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Abstract: We prove the perturbative renormalizability of Euclidean QEDy4 using
flow equations, i.e. with the aid of the Wilson renormalization group adapted to
perturbation theory. As compared to &} the additional difficulty to overcome is
that the regularization violates gauge invariance. We prove that there exists a class
of renormalization conditions such that the renormalized Green functions satisfy
the QED Ward identities and such that they are infrared finite at nonexceptional
momenta. We give bounds on the singular behaviour at exceptional momenta (due to
the massless photon) and comment on the adaptation to the case when the fermions
are also massless.

1. Introduction

About twenty years ago Wilson and his collaborators published their ideas on the
renormalization group and effective Lagrangians [1], which have stimulated the
progress of quantum field theory and statistical mechanics ever since. In 1984
Polchinski [2] showed that these ideas are suited for a treatment of the renor-
malization problem of perturbative field theory which does not make any use of
Feynman diagrams and in particular sidesteps the complicated analysis of the diver-
gence/convergence properties of the general bare or renormalized Feynman diagram.
Instead he showed that the problem can be solved by bounding the solutions of a
system of first order differential equations, the flow equations, which are a reduction
of the Wilson flow equations to their perturbative content.

The present paper is part of a programme of the authors with the aim to show
that the Polchinski method is suited to prove (in the sense of mathematical physics)
the perturbative renormalizability of any (by naive power counting) renormalizable
theory of physical interest. Polchinski’s original proof for Euclidean massive @} was
restricted to unphysical renormalization conditions (because they were imposed on
the Green functions with an additional (large) infrared cutoff), and it was achieved
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by estimating the solutions of three types of flow equations for different quantities
successively. In our first paper we redid Polchinski’s proof with two essential mod-
ifications: By showing the effective Lagrangian to be the generating functional of
the perturbative connected amputated Green functions (CAG) we could include any
renormalization conditions (r.c.). Recently the construction of the analytical minimal
subtraction scheme was performed explicitly [8]. By improving Polchinski’s induc-
tion hypothesis for bounding the solutions of the flow equations we could reduce the
proof to one type of flow equations (FE) only [3]. The method was then applied to
prove the renormalization of composite operators, the Zimmermann identities, and
the existence of the short distance expansion [4,5]. It turned out particularly suited
for studying questions of convergence of the regularized theory to the renormalized
one which go under the name of Symanzik’s improvement programme [6]; see also
[7], where the same question is analyzed in Polchinski’s original framework. A
recent proof by one of the authors also established a de Calan—Rivasseau bound
for the large orders of perturbation theory — i.e. local Borel summability — for
massive @, which shows that the FE method works beyond questions of perturba-
tive finiteness [9]. In recent years there has also been increasing interest in the FE
method from a more phenomenological point of view, i.e. with the aim to find new
approximation schemes for the system of FE which differ from standard perturba-
tion theory. In this case the FE are mostly presented and analysed in different form,
namely for one particle irreducible Green functions. For example critical exponents
for @}-type theories have been calculated in [10]. It has also been applied to the
problem of bound states and vacuum condensates [11], see also [12].

If the FE are supposed to be suited for a renormalizability proof of, say, the
standard model, it is necessary to cope with gauge theories. Gauge symmetries con-
stitute a particular problem, since our framework crucially makes use of momentum
space cutoffs, which necessarily violate gauge invariance, or — on the level of Green
functions — the Ward identities (WIs). The problem is less severe for an Abelian
gauge theory as QED due to the absence of photon self-interactions. Nevertheless
it necessitates the introduction of new counterterms to render the Green functions
finite. The theory including these new counterterms will be called a fermion-photon
theory in the following. It contains more free parameters than QED. We studied
the renormalizability of QED in a recent letter [13]. There it was shown that there
is a unique choice for the r.c. corresponding to the new counterterms such that the
Wis are restored in the renormalized theory. This proves the renormalizability of
perturbative Euclidean QED. In this paper we want to give a complete and fully
rigorous proof of the renormalizability of perturbative QED. In particular we shall
not make use of the nonexistent path integral measures to derive the WIs and their
violation. And we want to go beyond the previous letter in that we do not restrict
any more to a theory with a massive photon. The method of dealing with theories
with massless particles has been developed previously for massless @} [14] and
shall be applied to QED now, where we still restrict to the Euclidean framework,
however.

The renormalization of Euclidean QED using noninvariant regularizations has
also been studied rigorously by Feldman, Hurd, Rosen and Wright [15], and Rosen
and Wright [17]. These papers are based on the Gallavotti-Nicolo tree-formalism
and they also include de Calan—Rivasseau type bounds on the large orders of per-
turbation theory and certain statements on Minkowski-space theory. Their method
is closer to Feynman diagram based proofs than Polchinski’s method. Another dif-
ference from our approach is that they work in position space and consequently
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do not make explicit statements on the IR singularities for exceptional momentum
configurations. They also restrict to special renormalization conditions in position
space. Our method permits to regard a large class of renormalization conditions
and to analyze infrared singularities (see Proposition 6). Whereas in [15,17] the
verification of the Ward identities requires the introduction of a second regulariza-
tion (Pauli—Villars resp. dimensional) Hurd achieved in [16] a modification of [15]
which allowed to prove the renormalizability of QED with a massive photon using
one single momentum space regularization. The WIs are shown to be restored in the
renormalized theory by deriving bounds on the violating terms. In this respect our
procedure is a translation of these ideas to the FE context. Note however that a large
part of the difficulties treated in this paper arise due to infrared problems which
are excluded in [16]. Hurd has also extended [15] to include the case of massless
fermions [19]. The renormalization conditions in [15] are such that in momentum
space they correspond to conditions imposed at zero momentum. This is forbidden
in the massless case for some renormalization terms (see Sect. 5). The way out cho-
sen in [19] is that rather implicit conditions are imposed for intermediate, infrared
regulated quantities.

In this paper we proceed as follows. In Sect.2 we introduce the FE frame-
work and the Lagrangian which for a special choice of counterterms will be proven
later on to define perturbative QED in a general covariant gauge. In Sect.3 we
prove the renormalizability of our O(4)- and charge conjugation invariant fermion
photon theory, in which however for general counterterms or r.c. the WIls are
violated. In papers [3] or [4], and [14] we describe this procedure more exten-
sively. There the line of thought is not burdened by the heavy notation required
due to the QED symmetry structure. In Sect. 4 we derive the violated Wis (vWIs)
for the regularized theory as relations between CAGs. We show that there is a
unique choice for the r.c. corresponding to those counterterms which manifestly
vanish in invariantly regularized QED such that — for cutoff to infinity — the
QED WT’s are restored. In the last section we comment on the modifications ne-
cessitated when one regards massless fermions or does not renormalize at zero
momentum.

2. Fermion-Photon Theory and Flow Equations

As usual in the FE framework we start by defining the regularized propagators, here
for photon and fermion, in Euclidean space. We set for m > 0,

1 kyk 1 kk
(Dﬁo(k))aﬂ = ﬁ |:<5ocﬂ — ——k—z—ﬂ) + 1— kzﬁ] (R(/lo,k) —R(A,k)) s

1
S8(p) = m(Rm(Ao, P) = Ru(4, p)), (1)

with p= puyu, {yu 7} = =20, for the Euclidean Dirac matrices. The functions
R, for a = 0 are characterized as follows:

B+ ad?
Ry(A k) = K (7—) . R(AK) = Ro(A, k), (A,K)+(0,0) fora=0. (2)
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Here 0 £ A4 < Ay £ 00, and K satisfies
K e C*®[0,00), 0K <1,
Kx)=1 forx =1, Kx)=0 forx =4. 3)

From (2),(3) we find R € C®°(R,; x R*) and R,, € C®([0,00) x R*). We also
have for A4 > 0 and for 0 < |k* +a?| < A% or 44% < |k* + 42,

0" Ry(A, k) =0, w=0, 0" OuR (A k) =10, 4)
where the multiindex w indicates momentum derivatives

Mmoo
W=0". .. 0" = e
0 0% = o G

for k = (ky,...,ks), wi € Ny .

Replacing R by R, (which is an improved version of the R used in [S]) for the
massive fermions allows to obtain better statements on the IR behaviour later on,
but R, does not serve as an IR regulator and therefore it should not be used for
the massless photon.

As can be seen in (1) we restrict to a general covariant gauge. The regularization
breaks gauge invariance and consequently the WI’s, but not O(4)-invariance. Due to
this breaking of the WI’s our interaction Lagrangian will also have to contain terms
of dimension =< 4 which for invariant regularization need not be introduced—due
to the WI’s. We define L0(4, Y, ) as

52 i
L% = [dx {%Fﬁv + S04y + —S—AZ + zy(42)

—Widy + Smyp + e(1 + zy Widy } ) ©)

The notation is rather standard (including the summation convention), but we set
zi:=Z—-1, 1Zi<3 (6)

as compared to standard textbooks. The WI’s for invariantly regularized QED would
then imply z; = z3, 64 =0, z4 = 0, du®> = 0. The parameters z;, A, du® are formal
power series in the coupling e. Apart from z; they have to be assumed to be of
at least first order in e. For standard r.c. all constants are even of second order
in e (see below (33)). The perturbative Green functions are obtained from (5) by
the standard rules which imply that i,y are viewed as independent elements of
an infinite-dimensional (formal) Grassmann-algebra; 4,(x) may be viewed as an
element of #(R*).

As regards their transformation properties under O(4) and charge conjugation
C, we impose .

O4) - /' (x") = S(A)(x), V() = P)S(a),
A(x") = Awdy(x)  with X, = Aux, , (7

CYE)=—CP @, FTE=9"0C  Ax)=—-4,), (8)
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where the charge conjugation matrix C fulfills
CyC™' ==yl (eg C=1yom2). )

A and S(A) are the vector and spinor representations of O(4) respectively. Using
(8),(9) and |det 4| =1 as well as the canonical assignments dim4 = 1, dimy =
dimy = 3/2 we find

Lemma 1. L% is the integral of the most general local polynomial of dimension
< 4 in the fields A, W, and their derivatives which are O(4) and charge conju-
gation invariant.

The procedure to derive the FE’s is analogous to that employed for @} [3,4]. We
introduce the source functions

Ju(x), n(x), 7(x) (10)

for the A, ,y-fields and find for the generating functional of the perturbative reg-
ularized Green functions formally given by

[ DADYDY e~ HALL) (S300) =104 [+ 457 <y -
the following rigorous formula:
207 = e 06003 R (@S, an

We assume J, € F(R*) and 1,7 to be Grassmann variables and we demand that
all sources have the same O(4) and C transformation properties as the respective
fields. We employed the usual notation

DYy = [ d*%d*y J)(D1)(x — W)

—nyJ(mw“mwww) (12)

and similarly for (7, 57%%). We set J,(x) = f(2 e e J (k).
Then we introduce the functional Laplace operator

A(A, Ag) = A'(A, Ag) + 4"(A, Ag),
A'(A, Ag) = (4,D5°54),

A"(A, Ag) = (34, 5,°57) , (13)
and find

Proposition 2.

A — 4o Ao g4
ZAO(J>’7"7) 2D ST) (.S, ﬂ)(eA(AAo) LO(AlI/‘//))IA DOJl// SAO 5 S . (14)

Proof. In the proof we omit A, Ay in D, S, A. It may be performed in two steps. In
the first step one shows

_A _ 4o 4o _A _
o L1000, 0,05) JU2LDY0T) _ 1/2(.D7, J)( A’ L40(4,—8y,6 ))IA o (15)
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We omit the proof of (15) here since it is analogous to the proof of the correspond-
ing statement for @} [3,4]. The way of proceeding may also be inferred from the
treatment of the fermionic part, which is performed explicitly now. Equation (14)
follows immediately using (15), if we can show that

(eA” e—LAO(A,W,mb))lw —(7,5n) e—LAO(A,—ﬁmc*ﬁ)e(Tr,Sn) . (16)

=S, p=ns — €

So we want to prove (16). We write in the proof for the ™ order perturbative
contribution to L4

LG, y) = (¥, M, y) + B,

with suitable local A-dependent M,(x). B, contains the V¥, \-independent terms and
is not of importance here. The first step is to derive a commutation relation for the
functional differential operator 4",

[A”’L:lo] = Qy, [(A//)va;{IO] = 2arAI/ + br )
and by induction
[(4"Y, L20] = na(4"Y "' + n(n — D)b(4")'72, n=2, (17)

where .
ar = _<6l//’ SMV‘/’) + <‘//5MVS5'|;>a br = _<51//, SMrS(SE'> .

Equation (17) implies
(¥, L%0] = (a, + b,)e*" . (18)

Now we may get rid of a,, b, using essentially the same mechanism by which they
were produced, namely we find

L]0(=6,,67)e ™5 = eIV + a4+ b,)|, g, 5 rs (19)

so that (18),(19) together give
” e — k
(e? Lflo .. 'L'/‘:—O)lljlen,E:ﬁS = ¢~ (W5 e(n,Sn>l£Il(L£0 +a, + b, )||//=Sn,E:ﬁS
= ¢~ (W:Sn) L;IIO(_éna 5) - ,L;i()(_(sm dr)e (m.5n)

from which (16) immediately follows on expanding eI, (Note that a factor e
on the r.h.s. of the second equation is replaced by 1, when we regard the equations
as equations for functionals, not operators.) O

We may then introduce the generating functionals W*%0(J,7,77) of the (non-
trivial, regularized) connected Green functions, and L10(4, y, §) of the (nontrivial,
regularized) connected amputated Green functions (CAG), given by

e_(WA,AO(J,F/,n)+f‘i.) _ Z//110(J’ ),

e~ WG L) _ A4 Ag) =LA (20)
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where f.i. (for field-independent) is defined such that
w440(0,0,0) = L*+1(0,0,0) = 0

Thus f.i. also depends on A, Ay, and the volume has to be kept finite as long as we
deal with f.i. Since we are not interested in f.i. we spare ourselves being precise
here and refer to [3,4] instead. Note that

L4 = [0 (21)

The FE is then obtained by taking derivatives w.r.t. A4 on both sides of (20), 2™
equation. We obtain

04 L0 = (QaA(A, A)L™0 — 1/2(0LM 0, (94D )L™ ")

+ (By LM, (04840 )7L 10) — 0y £ (22)

To proceed further we expand L in terms of powers of external fields and orders
of perturbation theory in momentum space

L4 = 3 e Lt (23)
rz1
and

Ak 4
ki d%pan—1, A dgr
LA = ;of QT (27r§4 ( ,,,,2,? Vit wttmiy ingy ojn KU -+ Koy P15+ P2n—1)
m+n>

X Ay, (k1) - Ay e Wi, (P1) 3, (P (D) - W (P2n) (24)
where for n40 we set py, := —k;y — - -ky — p1 — -+ — pan—1. We did not write
explicitly the case n = 0 where by momentum conservation k,, = —k; — -+ - — k1.

The following symmetry properties of the 3,/,1, ;1,? " follow from the properties
of L and 4:
(i) Z: 297 =0, if m+2n > 4r (connectedness).

(ii) g;,,,ﬁ"lg = 0 (charge conjugation symmetry, Furry’s theorem).

(iii) 3’2 52" may (and will) be chosen fully symmetric under permutations of
(ks 1), .. s (kms i) and fully antisymmetric under permutations of (pi,i;),...,
(Pnsin) and (Prs1541)s- -+, (DP2n, ju) since only an integrand having these properties
contributes to (24).

A /10,}‘
m,2n

(iv) The O(4)-transformat10n properties of &’
and spinor indices 4 . e J1e

(v) 32;}3 is in C°°((0 Ao] X R4("‘+2" D) as a function of A,k ... pa,_1, due to
the smoothness of the regularized propagators.

are indicated through the vector
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The FE for the coefficient functions $m on " is then obtained from (22), (23)
by identifying the coefficients of m photon and » fermion and antifermion fields in
(22). We obtain:

A, Ag, 7
Ot Lryian Vs atimivingy g Kts - Fony D1 P2n—1)

d*k
- (’”;”) J Gy RAD D)
A, Ag,r

X ($m+2 zn)pv;q Mmil-injy- /n(k k kl’ km pla'up2n—1)

dp
+ e+ DA any

A,AO r
X (gm,2n+2)ﬂ1 Hmiiy wdnjj . jn(kb —DP>Pls---Pns D5+ p2n—l)

P o Ru(A, p)S;i(p)

n » M( 1Y [94R(A, K YD (k)

m' +m'" =m+2,n" +n'" =n, ¥’ +r'" =r

A, Ag,r" '
X (gml ! )W‘l“'l‘m/_lil"jn'jl'"jn/(k 9k1" . 'km’——la Pis---5 Pn’s Pntds--- pn+n’——1)

A, Ag !
(gm// ! )Vﬂml llmln/_H lnjn/+1 -Jn

(_k 9km', . -~km9 P’ +15+++5 Pns Pntn’s- - P2n—1)]SAS
+ > ' (1) (3, Ru(A, p)Si(P)

m! +m!" =m, n’ 40’ =n+1, r'+-r'' =r
A,Ao,r, /
X (gm’,Zn’ )l‘«l"-ﬂm/il~~~in/jjl~~jn’ (kb (XX km’a Pise- s Pu's P s Prntls--- pn+n’-—1)

2
% (gA, Ao,r

m!! 2n!! )um/_H...pmiin/+1.‘.injnlﬂ...jn

(km'+19- . -kma —PI, pn’-l—l’- LR Pm pn+n”' . P2n—1)]SAS . (25)

The momenta k', p’ are determined by momentum conservation. SAS indicates sym-
metrization w.r.t. photon and antisymmetrization w.r.t. i) fermion and ii) antifermion
momenta and indices. Many of the details of (25) are not important for us. The
important points are the following:

(i) The r.h.s. contains only .# terms for which either r is of smaller value
than that of the Lh.s. or, if not, m + n is of larger value than that of the Lh.s.
This together with (i) after (24) fixes the induction scheme through which we will
estimate the solutions of (25).

(ii) The induction Ansatz will be determined by the power counting w.r.t. A for
the differentiated regularized propagators. For a complete estimate of the solutions
we will (as always) need the equations generated from (25) by taking |w| € N
momentum derivatives. As regards notation, we set

4(m+2n—1
wE]No(m "D = (Wi, Wisan—1) Wi = Wity ., Wi4),

W W, —
IWI — leiv| oY = o¥Ll ... Wmtn—14 — 4 Ml;l e 6 :H—ZZ b . (26)
L1 —1,4
akl,l apanjljil
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3. UV- and IR-Finiteness of the Fermion-Photon Theory

3.1. UV-Finiteness. The proof of UV- and IR-finiteness proceeds similarly as in &}
[3,4,14]. We start with the UV-problem. That means we choose a scale A4; > 0,

for simplicity 4A; =1, and want to show that lim . :f,‘ngg’ exists for all
m+n >0, r = 1 and arbitrary (bounded) momenta. The proof requires that we
fix all terms of (mass) dimension =< 4 which are not automatically zero due to
the symmetry structure of the theory, through renormalization conditions (r.c.) at
A;. The symmetry structure, i.e. invariance under the Euclidean group and charge
conjugation—has been fixed through the structure of L4 (the particular values of
the z;, 64,0u%, 0m are not yet fixed) and through A. Since we are dealing with a
partially massless theory, the CAG without IR regularization can generally be ex-
pected to exist in momentum space only, if certain restrictions on the r.c. are obeyed
and if the momentum configuration is nonexceptional (see [14, 18]). More precise
statements will follow. As long as we keep 4 = 1 we need not care about these
restrictions, but we will choose the renormalization points such that the notation is
as simple as possible and such that we need not change them when we go down to
A = 0, namely it turns out that all renormalizations for the photon Green functions
ZLmo, m = 4 should be performed at zero momentum in order to obtain reason-
ably simple IR bounds. The photon mass term has to vanish at 0 momentum and
A =0 for the theory to exist. In massless QED the renormalization conditions for
the 0¥ %y 2n With m + 3n + |w| = 4 have to be imposed at nonvanishing momenta,
however (Ch. 5). We noted already that due to C-invariance

PP =0 for modd, in particular for m = 1,3 . 27)

m,0
From O(4), C-invariance of L/ and permutation (anti)symmetry of fﬁ’;,?’r we
obtain for the remaining terms at zero momentum and for given A, Ag,# (which we
suppress)

(22,0)uv(0) ~ 5#% ap(fz,o);w(o) =0,

050,(L20)u(0) = ¢ 6,00p5 + €' (84p0vs + Ousbyp) (28)
(Z4,0)ups(0) ~ fuvps = 1/3(80ps + 0updvs + Ougdyp) (29)
(Z,2)i(0) ~ 9y, 0u(Z0,2)i(0) ~ (Yp)ij » (30)
(Z1,2)ui(0) ~ (Yp)ij (31)

(where ~ means “constant times”).

Thus 7 independent constants fix the terms of dimension =< 4. The structure of
L% determines the b.c. for 4 = Ay. Lemma 1 tells us that at
A= /102

(LB Y,y Pan1) =0, if m+3n+|w] = 5. (32)
We impose at
A=1r =2:
() (30" () = F0u2 "8,

(ii) 60p( L5 30 )l0) = 2321 (Bppdvs + Sus0vp) + 328, (28,0065 — 319005 — Gsdip)
(so that 1z3 corresponds to ¢, and 104 corresponds to ¢’ + 1/2¢ in (28)).
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(iii) (L56" Nupo(0) = 24, fupo -
(iv) (Ly5°")(0) = omoy;
(V) (L35 )(0) = —25, (1) -
i) (L75%)uii(0) = 21, ()i - (33)

A=1, r=1: (£75)ui(0) = )y -

We assume (and this is standard) that all renormalization constants apart from z]
vanish for » = 1. This somewhat simplifies the notation. Leaving out this restriction
is possible, but not of much interest. It is easy to see from the FE (and obvious to

anyone acquainted with QED) that the 323 ;1,?1 then also vanish for A+1 for m=+1
or n%1. Apart from this restriction all constants are completely arbitrary numbers
which later on will be uniquely fixed by the r.c. which we impose at 4 = 0. They
are of course assumed to be independent of Ay.

To prove the UV finiteness of the fermion-photon theory we introduce the (by

now standard) (semi-)norms || ||, ,, defined as

”azf”(a,b) = Sup lawﬁl ,,,,, il(xl""an)I > (34)

X1 e Xt W5 1] i, |Xi | S max(a, b)

where z = |w|, z € Ny, a,b = 0 and for any system of sufficiently smooth functions
fir, iy R" — € with i; running through some finite set. We find for 1 < 4 < 4,
and any fixed B > 0 and a = 0:

0°R(A, + Mpp.5) £ c(2)A7,
10704R(As  Mlan 5y S c(2)A771, (35)
0°RAA, + ) fillgas) S 24727, z2>0,
10%0Ra( A, + ) fillpa 3y S €(2)A7>7, (36)

0°Ra(As -V follgpy S c@)A™' 5, 2> 0,

10704Ra(As ) fall@amy S €(2)A77F, G7

Il

where fi(k) =k"2%, f2;(p)= (ﬁ)ij, ¢(z) is some suitable constant. (38)
For 0 < A £ 1 we also find

|0"R(A, k)| = c(z)(sup(4, k)7,

0" 04R(A, k)| < c(z)(sup(A, [k[)™7",
|0"Rm(A, p)| £ c(2),
|0" 04Rm(A, p)| < c(2) . . (39)

(c(z) also depends on the mass m, which we do not indicate since m is fixed).
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Now we may state the UV-renormalizability of the fermion-photon theory through

Proposition 3. For 1 £ A < Ay < oo we have the following estimates:
) 10° L5 N aam S A*™3~*Plog A (UV-boundedness).
2
(i1) 110" L0 o) S (45)° A3"3Plog Ay (UV-renormalizability),

where we denote (as usual) by P log A a polynomial in log A with nonnegative
coefficients independent of A, Ay, but depending on m,n,r,z,B.

Proof. We proceed in the standard way [3,4] by induction on r. For given » we
descend in the values of m + 2n (remember (i) after (24)) and then in the values
of z for fixed m + 2n starting from some arbitrary zyax.

r=1

(@) m+3n+|w| =5: 2! =0 from the b.c. (32) and the FE.
m,2n

>
(b) m+3n+|w| < 4: The r.c. (33) (plus subsequent comments) and the FE

tell us that e
(gl,’z O uii(0) = ()i -

Using (a) and Taylor’s theorem we find (,%’f’{l °’l)w~j(k, P) = ()i Equation (33)

and the FE also tell us that all other 32;,?1 vanish. Thus (i), (ii) are true for
r=1

r—1—r:

We assume to have verified the bound (i) for any m,n,z and v’ < r —1 forr = 2
and for r and all m’,n’,z’ with m’ +2n’ > m + 2n or with m’ 4+ 20’ = m + 2n and
z' > z. We prove it now for » and (m,n,z) and start with

(a) m+3n+z = 5: As for @ we may write an estimated FE which is in
shorthand notation (leaving out indices and collecting all A, A¢-independent con-
stants into one c¢)

24
A, Ao, A, Ao, A, 4o,
10%04% 1 20 r”(zA,B) =c {/{dt(”azgm+2?2rn“(z/1,3) + ’llazgm,Zr?Jrrzll(zA,B))

- / A,A,’ " A,A,”
+ XA L N aamll0T Lo i laasy)

o ’ 1’/1,/ " A,A,"
+ (AT o7 3;,,/,2‘1,/’ laamllo® Lirsm “(2/1,3))} :

(40)

The sums are over the same values as in (25) and additionally over all z/,z”,z"" > 0
with z/ +z” + 2" = z. We used (35)—(37). The bound (i) then follows from (32)
and on integration of (40) from Aj to A, since the r.h.s of (40) is bounded using
(1), by induction.
b)m+3n+z < 4
(bl) m+ 3n+z =4: Use the r.c (33), the FE and (a) to verify
|0v g2 0) < A= Wplog A, 1< A< A

m,2n

for any choice of indices.
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Once this has been achieved we may pass on to arbitrary momenta using the
Schiémilch formula as in @3:

1
f(P)Zf(0)+Pu0fd/15kuf(k), k=Aap. (41)

The integrated derivative has m 4+ 3n+z =5 and is thus already bounded by in-
duction for bounded momenta. So (i) can again be verified.

(b2) m+3n+z =3, m+ 3n+z =2 are then subsequently verified in the same
manner. Note that we have to proceed in this order to be able to estimate the
integrated derivative on the r.h.s. of (41) by induction.

For (ii) we do not give an explicit proof, but refer to dij. The essential points
are the following:

1. Differentiate both sides of the FE w.r.t. Ay and write again an estimated form
of this equation corresponding to (40).

2. Use the same induction scheme as before to estimate the r.h.s. of this
estimated FE.

3. Use the Ap-independence of the r.c. to realize that the boundary terms

(3,106‘”3,1,;’/21‘,’,” vanish for m + 3n + |w| < 4 at zero momentum. This is the impor-
tant change as compared to the proof of (i). (At A = Ay we use as before the
b.c. (32).) Use again (41) to go away from zero momentum. From this it is then

straightforward to verify the bound (ii). O

Referring to earlier paper [3, 6] we note in passing that a statement like (ii) also
holds if we soften the requirements of Ag-independent r.c. and/or awfﬁf’é:"’r =0
for m +3n+ |w| = 5 to only requiring that these terms are suppressed by powers
of Ay according to their power counting dimension. This freedom may also be used
to improve on the rate of convergence in (ii), see [6].

3.2. IR-Finiteness. Now we turn to the IR part of the problem. Proposition 3 tells

us that for A = 1 the 32’2{;’" exist for Ap — oo and for arbitrary indices and

momenta bounded in modulus by B. Looking at 0 < A4 < 1 we want to show that

for suitable b.c. the i”f,f,?r exist for A4 — 0, if the external momenta are chosen
nonexceptional, i.e. no partial sums vanish. We again proceed in analogy to @} [14].
Le. we first define an IR index g for any configuration of m photon and 2» fermion

momenta, taylored such that we can prove inductively with the help of the FE,

| Lo (k, p)] £ A9Plog 47!, if A -0, (42)
for any exceptional momentum configuration. Afterwards we can prove finiteness for
nonexceptional momenta. All momenta are from now on supposed to be bounded
by B.

The proof of a formula as (42) with the use of the FE can work only if the
IR indices of the momentum sets on the r.h.s. of the FE obey sufficiently strong
bounds in terms of the index of the momentum set appearing on the L.h.s. We need
the following definitions to proceed in this direction:
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Definition 1. 4 set of photon and fermion-antifermion momenta {ki,...,kn, p1,...,
Pan} denoted also as {qi,...,qmian}' is called admissible w.r.t. QED, if

(i) m+3n>2

(ii) m even, if n=20
(iii) Ei ki + Zj p;=0.
Definition 2. An admissible momentum set (a.m.s.) Q is called exceptional, if
there exists Q) C Q, 0=+ 01 *Q, such that ZQ; qi = 0. Otherwise it is called non-
exceptional. 37, =3, co.
Definition 3. A partition Z(Q) of an am.s. Q is a system of nonempty subsets
EV Cx Q, V= 1,...,N with

) 0 =ULEn

(ii) E,NE, =0, if vpu.
(iii) 3 ¢r = 0.
(iv) E, contains the same number of fermion and antifermion (fe-afe) momenta.
For any partition Z(Q) we define the subsets and numbers

A(Z) = {E, € Z|E, consists of a single photon momentum}, a:= 4],
B(Z) = {E, € Z|E, contains only photon momenta and |E,| = 2}, b:=|B|,
D(Z) =Z\(A(Z)UB(Z)), d=|D|. (43)

Definition 4. The IR index gz(Q) of a partition Z(Q) is defined as follows:
a 3
gz(Q) = sup <0,§ +b+ 5d—2> .

The IR-index g of an a.m.s. Q is defined to be

g(Q)=10, 1if no Z(Q)exists and ¢g(Q)= I‘ZI‘%%))( gz(Q) otherwise .

So in particular g(Q) = 0, if O is nonexceptional. As a motivation for Definition 4
note that by naive power counting one photon contributes one power in the IR
cutoff to the IR singularity. This explains 5, b. The momenta in D contribute more
since they may flow across a subdiagram into one one-particle-reducible photon
line and then contribute again via this line. On inspecting examples one finds that
a constant (= 2) may be subtracted. Using Definition 5 below we will obtain better
IR bounds than with Definition 4 which is not optimal in this respect, but this
requires additional effort. For an a.m.s. Q and pairs {k,—k}, {p,—p} of photon
and fermion-antifermion momenta we finally define the sets

QA={k,—k}UQ, QF={p,—~p}UQ-

1 We regard g; and q; (i=j) as different entities, even if g, = g, as elements of R*, since they
belong to different fields or external lines. g; may be thought of as a mapping i — g,; we do not
develop this point explicitly, however.



206 G. Keller, C. Kopper
And for 00 C4+ O, 0 := O\Q: we set
0y =010{K'},  Or=01U{p'},
i =0 U {K"}, r=0U{p"}, (44)

where the new momenta k', k", p’, p” have values

k/ — —Zqi, p/ — —Zqi, kll — —kl, p/l — __p/ .
Q1 1

After these definitions we can now prove

Lemma 4. Let Q be an am.s. Suppose Q4, 0y, O/, Or, Or, O (44) are also a.m.s.
Then we have

(al) 9(Q4) = 9(Q) + 1, if all g; vanish or—for sup |q;| > 0—if |k| < n, where
n > 0 is defined as

1.
nQ) = 511}1" ns s (45)

and the inf is over all sets J with J C4 {1,...,m+2n} such that |}, q:| =:
ns > 0.

(a2) g(Q4) < 9(Q) + 3,
(b1) g(Q) +9(Q4) +1 = g(Q), if ¥ =0.
(b2) 9(Q)) +9(Q4) = 9(Q),

(c) 9(Qr) < 9(Q) + 3,

(d) 9(Qr) +9(0F) = 9(Q).

Remarks. In the proof we will denote the IR indices of Q4,Qr,Q,... by
g4,9F,9,- .. and suitable partitions of these sets maximizing g will be denoted
by Z4,Zp,Z},. . ..

Proof.

(al) g4 < L: trivial. g4 = 1:

(1) Assume there exists £ € Z, with E D {k,—k}, and set Z := (Z,\{E}) U
{E\{k,—k}}, and verify that gz(Q) = g4 — 1, whether {E\{k,—k}} is empty or
not.

(2) If E as in (1) does not exist, then for suitable v,v, k € E,, —k € E,s,
and we set Z := (Z4\{E». Ey }) U {(B\{k}), (E/\{~k})}. Again g2(Q) = g4 — 1,
whatever E,, E, are. Note that the sum over the momenta in E,\{k} still vanishes
due to the supplementary condition on & which here implies £ = 0.

(a2): The proof is as for (al) except for the last case, where we have to set
Z = (Z\Ew Es}) U{EN{EY) U (E,\{—k})} so that g(Q) 2 g4 — 3/2.

(1) If ¢/, 9f =0, set Z={01,0,} (44), so that gz(Q) = 1. Now observe
that for any a.m.s. a partition Z maximizing gz may always be chosen such
that a = |4(Z)| is maximal. For the rest of the proof we shall assume a to
be maximal in any maximizing partition to appear. Now if g/, > 0, g’/ =0, set
Z = (Z)\{{K'}}) U {0}, which gives gz = ¢, — 1/2 + 3/2. Finally for ¢/, g’ > 0,
set Z = (ZMN{K I UZ\{K"}}) so that gz = g — 1/2+ ¢/} — 1/2+ 2.

(b2) ¢4, 4/{ =0 is trivial. For g/, > 0, gj =0 take away form Z the set E’
containing &’ and replace it by (E'\{k'}) U {Q,} to verify (b2). For ¢/, 4"/ > 0 (b2)



Renormalizability Proof for QED Based on Flow Equations 207

is verified on defining Z := (Z)\{E'}) U(Z{\{E"}) U{(E'"\{K'}) UE"\{k"})}.
Whatever E',E” are, we even find gz = ¢/, + g/ + 1/2.

(c) One easily convinces oneself that a maximizing partition Zr of Qr may
be chosen such that for some v: E, = {p,—p}. Then g;.(0Qr) < g(Q)+3/2 is
obvious.

(d) The proof is the same as for (b2) replacing k — p, A — F. O

The IR index of Definition 4 is slightly more crude than that of [14], which
however facilitated the proof of Lemma 4 considerably. Since we want to show that
all renormalizations may be performed at zero momentum (for massive fermions)
we need a somewhat sharper version.

Definition 5. For an am.s. Q = {ki,...,kn, p1,-.., Pon} set

00 =90 -5 i (46)

(1) Q contains at most one fe-afe pair, and

(i1) Q is such that g(Q) > 0 and such that g(Q) takes the maximal value possible
for the given number of photon and fe-afe momenta in Q.

Otherwise set

gi(Q) = 9(Q) . (47)

Now we can prove

Lemma 5. With the assumptions of Lemma 4 and the additional requirement that
none of the am.s. Q4, 0}, 0, O appearing below consist of four photon momenta
only we have

(al) g1(Q4) = 91(Q) + 1, if all q; vanish or—for sup |q;| > 0 if |k| < 7,
(2) 91(Q1) < 9:1(Q) + 3,
(1) g1(Q) +91(Q)) + 1 = g1(Q), if k' =0.
(b2) g1(Q)) + 91(Q%) = 91(Q),
(c) 91(QF) = 91(Q) +2,
(d1) 91(QF) + 91(QF) < 91(0), if p' =0.
(d2) 91(QF) + g1(QF) < 91(Q) + 1/2.

Proof. The notation is as in the proof of Lemma 4. We have only to look at the
cases where g;1(Q) < g(Q) for the am.s Q appearing on the r.h.s.:

(al),(a2): If Q is such as in (46) (i), (ii), then Q4 also fulfills these conditions
and (a) follows from Lemma 4.

(b1),(b2): Due to our restrictions on the sets 0, 0/,0 we find g;(Q) = 3/2
(= 3/2 for the case of one fe-afe pair and 5 photons), if ¢g1(Q) < g(Q): Thus
G4 914 =0 is trivial. If g}, + g/, > 0, we only have to verify the case where
91(0) < g(Q), but g1, + g/, = g/, + ¢/4. Going through the cases as in Lemma 4
and using the fact that g(Q) is maximal whereas ¢/, and/or ¢/j are not, produces
the required inequalities.

(c),(d2) follow trivially from Lemma 4. (They are however not sufficient to
prove IR finiteness, if massless fermions are present.)

(d1) follows by the same line of arguments as (b2). O
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With the aid of Lemmas 4 and 5 we can prove the existence of the IR limit,
provided we use the following class of r.c. (see also (33)) at

A=0, r 2 2: (£30")uw(0) = 0, 30p(L50° N0) =0, (L50% Vuvps(0) = 0,
(£05°")y(0) = omfsy
(L35 0(0) = =25, ()i »
(215" Duis(0) = 2§,y )y - (48)

A=0, r=1:(L15" i (0) = (1) -
A special case of (48) are the following r.c.: Take the r.c. (48) with

smf=0, £, =0, zf,=0. (49)

It is also possible to impose r.c. at nonvanishing or nonexceptional momenta. In
the presence of massless fermions this is even necessary (see Ch.5). Note how-

ever that i”o dor always has to vanish at 0 momentum. We cannot prove IR
convergence 1f we impose r.c. with nonvanishing values of 0 5p($0 o, ) (0),

(EO - Ao- "Vavpe(0). We could perform the proof on renormalizing all Lo gt

nonexceptional momenta (where however 5,”0 do.r always has to be tuned such that

it vanishes at 0 momentum). This 1ntroduces new technicalities and the statements
obtained on the IR behaviour are in general not stronger than in massless QED
(Ch. 5). What is crucial for us however is that the r.c. (48) will turn out such that
the QED WTI’s are restored for the respective theory in the limits 4 — 0, Ay — o0
(Ch. 4). But they are not the most general r.c. with this property since the WI’s
leave free the r.c. for the transverse photon propagator.

Before we prove our statement on the existence of the IR limit we want to
remind the reader of two facts about exceptional momentum sets stated already in
[14]. The first is: For any a.m.s. Q = {gi,...,qm+2n} there exists &(Q) > 0 and a
neighbourhood

m+-2n
US(Q) = {{él:'-‘9ém+2n}l(qi _q"i)z é 82, 1 é i é m+2n’ Zl 6},’ = 0} H (50)
=

such that for any O = {4153 Gmian} € U(Q) : 9(0) < ¢(Q). This holds since for
all partitions of Q all subsets S C4 @ which are not an element of any Z(Q) have
Zqie ¢9:+0. Take & so small that all these inequalities still hold in U,(Q).

The second is on the sets of nonexceptional momenta M, ,,,, as subsets of
IR4(m+2n—l):

> g;%0 for all
Mm+2n = (qla <sqdm+2n— 1)€]R4(m+2n D ieJ . (51)
JCs{l,...,m+2n}

(as usual gmion = —q1 — -+ — gmion—1). The sets M, o, are obviously open in
R4m+21=1) Now we prove

Proposition 6. Let A <1 Z Ay S ocoandr 2 1. All (indépendent) momenta are

assumed to be bounded by B > 0 (arbitrarily fixed).
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(a) The (connected amputated) renormalized Green functions of the perturba-
tive fermion photon theory, defined through (32) and the renormalization condi-
tions (48), which are given as

A
ipm o (G1s e s Gmian—1) = hm gm 201y s Gmizn—1) 5

in particular £, 5,(q1,- > qmizn—1) = L5 (G155 qmi2n—1), exist in C*°(Mipy2n)
(see (51)), and in C®(My12,) we may interchange the limits:
A, A , . A, Ag,r
Ay g = i N L = Lo

Furthermore £33 € C¥([0,00) x R*), £ € C%([0,00) x R'?)  and
Lo € C([0,00) x RY), £ € CO([0,00] x R®) as functions of A and the
(mdependent) momenta.
(b) Let Q ={q1,.--,qm+2n} be an ams. (Def. 1).
(bl) If Q is nonexceptional or—for m =2,n =0, if q, £0-we have
,/,102;((11, s Gmion—1) = hm anﬁ ;,? "(G1,-- s Gmi2n—1)

uniformly in U,(Q).

(b2) Assume the am.ss. Q is such that Q = Q,U Qp, where Q,+0 and Q,
has the form Qp = {q(b) q(lb), ,ng), ng)}, and such that for any E C Q with

Y pqi =0 either Qs CE or QuNE =0. Let Q, = {qy,...,q5}; we denote by Q,,
some (arbitrary) subset of s — 1 momenta of Q, and by 6}1”1 any sequence of

|w| derivatives w.r.t. to momenta in Q. Finally we denote by N (Qp) the set

(G, ..., 4P, P} with 1§ -

=41 seesqp ng)| < ¢ Then we claim

|0 L3 (03 Q) < A1 @Plog A" (52)

m,2n

The statement is uniform in U(Q,) U N¢(Qp). The constants in Plog depend on
&, Q,r,m,n, |w|. The notation in (52) is slightly abusive in that it requires that

we parametrize ;’f °’ possibly in terms of momenta differing from the standard
choice (24), and in dzﬁ"erent order.

(b3) For a general am.s. Q we have (for A > 0),
10" L0 G- Gyan 1) S AT plog 471 (53)

uniformly for Q € U,(Q), the constants in Plog depend on &, Q,r,m,n,|w)|.
(¢) For m+3n+ |w| < 4 we obtain the bounds (for given r and A > 0),

0" 233" (k)| < A MPlog A7,
16" L33 (ko ks )| < A" Plog 471 (54)
and for the r.c. (49) and r = 2 (second inequ.) also
0" %55 (p) < A2~ ™Plog a7,

|0* 2" (k, p)| < A" Plog A", (55)
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Those statements in (54), (55) for which the r.h.s. vanishes for A — 0 hold
uniformly only for |k|,|ki|,|p| £ A (or O(1)A), the others hold uniformly for
|k|, &, | p] £ B. In case of the r.c. (48) the statement (55) holds only for |w| = 2
(first inequ.) resp. |w| = 1 (second inequ.).

All statements in (b),(c) are uniform in A,.

Remarks. We left and leave out indices on the Eﬁ;f,?(q,,...,qmﬂn_l) whenever

possible, and we abbreviate (in slightly abusive shorthand notation) QA’AO(Q) =

m,2n

g:z;’?(ql,...,qm+2n_l), etc. For a given momentum set Q = {q1,...,qmi2n} We

denote by O = {d,..-»Gpi2s} @ momentum set such that {g;,...,d,,,} is in
U(Q) and by Q4(k) or shortly Q4 the set {k,—k,q1,...,qm+2n} etc. (cf. Lemma
4). The symbol ¢ will always denote a positive number, chosen sufficiently small
case per case (we do not introduce ¢',¢”,...) such that the respective estimate holds
uniformly in Ug(...). ¢ depends in particular on the respective #(Q) (45). ¢,cy,...
denote positive A, Ag-independent constants. The proof of Proposition 6 is in many
aspects analogous to that of Theorem 1 in [14]. Here we are slightly shorter.

Proof. We use the standard FE induction scheme which proceeds upwards in » and
for given » downwards in / = m + 3n using (i) after (24) (see also Proposition 3).

(A) r =1: The b.c. (32) and the r.c. (48) give vanishing E,ﬁf,fl apart from
2{1{1 ol (see also Proposition 3). The r.h.s. of the FE for 6,15,”{1”2/1 o1 vanishes iden-
tically in A, Ag, k, p. Thus

(LD kp) = G)ys L' =0, mtlornkl.
So the proposition is true for » = 1.
(B) r > 1: We assume the proposition to be true for #/,I’ with ¥’ < r, I' € N
and for r,/” with I’ > [. We prove it now for /. We start with proving (b), (a)
for

Bl) m+3n+|w| = 5, m+ 3n > 2: First we prove
(b3): Bounding the #’s on the r.h.s. of the FE for 6A$,ﬁz;,?’r with the aid of
the induction hypothesis and using Lemma 5 c),a) we obtain

|awgrﬁ:£1r?3:2(l’,-1’» Q)I é A—ZQI(Q)'4‘IW|P10gA—1 s

|ov gt tor (k—k, Q)] < A7/ @2=MIplog A1

if [k| < n(Q) or if all momenta vanish, and generally

|0 L) (k,—k, 0)] < A721@=3-plog 41
The sums on the r.h.s. of (25) can be bounded—using Lemma 5 b),d), (4),(39)
and the induction assumption—by A~291@~1-"Plog A~1. Here we note that in the
cases where Lemma 5 bl) cannot be applied the corresponding contributions vanish
for A < 1/27(Q) due to (4), since [k’|,|p’| = 2 — O(¢) in Q. For A = 1/25(Q)
they can be absorbed in the constants of Plog. All previous bounds are by induction
assumption uniform in the respective U;’s. By a standard compactness argument
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the first two thus hold uniformly in {(p,—p)||p| £ 5} X U(Q) respectively in
{(k,=k)| [k] £ n} x U(Q). From (1)+(4),(25) we thus obtain in U,(Q),

24
oL (O) < [dt P[4 Mplog st 4 37212 WIpog ]
g
A

m,2n

+0(t — 37203 plog Tl 4 AT P og A7
< A7 1=Mplog AT

Here g, = g1(Q), n = n(Q). Integrating now from 1 to 4 < 1 shows

0* L0 (O] < A2 MPlog 471 4 |0" 2,507 ()] (56)
The last term is independent of A and uniformly bounded in Ay by Proposition 3.
So it may be absorbed in the first. Proposition 3 was proven for r.c. imposed at
A =1. Now we impose them at A = 0. So we have to show that both classes of
r.c. are in one-to-one relation. That this is true indeed can be seen from the FE
when integrating from A =1 to A = 0. Imposing the r.c. at 4 =0 one then finds

that & ’ln/;gr fulfill r.c. at 4 = 1 of the form (33). The way of proceeding can also
be inferred from (B2) below. Strictly speaking this uniqueness statement is also
part of the induction hypothesis.

(b2) If Q is as in (b2), then O = (Qp U {p,—P}) U Qu, Ou = (@ U {k,—k}) U
0, also fulfill the assumptions of (b2), if 0 < |p|, |k| < 5n(Q). The important point
to note is that if the intermediate momenta p’, kX' appearing on the r.h.s. of the
FE fulfill |p'|,|'| < n(Q) then the derivatives 0, (w=0) applied to k" (and p')
give zero by our assumptions. (Note that k', p’ need not vanish in this case if the
external momenta are taken in U,(Q,) U N,(Qp).) Using these facts the verification
of (b2) proceeds as that of (b3). We again have to use Lemma 5 and the induction
assumption to bound separately the regions where A > /2 and A < 7/2, and we
also have to use again the compactness argument from the proof of (b3).

(bl) For Q nonexceptional, the sets Oy := {p,—p}UQ, QA = {k,—k}UQ,
0 < |pl, k] = n(Q), fulfill the assumptions of (b2), furthermore the momenta k', p’
appearing on the r.h.s. of (25) fulfill |£’[,|p’| = #(Q) in Q. This implies as in (b2)
(since g1(QF), 91(04) = 0)

001 L5 (0)] < PlogA™" .

mz2n

A,Ao,r
m,2n

Integrating from 1 to A proves the existence of lim,_,9 0”4 Q) uniformly

in U,(Q) and therefore (bl).

(a) now follows (for m+3n+ |w| 2 5, m+ 3n > 2) from the proof of (bl),
since |w| may take any (finite) value. In particular we may interchange the limits
using a standard &/4-argument for:

gé—»O,oo _ gO,AO—»oo — $6—+O,oo _ gé,oo + a?5,00 _ =.gé,Ao + gé,/lo
_ 30,/10 + gO,Ao _ 30,00

and our knowledge on the IR and UV-limits.
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(B2): Now we prove (b3),(b2),(bl),(a) for m+3n+|w| <4 orm+3n=2
as well as (54),(55). We start from m + 3n =4, m = 4: The r.c. fix the value of

30 ~407(0), which is in one-to-one relation to Ly va0"(0) through

ler(O) 0/10 r(O)—l—fdlat t/lo r(O)

because the integrand is independent of the r.c. for ZO 407(0) to order 7: It is

given by the r.h.s of the FE. Noting that for m +3n = 4 and any O we have
91(Q) =0, g1(Q4) = 1/2, g1(Qr) = 1 we find by induction, also using (c) to lower
order

""" (0) £ AMPlog 47!

uniformly in U,(Q), including the case where all g; vanish.
Using a compactness argument and integrating over A we then deduce

L0 € COR) and  £307(Q) = £34°7(Q) + O(APlog A7)

uniformly in Q = {{q1,92,93}||¢:| < B}. The statements in (a),(bl),(c) follow
from the previous estimates and (B1) (where |w| = 1 is included), the uniformity
of the limit A — 0 and the Schiémilch formula together with the r.c. The treatment
of 3;12/1 ®" in case of the r.c. (49) is analogous to that of gg’go’r and we do

not repeat the argument. In case of the r.c. (48) ,?A Ao, ’"(0,0) may be nonzero

for A — 0. But the regularity properties in (a),(c) are Verlﬁed as before usmg in
particular the fact that R, vanishes for 4 < m/2 to bound the ) -terms in the

FE. Note that the statements on 5,”/1 40" for the r.c. (48) could not be verified
with our method if we regularized the fermions in the same way as the photons
using R instead of R,. Now we come to m = 2, n = 0. The statements on %y in
(a),(bl),(c) are again proven by bounding the r.h.s. of the FE by induction for any
k. We obtain

0" 04 L5 (k)] < A MPlog A" (57)

The bounds are as usual uniform in the respective U,. Equation (57) for |w| < 1
only holds for |[k| < cA. Integration over A and the r.c.—or for m + |w| = 5 the
b.c. at A =1 (or at A = Ay, cf. the remark in (B1))—the usual uniformity and
compactness arguments and Taylor expansion around zero momentum then provide
the estimates in (c) and the statements of (a). The last case to treat is m =0, n = 1.
We again have to distinguish between the r.c. (49) and (48). But the way of
proceeding is as previously for % 5. To verify the statements we again need the
regularity of R, around 0. O

We have seen in the end of the previous proof that our techniques really require
different regularizations R, R,, to prove the proposition. Using R throughout we can
only prove results as sketched in Sect. 5 which also hold in massless QED. It is a
straightforward exercise to show that replacing R,, by different smoothed versions
of R (see e.g. [5]) produces the same results on taking the limits (one estimates
the difference of the two regularized versions).
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4. Violation and Restoration of the Ward Identities
We start with a few introductory remarks forgetting about regularization, A, A, etc.
The standard QED Ward Identity (WI) may be expressed in terms of the generating
functional Z (11),(14) as

{AD auéju(x) - ier]én(x) + ieﬁéﬁ(x) + 6#J#(X)}Z(J, 7,n)=0 (58)

(4 is the gauge fixing parameter from (1)).
In terms of W with Z = e~ ("+f4) we obtain

{—).Da‘uéjﬂ(x) + iené,,(x) — ieﬁéﬁ(x)}W(J, 7, 71) = —(’)ﬂJﬂ(x) (59)

(5x(x)W(Ju - av(D—l)vuX’ —ﬁe—iex, eiexrl))|x=0 = _au-]u(x) . (60)

D~ is the inverse photon propagator and y describes the gauge transformations,
we assume y € S(IR*):

Ay — Ay + O, Y — ey, Y — ey (61)
Now we look at the regularized theory (see (11),(20)). For safety we keep
0 < A £ Ay < oo. Due to the violation of gauge invariance implied by the mo-
mentum cutoff the WI’s will also be violated. Equation (60) leads us to define
Ju(X) = Ju - av(D_l)vuX» n(x) = ﬁe—iex’ n(x) = etexr’ (62)
(position space arguments are suppressed), and we set
ZU Lm0 = ZP ). 00:(0))
w7, 1) = WA (0,100, 1(0) » (63)
L0(8,, =0y, 07) = L350, —Oyiys Osicyy) = L0(85, —€¥%53,,€%85) ,  (64)
so that

4 _ Ay, .
ZAO(J, ) =e PG am+ (X))
L, 0(67,=97) o 3 OODYOTO)+ (0 {0 n0) (65)

=e

In deriving the violated WI’s (vWI’s) we are only interested in contributions of
first order in . We find

Li10(87, =0y, 87) = L™ + eza(x, Qu6y7*07)  (exactly), (66)
1200 (), DT (1)) = 1/2,D4°T) + (1, 0D~ DT ) + O(x*) , (67)

@0, S30n(0)) = (7, 850n) + ie({7T Sy um) — 7 xSion) + 02 . (68)
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We thus may rewrite (65) to first order in y
PV - . . 4
e= Mo UM (3 5, (WA + £i)[,0)) = e X0 [—eza (¥, 3:0,7"05))

A — A
+ (1, 0D DT — ie{ (7, x87) + (84, 1) Ve PHPAIHASOn) (69)

where (6, xn)’ means that we subtract the contribution where J, applies to the #
in (---). Now we find

[L3°(0,7,—3y, 07), (4, 0D DI)] = (1,(dD ™' D) u(dp(—20 + d142)
+ (23 — 04)%0,)3,,) — 424 fuvpo (1, (D' D%),85,8,5,05,)

+e(1 +21){(% (D' D), 8,785 . (70)
Note that the commutator commutes with L(’)1 0. For the last term we write
(16 QRO 37) = (1 9:6,7"55) + (1, (BD™' DY — ), 8,0"87) . (T1)

where R;{OA( p) := R,(Ag, p) — Ri(A, p), Rﬁo = Rg“A Taking the first term on the
r.hs. of (71) together with the two terms in curly brackets in (69) we find on
application of derivatives

. — — Ao
Le{x, Qu0ny"S5) — ie{ (7, xS5) + (O, 1n) He ™5™

- 7,570
= ie{ (7, (R,®, — D)xd7) + {3y (R, — D) Y54 (72)

where we used Sﬁ = —il 4 imS, ;Z‘S =il — imS. Using (70)—(72) in (69) and com-

A
muting ek’ through (70) (trivial), and the curly brackets in (72), finally gives

A, A - .
e Py 0T O, 8,(W, + £.1.)]y=0) — (¥, 0Rﬁ°J )
+ ie{ (T, r x87) + 3y 2720 ) YW 0]

A, A A A
—L04+ (3,070 (1/2(J,D°00)+(7,8°0
_ {e o F(60,") gU/2(LD 0 T)+(7, 8 n))}]l“order iy s (73)

with the following explanations:

A A A Yo ix A
L 1% (p) = Re%(P) — 1, 1% (x) = [ B P r%(p).
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2. 0% collects the outcome of the commutators. In (73) it carries the arguments
A g
OﬁO(SJ, —dy,03) (as L61° ). It has the form

O (A, Y ¥)(x) = e2(Qh7"Y)(x) — ez [ARL Py YI(x) — e(Gr ¥y )(x)
— [QRP (8" (=230 + 0) + (23 — 51)0*3")4,)(x)
— 424 funpo QR Ay A, A5 )(x)
+ e {iza [ AP 1oz = W) =PIy = W)
— dm [d* [ (2 — W) — YIS, (x — 2)Y(2)]
— e(1 4 21) [d* 2P ) (2)rp’s(z = x)(x)
— Pt = AW - (74)

The curly brackets correspond to the contribution of those in (72), on commuting
through as in (70).

3. The term (), O) has been raised to the exponent. This is allowed since we
regard only the first order in y.

As can be seen from (74), all terms in O vanish, if we formally let 4 — 0,
Ag — oo and require z; = 2;, z4 = 0, 64 = 0, 6u?> = 0. Thus 0;11" collects the gauge
symmetry violating contributions, and (73) has been derived to control them, again
using flow equations. Equation (73) is to be understood as usual in the sense of
perturbation theory, i.e. as a relation between r order terms of the perturbative
expansion. Furthermore we are dealing only with the coefficient functions for a

given number of external J, 7,7 or y-fields. The coefficient functions £5%" exist

for any positive values of A at arbitrary momenta. The same is then obviously true

for the ¥, 4 A°’ (see below) which appear on the Lh.s. of (73). Eliminating the
exponentlal 1n (73) we may write this equation as

— (1 (8, 0)] o) — (1, OR(T) + ie{ (7,7 167) + (B 270 m) YW

A, 4
=W (75)
Here W(’ll’)A0 is defined as follows. We set
oo O+ . =L O+ (1 040) J2UDRON) S, ) (76)

Thus Wy is the generating functional of the connected unamputated Green functions
with insertions of O and we expand

Wy =W + Wi + 02 . (77)
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Therefore W(;) generates those with one O-insertion. In the same way as for the
L4 we expand

A, 4 A, A r A, A A, Ag,r
W' = Ze W W™ = ,Zo W (78)
WA,A(),V — WA,AO,"’ WA /10 r — WA,A(),V , (79)
m+§> o ™2 1) m+§>0 m,2n,1
and finally
4 4 4
A, Ag, dq d'k d* Pon—1, 4,4,
Wm,Zn?l = f “ (Wm,z,?,f)(q,kl,---km, Pls--s Dan—1)

@emt(2n)* ()

X (g} (kr) - - - J (ke (P1) - - - M(P2n) 5 (80)

.. A, Ag, ..
and similarly for #7,,,%". For shortness we left out indices. The #’s are assumed

to have the same symmetry and antisymmetry properties as the #’s. We know
already from Ch. 3 that the %"’ 4407 are finite in the limit A — 0 for those mo-

m,2n
mentum configurations for which the 3;1";,?” are finite in the same limit and for

which no external photon momentum vanishes, since the external lines are no more
amputated in W.
With these definitions we get from (75) (remembering (62),(63)) for r = 1:

. — A, Ag,r
(m =+ 1) lqupyl(q)Wm-;_](jzn(q’ kly e kma Pls--- Pan—1 )/l/ll...jn
S (A A, Ag,r—1
+1 Z {Rm?A(pa)Wm,znO (kls m’ pla L) pa + q, ey p2n——1 )yl wjn
a=1

A A, Ag,r—1
- Rm?A(Pn+a)Wm,2,? (kla ma Pls--+s Pnta + q,---5 P2n—1 )Hl-'»Jn}
A, Ag, 7
+ Wm’zr?’l (qakla"'akm’ Pla---,pZn—l)ul...jn = 0 . (81)

In the derivation of (81) we used 1+r,/nlf’A :R,/,llf’ - Equation (81) for » =0
is realized to be trivially fulfilled. Since R,/:,O ' has a well-defined limit for 4 — 0,

IR-finiteness of #7,’ ;1,;’1’ for 4 — 0 may be inferred from that of %~ ,/nl ;1,? " (see also
Proposition 7). We can pass from unamputated to amputated quantltles We define

the generating functional of the UV- and IR-regularized CAG with O A°-msemons
in analogy with (11),(14),(20),(76) as

2PN AS el - (L, (DI, S1.7) + )

Ay — oA
_ exp{ (L Ay /10>(6J’ —5,7,57)}61/2<J’DA0J)+<’7’SA0”> (82)
with p p p
0 — 0 __ 0
L(X, ooy L7 —{x,0,°) . (83)

From these definitions we will be able to derive a FE for the L,, 5,1 defined as
in (78)—(80) with W — L, #" — &. The aim to arrive at such a FE was the reason
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for raising (y, Oﬁ‘)) to the exponent in (73),(76). The vWI’s (81) in terms of the
Lo Lmon take the form for r = 2:

. A A, Ay,
l(m + 1)q,4RA0(q)$m+1(32rn(% kla' . -akma Pise.s p2n—l)p,u1..,jn

+i zl (S pa)) "' S2(= pa — @)t

A, Ag,r—1
X gm,zn (k17-"akM7 pl""’ ptl + q"~ -,p2n—1)/41,‘j{1,,,jn

A,Ao,r—l
- gm,Zrl (kla- . >km’ Plseees pl’l+a + q,..., p2n—l)y1...j{,..,jn

X (S5 (Prva + OS(Prea)) s}
+ gﬁ:;y?:]r(q> kls L >km, pla MR p2n—1 ),ul...j,, = 0 . (84)

The unviolated WI’s, which we want to recover for 4 — 0, Ay — oo are obtained
from (84) on replacing Rﬁ" by 1, §7° by § and Lfﬁ;,fl’ by 0. The first two
replacements are true for 4 — 0, A9 — oo and finite nonvanishing momenta. That

the last is also true on taking limits is a consequence of the FE for gz;,?lr and

the boundary conditions at A = Ay (see (83),(74)) and at A4 = 0. The latter will
follow from (84) and the r.c. for the ;fﬁ ;‘,’r FE’s for Green functions with operator

insertions have been studied extensively in [4] in the ®j-context. For the present
case they have already been presented in [13]. In the same way as in Proposition
2 we find

(LM v i)l = 44 40) (1" v
exp{—(Ly 0 (V) + 140} = DM exp{=(Ly2 o, AV UD}  (85)

and

exp{—L"0 10, (8.5, 57) )&V 2UD) QS0 . DL (0510
¥4

_ A,Ao - .
exp{ L(x,oj‘))(A’ )+ f'l')}!A:Dj (86)

A, —~ —af0
0, =50, y=S4

for the generating functional of the regularized CAG with 0ﬁ°-insertions. The

FE is obtained as (22) by taking a A-derivative on both sides (replace L by

L (1,079 in (22)). If we were to apply the A-derivative also to the A-dependent
A

term 0;110 we would obtain a much more complicated equation than (22), how-
ever. We therefore fix the A-parameter in 0% to be equal to 6: 05 — 0}°. We
choose 0 < & < m. The respective d-dependent L2207 or LA are then de-

'm,2n,1 m,2n,1
8,4, Ay, 3, 4, Ag, 8,4, 4q, A, Ag, .
noted as L5 0", £ 5" and we define L, 5, " :=L"5%". For = A obvi-
A, A, A, Ag, . , . .
ously &5, 0" = £, 5% . We are interested in the limit 6 = A — 0. Following

these remarks we thus take a A-derivative of the following equation (cf. (85)):

([ v F\1 — 404, 4g) (70 -
OXD{(L) "0y, (W) + £} = W exp{—L P 1y (4 YU}
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Expanding in powers of e and of the external fields 4,1y, we obtain to zeroth
order in y the FE (25) and for the first order terms we find

6,4, Ag,7 __ 1Ny 6,4, Ag,r 11Ny 6,4, Ag,
OnLy ot = (014 )Ly 551 + (0447 )Ly oy

d*ko 1 S
+ 21: f EE%ED#V(kO)(aAR(A, kO))(aA‘u(ko)L(s a0 )(5Av( k())Lm” 20!, s”)

( m’, 2n’ s’

a* r "
- Zf 2 p)(c)t Sij( Po)(OsRm(4, po))(%,(po)Lféfl,liffos/ G pO)Lf,,/,l i ) 487)

where Y, isover ¥+ =r,m' +m" =m+2,n" +n" =n, s’ +5" =1and ),
is over ¥ +¢r"=r, m' +m" =m,n’ +n" =n+1,5+s" =1 and we denote
Ly, 200 = Ly, 20. The equation analogous to (25) is then

d, 4,4
aA(gm,Zn, lor)lll,...jn(qﬁ kl, AR P2n—1 )

d'k 1
— ("3") S G 3P bNO RCARY

5,4, 4
X (L5 v n (@b =k Ky . pon—1)

1Yo DR o )4 S P)(@aRn( A )

6,/1,/10,)‘
X (ym,2n+2,] )#1...ii1...l’nj<..jn(q’k19' .. >km9 —P>Pis--5s Pns Ps---s PZn-—l)

i zl:m/ //( 1)” n' [(6AR(A 4 ))Dyv(k,)

A,Ao,r' /
X (gm/,znl )yyl...j"/(k skla"'akml—ls Pla--'apn+n’—1)

9,4, Ay
X (g " 2n//r1 )vuml jn(q km’ ) p2n—1)]SAS

+;(—1)"’"”+" 0" [(94 Ru( A, P'))S;i(P)

AAor /
X (3 ! ot )#1.,.um/il...in/jjlu.jn/(klao«-skm’a Pts---s Pu's P a--'apn+n’—l)

(35/1/107‘

/7 onl 1 )#ml+1-~~ﬂmiinl+1~~~inj,,l~-~jn

X (q,km’-}—l,"')kma_pla DPn'+15+++5 Pns pn+n"-'°ap2n—1)]SAS
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71
+ 01 (34 R4, PSP
2

3,4, Ag, 7 /
X (gm’,Zn’,l ),ul..,umlil...ln/j/'lu.jn/(qa kl" .. ’km” Pis--sPptsPseens pn+n’~1)

A, Ay N )
m!’, Zn” Hppl 41 'u"Z”n/H l"]n/ -Jn

X (&
X (km’+1,~' -7km9 _pla Pun'+15++5 Pns Pnnls- -5 PZn-l)]SAS . (88)

Y1, >, are defined as in (87) with the exception that we do not sum over s',s”.
Otherwise the notation corresponds to that of (25). Flow equations of the same
structure as (88) have been considered in [4] when renormalizing composite op-
erators in the @} context. The solutions of (88) may again be bounded using the

inductive scheme described after (25). Since the gm 5" have already been bounded

the analysis of (88) is even simpler than that of (25), at least in principle, since
both sides of (88) are linear in the i”fn’/zlnf’f'

To bound the solutions of (88) we have again to look at the b.c. For A = A
they follow from (83),(74) (with A = ¢ in (83),(74)). We find at

A=Ay forr = 1:

3, Ag, Ao, ¥ . A
(705" @) = ~iguR5" ()G, + 0157
5,/10,/10,1‘ . ) AO —
(g_?,)()’] )vpa((L ki, ky) = '“4lqu5 (Q)f‘uvpazétr, (g=—ki—ky—k3),
S, Ag, Ao, ¥ . A
(L535"y(q, p) = iz — RYN(q)z10—1 + 01,75°(9)]

iz 1 (= Pro’(p) + (d + PIrdsla + p))
+iom 1 (7% (p) = (g + p))

(L739"u(@ ke p) = (32 + 21, 2)(0%(P) — 2%(q + P)) - (89)

Remember » 5(p) = r $(=p), zig:= 0 for s < 1 and note that r;:%(p) = Ry (A,

p)— 1, since & < m/2 (see (4),(74)). All other ffi;égjflo’r vanish. The coefficients
Ziry Om,, S2, 57, obey the bounds

|zir], |04,] < Plog Ay, (90)

[6m,| < AgPlog Ao, |82 < AZPlog Ao o1)

due to Proposition 3. We also have to look at the boundary conditions at A = o.

Since the ;’leézn/l ®” are given in terms of the vWI's (84) we can calculate the
boundary values using (84). Looking first at zero momenta we realize that these
boundary values for the terms with m + 3n + |w| < 4 often vanish due to the O(4)
and C symmetries of the theory which simplifies our task considerably. As can
be seen from (61) and (8), y has to transform as a scalar (trivially) under O(4),

whereas y — —y under charge conjugation. From this and (74) we then deduce
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O(4) and charge conjugation invariance of L?);AO 0y Using also the invariance of
the theory without insertions this implies

(i) L2507 =0 for m even (C),

(i) (L7610 =0 (04)),

(i) Ou( LT3 1" 0(0) = 58 (04,

(iv) 2 (LT0T"p0) =0 (0(4)),

) 6u6v0p($figifo’r)a(0) =c f, wpe  (O(4) and permutation symmetry for u,v, p) ,
(vi) (L551")5(0) =0 (O(4) and C),

(Vi) Og, (L0510 )i (0) = G,y = —0p (L5 1° )(0)  (O(4) and C),
(viii) (55‘; 0. {10 Nwp(0) =0 (O(4) and Bose symmetry),

(%) 24, (L5071 Ipa(0) = & frpo = — iy L (L56:1" Yopa(0).

() (L7370 =0 (C). (92)

In the derivation of (ix) it was not sufficient to use the symmetries, which also allow
for a term c"{i(éwépa + 04p0v6 — 0us0yp). This term is excluded however using the
vWI (84) which gives

(L1 Y pa(@ ki ka) = —4iqu Ry (@)L 00 Vpo (@K, Ka), gl il < Ao . (93)

We remark that the existence of the derivatives in (92) for 6 = 0 can be inferred
from (84). For |q| between ¢ and 26 the functions (')’WR(/S10 (q) change rapidly and have
large derivatives ~ O(5~*!). The task of finding suitable bounds for the $fn 62;1 ¢

therefore considerably simplified by restricting to the region |g| > 2J (see below).
This is compatible with our way of inductively estimating the solutions of the FE
since g appears as a fixed parameter on both sides of (88). Such restricted bounds
are sufficient for our purposes since we let 6 — 0 in the end. In this case we also
have to use boundary conditions for the FE in which the value of ¢ fulfills |g| > 26.
To be definite we choose some g with |g| = 30, and the second momentum argument

appearing in F22M7 is then chosen as —q, the others being 0. Using (92), (93)

m,2n,1

and (48) as well as (54) we find
(L8 1 Yuplq, —4,0)] < 8°Plogd™",

100 (L301" Yopa(9 ~q,0) = (~4izfy frupo)| < 6Plogs™ . (94)
Using again the vWI (84) we also find from (48) and (54),
(L)) < 6*Plogd™
0Ly 5 1 )(q) — (—i2F8,,)| < 5°Plogs™"
10,00 L7010 )p(@)] < 8*Plogs™"
104040(LY 0.1 )a(q) — (=60 fvp)| < 3Plogd™" . (95)
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For m=0, n=1, r 2 2, (84) takes the form

50, r 3,0, Ag, 7
(Z810i(a,—) = —igu( L2 3" )i(a, —q)

(e ((;f—I-Tn)(gaAor 1)(0)_($6A0r 1)(_q)¢+im> , (96)
i

where we used the fact that all RAO’s equal 1 for the chosen momentum arguments.

Using the continuity of % , and the continuous differentiability of %, we obtain
from (96),

3,0, Ag, _
(531" (g, —q)| < 6*Plogs™",

aq,u(gozl )tj(qa q)—{ lerl {Zgr 1+ 5’” ]}(Vﬂ)z‘j

< 6Plogé!. (97)

For » =1 one realizes on going back to (81) that # g;ng"’l(q, p)=0 for

lgl. |p| < Ao/2, which implies Z551*"(g,p) =0 for |g|, |p| < Ao/2. All other

fffnazn/l ‘f’l also vanish by inspection of the vVWI’s (trivially). Similar considerations

finally show
3,0, Ag,r _
(57 )if(g,~4,0)] < 6Plogo™" . (98)

Equations (93),(94),(95),(97),(98) now tell us that all terms of dimension < 4
which do not vanish a priori by symmetry, are explicitly given in terms of the
renormalization constants from (48)—up to corrections bounded by é Plog 6~!. The
aforementioned restriction on the values of ¢ is implemented by adapting the norms
(34), with the aid of which we estimated the solutions of the FE, to the present
situation:

For a system of functions fy, i ...;..(¢:k1,...,p1,..., p2n—1) depending on g
and on photon momenta ki, ..., k, and fermion and antifermion momenta p;,..., pa,

we define
0™ £ 1125

as in (34) with the additional restriction that we only take the sup over the momenta
fulfilling |g| > 2.

We also need an adaptation of Def. 1-5 in Sect. 3.2. The following changes are
necessary: Q is now the set {q,ki,..., p1,..., pan}. In Def. 1 we replace (ii) by:
(ii") m odd if n = 0. In Def. 3 one of the sets E, now contains g. This set is then
counted as if it were £,\{¢} in all subsequent definitions, and we find immediately
that Lemmas 4,5 may be restated for the new situation without change. Now we
prove:

Proposition 7. Let B > 0 be any fixed constant, |w| < 4, 0 < d < m, |q| > 29,
0 = A £ Ay < 0. For the r.c. (48) together with the following restriction:

=, —onl rz1, ©9)

7>
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(which corresponds to a condition of the type zi = z, in case of r.c. for one particle
irreducible functions), in particular for the r.c. (49), we obtain the following bounds
for A = 1:

m,2n, 1

, 4
6™ 50 1.8y < (A—OPlong + 0 Plog 5“) At (100)

The constants in Plog depend on m, n, r, |w|, B.
Now let 6 < A = 1 and all momenta q,ki,..., py—1 be bounded by B. We find
for nonexceptional momentum configurations Q (or for {q,—q} if m=1,n=10)
0% L5 (g ks ..., pon)| S Ag'Plog Ag + 6 Plogs ™" . (101)

m,2n,1

The constants in Plog now also depend on n (45), but (101) holds uniformly in
U.({q,---, pan}) (see Proposition 6).

Furthermore we find in the same sense as in Proposition 6 for exceptional
momentum sets Q = {q,ki1,..., pm}

0% Lo (G ey Pon1)] £ ATD (A Plog Ay + 6 Plogd™")  (102)

m,2n, 1

uniformly in U,(Q). The statement analogous to (b2) in Proposition 6 is the
Sfollowing: Let Q = {q,ki,..., pan} be such that Q = Q,U Qp and q € Q,, where
Oy is of the form Qp = {ng), —q(lb),...,qﬁb) - ng)}. And let Q, be such that for any
E C Q with Y ;q; =0 either O, CE or ENQ, =0. Write O, = {q,q1,....4s};
we denote by Q,, any strict subset of Q, and by 0y, any sequence of w derivatives
w.r.t. to q; € Qq. Then we claim

10 Lot (00, 00)] < A7 (A; ' Plog Ao+ 5Plogd™),  (103)
where the statement is uniform in Ug(Q,) (see Proposition 6).
For m+3n+ |w| < 4 we obtain the bounds

Iawgijé’{“”r(q,k;,kz)l < A2 Mploga™!,
0" L7057 (@) < A*MPloga™ (104)
|5wgf:§,’1A0’r(q,k,P)[ < AMPploga~!,

0" 255" (g, p)| < A MPlog 47" (105)

Equations (104), (105) are uniform in 0, Ay. As in Prop. 6, (c) those statements
for which the r.h.s. vanishes for A — 0 hold uniformly only for momenta bounded
by O(1)A, otherwise they hold for momenta < B.

Proof. The proof is in many aspects similar to that of Propositions 3 and 6. We
will concentrate on those aspects which are new. The two contributions appearing
on the r.h.s. of (100)—(103) enter through the boundary conditions at large and
small 4. We use the standard inductive scheme. The statements for » = 1 are im-
mediately verified, since all Ef,;,z’n,lo‘r vanish. For » > 1 we go down in m + 2n
and for given m + 2n down in |w|. We start with m + 3n + |w| = 5. At A = A the
bound (100) is verified using (89)—(91). Using the induction assumption and the
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bounds from Proposition 3 on the r.h.s. of the FE (88) we also verify (100) down
to A=1.

Now we may integrate further down to 4 = . At A =1 (101) to (105) for
m+3n+ |w| = 5 are true since (100) has been verified for A = 1. We start verify-
ing (102) by estimating the r.h.s. of the FE with the aid of the induction hypothesis
and Prop. 6. The proof proceeds then as that of (53), Prop. 6. As there we also
need the statements (104) to lower order in the respective estimates. Having veri-
fied (102) we may also prove (103) and (101),(104) and (105).

Coming now to m + 3n + |w| < 4 we have as usual to integrate the FE from the
lower end, here from A = ¢ upwards, with the momenta fixed at some renormaliza-

tion point. It follows from (92)~(98), (99) that all &*.%0.5%" with m + 3n + |w| < 4
fulfill the estimates (101) to (105) for the momentum arguments imposed in
(94)—(96). Integrating then the FE from 6 to A > J at these arguments and us-
ing the induction hypothesis on the r.h.s. we verify (104),(105) also for 4 > 4.
The next step is then to go from renormalization points to arbitrary momenta
q, p,ki,ka,k (£ B) via the Schlomilch formula (41), starting from m + 3n = 4 and
treating then m +3n =3, |w| =1,0 and m = 1, |w| = 3,2,1. Using the induction
hypothesis allows then to verify all statements (100) to (105) for arbitrary momenta
bounded by B. [

An immediate consequence of Proposition 7 and (84) is now

Proposition 8. (Restoration of the Ward Identities). Sending the UV-cutoff Ay to oo
and § to 0 (in arbitrary order) the connected amputated Green functions &, ,,

fulfill the standard QED Ward identities. That means—for momenta for which
they are well-defined—they satisfy the equations (for r > 1),

(m+ Dqu( L2y win(@s K15 -5 P20—1)
n
= —Zl[((S(—pa))“‘S(—pa — LKy Pa+ 4y Pone1 s

- (gfnjzln(kla ceosPrtat G-y P2n—1)S(Pnia + Q)(S(pn+a)_1 ));q ..... j,,] .(106)

5. On Massless QED

In this paper we have treated Euclidean QED with massive fermions. In view of
physical reality one should also find a way to pass to the Minkowski metric which
we intend to do. The case of massless fermions is less important from this point
of view, still there are massless fermions in the standard model (and maybe in
nature). So we briefly indicate the modifications necessary in this case without
giving a proof. In massless QED we have to regularize the fermion propagator by
R(A, p) instead of R,(A, p), since R, is not an infrared regulator. This change
induces a deterioration in the IR estimates (see (39)).
The definition of the index g (Def. 4) has to be changed as follows:

(i) Momentum sets Q consisting of two fermion momenta only are no more
admissible.

(ii) Assume a momentum subset £, (43) or Q itself can be subdivided into two
subsets E,;, E,, such that the sum over the momenta in both vanishes and such
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that both contain an odd number of momenta from {p,..., p2,}. In this case Q is
called exceptional and the set E, contributes 3/2 to gz(Q) (as before) if it consists
of two single momenta, it contributes 2 if one subset E,; consists of more than one
momentum, and it contributes 5/2 otherwise.

These changes are then sufficient to prove g(QF)+ g(Q%)+ 1/2 < g(Q), if
p’ = 0 instead of Lemma 4 (d). We need this sharpened inequality to prove Propo-
sition 6 in the massless case. The improved index g; is of no use any more since
Lemma 5 (c), (d1) are no more sufficient to bound the £ man(Q) by A A2 Plog A1,

The new index g is then such that 3210/10’ .,5”{12/10 and 0 ,2”61 0, 0,0 321 o are
allowed to be logarithmically divergent for A — 0 at zero momentum when esti-
mated with the aid of the FE. All these terms therefore have to be renormalized
at nonexceptional momenta whereas the undifferentiated two point functions have
to be renormalized at zero momentum. Renormalization at nonexceptional momenta
induces notational complications. Regard e.g. %12 (leaving out upper indices). We
find from symmetry considerations

(12 i = (Vu)ijhi(k, p) + ku#,-lz(k, p)
+ 17;1&Z L3(k, p) +ku¢ a4k, p) + Pu,{/ As(k, p)

(to be compared with (31)), where the /; depend on £, p only through O(4)-invariant
combinations. The function /; is then fixed by a r.c. at some nonexceptional momen-
tum configuration {k, p, —k — p}, whereas I;34 s are to be calculated from terms
with m +3n+ |w| = 5. To solve for I, choose e.g. k, p nonexceptional such that
p=1(0, p2,0,0), £k =(0,0,k3,0). Then

~4pala(k, p) = (7201, (L1201 (k, p)),

and similar expressions for /34 5. Arbitrary nonexceptional momenta can now be
reached on application of the Schlémilch formula.

Observing these changes and imposing r.c. as described above it is then straight-
forward to rewrite Proposition 6. In part (a) the degree of smoothness is generally
reduced by 1 (CX(R*) — CY(R*), C'(R*) — C°(R*)), whereas Z; 0, £
may diverge logarithmically at exceptional momenta for A — 0. In (b3) we have
to replace g; by the new g. In (c) we claim

10" 230 (k)| < A2 ™PlogA™!,
0" %55 (p)| < A'"MPlog ™",

in the same sense as in Proposition 6.

These changes in the IR behaviour and the correspondmg modifications of the
r.c. have to be taken into account in Ch.IV, i.e. in the relations between the Z7 ,,
and i’m o1 for A =0 (92),.... These then also have to be exploited at the new
renormalization points. This does not change the statement on the restoration of the
WPI’s at nonexceptional momenta. But the proof of the statement corresponding to
Proposition 7 becomes more complicated. This is due to the fact that on the r.h.s.
of (89) all r,/nl,"(s are to be replaced by rgl" which have large derivatives for small
d. A restriction as |g| > 20 is no more sufficient to exclude their appearance since
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the ,,310 also carry arguments p which in turn appear as integration variables on
the r.h.s. of the FE. Therefore we have to make a new induction hypothesis. The
first step is again to adapt the norms (34) to the new situation by the following
definition:

For a system of functions fy .. i..(¢:k1,..., P1,..., pau—1) depending on g
and on photon momenta £, ..., ., and fermion and antifermion momenta p;,..., pa,
we define

1™ £ 1185

as in (34) with the additional restriction that we only take the sup over the momenta
fulfilling

|g| > 26 and also: |pi|, |g+ pi +Si| > 20 or
lpil, lg+ pi+ 8| <96, i=1,...,n, (107)

where S; denotes any (possibly empty) subsum over momenta from {g,...,... pan}\
{q, pi} which contains as many fermion as antifermion momenta (for » = 0 only ¢
is restricted, as in the massive case).

The bounds of Prop. 7 now hold again if the conditions (107) are satisfied. If
they are not satisfied we claim weaker bounds to hold which are obtained from
those of Prop.7 on multiplication by d~™!. Since the volume of those regions in
pi-space where (107) is violated is O(6*), the factor 6~ !*! is compensated by the
integration volume on performing the momentum integral on the r.h.s. of the FE,
as long as we restrict to |w| < 4 (which is sufficient for us). The restoration of the
WT’s is then obtained letting § — 0, Ay — oo as before.
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