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Abstract: We prove that the spectrum for a large class of N-body Stark Hamiltonians
is purely absolutely continuous. We need slow decay at infinity and local singular-
ities of at most Coulomb type. In particular our results include the usual models
for atoms and molecules.

Section 1. Introduction

In this paper we prove absence of pure point and singular continuous spec-
tra for a large class of N-body Stark Hamiltonians. The model is the follow-
ing. We consider a system of N v-dimensional particles labelled 1,...,N with
masses, charges, positions and momenta denoted by m,,q,,x;, and p,, respectively.
The interaction consists of two parts. One part (the external part) is due to the
presence of an electric field &, while the other part (the internal interaction) is
given as a sum of pair potentials each one, v, assumed to obey the (weak)
decay condition,

[, (V| + [Vu,;(»)] = o(1) for y—oo. (L.1)

Here and in the first part of this introduction we shall assume v, to be C'. We
defer the discussion of adding local singularities to the last part of the introduction.
The total Hamiltonian reads

N N 2
H= ; (ﬂ —q,é"ox,) + > vx—x).

2m, I1<i<jN

After the (standard) procedure of separating out the center of mass motion for H
we obtain a Hamiltonian H on L?(X), where

N
X = {x=(x1,...,xN)|x, eR', Y mx =O} .

=1
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There are two main results in this paper proved under the condition (1.1) and

. q_, q_/ . .. .
the assumption that my , for some pair i,j < N. The first is

opp(H)=10; (1.2)

i.e. that the pure point spectrum of A is empty. For the second one we need an
additional assumption on the second order derivatives. The statement is then

Ose(H) =0 (1.3)

i.e. that the singular continuous spectrum of H is empty. The proof of (1.3) involves
resolvent estimates of independent interest (in fact useful in [HMS2]). We obtain
globally uniform estimates.

The results above generalize some recent results [Sk, T1-3] obtained in the case
of vy in C'. The first of these papers needed an additional geometric condition
that was verified for N = 3 and for “atoms” for N > 3. The others all needed a
stronger condition than (1.1), namely the short range condition given by replacing

the righthand side by O(| yl"%_"). Previous to the above works is [Si] that contains
(1.2) for Born Oppenheimer molecules. Here the condition of repulsion (between
electrons) and spherical symmetry was important in the proof.

As was the case for the above mentioned works we shall in this paper apply
commutator methods. We adapt the variant of the method of Froese and Herbst
[FH] used in [Sk]. The main difference between [Sk, T3] and our paper is that in a
certain inductive step one needs a certain statement for subsystems to be uniform
with respect to translations of the energy. While the other papers dealt only with
translations to the left (which is easier and in some sense elementary) we overcome
in this paper the problem of proving uniformity with respect to all translations (cf.
[T1-2] for the case N = 3). For that a result proved previously by one of the
authors [H1, Proposition 2.1] is very convenient. Once this point is circumvented the
somewhat sophisticated vector fields of [Sk] and [T3] are not needed. As a matter
of fact the vector field we use for proving (1.2) is the (contravariant) gradient field
corresponding to the function

N 7N
f(x)=K<1+22m,lx,|2) +>qf-x; kK>1. (1.4)
i=1 =1

The one we use for proving (1.3) is even simpler, namely the gradient field corre-
sponding to the function given by the second term on the right-hand side of (1.4).
We apply the Mourre method [M] to show (1.3).

As for local singularities we can include singularities of Coulomb type; for
example if we add to the previous type of pair potential (1.1) a potential of
the form

vy =gl —x7s vz 3,

then (1.2) and (1.3) remain valid. In addition we can treat sums of Coulomb poten-
tials with different centers of the singularities and in fact our results include the well
known Born Oppenheimer model for molecules with fixed nuclei. It should be no-
ticed that this kind of singularity is a borderline case from the point of view of our
methods. For example they assure relative boundedness while for slightly stronger
singularities this property does not hold (in N-body Stark problems). The basic
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schemes for the proofs in the case of singularities are the same as before, however
there are some additional technical difficulties, for example while (1.4) can be used
again (for (1.2)) the simple vector field used for (1.3) does not work in the general
case (because of some troubles with the double commutator in the Mourre theory).
The latter problem is circumvented by introducing a more complicated vector field
that can be viewed as a modification of the vector field constructed in [T3].

We shall use the framework of generalized Schrodinger operators. Our results (in
the C' case) are presented in this framework in Sect. 2. The next section contains
preliminary results. The crucial uniform statement referred to above is formulated
as Lemma 3.6. A more general result of independent interest is Proposition 3.7. In
Sect. 4 we prove various estimates that we use to prove the result corresponding to
(1.2). In Sect. 5 we shall outline a proof of the result corresponding to (1.3) and of
some resolvent estimates. In Sect. 6 we discuss how to include local singularities.
For this purpose we have added two appendices. The first, Appendix A, concerns
the proof of Proposition 6.4 from which in particular we can infer that the Coulomb
singularity is the borderline case for relative boundedness (cf. the discussion above).
In Appendix B we construct the vector field mentioned above to obtain (1.3) and
resolvent estimates in the general case.

This paper is naturally viewed as the first in a series of two. Our second paper
[HMS2] will deal with asymptotic completeness for N-body Stark Hamiltonians.

Section 2. Notations, Assumptions and Results

We consider a finite dimensional real vector space X with an inner product x - y,
and a finite family {X,|a € &/} of subspaces of X. It is assumed that this family
is closed with respect to intersection and that there exist @iy, dmax € &/ such that
Xy =X and X, = 0. The orthogonal complement of X, in X is denoted by X“.
Clearly we can assume that X, = X, = a = b. Then we can order .o/ by writing
ay C ap if X% C X%, For given a we define #a as the largest n € N for which
there exists an increasing sequence a = a, & dy—1 & -+ S 4] = Amax- The largest
such n is N := #an;,. The orthogonal projections onto X, and X“ are denoted by
I1, and I1%, respectively. The corresponding components for x € X are denoted
x, and x?. We use similar notations for the components of the momentum operator
p=—iV =(pi,..., pdimX). We put (x) = (1 + |x|2)%; [x|> = x - x. The notations
(p) and (1) for A € R are (formally) given by the same expression.
Let —4 = p? and E € X. Then the Hamiltonian

H=-A—-E-x+V, V=>1V,,
a€.o/

is essentially selfadjoint on C§°(X) C L*(X) under Condition 2.1 (1) below.

Conditions 2.1.
(1) For all a € </ the real potential V,(x*) € C'(X?) obeys
PV (x*)=o(1) for x*— o0 and |f| £ 1.
(2) For all a € o/ the potential V,(x*) admits bounded second order distribu-
tional derivatives.

By convention 0fV, =0.

min

Our main results are
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Theorem 2.2. Suppose Condition 2.1 (1) and E £0. Then the pure point spectrum
6 pp(H) is empty.

Theorem 2.3. Suppose Conditions 2.1 (1), (2) and E+0. Then
(1) ¥8 > 3 2 supyy .40 [(p) ~°(H —2)~(p)~°|| < o0,

)V > 1
sup (Rez) | (0T (H —2) ()| <00 v< X1
Imz+0,Rez<0 ’ 46" +1°

5/ o/
sup  (Rez)'||(x) °(H —2)""(x)™%|| <o0; v<—=.
Imz+0,Rez>0 2
In particular the singular continuous spectrum oy.(H) is empty. Moreover in both
cases the (two) boundary values

lim (p)~°(H —z)~"(p)~°, lim ()~ (H —z2)" (x)
pim (p)™*(H —2)"(p) plim G0)™ (H = 2)™ (%)

exist in B(L*(X)) and are attained uniformly for Rez in compact sets.

We complete this section with some notations.
For a=+an;, we introduce the sub-Hamiltonian
Haz(pa)Z__Ea.xa_i_Va; Va:ZVb,
bCa
and
Hy,=p* —E-x+V"=(p,)* —Eg-x, +H".

Let
Hy=p*—E-x.

For R > 0 the notation F(- < R) stands for the characteristic function
of the interval (—oo,R). The notation y(- < R) stands for a smooth function
¥ : R —[0,1] obeying y(t < R)=1 for t <= R and y(t < R) =0 for ¢t > 2R. Let
F(- 2R)=1—-F(- <R)and (- >R)=1—y(- <R).

For ¢ > 0 the notation 7, stands for any function # € Cg°(R) obeying 0 <
n <1 and n(t) =1 for |¢f| < ¢ and y#(¢) = 0 for |t| > 2e.

Section 3. Preliminaries

In this section we state various basic facts and prepare for an inductive proof of
Theorem 2.2 to be given in Sect. 4. All statements hold under Assumption 2.1 (1)
and for any fixed £ € X.

Lemma 3.1. The domain 9(H) C H}, the local Sobolev space of order 2. More-
over
Pl H =i and px) T H D)

are bounded.

Proof. By the well known formula
hp*h = Re(h? p*) + |Vh|?
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applied to h = (x)_% we obtain for € L*(X) and ¢ = (H — i)~ "y that
Iphe|* = (¢, { Re(W*H) + W*(E -x = V) + |Vh]*}¢) .
Clearly
<¢> Re(h2H)¢> = RC<¢, h2(H - l)¢> 5
I =7 =1,
and for some C > 0,
(b AR E -x = V) + [VAP}e)| < Clig]I* .

Hence

Iphel> < ligllllvl + Cllgll* < (14 Oy,

which proves boundedness of the first operator.

265

As for the boundedness of the second operator it follows readily from the result

proved above. [

By a similar method one can prove

Lemma 3.2. Suppose 0 < h € C°(X) and y € Y(H) are given such that hHy ,hy,

E -xhy,(0;h )W € L*(X) for any component 0;h of Vh. Then
pily by € LX(X) .
Lemma 3.3. Let R > 0 and € R\O. Then

IF(x| < R)(Ho — 4 — i)' F(lx| < R)| — 0 for |

Proof. 1t suffices to look at the case p > 0 only. By the formula
oo o
(HO — ) — i/.l)_] — lf eit(A+i;t)e—itH0dt ,
0
it is enough to show that for any ¢ > 0,

e a
H JFE(Jx| < R)e"* e~ Hop(|x| < R)dt
&

For that we use the formula (cf. [H1, (3.10)])

— OO .

—0 for | —oc0.

—1tH, —zﬂit3 iLE«x —itp? iLE«x
e "0 =7 "2 e e?2 , (3.1)
and the well known expression
L _dmx =2
K(x,x')= (4mit)” 2 e @
for the kernel of e™"7". We write ' = —jf%e”" and integrate by parts to obtain

the bound O(|A|~"). O
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In order to control the high energy behaviour (cf. Lemma 3.6) we also need
another bound for the free resolvent. It follows readily from a result of one of the
authors [H1, Proposition 2.1] by a simple interpolation.

Lemma 3.4. Suppose 0 < y; < 7, < 1, p € R\O and Il : X — X is an orthogonal
projection. Then
(1) (Ho — 4 — i)~ (Ix) 72| = C,

uniformly with respect to A € R.

Let {j,}, @ amax, be a family of functions on X each one being smooth and
homogeneous of degree 0 outside a compact set. Moreover we assume that

djax)=1 for |x| large, (3.2)
for any b ¢ a

ﬂ is bounded on supp 3.3)

(xb) pp]a > .

and (hence in particular) for any R > 0 and b ¢ a,
F(]x’| < R)j, =0 for |x| large. (34)
Lemma 3.5. Let ¢ > 0. Then
(M) [In(H = DF(IX| < R)[| — 0 for |A] — oo;R > 0,
() |F (x| =2 R){n(H — 2) = n:(Hy — A)}jall — 0 for R — oo,
uniformly with respect to A € R; a+ Gmax.

Proof. We pick
p> Y suplVa)]. (3.5)
ac.of
Then to show the first statement it suffices, by multiplying by the adjoint and
applying the Stone Weierstrass theorem, to prove that

IF (x| < RYH — 2 — i)'+ (H = 2 — i)' F(lx| < R)|| =0 for [4] — oo;
|pil=p for j=<neN. (3.6)

For that we recall the Neumann series

(o]

(H—x—iu,)—'=(Ho—»1—iuj)—‘ZO{—V(HO—A—iu,-)-‘}"’, (3.7)
v

which is convergent by (3.5). By truncating this series for each ;j and inserting into
(3.6) we can reduce the proof to a similar statement with H replaced by H, and
with bounded functions between the (free) resolvents. For notational convenience
we look at the statement (3.6) with H replaced by Hj as the only modification. With
this change the proof is completed as follows. We pick 0 <y, < --- <y, = %,
insert successively 1 = (x) 77/ (x)" and apply Lemma 3.4 to obtain that it suffices
to show

IF (x| < RY(Ho — 2 — i) (x) 7| =0 for 4] —oco.  (3.8)
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But (3.8) follows from Lemma 3.3 by inserting on the right-hand side
1=F(x| < R)+F(x] = R") 3.9)

and choosing R’ large.

To show the second statement we proceed similarly. By using (3.5) and (3.7) it
suffices to prove that for any b ¢ a and finite products B;(4), [ = 1, 2, of bounded
functions and free resolvents of the form (Hy — 4 — i,uj)_l,

1F(x] =2 R)BI(A)VeBa(A)jull — O for R — oo,
uniformly in 4 € R. (3.10)

For that we can assume V} to be compactly supported. Then we insert (3.9) to the
1

pos L
right and replace j, by <<<);)>>4 Ja» the latter justified by (3.3). As a result we need

to estimate

1
b 3
A1(4R) = F(|x| Z R)Bi{(2)VyBa(4) (%) JaF(Ix] Z R")
and
A2(4,R) = F(|x| Z R)B1(A)VsBa(A)juF (x| < R').

By a similar application of Lemma 3.4 as above we can show that V,,Bz()u)<xb>%

is bounded uniformly in 4 € R. Hence 4,(4,R) = O(R"%) uniformly in A and R.
We fix R’ large. Then by the same argument we can write Ay(4,R) = F(|]x| =
R){(x)~%45(1); A5(2) bounded uniformly in . So clearly 4>(2,R) = O(R™%) uni-
formly in A, which completes the proof of (3.10). [

Lemma 3.6. Suppose R > 0, amn+b Cd and o,,(H) =0 for all b C a Cd.
Then
ln(t = DHF (| < R)| =0 for &—0,

uniformly in 1 € R.

Proof. The proof is by induction in #d starting from above with #d =N — 1, in
which case the statement follows from Lemma 3.5 (1) (with H replaced by H?)
and a compactness argument (see the first step of the proof below for details). For
notational convenience we shall assume the statement for #d4 > 1 and look at the
case d = apyax under this hypothesis.

Suppose first that also b = ap,,. Then clearly

n:(H — DF (x| < R)|| = [lm(H = HF(|x| < R)|

holds for all 21 >¢ >0 and A € R. By Lemma 3.5 (1) (applied with ¢ = 1) the
right-hand side goes to zero for || — oco. Thus it suffices to look at 4 in a fixed
compact set. But the convergence statement of the lemma holds uniformly with
respect to such A by a compactness argument since by assumption 7,,(H) = .

To treat a general b as in the lemma we use the partition of unity introduced
above. By the statement proved for b = ama.x and (3.2),(3.4) it suffices to prove
that for any a = ama.x With b C a

In(H — 2)joF(Ix"] < R)|| =0 for &—0,
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the statement being uniform in A. For that we insert
ne(H — 2)ja = no(H — ){ny(H = ) = ny(Ha — D}ja
+0:(H = Iy (Hy — V)ja; € 2 2. (3.11)

As for the contribution from the second term on the right-hand side we use the
fact that

Ins (Ha = D (] < R £ suplng (H* +v = DF(] < B (3:12)

By the induction hypothesis
I (H® — Z)F(|xb| <R)|—=0 for &—0, (3.13)

uniformly in I=21—veR. Wefix ¢ small accordingly to control the contribution
from the second term on the right-hand side of (3.11). The contribution from the
first term can be dealt with as follows. We need to estimate (cf. (3.9))

A1(ye) = n(H — DF (x| = R){no(H — 2) — ns(Hy — 2)}jaF (Ix°] < R)
and
As(Aye) = no(H — )F (x| < R (H — 1) — s (Hy — 2)}joF (1] < R).

By Lemma 3.5 (2) the norm of 4,(4,¢) is small for R’ large uniformly in ¢ and A.
On the other hand (for fixed R")

lns(H — DF (x| < R)|| =0 for &—0,

uniformly in A, as it follows from the first step of the proof above. Hence the norm
of Ay(4,¢) is small for ¢ small uniformly in 2. [

There is a slight generalization of Lemma 3.6 that we consider of independent
interest. Moreover it plays an important role in [HMS2]. Roughly the statement says
that shrinking in energy (in fact uniformly with respect to the center of localization)
implies spreading with respect to any coordinates not orthogonal to the direction of
the field. We anticipate Theorem 2.2 in its formulation.

Proposition 3.7. Suppose R > 0 and Il : X — X is an orthogonal projection such
that IIE 0. Then

ln(H — HF(|IIx| < R)|| = 0 for ¢—0,

uniformly in 2 € R.

Proof. We add the projection I — II to the family of projections II,, a € <.
Possibly after another extension we obtain a new family of projections whose ranges
fulfill the requirements imposed in the beginning of Sect. 2. Hence the result follows
from Lemma 3.6 and Theorem 2.2. [

Section 4. Estimates

In this section we prove Theorem 2.2. This is done by showing by induction in
#a that ¢,,(H") =0 under the assumption that E“+0 starting from above with
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#a = N — 1, in which case the statement can easily be extracted from the proof
below. For notational convenience we shall assume the statement for #a > 1 and

look at the case a = amax under this hypothesis.

We shall use a variant of the method of [FH] (see also [AHS] and [H2]), which

basically relies on the following computations.

For some smooth functions 6 : R, — R and f : X — R, to be specified below

we put
Ar=(Vf-p+tp-V[f)2,
2

| . (d v (PN
o-un. o= (G0) i 0= (L0) 0,

and compute the commutator
i[H’e()Afe()] — e(){T] Lo + T4}e(} :
Ty =44,0'4;,

n=2pf%p,
Iy=(E-VV)-Vf,

Ty= 5 214+ V] - V(W0 0P

Moreover

(H =2 — (0% =0")|Vf]*+2i004,)e" = e"(H - 2).

We shall use these formulas with
fx) = fi(x) =k(x) +E - x,

where k > 1.
As for 6 we have

n

%o(z);o, (-d—)a(z)zoa'-") for t—o00; n

d "

Hence
T, =0, Ty =0(x)"") for x — 0.

A computation shows that also

I, z0.

1\%

To deal with the term 75 we notice that
VV - V{x) =0(l) for x— 0.
Hence

X
T3=E - k—
<x> a:E9+

Y

+eo— > VVux) - E+o(l); e =|E.
0

4.1)

(42)

(43)
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For the first term we have

E-Ké—>=Re<%{p2+V,—H})

K vV 1 K
=p.— — —(4=—)) —Re( —H
r e (- (1)) R (G54)
> _Re (iH> to(l).
(x)
Putting this together we obtain

AT 26— 3 V(") - E—Re (iH> +o(l). (4.4)
a:E1+0 <x>
Finally, by (4.1),(4.3) and (4.4),

i[H,e()A_/'e()] 260{'-'}80;
{}2Tite— Y VW' -E—Re (%H)w(l). (4.5)

b:Eb+0

In the following applications we consider some further specified functions 6 de-
pending on parameters. The estimate (4.5) will be uniform with respect to these
parameters. As above we suppress the dependence of k in the notation for f = f

and 0 = 0.(f.).
Lemma 4.1. Let 1€ R, s > 0 and

—1
0(t) = slog <t<l+£) ) ;ou> 1.

Then for all sufficiently large i« there exist a constant C > 0 and a compact
operator K such that

V> 1,¢p € Co°(X) : (,il(H — 2),e"4,e"1¢) + Clle’(H — )¢
1 0 2 0 2
z Sl — 1Ke"p|.

Lemma 4.2. Let 1 € R, o9 = 0 and

vt

——>+gt; w>1 >0, a=0.
KU K

0(t) = nlog (1 +

Then for a (small) 6 > 0 and all sufficiently large x there exist a constant C > 0
and a compact operator K such that

Yu>1, y+lo—ol < 9,¢ € CoX):
(BLCH — 2),"47'19) + Clle' — DI = Sl ~ K9l
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Proof of Lemmas 4.1 and 4.2. We compute

s s 8s
Cnsc. 0ols25. 0"0ls 5 (46)
in case of Lemma 4.1, while
N 2'};
9/,_5‘31 (1)) < L )| < 2L .
-2 =i, o=l 0= (.7)

in case of Lemma 4.2.
Thus by inspection we obtain for # = T, given by (4.1) that

|h(x)| £ C{x)™; C = C, independent of s, (4.8)
under the condition (4.6), while
lh(x)] < C(x)~';

C = C, independent of p,y,o, 4.9)

under the conditions (4.7) and y + |a — o] < 1.

By (4.8) and (4.9) the fifth term on the right-hand side of (4.5) is o(1) uniformly
with respect to the parameters. Similarly all statements below will be uniform with
respect to the parameter u in case of Lemma 4.1 and p,y,« in case of Lemma
4.2 (constrained as in the lemmas), and in addition with respect to ¢ € C5°(X).
For notational convenience we put o9 = 0 in case of Lemma 4.1, introduce A =
A+ (09)? and abbreviate the expectation (e, Te'p) = (T) for any linear operator
T.

As for the fourth term on the right-hand side of (4.5) we obtain from (4.6) and
(4.7) that

~Re (F")H) = —Re <<7K>{H — - (07 - 0”)|Vf|2}> +0 (™).

Hence by (4.2), the Cauchy Schwarz inequality and the same bounds again, it
follows that for any ¢ € C§°(X),

- <Re (%H» = —Re <e”¢, <7K>e"(H - /1)¢> +Re <%6/A1'> +(0((x)™")

0 1
—i*||e"(H — D> + <m‘ {T’A’D +(0((x)~")

(x
2" (H — M| + (O((x)™ 1)) . (4.10)

1\

(Y

As for the third term on the right-hand side of (4.5) we obtain by choosing R
large enough that it is estimated by

Y ) 2 = Y F(Y| < R(x) - 2
b:EP %0 b:Eb+0 6

hp(x) = VV,(x%) - E. (4.11)
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We look closer at the first term on the right-hand side of (4.11). The idea is
to write

F(x’| < R) = n.(H — Z)F(|x"| < R) + & ;
&y = (H — 1) (H — D)F(]x"| < R),
L(t) = 7' (1 = (1)), (4.12)

and choose ¢ small to treat the first term by Lemma 3.6 and its proof. The appear-
ance of functions 4; as factors is a minor complication since these are bounded. By
mimicking the second step of the proof of Lemma 3.6 (cf. (3.2),(3.4),(3.11),(3.12)
and Lemma 3.5 (2)) we can write

ne(H — )F(Ix*] < R) = Y ny(H, — D)F(x°| < R)ju+K; K compact.
bCa

The first term goes to zero as ¢ — 0 since (3.13) holds as guaranteed by Lemma
3.6 and our induction hypothesis. In conclusion for ¢ small enough

“Re Y n(H — DF (] < R) hy = —%"1 ~K; K compact.  (4.13)
bEb %0
On the other hand for fixed ¢ we can estimate
[(€sho)| < I(H — D¢l Clle"$|
< CNH = DD + & lle" I
S 2C(H = 4= (02 = 0|V [ + 210 Ap)e"$|1?
+ 20" ({(0)* = (0% = 0")[Vf [} +2i0 47)e"$|1* + &'l|e"p1*;
£>0, C'=C,.
As for the first term we use (4.2). To estimate the second term we notice the bound
0 < Cck'.

Moreover
(20)* — (07 = 0"V [ = 0({x)™")

under the condition (4.6), while
[(#0)? = (0% = 0V £ C((x) ™" + k71 +0)

under the condition (4.7). In both cases C is independent of x and the parame-
ters (constrained to y + | — ap| < 6 in case of Lemma 4.2). We apply the above
estimates for x large, and in case of Lemma 4.2 for 6 small. (Notice the bound
12i60" A s’ $||* < sup 0'(T}).) As a result

&
—(Re X &phy ) = — 2||e"$|> — C|le"(H — |
b:Eb£0 6

T,

() + oy, (4.14)
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By combining (4.5), (4.10), (4.11), (4.13) and (4.14) we finally obtain that for
a constant C > 0 and compact K (both independent of y, and in case of Lemma
4.2 also of y and «)

(b, il(H — 2),e" 47e"19) + Clle"(H — D]
z%wwmﬁ+<%>—W@%W+<@; h=o(l).  (415)

It remains to treat the last term on the right-hand side of (4.15). For that we
pick C’, R > 1 independent of the parameters such that

Eg—dnm<m—%; (4.16)
cf. (4.8) and (4.9). Since for any o > 0 the operator y,(H)F(|x| < R) is compact
we can estimate

—C'F(lx] < R) = —K — C'Re(H{,(H)F(]x| < R)), (4.17)

where K is compact and {, is given by (4.12). .
By an argument now familiar there exists a constant C > 0 such that

CTH " BIP < Nl GI + Nl (H — M|P+(T). (4.18)

By choosing ¢ large enough we obtain from the bound [|{,(H)| < o~ ! and
(4.18) that
T
~C'Re(H L(H)F(lx| < R)) = ~Z[le"$|* - <7‘> = lle"CH = DgI* . (4.19)
Putting together the statements (4.15),(4.16),(4.17) and (4.19) it follows that
. , €
($oil(H — 2).¢" 47e"19) + Clle"(H = Dl = Llle"¢l* — [IKe"9]* .

Hence we have proved the lemmas. [J
The previous estimates lead to
Lemma 4.3. Suppose (H— )y =0; A€R, y € D(H). Then

Vo = 0: e y(x) € L2(X).

Proof. First we prove
Vs = 0: (x)y(x) € L*(X). (4.20)

For that we use Lemmas 3.1 and 4.1 to prove by an approximation argument that
CllKe"Y|* = [le"y*. (4.21)

where C,K and 0 are as in Lemma 4.1. If (4.20) does not hold we obtain a
contradiction by letting yu — oo in (4.21).
Now let
oo = sup {o = 0]e*(x) € LX(X)}.

We need to show that ap = co. Suppose this statement is false.
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If 29 = 0 we come to a contradiction by using (4.20), Lemma 3.2, and Lemma
4.2 with a = . It is obtained by letting ¢ — oo in an estimate similar to (4.21).

If o9 > 0 the contradiction arises by the following use of Lemma 4.2. Let
0 > 0 be given in accordance with the lemma. Then we choose any o < o such
that op < o + % and put y = % It remains to specify k. We choose it so large that
in addition to the estimate of the lemma the conditions

oc(l—i-@) <ap and o < <a+é> <1—@>
K 2 K

hold. Now we proceed as above, that is by first using Lemma 3.2 to replace ¢ in
the estimate by y and then letting 4 — co. 0

Proof of Theorem 2.2. By using Lemmas 3.2 and 4.3 the statement follows readily
from the following formula valid for any ¢ € Cg°(X):

e " {(H — 1) — V}o|?
=|{p* —E - x— (A+2EP)}eE " |
+44%||E - pe*E " X p|? + 2a|E*||e*F T *P)?; AeR, a=0.

Because of Lemma 4.3 we can apply it to ¢ = if (H — A){ = 0. This gives the
condition
le”® " *Vpl? = 2alEP|le*® " |2

which clearly holds for all « = 0 only if y =0. O

Section 5. Proof of Theorem 2.3

We shall outline a proof of Theorem 2.3. As for the first statement (1) of the
theorem we use the Mourre method [M] (see also [PSS]) with the conjugate operator
A=F - p. Indeed the Mourre estimate holds for this example in fact uniformly
with respect to translations of the energy: Let p < |E|*>. Then for & > 0 small
enough

n(H — AilH, A (H = 2) = pn(H — AP ; A€R. (5.1)

This statement follows easily from the computations in the beginning of Sect. 4
in conjunction with Theorem 2.2 and Lemma 3.6. In order to apply the abstract
theory of [M] one needs in addition to the positivity statement (5.1) a prop-
erty of the double commutator [[H,A],4]. In the present context this commuta-
tor is a bounded function by Condition 2.1 (2) and hence in accordance with
the assumptions made in [M]. It is now a matter of mimicking [M] and [PSS]
to obtain (1) with the weight (p)~° replaced by (4)~°. We apply (5.1) with
A =Rez, where z is the resolvent parameter. Since (4)°(p)~° is bounded we
can then obtain the resolvent estimate with the weight (p)~° as stated. The state-
ment about existence of weighted boundary values with this weight follows by the
same methods. ,

To obtain the part of Theorem 2.3 that involves the weight (x)~° one can use

Lemma 3.1 to replace (x)“s/ by ( p>_25/ and thus reduce to the previous part. We
omit the details referring the reader to [Sk] where in particular a detailed proof of
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the low energy bound of (2) can be found. As for the high energy bound it suffices
to show that for any } < ¢’ < 1,

¥ H -2 =i ) < c)’; 1z0.

This result follows by interpolating the result for ¢ :% which in turn fol-

lows readily by a commutation and by the method used in the proof of
Lemma 3.1. [

Section 6. Coulomb Singularities

In this section we extend our results to cover particles interacting through Coulomb
forces. We will make use of the following conditions on the potential all of which
are satisfied for the usual models for atoms and molecules.

Conditions 6.1.
(1) For all b € .o/ the real measurable potential V;, obeys
I(
(M = Co 2" =17 o)

J=1

with ri,...,r all in X°, and has distributional gradient satisfying

k
VI, £ Cp S x — |72 4 o(1),
=1

j=

where o(1) is a bounded function which tends to zero as x* — oc.

(2) Outside a compact set in X, V, is C' with bounded second order deriva-
tives.

(C) If Vy=%0, HUI’ %0, and C, in (1) above is non-zero, then dim(Range
41’y = 3.

We believe 6.1 (C) in unnecessary for a=b. Although we will not show it,
it is unnecessary if the singularity in the potential and its derivative are slightly
weaker in an L” sense. This can be proved with the techniques introduced below
in conjunction with Appendix B (or alternatively in conjunction with the ideas
of [ABG, T4)).

Our main results of this section are

Theorem 6.2. If' Conditions 6.1 (1) and (C) are satisfied and E +0, then ¢ ,,(H)
is empty.
Theorem 6.3. If Conditions 6.1 are satisfied and E+0 then oo .(H)=0. In fact

for 6 > % and &' > § the limits (in B(L*(X)))

lim (p)~9%(H —z)"'(p)~9, lim ()~ (H = 2)~ )Y
lmzm)o(p) (H—-z)"(p) 1mzm)o<x> (H—2z)" ' (x)

are attained uniformly for Rez in compact sets.

For the proofs we need some preliminaries.
In the presence of an electric field, singularities present a much more chal-
lenging and interesting problem than with the usual Schrodinger operator. This
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is because one is forced to prove bounds uniform in the spectral parameter.
Thus, if IT is an orthogonal projection with (1 — II)E 40, one readily observes
that

1V (Ix) (Ho — = i)' || = up |V (y)(~dy ~ HE + y =2 - )~ -
1€

As the following proposition makes clear, the Coulomb potential is on the borderline
for Hy-boundedness.

Proposition 6.4. Suppose II is an orthogonal projection onto a subspace of X with
dimension = 3. Then

(1)
x|~ (Ho — 4 — iy)™"|| < Ci]y|"2

where C| is independent of vy, 4, and E.
(2) If V is a measurable function on I1X with the property that

lim |V(IIx)IIx| = o0,
x—0

and if (1 — ITYE =0 then V(Ilx) is not Hy-bounded.

Remarks. (1) If we define |[ITx|~'6(Hy — A)|IIx|~" as a form on C$°(X) x C§°(X)
by the formula

(0. 1112 ™ 8y — )\ 1Tx| ™) = lim(2mi) ™" (g, [(Ho — 7. — ie) !

— (Ho— A +ie)~"),
then (1) of Proposition 6.4 is equivalent to the estimate

2
|~ o — )i~ = L

The existence of the limit above can be inferred from the proof of (1).

(2) Note that by scaling, the uniformity in £ of the bound in (1) of Proposition
6.4 follows from the uniformity in A.

Proposition 6.4 is proved in Appendix A, but see the remark after the end of
the proof of Lemma 6.5 for a simple proof of a weaker version.

We will make use of the following:

Lemma 6.5.

(1) Suppose Y is a subspace contained in X and f € LP(Y) with p = 2 and

p >d=dimY. Suppose ip <o Z 1. Let Il be the orthogonal projection onto

2
Y. Then
£ (ITx)|Hy — 2. — iy < Cloud, p)ly|~ 2P| Iy -
(2) Fix a,b € o/ such that IT1°IT’ +0. Define

Vi= Y Ve H;=Hy+V; and Yy =X"OX°NX,).
emnb=0
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Suppose p = 2 and 2p > d = dim Yy, Let f and g be measurable functions
on X and X°, respectively. Then

| fUT%)(H — 4 — i) 2g(IT°x)|| < C(d, p,a,b)ly|~ =P 4B, ,

where |
Ap=sup ([ |f(utw)Pdu)7
wex4 ho'd
1
By= sup ([ lg(y+2)|Pdy)r.
ZGthXa Yha
Remarks.

(1) Note that part (1) provides a large class of Hy-bounded potentials, but that
the Coulomb singularity just misses being included. Nevertheless the bound will be
useful. For a somewhat similar result (proved by the same technique) we refer to
[K, Lemma 3.1].

(2) Part (2) is a technical result which is crucial to our treatment of the Coulomb
singularity. Note that 4, is finite if f is bounded with compact support.

Proof. By (3.1),
L/ ()™ o= £ (Tx) | = | fe"® flle™
where the norm on the right is in L?(Y). A standard estimate [RS, p. 154],
7™ £l S NS 2nery@me)= 7, >0,
then gives (for y > 0)
1f (o = 2= i)™ A1 < 27 P = d/ )y o
after integration over ¢. It follows that
1/ (o = 22 495 21P = 1/ ((Ho = 2 + )7 /|

= QLD IH = A= ip)™ = (Ho — 2+ i)~ '1f |
< 2y|THRh(1 - d/P)—lllflﬁp(Y) .

This proves (1) for o = 1. Part (1) (for % < o < 1) then follows by using the
formula

(Ho — 2P+ 92 = Cy [ (Ho — AV + 7%+ 1®) ™ Pu*dp
0

and keeping track of the constants.
The proof of (2) is similar except that we use [RS,10]

||f (IT%)e ™" 5= =D g(IT°x)|| = || f(1T°x)e" " oa g(I1T°x) |~

< A/Bye "(Amt)™ P, > 0.
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Here
1

b
A= sup | [1fUI° + ox)|Pdy | =C 54, ,
XpEXp Yha

where C is the relevant Jacobian.
We now multiply by ¢ and integrate to obtain the result for y > 0. O

Remark. The methods used to prove Lemma 6.5 yield a simple proof of a weaker
version of the first inequality of Proposition 6.4, namely that for fixed E and any
e > 0,
— . N— _1 —
x| (Ho — 2= ip)™' | < G721+ ™)

In proving this there is no loss of generality in assuming I1 = /. Then Lemma 6.5(1)
with /= F(]x| = 1)|x|™" and p = d/(1 — 2¢) (with ¢ > 0 and small) yields

- g - ——I‘——S
IFCx] = V)|~ (Ho — 2= ip) "]l < Cilyl™27°.
Now let /= F(|x] < 1)[x|~", n(A) = (4> +*)"'. We obtain

SnHo = 1)f = \/12_ fﬁ(t)e—z|5|2:3/lzenzs . x/Zfe—il(pz—/l)feitE S X2
T
Using the estimates le=IEPCN2 _ 1| < C|E[2B|t) and |eF * 2 — 1| < C|E|?
|x|°|¢]° for & € (0,1], we find
1/ n(Ho = 2)f = f1(p* = Df | £ Cllf WEogry S 111~ Plico)de .
We take 6 = 3¢, p =d/(1 +¢) (with ¢ > 0 and small) and obtain
If1CHo = 20.f = fr(p* = DfII < Calyl ™7

We have thus reduced the problem to the case where £ = 0. We have

IA

1
Wil ap? = D f) < Elllxl“{(p2 — A=) = (PP =2+ i) Hx |

S ™' = 2= i) T
We learned an especially simple way of estimating the above norm from Ag-
mon [A]: First we can assume without loss that d =3. (If d > 3 write x =
(»,z) with y € R® and estimate |x|~! < |y|~!.) In three dimensions the operator
(p? — 4 —iy)~" has an integral kernel (4n|x — y|)~'exp (i/A + iy|x — y|), which
is pointwise bounded by the integral kernel of (—4)~!. Thus, by Hardy’s inequality
(IpP? = 4—|)‘?) we have

sup 7L /n(p” = DfIl < 4.
1€

and we thus obtain

I/nCHo = Df 1< S~ >+ 117,
which gives the result. [
Let o' = o/ \{amin}-
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Lemma 6.6. If Condition 6.1 (1) is satisfied, there exists for each a € o' a se-
quence a real-valued functions V"™ € C5°(X®) such that if

H™ = Hy+ Y 7",
bCc
then
lim sup |[(He — 2 —ip)™ = (H™ = 2—ip)~ ' =0 (6.1)
€R

m—»oo/:

for each y € R\{0} and each c € <’.

Proof. We prove the result for ¢ = amax. Introduce the matrix

Mab(z) = Wa(z - HO)_IV_V_[;, Imz=0,

where W, = lVa|%,LV_a = |Va|%sgn V. 1t follows from Lemma 6.5 (1) (with o« = 1)
that on the Hilbert space
wH = @ L2(Rn)
ac.</’!

we have
M) =

N —

if |Imz| is large enough. As in [H1, Lemma 3.4] (cf. also [RS, p.152,10]) we
have for |Imz| large

(z—H)'=@E—H) ' +3(z—Ho) ' W, (I = M(2),' Wz — Hp)™" . (6.2)
a,b

Again, using Lemma 6.5 (1) and with the help of (6.2) we can approximate W,
and W, by real functions in C§°(X“) to show (6.1) for |y| large. But then (6.1)
follows for all y=+0 using the resolvent equation. []

Corollary 6.7. If Condition 6.1 (1) is satisfied, then Lemmas 3.5 and 3.6 are also
true for the potentials being considered here.

Proof. Lemma 3.5 is valid for the Hamiltonians H\™. We use a simple approxi-
mation argument based on Lemma 6.6 to finish the proof. The proof of Lemma 3.6
uses only Lemma 3.5. O

Lemma 3.6 is not strong enough for us in the presence of the Coulomb singu-
larity. We need the following.

Lemma 6.8. Suppose Conditions 6.1 (1) and (C) are satisfied and b € o/ is given
with Cp+0. Let g(x*) = |x* — |~ with r € X®. Then

lim |ln(H = Dgx")F (" —rl < &)l =0,
&, 8

uniformly in ..

Proof. Let B = n,(H — A)g(x")F(]x* —r| < ¢') and let be o be given as in
Lemma 6.5 (2). Note that by inserting 1 = (H; — 4 — iy)*(H; — A — iy)~% we have

B = —y"n(H — 2)(H; — 7 — iy) 2g(")F(Ix* —r| < &)+ &,
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where ||&,]| — 0 as y — oo uniformly in 4,¢, and ¢’ for ¢ < 1. This follows from
Proposition 6.4. Thus we need only show that for fixed y > 0 the operator

B =n,(H — ) (H; — 2 — iy) 2g(P)F(|x* —r| < &)

tends to 0 in norm uniformly in 1 as ¢,¢' — 0. If in the expression for B, n,(H — 1)
is replaced by 5.(Hj; — A), the result is true, because

sup [In.(H; — D)gGP)|I* < sup lgx®m2((p?)? — Eb - x* — w)g(x®)||
i€R HER

< sup S lgG)s((p°)> = EP « xb — = )g(xP)|In2(t)dt < Ce.
u

The last inequality follows from Proposition 6.4 (1) by a simple translation argu-
ment. Thus it suffices to show that for fixed ¢ > 0,

ln(H — 2) = na(Hy — DI(Hz = 2= iy) *gG")F(x" —r| < &) = 0,

uniformly in 4 as ¢’ | 0. By Lemma 6.6 we can approximate n,(H — 4) — n.(H; —
) by n(H™ — ) — n(H gm) — 1), where the superscript m indicates that each non-
zero V, has been replaced by a function in Cg°(X“). We now proceed as in the proof
of Lemma 3.5, first approximating n,(H™ — 1) — ng(Hbg'”) — A) using the Stone
Weierstrass theorem, and then expanding the resolvents which occur in a Neumann
series. Because we are dealing with the difference above, each term will contain a

potential V™) € C3°(X*), where IT°IT® +0. Arguing as in the proof of Lemma 3.5,
we are reduced to estimating

1f ) (Hy = 4= i) 29GP (K = r| < &Nl
where f is bounded with compact support. To obtain this estimate we use Lemma
6.5 (2). We must estimate Byr with dim Yy, =d = 3. But if xt =y +z with y €
Ype and z € X N X, we have g(x?) < |y — /|~ with # the projection of » on Yj,.
Thus choosing p € (¢,d) with p > 2 it is obvious that as & | 0,
1
P
Ypa

We are now ready to give the

Proof of Theorem 6.2. We follow the proof of Theorem 2.2 making adjustments
when necessary to deal with the singularities in ¥ and VV. Our first task is to
prove the estimates of Lemmas 4.1 and 4.2. For notational convenience we assume
for all b € o with C,+0 (see Condition 6.1 (1)) that k =1 and », = 0. We first
redo the calculations leading to (4.5) with the result

i[H,e'4,¢"] = e'{- -} .

{}zTi+a— Y (VE"-EF(X = &)
b:Eb %0

—Re (iH> +o(1) = C S (WG| + [VVOODF(IX) < &), (63)
(x) beos
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Here o(1) depends on & > 0. It denotes a bounded function which tends to zero
as x — oo. In order to obtain (6.3) we have used the simple estimate

x-VV
(x)
As in Sect.4, let 1=7+0o2 and write 1, = n,(H — 7). Let g, = |[Vp(x?)| +

|VVy(x")|, F» = F(]x’| < &). We consider the last term of (6.3):

> 9oFp) = >0 (e, 96Fphey) + (1 = 1y )guFphey) + (gpFp(1 = 14y))) .
be.o/ bE.o/

< SIVBODIF(X] < &) +o(1) .
be.o/

Lemmas 6.8 and 3.6 control the first term. We choose &; and ¢, so that

S [ g6Funs)| < 8|1,
be.o/

with ¢ = ;—3 For the last two terms we have

Z |<(1 — N )ngbrIc2>| + |<ngb(1 — N, ))l
be./

bz/zllgé (H =2+ - J(H = A+ D)1= n,(H — 2)e" )|
€./

IH = 2+ D'
< ClI(H = D] - (I(H — D"l + [l -

As in the estimates below (4.13), we obtain (in the more complicated case pertaining
to Lemma 4.2)

lIA

I(H — De'I> < 20le"(H — 2)|1> +21|23 — (07 — 0V £ +2i0'4,)e" ¢ ||
< 2][e"H — 2)¢||” + C|J((r) " + k" + 8)e || + 4sup 0'(T) .
Here, as before, y + Jo — ap] < 0. We choose 6 small and x large to obtain

bZ/I(QbeH < Clle’(H = )| +28'[le"$|I* + %(Tﬁ + (o(1)) .
€.

The other terms in (6.3) are estimated exactly as in Sect. 4. The term (%) in (4.19)
can be replaced by (%) without any change in the argument. Then

(uilH, 7" 1) + Clle"(H = DI* = Ze'Dl> - IKe'Dl>.  (64)

In order to use (6.4) to prove that if (H — 1) = 0, then **)yy € L2(X) for all
o we approximate by a sequence y, of compact support functions in Z(H)
for which (6.4) is easily seen to be valid. Here y,(x) = yi(x/n), x1 € Cg° with
x1 =1 for |x| £ 1. We then need to show

e"(H — Dy — 0,

l| pe’xatb|| < const. (6.5)

Notice that Lemmas 3.1 and 3.2 remain valid.
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These facts and judicious choices of /4 are enough to prove (6.5) from which
we learn that (H — A)y = 0 implies e**) ¢ € L2(X) for all a.

To obtain a contradiction we follow the proof in Sect. 4. We rewrite a calculation
there as

e " *(Hy — M)¢|| = ||(Ho — A+ ip)e™t " *¢|

;¢ ey,

where y = \/2a|E%, A=A+ o?|E]?, and where o = 0. If we let B(7) = sup,cg
|V (Ho — p+ iy)™"|| and choose y large enough so that B(y) < § we have

1 = Dl = e " X(Ho — Dbl — Ve " )|

2 |I(Ho = A+ m)e™ gl = ) [|(Ho = 4+ in)e™ " o)

2 (3) e ")l (66)

It is clearly enough to show that (6.6) is valid for the eigenfunction i/ to obtain a
contradiction. But the necessary approximations have already been discussed. []

\Y

Proof of Theorem 6.3. We shall use Appendix B. Absence of singular continuous
spectrum and existence of the first limits follow from Proposition B.4, Corollary B.6,
(B.5), and the abstract Mourre theory [M, PSS]. The remaining part of the theorem
follows from existence of the first limits in conjunction with the first resolvent
formula and Lemma 3.1 (cf. Sect. 5). [

Appendix A. Proof of Proposition 6.4

We shall prove Proposition 6.4 under the additional condition ITE #0. See the end
of the appendix for the case IIE = 0.

Under the above assumption the strategy of the proof is (in both cases (1) and
(2)) to reduce (by a partial Fourier transform and Airy functions) to estimates of
explicit kernels. We shall extensively use the notation C for non-zero constants.

First we prove (1). Clearly we can assume that dimX = 3 and (by a scaling)
that |[E| = 1. By a suitable choice of coordinates x = (x1,z) € R* x R it is then
enough to bound each of the following expressions independently of A and y:

Nl—

1 .
D= it gye-a+z -2

Dy =y “ﬁF(m < 1)(~4 +z—ft—i)’)_lH :

To bound D; we conjugate by the partial Fourier transform with respect to x,
denoted F,, to reduce the problem to a one-dimensional estimate. It is enough

to bound
d2
i hom e

1 L N—1
o —2—ip) =

()
independently of A and y. For that we use the fact that the one-dimensional Stark
Hamiltonian /¢ is diagonalized by the Airy function Ai( - ). Explicitly the delta

~ 1
Dy :=|y|2
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function (ko) = (2mi)~'lim, o((ho — ie) ™" — (ho + ic)~") has the kernel
O(ho) (z,2") = CAi(z)A4i(z") . (A.1)

By (A.1) and a translation property of sy we obtain the following expression
for the delta function at any real energy g,

d(ho — 1) (z,2") = CAi(z — p)Ai(z' — ) . (A2)
We shall only need (for the proof of (1)) the bound (cf. [AS, 10.4.59-60])

l4i(z)] < C{z)"3; z€R. (A3)

By a standard application of the spectral theorem we can represent the square
of D; as the norm of an integral (with respect to u) of the function

y
(L—=2P+7?

times the operator whose kernel is given by (A.2) times the factor 1/(z)(z’). From
this representation we obtain readily by pulling the norm through the integral that
it is enough to bound the rank-one operator given by the kernel

1 1
o Ai(z = A2 — )
() ()
independently of 1 € R. But this is easy by the Hilbert Schmidt criterion and (A.3).
It remains to bound D,. For that we shall use the following expression for the
partial Fourier transform of the Coulomb potential (given for any z € R):

1 eIzl
Fi (-) () =C——; neR*. (A4)
x| Inl

We proceed similarly as before. The multiplication operator given by the
Coulomb potential goes into convolution (with respect to #) by the function (A.4).
Then the square of D, is represented as the norm of an integral of an operator
valued function involving the one-dimensional delta function (A.2). Explicitly we
shall complete the proof by bounding (uniformly in u) the norm of the operator K|,
given by the kernel

—lzlln—l
e . —
Kuzmz' ') = [F(z| < )———=—Ai(z + > — 1)
R2 |1/I - 7]|
e—lZ lli—n'|
i —n'|
Clearly by (A.3) it thus suffices to bound the operator G, given by the kernel

x Ai(z' + i — 1) F('] < 1)dij.

| e lelln—il =1l

G (Za V];Z/>’7/) = <ﬁ2 - :u> 2 = =
: J =i =]

an .

Since

= I 1
sup (i7" — )" 2(7° — 1) < o0,
TERZ, <0
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we only need to bound uniformly in pu > 0. For that we replace the factor
— ,u}_% in the integrand by the (larger) expression |i7° — u[_%. In this way
we obtain a family of unitarily equivalent operators as follows by the scaling

z— ,u_%z, n— ,u%n. Hence it only remains to show boundedness of the opera-
tor G given by the kernel

Lzl In=il g=I'li—1]

4 e

G(zn;2' ') = [l — p| "2 S dif .
sz ln—al |l1—n

For that we choose real o and f such that

1
§>[3>oc>0. (A.5)

Then by the Schur test [HS, Theorem 5.2] G is bounded if

sup  |z|"(n) [ [Gzm; 2,y | 7 (') Pdz'dn’ < oo
(z,n) € RxR?

Since i
sup |z|*e~ =l = Cjy — 77~
zeR

and (possibly with another constant)
j‘oe—lzlnﬁ—n’llzll—xdzl — Clﬁ _ nlly—l
— 00

we are led to showing finiteness of the following expression:

_ 1 el = _ B
Supz<'7)ﬁff|'12—1| 2 —ql~ " g — ' 1* () Pdidy’
neR

Obviously finiteness is a consequence of the following two bounds which in turn
follow readily from (A.5) and Lemmas A.1 and A.2 given below.

[li—n'1*" (") Pdn’ < Cc(ip)*F, (A.6)

S =12y —q) " @) i < )" (A7)

As it holds for (A.6) and (A.7) the following statements involve only two-
dimensional variables.

Lemma A.1. Suppose 1 <k <2 and 0 <! <2 —k. Then

sup [ |i—n'[F = 11"dn < .
l7<2 |y’ <2

Proof. Only the contribution to the integral from the region 1 < || < 2 needs to

be considered. Changing to polar coordinates,

' = (rcos 0,rsin 0), 7=1(s,0),
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we have the bound |
7—nl = C((r—s)+6*)7 .
But

Nl—

T 2

dr-—r—lll [ do((r— sy +6%)% < ¢J
- —7 1

2

2 < ¢J o

which by the Holder inequality can be estimated independently of s < 2. [

Lemma A.2. Suppose 0 < k, | <2 and 2 < k+ 1. Then
Jli =" I75") "y = c(p*

Proof. We look separately at the regions
_ 1,
Ry :|i—1| < EMI’

Ry:lii=n'l z 5l In'l = 2l ,

N —

Ry : 'l > 20 .

In case of the region Ry, || > 1|, which permits us to estimate

fln |7 ")y’ < A ’fln n'|~Fay'

=Pt s e

In case of the region R»,

Jla=n'I"@"y"an" < Clif| "f )y lay’
Ry

<cl™ [ W dn' =l
'] =217

|r —s|]_"dr ,
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Since the estimate of Lemma A.2 is obvious for # in a compact set we conclude

that

Rflﬁ—n’l"‘( n')~ldn' < C(i*

As for the region R; we estimate
J1i =’ |~y an" < 28 [ ') (')~
R3 R3
< ClaP~

So (again) we obtain

fln |7 ) < >t O

We have proved (1) (for I1E +0).
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As for the second statement (2) of Proposition 6.4 we proceed by assuming
finiteness of the quantity

D:=sup||[V(x)—A4+z—1—i)""
JER

and then obtaining a contradiction. As in the proof of (1) we have chosen coordi-
nates x = (x,,z) € R“"" x R for I1X. The corresponding d-dimensional momen-
tum operator decomposes accordingly, p = (pL, ps). We introduce for 1 > 0,

K; = ﬁF(m < AN ~Ad+z—)—i)y'F(z < —A3)F (pﬁ_ < %) .

As a family of bounded operators on L2(RY) we shall prove the following result
from which in particular (2) will follow readily. Let K : LZ(Rfl‘j’_')) — L*(R, x
Rf;{ ~D) be the operator given by the kernel

1 ol P
K(zmn') = F(lz| < DF <'1’2 < z) Feln =)= T (1 — gy e a0

where f,(n) denotes the (d — 1)-dimensional Fourier transform of the Coulomb
potential |x|~! (with respect to x, for fixed z). We notice that K is bounded as
can easily be proved using the bound (cf. (A.4))

n

e
Inl*=2

1

|fz(’7)| =C

Then

Lemma A.3. There exist partial isometries U, and V; and a (non-zero) constant
C such that
W — Nlim U,lK;‘V,; =CK .

£—00

Proof. First we conjugate by the unitary operator implemented by the scaling x —

J~3x. Then we conjugate by the partial Fourier transform appearing also in the proof
of (1) to reduce the d-dimensional resolvent to a resolvent of the one-dimensional
Stark operator Ay which in turn is given by an explicit kernel in terms of the Airy
function. Using this expression we obtain that K, is given up to unitary equivalence
by the kernel

Ki(zn;z',n') = CF(|z| < DF(Z < —A)F <;1'2 < %)
X [0 — ) Ai(2" 7z — w(A) Aie T (2772 — p(2));
wAy=21— " +i.
By the asymptotics of the Airy function [AS, (10.4.59)]

1

- w1, SN2 g 2 1 —(/1—}.;7’2+/1%> .
[ |4i(e3' (A7 22" — w(d)))|*dz ~ Clie for 41— oo,

N~

— 00
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uniformly in #? < % (This means that the quotient of the two expressions has a
non-zero limit as 4 — oo.) Consequently it suffices to look at the kernel

Gi(zmn') = CF(lz] < DF (n” < %)

L
X f2(n = VA" 3z = p(A)Aie VDT (A g)

As for the remaining factor given in terms of the Airy function we use the asymp-
totics [AS, (10.4.60)]

Lol
Ai( 32 = p(2)) ~ CAmi(1 — g2y~ het? (=12

EVS JURNCIS SPTRCS
x e 3T UTIE pE T for 1 — oo, (A9)

the statement being uniform in |z| < 1 and 7 < 1.
The leading contribution to the asymptotics of G; is obtained by inserting (A.9)
into (A.8). The resulting kernel is a product of a factor independent of A and the

product

1 1 11 3 3
21— —G—in 4522 —i2:2(1—)2
e’ (I=n*) e (2—in'"+22) e '3 (I=n)

_1 3 3
e (Rl (A L WO BN
(uniformly in "2 < %). Clearly multiplication by the latter A-dependent factor can

be expressed in terms of an isometry. [J

To complete the proof of (2) we write for any ¢ > 0,

1
m = 8|V(x)| + C::F(lxl < R;)+e¢

for suitable positive constants C, and R, and estimate

i(—A +z—A— i)““

lim inf
x|

£ 00

< eD+ Climinf||F(jx| < RY~A+z—2—i) || +e.
100

By Lemma 3.3 the right-hand side is equal to ¢D + ¢ and since ¢ is arbitrary we

conclude that
1
—(—4 +z—,1—i)—‘H =0 (A.10)

lim inf
x|

ande el

(using the assumption D < 00).
Obviously (A.10) contradicts Lemma A.3. So D =oc0. [

Now we consider the case IIE = 0. For (1) we can assume IT = I. Then since
we have strong resolvent convergence as £ — 0 the bound follows from the case
E =40 by a simple scaling argument. (Alternatively, see the remark after the proof
of Lemma 6.5.)
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For (2) we note that (by another scaling)

e~ tm ((p - ;)) |x|~'H

= nfllx['3(p* = DXl

lim |[[x|~'(p* = 2 —=i)7"[|* = lim
A—00 A—00

Since the latter expression is non-zero we can now proceed exactly as above. [

Appendix B. A Mourre Estimate for Coulomb Singularities

The potentials considered in this appendix are assumed to satisfy Conditions 6.1.
We write V' on the form
V=w-+ Vsing >

where W, is C' and ¥, sing has compact support in X¢ for all @ € .. Assume E 0.

We aim at constructing an observable that commutes with the singular part of
the potential and such that it locally has a positive commutator with the Stark
Hamiltonian. The observable will be of the form

1
A=) - p+p- EX).

Our choice of the vector field E(x) might seem somewhat complicated so we have
devoted the beginning of this section to motivate it. The vector field E(x) can be
viewed as a modification of a vector field constructed in [T3].

When we write for operators 4 and B, 4 ~ B, we mean that locally in energy
the difference 4 — B can be made arbitrarily small by the use of Corollary 6.7.
Furthermore we will denote by M(-) bounded functions x — M (x) with values in
the selfadjoint operators on X.

To begin with we assume that £, +0 for all @+ ay,y. (This is true for “atoms.”)
A natural first choice of E(x) is

E(x)= 3 Jjax(lx| > R)Eq,

a =+ amax

where j, is defined by (3.2-3). We compute
ilH,4] 2 (x| > R) min (|E,[*) +i[p*, 4] +i[V, 4]
~ min (E>) + p'(x)""M(x)p +i[V, 4] .

Since we can choose R large enough such that i[V, 4] = i[W,A] is small we are
almost done. The problem is the second term. In order to handle this term we add

to E, the term Kx, K > 0, X = (i—>, and compute

i|H, Y jax(x| > RK£ - p| ~ p'K{(x)"'" T+ 28} p— x(Ix| > R)KZ - VV

a = amax

> p'K(x)"'Ip — y(|x| > R)KZ - VV,
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where I denotes the identity. Here we used that the derivative " is positive and that
E - X ~ p'{x)~'Ip. By choosing K large enough one can estimate K/ + M(x) =
0. Our remaining problem is the last term. If we-instead of X = V(x) choose
the gradient of Derezinski’s approximation to (x) which satisfies (D1-4) be-
low, we obtain y(|x| > R)Vr - VV = y(|x| > R)Vr - VW which is small for R
large.

The vector field we get under the above assumption on E, is

E(x)= 3 jax(x| > R)(E, +KVr),

a =+ amax

where K and R are chosen such that we obtain the desired properties. A similar
vector field (though constructed as a gradient field) was considered in [Sk].

In the general case where E, can be zero we will need the concept of strings and
partitions of unity with respect to subsystems as introduced below. The construction
of the vector field is essentially the above one with alterations needed to suit the
general situation.

We will need partitions of unity ji, b & a defined for all subsystem a € .o/
The partitions jj : X¢ — [0, 1] are smooth and homogeneous of degree 0 outside a
compact set. Moreover we assume that

> Jpx) =1. (B.1)

b<a
For any pair b,c C a such that b=a and ¢ ¢ b there exists C > 0 such that
‘| =z Clx“|, on supp jj . (B.2)

We will use Derezinski’s smooth approximation to |x|, [De, Proposition 4.4].
For all a € .o/ we have a smooth real function »* on X“ satisfying

(D1) »* is convex.

(D2) For all b C a we have

Vr(x) « VVing(x?) = 0.

(D3) For all b C a there exists C,, > 0 such that
Vra(x®) « VW(x2)£0 = x| = C,p[x .
(D4) Vo3C, > 0 such that [3%(r*(x?) — (x"))| £ Cyu{x*) 1.

We can without loss of generality assume that there exist an @’ € .27 such that
X9 = span{E} (if not we can add subspaces to the family with zero potentials).

We define a string @ = {ap,...,dya) } to be a sequence of n(a)+ 1 elements
from .o/ satisfying

S amax =a0 241 2 -+ 2 an(a)-
(82) For i < n(a) we have E, = 0.
(83) Eq,; = 0 implies aya) = a'.

Denote the set of strings, which is finite, by S(.«/). For £ = 1 we define the set
Sk(Z) = {a € S()|n(@) = k} and an equivalence relation on S;(«/) by

a~bsa=5b, 0<i<k-1.
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We define partitions
jay =TI JZ’; (1)
k<n(

1<k

For notational convenience we define for 1 < k < n(a),

jd,k=( T Jja~ )(Vf’k ‘)( [T Jja~ >
1fi<k k<i1=n(a)

such that we have
Vjs = 2 Jak -

1sk=n(a)

Since strings can be viewed as being obtained inductively starting from ag.x by ex-
tending the sequence with smaller elements terminating the procedure when either
E,, +0 or when a, = a’ we obtain the following lemma

Lemma B.1. Let k > 1 and b € Si(#) be given. We have

(1) Soja=1.
acs()
@) > Jar=0.
deSy(/)
anb
. . by
3) > Ja=J
AESH()
anh

Notice that N = 1 4 maxXzes()n(a), where N is the “number of particles” in
the system as defined in Sect. 2.

We will need the following two results which can be proved in the same way
as for Lemma 3.1,

1 —

()34, - p(H +i)" € BULX)), (B.3)

and
(2)7'pHH + i) € BULAX)),

~

B4)

— . . . !
where ¢, is any bounded continuous function and z = x* = |w) (w|x), © = ITEI

We aim at producing a conjugate operator that commutes with Fp,.
We define a function £ : S(.&/) — X by

Ean(d)’ Ap(a) =’=O
E(a) =
E, E =0.

n(a)

Let
e=min |E,|*.
a€.o
Eq+0
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Lemma B.2. Let K 2 1,a€ S(/) and b=+any, be given. There exists R =
R(K,a,b) > 0 such that we have

(1) F(lz| Z RYjEx(@.x) - VVpsing(x) = 0.
(2) [F(l2] 2 R)aEx(a,x) - V()| < gronsan

where
Ex(a,x) =E(a)+ VrK(x)

and
ry= 3 KV ey

1 <1Zn(a)

Proof. First consider the case b C apqa).
If Ea”(ﬂ.) =0 we have ay4 = d =b by (S3). Thus we can by Conditions 6.1
choose R large enough such that (1) and (2) hold.
If £, +0 we have E(a) - VVp.sing(xP) = E(@) - VW,(x") = 0. (D2) assures
that Vr,‘z * VV,sing = 0. The properties (S1-2) implies that a’,b C ayg)—;. This
observation together with (D3) assures that (2) holds by choosing R large enough.
If b ¢ ayga) there exists 1 < k < n(a) such that b C a,_; and b ¢ a;. Since
|z| > R = |x%-=1| > R, by (S2), we can by (B.2) choose R large enough such that

on the support of
jd - < H Jal l)‘]af_l ( H JZ,I_I)
1</<k—1 k<i=n(a)

we have forced x” out of supp( Vi sing) and out where VW, is sufficiently small.
(Notice that Vr? is bounded by (D4).) [

For any K = 1 we define the vector field

E(x) = E(x,K) = x(|z > Ja(x)Ek(a,x),

aes(.</)

where R = R(K) = maXzes(), b+ay, RK,@,b).
We thus obtain the following result

Lemma B.3. For any K = | we have
(1) E(x) VY, sing —
(2) |E(x) - V| <

By the construction we notice that
VadC, > 01 |0%E(x)| £ Cy(z)~minhlzD) | (B.5)
We wish to consider the observable
1
A=AKK) = S(Ex) - p+ p - E(x)),

which by (B.5) is essentially selfadjoint on C§°(X).
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Prosposition B.4 (Mourre estimate). Let # C IR be a compact subset. There exist
e > 0and K = 1| such that for all . € A we have

N(H = DITH AW = 1) Z SnX(H = 2)

Remark. By [H,A] above we mean the extension to Z(H) of the corresponding
commutator defined as a form on C§°(X). Since we will use the proposition (in
Sect. 6) together with the abstract Mourre theory [M] we notice that this commutator
equally well can be understood as the extension from Z(H)N 2(A). This follows
from an application of (B.5) in conjunction with [M, Proposition II.1].

Proof. We write
i[H,A] = i[p*, A] + i[-E - x,A] +i[V, 4] .
We compute the three commutators using Lemma B.3 (1),
i[p* 4] = pP{E'x)+ E'x)}p— AV - E(x)),
i[~E - x,A] = E(x) - E ,
ilV,4] = —E(x) - VW .

Notice that by (D1) the second derivative of r¢ is positive and since E(a) does
not depend on x we have positivity of the matrix Ef(d,x). Using this observation
together with (D4) we obtain

i[p*4l z p' %/)2Re{v(x(lzl > R)ja)Ex(a,x)}p+0((z)7").
acS(.</

Using Lemma B.1 (1) we can estimate part of the second commutator by e
as follows:

i[—E - x,A] 2 x(lz| > R) Y. ja(e+ Vri(x) - E)
aes(.</)

=x(lz| > R)e+ x(|z| > R) Y. jaVri(x)-E.
acS(./)

Keeping an application of Corollary 6.7 in mind we write using (S2) and (D4),

vk X E ooy (B6)

i[~E-xAlze+ylzl >R) X ja X =
GES(/) 1 <kZn(a@) (x®=1)

Let M(x) denote bounded matrix valued functions with bounded derivatives such
that M (x)" = M(x). After substituting x - £ = p*> — H + V into (B.6) we obtain

i[H,A] = e+ p'{D\ + Dy} p+ T +i[V,A], (B.7)

where

Di=yx(lz2l >R) 3> 3 2Re{j;,Ei(@x)},
aes(+#) 1 <k <n(a)

Dy=y(zl >R) > Y KVHax%-n)~'r,
aeS(/) 1 <k <n(a)

T=7pzl <2RM@x)p+ > Y Tac+0(2)™")
acsS()1<k=<n(a)
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and
Tk = KN *Re{[x(|z| > R)ja(x%=1)"", pl - p+ x(lz| > R)ja(x*=1)""(V — H)} .

By summing over equivalence classes in S;(.«/) and applying Lemma B.1 (2-3)
we obtain

k=1 [ale€Sy(/)/~ be[a] k<l<n(b)

_N'_I g -
Dy =ylzl >R X ZzRe{jg,k< > KN"(Vr”'—'>’+E<b)’>},

_ N—1
Dy=yx(zl >R, > KV a1
k=1 [Q1€S, ()~

Adding D, and D, yields

Dy + Dy = x(|z S e ()T

k=1 [A)€Sy ()]~

x KN 1R (M (0, K) 4+ K1),

where K — M,{ﬁ]( - ,K) is a bounded map from [1,00) to the bounded selfadjoint
matrix valued functions on X and 7 is the identity. Thus by choosing a K = 1
satisfying

K= max sup sup|[M(xK)|,

T laJes, (v/)/~
I<Ak< K>1 x€X

we obtain
D +Dy, =20. (B.8)

Using Proposition 6.4 and (B.3—4) we can write 7 as
T =Re{0((z)"")S},

where S is H-bounded. Using Corollary 6.7 (cf. Proposition 3.7) with IT = |w) (w|
we can find an ¢ > 0 such that the following inequality holds for all 1 € #":

. € 5
”z:(H - )“)Tm:(H - /“) é —Z”(’:(H - /“)2 . (B9)

Combining Lemma B.3 (2) and (B.7-9) we conclude that the proposition holds
with the ¢ and K as introduced above. [J

Denote by ad, the operation of commuting with 4. That is ad,(H) = [H, A]. By
(B.5) and the fact that

i[H,A] = p{E'(x)+ E'(x)'}p — AV + E(x))+ E(x) - E — E(x) - VW ,

one easily obtains

Proposition B.5. For n € {1,2} we have

adZ(H) = Un + Z <Z>_1U1‘n(x)p1 B

1|2 =2

where v, and v, , are continuous and bounded functions.
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This proposition combined with the properties (B.3—4) implies the following
corollary.

Corollary B.6. The operator ady(H) is H-bounded for n € {1,2}.
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