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Abstract: In this paper, we study the spectrum of the Dirichlet Laplacian in a
bounded (or, more generally, of finite volume) open set Q € R” (n = 1) with fractal
boundary 0Q of interior Minkowski dimension § € (n — 1,n]. By means of the tech-
nique of tessellation of domains, we give the exact second term of the asymptotic
expansion of the “counting function” N(4) (i.e. the number of positive eigenvalues
less than 1) as A — +oco, which is of the form 1%? times a negative, bounded and
left-continuous function of A. This explains the reason why the modified Weyl-
Berry conjecture does not hold generally for » = 2. In addition, we also obtain
explicit upper and lower bounds on the second term of N(1).

1. Introduction

Let Q be an arbitrary non-empty bounded (or, more generally, of finite volume)
open set in R" (n = 1) with boundary 0Q. We consider the following variational
eigenvalue problem

—Au=Au in Q,
{ u=0 ondQ, (P)

where A denotes the Dirichlet Laplacian in Q and the problem (P) is to be inter-
preted in the following sense: we say that the scalar A is an eigenvalue of (P) if
there exists u+0 in Hy(Q) satisfying —4u = Au in the distributional sense.

It is well-known that the spectrum of (P) is discrete and consists of an infinite
sequence of positive eigenvalues with finite multiplicity, which may be ordered as

O<h=s=hs " =hk=s-- (1.1)
with 44 — 400, as k — +o0.
We introduce the counting function N(4), which is the number of eigenvalues

of (P) less than 4, i.e.

N() =N, —A4,9) = #{k|y < A} . (12)
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In this paper, we are interested in the asymptotic behaviour of the counting
function N(4) as 4 — +o0. It is well known that the following asymptotic estimate
holds:

N(A) ~ 2n) "w,|Q|,A"?, as A — +oo , (1.3)

where w, is the volume of the unit ball in R",| - |, denotes the n-dimensional
o)
gy

The asymptotic estimate (1.3) was first proved in 1911 by H. Weyl [1, 2] for
smooth boundaries and then extended more recently to irregular boundaries; see for
example [3-6]. At present, we know (1.3) holds for very irregular boundaries, i.e.
for fractal boundaries (cf. [7-11]).

Here we are more interested in the asymptotic behaviour of the second term of
the counting function N(4). In [2], Weyl conjectured that

Lebesgue measure; and f(4) ~ g(1) as 4 — +00 means lim;_, ;

N(A) = 2r) ", QA" + O(A"T), as 4 — +oo (1.4)

that is to say the correction is of the order Pl

In 1966, M. Kac [12] made a deep study of Weyl’s conjecture (1.4) and pro-
posed a number of approaches for obtaining further terms in (1.4). From then on,
many interesting works, including Seeley [13, 14], Ivrii [15, 16], Melrose [17, 18],
Hormander [19], Vassiliev [20] and others, appeared. By using microlocal analysis
and wave operator methods, their results showed, under a variety of geometrical
and regularity conditions, that

N(A) = (20) "0 Q] A" — C"|0Q]u_1 AT + 0(A"T ), (1.5)

—1

n—1 . .
, is a universal constant.

2
However their methods cannot be applied to the case of “rough” boundaries.

In 1979, M.V. Berry [21, 22], motivated in part by the study of scattering of
light by random surfaces, extended Weyl’s conjecture (1.5) to the case of frac-
tal boundaries (i.e. Q is a drum with fractal boundary). He made the following
conjecture; if 022 has Hausdorff dimension H € (n — 1,#n), then

as A — +oo, where C/, = 44T r 1+

N(L) = 1) " w,| QA" — Cp tH(0Q)M? + o(X1?) (1.6)

as A — 400, where H(0Q) denotes the H-dimensional Hausdorff measure of 09,
and C, g is a positive constant depending only on n and H. By analogy with the
“smooth” case, Berry [21] even suggested an explicit value of C, g, i.c.

-1
Cor = [4(471)%1* <1 + %)] . (1.7)

Brossard and Carmona [23] (1986) constructed a number of counter-examples
to (1.6) which proved that Berry’s conjecture could not be true. They suggested that
the Hausdorff dimension H should be replaced by the interior Bouligand-Minkowski
dimension ¢ (or the interior Minkowski dimension for simplicity) of the boundary
by obtaining one-and two-sided estimates (expressed in terms of 0) for the asymp-
totic second term (as ¢ — 0%) of the partition function Z(t), the trace of the heat
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semigroup e, Indeed, in [7-11], a partial resolution of the modified conjecture
(1.6) has been proved by showing that

N(A) = Q) "0, R[,A"* + 0(X%?), as 1 — +oo . (1.8)

This means that the interior Minkowski dimension is more appropriate than the
Hausdorff dimension as a measure of the “roughness” of the boundary 0Q.

In this paper, we will study the modified Berry conjecture (1.6), which has
also been called the “modified Weyl-Berry conjecture.” The plan of the paper is as
follows: In Sect. 2 we introduce the modified Weyl-Berry conjecture and its weaker
form and state our main results. From these results, one can easily understand the
reason why the modified Weyl-Berry conjecture does not hold generally for n = 2.
At the same time, our results also imply that the weaker form of the conjecture
might be true. The proofs of the main results are given in Sects. 3, 4 and 5. Finally
several examples, including the examples recently reported in the literature, are
discussed in Sects. 7 and 8.

2. Concepts and Main Results

Let us first give the concepts of the interior (Bouligand-) Minkowski dimension and
measure of 0Q. Given ¢ > 0, define

Q={xeQ|dxd) <ce}, 2.1)

where d(x,0Q) denotes the Euclidean distance of x to the boundary Q. The set Q!
is called the interior ¢-neighborhood of 0Q. For [ = 0, let

1 (1,0Q) = 11';31 sup e~ "0|1Q, (22)
e—0+4

ue(1,0@) = lim inf ¢~ "D|Q,, . (2.3)
e—0+

The interior Minkowski dimension of 0Q is defined as:
o =inf{l e Ry |u*(1,0Q) =0}

=sup {l € Ry |u*(1,0Q) = +0o0} .

Observe ¢ € [n— 1,n] and p*(5,09) € [0,+00]. On the other hand, if H is the

Hausdorff dimension of 0Q, then we know H < §. Further, if 6 is the interior
Minkowski dimension of 092 and

(2.4)

0 < p(0,00Q) = pu*(5,0Q) < +oo,
we say that the boundary 0Q is interior 6-Minkowski measurable, and denote by

(6,02) = lim &=V, . (2.5)
e—0+

the interior 6-Minkowski measure of 09.
Now, the modified Weyl-Berry conjecture (see [23, 10, 24-26, 29]) can be
stated in the form:

N(2) = 2n) " wu|Qlud"? — Cy, 51(5,02)27* + o(A7?) (2.6)
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as A — 400, where 6 € (n—1,n) and C, s is a positive constant depending only
on ¢ and n.

Lapidus—Pomerance [24, 25], under the so-called asymptotics condition, proved
that the modified Weyl-Berry conjecture (2.6) is true for the case n=1.
Nevertheless several examples (see [26-29]) have suggested that the conjecture
(2.6) might be false for n = 2. Therefore it is natural to consider in a more general
context the second term of N(1), namely under the condition of

0 < u.(6,002) < p*(6,0Q2) < 400 . 2.7)
Conjecture (2.6) is then modified as

Co, 51 (8,012 + 0(12?) < 21) ", |Q|aA%? — N(A, — 4, Q)

28
< C', (5,027 + o(2°1) (2.8)

as A — +o0, where p*(6,0Q2) (1. (5,09)) is called the interior 6-Minkowski upper
(lower) content of 02 and C, s and C’n’ 5 are two positive constants depending only
on ¢ and n.

Notice that inequality (2.7) implies that 0Q2 has interior Minkowski dimension 9.
We call the conjecture (2.8) the “weaker form” of the modified Weyl-Berry con-
jecture (2.6), (cf. [10, 24, 25, 26]).

In order to prove the conjecture (2.8), we first follow the usual method of
constructing a sequence of finer and finer tessellations of R” (i.e. the Whitney
covering) by cubes {Q’g } ¢con. That is, for each £, {Q’é‘ } ¢eqn is a tessellation of R”
into a countable family of congruent and non-overlapping open cubes with sides of
length by, such that

R'= UGk
ez
By finer and finer tessellations we mean that by,; < by and b; tends to zero as k
tends to infinity. Note that the construction of the tessellations always starts at the
origin. This method enables one to determine the influence of € and especially the
influence of the irregular fractal nature of its boundary 9Q.

For a sequence of given tessellations of R”, the tessellation of Q is defined by

induction on k as follows:

Ag={¢eZ"|Q}c @}, = U Q) and Q) = Q\Q ;
fe4y

A1={56Z“|Q2C "o}, =92 U <UQé)a and Q’/1=Q\Q—I1;

¢ed,

Ay ={¢eZ" Qléc cQl 3.2, =2, U (EU Q]E) , and Q" = Q\Q—/k

€4y

We denote by €' the “limit” of Q' as k — 400, and correspondingly
N(A,—4,Q2' ) and N(4,—4, Q’g ) the counting functions for Q’_ and Q’é‘ respectively.



Fractal Drums and the Modified Weyl-Berry Conjecture 585

If p(A) = 21) "0,| QA% (or Poo(A) = (27) "0, |Q' o |aA"/?) is the first term (i.e.
Weyl term) of N(1) (or N(4,—4,Q')), we call

Yoo(A) = poo(A) = N(4,—4,Q'), (2.10)
the remainder terms of N(A) and N(4,—-4,Q' ). Furthermore if § € (n — 1,n]
and u*(5,09) is finite, then we know (cf. [10]) that Y(4) (or Yuo(A)) € O(A7?).
Observe that |Q|, = |2/ |, + |2",|,, and |Q" |, — 0if 6 € (n — 1,n) and k — +o0;
this implies that, for § € (n — 1,n), we have |Q|, = |Q' |, and @(1) = Qo (A).
Our first main result is concerned with the upper bound on the second term
of the counting function N(1). Here we shall consider the case when the interior
Minkowski dimension ¢ € (n — 1,n] and u*(9,0Q) < +oo. We have the following
result:

Theorem 2.1. Let Q be an arbitrary non-empty bounded (or, more generally, of
finite volume) open set in R*(n = 1) with boundary 0Q. Suppose that the interior
Minkowski dimension of 0Q, 6 € (n— 1,n] and p*(9,0Q) < +oo. Then for any
ap € (0,1) we have

@(A) = N(2,—4,Q) = Cy, 5(ao)u* (5,022 + 0(27?)

as A — +oo, where

n—1 N

= 1 kA n=o S n—2o

Cy slao) = (1 + ;) [ﬁ] [1-a)™" "+ 2n) "o, n'T (211)
ap

is a positive constant depending only on 5, n and ay.

In the proof of Theorem 2.1, we shall let by =a’(§ in the tessellation of Q

(see Sect. 3 below) and call a¢ the size of the tessellation. Observe that ¢(4) —

N(4,—4,Q) is independent of ag, and C, s(ap) — +oo if d € (n— 1,n) and ag
tends to 0 or 1. Sometimes it is convenient to choose ag = % (i.e. the mid-point of
(0,1)) (cf. [7-10, 27, 28]). However one can easily see that the optimal constant
can be obtained by taking the minimum of the right-hand side of (2.11) over ag €

— _— 1
0,1), ice. €', 5= Cpno(ag) = inf ; c0,1)Cns(a0), where ag = (n—§5)°="=1 is the
. d — . o .
unique root of the equation E’——C"’ s{ap) = 0 in (0,1). This implies that by choosing
ag

1
aj = (n—0)°=0=D as the size of the tessellation of Q, we should be able to obtain
the optimal upper bound estimate for the second term of N(A1). Actually we have
the following obvious corollary:

Corollary 2.1. Under the conditions of Theorem 2.1, if 0 € (n — 1,n), we have
(1) = N(A,—4,Q) < C', su*(8,02)2%* + o(4?) ,

as A — +oo, where
n—1

1 7 n—29 _O=n__ n—29o
’,,,5=<1+;> n' T (n— )TNl +6—n) "'+ 2n) w, n' T (2.12)

is a positive constant depending only on 6 and n.
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Secondly, we give a necessary condition for the weaker form (2.8) of the modi-
fied Weyl-Berry conjecture to be valid. Actually we need the following asymptotic
hypothesis:

(C1) For any fixed a¢ € (0, 1), the size of a given tessellation of Q, there exists a
positive constant ¢, depending only on J and n, such that b,‘z(#Ak) = ¢, as
k — 400, (where by = ab).
We have

Theorem 2.2. Let n 2 1, 6 € (n— 1,n). If the conjecture (2.8) (i.e. the weaker
form of the modified Weyl-Berry conjecture (2.6)) holds, then the asymptotic
condition (C1) is certainly satisfied.

The next question to ask is; how to estimate the lower bound on second term
of N(4)? As is well-known, this problem is rather complicated. In order to make
the problem more tractable, we introduce a further asymptotic condition as follows:

(C2) There exists a suitable tessellation of 2, such that

Y1) = Yeo(A) = 0(47?), as A — 400 .

To obtain an explicit lower bound for the second term of N(4), we still let
by = a’é (although it is not necessary in condition (C2)) in the tessellation of Q.
Our next main result is the following:

Theorem 2.3. Let n = 1, the interior Minkowski dimension of 0Q, 6 € (n — 1,n],
u*(0,002) < 400 and there exists a suitable tessellation of Q (i.e. especially here,
there exists a suitable size ay in (0,1)), such that the conditions (C2) and (C1)
are satisfied. Then

@A) = N(%,—4,Q) 2 C, 5277 + 0(2°?), as 2 — +o0 ,
where
Cis > %[1 H @ = 1) for 5€(0,1),

and Cy1 > % in the case n=1; (2.13)
1 n—1l—eg, i 1
Cos = ccy <;> (1= ]+ emy"wue(a ™ - 17
1 n—1l—gy _
for o€ (n—1,n),n =2, and C, , = ccy <E> [1 —a(l)“"]

Here ¢ > 0 is the constant appearing in (C1) and ¢, = 0, ¢, > 0 are two con-
stants depending only on n (more precisely ¢, € [0,n — 1]).

If there exist two positive constants ¢; and c¢p, such that ¢; (1) = g(4) =
e f(A) as A — +oo, we denote f(A) =~ g(4) as A — +oo. From the results of
Theorem 2.1 and Theorem 2.3 directly, we have the following corollary:

Corollary 2.2. Under the conditions of Theorem 2.3, we have

O(A) =N, —4,2) = 2%, as 1 — +o0, (2.14)

“«

where the constants ¢, and c,, appearing in “~”, depend only upon n and 9.
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It is obvious that, under (Cl) and (C2), the weaker form (2.8) of the
n-dimensional modified Weyl-Berry conjecture (2.6) has been proved directly from
Corollary 2.2. Indeed, we only need the weaker conditions (i.e. d € (n— 1,n],
u*(8,092) < 4+00) in Corollary 2.2. At the same time we have also given explicit
values for C’, ;5 (see (2.12)) and C, 5 (see (2.13)). On the other hand, we know
that the condmon (C1) is necessary (cf. Theorem 2.2 above).

It is easy to see that the asymptotic hypothesis (C2) here is strictly weaker than
the asymptotics hypothesis (H1) which appeared in [29]. On the other hand, (C2)
is always satisfied in the case of n =1 and Y(1) ~ Yo(4) as 4 — +oo for n = 2.
This is because a 1-dimensional open cube is just an open interval, so one can
always choose the tessellation of Q to be Q itself (also see Sect. 6 below). However
here, we are unable to give an easy way to check (C2) in the case n = 2; this is
a possible weakness of the paper. In Sects. 7 and 8, we give several interesting
examples of n = 2, in which (C2) is satisfied (in fact (C2) is always satisfied in
nearly all the examples we know in the literature). Recently Fleckinger—Vassiliev
[27, 28] constructed an interesting example in R* (cf. Example 8.3 below) and
gave the exact second term asymptotics of N(4) for their example, in which they
actually disproved the modified Weyl-Berry conjecture in case n = 2. It is more
interesting here, under the condition (C2), that by using the tessellation method
and the main idea of [27, 28] we are able to deduce the exact second term in the
asymptotic expansion of N(Z1) for rather general cases, which suggest a satisfactory
explanation of why the modified Weyl-Berry conjecture (2.6) does not hold for
n = 2. Actually our next result (i.e. Theorem 2.4) is an extension of [27, 28].

Let us first extend the definitions of b; and # 4, to negative integer k as follows:

by =b"), #Ay=ch;° (c >0 a constant) for k < —1. (2.15)
Next we define
1) =[2r) "wa(beA?Y = N4, —4,00)] . (2.16)

Furthermore we assume that the rate of convergence of b, — 0 is fast enough so
that

+oo S—(n—1)
> by < +o0, d€((m—1,n]. (2.17)
k=1

Then we have the following main result:

Theorem 2.4. Under the assumptions of Theorem 2.1; if the conditions (C2) and
(2.17) are satisified, then

O(A) = N4, —4,Q) = F(A)A7? + 0(2°?), as 1 — +oo , (2.18)

where .
F,(A) = S #A) M)A, 2>0 (2.19)

is a well-defined, positive, bounded and left-continuous function of A; furthermore
its set of points of discontinuity is dense in R,.

In the particular case of a tessellation of exponential size by = at for some
ap € (0,1) the result of Theorem 2.4 gives

@A) = N(A—4,2) = F ()22 + 0(27?), as 1 — +o0 , (2.20)
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logA — 2logn

where y = 2og(ag) an

— 1 0 oo dy 2 =2
Fuy) = (;) X (#dnay fiwa ™) 221)

is a well-defined, positive, bounded and left-continuous functioin of y and the set
of points of discontinuity for F,(y) is dense in R.

It is obvious that if the positive limit of F,(1) (or F,(y)) does not exist as
A — 400, then Theorem 2.4 tells us that the modified Weyl-Berry conjecture (2.6)
is false. In the particular case, where f%(1) = h,(n~'bgA"?), with

—n n - b
hn(re) = 27" wurf = N(@br, ~4,00) re=—A",  (222)

formula (2.21) becomes

— 1 0 +oo 5), k—y
Fu(y) = (;) > (#Ak)ag ha(ag ™) - (2.23)

k=—o0

Further, if there exists a constant ¢ > 0, such that

# A, ~cay®, as k— +oo, (2.24)
then we can choose the same constant ¢ in the definition of # Ay for £ < —1 (see
(2.15)). We can then easily deduce that

0
F)~ (L) S cag™Dn, @k 225
0~ (1) B ey, syt (229

k=—o00

Since k — y = (k+ 1) — (y + 1), F,(») is equivalent to a 1-periodic function. This
means that the limit of F,(y), as y — 400, does not exist, which suggests that
the modified Weyl-Berry conjecture might be false. In Sect. 8, we study several
examples under the condition # 4, = ca, % which actually explains the reason why
the modified Weyl-Berry conjecture (2.6) is not true in the case n = 2.

Remark. 2.1. 1t is worth pointing out that there is not any restriction on p.(9,0Q) in
our results here. We shall see in Sect. 6 that condition (C1) implies u.(d,32) > 0.

Remark. 2.2. Lapidus—Pomerance [25, 26] proved the conjectures (2.6) and (2.8)
in the case n =1, J € (0,1). Here our results give proofs for n = 2. As is well
known, there are essential differences in this matter between the cases of » = 1 and
n = 2. Furthermore our results include the particular case of 6 = n, which is a new
one even for n = 1.

Remark. 2.3. 1t is worth stressing that we do not make any assumption of self-
similarity (or, more generally, self-alikeness) in the sense of Mandelbrot [30]
about 0Q.

Remark. 2.4. The results of this paper also suggest an almost satisfactory answer to
the main drawback of Proposition 3.3 in Brossard—Carmona [23, pp. 115], where
they were unable to prove that the constant C, s is finite.
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Remark. 2.5. Our condition (C2) is essentially similar to the asymptotic condition
(4.10) in Lapidus [34], so our results actually have given a partial resolution of
conjecture 3 in [34].

3. Proofs of Theorem 2.1 and Theorem 2.2

Let O, be an n-dimensional cube with side length b; we know that the positive
eigenvalues of the Dirichlet Laplacian problem for Q, are given by

b UG+ G+ -+ q2), withg; €N, 1 £j < n. (3.1)
Then
n b 2
N()',—A5Qb) =# {(QI,QZ,n-,Qn) € N” I quz < (;) )‘} . (32)
j=1

This is the number of positive lattice-points in an n-dimensional ball with radius

= %/11/2. We define

Pa(r) = N(m*b™2r%, —A,0p) = # {(ql,qz,...,q,.) € N”[f;qu < r2} . (33)
=

It is well known (cf. Gauss [31]) that there exists a positive constant d,, which
does not depend on 7, such that

0 < 27"wr" — pu(r) < dy" !, fornz1,r>0. (3.4)
Let P
en(r) = 2l D) (35)
¥
then
O0<c(r)<dy fornz=1,r>0. 3.6)
More precisely, we know from [29, Lemma 3.1] that
n— h— 1
0 < c,(ryr" ! < nTl(l +n)Tlr"_1, for r = p (3.7)

Furthermore, we have

Lemma 3.1. ¢,(r) is a piecewise smooth, positive and bounded function in R,. If
there exist n strictly positive integers qi,qz," -+ ,qn, satisfying 3, g2 =r?, then
r is a point of discontinuity of c,(r).

Proof. From (3.6), c,(r) is positive and bounded. It is obvious that

0 whenr £ /1,
pn(r) =
1 when vn<r<vn+3.

Hence » = /n is a point of discontinuity of p,(r). Similarly whenever there exist
n strictly positive integers ¢;(1 < j < n) such that }77_ g7 = r%, r is a point of
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discontinuity of p,(r). Thus p,(r) is a piecewise constant function, which implies
that ¢,(r) is a piecewise smooth function in R, and Lemma 3.1 is proved.

Proof of Theorem 2.1. Observing Q'; C Q for any L = 0, then by the monotonicity
of the counting function, we have

N(A,—4,Q) 2 N(4,—4,Q,), YVL=0.
This means that for any L = 0,
@(2) = N(4,—4,2) @A) = N2, —4,Q') = 2n) "0, |2 [,4"
— N4 —4,2) + 2n) " oa[|Q]n — Q1477 .

Using the Dirichlet-Neumann bracketing method, or, more generally, by the
results of [10, Lemma 4.2] and [32, XIIL. 15, Prop. 3], we know that

L
Q) " Wa| | A = Ny =4, Q) = SSHADR " 0urf — pa(ri)]
k=0

b
where 7 = ;k/ll/z and p,(ry) is defined by (3.3).
By using the estimate (3.7), we have

L n— n—1 L
N AR " 0urf — pur)] £ 7T (14 1) T S
k=0 k=0

On the other hand, we know that
e="IQ, < ur(5,0Q) 4 o(1), as £ — 0+ .
Taking ¢ = \/nby, by = af (ap € (0,1)), then Q", C Qik and
. n—3o N
P AR) S |Q"iln 19, | S 7(8,0Q) +oxln 7 bLTY,

where o, — 0 as k — +o00. Hence we have

n—o
#4, < [\a/—ﬂ b0 (5,0Q) + o] . (3.8)

Consequently

L =0 L
ST = [ﬁ] 1 (5,02)3 by !
k=0 Qo k=0

n—oé
n —5 n—

+ l:dijl Zokbk 5l’k ! .
0 k=0
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In
2in(1/ag)
A~ ay*. 1t is obvious that 1 — +oo is equivalent to L — +oo. Hence

As in [29], we always take L ~ This is equivalent to A2 ~ bL'l

1 n=1 L n—1-9 1 n-l L < <
Zb ) n I __ (_) Z(bi/{ 7 ~ <__> Z[a/(;—L]n~l——() . /1()/2

T k=0 T k=0

1

n—1 L
< 5—ntlL—
— (_7_t> 10/2 . Z[ag n+ ]L k .
k=0

Taking L — k = I and observing that 6 > n — 1, then

L 1

S [ad - = Z[ dontiyl < P (39)

k=0 1 0

On the other hand, we have

k= 0

Ink
where 8 > n— 1 and L ~ ————_ Furthermore we can prove that
2In(1/ag)

L d—(n—1)1L—k L d—(n—1)41
> oklag = =Y or-ila 1=0(l) as A— +oo.
k=0 1=0

Actually we have
Lemma 3.2. Let xy € (0,1), then

L
Stop_ixh—0 as L — 4o0. (3.10)
1=0

Proof. Since o, — 0 as k — +o00, then for any ¢ > 0, there exists M > 0 such that
lop—i| < ¢ for L—1 = M. Thus

LM L,
Se| Yy x| tloml X x
1=0 I=L=M+1
< e+ |op| x5 MM
Since x5 ™' — 0 as L — +o0; (3.10) is proved.

From (3.8), (3.9) and Lemma 3.2, we have

n—1
1\ = [va]"™’ 1
2 | Q| A2 = N - y- S —
(2m) "] Q'] (4=4,Q7) = ( n) [ao] 1_ag—n+1
(8,022 + 0(2%%) as A — +o0 .

(3.11)
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Next, we have 0 < |Q|, — |Q';|, = |2";], < |Q}, |, &L = +/nby, thus
&0 e TR — 19 £ 870wt (8,09) +01] - (3.12)
Because 112 ~ b, we obtain
Q1) " 0a| Qs — |2 [ I < Q1) ", n T B0 (8,89) + o1]
~ Q) " n T (8,000 + 0(A%), as A — 4oo.  (3.13)
Thus combining the estimates (3.11) and (3.13), we get
@(A) = N(A) £ Cus(ao)u”™ (5,0Q)7% + o(A%?), as A — +oo,  (3.14)

where the computable positive constant C,, 5(ao) is given by (2.11), which depends
only on 7, § and ag. This completes the proof of Theorem 2.1.

Proof of Theorem 2.2. 1f there exists a size of the tessellation of Q,aq € (0,1) for
which condition (C1) is not satisfied, we know that there exists a “subsequence”
bﬁk (#4,,) — 0, as k — 400 (where b,, = ag*). Because {€',, } is also a tessellation
of Q, we can assume that

# Ay, = o b,,A , (3.15)
where oy — 0 as k — +o0.
On the other hand, we know that
/ = —n n b"lc'll/2
(Poo(ﬂ) - N(’L _A,'Qoo) = Z(#An/‘ 2 Wnly, — pn(rnk ), Yo = T >

N(A,—4,Q) 2 N(4,—4,2' ), ¢(1) = @o(4) for 6 € (n—1,n) and 27"w,r" —
pn(r) > 0 for any » > 0 (see (3.4)). Then

0(3) = N(3,—4,Q) < zjjz # A 20 — palrn)]

Z (#AD2™"wnr] — pa(r)] (3.16)

+

where we may take #A4; = o;b,"S and b, = a{) forany /€ Z, and 0, — 0 as [ —
+00. Now write

+00 L
IZ_%(# ADR2™"wpr] — pu(r)] = IE_ZO(# AD27"wur] = pa(ri)]

+oo
+ 2 HAD2"wur] — pa(r)],
I=L+1
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Ink
where L ~ -z—ln(—’;/@. Thus we have
L 1 "_;l L n—1—2o
SS#HADNR2 " wur] — palr)] £ (1 + ;) Yo by AT L
1=0 1=0

n—1
1\ 2 L —(n—
h <1 - E) 2P SSoray TP

1=0
By means of Lemma 3.2, we know that
L
SSHEADR "0t — pu(r)] = 0(2%%), as A — +oo . (3.17)
=0

Secondly p,(r;) =0 for [ = L, thus we obtain

+oo oo s n—=9 s
> HADRT" 0] = pa(r)] = 3 01(2m) " w,by AT 20
I=L+1 I=L+1

+0o0
~ Q2r) 0,22 S 0@yt

I=L+1
which implies that
+00 -
S (#HADR " wur] — pa(r)] = 0(27?), as A — +oo. (3.18)
I=L+1
Combining (3.16), (3.17) and (3.18), we obtain
o(A) = N(4,—4,2) < 0(A%?), as i — +o0, (3.19)

which means the conjecture (2.8) does not hold and Theorem 2.2 is proved.

4. Proof of Theorem 2.3

Without loss of generality, we can assume that condition (C1) is of the form
B)(#A) = ¢ forallk 2 0. (4.1)

Otherwise we can use another small constant instead of c.

Proof of Theorem 2.3. Let us first consider the case of n = 1. Now

(1) = N(4,—4,Q) = ¢oo(4) = N(4, =4, Q') + (Yoo(2) — (1))
+00 N
= 2 (# A — pr(re)] + o(2°?) .
k=0
From condition (C1) and noting that p;(r,) =0 when k£ = L, we have
+00

400 L . .
S HEA — pi(r)] = Y e b e — pi(r)l + S e b0,
=0 =0 k=L+1
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Inl
here L ~ ———. C 1
where 2in(1jag) onsequently

L - L ) )
b Tk = prO T 2~ S = pi(rolag) - 272
k=0 k=0

From the estimate (3.4), we have

L : L
0< S —pr)lad"™ < Ya) < 400, asL— +oo,
k=0 =0
P . , , 1
which implies that there exists a constant ¢’ > 0 (where ¢’ > r; ~ —), such that
T

L -
S bl — pi(m)] = e 2%, as L — +oo.
k=0

On the other hand, if 6 € (0,1), then

+oo +o0

-5 ¢ 1-0vk—L | 38/2 __ €/ 5—1 —145/2
S b~ = S (@Y P = 2@ - )T
k=L+1 Tk=L+1 n

From this we obtain
e(A) = N() = [cc' + %(ag—l — 1) 22 4 0(2%?), as A — +o0.  (42)

Next, if n = 2, from (3.5) and (3.6) it is obvious that the positive bounded
function c,(r) is at most polynomial decreasing as » — +oo (cf. [31, 33]). Thus
we can choose two suitable constants ¢, = 0 (more precisely ¢, € [0,n — 1]) and
¢n > 0, depending only on n, satisfying

inf (c,(r)rf'"y 2 ¢, > 0. 4.3)
rg%
This implies that
1
(P = 27w, — pa(r) = e, forn 22, r 2 —. (44)
s

From (C2) we know that
P(A) = N(4,—4,2) = 9oo(A) = N(, —4,Q' ) + 0(17?) . (4.5)

Using the same method as in Sect. 3, we have
Py 12 L
Poo(A) = N(4,—=4,Q ) =3 (# 427" wnry — pu(ri)]
k=0

+oo
+ 2 #HAOQ " on)r (4.6)
k=L+1
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b AV? Inl
where r, = Ln———, ~ E{(i;m’ and p.(r) =0 for k = L. Using (4.4), we
0
obtain
L
S HAD2 " wur} — pa(ri)l 2 Ccnzb opn=l=en = g >0, ¢y >0
P k k Tk
1 e L d—(n—1—¢, —
~ cCy (;> /15/2 . kZ:O[aO ( )]L k
" e 0—n+1+ep7—146/2 0/2 1
=cen | [1—ag MTEAYE + 0(A%7), as A — +o00.
On the other hand, if 6 € (n — 1,n), then
= - = S\k—L 18/2
> #ANQ ") Z Qn) "we 3 (ag Y TR
k=L+1 k=L+1 “4.7)
= (2n) "w, clad " — 1171292
Hence Theorem 2.3 is proved.
5. Proof of Theorem 2.4
From (C2), we have
@(2) = N(A) = @oo(A) = N(4, —4,Q0,) + Yoo (1) — P(2)
= Qoo(A) = N4 —4,2. )+ 0(2°?), as 1 — +oo .
By using the Dirichlet-Neumann bracketing method, we know that
Poo(A) = N(4, =4, )—kZ (#Ak)fk(/i)- Z (#A) [E(A) . (5.1)
Here
b, - i
0 < Z #HANSfUA) < d, Z ch’, ( ;") 2T (5.2)
k=—o00
By taking £k = —j, we have
-1 i 1 n—1 1 n— l+ -
g2 b4 <b_kn) = (;> Zb° =0 (5.3)
From the condition (2.17), it follows that
Z HAN ) = O T ) = 0(2%?), as A — +oo (5.4)

which proves (2.18).
Secondly, from (2.16), (2.19), (3.4) and the fact that

P(A)—N(L) € 0%, de(n—1,n],
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it follows that F,(1) is well defined, positive and bounded. Next, from Lemma 3.1,
we know that the function f7(4) (and so F,(4)) is left-continuous with discontinuity
in A € R, , satisfying

b
(;uﬁ E%,kel g €N, 1<j<n (5.5)
or equivalently
Ind = =2Ilnby +2Inn+In (qu) . (5.6)
J=1
Taking
y=mhleR, q=q@==q¢g.=¢q, (5.7)

fi(e”) is discontinuous at those y € R, where
y = =2Inby +2Inn+Inn+2nq, keZ, qeN. (5.8)
For any given 4y € R, define xy = Inly. Observe that
Inb_p — +00 ask — +o0,
and so we can choose k € N, large enough, so that
—2Inb_j+2Inn+ Inn < xq .
By choosing g, the largest positive integer, for which

v = =2lnb_j +2Inn+ Inn+2Ilng; = xo,

then 0 < xo— y < 2In(qe+1)—2Ingy =2n(1+q;"). (5.9)
Observe that gy — 400 as k — 400 implies
Y& — X0 as k — +o0, (5.10)
or equivalently
M =e’t — 0 =), as k — +o00. (5.11)

Hence the set of points of discontinuity for F,(4) is dense in R;. Theorem 2.4 is
thus proved.

6. Remarks on the Condition (C1)

Let n =1, Q be an (non-empty) open subset of R with finite content |Q|; and
fractal boundary 09 of interior Minkowski dimension d € (0,1). We write Q as
the union of its connected components:
+o0
e=Uy, 6.1)

Jj=0

where the open intervals I; are pairwise disjoint and of length /;.
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Without loss of generality, we assume that

hzlhhzlhz---2l;z--->0, and Ilim [;=0,
J—too
where the “lengths” [; are repeated according to their “multiplicity, denoted by
#4,” Hence we can rewrite Q as

Q= :L_OJZ H#HANI (6.2)

where {fk}k€z+ is a “subsequence” of {I };ez,, with “lengths” {ik}kez+
(C {lj}jez+) and

o> > > >-->0, lim [;=0.

k—+oc0

Here we still assume there exists a constant ay € (0, 1) (the size of the tessellation)
such that [, = af.

Since [} are one-dimensional open cubes with multiplicity # 4y, condition (C2),
as claimed in Sect. 2, is certainly satisfied. Consider condition (C1); we have the
following result:

Proposition 6.1. When n=1, 6 € (0, 1), the following conditions are equivalent:
(1) #Aszk_o, as k — 4+ oo.

(i1) Condition (C1) holds and p*(5,02) < + oo .

(ifi) I, ~ /7%, asj— +oo.

(iv) 0 < ue(0,00Q) £ pu*(0,002) < + 0.

V) @A) =N~ 12 as } — +00.

Proof. From [25, Theorem 3. 13], we know that the conditions (iii), (iv) and (v) are
equivalent. On the other hand, by Theorems 2.1, 2.2, 2.3 and the estimate (3.8),
we can easily see that (v) implies (i) and (ii), and (ii) implies (i) and (v). It
only remains to prove that (i) implies the other conditions. Here we prove that (i)
implies (iii).
Since
(@Y = 1=(a;" =D +a;° + ;% + - +a;"),

we obtain ) ) ) )
l+ap®+ag®++ag®~ay®, ask—+o0. (6.3)
Without loss of generality, on taking Jj= Jk) = (#HAg)+#HA)+ -+ (#HAr)
— 400, as k — + 00, we know that [; = [, and [, = [;4).
If (i) holds, then

ko ko

Jrl+a® +ag®+ - +a;® ~ay

, ask— 400, (6.4)
and so - L 1 ~
Ljs ~ ay* =1, 114G+ 1)5 = aglay® = ay, (6.5)
and so condition (iii) is satisfied.
From Proposition 6.1, we have the following obvious corollary.

Corollary 6.1. Let n=1, § € (0,1) and u*(5,0Q) < + oc. Then condition (C1)
is equivalent to u.(0,0Q) > 0.
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Secondly, consider n = 1. First we introduce the following condition:
(C3) 1Q, — |2, =~ b7° asL— +oo,

where by = aé and aq is the size of the tessellation of Q. Then we have

Proposition 6.2. Let n = 1, 6 € [n— 1,n]. If (C1) holds, then there exists a pos-
itive constant c,, depending only on § and n, such that

1Ql, — 1@ ]n = b} %, as L — +oo. (6.6)

Furthermore the inequality (6.6) implies that u.(0,0Q) > 0.
Proof. Since b, "~ V[|Q], — |2, ].] = b, " ?|Q",|,, we know that
by " NQ e 2 b TR (HAL) = BB (F A1) 6.7)

If (C1) holds, then b, "~ |Q",|, = b" ¢ as L — + oo, as required.
On the other hand, we know that [Q, —[Q|, < |2 |,, & = \/nbr; which
means that » ) )
nT b TN S e T ]

By the condition (6.6), we have

32("—5)|Q§;L|,, >cn T asL—+00, (6.8)

which implies that u.(d,0Q) > 0, as claimed.
Next, we have

Proposition 6.3. Let n = 1, 0 € [n— L,n]. If u*(5,0Q) < + o0, then there exists
a positive constant ¢y, depending only on ¢ and n, such that

Q= |Q1ln S b}, as L —+o0. (6.9)
Proof. Since |Q";], < |2 |», er = /nby, then

1—9

by O] — Q1] £ 0T e VIR
On the other hand, we know that
e "VIQ 10 £ 1*(8,0Q) +o(1), as L — + oo,

which means that u*(3,0Q2) < + co implies the estimate (6.9) holds, as required.
From Proposition 6.2 and Proposition 6.3, we have an obvious corollary as

follows:

Corollary 6.2. Let n = 1,0 € [n— 1, n], if (C1) holds and u*(9,02) < + oo, then

the condition (C3) holds.

7. An Example

In order to obtain an explicit upper (or lower) bound on the second term of N(4),
we often let by = a’é for some size ay € (0, 1) in the tessellation of Q. On the other
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Q1 QZ 03 04 o 00 000
I b, f by—t=—b;—t=b,~|
Fig.7.1.

hand, as shown above, in order to obtain a positive lower bound on the second term
of N(1), we have introduced the condition (C2), which makes the problem more
tractable. Sometimes we can choose a special tessellation of €2, so that the condition
(C2) can be easily satisfied. However we can not ensure, in the meantime, that the
tessellation size is exponential (i.e. by = af).

In the following, we study an example, which was mentioned in [26] and for
which condition (C2) can be easily satisfied and the tessellation size is polynomial
decreasing. However the weaker form (2.8) of the Weyl-Berry conjecture (2.6)
remains valid.

Example 7.1. Let Q = U;;‘To O, be the disjoint union of open cubes Q, in R”
(n = 1) with sides of length b; satisfying (see Fig. 7.1 above)

bj=Kj s, 6e(m—1,n), j=1, K> 0 aconstant. (7.1)

From the figure above, we can see that although Q C R"(» = 2) is un-
bounded, it has finite volume |Q|, = K" Ej;olo j75 < 4 00. As shown in [26], 0Q is
0-Minkowski measurable and p(J,0Q) can be computed by means of § and K.

By Corollary 2.1, we have

@A) = N(2—4,Q) < C', 51(8,02)1°%* + o(2°?) , (7.2)

as A — + oo, where
n—I1

1 z n—a ﬂ n—a
C 5= (l + —) nTo(n —8)=-(1+d5—n)""+ (Zn)‘"wnnT) .
’ T

In order to estimate the lower bound on the second term of N(4), we let the
tessellation of Q be Q itself, i.e. Q' = Q (actually the construction of the tessella-
tion here is different to the tessellation as described in Sect. 2). Here condition (C2)
is certainly satisfied, with b, = K ks (for £ = 1), and is polynomial decreasing.

By using the same method as in Sects. 3 and 4, we have

+ oo bkll/z
P(A) = N2, =4,Q) = 3 270, rf = pa(ri)), 1 = :
k=1

T

If n =1 and taking L ~ n—9K%23, then rx < 1 implies k = L. We write

L—1 o0
o) =N =4.9) = Slr = )] + :z_:L[rk .
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Since py(ry) =0 for k = L, we have

+ oo K+too 1 12
(p()“)_N(}'?_AaQ)é Zrk:'_Zk 52 .
k=L T =L

-5 1-8 s
Observe that ll_z-o ~ (%) L%, and so

+oo K\ +ox 5 s K\°t21 (k\ 7 )
ﬁzk—%,ﬂ/%(;) Zk“%LLTDA‘W:(;) Z;(z) LA

=L k=L =L

-1
0

0
Let =0y, By = % for k = L, then we know that

1
fx“' lx =675, 0 € (BioiBi)
By

Since 0; — 1 < 0, we have

1 s 1T B 15
B! (1 + m) > [ x7ldx = 7B (73)
Bi—y

Hence we obtain

001 /k\ e 1 =1 oo sy S 1 L
— —_— JE—— 1= —_ .
,;::Lk(L) ( +o ]> 1fx x 1__54-0( ), as L — +oo

This implies that

l N

— 22 4 0(2%%), as A — +00. (7.4)

>

b
o(1) = N(L—4,2) 2 (’9

. P
Further, let n = 2 and L ~ n_To< %2 Then r, < /n implies that k = L

and p,(ry) = 0. We have

alx

N———

L1 +00o
@(4) = N(4,-4,Q) = k_Zl[T”wn = palri)l+ 22 o (15)

1 .
o and so by (4.3) and (4.4), we know that there exist
two constants ¢, € [0,n — 1] and ¢, > 0, depending only on #, such that

Now k < L implies ry =

L=l _ K n=1= A _n—l—sy l zn n—1— 1»" d 0
Y [27"wnry = pu(re)] Z ¢ <n> Zk A2 (76)

k=1

Note that

d—(n—1)+ep

L—-1 n—l—gp n—l—tp—> n—1—ep—9 —(n—1—2,=0) L-1 4
Sk~ Ia 2 5 )Nn l2 O<E> E%(%) . (1.7

k=1 n k=1
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0—(n—1)+¢, k
Let —5——:52,Bk:2 for 0 <k £ L-1, then
B 5711
[ x27dx = 0 o where 0; € (Bi_1, Bi) . (7.8)
By
Since 6; — 1 < 0, we obtain
1 <k>52 Py (k— 1)1“52 % s
— | = = Bk2 — z f x°27 dx s
k\L L k B
which means that
5 1
L1 1 k)()z S, l—z N ep—(n—1) 5
- = 2207 [ x9lgy 2T ———
kglk(l‘ - 1/fL d—(n—1)+s,
4+o0(l), asl—+o0.
Combining (7.6) and (7.7), we obtain
L-1 K 0 tn—(n—1) [ )
o—n no__ i > el 2 . 5 A [ /A
Lo p(rk)]_cn<n) e e
+0(2?), as A —+400. (7.9)

Next, we consider

n

zz Moy Fl = (21) wnK"Zk”MzN[l/i——} f( ) "

k= k=L

-3 5
Letk =L+ 1 [ = 0, then Z,:Z (;—i) = E};ooo (1 + é) . Write B; =1 +Z

for [ =2 0, 03 = §, then

B] 1
f x_53dx = 0]_53 ° Za 91 S (Bl—15Bl)sl

By

v

This implies that
B <L fx‘53dx<B1 oI,
B

Hence we have

too (kN5 o o L s (KN 6
e 2 e = ~y -2 —_— ._1/2'
k‘;L(L) L[ = ”() =

Combining (7.9) and (7.12), we obtain

13
K in—(n=1) n—l—en—0 0 5
> g A—on=? /2
o(4) Nu)‘“’(n) 2o d—(n—1)+¢,

—n s (K\° 6 /2 52
+27w,n 2 = ml +o0(1%), as A — + o0

/

(7.10)

(7.11)

(7.12)

(7.13)
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Thus, for Example 7.1, we have proved that conjecture (2.8) is true from the
estimates (7.2), (7.4) and (7.13).

Remark. 7.1 We cannot apply the result of Theorem 2.4 to Example 7.1 directly.
This is because although condition (C2), under the assumption of the tessellation
of Q to be Q itself, is satisfied, condition (2.17) does not hold.

8. Further Examples

Example 8.1. (Cantor set). Let Q be the complement in [0, 1] of the triadic Cantor
set I'. Then 0Q2 = I' and we have (cf. [24, 25])

log9 (log(3/2)\° . _‘
6 = H = log2/log3, "*(5’6‘2):zog(§/2)( f;gi )) , u(5,00) =220
(8.1)

If we choose the size of the tessellation of Q is ay = 3, then condition (C2)

holds and

by =37F #4, =2F"1 Bl#A) = . (82)

N = v

From Corollary 2.1 and Theorem 2.3, we have

log(3/2) log4
log9 (log(3/2)

3
1 .
S+ 37— ) 11 (8,0Q2)2%7 + 0(291?)

lIA

lﬂ,{l/z —N(@)
Y

IIA

[(1 B P %] 1(8,02)29% 4 0(1%?), as A — +o00. (83)

Thus conjecture (2.8) holds. On the other hand, we see from Theorem 2.4 that

Q _ (logh—21 <
%11/2 N =F, (W) W2 400), Ao+,  (84)
where
- 11\ teo
Fi) =5 (;) S IMETE), 6= log2flogd,  (85)
k=—00

is a well-defined, positive, bounded, 1-periodic and left-continuous function;
its point set of discontinuity being dense in R. This implies that the function

;| |Q Q
A2 [}%21/2 —N(/'L)} is oscillating, i.e. the limit of A=%? ['_%/11/2 —N(l)], as

A — 4 00, does not exist. Thus the modified Weyl-Berry conjecture (2.6) is not
true for Q, which in particular (cf. [24, 25]) means that the boundary 02 is not
0-Minkowski measurable. Actually we have

0 < 1e(0,002) < u*(5,02) < +o00.

Example 8.2. Letn=1, Q = U,:r:f (# Al be the union of disjoint open intervals
I, with finite length and fractal boundary 0€2, where

#A, =31 L =5"%. (8.6)
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Then
0 =1log3/log5, 0 < u.(5,002) < u*(5,0Q) < +o0.

If choosing ao = £, then conditions (C1) and (C2) are satisfied, and af°(# 4;) =
1573k = 1 Thus from Corollary 2.1 and Theorem 2.3 we have

%[1 + (53" = )TN £ 0(2?) < %W ~N(,—4,Q)

< ((1 _o)TEel 4 %) 1 (8,02)2°2 +0(1%?), as A — +00. (8.7)

Consequently conjecture (2.8) is true. Secondly, by Theorem 2.4, we know that

%AI/Z_N(}')ZFI (%@) P2 4L0), asdi—+oo, (88)
where
— 11\ i S(k—y) —k
Fpm=3(=) ¥ 5 mE™ (8.9)
k=—o00

is a well-defined, positive, bounded, 1-periodic, left-continuous function whose set
of points of discontinuity is dense in R. Hence the modified Weyl-Berry conjecture
(2.6) is not true for Q.

Next, we shall consider the case of n = 2. We give three examples with discon-
nected domains. Observe, in these examples, that only in the case of calculating the
exact or the lower bound of the second term of the counting function, we choose
a special tessellation for @, i.e. let Q' be Q itself, so that condition (C2) can be
easily satisfied. In this case, the construction of the tessellation is actually different
from that of the tessellation as mentioned in Sect. 2. However we know that the
counting function N(A) is actually independent of the tessellation, so there is no
change essentially for the problem itself if we choose a special tessellation for €.

Example 8.3. (Fleckinger—Vassiliev's example). Let n = 2 and consider the union
Q of disjoint open squares, where the central square Qy has side 1. The side of
each consecutive square is s times smaller with 1 ++1/2 < s < 3. At the k™ step
we have # 4; = 4 x 3*~! squares Q) with sides b; = s~ (See [27, 28, Figure 1]).

We know (cf. [27, 28]) that 6 = log3/logs, and 0 < p.(0,002) < p*(6,0Q) <
+ oo. If we choose the tessellation of Q to be Q itself, then ag = 1 and b(# 4¢) = 3
and so conditions (C1) and (C2) hold. By the results of this paper, we have

Co 542 4 0(22) < 4%19121 CNG.—4.0)

< Ch 513,022 4 o(A7?), as h— 400, (8.10)
and
%A ~-NAW)=F, (loglz;;gslogn> 292 4 O(\/Z), as } — 400, 8.11)
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where the constants

4 [1\'™™ . 1
Crs==cr | = [1—s'"72] (> - 1)7", e [0,1]c >0,
3 T 3n

1
I s — 1 2
2o_<1+ ) 222—"(2—5)5%(5—1)—#4—222—"
T
and

d +oo

P =3 (1) £ e
3 T k=—o00

is a well-defined, positive, bounded, 1-periodic and left-continuous function; its point

set of discontinuity being dense in R.

The above result implies that the modified Weyl-Berry conjecture (2.6) is not
true for € (which is similar to the main result of [27, 28]), however here, the
weaker form (2.8) of the conjecture (2.6) is true.

Our next example illustrates a similar phenomenon.

Example 8.4. (Brossard—Carmona’s example). Let @ C R? be a countable disjoint
union of all the small open squares belonging to the successive “‘generations” defined
below.

Let {P,, j = 1} be a nondecreasing sequence of positive integers. The 0™ gen-
eration contains one square of side 1; the 1% generation contains four large squares,
each of which has side 1/3 and is divided into (P;)* congruent smaller squares,
etc. Similarly, the j generation contains 4 x 5/~! large squares, each of which has
side 37/ and is divided into (Pj)2 congruent smaller squares; and so on. (See [23,
Fig. 1].)

As is shown in [23], irrespective of the sequence {P;, j = 1}, H = log5/log3
and H(0Q) € (0,38). Now, given a real number ¢ > 1 fixed, we let P = [a'] for
any j € N. Then we know (see [23])

6 = log(5a*)/log(3a), 0 < u.(5,00) < p*(8,09) < + oo . (8.12)
Observe that ¢ € [H,2), and 6 = H if and only if a = 1. Without loss of gen-
erality, we can assume that a € N, and let the tessellation of Q be Q itself. Then

ay = ﬁ, a’g‘s(#Ak) = % and conditions (C1) and (C2) are satisfied. From Corollary
2.1 and Theorem 2.3, we have

Cosd 4+ 0(%7) < 2 [Qhd ~ N(L~4,Q)

lIA

L s (8, 02)2° +0(2%?), as A — +oo, (8.13)

4 [(1\!™ 1
Crs=—-c | - [1—Ba)' 2] '+ —[(Ba)*°=11"Y, & e [0,1], ¢ >0,
’ 5 T Sn

1
1\2 2-» o— —s
=14+ —-) 2 2—8)—1(6—1)"" 2
o= (141) 270 e 0 2t
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This means that conjecture (2.8) holds. On the other hand, Theorem 2.4 gives

122

12]2 logh — 2logn
4n

A=N()=F ( 2log(3a)

> 22 4+ 0(V2),as A — + 00, (8.14)

where

o +o0
Fa0) =3 <1> Y 3y ¢ hy(Gay ™)
n k=—o00
is a well-defined, positive, bounded, 1-periodic and left-continuous function; its set
of points of discontinuity being dense in R. Therefore the modified Weyl-Berry
conjecture (2.6) does not hold for € here. This explains the reason why the authors
in [23] could not find the same upper and lower bounds for the second asymptotic
term of the “partition function” Z(¢) = 0+°° exp(—At)dN(L), ast—0+.
Finally we construct an n-dimensional example.

Example 8.5. Let 2 = U]:(? (# A )Ok be the union of countably disjoint open cubes
in R" (n 2 2) with finite volume and fractal boundary 4Q. More precisely, the
central cube Qp has side length 1. The side of each of the 2n consecutive cubes
0 is s, times smaller. These cubes are “glued” to the middles of the sides of
Qo. Similarly, at the k™ step, we have # 4; = 2n x (2n — 1)~ cubes Qy of side

by =s, k where s, = (Zocnn)% > 1 and a, a suitable constant depending only on n,
satisfying
2n—1
2n

This ensures that Q2 is the union of disjoint open cubes. Then we can deduce

1<, <

Qn—1)71, (n22).

5= log2n—1) nlog(2n -1
B logs, 7 log(2oaun)

€ (n—1Ln),

0 < pe(0,002) < p*(6,02) < + 0.

. . 1
If we choose the tessellation of Q to be Q itself, then ay = o € (0,1),

2n

agk(# Ap) = 3 7 and conditions (C1) and (C2) are satisfied. Thus Corollary 2.1
and Theorem 2.3 tell us that
Cn 5277 + 0(27%) £ 21) " w,| QA" — N(4, —4,Q)
< C o1 (8,02)2°7 + 0(27%), as A — + o0,

where
2n 1\ | -1
— _ _ 7(n—0—1—¢y)
Crs 2n — lc" (n) [1 (22m) ]
2n —n n—o -1
+ 5=, [Cam)'T <1] L ae 01 -1]e > 0;

n—1

1 %— n—9o d—n n—
C/n,é = (1 + ;) n_Z—o(n — 5)6-(:1—1)(1 +6— n)—l + (27'5)_"0),, n_TQ '
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Thus the weaker form (2.8) of the conjecture (2.6) holds. Next, from Theorem 2.4
we have
n(logh — 2logmn)

—n n/2 — — F
27) " wa| 2| n A N(A) =F, ( 2log(20,n)

) P20 T,

as A — + oo, where

9 too 5 y—k
)= (2) 5 cam, (@an'™)

2n—-1\n) ;2=

is a well-defined, positive, bounded, 1-periodic and left-continuous function; its set
of points of discontinuity being dense in R. This means that the modified Weyl-
Berry conjecture (2.6) is not true for Q.

From the preceding Examples 8.3, 8.4 and 8.5, we know that N(1) does not
admit an asymptotic second term proportional to A%2. Although we have not shown
that the boundaries (appearing in these examples) are J-Minkowski measurable,
it is apparent that the modified Weyl-Berry conjecture (2.6) does not hold for
n = 2. This is because although we have, in our examples, a strict inequality 0 <
1:(0,002) < u*(6,02) < + 0o, an equality u.(0,00Q2) = u*(5,0Q) can always be
easily obtained by extracting a specially chosen infinite sequence of isolated points
from Q. This will not change the spectrum for n = 2, but will change pu.(6,09Q)
and p*(0,0Q) (also see [28]).
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