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Abstract: We obtain non-tangential boundary estimates for the Dirichlet eigenfunc-
tions ¢, and their gradients |V¢,| for a class of planar domains © with fractal
boundaries. This class includes the quasidiscs and, in particular, snowflake-type do-
mains. When applied to the case when Q is the Koch snowflake domain, one of
our main results states that |V¢;(w)| tends to oo or 0 as w approaches certain
types of boundary points (where ¢; > 0 denotes the ground state eigenfunction of
the Dirichlet Laplacian on ). More precisely, let Ob (resp., Ac) denote the set
of boundary points which are vertices of obtuse (resp., acute) angles in an inner
polygonal approximation of the snowflake curve 0Q2. Then given v € Ob (resp., v €
Ac), we show that [V (w)| — oo (resp., 0) as w tends to v in © within a cone
based at v. Moreover, we show that blowup of |V¢,| also occurs at all boundary
points in a Cantor-type set. These results have physical relevance to the damping
of waves by fractal coastlines, as pointed out by Sapoval et @l. in their experiments
on the “Koch drum”.

1. Introduction

Let Q be a bounded simply connected John domain in R? and assume that the
boundary J2 of Q is a Jordan curve. Let —A4g = 0 be the Dirichlet Laplacian
defined in L?(Q) and let 0 < E; < E, < --- be the eigenvalues of —4g. Let ¢,
be the eigenfunction corresponding to E, and normalized by ||¢,|l2 = 1 (we assume
that ¢, > 0). In Sect. 2 (Theorem 2.8) we obtain an upper bound for ¢;(x) as x
approaches a boundary point v € 022 while remaining inside a “twisting cone” with
vertex at v. This upper bound is expressed in terms of the “average angle” of 0Q at
v. If Q is a polygon in R? and v is a corner of 0Q, then our upper bound reduces
to the usual form

@i(x) < cdist (x,0Q)""
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where 0 is the angle of 0Q at v and ¢ = | is a constant depending only on €.
In Theorem 2.11 we establish an upper bound for |V¢,(x)|, the magnitude of the
gradient of ¢, of the form

IVu(x)| < koopi(x) dist (x,00Q) "

as x approaches a point v € 6Q while remaining inside a “twisting cone” U with
vertex at v. For ¢; and for domains such as the snowflake region, we also prove a
lower bound of the same form

IV (x)| = koi(x)dist(x,0Q)~" (xe€U) .

In Sect. 3 we apply our results in Sect. 2 to the case when Q is the (Koch)
snowflake domain. Our main result in this section is Theorem 3.2. Let Ob (resp.,
Ac) be the set of boundary points which are vertices of obtuse (resp., acute) angles
in an inner polygonal approximation of the snowflake. Then given v € Ob (resp.,
v € Ac), we show that |V¢i(w)| — oo (resp., — 0) as w tends to v in Q within
a cone based at v. Moreover we also show that blowup of |V¢,| occurs at all
boundary points in a Cantor-type set. The potential significance of the blowup of
|Vl (for the damping of waves by fractal coastlines, for example) was pointed
out by B. Sapoval and his collaborators [S,SGM,SG] in the appealing interpretation
of their physical experiments on the vibrations of the “Koch drum.”

For other aspects of the spectral theory of “drums with fractal boundary,” we
refer the reader, e.g., to the survey article [L].

For the rest of this paper a bounded simply connected region Q in R? is a John
domain if there exists M = 1 such that for every rectilinear crosscut [a,b] of €,

diam(H) < M|a — b

holds for one of the two components H of Q\ [a,b] (see [P, p. 96]). It can be
shown that all quasidiscs, in particular the snowflake domain, are John domains (see
[P, p. 107]).

2. Bounded Simply Connected John Domains

In this section we let 2 C IR? be a bounded simply connected John domain whose
boundary 0€2 is a Jordan curve. We let v be an arbitrary but fixed point on ¢Q2. “c”
will denote constants (= 1) which depend only on € and v. We shall write —4g
for the Dirichlet Laplacian in L*(Q) and write 0 < E|, < E; < E3 < --- for the
eigenvalues of —Ag counted according to multiplicities. We let ¢, be the eigenfunc-
tion corresponding to E, and normalized by ||¢,|l, = | (we assume that ¢, > 0).
We shall use “Go(x, y)” to denote the integral kernel of (—A4g)~' and write

d(x) =dgo(x) =dist(x,02) (x € Q).

“D” will denote the unit disk in IR?. We first state the two main results from [DS,
RW] on which the proofs in this section are based. For the boundary behavior of
conformal maps defined on D we refer the readers to the excellent book [P] by
Pommerenke.

Definition 2.1. We say that e is intrinsically ultracontractive if the semigroup
gol_leA’gol on L*(Q,¢(x)*dx) maps LY (Q,¢,(x)*dx) to L¥(Q, ¢ (x)*dx) as a
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bounded operator; ie.,

—1 At 5
o) e @lHL‘(Q,(pl(r)zdx)—>L°°(Q,<p](x)2dx) S ct) <o

Jor all t > 0.

Lemma 2.2. ([DS, p. 374], see also [D, p. 131]) Let X be a bounded region in
RN and let —Ay be the Dirichlet Laplacian on X. Let 0 < E; < E; < --- be
the eigenvalues of —Ax and let ¢, (@1 > 0) be the corresponding eigenfunctions
normalized by ||,|l2 = 1. Suppose the following conditions hold:
(i) e is intrinsically ultracontractive,
(1) —Ax = k dist (x,0X)™™" in the quadratic form sense for some k, o > 0.
(iii) there exist ¢ = 1 and f > 0 such that

P1(x) = ¢ dist(x,0X)! (xeX).
Then for any fixed y € X, there exist ky =2 1 and ¢ > 0 such that
k7 o1(x) < Ge(x,y) < kigi(x)

Jor all x € X with dist(x,0X ) < ¢ Also if

—1 At ~
oy €™ @1l rdn — Loty 02ar) = E(E) < 00

for all t > 0, then
((Pn(x)l =< Tnfpl(x) (x EX) 5
where

1, = inf{é(r)e B E > 0} .

Lemma 2.3. ([RW], see also [P, p. 264]) Let X be a bounded simply connected re-
gion in € and let g : X — D be a Riemann map which can be extended to a home-
omorphism between X and D. Let v € 86X and let { = g(v). Let {T(p)}o<p<p, be
a family of circular crosscuts in X converging to v. Let B =|J,_ <0 T(p) and
for p € (0, pg), let

Mp) = length of T(p) .

Then

TR
lim |g(w) — (| exp —dpy < © 2.1
(u))ZB\” I”)["l A(p)

exists (see Fig. 1 (a)). Moreover if
X={v+pe":0<p<po0_(p)<0<0.(p)},
where the functions 01 are locally absolutely continuous and satisfy

Lo
Of[9+<p> —0-(p)]'[04(p)* + 0_(p)lpdp < o0 ,

then the limit in (2.1) is positive (see Fig. 1 (b)).
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Fig. 1. The notation of Lemma 2.3

Definition 2.4. Let v € 0Q. A subset U C Q is called a twisting cone in Q with
vertex at v if it satisfies the following conditions: there exists a family of circular
crosscuts {T(p)}o<p<p, converging to v such that

(TC1) U is simply connected and U° C Q .

(TC2) oU consists of two curves y; : [0, 1] — Q,i = 1, 2, such that

(a) 7([0,1)) € Q for i = 1,2,

(b) ([0, 1) N 72([0, 1)) = ¢,

() (M) =n(l)=v.

(TC3) UNT(p) is connected for all p € (0,pg) .
(TC4) There exists ¢ = 1 such that

¢ HT(p)N U) £ min{d(T(p) N 710, 1)), i = 1,2}

for all p € (0,pp), where A(T(p)NU) is the length of T(p)NU and d(T(p)N
([0, 1)) is the distance of T(p) N 7,([0, 1)) from 0Q.

(TC5) There exists a sequence py > py > p3---— 0 and ¢ = 1 such that

(@) pw/pmer <2 for m=1,2,3,...;

(b) the distance between T(pn)NU and T(pps1)NU in U is at most
cmin {d(T(p,) N 7,([0,1)),i = 1,2}.

(TC6) There exists ¢ = 1 such that
0 <c'p < min{d(T(p)Ny([0, 1)) = 1,2} .

Remarks. (1) In this paper we shall only use twisting cones of the type described
in Proposition 2.7 below.

(if) Suppose U is a twisting cone with vertex at v. Assume that for every m =
1,2,3... there exists w, € T'(p,) N U such that

Qpl(wm) é F(pm) 5
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where F is some explicit function. Then (TC4) — (TC6) together with the elliptic
Harnack inequality imply that there exists ¢ = 1 such that

(PI((U) é (’F(pm) ((’) € Uand Pm—1 > |(U - vl g pm) .
In particular if F' is of the form F(p) = kp’, for some k,y > 0, then we have
() S clo—v[ (welU).

We next want to define a canonical twisting cone in € with vertex at v. To do this
we shall need the following results:

Lemma 2.5. ([P, p. 97]) Let X be a bounded simply connected region in C and
let f:D — X be a Riemann map. For r € (0,1] and t € R, let

B(reé'y = {pe :r < p < 1,|0 —t] < n(1 —r)}.

Then the following are equivalent:
(1) X is a John domain.
(ii) There exists ¢ = 1 such that
diam(f(B(2))) = c1dx(f(z)) (z€ D). (22)
(iii) There exist ¢ 2 1 and o € (0,1] such that

/(@] £ elf" @A = oD/ — 2D
Jor all 6 € DN B(z) and z € D.

Remark. 1f Q is a bounded simply connected domain, then Lemma 2.5 (iii) implies
that there exist ¢; = 1 and a point w, € Q2 such that for any w; € Q there is a
rectifiable path y in Q joining w, to w; such that

[(((w,01)) = cd(w) (0 €7y), (2.3)

where y(w, ) is the part of y joining w to w; and /(y(w,w,)) is its arc length.

(Proof. Given w; € Q we can assume that f~'(w;) € [0,1). Let w, = £(0) and
let »(t) = f(¢) for all £ € [0,1). Then for any w = (¢), t € [0, f~'(w)]

1 1
I, 00)) £ [ ()ldu = [1f(w)ldu

< el f'(l(1 - f,)l_’(fl(l —u)* " 'du
= co | f(OI(1 = 1). (24)

Equation (2.4) together with Lemma 2.6 below now give (2.3).)
Lemma 2.6. (Koebe, see [P, p. 9]) If f : D — C is an injective conformal map,
then for all z € D we have

O — 2]
(T + 21y

/(O + |z])

= 11'@ = =y

(2.5)
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and
AN = 2P S dist(f(2),0f(D) £ (L= PG, (26)
where 0f(D) is the boundary of f(D).

For all sufficiently small ¢, pg > 0 we shall write
O, po) ={w € Q:|w—v| < pgandd(w) > ¢lw —v|}.

For the rest of this paper we let g : @ — D be a fixed Riemann map with g(v) = 1

and put f =g~

Proposition 2.7. Let ¢y,c; = 1 be chosen so that (2.2) and (2.3) hold. Then there
exists R >0 such that if 0 <& =< (2c1c2)™", if 0<po =R and if {V(p)}ocpep,
is a family of circular crosscuts in Q(e,pg) converging to v, then the set U =
U0<p<p0 V(p) is a twisting cone in Q with vertex at v.

Proof. We first note that (2.3) implies that there exists a sufficiently small R > 0
such that for any ¢ € (0,(2cjc;)”'] the part of the boundary of Q(e, R) inside Q
consists of two branches, one on each side of v. Hence if 0 < pyg < R and if
{V(p)}0<p<,,0 is a family of circular crosscuts in Q(¢, pg) converging to v, then
oU (where U = U0<p<p0 V(p)) consists of two curves 7, : [0,1] — Q,i = 1,2, that
satisfy the conditions in (TC2). Now U clearly satisfies (TC1) and (TC3). (TC6) is
true by the definitions of O(¢, pg) and U. (TC4) is a consequence of (TC6). Finally
we note that if & € (0,(2c;c2)” '], then (2.2) implies that there exists 5 € (0, 1) such
that f((t,1)) C O(¢, po). Thus for every p € (0, pg), there exists w(p) € f((0,1)).
Given a sequence pg > p; > py > -+ — 0 with p,/pme1 = 2, the distance d,,
between V(p,,) and V(p,41) in U satisfies

dp = | f'(g(@(pm)DI(1 = g(a(pm)))
< cd(w(pm))
< cpm
= ce 'dist(V(pw), 0Q) , (2.7)

where the first inequality of (2.7) follows from (2.4) and the second inequality from
(2.6). (TC5) now follows from (2.7). O

For the rest of this paper we shall denote by U a fixed twisting cone in Q with
vertex at v of the type described in Proposition 2.7.

Theorem 2.8. Let {T(p)}o<p<p, be a fumily of circular crosscuts in Q converging
to v. For every p € (0,pg) let 0(p) be the angle subtended by T(p) at v. Then
there exists ¢ = 1 such that

" mdp
<c - U) . 2.8

Proof. We shall need the following results:

Lemma 2.9. ([An, p. 280]) The Hardy inequality
Jd@) 2 f(0)%dx < ex [IVfPdx (f € CZ(X)
X X

holds for every simply connected bounded domain X in IR?.
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Lemma 2.10. ([B, p. 186]) Let —A be the Dirichlet Laplacian on a bounded John
domain X in RN, then e is intrinsically ultracontractive. Moreover there exist
cx = 1 and p > 0 such that

1.4 _
ey e @1l (xpy r2an—12 (g (02ar) S €xt™ (&> 0) . (2.9)

Also, there exist ¢ = 1 and [ > 0 such that condition (iii) of Lemma 2.2 holds.

Let wo = g~ '(0). Then, by the two preceding lemmas, — 4, satisfies the hypotheses
of Lemma 2.2. Hence there exists ¢ = 1 such that

¢ 'Go(wo, ) £ ¢r(@) £ cGo(wy, ) = —cln [g(w)|
=—cIn(l = (1 —[g(w)]))
< 2¢(1 = Jg()]) (2.10)

for all w € Q with |g(w)| = % Since U is a twisting cone of the type described
in Proposition 2.7, f([t, 1)) C U for some # € (0,1) by (2.2). Hence for all p €
(0, po) there exists w(p) € V(p) such that g(w(p)) € (0,1). Thus, by Lemma 2.3,

. PO nd
lim(1 — g(e(p)) exp {;[ 5’(‘;;-’;} < o0 @.11)
exists. Hence (2.10) and (2.11) now give
P ndo
@i(w(p)) = cexp {—;/ 0(0)0} (0 < p < po) (2.12)

for some ¢ = 1. Estimate (2.8) now follows from (2.12), (TC4), (TC6) and the
elliptic Harnack inequality. [

Theorem 2.11. Let t, be the constants given in Lemma 2.2. Then there exists
¢ =2 1 such that

V()| £ cEtupi(w)d(w)™ (0 € Q) (2.13)

for all n =1,2,3,.... Futhermore, if there is a curve y :[0,0] — Q with »(0) = v
and satisfying:
(1) v(t) € U for all t € (0,9) ,
(i) IY'| £ M for some M > 0,
(iit) p(t) € V(¢t) for all 0 <t < 0 < pg ,
then we also have the lower bound

Vo) 2z coi(@)d(@)™ (o€ U). (2.14)
(Remark. 1f Q is the snowflake domain, then a curve 7:[0,5] — Q satisfying
7(0) = v and (i) — (iii) in Theorem 2.11 exists for every v € 0Q2.)

Proof. We shall assume that D is on the z-plane where z = x 4+ iy and Q is on the
w-plane where w = u + iv. We let g : @ — D be a Riemann map with g(v) = 1.
Then

o(u,v)

o(x,y)

=@ =g NI D).
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Let T : L*(Q) — L*(D,|g'(g~'(z))|"2dxdy) be the unitary operator defined by
(TY)(2) =Yg~ '(2)) (z €Dy € L*(Q)) .

Let H = 0 be the self-adjoint operator in L*(D,|g'(¢~'(2))|"2dxdy) unitarily

equivalent to —Ag in L*(Q) under 7. We first note that the conformal invari-

ance of the Green’s function ([Ah, p. 249]) implies that if Gy (z1,2;) is the Green’s
function of H, then

Gy(z1,22) = Gp(z1,22) (21,22 € D) .

We have
ou(@1) = Ey [ Ga(wy, 02)@u(@2)duzdv,
Q

where w, = u, +iv, € Q, j = 1,2. Therefore

0 oG
P 01) = B f S (001,00) 0002 )durdvs
ou Q 6u1

= E,f | =—(Go(g(@n),g(en)] @u(2)duzdrz
Qv

(?G]D 0x1 OG]D 6y1

Enbf( Oxy Quy 5)/1 ouy )(/)n(c’)z)duzdvz

En{f—(J(wl) g(@2))@u(@2) durdv, g "
o

oG 0
+ f—D(Q(wl ), g(wz))<Pn(w2)dM2dvz—)i} .
2 On ouy

Similarly we have

a n 6G C‘;
a(p ( I) - {({W]ll)(g(wl)a g(wZ))q)n(wZ)duZdUz “(%

oG ¢
+ [ "’(g(w.),g(w2>>w,,<wz)du2d02%} .
o Y vy
So writing

.0G
Py(or) = | W‘f(g(wl ) 9(02))¢u(02) dudvy

f L (g(@1),22)0.(97 (229" (¢~ (22))| 2dxad y,
D

and

Qn(wl)—f (g(wlm)wnu "9 (97 (22))| P2dxadys |
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we have

0)’1]2

el

= e po[(2) (Zﬁi) ]
+mmﬂ(”)+(gﬁq
rrenon|(5) (50 + () (2]}

=a{rer|(5) + ()]
+ o [(Z)+ (2]}

= EH{P(o1 ) + O(1) g (o)) (2.15)
Now (see [HK, p. 26])

|v¢n((ul)|2 = { |:P( ”)‘ + Q(

+[Pon S + 0’

|21 1221 722 ||z |
In(|z;|7") (z0=0).

So if z, +0, then
_ 1 2, 2va2 2y _
Gp(zi,22) = 7 In [(x7 + ¥y + »3) — 2162 — 2y1 32 + 1]
~In [+ ) + (6 + 33) = 20 = 2102

Thus if z; #0, then

0Gp x1(x3 + ¥3) — x
0x) (x% - y%)(x% + y%) —2x1x = 2y1y2 + 1
X1 — X2

N (F+x)+ O+ »3) =20 =2y

Hence, for some ¢ = 1, we have

0G — x|
oGp | |z2[x1 22} x2|z_21 2| (z1 #22,22%0)
Ox, |z1|22] — 22|22 7]
< |zilza| = 22|z 1!
g (~|Zl —22‘_1|Z2|71 . (216)

Since Q is a bounded John domain, there exist ¢ = 1 and ff > 0 such that

o) < o) (weQ). (2.17)
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Thus Lemmas 2.2 and 2.6 together with (2.10) and (2.17) imply that, for some
c=1,

< erypi(g @ = 2) 727 ()

< en(l = 2D oi(g (@)

< ety(1—|z))~ 1P (2.18)

la(g™ ' @NIg (97" ()] 72

for all z € D. Then inequalities (2.16) and (2.18) now imply that P is a continuous
function on Q. (To see this we only need to show that for all § € (0,1), we have

A
1
L= [ [ x7°%}+x3) 2dxidx; < oo .
xy=—Ax =0

But
A tan"(xz_l) ‘ .
L= ( [ (rasecu)™'(x; % tan "% u - x; sec? udu))a’xz
4 0

/2

- (;éx;‘).dxz) (of tan —° usecudu)

< 0.)

Similarly we can show that Q is a continuous function on Q. Inequalities (2.15),
(2.16) and (2.18) now imply that

IVou(w)] £ cErtald ()] (01 € Q);

n-n

hence (2.6) and (2.10) give

cEyty(1 — |g(o)Yd(w) ™ (o) € Q)

n-n

<
< cErtig (o)) d(w) 2,

IV (1))

which implies (2.13). To obtain a lower bound for [V, | we let y : [0,5] — Q with
1(0) = v and satisfying conditions (i) — (iii). We now show that

Pi(v)’ + 0i1(v)) > 0. (2.19)
Suppose the contrary that
L(w) = [Pi()} + 01 (w)*]? as @ — v. (2.20)
Put

Y(@)=ei((1)) (0 =1=09).
Then (2.10), (2.15) and Lemma 2.6 imply that

W@ £ Vo' @ (0 =1 £0)
E\LG ()G GO ()]
2E\ML(y(1))(1 = |g(y(N)d(p(1)) ™!
L ()1 ((1)d(p(1)) "

I A

IIAIIA
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Hence (iii) implies that

Y(OW(t) < cL(y(t)!

0=t=9).
Integrating (2.21) we obtain

(221)

—Ing1(y(1)) = ¢+ cfoL(y(r))fldf )

By (2.20) given any ¢ > 0, there exists a sufficiently small ro(¢) > 0 such that

L) <& if 0 <1 < role).

So, for some k;, with k; = 1, we have

ro(&)
—Inpi(p(1)) < ki + [ Lp(x))r'de (0 <t < rp)

ro(e)

Sk +e¢ [t lde
{

=k —¢lnt
Hence, for some k, = 1, we have

P1(7(1)) 2 kot (0 =1 = ro(2))

which, since ¢ > 0 was arbitrarily small, contradicts Proposition 2.12 below. Thus
(2.19) holds. Estimate (2.14) now follows from (2.15), (2.19), (2.16) and (2.10).

O
Proposition 2.12. There exists ¢ =

1 such that

P1(0) < cd(0)? (0 € Q).

(Clearly, as the example of the cardiord shows, the exponent

1
sharp among the cluss of John domains.)

5 on the right is

Proof. By (2.5) and (2.6) we have

L= Jg(w)] £ cd(@)} (0€Q)
for some ¢ = 1. Hence (2.10) gives

P1(@) < o(1 — |g(w)]) € cd@)? (weQ). O

Corollary 2.13. Let u > 0 be chosen so that (2.9) holds. Then there exists ¢ = 1
such that

[V, K(t, 01, 02)] < em()@i(w))pi(w2)d(w2)™" (0 € Q)
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where K(t, 1, wy) is the heat kernel of e and

m(t) = SSEXTe Enl < o0 (> 0) .

n=1

Proof. Let 1, be the constants given in Lemma 2.2. Then (2.9) gives
1, = inf{ct M B E 1 > 0} < EF

Thus by (2.13) and Lemma 2.2 we have

IV, K(t, 01, 02)] £ e 5 [ pu(@1)] [V ()|

n=1

o<
S ey e TEL g (0)EM oy (w)d(wy) . O

n=1

3. Snowflake Domain

In this section we apply the results in Sect. 2 to the special case where (2 is the
domain bounded by the Koch snowflake curve (see [F, Fig. 0.2(b), p. XV]). It will
be clear that our method also applies to other domains with self-similar (fractal)
boundaries, such as the square snowflake considered in [S, SGM, SG].

Notations. We let {P(n)}52, be the usual sequence of interior polygonal approxima-
tions of @ (i.e., P(n) is obtained from P(n — 1) by adding a “middle-third” triangle
on every segment of dP(n — 1)). For every n we let Ac(n) be the set of all acute
angle vertices of P(n) and let Ob(n) be the set of all obtuse angle vertices of P(n).
(All angles of polygons are measured from the inside.) If 5,(j =1, 2,...,3-4""")
are the segments making up 0P(n) and if for each j we let Ca(s,) be the (ternary)

34! Ca(s,). We also define the subsets

Cantor set of s, then we define Ca(n) = J_

Ac,Ob and Ca of 0Q by:

oC ¢ o0

Ac = |JAce(n),0b = | Ob(n),Ca = { U Ca(n)} \(AcU Ob) .
n=1 n=1 n=1

The position of each point v in dQ\(Ac U Ob U Ca) can be specified using an infinite

sequence ¢i,¢2,43,..., where

g1 €{1,2,3,4,5,6}
gn€{1,2,3,4,5} for n=2

(see Fig. 2 below). For the rest of this section U will again denote a twisting cone
in Q with vertex at v € dQ of the type described in Proposition 2.7.

Proposition 3.1. (i) If v € Ac, then

P1(0) < clo =" (weU)

for some ¢ = 1 and y € (&, % .

(i1) If v € Ob, then

p1(w) < clo—v" (wel)
303

Jor some ¢ = 1 and y € (5, ;).
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Fig. 2. Labelling of the boundary points of the snowflake domain
(iii) If v € Ca, then there exists a function o : (0, po) — (0, 00) such that

wp)Too as plO

and

| = v]jx(lo = v]) £ o(w) (weU).

Remark. The values of y in (i) and (ii) are independent of v € Ac or v € Ob. They
are given by (3.2) below and can be regarded as the reciprocal of the average angle
of ¢Q at v.

Proof. We first prove (i) and (ii). Let {7(p)}o<p<p, and 0(p) be as in Theorem
2.8 and let

ﬁ(r) =0™") (r>—lInpg).

By the self-similarity of ¢Q2 near v we see that

0(r)=0(r+ In3) (r> —Inp,).
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Hence
P da “lnp
J/ = [ Oy 'dr
P 0a)s i, )
| k+In3 '
=[(In3)"'(Inpo — Inp) —n(p)] [ 0) dr
k
—Inp -
+ / 0(r) " 'dr
— In p+in pg—n(p)In3
k+In3
=(Inpp — Inp)In3)~" [ 0O(r) 'dr+0(1),
A
where

0=np) <1 (pe(0, p)) .

Hence, for some ¢ = 1, we have

P nda .
it < - < ep'” 3.1
cp _exp{fe(a)a}_cp (0 <p <po), (3.1)
where
k+In3
y=(n3)"" [ O(e") 'ar. (32)

k

(1) and (ii) now follow from (3.1), (3.2) and Theorem 2.8. To prove (iii) we let
v € Ca and let q1¢2q3 -+ -,9, = 0 or 2, be the ternary expansion of v with respect to a
segment s of 0P(n). We assume that pg is sufficiently small and to each p € (0, pg)
we associate two numbers y4(p), y—(p) € [0, /6) as illustrated in Fig. 3.

Fig.3. (1) 44,B,C; and the curve C;D; can be obtained from 44,B8,C, and the curve C,D, or
from A43B3C; and the curve C3D; by a reflection, translation and dilation. (2) The curve DCv
is C>. (3) v_(p) and ;4 (p) are the size of </;vK, and </,vK,, respectively, in radians
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Then one can check that y, and y_ are locally absolutely continuous functions
on (0, pp) and that there exists ¢ = 1 such that

b0 < p < po). (3:3)

V()] S cp”

Let
0:(p) =74(p)/(=Inp) (0 <p < po),

and let
0-(p)=~-n—7-(p)/(=lnp) (0 <p < po)-.
Let Q' be the subregion of Q defined by
Q ={v+pe’:0<p<poand 0_(p) <0 < 0.(p)} .

We now show that
f[0+<p>—9 (P10 (p) + 0" (p)}pdp < oo,

so that we can apply Lemma 2.3. We have
0(p)’ =[(=Inp)~ " (p) + 7=(p)(—Inp)p~'Tp
= [(=Inp)*ye(p) +2p~ (= Inp) i (p)y=(p)
+7(p)’(=Inp)~*p~p.
Thus (3.3) implies that
0(p) < cp™'(=Inp)™> (0 < p < po)

for some ¢ = 1. Hence

Po
Of[9+(p)—0 ()] {0 (p)* + 0" (p)}pdp
)
< J2r7lep (= Inp)dp
0

oC
=2r"l¢ J F2dr < oo
—1Inpy

Let o > 0 be the ground state eigenfunction of —A4y normalized by ||@q |2 = 1.
Let Uy be a twisting cone inside €' with vertex at v of the type described in
Proposition 2.7. Then a proof similar to that of Theorem 2.8 implies that, for some
c =1,

ep o
‘ P { J(l)‘[\'| [0+(‘C) - 9_(1')]‘[} é Q)Q/((D)

Po ndt
seor (- J o) o

for all w € Ugr. Writing
2p) =7+(p) +7-(p) (0 <p < po)
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we have
o ndt B o ndt 0 -
lo@ -0 or Jrrocno i O<r=m
S de
= )
=(Inpy—Inp) — rf——/(r)— ﬁ (3.5)

b (—Int)+ (1) T
Since 0 =< y(t) < 7/3, there exists ¢ = 1 with
e =) < a(-nt) ()] et (=InT)!
for all © € (0, pp). Let
I'(ry=y(e") (r> —Inpg) .

Then, by the definition of the functions y.., one can check that there exist ¢3,¢c4 = 1
with the following properties:
(a) If » > —Inpy and if I'(r) = 03_', then there exists an interval (o, g;) C

(= In pg, o) of length at least c;' such that » € (g, 02) and

[ty ze;' (1€(o,m)).

(b) If »r> —Inpy and if I'(r) < c;', then there does not exist any interval
(a1, 02) € (—In pg, 00) of length greater than 2 In 2 such that » € (g, 0,) and

Ity <¢;' (1€ (o1, m)) .

Hence we have

’f’ /(1) T P e
}) [n(—lnf)‘l”’/(f)] T - P (—ln‘c)r
— 111 rr
= | (r)dr
—In pg r
—oo as plO0. 3.6)

Equations (3.4), (3.5) and (3.6) now imply that
| = v]a(lo —v]) £ por(w) (0 € Ugyr),
where & : (0, pg) — (0, c0) is a function such that
ap)Too as pl0.
Thus there exists ¢ = 1 such that
c Mo =via(jo —v) £ oi(w) (€ Uy) . (3.7)

The elliptic Harnack inequality and the properties of twisting cones now enable
(3.7) to be extended to all w € U (with a different ¢ = 1), thus proving (iii). [J
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Theorem 3.2. (i) If v € Ac, then

IVoi(w)] —0 as w—v with weU.
(1) If v € Ob U Ca, then

Vo (w)] — o0 as o—vwithwelU.

(iii) If v belongs to the (ternary) Cuntor set of the line segment joining two
adjacent acute angle vertices of P(n), separated by only one obtuse angle vertex,
Jor any n € N, then

[Voi(w)] =0 as o — v withweU.

Proof. (i) is a consequence of Proposition 3.1 (i) and (2.13). If v € Ca, then the
result follows from Proposition 3.1 (iii) and (2.14). If v € Ob, then, by considering
a finite wedge at v,

Mo —vP* < oi(w) (weU) (3.8)

for some ¢ = 1. Therefore the result for v € Ob follows from (3.8) and (2.14).
Finally suppose v is as in (iii) and let {7(p)}o<)<p, and 0(p) be as in Theorem
2.8. Then 0(p) < = for almost all p in (0, py). Hence the result follows from (2.8)
and (2.13). [

Remarks. (i) With more effort one can use Lemma 2.3, Theorems 2.8 and 2.11
to determine whether |V (w)| tends to 0 or co as w — v with w € U for
v € 0Q\(Ac U Ob U Ca) other than those described in (iii). For example, one can
show that if v € 0Q\(4c U Ob U Ca) and if the sequence representing v eventually
becomes

3323332333323333323333332-- -,

then
IVoi(w)] —0as w—v with weU.

(ii) By [O, Theorem 2] the set of boundary points v considered in Theorem 3.2
has zero harmonic measure. A detailed description of the behaviour of |V¢,| near
generic boundary points (with respect to harmonic measure) remains open.
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