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Abstract: We propose a new method of diagonalization of hamiltonians of the
Gaudin model associated to an arbitrary simple Lie algebra, which is based on the
Wakimoto modules over affine algebras at the critical level. We construct eigen-
vectors of these hamiltonians by restricting certain invariant functionals on tensor
products of Wakimoto modules. This gives explicit formulas for the eigenvectors
via bosonic correlation functions. Analogues of the Bethe Ansatz equations naturally
appear as equations on the existence of singular vectors in Wakimoto modules. We
use this construction to explain the connection between Gaudin’s model and corre-
lation functions of WZNW models.

1. Introduction

Gaudin’s model describes a completely integrable quantum spin chain. Originally [1]
it was formulated as a spin model related to the Lie algebra sl,. Later it was realized,
cf. [2], Sect. 13.2.2 and [3], that one can associate such a model to any semi-simple
complex Lie algebra g and a solution of the corresponding classical Yang—Baxter
equation [4, 5]. In this work we will focus on the models, corresponding to the
rational solutions.

Denote by V), the finite-dimensional irreducible representation of g of dominant
integral highest weight A. Let (4) := (Ay,...,4x) be a set of dominant integral
weights of g. Consider the tensor product V(;y := V;, ® --- ® V;, and associate with
each factor ¥, of this tensor product a complex number z;. The hamiltonians of
Gaudin’s model are mutually commuting operators &; = 5i(zy,...,zy), i = 1,...,N,
acting on the space V{;).

Denote by { -, - ) the invariant scalar product on g, normalized as in [6]. Let
{I.}, a=1,...,d = dimg, be a basis of g and {/*} be the dual basis. For any
element 4 € g denote by 4”) the operator 1 @ ---® 4 ® - ® 1, which acts as 4

l
on the ith factor of ¥{,) and as the identity on all other factors. Then

d_ [Dya(j)
Ei=22 . : (1.1)
j*ia=1 Zi —Zj
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One of the main problems in Gaudin’s model is to find the eigenvectors and
the eigenvalues of these operators.

Bethe ansatz method is perhaps the most effective method for solving this prob-
lem for g = sl, [1]. As general references on Bethe ansatz, cf. [7, 8, 2, 9]. Applied
to Gaudin’s model, this method consists of the following. There is an obvious
eigenvector in ¥(;): the tensor product of the highest weight vectors of the V},’s.
One constructs other eigenvectors by acting on this vector by certain elementary
operators, depending on auxiliary parameters wy,...,w,. The vectors obtained this
way are called Bethe vectors. Such a vector is an eigenvector of the Gaudin hamil-
tonians, if a certain system of algebraic equations, involving the parameters z;’s and
w;’s, and the highest weights 4;’s, is satisfied. These equations are called Bethe
ansatz equations.

One usually constructs eigenvectors in statistical models associated to a general
simple Lie algebra g by choosing a sequence of embeddings of Lie algebras of lower
rank into g and inductively solving diagonalization problems for these subalgebras
[15, 16, 3]. This leads to a rather complicated combinatorial algorithm, which very
much depends on the structure of g.

Another method was recently proposed by Babujian and Flume [37]. They con-
sider as analogues of Bethe vectors, the rational V;)-valued functions, which enter
Schechtman—Varchenko solutions [30, 31] of the Knizhnik—Zamolodchikov (KZ)
equation [27] associated to g, cf. also [36, 38]. Varchenko and one of us show else-
where [39] that such a vector can be obtained as a quasi-classical asymptotics of
a solution of the KZ equation. This establishes a remarkable connection between a
model of statistical mechanics and correlation functions of a conformal field theory.

In this work we propose a new method of diagonalization of Gaudin’s hamilto-
nians, which is based on Wakimoto modules over the affine algebra § at the critical
level and the concept of invariant functionals (correlation functions) on tensor prod-
ucts of §-modules. This will allow us to treat the diagonalization problem and the
KZ equation on equal footing and thus explain the connection between them.

The critical level is the level £k = —AY, where £V is the dual Coxeter num-
ber of g. The peculiarity of this value of level is that it is only for k = —AY
that the local completion Uk(§)ioc of the universal enveloping algebra of § con-
tains central elements. The center of U_jv(§),c Was described in [10, 11] (cf. also
[12-14]). Elements of the center act on the space of functionals on tensor prod-
ucts of representations of § at the critical level, which are invariant with respect
to a certain Lie algebra. One can interpret the hamiltonian Z; as the action of a
quadratic central element from U_;v(§)ic on the ith factor of invariant functional.
Other central elements give rise to other operators, which commute with each other
and with Gaudin’s hamiltonians. We call them higher Gaudin’s hamiltonians.

Wakimoto modules [17, 18] at the critical level are special bosonic representa-
tions of §, which are essentially parametrized by functions on the circle with values
in the dual space of the Cartan subalgebra ) of g. We will construct eigenvectors of
Gaudin’s hamiltonians by restricting certain invariant functionals on tensor products
of Wakimoto modules. In conformal field theory language, those are certain bosonic
correlation functions. Analogues of Bethe ansatz equations will naturally appear as
Kac—Kazhdan type [19] equations on the existence of singular vectors in Wakimoto
modules. The existence of these singular vectors will ensure that the correlation
function constructed this way is an eigenvector of the Gaudin hamiltonians and
their generalizations.
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We will express the eigenvalues of these hamiltonians in terms of the Miura
transformation and show that Bethe ansatz equations appear as certain analytic con-
ditions on the eigenvalues. The formulas we obtain for the eigenvalues generalize
Sklyanin’s formula [20] for g = sl,. The appearance of the Miura transformation in
this context is not surprising, because the center of U_jv(§)c is isomorphic to the
classical # -algebra associated to gV, the Langlands dual Lie algebra to g [10].

The space of invariant functionals makes sense for an arbitrary level k. For non-
critical values of & it coincides with the space of genus 0 correlation functions (or
conformal blocks) of the corresponding Wess—Zumino—Novikov—Witten (WZNW)
model [21-26]. This definition is equivalent to the more common definition of
correlation functions as matrix elements of certain vertex operators, acting between
representations of g. It is known that for non-critical k these functions satisfy the
KZ equation [27-29].

One can obtain solutions of the KZ equation by restricting certain invariant
functionals on tensor products of Wakimoto modules, but those of non-critical
level. The rational function, which enters such a solution [30, 31] (cf. also [32-34,
26]), then appears as a bosonic correlation function, cf. [35], which coincides with
the formula for an eigenvector, obtained from Wakimoto modules at the critical
level. This gives an explanation of the connection between the eigenvectors of the
Gaudin model and solutions of the KZ equation associated to g, which was observed
in [36-39].

Gaudin’s hamiltonians can be obtained from the transfer-matrix of a quantum
spin chain related to the affine quantum group U,(g) in a certain limit, when g — 1.
A generalization of the results presented here to the case of U,(§) will be published
separately.

We also want to remark that our construction of eigenvectors naturally fits into
a program of geometric Langlands correspondence proposed by Drinfeld. This cor-
respondence relates equivalence classes of GV-bundles over a complex algebraic
curve & with flat connections, and 2-modules on the moduli space of G-bundles
over &.

The paper is organized as follows. In Sect. 2 we recall the definition of Gaudin’s
model and Bethe ansatz procedure in the case g = sl,. Section 3 contains an in-
terpretation of the model in terms of invariant functionals at the critical level. We
show how singular vectors of imaginary weight give rise to Gaudin’s hamiltonians
and their generalizations. In Sect. 4 we recall the definition of Wakimoto modules
and discuss the structure of the center of U_,v(§)ic. We use these results in Sect. 5
to construct eigenvectors of Gaudin’s hamiltonians and to compute their eigenval-
ues. In Sect. 6 we derive Schechtman—Varchenko solutions of the KZ equation,
using Wakimoto modules. We show that the rational function entering a solution
coincides with the formula for an eigenvector. In the Appendix we prove some
technical results concerning Wakimoto modules, which are used in the main text.

2. Gaudin’s Model

Let g be a simple Lie algebra over € of rank / and dimension d, and let U(g) be
its universal enveloping algebra. For a dominant integral weight A denote by V; the
irreducible representation of g of highest weight A. Denote by ( -, - ) the invariant
scalar product on g, normalized as in [6]. Let I,,a =1,...,d be a root basis of
g and /? be the dual basis. Denote by 4 the quadratic Casimir operator from the



30 B. Feigin, E. Frenkel, N. Reshetikhin
center of U(g):
1.4
A== ILI".
2a=l

The operator 4 acts on ¥, by multiplication by a number, which we will denote
by 4(4).

Now fix a positive integer N and a set (1) := (44,...,4n) of dominant highest
weights. Denote by ¥, the tensor product V; ® --- ® V3.

Let u,z;,...,zy be a set of distinct complex numbers. Introduce linear operator
S(u), which we will call the Gaudin hamiltonian, on V() by the formula

N = N .
S(u)zzi-}-zﬂ- 2.1)

Su—z iSu—-z) ’

where Z; is given by formula (1.1).

One can check directly [1, 3] that the operators =,..., 5y commute with each
other. Therefore the operators S(u) commute with each other for different values of
u. (In the next section we will give a new proof of this fact.)

One of the main problems in Gaudin’s model is to diagonalize operators S(u).
This is equivalent to simultaneous diagonalization of the operators =Zy,..., Zy.

For g = sl, eigenvectors are constructed by algebraic Bethe ansatz method
[1, 2, 20].

Denote by v; the highest weight vector of the module 7. The tensor product
of the highest weight vectors

|0) 1= 03, ® - ®vay € V)

is an eigenvector of the operators Z;. Indeed, if I, and /% are not elements of the

Cartan subalgebra of g, then the operator IS1%0) acts by 0 on |0). If they are, then
this operator multiplies |0) by a certain number.
Therefore |0) is an eigenvector of S(u).
The idea of the Bethe ansatz method is to produce new eigenvectors by applying
certain elementary operators to the “vacuum” |0).
Let {E,H,F} be the standard basis of sl,. Introduce operators F(w) on the
space V{;y by the formula
N g
Fw)= 3, ; (22)

=1 W—2Z

where F) is the operator, which acts as the generator F of sl, on the ith factor of
Vi;) and as the identify on all other factors. Here w is a complex number, which
is not equal to zj,...,zy.

Now consider Bethe’s vector

Wi,y W) = F(wy) ... F(wy)|0) (23)

in V).
Explicit computation [1] shows that

S@Wi,. .., W) =Sm(W)Wis ..., Wn)

5

j=1u d W]

Wiy s Wim, U, Wiy, W) 24)
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where s,,(¢) is a function in u, and
NoooA 2
1
fi=2 -2

=1 Wj = Zi  sxjWj— Ws

If all f;’s vanish, then |wy,...,w,) is an eigenvector of S(u). The corresponding
equations
Ai 2

N
- =0, j=1,...,m, 25
,gle—z,- Sz*:jo—Ws I ( )

are called Bethe ansatz equations.
The eigenvalue of S(u) on the vector |wy,...,w,) is given by

sm(w) = 7m0 ~ 3 8utn), 26)
where v
O R DE g e @7

il U=z jSuU— W

There are several approaches to constructing eigenvectors of Gaudin’s hamilto-
nians for general g.

One can construct eigenvectors by choosing a sequence of embeddings of Lie
algebras of lower rank into g and inductively solving the diagonalization problems
for these subalgebras [15, 16, 3]. This leads to a rather complicated combinatorial
algorithm, which very much depends on the type of g.

Another method was proposed by Babujian and Flume in [37]. The eigenvectors
should be constructed by applying to the vacuum |0), the operators

N FO

Fi(w) = S i=1,...,1.
I(W) i_—_ZlW_Zi’ J s N

However, since such operators no longer commute with each other, one should also
add some extra terms, which account for the commutators. The right formula can be
extracted from solutions of the KZ equation [30, 31] (and in fact can be obtained
as quasi-classical asymptotics of such solutions [39]):

(/) () (/)
Fij F; "’Fif

J
. . 1 iy ‘2;
wi,...,wmy =S T] . 0y. (2.8)
1 m o=, ,IN)j=l(Wi{ —-—wié‘)(wié‘ *Wijs')...(wij -Zj)
4

N

Here the summation is taken over all ordered partitions I' U U...U IV of the set
{1,...,m}, where I/ = {i{,},...,i,;}. Note that one can consider vector (2.8) as
an element of the tensor product of Verma modules M, ® --- ® M;, with arbitrary
highest weights 4;,..., Ay. ‘

It was claimed in [37] that the vector |wj',...,wim) satisfies an analogue of
Eq. (2.4). Namely,

ii
/i
u —

X, @9
Wj

. . . . m
S)wil, ..., wimy = s WL owm) + 3
j=1
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where s;, i, (1) is a rational function in ,

i iy Ol s> O
fj’=£( d’)—E(asa’), (2.10)

=1 Wj—2Zi sk Wj— W

and X; is a certain vector in V). Thus, if the equations f;f = 0 are satisfied for all

J =1,...,m, then vector |w',...,w'") is an eigenvector of Gaudin’s hamiltonians.
It is natural to call these equations Bethe equations and the vector |wil,...,win) a
Bethe vector.

The direct proof of formula (2.9) seems rather complicated, and it is not clear
how to generalize it to higher Gaudin’s hamiltonians, which we introduce in the
next section.

In this work we propose an alternative approach to the diagonalization of
Gaudin’s hamiltonians, which is based on a concept of invariant functionals (cor-
relation functions) on tensor products of representations of affine algebras at the
critical level.

In the next section we will interpret Gaudin’s model in terms of such functionals.
We will show that Gaudin’s hamiltonians, are members of a family of commuting
linear operators on the invariant functionals, which come from singular vectors of
imaginary weight in the vacuum representation of § at the critical level.

In Sect. 5 we will construct eigenvectors of Gaudin’s hamiltonians by restrict-
ing certain invariant functionals on tensor products of Wakimoto modules. This
construction will allow us to prove that if Bethe equations are satisfied, then vec-
tor |w}',...,wir) is an eigenvector of the operators S(«) and their generalizations,
defined in the next section. We will also compute the eigenvalues of these opera-
tors. This construction will then be used in Sect. 6 to give an explanation of the
appearance of Bethe vectors in solutions of the KZ equation.

3. Correlation Functions

Let g be the affine algebra, corresponding to g. It is the extension of the Lie
algebra g ® €((¢)) by one-dimensional center CK. Denote by §, the Lie subalgebra
g ® C[[£]] ® CK of §. For any finite-dimensional representation V; of g denote by
VK the representation of §,, on which g® rC[[¢]] acts trivially and K acts by

multiplication by £ € €. Denote by W’j the induced representation of § of level k:
Vi =U(§) ®ug,) V7 -

Consider the projective line CIP! with a global coordinate ¢ and N distinct fi-
nite points zj,...,zy € CP'. In the neighbourhood of each point z; we have the
local coordinate ¢ — z;. Denote §(z;) = g® C((¢f —z;)). Let gy be the extension

of the Lie algebra @?’:1 §(z;) by one-dimensional center CK, such that its re-
striction to any summand §(z;) coincides with the standard extension. For f =

(f1(t —z1),..., fn(t —zy)) and g=(g:1(t —z1),...,9n(t — zy)) from @?’zl §(z)
the cocycle wy, defining this central extension, is given by

N1
(l)N(f,g) =K - Z:l ﬁ!(f“dgo 5 (31)
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where [, stands for the integral over a small contour around the point z;.
The Lie algebra §y naturally acts on the tensor product V{,) = Vi®---® Wﬁ,\,’

in particular, K acts by multiplication by k. We will say that we have assigned
modules W’l‘l,...,W’,{N to the points zy,...,zy.

,,,,,

(EIP'\{zl,...,zN} (i.e. rational functions on CIP!, which may have poles only at
the points zi,...,zy ), which vanish at infinity. Clearly, such a function can be ex-
panded into a Laurent power series in the local coordinate ¢ — z; at each point z;.
This gives an element of §(z;). Thus, we obtain an embedding of g, into the di-
rect sum @flzl §(z;). The restriction of the central extension to the image of this
embedding is trivial. Indeed, according to formula (3.1), this restriction is given
by the sum of all residues of a certain one-form on CIP'; hence it should vanish.
Therefore we can lift the embedding g, — @fv: , 8(zi) to an embedding g, — gy
Denote by H(’;) the space of linear functionals on Wfﬂ), which are invariant

with respect to the action of the Lie algebra g;. Such a functional is a linear map

g2 Vi) — €, which satisfies

wyg - y)=0, Vgeg,yecVy,. (32)

By construction, we have a canonical embedding of a finite-dimensional repre-
sentation V; into the module V’,{:

xeV,—-1xeV,,

which commutes with the action of g on both spaces (recall that g is embed-
ded into § as the constant subalgebra). Thus we have an embedding of V{,) =

Viy®---®V, into W{‘l). We will keep the same notation V(;) for the image of
this embedding.

The restriction of any invariant functional u € H(k“ to the subspace V() C Wﬁ)

defines a linear functional on ¥;). Thus we obtain a map ey : Hf) — V).

*

Lemma 1. The map & : Hf,y — V(,y is an isomorphism.

Proof. Denote §,(z;) := g ® C[[t — z]] C §(z;). We have a direct sum decomposi-
tion

N N
_EBlg(zi) = (@m(zi)) Dy,
Indeed, for g(¢) € g ® C((¢)) denote by g*(¢) and g—(¢) its regular and singular

parts, respectively. Any element f = (f1(t —z1),..., fn(t —zn)) of @ﬁilg(z,-) can
be uniquely represented as the sum of

N
f—:;fi-(t—zi)EQZ

(recall that by definition, elements of g, must vanish at infinity) and

N
(fTt—z))= ("N —=z1)..., [yt —zn) = (fTv(t —2y)) € @9~+(Zi),
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where (f7)i(t —z;) denotes the regular part of the expansion of the function
f - at z;.

The §,-module W" (1) 1s induced from the module V(;, over @, 19.(z) @ CK,
on which @,—10 z;) . g+(z,) acts trivially and K acts by multiplication by k.
Therefore, as a g,-module, V () 1s isomorphic to the free module generated by

V(;)- Hence the space of g,-invariant functionals on V ) is isomorphic to V).

Lemma 1 shows that an invariant functional is uniquely defined by its restric-
tion to the subspace /{;) C V{‘l). Thus, for any » € V() there exists a g,-invariant
fupctional f=)"n: V{‘D — C, such that the restriction of 7] to V() C V( A
coincides with 7.

Consider the Lie algebra g = g, ® g C §y. where g is the constant diagonal
subalgebra of g,. Note that g does not lie in g,, because by definition elements of
gz must vanish at infinity. One can consider the space of g2-invariant functionals on
V{‘l). This space is isomorphic to the space of g-invariants of V'},. In conformal field
theory a gl-invariant functional u on Vﬁ) is called a correlation function (more
precisely, conformal block), and the equation (3.2) is called Ward’s identity.
Remark. 1. Sometimes it is convenient to consider instead of the space of g,-
invariant functionals on Vfl), the space of coinvariants of V{‘“ with respect to
gz. These spaces are dual to each other. For a detailed study of the functor of
coinvariants, cf. [25]. O

Let M be a g-module, and let M™* be the restricted dual linear space to M. We
can define a structure of g-module on M™* as follows:

lg- flm)=f(g)-Y), feM,gegmeM, (33)

where 1 stands for the Cartan anti-involution on g. It is defined on the generators
of g as follows:

l(E,')=Fi, ’L(Fi) =E,', Z(H,)=I{, .

This gives a structure of g-module on M*, which is called contragradient to M. It
is known that if the module M belongs to the category @ of g-modules, so does
M*. In particular, the module contragradient to an irreducible representation V; with
highest weight 4 is isomorphic to itself. Hence as a contragradient module, V} is

isomorphic to ¥{;). Therefore H, ) ~ V).

Let VX be the representation of §, which corresponds to the one-dimensional
trivial g-module V. We will call it the vacuum module. Denote by vy the generating
vector of VE. We assign the vacuum module to a finite point ¥ € CIP', which is
different from zi,...,zy. Denote by H, 10) the space of g,,-invariant functlonals on

( H® V£ with respect to the Lie algebra g,,. Lemma 1 tells us that H, 10) >~V

Let X be a vector in VE. For any 7€ V() consider the corresponding gz~
invariant functional 7 € H (4,0) lts restriction i - ,X) to the subspace V, ® X C
W&O) defines another linear functional, #’( - ), on ¥{;). Thus, we obtain a linear
operator depending on u, X (u) : V(*;) — V(’;), which sends # to . Since Ve = Vay
we can consider X'(x) as an operator acting on V().
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For 4 € g and m € Z, denote by A(m) the element 4 ® " € §. Now introduce
the following vector in V%,

d
- %z_:lla(—l)l"(—l)vo . (3.4)

This vector defines a linear operator

Su): Vg — Vi -

Proposition 1. The operator S(u) coincides with the Gaudin hamiltonian.

Proof. For any A € g consider the element

g:(t—-u)” eQz,u~

The expansion of g at z; is equal to

A 1
@ —uy (1- =)

Therefore the action of g on the ith factor of the tensor product W{‘A,o) is given by

1 ot Am)®
(n— 1) o1 =y (u — z; )"+l

Thus from (3.2) we obtain for any Y € V( s

1ot (Y= A>m)D
(Y, A(— = —_— . VX . 3.5
A0 = oty i (5 £ e 7))
This identity allows to “swap” the operator A(—n) from the module, assigned to
the point u, to the modules, assigned to the points zy,...,zy.
Put n =1 in (3.5). Since any element of g ® (# — z;,)TC[[¢ — z;]] acts trivially on
the subspace ¥{;, of V{,), we obtain for any w € ¥{;):

Ao, A(~1)X) = 7 <§j 40 - “’,X) , X eV, (3.6)

i=1 U—2Zi

Applying this identity twice to the element S € V£ we obtain:

=1a=lu_ztj=la= u_Zj

_ [1 % i z(]a)(j)% i (0 n] .

20001 U—Zj iD=t U3

1IN d Jai) N I(J)
(wS)—n<§ZZ 35 )
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by formula (3.3). Hence

Ia(z)l(') d L(,i)Ia(j)

N d
S(u) = E g Zz)z b m .

(NSRS

But this coincides with formula (2.1), because

1 1 1
(u—z)u—-z) z—z \u-z u-—z)’

We can now prove that the operators S(x) commute for different values of u.
In fact, we will prove a more general result.

Let us specialize to the value k = —h", where h" is the dual Coxeter number.
This value of level is called critical. For simplicity in what follows we will omit

the superscript k, when k = —hV. Thus, we will write V, instead of V "V, etc.

This value is special, because it is only at the critical level that S € V£ is
a singular vector of imaginary weight. This means that 4 - X =0 for any 4 ¢
g ® C[1].

Proposition 2. Let Z;, and Z, be singular vectors of imaginary weight in V. Then
for any pair of complex numbers u and v the corresponding linear operators Z(u)
and Z,(v) on V(;y commute. In particular, for Gaudin’s hamiltonians we have:

[S(u),S(v)] =0.

Proof. Consider a generalization of the previous construction, with two auxiliary
points, u and v. We can assign to each of these points the module V,. The space
H;,0,0) 1s again isomorphic to ¥(;). Therefore we can define an action of a pair of
elements, X;,X; € Vo, on V{,). Namely, for any n € V(;) we consider the cor-
responding g, ,,-invariant functional 7j € H;0,0). Its restriction #( - ,X1,X2) to the
subspace V(;) ® X; ® X» C V(;,0,0) defines another linear functional, 7'( - ), on V(;).
Thus, we obtain a linear operator depending on u and v, (X1,X2)(u,v) : V] D~ Vi
which sends 5 to 7.

We will show now that if X, and X, are singular vectors of imaginary weight,
then (X,X;)(u,v) = Xi(u)Xo(v) and (X3, X2 )(u,v) = Xo(v)Xi(u). This will prove
that [X;(u), X2(v)] =0

Indeed, X; can be written as a linear combination of monomials 4;(—n;)...
Apm(—np)vo, where A; € g,n; > 0. We can apply Ward’s identity (3.5) to each
summand and inductively “swap” operators 4;(—n;) to the modules assigned to the
points zi,...,zy and v. This amounts to acting on them by

ﬁl: AD - 1 a"fjl o Ai(m)» ‘
S —oy (= Doy o (u — oyt

i=1

But the last term of such a sum vanishes if we apply it to X, by definition
of singular vector of imaginary weight. Therefore this only affects the modules at
the points z;, just as if we had vo at the point v instead of X,. After that we can
“swap” X;.
We obtain:
i(w, X1, X2) = [Xi(1)Xo(v) « 1) (@) .
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Hence (Xi,X2)(u,v) = Xi(u)X2(v). In the same way we can show that
X1, X2)(u,v) = Xp(v)Xi(u), and the proposition follows. O

A description of the space Z(g) of singular vectors of imaginary weight in ¥,
is known [11, 10]. It is related to the structure of the center of the local completion
U_pv(8)oc of the universal enveloping algebra of § at the critical level [11, 10].
Let us recall this description.

Recall that as a module over §_ = g® ¢t~!'C[t7'],V, is isomorphic to its uni-
versal enveloping algebra U(§_). Introduce a Z-grading on U(§_) and on V,
by putting degA(m) = —m, degvy = 0. There is an operator of derivative 0 = L_;
of degree 1 on the module V¥V, and hence on U(§_), such that [0,4(m)] =
—mA(m — 1), and 0 - vy = 0.

Denote by d,...,d; the exponents of g.

Proposition 3. The space Z(8) of singular vectors of imaginary weight of V¥,
coincides with the polynomial algebra in 0"S;,i = 1,...,1,n = 0 (applied to vector
vo), where S;,i = 1,...,1, are mutually commuting elements of U(§_) of degrees
di+1i=1,..,1

A more precise description of the center will be given in the next section. Note
that S, is equal to S.

Proposition 3 and Proposition 2 show that S)(u),...,S;(#) constitute a family of
mutually commuting linear operators on the space V{;). We call S;(u),i > 1, higher
Gaudin’s hamiltonians. It would be interesting to find explicit formulas for them.

Remark. 2. For Z € Z(§) denote Z!"(Z) = Res,—;,(u — z;)"Z(u). These operators
generalize the operators =; = EY(S), given by (1.1). They all mutually commute.
Alternatively these operators can be defined as follows.

Since V¥ is a vertex algebra [48], we can associate a local current X(z) to any
X € V. Denote by X_,,_; the (—m — 1)st Fourier component of this current. This
is a central element of U_;v(§)oc [10]. Therefore it acts on the ith component of
the tensor product V; ®---®V,, . The dual operator gives rise to an operator
on the space of g,-invariant functionals, H;) ~ V{;). Using the generalized Ward
identity from Sect. 5, we can show that the corresponding operator on V{; coincides
with 2*(Z). O

Note that we can define the space of g,-invariant functionals in a more general
situation. To any g-module M we can associate the induced §-module of level %,

M = U(§) ®ug,) M -

Fix N representations M,...,My of g, and let M;,...,IMy be the induced §-
modules. We can define the space of g;-invariant functionals on the tensor product
M, ® --- @ My. This space is isomorphic to M ® --- ® My, where M;* denotes
the module contragradient to A;. In the same way as above we can associate to a
singular vector of imaginary weight Z € V, a family of commuting linear operators
on this space.

It is clear from construction that the operators Z(u) can be viewed as elements of
the Nth tensor power U(g)®" of the universal enveloping algebra of g, depending
on zy,...,zy, and u. Therefore they automatically act on any N-fold tensor product
of g-modules.

Denote by M, the Verma module over with highest weight 1 € h* over g, and
by M} the contragradient module.
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From now on we will choose as our modules, M {, with arbitrary 1; € h*,i =
1,..., 1. Then the space of g,-invariant functionals is isomorphic to the tensor pro-
duct of Verma modules, @), M;,.

If J’s are integral dominant weights, then there is a surjective g®V-
homomorphism ®fi My, — ®5V=1 V3;. The operators Z(u),Z € #(§), act on both
spaces and commute with this homomorphism. Thus, the projection of any eigen-
vector of Z(u) from ®?’=1 M), on ®fV=l V,, is again an eigenvector.

Our construction of eigenvectors of Gaudin’s hamiltonians in the tensor product
M;, ®---®M,;, will be based on Wakimoto modules.

4. Wakimoto Modules at the Critical Level

In this section we briefly describe important facts about Wakimoto modules [17,
18, 40] (cf. also [41]).

Let us first introduce the Heisenberg Lie algebra I'(g). It has generators
a(m),a;(m),m € Z,o € A, where A, is the set of positive roots of g, and central
element 1. They satisfy the relations:

[aa(n)> a;(m)] = 5a,ﬂ5n,—m 1, [aa(n): aﬂ(m)] =0, [a;(n), a;(m)] =0.

Now let M be the irreducible representation of I'(g), which is generated from the
vacuum vector v, satisfying

ayf(myp=0, m=0, aympv=0 m>0, .1

for all « € 4., and 1v = v.

Let ) be the commutative Lie algebra § ® ©((z)). It contains elements hi(n) =
Heti=1,..,I,neZ Any one-form y(z)dz € h* ® €((z))dz defines a one-
dimensional representation g, of b:

ol /) = 5= XU @Mz, () B,

where the integral is taken around the origin.

Wakimoto modules constitute a family of representations of the affine algebra §
of the critical level on the space M ® 0y).

In order to define these representations, we should construct a homomorphism
p from g to the local completion of Ui(I'(g)) ® U(E;). Here Uj(I'(g)) stands for
the Heisenberg algebra, which is the quotient of the universal enveloping algebra
of I'(g) by the ideal generated by (1—1). We recall the construction of the homo-
morphism p.

First we have to choose coordinates on the big cell U of the flag manifold
B_\G of g. This big cell is isomorphic to the nilpotent subgroup N, of the Lie
group G of g. Since N, is isomorphic to its Lie algebra ny via the exponential
map, U is isomorphic to a linear space with coordinates x,,a € 4. We assign to
the coordinate x, the degree o. The right action of G on the flag manifold gives
an embedding of the Lie algebra g into the Lie algebra of vector fields on U. This
embedding can be lifted to a family of embeddings into the Lie algebra of the first
order differential operators, depending on x € h*. Denote these embeddings by p,.
Explicitly, we have for the generators E;, H;, F;,i = 1,...,1, of g:
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_ 0 .0
P E) = 5—+ ¥ Pho—,
x Oxy  pea, b oxp

where P% is a certain polynomial in x, of degree f — a;;

- 0
P (H;) = —ﬁEEA+ ﬁ(f{i)xﬂa; + 1(H;) ,

and

;0
ﬁ (Fl): Z Q1_+X(H')xis
x pedy ﬂaXﬂ e

where Q;'} is a certain polynomial in x, of degree f§ + «;.

The homomorphism p., defines a structure of g-module on the space of algebraic
functions on the big cell, €[xy]se4, . This module is isomorphic to the module M,
which is contragradient to the Verma module over g of highest weight y.

We also have another map from the Lie algebra n, to the Lie algebra of vector
fields on U ~ N, which comes from the left infinitesimal action of n, on its Lie
group. The ith generator of n; maps to the vector field

0 ;0
Gi=-—+ 3 Ry=—,
(7xa,. ﬂ:/; + B 5x B
where R;, is a certain polynomial in x, of degree f — «;. These operators generate
another action of n;, which commutes with the action of n,, defined by p,.
Now we can construct the homomorphism p. Introduce the notation

A(z)= X Amn)e™""!, deg
neZ

and

a(2) = Daamz", ai@) = Daimz™, h(z)= Shinz"".
neZ

neZ n€Z

We put

PIE(2)] = ay(2) + Y : Pp(z)ap(2) :,
pedy

plH(2)] = —ﬂg B(H:) : ap(z)ap(z) : +hi(z)
plFi(z)] = /;év"j L Op(2)ap(z) : +hi(z)ay(2) + cidzaz (2)

where ¢; is a constant. Here P;}(z) and Q;,(z) stand for the expressions, which are
obtained from the polynomials PZ and Q;} by inserting a(z) instead of x,, and dots

denote normal ordering.
We also define operators Gy(n),i = 1,...,[,n € Z, by the generating functions

Gi(z2) = 3 Gi(n)z™"! = —ag,(2)+ > :Riﬂ(z)aﬂ(z) . 42)
n€l ﬂ€A+

Theorem 1. There exist such c; in the formula for p[Fi(z)),i =1,...,1, that the

map p defines a homomorphism from the Lie algebra § to the local completion

of Uy(I'(g)) ® U(Y), which sends the central element K € § to —h".
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This was proved in [17] for § = 5AIZ and in [18, 40] in general.

Example. We will write down the precise formulas in the case g = sl; [17]. We
will omit the unnecessary subscripts. We have:

PIE(2)] = a(2),
plH(2)] = =2 : a(z)a"(z) : +h(2),
pIF(2)] = — : a(z)a”(2)a*(2) : +h(z)a*(z) — 20:a*(2) ,

and
G(z) = —a(z).

For explicit formulas in the case g = sl,, cf. [18]. O

For any y(z)dz € h* ® €((z))dz, we can consider representation M ® oy of
'(g)) ®H. According to Theorem 1, the homomorphism p defines on M ® oy a
structure of §-module of the critical level, which we denote by W,(). We call this
module Wakimoto module with highest weight y(z).

Remark. 3. The modules, which were originally constructed in [17, 18], only de-
pended on y € h* ~ h*dz/z. However, the generalization of that construction to
arbitrary x(z) is straightforward. 0O

Remark. 4. The Laurent power series x(z) should be considered as an element of
the space of —AY-connections on a principal H"-bundle on the (formal) punctured
disc, where HV is a Lie group of h*. Locally such a connection can be written
as a first order differential operator —hYd; + y(z)dz, where y(z) is an element of
b* ® €((z))dz. We can view such a connection as a linear functional on b, which
is equal to —AhY on the central element. Here 1) is the Heisenberg Lie algebra, which
is the central extension of the Lie algebra of gauge transformations of this bundle.

The space of connections is a torsor over the space of one-forms h* ® €((z))dz.
If we trivialize the bundle, we can identify this torsor with the space of
one-forms. [

The following result, which is proved in the appendix, will be important in the
next section. Recall that vector x is singular of imaginary weight, if g - x = 0,Vg €
of ®C[[¢]:

Lemma 2. Let i(z) be a highest weight of the form
o x
wz)=—=+ 1"z, uep*.
z n=0

The vector Gi(—1)v € Wy, is a singular vector of imaginary weight, if and only
lf ((xia ,u(O)) =0.

We can also define another representation of § at the critical level. Let mp ~
Clhi(n)l,i=1,...,1,n > 0, be the 6—module, on which A;(n),n = 0, act by 0 and
hi(n),n < 0 act as on the free module with one generator. Then M ® g is a §-
module via the homomorphism p. We denote this module by W.

One can check directly that the generating vector # = v ® 1 of W is annihilated
by A(m),A € g,m = 0. Therefore the map p defines a homomorphism g : Vo —
W, which sends vy € ¥V to i € Wy. One can show that g is a embedding. Under
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this homomorphism all singular vectors of imaginary weight from V, get mapped
into the subspace of Wy, which consists of elements of the form v ® x, where v is
the vacuum vector of M and x € my. We will denote this subspace also by my [10].
Thus, we obtain an injective map g4 : Z(§) — 7o.

In [10, 11] the image of this map was described. Let us recall this description.

We can consider the algebra ny as the algebra of differential polynomials. The
action of derivative 0 on m, is defined by its action on the generators: dh;(n) =
—nh;(n — 1), and by the Leibnitz rule. The action of 0 on Z(§) and on 7y commutes
with the map p,. Therefore the image of Z(g) is a differential subalgebra of 7.

On the other hand, for any g one can define a remarkable differential subalgebra
W(g) of my = mo(g), which consists of “densities” of the corresponding classical
W -algebra, defined by the Drinfeld—Sokolov reduction [42, 43]. For the precise
definition we refer the reader to [44], Sect. 2.4. Here we will only say that #7(g)
can be characterized as the space of invariants of the nilpotent subalgebra 1, of g,
which acts on 7y, and it can be considered as a classical limit of the vertex operator
algebra of the quantum ¥ -algebra.

Now let gV be the Langlands dual Lie algebra of g. Recall that the Cartan matrix
of gV is the transpose of the Cartan matrix of g. Therefore there is an isomorphism
between the Cartan subalgebras of g and gV, which preserves the scalar products.
This induces an isomorphism between mo(g) and 7mo(g" ). Therefore we can consider
#(g") as a differential subalgebra of mo(g).

Theorem 2. [10, 11] The image of #(§) in no(g) under the homomorphism p 4
coincides with # (g¥).

Proposition 3 follows from this theorem, because it is known that #7(g¥) is
a free commutative subalgebra of 7y generated by 0"P;,i = 1,...,/,n = 0, where
degP; = d; + 1 [43, 44]. The generator P; is the image of S; € Z(§) from Propo-
sition 3.

Example. If g = sl,, then g = C[A(n)],<o. The image of Z(§) in 7y consists of
polynomials in 0"P,m = 0, where

L e b
P = Zh(=1} = 5h(=2).

This space coincides with #'(sl,), cf. [44], Sect. 2.1. O

The center 3(g) of the local completion U_jv(§)o. of the universal envelop-
ing algebra of § at the critical level was described in [10]. It consists of “local
expressions” in Sj,...,S, i.e. Fourier components of all differential polynomials in
S1(2),...,81(z), where Si(z) is the local current associated to S; in the vertex alg}abra
Vo. Therefore 3(§) is isomorphic to the classical # -algebra, associated to §* by
means of the Drinfeld-Sokolov reduction, cf. [10]. This # -algebra is the space of
local functionals on a certain hamiltonian space H(g") [43].

Now consider the space % of all Fourier components of differential polynomials
in hi(z),...,hi(z), cf. [44]. It is isomorphic to the space of local functionals on
the space T(g") of —hY-connections —4Y 0, + x(z)dz [44]. The map p, : Z(§) —
Ty gives us an embedding g3 : 3(§) — % . The corresponding map of “spectra”
T(gV) — H(g") is nothing but the generalized Miura transformation [43].

Elements of 3(§) act on Wakimoto modules by multiplication by constants. One
can describe the map p3 in terms of Wakimoto modules as follows: for X € 3(8),
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the value of p5(X) at —hY0; + y(z)dz is equal to the action of X on the Wakimoto
module W,(;). This shows that the map fjg is an affine analogue of the Harish—
Chandra homomorphism.

Recall that the Harish-Chandra homomorphism is a map from the center 3(g)
of the universal enveloping algebra U(g) of g to the algebra of polynomials on the
dual space h* of the Cartan subalgebra b of g. Any element of 3(g) acts on Verma
modules by multiplication by a constant. Harish-Chandra homomorphism maps a
central element X to the polynomial on h*, whose value at x is equal to the action
of X on M,.

Example. If g = sl,, then J3(§) consists of all local expressions in the components
S, of the current

S(z)= = Z L(2)(z) := Y. Spz™" 2.

n€Z

It is therefore sufficient to describe the values of j3 on S,. Denote
52) = L5z = FylS ()]
neZ
Then we have according to the previous example,
() = 3hz) — 30:h(2)
s(z) = 3 h(z 50:h(z) .

Therefore the central element s, acts on the module W,(;) by multiplication by

n+1 ™

—Ex‘”” om0

m€Z 2

where we put x(z) =3,z xX™z7""1. O

In the next section we will use Wakimoto modules and the description of the
center to construct eigenvectors of the Gaudin hamiltonians and to compute their
spectrum.

5. Bethe Vectors From Wakimoto Modules

We will construct eigenvectors using invariant functionals on tensor products of
Wakimoto modules. We will restrict ourselves with modules W,(;), for which y(z)

has the form D

&) =E = T4 e

In other words, we consider only the modules associated to —h"Y-connections on
the formal disc, which are regular or have regular singularity at the origin. We will
call such highest weight y(z) regular.

Slightly abusing notation we will write ¥ instead of ¥{~! = Res,—o}(2).

Let us recall the geometric construction of the Heisenberg algebra I' := I'(g),
cf., e.g., [45]. Consider the spaces #° = U ® €((¢)) and F' = U ® C((¢))d¢t of
functlons and one-forms on the formal punctured disc with values in the linear space
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U with coordinates x,,o € A,. There is a natural non-degenerate pairing between
them:

(+, ) F'xF' >C,

which sends (f(¢),g(t)dt) to (2mi)~' [(f(1),9(1))dt. Here (-, - ) denotes the
scalar product on the linear space U, with respect to which x,’s are orthonormal.
To the scalar product ( -, - ) we can associate in the standard way a central exten-
sion of the commutative Lie algebra #° @ #!. This is our Heisenberg Lie algebra
I'. The generators a,(m),a}(m) correspond to x, ® ™ € #° and x, ® ™~ 'dt € F,
respectively.

Let X = xj,...,x, be a set of distinct points on the projective line. Consider
Wakimoto modules W,y with regular highest weights x;(z),i = 1,..., p.

Let us choose a global coordinate ¢ on CIP' and the corresponding local co-
ordinates ¢ —x;,i = 1,..., p, at our points. Denote I'(x;) = U QC((t —x;)) DU ®
C((t — x;))dt. Let T’ be the central extension of the Lie algebra @, I'(x;) by a
one-dimensional center, which coincides with our standard central extension on each
of the summands. The Lie algebra I', acts on M ®? in a natural way, in particular,
the central element 1 acts as the identity.

Consider the commutative Lie algebra & 1= #2 ® #!, where FYZF)) is the
space of U-valued regular functions (one-forms) on (EIP‘B\{xl, ,Xp}, which vanish
(have regular singularity) at infinity. We have an embeddmg of #y into @ I'(x;),
obtained by expanding a function and a one-form at a given point. The restriction
of the central extension to the image of this embedding is trivial. Therefore we can
lift it to an embedding Fyx — TI',.

We also introduce the commutative Lie algebra hy of h-valued regular func-
tions on CP'\{xi,...,x,}, which vanish at infinity. We have an embedding by —

L he (- x)). Denote (2) = 11(2)... - Xp(2), where Ji?) € h* ® C((2))dz
and let oy) be the one-dimensional representation of @ bh® C((t — x;)), on
which h ® C((t — x;)) acts according to its character y;(z). Thus, by also acts on
Oy(z)-

8 ’)l“he Lie algebra #y := Fy @ by acts on

)4
M®? @ ayzy = @X}’Wx,-m :
i=

Denote by Jy the space of #x-invariant linear functionals on this tensor product.

Proposition 4. Suppose that
x,(z)— Ly Zx(") "oi=1,...,p.
If %i(t — x;) is the expansion of

ro = A

i=lt — X

at the point x;, for all i = 1,..., p, then the space Jy.y is one-dimensional. It is
generated by a functional, whose value on the tensor product of the vacuum vectors
of Wy, 2 is equal to 1.

Otherwise Jyz) = 0.
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Proof. The space Jy(z) is isomorphic to the tensor product of the dual space of the
space of coinvariants of M®? with respect to the action of %, and the space of
by-invariants of gy,

Since M is free over the Lie subalgebra of I', generated by a,(m),o € 4,4,
m < 0, and aj(m),a € 4,,m £ 0, we can use the same argument as in the proof
of Lemma 1. We conclude that the space of coinvariants of M®” with respect to
the action of %y is one-dimensional and that the projection of the tensor product
of the vacuum vectors of M on this space is non-trivial. Therefore there exists an
Fy-invariant functional on M®?, whose value on the tensor product of the vacuum
vectors is equal to 1.

Let f(¢) be an element of b. This is a meromorphic h-valued function on CPP',
which may have singularities only at x;’s and which vanishes at infinity. It acts on
the one-dimensional module o,(;) by multiplication by

3 3 [t = 2L OW 1)

i=1

where [, stands for the integral over a small contour around x;. This sum vanishes
for any f(t) € by, if and only if y;(¢ — x;) is the expansion of

=3~

=1 =X

at the point x; for all i =1,..., p.

To see this, suppose that (5.1) vanishes for f(¢) = H;/(t —x;)", with fixed
n>0and j=1,...,] (recall that H; are basis elements of b)). These conditions
uniquely determine the values " "V[H;] of 1"~ € b* (a coefficient in the expan-
sion of x;(z)) on H; in terms of the values of y,,si, on H;. But this means that
all X,("),n 0, can be uniquely determined from js,s=i. On the other hand, if for
all i =1,..., p, x(t — x;) is the expansion of

b x'
=% 7
=1t
at the point x;, then the integral (5.1) automatically vanishes for an arbitrary
f(t) € by, because then it is equal to the sum of residues of a rational function on
CIP'. Hence the vanishing conditions imply that for all i = 1,..., p, xi(f — x;) is the
expansion of
p .
X
x(t) = ;';‘
=1L =X
at the point x;.
Therefore the space of by-invariants of o, is non-zero, if and only if the
condition of the Proposition is satisfied. [

Now fix highest weights of g, A1,..., Ay, and a set of simple roots of g,o;,...,
o;,. Consider the function

(52)
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Denote by Ai(f —z;) the expansions of A(¢) at the points z;,i = 1,...,N, and by
u;(t —wj) the expansions of A(¢) at the points w;,j = 1,...,m. We have:

A o
,{i(z):?’_i_...’ llj(Z)=—%+/,t§0)+"‘»

where N
Ai o
‘u§0) _ Z i _ E I

i=tWj —2Zi sk Wj— Wy

We put p=N +m, and denote x; =z, )i(z) = Ai(z),i = 1,...,N;xny4; = W),
xv+j(z) = —pi(z),j =1,...,m. According to Proposition 4, the space Jy;yu;) of
%z,w—ipvan'ant functionals on the tensor product ®fi1 Wi ®;.":1 Wy is one-
dimensional. It is generated by a functional ty,, whose value on the tensor product
of the vacuum vectors is equal to 1. This is a linear map

N m
TNm - ®Wl,(z)®W;tj(z) —C. (5.3)
i=1 Jj=1

We will obtain eigenvectors of the operators Z(u),Z € Z(g), by restricting the
functional 7y, to a certain subspace.
According to Lemma 2, the vectors Gij(—l)v € Wy)j =1,...,m, are singular
of imaginary weight, if and only if the following system of equations is satisfied
N (liaaij) (ais’aij)

- J ——-—:O, ]:l,,m (54)
iz::IWj —Z; sgwj — Wy

These are precisely the Bethe ansatz equations.

Denote by W i(z) the subspace of a Wakimoto module ), which is generated
from the vector v by the operators a}(0),o € 4. This space is stable under the
action of the constant subalgebra g of g, and is isomorphic to the module M}
contragradient to the Verma module over g with highest weight A = Res,_¢A(z).
Indeed, only the Oth components a,(0) and a;(0) will contribute to the action
of g on Wj). Our formulas show that if we restrict the homomorphism p to g
and replace a(0) by x, and a,(0) by 9/0x4, we will obtain the formulas for the
homomorphism P which defines on C[x,l.es, ~ W) a structure of g-module
isomorphic to M.

The restriction of the homomorphism 7y, (5.3) to the subspace

N _
QW,{I,(Z)®Gi1(—1)0®"‘®G,‘m(~1)U (55)
=
defines a linear functional
; ) N
Yy, .., W) @M} — C.
i=1

The g-module @),_, M 7 1s graded by the weights of the Cartan subalgebra b of g, so
that all homogeneous components are finite-dimensional. We will show in the proof
of Lemma 3 that the functional y(w},...,win) vanishes on all homogeneous com-

ponents except the one of weight EL Ai — 27=1 a;;. Therefore it corresponds to a
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vector ¢(wy',...,win) in the tensor product of the Verma modules over g, @7, M;.,
of weight 3 | 4 — i iy

There is a differential algebra homomorphism ry,, from 7y to the algebra of
rational functions in u, having singularities at zy,...,zy,wy,..., Wy, on which the
derivative acts as 0,. In order to define it we have to specify the values of this
homomorphism on the elements Ay(—1) of mp. We put

¥, AiHy) oy (Hy)

ho(—1)) = h(u) := .
run(he(=1)) = hi() = 13 5 = > (5:6)
This implies that
M 1 o1
s, O By ) = T 1)

Theorem 3. If Bethe ansatz equations (5.4) are satisfied, then vector ¢p(wy', ..., wim)
is an eigenvector of the operator Z(u) for any Z € Z(§) with the eigenvalue
*NmP(Z).

In order to prove the theorem, we will need some properties of the vertex
algebra Wy, cf. [10, 11]. Each vector 4 € W, defines a formal power series 4(z),
whose coefficients are linear operators acting on representations of I'(g) ® . We
call these formal power series local currents (note that they were called fields in
[10, 11]). They satisfy all axioms of vertex operator algebras [46, 47], except for
the existence of the Virasoro element; that is why we call Wy a vertex algebra.

The local current, corresponding to a monomial basis element A4(n;)...
Am(ny v € Wy, where 4; stands for aq,a, or h;, is given by

! ! < g—m—d(4y) —nm—d(A4m) .
G —d) =gy A G (@)

Here we put d(a,) =d(h;) = 1,d(a}) =0. This current does not depend on the
order in which we apply normal ordering. In general one should use normal ordering
nested from right to left.

The space V) is also a vertex algebra (but not a vertex operator algebra) [10,
48], and the homomorphism p defines an embedding of this vertex algebra into W,

Let us assign representations L; of I'(g)® Y to the points x;,i = 1,..., p, of
CP'. Denote by J(Li,...,L,) the space of #'x-invariant functionals on ®f;l L;.

Introduce a Z-grading d on Wy by putting d(ay(n)) = d(aj(n)) = d(hi(n)) =
—n. Let Y(z) be the local current corresponding to an element ¥ € W, of degree
d(Y). We will identify the (1 — d(Y))-differential (¢ — x; )"+ g =4 e ©((¢ -
x;))dt! =4 with the operator Y(n)\/) acting on the module @, L;. Consider the

space & 1) of regular (1 — d(Y))-differentials on CP'\{x,... ,Xp}, Which have

zero of order at least 2d(Y) — 1 at infinity. Any element %(¢) of this space can be
expanded in powers of ¢ — x; at each point x;. The corresponding formal power series
#(t — x;) can then be viewed as an infinite sum of operators )y, _ _ ary CmY (m)®

on the space @?2_, L;. Denote

P .
Y=Yt -x).
i=1
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Proposition 5. For any t€J(Ly,...,Ly),Y € Wy, and X € QP Li, we have:
(¥ -X)=0.

In the case when Y(z) is one of the elementary currents: a,(z),ak(z), or hi(z),
this follows from the definition of the space of invariant functionals. The general
result follows by induction on the power of Y. By linearity, it is sufficient to
prove the statement in the case when ¥(r) = (¢ — x; '+ =1g—dM) p < _4(1).
Proposition 5 is equivalent in this case to the statement that

YmD . x 1 o-n—d(¥)
Y)Y - X1= Cn = d)! Oxj_"_d(y) .
= Y(m)®
' lg;j m=—d(Y)+1 (x; — x; ymd) ) (5.7)

This is a generalization of the Ward identity (3.5). Note that this identity and
Proposition 5 hold for arbitrary vertex algebras.

Since each of the modules L; is automatically a §-module, the Lie algebra gy,
which was introduced in Sect. 3, acts on the tensor product @2, L;.

Corollary 1. For any te€J(Ly,...,Lp), g € gx, and X€®{;1L,-, we have:
(g - X)=0.

Proof. We have to apply Proposition 5.7 in the case when Y(z) = p[4(2)],4 € g.
O

Corollary 1 means that any s#x-invariant functional is gx-invariant. This will allow
us to prove Theorem 3.

Proof of Theorem 3. Let Ai(z) and p;(t) be the expansions of (5.2). We assign
the modules W), to the points z;,i = 1,...,N, the modules Wﬂj(z) to the points
wj,j =1,...,m, and the module Wy to the point u of CPr'.

The module W, is free over the Lie subalgebra of I' ® 6, generated by
ay(m), € 4., m < 0;a,(m), 0 € Ax,m < 0;h;(m),i = 1,...,1,m < 0. In the same
way as in the proof of Lemma 1, we can show that the space of ;v ,-invariant
functionals is one-dimensional and is generated by a functional 7, whose value on
the tensor product of the vacuum vectors is equal to 1. It clearly has the property:
X, 0) = tym(X) for any X € ®f\;l Wiy @' W), where § is the generating
vector of Wy and 1, is the generator of the space Ji)uc), cf. (5.3).

Recall that we have an embedding g : Vo — Wy of §-modules. Now let Z €
Z(@)C Vo and consider tyy,(w,Gi(—1y,...,G;,(—1)v,p(Z)), where w €
®§V=1 WA,-(Z) C ®f’:1 W,.()- This is a linear functional of w.

We can express this linear functional in two different ways. On the one hand,
we can represent Z as an element of U(g_), i.e. in terms of p[A(m)],4 € g,
m < 0. By Corollary 1 the functional 7 is invariant with respect to the Lie alge-
bra g, w.. So, we can use formula (3.5) to “swap” Z. Since G,-j(—l)v € Wy, J =
1,...,m, are singular vectors of imaginary weight, A(m) + G;(—1)v =0 for any
m = 0. Therefore the action of the corresponding elements of the Lie algebra gz w
on these vectors is equal to 0. So, we obtain, in the same way as in the proof of
Proposition 2,

o(w, Gy (=1),..., G, (=1, )(Z)) = [Z(u) - (ﬁ(wi‘,...,wﬁ;," N(w) . (5.8)
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On the other hand, we know that p(Z) lies in my C Wy. According to (5.7),
ym(@, Gy (=1, ..., G, (=)o, li(n)X)
= rnm(hi(n))Yenm(@, G, (=1, ..., G, (= 1)1, X) .
By applying this formula several times to §(Z), we obtain
(@, Gy (=10, ., Gip (=10, H(Z)) = IrnmP (D)WW, oW N@) . (5.9)
From (5.8) and (5.9) we obtain
Z(u) -« GOV W) = [umP 2 (DNPOWL . W)

and the theorem follows. [J

Example. For the element S given by (3.4), we have

l
p(8) = 3 DD (1) = p(=2).

Here h},..., k5, is the basis of b, which is dual to the basis #,,.. ,h; with respect
to the scalar product (-, -)onbh~bh* and p € b is such that oc,(p) = (o, %;)/2.

Therefore the eigenvalue of the element S() on the vector (,i)(w1 ,...,wm) is equal
to

!
i venim () = ;hf(u)h?(u)—aup(u)

(onp04)

1 (u—w)?

Ly A m
) Z: u—z; Zlu-w,

N, Adp)
+§1 (u—zy —Z

For g = sl, this formula coincides with (2.6). It was written in [20] (cf. for-
mula (1.24)). Using this formula we can find the eigenvalues s;(w',...,wj») of the
operators E; given by (1.1) on the vector q&(w’l s, WM, Since Z; = Res,—;,S(u),

.....

i) = 3 Gh) _ 1 ) o0

i " jz*izi"zj s=212i~ws (5.10)
Lemma 3. The vector qﬁ(w’l", ..., Wim) coincides up to a sign with the Bethe vector
[wi,...,wim} given by (2.8).

Proof. We will find an explicit formula for
‘//(Wtrl seee 9W£;r" ) = twm(@, Gy (=D, ..., G, (= 1)) , (5.11)

and compare it with formula (2.8) for |w{,...,win).

This computation is essentially equrvalent to the computation of a bosonic corre-
lation function from [35]. For X € M; denote by Py the corresponding polynomial
in x,’s. Let Px(z) be the local current which is obtained from Py by replacing x,
with a(z). In conformal field theory language,
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TN,m(Xl, P ,XN, Gil (-1)1), ey G,'m(—l)l)) N

where X; e M. R is the bosonic fy correlation function

N m
<HIPX,-(ZI-)HIG,-,(WJ-)> : (5.12)
= J=

. . iy . Gy,
We will use the generalized Ward identity (5.7) in the case when % = T?ﬂy%—_,
i
where Gy, is a root generator of the left nilpotent subalgebra n, of g.

This identity reads

Tvm(0, Gﬂl(—l)v,...,G/;j(——.l)u,...,Gﬁm(—])v)
i

1 ()
= Gylw,Gg, (—D,...,0,...,Gg (— 1)
i:Zle_ZiTN,m( ﬂj > ﬂ]( ) 7 ﬁm( ))
l’j+ﬂs
l Cﬂj,ﬁs
+3 tnm(@, Gg (—1)0,...,0,..., Gpip (= Do, ... G, (= 1)D)
s=1W; — Ws Y s

(5.13)

where w € @, Wie) ~ QY M 7 and cj are the structure constants in the nilpo-
tent subalgebra n; of g.
By successive use of this identity, we obtain:

twm (@, Gy (= Du,..., Gy, (= 1)0) = tym(@’,0,...,0)

for some ' € @Y, M.

Recall that there is a linear pairing (-, -): M, x My — C, such that
(FY,X)=(Y,EX),i=1,...,1, cf. (3.3). Denote by 7: M; — € the pairing with
the highest weight vector x, of M, : 3(X) = (x,, X).

When % = g}, the Ward identity (5.7) reads as follows:

tm(@G(Q)w,v,...,0) =0, a€d;.

Therefore
(@, 0,...,0) = )(@").
If @ is homogeneous of weight y, then ' is also homogeneous of weight y 4+
Z;?':'l %;. But g(@') =0, if the weight of ' is not equal to Efv:l ;. Therefore
YW, ..., win)(w) = 0, if the weight of @ is not equal to 3 | 4 — Doy %y
Following [35], we obtain by induction the following formula:

j i v NGj..-Gy Px)
‘ﬁ(w’ll,...,w;,’,")(Xl,...,XN): 2 H ;

bl
p:(Il ’’’’’ IN)j:I (wljl - W,JZ) v (wi{;j - Zj)

where we used (5.11) and notation from Sect. 2 (the notation Py is defined above
after (5.11)).
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But
J(Gil e G,mP) = (—l)mj(E,m .o .E,']P)

(cf. Lemma 3.3 from [35]). Therefore we have:

YW, WYX, X))
N J(El{‘ "'EiJP/Yj)
=y ¥ S

p=(I1,.,1V) j=1 (Wifl - Wig) - '(wiij —z)

(5.14)

On the other hand, the pairing of a monomial basis element F; ...F;x, and
X € M} is equal to

(XA,EiI E,1X> = J(Eij ...Ei]P)() .

Thus, we see that the vector [wi',...,wf,',") € ®?;1Mx,- given by (2.8) defines a
linear functional on ®fv=1 M;, which coinc.ides with the functional (—1)Y"y(w,...,
wim). Therefore ¢(wil,...,wim) = (=1Y"|w},...,wm). O

There is an interesting “analytic” interpretation of Bethe ansatz equations (5.4).

Proposition 6. The Bethe ansatz equations (5.4) are satisfied if and only if for
any Z € Z(§) the eigenvalue [tymp4)Z) of Z(u) on the vector ¢p(w},...,wm) is
non-singular at the points wy, ..., Wy,

Proof. Denote by b the orthogonal complement to the one-dimensional subspace
of b generated by H; € h. Polynomials in #;(n),n < 0, form a subspace 7y, of my.
Polynomials in 4(n),~ € b, n < 0, form a subspace TC(')l:i of my. We have: 7my(g) =
To; & 7‘6'}'-

The space 7y, is isomorphic to my(sly). Denote by #7; C my; the subspace cor-
responding to #7(sl2) C mo(sl2).

Now fix j = 1,...,m. The image of Z(§) in mp is contained in the tensor
product nol’i] ® #'i; [10]. Therefore py(Z) can be decomposed as Y Xm Y, where

X, € nol)ij, Y €W, Then we have:
rNmPaNZ) = 2 rnm(Xn) - rNm(Ym) 5

because ry, is a ring homomorphism. From the definition of ry,, it is clear that

rNm(Xm) is non-singular at u = w;. We will show now that ry,(Y) is non-singular

at u = w; for any ¥ € ¥/, if and only if the Bethe ansatz equation (5.4) is satisfied.
We know that #; is the space of differential polynomials in

1 2
Py = 3hy(=1F = hy(=2),

cf. Example after theorem 2. Since ry,, is a homomorphism of differential algebras,
it is sufficient to check that ry(P;;) is non-singular at u = wj, if and only if the
Bethe ansatz equation is satisfied. Applying formula (5.6) we obtain that 7y(P;;)
is equal to
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1 /N A(H; m oy (Hj; ? N Ai(Hj m oy (Hi;
L R L B N L

i=1 U—Zi = U—Ws =1 U—Z o U— W

The possible singular terms at u = w; are

(dij(I{ij))z/2 - aij(lil'j)
(u—w;)?

b

which vanishes because %, (Hij) =2, and

1 4 (_% (Ais o) s (ais,di,-)>

u—w; (0([],“[]) i=1 U—2Z; s+j U— Wy

(note that A(H;;) = 2(4, &, )/ (@i ;). The latter is non-singular at u = w;, if and
only if the Bethe ansatz equation (5.4) is satisfied. O

Remark. 5. Proposition 6 can be considered as a guiding principle for finding eigen-
values of Gaudin’s hamiltonians. This analytic Bethe ansatz has been successfully
applied to various models of statistical mechanics, cf., e.g., [49]. U

In conclusion of this section, let us remark that the Gaudin model can be gene-
ralized to an arbitrary Kac-Moody Lie algebra g associated to a symmetrizable
Cartan matrix.

Indeed, for such g we can choose the bases {I,} and {/?}, which are orthogonal
to each other with respect to the invariant scalar product, cf. [6]. Then the operators
Z; given by (1.1) will be well-defined on the N-fold tensor product of g-modules
from the category O. For instance, we can take the tensor product of integrable
representations V3 ® --- ® V3, or Verma modules M, ® - -+ ® My,

Moreover, formula (2.8) for the Bethe vector and Bethe ansatz equations make
perfect sense in this general context. So does formula (5.10). This leads us to the
following conjecture.

Conjecture. For an arbitrary symmetrizable Kac—Moody algebra g, the vector
wi,...,wimy e M), ® --- @ M;,, given by (2.8) i; an eigenvector of the operators
Z,i=1,...,N, with the eigenvalues s{(w},...,win) given by (5.10), if the Bethe
ansatz equations (5.4) are satisfied.

This conjecture can be proved directly using methods of [31], Sect. 7.4-7.8
(note that the proof in [31] works for an arbitrary Kac-Moody algebra). One may

also hope to prove this conjecture by developing the theory of Wakimoto modules
for general Kac-Moody algebras.

6. Connection with KZ Equation
We fix k+ —hY. Let o := w(z1,...,2zv) be a function with values in V{;). The

KZ equation is the system of partial differential equations with regular singularities
on :

F
(k+hv)§=5iw, i=1,...,N, (6.1)

where Z; is given by formula (1.1).
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This equation can be considered as the equation on the space H("A), which was
defined in Sect. 3 (for more details, cf. [25]).

Consider the local current S(z), corresponding to the element S of the vertex
operator algebra V% given by (3.4),

S(z) = %é CL(2)(z) = (k+hY) %;z L,z7"2%, (6.2)

It is known that the operators L, generate an action of the Virasoro algebra on any
representation of § of level k. They have the following commutation relations with
generators of §:

[Ly,A(m)] = —mA(n+m), A€g. (6.3)

Let Cy be the space €V with coordinates zy,...,zy without the diagonals and
Cy be the space CV x CP! with coordinates zi,...,zy,¢ without the diagonals.
Denote by # the algebra of regular functions on Cy. Denote by &’ the algebra of
regular functions on Cj;, which vanish when ¢ = oo.

Introduce the #-modules V{7)(z) = Homg(V{,), #), Gy(2) = §y ©¢ %, and g; =
g ®c #'. The Lie algebra §,(z) naturally acts on Vf;)(z). The Lie algebra g, em-
beds into §,(z) in the same way as the Lie algebra g, embeds into gy, cf. Sect. 3.
Hence, g, acts on Vf;‘)(z). The space of invariants of this action, H&)(z), is a

#-module. By Lemma 1, we can identify H(’;)(z) with Homg(V(;), %).

Since 0/0z;,i = 1,...,N, are derivations of %, they act on the %-modules
gN(z), g;a and V?;)(Z)

Denote by L(_’)l* the operator on V{‘;‘)(z), which acts as the operator dual to L_;
on the jth factor and as the identity on all other factors.

Lemma 4. The operators

kx

(@), commute with each other and normalize the action

acting on the space V
of the Lie algebra g,

Proof. We have:

a )% a [ ) DES i )*
[Vi,V;] = —E;L(_j; + 52ng)1 + [L(_l)l ,L(_j: 1.
i J

% do not

The first two terms in this commutator vanish, because the operators L
depend on z;, and the last term vanishes, because the operators L(i)l* and L(_’;* act
on different factors of V{*(z).

To prove the second statement, consider

——— g, A€g. 64
Gy % 4€9 (64)

We have to show that the commutator of this element with V;,i = 1,...,N, is again
an element of g,. This will prove the lemma, because such elements generate g,.
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The action of the element (6.4) on Wm(z) is given by

1t L= Am)®

(n—1)! 52_;-’_1s¢im=0 (zj — zg)m+!

Al = A(-n)P —
(cf. (3.5)). Straightforward computation using (6.3) gives:

o . R .
6_2,-14{' = [4, L] + 0 ndy,

Then for the dual operators, acting on V( l)(z), we obtain

n+l1 2

0 Ly g
[02, L4 ] = o, ndl

and the lemma follows. O

Lemma 4 means that the operators V; define a flat connection on the trivial
bundle over Cy with the fiber H(’;) ~ V(’;) Recall that we consider on V(j) the
contragradient structure of g-module, with respect to which it is isomorphic to V7;).

In order to find an explicit formula for this connection, consider for any # € Ve

the corresponding g, -invariant functional #j € Hf,,. By definition, [L(i)l* - fl(w) =
ALY, + w) for any w € ¥,y C Vi)

Using the fact that A(n)") - & (w) =0 for n > 0 we obtain

().)

d I .
L(=DP10) - ©

i 1
IV o=
-1 @ kJrh‘/‘,z::1

The Ward identity (3.5) gives:

. d_ a(0)DL,(0))
O 'w)=ﬁ<k+lhv, s OO 'w>

j*ia=1 Zi —zj

— 1 d Z([a)(i),(]a)(j) _ i
—I:k—'_hv/g#:la?l zi —z; :l( ) [k+hv'"](w)

Thus, the action of V; on the bundle of invariants is given by

-
‘T kAR

Therefore the flat sections of this bundle are solutions of the KZ equation (6.1).

Note that this construction can be carried out for arbitrary representations of g
instead of V,’s. In particular, we can take the contragradient Verma modules M R
with arbitrary highest weights 4;,i = 1...,N. Then the flat sections of the bundle of
invariants will be solutions of the KZ equation with values in ®ii1 M;,. A similar
analysis of the KZ equation and its generalizations can be found in [26].

Schechtman and Varchenko [30, 31] have found integral solutions of the KZ
equation with values in ®f/:1 M;, and ®fvzl M;.
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We will now derive the first Schechtman—Varchenko solution using Wakimoto
modules of non-critical level. Essentially this has been done by Awata, Tsuchiya
and Yamada in [35]. This derivation provides a clear demonstration of how Bethe
vectors appear in solutions of the KZ equation.

The construction of the Wakimoto modules from the previous section can be
generalized to an arbitrary level k£ [17, 18]. Introduce the Heisenberg Lie alge-
bra § with generators b;(n),i = 1,...,.,n € Z, and the central element 1, with the
commutation relations

[b;(n),bj(m)] = (k + hV)I’I(Hi,Hj)én’_ml .

For x € h* denote by =, the Fock representation of [3, which is generated by the
operators b;(n),n < 0 from the vacuum vector v,, which satisfies

bi(n)oy =0, n >0, bi(0)v, = x(H:)vy

forall i=1,...,/, and 1v, = v,.

We define a homomorphism p; from § to the local completion of Uy(I') ®
U(h) by replacing h,(z) with b;(z) in the formulas for the homomorphism p from
Sect. 4 and shifting by (k + 4V the constant ¢; in the formula for p[F;(z)]. Under
the homomorphism p; the central element X € § maps to £ [17, 18]. Denote the
corresponding representation of § in M ® m, by W, .

Let C,, be the space €? with coordinates x,,...,x, without the diagonals and C,

be the space C? x CP! with coordinates xi, ... ,Xp,t without the diagonals. Denote
by & the algebra of regular functions on C,. Denote by o/’ the algebra of regular
functions on C;,, which vanish when ¢ = oo.

Put Wy (x)= Homg ( QL Wyjor ), Tp(X) =T, ®c o and #Hy=U®
o) (U L'dt)® (h® o/'). The Lie algebra I'p(x) acts on Wy (X); #x is a
Lie subalgebra of I'p(x), hence it also acts on W}, (x). Denote by Jﬁ(x) the space
of invariants of this action. This space is a free module over ./, which is gener-
ated by the s#x-invariant «/-valued functional 9, on ®f’= 1+ Wy.k» whose value on
Vp =10y ® - ®vy, is equal to 1.

On the module W}, (x), we have a natural action of the operators

F :
5x—i—L(_’),*, i=1,...,p. (6.5)
In the same way as in the proof of Lemma 4 we can show that these operators
commute with each other and normalize the action of the Lie algebra . Thus,
these operators act on the space of invariants J%(x).

In order to find an explicit formula for the action of the operators (6.5) on 9,
we have to compute the action of the operator L_; on v, € m; C W) .

It is known [40] that the action of L_; on m; C W, coincides with the action
of the operator

1 l
r 4 -1- )
k+hvn§z,_§b (=1 =n)

where b"(n) are the dual generators to b,.(—n):

[V (n), bs(m)] = ndysdp-ml .
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Applying this operator to v; € m; we obtain

k+hV zb( l)br(o)vl

By Ward identity (5.7),

. ; L b, (0) ) (0)D
L9 9,00 = 0,L?, - y) =10 5> 2O 78 0) -y)

(k'l'hvj*lr:l X — Xj

1 E(Xi,Xj)ﬂ ).

= v ——U)
k+h j¢,~x, Xj

Consider the following system of equations:

of 1 (> %)
5)6,' - k+hvj*i Xi —Xjf ' (66)

The unique up to a constant factor solution of this system is

f =Tl —x) X+

i<j

Put r’;(x) = f - ¥p. This is an #'y-invariant element of W, (x), which satis-

fies: s
" _
(E,» - LY ) *(x)=0. (6.7)

Now put p=N+mx;=z,xi=A,i=1...,N, and xyi; =W, (v =
—0lij,J = 1,...,m. Then we have:

\v
(@ W) V) = [1(z — zj) BV ey | (6.8)

i<j

where v
{ = n(zt Wi ) —(4 0‘1 )/(k+h )H(W Wj)(als’aij)/(k-"h ) .
§<j
Denote by W,l the subspace of W, which is generated from vector v; by the

operators a%(0). As a module over the constant subalgebra g of §, W, is isomorphic
to My, cf. Sect. 5.
The restriction of 7%, (z, w) to the subspace

2

® 3 ® Gy (= 10y ® -+ ® Gy (—1)0—gy,

i=1

defines a linear functional
k i i N *
V] .
Pz, W), we) QM — C.
i=1

According to Lemma 3, this functional vanishes on all homogeneous components
except the one of weight Z?;l A — Z';':l a;;. Therefore it corresponds to a vector
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. , N
P(z,w),...,win) e @M,
i=1

. N .
of weight > ", A — 2721 a;;, depending on zy,...,zy, Wyi,..., Wp.

Using the Ward identity (3.5) in the same way as in the proof of Proposition
3, we obtain:

Pr(z W, W) = [ (2 W) ) Iy, ., wim)

Vv ; .
= [1(@ = z) B Dy, wiey

i<j
by (6.8). Hence, by Lemma 3,
Cbk(z,wi‘,...,wﬁj,”) =(-" .H.(zi - zj)“"”lf)/(ﬂhv)t’lw;‘,...,wf{,") . (6.9)
i<j

Denote by C,,; the space C" with coordinates wy,...,w, without all diagonals
w; = w; and all hyperplanes of the form w; = z;. The multi-valued function £ defines
a one-dimensional local system % on the space C, ;. It is clear that for fixed z the
value of ‘cﬁ‘\,m (z, w) on any vector of the tensor product ®fi Wik ®;”=1 W—oz,-j,k
is a product of £ and a rational function on C,, ;.

Denote by Q(Z) = @, s, 2'(Z) the twisted de Rham complex of Z. It consists
of differential forms on C,,, with differential d’ acting on a form w by the formula

d -owo=d -o+d- logt.

It is therefore convenient to represent an element w of the twisted de Rham complex
by a multivalued differential form ¢ - w. The action of d’ on w coincides with the
action of d on 7 - .

If f is a holomorphic function on C, ,, consider the m-form 7 fdw, ...dw, €
Q"(2). Since it is holomorphic, it defines an element of the mth cohomology group
H"(Cp 2, Z) of the de Rham complex.

There is a natural pairing between this group and the mth homology group
Hy(Cpz, &*) of Cpz with coefficients in the dual local system. This pairing is
given by integration over cycles:

oxd- [fo, 0cH(Cpp¥), 4€Hy(CpzpL™)
4

(about different choices of cycles and convergence of the corresponding integrals,
cf. [51]). This pairing has the following property for any differential form @ on

Chz:
fd - tw =0, Y4€HuyCpaZL"). (6.10)
4
We can now reproduce the Schechtman—Varchenko integral formula.

Theorem 4. Let A be an m-dimensional cycle on Cy, with coefficients in the dual
local system £*. The ®fv=1 M, -valued function

\Y2 3 .
[1(zi — z))BAVER el wimydwy ...d Wy,
i<j 4
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where |w\',...,win) is the Bethe vector, is a solution of the KZ equation.

Proof. To avoid confusion, we will denote by 4@ or A™/) the operator, which acts
as 4 on the factor W;,x or W_q, 4 of the tensor product QN Wi 7, W—a; ks

and as the identity on all other factors.
From formula (6.7) we obtain:

J Dk
E‘CN,M(Z,W) = L(_z’l) . ‘EN’m(Z, W) .
1

By restricting this equation, we have:

]
ngm(z, WY@, Giy (= 1)v—g .., Gy (=10 )

= T?\’,m(zs w)(L(jll) *, Gil (— 1 )U—dil LR Gim(— 1 )U—-ot,'m ) ’ (61 1)

where w € ®ﬁIM£
Using the Ward identity, we can rewrite the right-hand side of Eq. (6.11) as

! L (@) patz))
k+hV‘§1}§z,-—ijN’m(z’w)([“ 1997+ 0, Giy (= 1)v—g, 5., Giyy (= 1)0—sy,, )

— _ _ k (z1)
) ] ,Gi —1)v_g, LR
k+ R =t o=tz (20 — weyrt! (2 W, G (10—,
I%(n) - Gi(=1)v—g .., Gip, (= Doy, ) - (6.12)

To compute the last term of this formula, we have to compute [%(n) -
Gis(-l)u_ais € W_y k for n = 0.

Lemma 5. For anya=1,...,d,and i =1,...,1,
I*(n) - G(—=1)v_y, =0, n>1,
and there exists such Y, € W_,, i that
I°(1) « G(—=1)v_y, = (K +1Y)Ya, 1%0) - G(—1)v—y, = (k+hV)L_1Y,.

This lemma will be proved in the Appendix. It gives for the sth summand of
the second term of formula (6.12):

d
Tlﬁl’m(z,w) (Eféz')a)’ Gix(—l)v—axlw Y, Gy (-1 )U—ai,,,) , (6.13)
s

a=1

where
ys = Ya + L-lYa

¢ (zi —ws)? oz — Wy ‘

According to (6.7), the action of L(_Wf ™ on tﬁ,’m(z,w) coincides with the action
of 0/0w;. Therefore we can replace Y by
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0 Y,
ows  zp —w,

Then formula (6.13) can be rewritten as

(zi) o C(—
o, [Zi —y TN m(Z, W) <a=11a , Gy, ( l)v_a,l,...,{a,...,G,m( l)v_a,.m)] .

For any z and w, the term in brackets, ¥, is a product of the multivalued
function £ and a rational function on C,, ;. Consider V dw; ... w,, as an element of
Q"(ZL). Then we have

(—‘Z-V> dwy ...dwy = d(V dwy ...dw,...dwy).
ows

Therefore if 4 is an m-dimensional cycle on C,,, with coefficients in #*, we have,
by formula (6.10):

s

4

Thus we see that the second term of formula (6.12) will disappear after integration
over 4.

But the first term coincides with the action of the operator Z;/(k + 4" ). So, we
obtain

ft’,i,m(z, w)(L(fil) . o, Gil(—l)v*ail7"'7Gim(_1)v“0‘im Yawy ...dwpy
4

—

= fku—ihVT];V’m(z’ WY@, Giy (=1)0—s o, G (= 1)0—s, JAW1 ... AW, .
4

Hence, by (6.11),

)
(k1Y) [Tk (2 W, Gy (= D0, G (=)0, W1 .
ig

= 5 [tn(Z WU, Giy (= 1)0—q -, G (= 1)0—, JAW1 ... AW
4

for an arbitrary w € @, M e
The last formula can be rewritten as

0 . ) : .
k+hY)— [Pk wl,...,wmdw, ...dw, = 5 [P*@@,w],...,wm)dw, ...dw, .
52:'4 1 m Y 1 m
Therefore we obtain
k+hY 9 W, wmdw, . .dwy, = 5 [ w], .., wmydwy .. dw, .
(721'4 1 y 1 m

The theorem now follows from formula (6.9). O

Theorem 4 shows that Bethe vectors enter solutions of the KZ equation. This
has been observed in [36-39]. Wakimoto modules provide a tool for constructing



Gaudin Model, Bethe Ansatz and Critical Level 59

eigenvectors in Gaudin’s model and for solving the KZ equation, thus giving a
natural interpretation of this phenomenon.

7. Appendix

In this appendix we give the proof of Lemma 5 and Lemma 2, following [11],
Appendix B.

First we prove Lemma 5 in the case g = sl,. This is a direct computation, using
the explicit formulas for the homomorphism p (and hence p;) given in Sect. 4.

We have G(z) = —a(z) = —E(z). From the commutation relations of sl, we
obtain

[E(n),G(-1)] =0, [H(n),G(-1)]=2G(n—-1),
[F(n), G(=1)] = H(n — 1) ~ kb .
Since
Emw_y=Gn)v—y =0, n=20, Hmnpw_y=Fnpw_y=0, n>0,
and H(0)v_, = —2v_,, we conclude that
E(n) - G(=1)w_y=Hn) - G(-1)p_, =0, n=0,

and
Fn) - G(-v_, =0, n>1.
We also have:
F(1) - G(—Npo_y = —(k+2)—y,
and
F(0) - G(—v_, = G(—1)F(0)v—, + H(O)v_,
= (2a(—1)a*(0) — 2a(—1)a*(0) + b(—1))v—4

= —(k + 2)L_1U_a .
This proves Lemma 5 in the case g = sl.

Recall that in [40], Sect. 5.2, generalized Wakimoto modules over §, associated
to an arbitrary parabolic subalgebra of g, were defined. Denote by p’ the parabolic
subalgebra of g, which is obtained by adjoining the generator F; of g to the Borel
subalgebra of g. Denote by sl the Lie subalgebra of g generated by E;, H;, and
F;. We have an orthogonal decomposition of p’ into its semi-simple part sl and
abelian part b

Denote by I'' the Heisenberg Lie algebra with generators ay(n),a(n),a=+o;,n €
Z, and the same commutation relations as in I'(g), cf. Sect. 4. Denote by M’ the
Fock representation of I'', which is generated by a vacuum vector v, satisfying
conditions (4.1).

The Wakimoto modules over § of level k associated to p’ are realized in the
tensor product M’ ® ), ® L. Here 7, is the Fock representation of the Heisenberg

Lie algebra associated to b~ and L is a representation of giz of level k' such that
(o5 0t3)
2
Remark. 6. We would like to take this opportunity to correct some errors in [40],

Sect. 5.2.

k+hY = (K +2). (7.1)
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First, in the exact sequences on p. 179 the module End, should be replaced by
A8,
P
Second, in formula (4) on p. 180 one should take into account the difference
in normalization of the invariant scalar product ( -, - ) for a Lie algebra and its
subalgebra. Let J; be the ratio between the scalar product on the Lie algebra g and
its Lie subalgebra g, @ (we use the notation from [40]). Then formula (4) should
be rewritten as .
kD + e 0 = 0k,

Since k, = k + ¢y, this gives the following condition on levels of representations

@)

of g, and g:

(i) L=
ky +ng) = 0i(k +¢g4).

In particular, in our case p =p’, so & =2/(o;,), and we obtain formula
(7.1). DO

—

Let us choose as L over sly, the module W,., s,y € C. This is a module over
the Heisenberg algebra generated by a,,(n),a; (n),bi(n),n € Z. 1t is clear that the
resulting module over § is isomorphic to the standard Wakimoto module ., &, on
which the operators G(n) act as —a,,(n). In other words, we choose such coordinates
x4 on the big cell U of the flag manifold of g in which G; = —0/0x,,. In particular,
we see that the action of the operators E;(n), Hi(n), and F;(n) with n = 0 on the
subspace Wy, # C Wy, i is the same as the action of the operators E(n), H(n),
and F(n) on the sl;-module W,., ;.

Hence the action of the operators E;(n), H;(n), and Fi(n) on Gi(—1)v_,, coin-
cides with that in the case of sl,. Thus, we obtain:

Ei(n) - G(—Dv—o; = Hi(n) - G(=1)v_, =0, n 20,
Fi(n) : Gi(—l)v~ﬂli = 0’ n>1 ’

and

Fi(1) » G~y = ———(k + 1V Yv_y, , (7.2)

(,, %)

Fi(0) + G(—1)v—y, = —————(k + h")L_1v_q, . (73)

( l’ l)

Now consider the operators E;(n),H;(n), and F;(n) with j=+i. We first com-
pute the finite-dimensional commutatlon relatlons of the differential operators g, [E;],
pX[H ], and P LF;], with the vector field G; (cf. Sect. 4). These commutation rela—
tions read (cf e.g., [50], Sect. 3):

P, lE), Gl =0, [p,[H;],Gi] = ai(H;)G;,
and
[p-x[F]L Gl] = ai(I{j)xotle

Using these formulas, we can find the commutation relations of E;(n),H;(n),
Fi(n),j =i, with Gij(m), using the Wick theorem. Since Gi(z) = —a,,(z), there can
be no “double contractions,” and there is no contribution from the “coboundary
term” cjaa;j(z). Therefore this computation amounts to the computation of all
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“single contractions.” But those are uniquely defined by the finite-dimensional com-
mutation relations above. So we obtain:

[Ej(n), Gi(2)] = 0, [H}(n),Gi(2)] = z™"i(H;)Gi(z) ,

and
[Fi(n), Gi(z)] = z7"w(H;) : a;/.(z)G,-(z) T
These formulas immediately give:
Ej(n) - G(—=1_y = G(—=1)Ej(n)_; =0, n20,
Hj(n) « Gi(=1)v_y; = Gi(—=1)H;(n)v_o, + 0i(H;)Gi(n — 1)v_o, =0,
Fi(n) + G(=Dv—y; = G(=DF(mv—g, + #:(H;) 3 ag (1)Gi(s)o—; = 0.
s+r=n—1

The last two formulas clearly hold for » > 0, and also for » =0, because
Hi(0)0—s; = —ei(H}Y0—, and Fj(0)0_s, = ~0(H;)a% (0)0_s,.

We can compute the action of any other element of § of the form I%(n),
n Z 0, on Gi(—1)v_,,;, using its presentation as a commutator of E;(m)’s or F;(m)’s,
depending on whether I belongs to the upper or lower nilpotent subalgebra of g,
respectively (if I? € b, then it is a linear combination of H;’s and there is nothing
to prove). Clearly, in the first case we obtain 0. In the second case, we can realize
[%(n) as a successive commutator of Ej(n),n = 0, and E;(0),j+i. The statement of
Lemma 5 then follows from formulas (7.2), (7.3), and the relation [L_;,4(0)] =0

for any 4 € g.
Lemma 2 can be proved along the same lines. We find:

Ej(n) - G(—=1)v = H;(n) - Gi(=1)p=0,

and

Fi(n) - G(=1)v=0, n>0, F;0)-G(~1)=26;uOHw
for any j = 1,...,/ and n = 0. Therefore G;(—1) is a singular vector of imaginary
degree, if and only if u©O(H;) = 2(u®, o;)/(ot;, ;) = 0.
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