraints. Due to
the nature of factorization, which is that the intermediate states become on-shell,
the boundary of moduli space becomes dangerous. Here we evaluate the anomalous
contributions coming from the boundaries of moduli space carefully, which give
the non-linear terms in the Ward identities. Next we discuss the case resulting in
the ¥ -algebra constraints. For the positive chirality we get #; algebra. In the fi-
nal section we argue the universality class of the non-critical NSR string. In our
formalism the p-g duality is manifest. The universality of the theory is determined
by the potential terms. Changing the potentials we can get various critical theories.

2. BRST Invariant States
2.1. Preliminary. In this section we summarize the BRST invariant states of the

super-Liouville theory coupled to the super-conformal matter of central charge
éu=1-2(p—q)*/pq, p—q=2Z. The BRST charge is given by

Ouesr = § 35 o) (161 + 57°0)) - o0 (614 36°)) |, @)

where T =T+ TM and G = GL+ GM are the energy-momentum tensor and
supercurrent for the Liouville-matter sector respectively,

Th = —%8456(15 +iQrd*¢ — %wLan//L ,

1 . 1
™ = —ano@(p-HQMaZ(p— El//M(?l,[/M ,

G' = iyta¢ +20"y*
GM = iyMop + 20M oYM (22)
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and

1
0 =30 +00  OM=3r-90 0= @3

The operators T¢ and G© are the energy-momentum tensor and the supercurrent in
the ghost sector, 1 3
TS = ¢ob + 20ch — 5)}6[3 — anﬁ ,

GY = by —30cp — 2c0p . (2.4)

In this paper we use the bosonized representations for the fermions y/“* and
Py-ghosts, !

+ —
Y (z) = 7
Bz) = e Po(z),  Wz) =e"n(z), (2:6)

WM (@) £ iphz)) = e, (2.5)

where v and u are free bosons and £ and # are components of a Fermi system
with dimension 0 and 1 respectively.! These satisfy the following operator product

expansions (OPE),
v(z)v(w) = u(z)u(w) = —log(z — w), 2.7)

1
@mw) = ——. (2.8)
z—w
The BRST charge is then expressed in the form
Oprsr = Or + Ou + Omr ,
dz
= ¢ —c(T% — bo
or=9¢ 7€ c),
Oy = _% $ %n[e““"(z’@ﬂ_ +2B7idv) + e (i0QT — 2p%iov)],
1 . dz 2u
Our = 7 %7’10’7e b, (29)

where Q* = %((p:l:id)) and f* = \/LE(QM +iQ"). The operator T2 is the com-
bined energy-momentum tensor of the fields, ¢, ¢,u,v,¢ and #:

1 1
T* = —2000¢ +iQ"F§ — 50900 + Q" Fg

— %Buau +iQ"0%u — %6060 —noE, (2.10)

where iQ% = —1.

Before introducing the concrete BRST invariant states, we briefly mention the
picture changing isomorphism [16]. It is given by the action of the zero mode of
the picture changing operator defined by

dz 1
Xo=¢ ——-X 2.11
0= § 2 -—X(@), 11)

1 The cocycle factor for bc-ghosts is omitted because we only consider the combined system of
the holomorphic and the anti-holomorphic parts so that the phase is always canceled.
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where

X(z) = —2B{Osrsr, E(2) g

:,/£ utiv | j0Q™ — 2—qiav +e“ v joQt — —z—piav
2q p q

1
—2c0¢ + EeZ“bar, + %6(e2“bn)} (@)I;*. (2.12)

The cocycle factor I for the R-vacuum takes the following form:
Iy = e 30uMo) (2.13)

where N, = — 2 s=0u(z) and N, =i f 3500(z). This cocycle factor is necessary

for the definite statistics of the R-vacuum e~ 24?)= 2”(Z)IR with respect to the BRST
charge (2.9). Well-defined statistics of the operators in the R-sector is crucial for
our analysis, because the generators of the #., currents appear in the R-sector and
the currents should have definite statistics with the BRST charge. The R-vacuum
is bosonic with respect to the BRST charge if we take the above form of ;. The
operator X, increases the picture by one unit,

0“D(z) = X09(z) , (2.14)

where 0@ is a physical operator. The superscript a denotes the picture. Here we
assign an integer to the NS-sector and a half-integer to the R-sector. There also
exists the picture changing operator which decreases the picture by one unit,

o= 1y, )= —4pcase MR 2.15)

This operation is the inverse of the Xj, that is

XoYo = YoXo = 1 + {QOgrsr, e} (2.16)
for some operator ¢. Therefore the operators 0@ and X, Yy 0@ are BRST-equivalent,
X Yo0(z) = 0 (z) + {Qsrsr, 60(2)} . (2.17)

In the following, since all operators which are related by the picture changing
are identified in the correlation function, we often omit the superscript describing
the picture except when we define the normalization of the operators.

2.2. Wo Symmetry Currents. The BRST cohomology of the non-critical NSR
string [14] has been calculated as in the bosonic case [13]. The non-trivial states
called “discrete states” arise at the special value of momenta parametrized by
r,seZ,

ipt = o = iQF + (rﬂ+ sp-), (2.18)

PM=p=0"+ E(Vlﬁ +sB-). (2.19)
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The states with » — s € 2Z appear in the NS-sector, while those with » —s € 2Z + 1
are in the R-sector. Here we only consider the states with 7,5 < 0. In this case
there are the discrete operators of ghost number zero B, s, which provide a ring of

operators,
By 5(z)By g (W) = Br+r’+l,s+s'+1(w) . (2.20)

It is clear that the entire ring is generated by two elements, x = B_; _, and
y =B_,_ in the R-sector such that

By =x""1y7" pseZ_ . (2.21)

The partners of B, at the ghost number one, ¥, give the spin-1 currents
R;s =b_1¥, s which satisfy the #, algebra. Here we normalize them such as

1 1
Ry s(2)Ry (W) = mz(rsl - r/S)Rr+r’+1,s+s’+1(w) . (2.22)

Combining R, ; and Em we can construct the symmetry currents

Wr,s(zaz-) = Rr,s(Z)Br,s(Z_)a rseZl_, (223)
which satisfy ; )
0:Wy,s(2,2) = {Oppsr, [b-1, Wr,s(2,2)]} . (2:24)

In the following section we need the explicit forms of the discrete operators.
We define the ring elements x and y in —% picture as

X1 = g2 [e—%“—é +4/ z—qe‘%“é”aéc} e 290945900, (225)
’ p

PR S [1 / 2—qe“%“‘f”6§c — ge_%”%”J e 1PQ4=5P00 L (226)
’ p p

The ring elements in other pictures are defined by the picture changing operators
acting on them. For example the ring element x(//?) = Xpx(—1/2) is given by

x172) = 1 ch + £(6(;5+i6qo) e2u Y ﬁcaée—%u—év
2 q 2q

1 i iv 1 _
+§ /%bne%”_f” + %e%“‘%’{l e_%qQ"H'?qQ‘PIR ! (2.27)

P = [1 {cb - \/E(w - iaqo)} bt 4 [ L cozemdursr
2 p 2p

1L [q, 3, q Lt —lpoe_i _
— .| 2 bpez¥tav 4 Leautiiw 1PQé—5pQ00 -1 2.28
2’/2p ne + 2pe } e R (2.28)

These are useful when we calculate the OPE’s. The explicit forms of the operators
R, s are given on occasions we need them.
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2.3. Gravitational Primaries and Descendants. Let us consider the gravitationally
dressed primary fields inside and outside the minimal Kac table in superconfor-
mal field theory. The theory is classified into two chiralities by the choice of the
momentum of matter sector.? Throughout this paper we only consider the positive
chirality. The negative chirality is given by the interchange of p and g. It is then
convenient to change the signs of fields, @,v,¢ and # simultaneously to keep the
BRST charge invariant under the interchange.
The gravitationally dressed primary fields O;(z,z) = 0;(2)O;(z) are defined in
the NS-sector by
0V (z) = c(z)e™ " Pey @ +boO 7 (2.29)

where j € A" and those in the R-sector are
05—1/2)(2) _ C(Z)e—%u(z)+i%v(z)eotj¢~(z)+iﬁj¢(z)IR ’ (2.30)
where j € #. The sets A" and £ are defined by
N ={jlj=1,2,3,... (j+qmodq)}, (2.31)
R={jlj=4%33... (j*lgmodgq) forqe2Z+1

and j =1,2,3,... (j+igmodg) for qe2Z}. (2.32)

The Liouville and the matter momenta are defined by

ptqg . p— .
= (T —J) 0 pi= (Tq +J> 0. (2.33)
These correspond to the momenta with » =0 and s = —2j/q in the definition of

(2.18-19). The expressions in other pictures are summarized in the Appendix. Note
that for the negative chirality B; changes into f_;, while a; does not.

As in the bosonic case the scaling operators can be classified into two sets, the
gravitational primaries and their descendants. Here we define the following g — 1
scaling operators as the gravitational primaries,

Ok =1,2,...,4(g — 1)), Ok =1,3,....4¢—1) (2.34)
for g € 2Z + 1 and
oSk =1,2,...,1q), Of(k=1,2,...,1q~1) (2.35)

for ¢ =2Z. Then all other scaling operators, gravitational descendants, can be
obtained by the ring element x acting on the primaries repeatedly,

O144k(2,2) = 04(Ok )(2,2) o (xX)"Ox(2,2) , (2.36)

where we omit the superscript distinguishing the sectors, which is easily recovered
by noting that the ring element x is in the R-sector. Here the action of the ring

2 Here we correct the misleading argument of the last paragraph in Sect.2 of ref. [6] (Nucl.
Phys. B413 (1994) 278).
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element x on the scaling operators are easily calculated as

J
x(z)0YS(w) = _z[-]oﬁ%q(w) , (2.37)
x(2)0f(w) = ioﬁ%q(w) (2.38)

for the holomorphic part. The coeflicients for the anti-holomorphic part are their
complex conjugate.
Finally we introduce the normalized scaling operators defined by

. I
0)°@.2) = Aws(NO(z5),  Ans()) = F((_q ) (239)
q
R e - jTg+h
0)0) = MNOfED),  Ax() =17 ;é—_;—) : (240)

The role of the normalization factors will be clear in the next section. Here note
that Ays(j) (j > 0) vanishes at j =¢g mod g and Ar(j) (j > 0) does at j =
g mod g.

3. Ward Identities of %5, Symmetry

3.1. Correlation Functions. Let us define the correlation functions of the non-critical
NSR string [17]. We consider the interaction theory defined by the action

ANS ANS
S = So(p,q) + 10O, —10%(p+q), (3.1)
where So(p,q) is the kinetic term with the background charges (2.3) and
0, = [d*zb_1b_,0,(z,%) . (3.2)
The potential term O?IS is the normalized dressed operator with the lowest dimen-
sional matter field in the NS-sector and 0?§,g+q)/2 is nothing but the screening charge
for the matter sector. After integrating over the zero modes of the Liouville and

the matter fields the correlation function of the scaling operators is expressed as the
free field one:

. 5 =) _
1) -4
g

x < Il éj<éi“>3<0’§fp+q)>"<X0X0>méofo> .63
J

g
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where ¢ is the genus, y =2 — 2g and

1
- - —2h)!, 34
s p+q_2[(p+q)x ]%;(erq J)] (34)
=— |22 2-27)] . 3.5
- x+j€ZS( 7) (35)

The I'-function comes from the zero mode integral of ¢. The zero mode integral of
¢ (compactified in the finite interval) gives the Kronecker delta which guarantees
the momentum neutrality of the matter sector. If s and » are integers, the correlation
functions can be calculated. However s and n are not integer in general so that,
according to the argument of [10,17], we define them by analytic continuation in
s and n, where n! is defined by I'(n+ 1). The insertion of the operators Xj is
to ensure the neutrality of the picture. If we assign the picture —1 to all the NS-
operators and —% to the R-operators, we then get m = —%NR3 because of the relation
Nys + Ng + s +n =y, where Nyg and Ny are the numbers of the NS- and the R-
states in S respectively. The integral of the zero mode of &£, which is essentially
unity, is introduced to ensure the picture changing isomorphism. The spin structures
are simply summed over all possibilities [11].
In the following we calculate the Ward identities of the #5, symmetry,

[ d?zo: <W_k,_,,_k(z,z') [16;)) =0, (k=1,....,q—Lin€Zz ;). (3.6)

Jj€S .
We will see that these are expressed as the ¥~ $+1) constraints as in the bosonic
case. The equations for £ = 1 are the Virasoro constraints and others are the # -
algebra constraints.

3.2. Virasoro Constraints. We first discuss the Ward identities for the symme-
try current W_j _,_1(z,Z) = Ry _n—1(z2)B_1,—n—1(2). The explicit form of the field
R_y_n—1(z) is given as follows:

R 1(2) = mlJy (6108 4, _5)(2) , (3.7)
R _yp_a(2) = —i(m + DUy (5105 5,,_5)(2) » (3.8)

where the current for even n = 2m is in the NS-sector and that for odd #n = 2m + 1
is in the R-sector. The zero mode of SU(2) current J~(z) is defined by

- dz  _
e Iy =§ 507, (3.9)
J(2) = 2—q(b_lo(_";o)(z) = <e—“’<z> + ief”“)) e %) (3.10)
p ’ P
1 .
9(2) = 3(p — DY) + 5(p + Q0(E) @3.11)

3 This corresponds to inserting the operator (¥oY;)"®/? instead of Xp.
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The operator 08‘2(2) is defined at the —1 and —3 picture as

0((),—51/2—;()(2) — C(Z)e(—1/2—k)u(z)+i(1/2—K)v(z)eot(),S¢(z)+i/30’:(p(z)112+2x , (312)

where k¥ = 0 for the R-sector and % for the NS-sector. The field B_; _,_, is defined
in Eq. (2.21).

Let us calculate OPE between the current and the scaling operator. We first
evaluate the NS-current x NS-operator, that is

Wﬁol),_Zm_l(z,z')Ofc‘l)(w,ﬁ;)
1 m k m=1 /[
= —— (-1 m — l _ ] (—1) -
Z_W( ) 11;[0 (q * > 113) (CI * )qu”(w’w)

1 &

~ Apg (k) Ans(mq + k)OS ) (w, ) . (3.13)
z—wq

mq-+k

The A-factors are renormalized into the scaling operators so that we obtain

_ ANS, 1k sNs -
W—l,—Zm—l(Z’Z)Ok (W,W) = maomq-f-k(waw) . (314)

Here we omit the superscripts describing the picture. The other cases are also cal-
culated easily and we get the following results:

W_1 —am—1(2,2)O%(w, W)

1 k _ )
= Twg R (k) AR(mg + k) Oy i (W, W), (3.15)
W_1 —am—2(2,2)0p (w, W)
_ Lk 1 -
= Z_wg/le(k)AR(mq—i-k—Fgq)quJrkJr%q(w,w), (3.16)

W1 —2m-2(2,2)0F (w, W)

Lk, oM :
T O AsOng k50 e, (BT)

The A-factors are also renormalized into the scaling operators. As a result these
OPE’s can be summarized in the single equation

A - 1 k4 -
W_1,-n-1(2,2)Ok(w, W) = m;quJrk(W,W), (3.18)

where we omit the superscript distinguishing the NS- and the R-sector which can
be easily recovered.
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From the OPE calculated above we get the following expression:

0= [ d*z0; << —n— 1(ZZ)H0>>
JjES g
p+q ; !
(o) e ompo)
+m) x <<égq+k I1 0j>> + [dz <<62-W_1,—n-1(2,2_) Il Oj>>
kes 4 Jj€s J€S g
g

(3.19)

The first and the second correlators of the r.h.s. come from the OPE with the
. ANS ANS . .

potentials O(,,,, and O; respectively. Usually the last correlator would vanish
because the divergence of the current is the BRST trivial. However, as discussed
in the previous paper [6], the boundary of moduli space is now dangerous and the
last correlator gives anomalous contributions.

The anomalous contributions from the boundaries of the moduli space are cal-
culated by inserting the complete set at the intermediate line as

oo oo dh - -
2:: / ﬂ<<Fl [ @*2{Qprsrs[b-1, W_1,—n—1(z,2)]}

=1

D{ S | = BN —1) (s B N — 1]
keN

ke

+ 22 | =1 Bk, N5 =3/2))(, Bk, N; —1/2|} F2>> ; (3:20)

where the operators in S are divided into the sets F; and F,. The integer N stands
for the oscillator level of the states. The zero level states are defined by

|h, Be; b) = &0) c(o)ebu(O,())+i(b+1)v(O,G)ei(h+QL)¢(0,6)+iﬁk¢(0,6)|0> , (3.21)
where b= —1,—1 and —3.* The state |k, B¢, N;b) is the eigenstate of the Hamil-

tonian H = Lo + Ly w1th the eigenvalue A% + k?Q? + 2N, which is normalized
as

(o N5 =LK Byt N's =)y = 52000+ K )gspodnr s (322)
(i N5 =120 B, N'5 =3/2) gm0 = 752780 + )i 8w - (323)

4 In the following we describe Z =0 as 0.
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The zero mode integral of the Liouville field now produces the J-function. D is the
propagator defined by
D= —ZLOZL =2r (1 — lim le ’H> . (3.24)

e~z <1 |z H o0 H

The parameter 7 is introduced as a regulator. The last term stands for the boundary
of moduli space.

Since the BRST charge commutes with the Hamiltonian, there is no contribution
from 1/H term in the propagator. The boundary term is non-trivial, which gives the
non-vanishing quantities at the limit 1 — oo. We first claculate in the case that the
intermediate state is in the NS-sector,

lim /IQ > dh

200 T ke —o0 27.5

f d22<<F1 [b-—l, Wial),_n_l(z,z-)]

e <z <1

XQBRSTi{ —H | —h,B- k,—1>><<h:ﬁk§—1’F2>>

0 Jh _
~ lim 22 — dz(F\[b_1, W9 _ _ (z,2)]
1200 T e {oz .[gjl;lél « L=n-1
- 2322
x 20E0)| = h, fis —1)e™ "L (h, fr: —1|F2)) (3.25)
where we omit N #0 states because these states vanish exponentially as e 2* at

T — 00. Noting the following OPE,

(b1, W) _,_ (2. 2)]06(0)| — b, f_i; —1)

= ANS(h)| — h+ 290, Bygi;a — 1)[zH 8- 1+1302H0D+5a08 4} (3.26)

and changing the variable to z = e~®+? where 0 < x < 1 and 0 < 6 < 27, the
above expression becomes

oo 1
lim /IQ f f2m:dx AN (h)
oo ”kem 0o <M o

x (Fi| —h+ zqu,ﬁgq_k;a — 1) (A, B; —1|F2))
x exp[—t{h* + k*Q* — 2x(i%q0h + 2kq0*)}] . (3.27)

The coefficient 45 is calculated after the integrations are carried out. Since the
exponential term is highly peaked in the limit T — oo, the saddle point estimation
becomes exact. The saddle point of the 4 integral is 4 =i5gQx, so that (3.27)
becomes

lim AQt 2 Z fdxANS(z2qu)exp( 1Q%(2gx — k)?)

oo kEN 0

x (Fi] — i59Q(x — 1), Bgg—is @ — 1)(i590x, Bi; —1|F2)) . (3.28)
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The x integral is also evaluated at the saddle point

2k
x=—. (3.29)
nq
If the saddle points are located within the interval 0 < x = 2k/nq < 1, the integral
gives the non-vanishing contributions. Thus the sum of the integer & is restricted
within 0 < k£ < 5¢ and we get

ng po} gANS(sz)«F 05 MOV, (3.30)
(0<k<%q)

~NS . . . . L
where 4, is the coefficient such that the intermediate states are normalized in the

form 0”5 In the same way we can calculate the anomalous contribution in the
case that the intermediate states are in the R-sector. The result is

A 2 ~R . _ _
Y A,k (P0G PN 0T PR) (331)
q ez N 2

(0<k<§q)

Let us calculate the coefficients ,Zivs(ikQ) and /If(ikQ). We need to evaluate the
following OPE:

R (@Nb-1,B) _,_1(ENOE0)] — h, B—i; =3/2 + 1) hito

Hz 4, (kQ)O(“ 2249(0,0)[0) (332)

where ¥ = O(R) and %(NS). The holomorphic part is easily evaluated by using the
explicit form of R_;_,_;. To evaluate the anti-holomorphic part it is necessary to
calculate the following OPE’s:

[b_1,xY2()106(0)| — ikQ, B—i; —3/2 + k)
- (%5(2-)e%u(z')+i%v<z'> _ /;_55(2)6—%14(5)—1%0(5)) e 2904+ 3aQ0(f !
q
X 55(6)1 — ikQ, B—i; —3/2 + k)

04 5(©)/0) (333)

Nl
NI|’—‘

and
*1D(2)06(0)| — ikQ, Bi; —3/2 + k)

kT s i
—i <_5 + 5) 8c(0)0; @) (334)

5 Note that, for instance, 0;_3/ D(z) = —4e(z)e” O LOR T OOV 3.
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In general, noting B_; _,_; = " and [b_1,#"] = [b_1,X1x" ' + -+ 2" [b_,%],
we get the following results:

Ao (ikQ) = mAys(k) As(mg — k), (335)
Ao (iKQ) = (m+ 1) Aws (k) Ar(mq — k + 3q) , (336)
for the case of the NS-intermediate states and
Ayn(ikQ) = mAp(k) Ar(mg — k) , (337)
Ay (ihQ) = (m + D) Ar(K) Ans(mq — k + L) (338)

for the case of the R-intermediate states. These A-factors are renormalized in the
scaling operators and we get the simple expression,

[ d*z <<5W—1,—2m—1(2,5) II Oj>>
jes .

1 A ANS NS N
= En— Z <<qu—k0k H O]>>
S q kew JES g—1

(0<k<mgq)
~NS A ANS A
+ Z <<0mq—k H OJ>> <<0k H OJ>>
S=xUY jEX JEY
9=4g1+92 g1 92
1 j, ~R AR ~
+ En— Z <<qu—k0k H 0]>>
4 ke =
(0<k<mgq) g—1
~R A AR A
+ Z qu—k H Oj O H Oj (3.39)
S=XUY jex jEY
g9=91+92 g1 92

for the current in the NS-sector and

[d*z <<5W—1,—2m—2(2,2_) [1 éj>>
jes .

1 _ A ANS AR N
= —27‘[— Om _ 1 0 0
2t g k%;l << A kjl;!g ]>>g—1

O<k<mgt+lq)
ANS A AR A
+ Z <<qu—k+%q H Oj>> <<0k H Oj>> (3.40)
S=XUY jex jey
g=91+92 g1 g2

for the current in the R-sector. The first and the third terms of the r.h.s. in (3.39)
and the first in (3.40) are variants of the boundaries (3.30) and (3.31). The factor
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1/2! corrects for double counting. The factor 2 in (3.40) comes from the currents
in the R-sector boundaries (3.30) and (3.31) gives the same contributions.

Combining the results (3.19) and (3.39-40) we complete the calculation of the
Ward identities for W_; _,_;. The final result can be summarized in the simple
form as in the Virasoro constraint of the bosonic case,

A
P o, = 0, 7= G ’xf), (3.41)
Cprqyn™
other XNS’R=O
J
where £, is defined by
L= ¥ -+ X —xfof
kiew 4 kiez 4
—k+I=mq —k+I1=mgq
14 11
+5= 2 &9 +5- X o (342)
q kiew 29 rica
k+I1=mgq k+i=mq
for even n = 2m and
k s g k S
R D I/ D D
keniez 4 keiex 4
—k+i=(m+1)q —keti=(m+ % )g
A S AR
+= 3 a5 (3.43)
q kex,le
ket i=(m+3)q

for odd n = 2m + 1. The partition function Z(x}®,x) is defined by the action

ANS AR
S=S(pg) - X 50 = ¥ 50;. (3.44)
JEN JER

Note that the Virasoro generators for even n, which belong to the NS-sector, form
the Virasoro sub-algebra by themselves.

Until now we describe the sector explicitly. It is, however, distinguished by
the sets /" and 2 so that the superscripts on x; and J; can be removed and the
Virasoro generators are expressed in the single form as

k
Fp= —-x3 01 + =— 00
§ kgv q 2q kgf
—k+1=%q k+l=%q

k 14
+ Y —x0i+ 5= Y %o (3.45)
kez 4 29 ica
—k+1=3q k+1=%q

The sector of J; is easily recovered by noting that the Virasoro generators %, for
n = even (odd) belongs to the NS (R)-sector.
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3.3. W '-Algebra Constraints. In this subsection we discuss the Ward identities for
the symmetry currents which derive the # -algebra constraints. We first consider
the current W_, _,_,. For n = —1 the explicit form of the current W_, _(z,2) =
R_5_1(z)B_5_1(2) is defined by B_,_1(Z) = 7(2) and

R _(2) = —4iJ5 (510 ))2) , (3.46)
where
+ dz + —inz) | 4 ivz) \ .9@)
W=frt@, T = (0 e ). (3.47)
T p
and
(_31(42)(2) =c(z)e” Ju(z)— v(2)+°t—3,0¢(Z)+iﬁ—3,0¢(Z)IR ) (3.48)

The current for general n is defined by using the %, algebra (2.22) as

Wos-n-2(22) = m[Q L-n-2,W_2,1(z,2)], (3.49)
where O, = f% W, (z,2).
Let us calculate the OPE between the current and scaling operators. We first
calculate the W_, _; current. It is convenient to use the field R_, _; in the %-picture
given by

R(_lé?_)_x(z) — —4lf [_1_2_; (e—iv(z'+z) + geiv(zl+z)> e‘b(z’-&—z)

& 2n p
x| L otux-3ie) _ iov(z) — ﬁiag—(z) e7Ue)+502)
2q 2q
% e~ @) =3 pOd(2)— 5 pQo(2) ;. (3.50)

We need to calculate the perturbed OPE. The OPE between R(_l/zzil and the scaling
operators is, for example, calculated as

RO ()0 0y 7wy = 21[

X zl"%(z — w)l_éw‘”k_;r_] <———k ;_ ! + %)

k1 1 1 k+l 1
q2> " q(z —w) g zZ(z—w)

( 3/2)
1,0 (3.51)

where Vi(w) = (b_10;)(w). Using the expression for y (2.28), the OPE for the
anti-holomorphic part is calculated as

1/2 -
Y2 ()0 @) V6w

1 11—k _ L __ k+1
_ 7 q(Z_W)l e

X —l'e_%“—%” + 1555556—%“+%” e +1—g2 9O +iBryi—gpo0) 3
2 2p R

O el N ORI EED)

I
N —
N

=~
< [+

~
|

—
—
Ny
[ =
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Combining the holomorphic and anti-holomorphic parts and integrating over w we
get

w2 (2,2)00(0,0) [ dP*wri™(w,w)

1 / /
= —i (Ii{_l) (M_Q [lf _]_l_l_c_+_[ o2 (() 0)
z q q

2 2 2 k+1—
_ 1kl (=3/2)
= —2 aaANS(k)ANSU)AR(k + 11— 2q)0k+l (0 0) (3.53)

where the integrals I, (n = 0,%1) are defined by

L= [dyyPT O -y T -y

r¢t —pra-5ra-14
=7'c(q )k(l Z)( ‘g+"). (3.54)
rQ—=9re +mre)

The A-factors are renormalized in the scaling operators. The other cases are also
calculated in the same way. Furthermore, using the #7, algebra (3.49) we obtain
the following OPE:

k1.
W_y—n2(2,2)04(0,0) [ d*wVi(w, W) = —n2‘550nq+k+1(0 ,0). (3.55)

The superscripts distinguishing the sectors are omitted again.
The non-linear terms are calculated as in the Virasoro case. We need to evaluate
the following boundary contribution:

r—>oo % ? << { f dzZéW"Z,—n—Z(ZsZ-) f dzwl}l(w,u'/)

et z| <1 [wl=le|

+ [ &z [ dzwéW_z,_,,_z(w,W)}

e—t<l| <1 wi |zl

2 "”{Z | = b B~ 1) (s oV — 1]

H ken

+Z I _h,ﬂ—kaN; _3/2»«h ﬁk’ 1/2’}F2>>
kER

A [ A A
= 7r22!a k;V (—I«Ffong—k» (OxF3)
(0<k<%q+l)

A / R R
+ n22!5 k% 5<(F 103411- ) (OkF3)) » (3.56)
(o<k<egq+1)
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where the primes of F} and F, stand for the exclusion of the operator O, in S.
This is an application of the methods developed in the calculations of (3.20)
and (3.55). The integrals of 4 and z are also evaluated by using the saddle point
method.

As a variant of the boundary contribution (3.56), there exists the following one:

22 N N R
21> POREE SED DI D D DY (F10,) (OxF2)) {O1F3)) .
q keNleN  kERIEN keN,IER kER, IER
ktl+r=4%q ktl+r=5q ktl+r=5q k+l+r="5q

(3.57)

This is obtained by replacing the scaling operator V; in the expression (3.56) with
the factorization formula —(AQ/mh;)V_ - 1)(( E—”F3)) for [ € & and —(AQ/mh;)

g2V PO PR for I € &, where 1/h; = [ dh(h: + I*Q*)™" = n/IQ. This
is based on the argument that in the case of the non-critical string the intermediate
states become on-shell [6].

Combining the contributions (3.55-57) and their variants and taking into account
the factor 1/2! for (3.56) and 1/3! for (3.57) to avoid the overcounting, it is found

that the Ward identity of the current W_, _,_, gives the %~ 5,3) constraint,

VA s, =0, (3.58)
2™

other xj\/S R =0

where 7 function is defined in (3.41) and

w3 > lkxa—f-/l > lx80+1/12 > 01040
= ——X > —X0 >3 10k Oy
! eifer 44 g ieiTen 4 "3 eigen F
—I—k+r=%q —I+k+r=%q l+k+r=%q
Ik yl 172
+ Z — XX 0y + — Z —xlaka + = - Z 0,040y
lemkes 49 q ez kers 4 3G icaier
—l—k+r=%q —1+k+r:%q 1+k+r*§q
1k A 142
+ — =X, 0p + — —x]a 0r + = 010,0,
le%e@ 949 ke q le;,;e@ q : 3q 7 lemzke@
—l—k+r=%q —I+k+r=%q I+k+r—2q
lk A 1 22
+ ——xXx;0p + = —xlakﬁ + = 010k 0y .
IE@,Zkeﬂ q49 q zeg;e@ q 3 q Ie@,zke.%
—I—k+r=%q —lt+k+r=4q Itk+r=5q
(3.59)

Applying the #4. algebra recursively, we easily get the following perturbed
OPE:

A A k -
Wotont@ DO OO Vi [Py = 7T 2 0gg111.04,(0.0) . (3:60)

'QIN
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This OPE corresponds to the single derivative term of the #~ *+D constraint

W;/H-l): Z _..._xll...xlkar—{—--- . (3.61)
—11—"'—11:""':%‘1 q

We can also calculate the boundary corresponding to the two derivative term. The
terms with more derivatives are calculated as variants of the two derivative term.

4. Summary and Discussion

In this paper we investigated the Ward identities of the #,, symmetry in the
super-Liouville theory coupled to the super-conformal matter of central charge ¢ =
1 —-2(p —q)*/pq, p— q € 2Z. Throughout this paper we discussed the case of the
positive chirality defined by the momenta (2.33) and normalization factors (2.39—
40). Then we found that the Ward identities of the #, symmetry currents W_;_,_;

are expressed in the form of the #~ f,k *1) constraints which form the usual W, algebra
as in the bosonic case. The Ward identities of £ = g will be redundant. The similar
reduction from the #¢, to the ¥, algebra appears in the matrix model approach
[18]. For the negative chirality the roles of p and g are interchanged and we get
the ¥, algebra constraints.

The universality is determined by the potential terms. The (p,q)-critical theory

.. . ANS .

is given by choosing the first scale operator O; and the %( p + q)™ scaling operator
ANS . .

O(p+q)2 that is one of the screening charge operator for the matter sector. If we

. ANS . ANS . o
choose the potential O;  instead of O, 4, we get the I™ critical theory which is

subject to the ¥ algebra constraints with x}' = —p, x =t and other x}VS’R =0

in (3.41) and (3.58). The u and ¢ dependences are then given as follows:

3271—1 [ZX—Z(I—])} , (4.1)
JES

n= —x+2(1—j)} (42)
JES

instead of (3.4) and (3.5). Thus we can not classify the universality only from the
background charges (2.3). Really, for the positive chirality, we get the same model
from the (p’,q) model defined by the action

~NS ~ANS
S =58u(p',q)+ 10, (p',q)—1t0; (p.q), (4.3)

where p’'+p (p' —q € 2Z). 1t is easily seen by noting that all OPE coefficients
of the boundary calculations, or the A-factors are independent of p. If we set
= %( p +q) we get the (p, g)-critical theory from the (p’,q) theory.

The NS-sector is closed in itself. If we consider only the NS-sector and choose
the potential of / = p + ¢ in (4.3) instead of / = %( P+ ¢),% we can not distinguish
the universality of the model from that of the ( p, ¢)-critical theory of the non-critical
bosonic string [17].

 Here p’ — g € 2Z, but it is not necessary to be p — q € 2Z.
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Appendix: Note on the Scaling Operators

Here we summarize the expressions of the scaling operators with the pictures other
than —% and —1. The picture changing isomorphism indicates that the scaling

operator in the R-sector is expressed at the picture —% as

0\ (z) = - %c(z)e—%u(z)—§v<z)+aj¢<z>+ﬂj<p(z> I

for the holomorphic part. Using (2.17), this is also expressed as

O(-_3/2)(Z) — _4 icacaé(z)e—%u(z)+%u(z)+aj¢(z)+ﬁj<p(z)l3 )
J 2p R

In the NS-sector we get, for instance, the following expressions,

2 2q

1 /p U2+ ;) +B;
R = z (i ](p(z)
2\ 24 n(z)e ,

0;-2)(2) =_1 (e—iv(z) + Zeiv(z)> o(z)e ™29+ iB 0@ 4
J p

01(,0)(2) - _ [(i _ l) RAONE ﬂe—iv(Z)] c(Z)eo‘j¢(z)+Bj‘P(Z)
q

and so on.
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