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Abstract: We give the operadic formulation of (weak, strong) topological vertex
algebras, which are variants of topological vertex operator algebras studied recently
by Lian and Zuckerman. As an application, we obtain a conceptual and geometric
construction of the Batalin-Vilkovisky algebraic structure (or the Gerstenhaber algebra
structure) on the cohomology of a topological vertex algebra (or of a weak topological
vertex algebra) by combining this operadic formulation with a theorem of Getzler (or
of Cohen) which formulates Batalin-Vilkovisky algebras (or Gerstenhaber algebras) in
terms of the homology of the framed little disk operad (or of the little disk operad).

1. Introduction
Recently operads have received a lot of attention from mathematicians working in
different areas. Many complicated algebraic structures can now be formulated and
studied conceptually using the language of operads. In the present paper, we give the
operadic formulation of another type of algebraic structures - (weak, strong) topological
vertex algebras - which are variants of topological vertex operator algebras defined in
[LZ]. As an application, we obtain a geometric construction of the Batalin-Vilkovisky
algebraic structure (or the Gerstenhaber algebra structure) on the cohomology of a
topological vertex algebra (or of a weak topological vertex algebra) using this operadic
formulation and a recent theorem of Getzler [Get] (or a theorem of Cohen [C, Get]).
Operads are devices to describe operations. For classical algebraic structures, the
corresponding operads are so simple (geometrically they are usually constructed from
one-dimensional objects) that these operads themselves do not have any interesting
structure to be studied. Even though the notion of operad is very natural, it would be
only a fancy language rather than a necessary and deep way to understand operations
conceptually for these classical algebraic structures. But the situation changes when
we consider more complicated operations. The first important example of an operadThe author is supported in part by NSF grant DMS-9104519
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like structure occurred in Stasheff s notion of A^-space [SI]. Unlike the operads for
classical algebraic structures, it has rich geometric structure. In [May], May formalized
the notion of operad and began to use it systematically in the study of iterated loop spaces.
The recent studies of Gerstenhaber algebras, Batalin-Vilkovisky algebras, homotopy Lie
algebras and vertex operator algebras in terms of operads (see, for example, [Get, HS,
HL1, HL2]) show the power and importance of the notion of operad. See also [S2] for
a recent survey.
The notion of vertex operator algebra and its various variants arise naturally in the
vertex operator construction of the Monster sporadic group by Frenkel, Lepowsky and
Meurman [FLM1]. It is essentially the same as the notion of chiral algebra in conformal
field theory (see, e.g., [MS]). In [B] Borcherds introduces the notion of vertex algebra
based on his insightful understanding of the theory of vertex operators and of [FLM1]. In
[FLM2], the notion of vertex operator algebra - a modification of that of vertex algebra is introduced and it is proved that the moonshine module constructed in [FLM1] has the
structure of a vertex operator algebra such that the Monster is its automorphism group.
In [FHL], the basic axiomatic theory of vertex operator algebras is developed. The
difference between vertex algebras and vertex operator algebras is that vertex algebras
do not have to satisfy those axioms on the grading and do not have to have a Virasoro
element. We can also define some other variants of vertex operator algebras by relaxing
or generalizing some other axioms. For various examples, variant and generalizations
of vertex operator algebras, see, for example, [FLM2, FHL, T, FFR, H3, FZ, DL, L]t
In [HI, H2, HL1, HL2, H4] it has been established that vertex operator algebras
are in fact algebras over the partial operads of powers of the determinant line bundle
over the partial operad K of a certain moduli space of spheres with punctures and
local coordinates, satisfying a certain meromorphicity axiom. A small part of this
operadic interpretation of vertex operator algebras in fact shows that vertex algebras
are algebras over a partial suboperad K of K satisfying the part of the meromorphicity
axiom which still makes sense for K. In this paper, the algebraic structures we will
study are variants of the topological vertex operator algebra introduced by Lian and
Zuckerman: weak topological vertex algebras, topological vertex algebras and strong
topological vertex algebras (see Definition 2.1). The main purpose of the present paper
is to give a completely geometric formulation of these topological vertex algebras using
the structure of the partial operad K.
We show that the category of topological vertex algebras (or weak topological
vertex algebras) is isomorphic to a category whose objects are triples of the form
(V, Q, {ωj I j € N}), where V is a Z x Z-graded vector space, Q an operator on
V of degree 1 with respect to the second Z-grading, and ω^ a holomorphic form on K(j)
for every j in the set N of nonnegative integers, satisfying certain natural axioms. An
immediate consequence is that the operad of the homology of the framed little disk operad
(or the little disk operad) acts on the cohomology of a topological vertex algebra (or
of a weak topological vertex algebra). Combined with Getzler's theorem (or Cohen's
theorem) which describes Batalin-Vilkovisky algebras (or Gerstenhaber algebras) in
terms of the operad of the homology of the framed little disk operad (or of the little disk
operad), it gives the Batalin-Vilkovisky algebra structure (or the Gerstenhaber structure)
on the cohomology of a topological vertex algebra (or of a weak topological vertex
algebra). This last result has been obtained first by Lian and Zuckerman [LZ]. Also,
beginning with the geometric axioms of topological conformal field theories, Getzler
has shown that the cohomology of a topological conformal field theory has the structure
of a Batalin-Vilkovisky algebra [Get]. The main new result of the present paper is the
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equivalence between the algebraic formulation and the geometric formulation of (weak,
strong) topological vertex algebras and, as a consequence, Lian- Zuckerman's result can
now be understood conceptually using the results of this paper and Getzler's theorem or
Cohen's theorem. This equivalence also provides examples of what Getzler begins with.
In fact it can be shown further that the category of strong topological vertex algebras is
isomorphic to the category of algebras over the partial operad of the differentiable chain
complexes of the partial operad K satisfying a certain meromorphicity axiom. But since
the meromorphicity axiom of these algebras over the differentiable chain complexes is
much more complicated than that for ω^, j £ N and the formulation in terms of these
forms is already conceptual enough, we only give half of this further formulation for
future topological applications; we show that these forms give a morphism of differential
graded partial operads from the partial operad of the differentiable chain complexes of
the partial operad K to the endomorphism partial pseudo-operad for V.
One remark on the algebraic and geometric formulations of quantum field theories
might be helpful here. In general, the geometric formulations of quantum field theories
are axiomizations of the path integral approach in physics and have the advantage that
they give conceptually satisfactory definitions and they also allow one to derive many
important results using the geometric intuition. One famous example is the Verlinde
formula. In [MS], it is shown at the physical level of rigor that the geometric axioms
plus the rationality imply the Verlinde conjecture that the modular transformation
corresponding to r —>• — 1/τ diagonalizes the fusion rules. If one can show that all
irreducible highest weight representations at level k of an affine Lie algebra indeed
give a rational conformal field theory, the Verlinde formula which has attracted many
mathematicians recently will be an easy consequence. But in fact the most difficult part
is the rigorous construction of a rational conformal field theory satisfying the geometric
axioms. Even in the affine Lie algebra case, a complete construction of the corresponding
rational conformal field theories (not just the construction of the conformal blocks) is
still to be given. On the other hand, the algebraic formulations of quantum field theories
correspond to the operator product expansion approach in physics and many concrete
quantum field theories in the algebraic formulations can be constructed rigorously from
some simple algebraic data. But the axioms in the algebraic formulations are usually
complicated and are conceptually difficult to understand. It is therefore necessary and
important to establish rigorously the relationship between the algebraic and geometric
formulations. In some sense, establishing the equivalence between the algebraic and
geometric formulations can be thought of as establishing the existence of path integrals
rigorously without writing down classical fields and Lagrangians of quantum field
theories explicitly, since the axioms in the geometric formulations are nothing but the
properties of path integrals. The paper [HI, H2, HL1, HL2, H4] are in this spirit. The
present paper is another one in this spirit.
The present paper is based on the operadic formulation of (graded) vertex algebras
in terms of the partial operad K. Roughly speaking, a weak topological vertex algebra
is a graded vertex algebra together with three operators Q,#(0) and g(—l) satisfying
certain natural axioms including Q2 = 0. A topological vertex algebra is a weak
topological vertex algebra satisfying the additional axiom that (#(0))2 is Q-exact. A
strong topological vertex algebra is a topological vertex algebra satisfying the stronger
2
axiom that (g(0)) = 0. Since a (weak, strong) topological vertex algebra is a graded
vertex algebra, we have an action of the partial operad K. Here we give a heuristic
interpretation of two most important axioms on Q, g(0) and g(—l) in the case of strong
topological vertex algebras: [ Q , g ( l ) ] = L(l), I = 0, — 1, where Q,#(0) and #(—1)
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are operators mentioned above and L(0) and L(—1) are operators defined using the
underlying graded vertex algebra structure (see (2.9) and (2.10)). The operators L(0)
and !/(—!) can be thought of as linearly representing the Lie derivatives J^0 and 3§_ { on
tensor fields on K along certain directions. On K, we have [d, ij = 2§l, I = 0, — 1, where
d is the exterior derivation, il is the interior derivation along the direction corresponding
to L(l). In general, for a graded vertex algebra, the algebraic structure on the space
of differential forms does not have to be linearly represented. If we require that the
algebraic structure on the space of differential forms is also linearly represented and
assume that d, iQ and i_l are represented by Q, g(0) and g(—1), respectively, then we
must have [Q, g(l)] = L(l), I = 0, — 1, which are exactly the two axioms we would like
to interpret.
The main technical work in the present paper is the proofs of the properties of the
forms ω^j £ N, in Sect. 3. Our construction of ω [see (3.21) and (3.20)] is motivated
by [Z]. In fact in the case that the (strong) topological vertex algebra is a weak vertex
operator algebra of central charge 26 tensored with the graded vertex operator algebra
of the ghosts, the forms ω^ in the present paper are completely analogous to the forms in
[Z]. The equivalence proved in Sect. 4 between the notion of (weak, strong) topological
vertex algebras and the operadic formulation in terms of these forms in fact shows that
any family of forms satisfies those properties in Sect. 3 must be of the form (3.21) and
(3.20). In the case of strong topological vertex algebras the axiom (g(0))2 = 0 and
its consequences (g(— I))2 = g(Q)g(— 1) + g(—l)g(O) = 0 simplify the definition of
the forms and consequently simplify the proofs greatly. In this paper, for completeness
and for possible use in the future, we are interested in arbitrary topological vertex
algebras and also in weak topological vertex algebras. Thus we cannot assume these
relations. Consequently the proofs for (weak) topological vertex algebras are much
more complicated than those for strong topological vertex algebras.
This paper is organized as follows: In Sect. 2 we briefly discuss the notions of
graded vertex operators algebra, weak (graded) vertex operator algebra, topological
vertex operator algebra, (graded) vertex algebra, and introduce the notions of weak
topological vertex algebra, topological vertex algebra and strong topological vertex
algebra. We also discuss the action of the partial operad K on (graded) vertex algebras.
In the subsequent section we construct the forms u^ from the data of a (weak, strong)
topological vertex algebra and prove their basic properties. We use these forms and their
properties to define the notions of (weak, strong) topological A'-associative algebra and
show that these notions are equivalent to those of (weak, strong) topological vertex
algebra in Sect. 4. In the same section, we also show that there is a family of natural
symmetry-group-equivariant chain maps from the differential graded partial operad of
the differentiable chain complex of K to the differential graded endomorphism partial
pseudo-operad of a weak topological vertex algebra and that a strong topological vertex
algebra is an algebra over the differential graded partial operad of the differentiable
chain complex of K. In Sect. 5, we first review the definitions of Batalin-Vilkovisky
algebra and Gerstenhaber algebra, some basic results including Cohen's and Gretzler's
theorems and some other related notions and results. Then combining the results
obtained in Sect. 3 and in Sect. 4 with Getzler's theorem (or Cohen's theorem), we
obtain the Batalin-Vilkovisky algebra structure (or the Gerstenhaber algebra structure)
on the cohomology of a topological vertex algebra (or a weak topological vertex
algebra).
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2. Topological Vertex Algebras and the Action of a (Partial) Operad
In this section, we discuss various variants of vertex operator algebras, introduce the
notions of (weak, strong) topological vertex algebra and describe the actions of a (partial)
operad on these variants of vertex operator algebras. We will only give definitions and
state the theorems. All proofs are omitted since they are either easy exercises or to be
published elsewhere.
We begin with the definition of graded vertex operator algebra (or "super chiral
algebra" as is called in [LZ]). The notion of graded vertex operator algebra is a natural
generalization of that of vertex operator algebra and can be viewed as a specialization
of the notion of an abelian intertwining algebra introduced in [DL]. We assume that
the readers are familiar with the definition of vertex operator algebra, as presented in
[FLM2] or [FHL]. We only give the differences between vertex operator algebras and
graded vertex operator algebras.
For a graded vertex operator algebra, the vector space V is Z x Z-graded (graded
by weights and byfermίon numbers), that is,

where

(2 2)

The map y : V®V -> V[[x,x~1]] maps V(πι^ <8> V(m2> to V(m^+πι^[[x,χ-1]]. For
v G V^m\ we say that v has fermion number m and use \v to denote m. For the vacuum
1 and the Virasoro element α;, |1| = |α;| = 0. The (Cauchy-)Jacobi identity is of the
following form for u, v with homogeneous fermion numbers:
,-lglXl

••

X

2

Y(Y(u,*0Xx2).

(2.3)

All the other data and axioms are the same as those for vertex operator algebras. We
also call a quadruple (V, Y, 1, ω) satisfying all axioms for vertex operator algebras (or
for graded vertex operator algebras) except the two grading axioms - dim V(n^ < oo and
V^ - 0 for n sufficiently small - a weak vertex operator algebra (or a weak graded
vertex operator algebra).
Next we recall the definition of topological vertex operator algebra (or "topological
chiral algebra") given in [LZ]. A topological vertex operator algebra is a weak graded
vertex operator algebra V together with three distinguished elements / G V^, q G Vff
and g G V$ satisfying the following axioms:
(i) Let Y(f, x ) = Σ fnx~~n~1'
nGZ

Then for an

y v G y(m)

fQυ = mυ .

(ii) Let Y(q, x) = Σ <lnx~n~l and Q = %•τhen
nez
L(n)q - 0, n > 0,
2

Q = 0.

(2.4)

(2.5)
(2.6)
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(iii) Let Y(g, x) = Σ g(ri)x~n~2 and ω the Virasoro element of V. Then
nGZ

L(ri)g = 0,

n > 0,

Q(/ = w .

(2.7)

(2.8)

Note that (2.4) implies / G V^. In fact, the construction of the Batalin-Vilkovisky
algebra (or the "coboundary Gerstenhaber algebra") structure on the cohomology of a
topological vertex operator algebra in [LZ] also uses the additional axiom that (#(0))2
is Q-exact, though the construction of the Gerstenhaber algebra structure does not need
this axiom.
Examples of topological vertex operator algebras are weak vertex operator algebras
with central charge 26 tensored with the graded vertex operator algebra of ghosts
and the holomorphic genus-zero parts of N - 2 twisted superconformal theories.
These examples all satisfy the additional axioms (#(0))2 = (g(— I))2 = #((%(- 1) +
0(- 1)0(0) = 0.
In the construction of the Gerstenhaber algebra or the Batalin-Vilkovisky algebra
structure on the cohomology of a topological vertex operator algebra by Lian and
Zuckerman [LZ], only a small part of the axioms for topological vertex operator algebras
is needed. In this paper we also need only a small part of the axioms. We summarize those
axioms which we do need in the definition of the notion of (weak, strong) topological
vertex algebra below.
Before giving the definition, we need to discuss certain variants of vertex operator
algebras and graded vertex operator algebras: the notions of vertex algebra and of graded
vertex algebra. The notion of vertex algebra is introduced by Borcherds in [B]. In
[L] they are called preVOAs. (In [DL], vertex algebra is a technical term referred to
weak vertex operator algebras mentioned above.) In this paper, by a vertex algebra we
mean a Z-graded vector apace V equipped with a map Y : V 0 V —> VΉx,:*;"1]],
u 0 v ^ Y(u, v)v - Σ unvx~n~l and a vacuum I such that for any homogeneous
n£Z

element v, vk maps F(n) to V(n+mv_k_^ , satisfying all the axioms for a vertex operator
algebra except the axioms dim V(n} < oo, V(rι} = 0 forn sufficiently small and those
axioms for the Virasoro element. The definition of graded vertex algebra is obvious.
Given a vertex algebra or a graded vertex algebra, we can define two operators Z/(0) and
L(-l) as follows: For any v e V(n},

L(0)v = nv,

(2.9)

L(-l)v = lim ^-Y(v,x)\.
z-+o ax

(2.10)

and for any v G V,

Using these definitions and the (Cauchy-)Jacobi identity, it is easy to verify the following
identities:
(-1)] = L(-1),

(2.11)

L(-\\Y(v,x)] = Y(L(-l)v,x) = ^Y(v,x),
ax
[L(Q),Y(v,x)] =

(2.12)

= Y(L(0)v, x) + x--Y(v, x) .
ax

(2. 13)
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Definition 2.1. A weak topological vertex algebra is a graded vertex algebra together
(m)
(m+l
(m
l)
(m l
with operators Q,g(0) and g(-l) mapping V
to V
\ V ~ and V ' \
respectively, satisfying all the axioms for topological vertex operator algebras which
still make sense, that is, satisfying
2

(2.14)

[Q,ff(0)] = L(0),

(2.15)

Q = 0,
[Q,ff(-l)] = £(-l)
[L(0),<KO)] = 0,

(2.16)
(2.17)

[L(0), #(-!)] = <?(-!),

(2.18)

UX-l),fl(0)] = -ff(-l),
[ί,(-l),ί7(-l)]=0,

(2.19)
(2.20)

QY(u, x) - (- l)MF(ω, x)Q = Y(Qu, x) ,

(2.21)

= Y((g(0) + xg(-l))u,x) ,

(2.22)

\)u,x),

(2.23)

where the bracket [A.B} of two operators A and B with homogeneous fermion numbers
is defined by
[A,B] =AB-(-l)\AWBA.
(2.24)
A topological vertex algebra is a weak topological vertex algebra such that (<?(0))2 is a
Q-exact operator, that is, there exists an operator t/0 0 : V —> V such that
,t/0ι0]

(2.25)

A strong topological vertex algebra is a weak topological vertex algebra satisfying
= 0.

(2.26)

From (2. 15)-(2.20) and the Jacobi identity for the bracket [ , •] we see that for a weak
topological vertex algebra,

(2.27)
].

(2.28)

In particular, these formulas also hold for a topological vertex algebra. From these
formulas we see that for a strong topological vertex algebra we also have
(-1)] = 0,

(2.29)

and

(S(-1))2 = 0.

(2.30)

It is also easy to show that a topological vertex operator algebra is a weak topological
vertex algebra using the (Cauchy-)Jacobi identity. When there is no confusion, we will
call V a (weak, strong) topological vertex algebra.
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Now we discuss the projective action of a (partial) operad on graded vertex operator
algebras and in particular on topological vertex operator algebras. For the basic notions
in the language of (partial) operads, see [May, HL1 or HL2]. Let K(j), j G N (where N
is the set of all nonnegative integers), be the moduli space of one-dimensional genuszero compact connected complex manifolds with j + 1 ordered punctures, the zeroth
negatively oriented and the others positively oriented, and with local analytic coordinates
vanishing at these punctures. The family K = {K(j)\j G N} is an associative analytic
Cx -rescalable partial operad [HL 1 , HL2, H4] . The determinant line bundle over K raised
to any complex power c (denoted by Kc) is also an associative analytic C x -rescalable
partial operad [HL1, HL2, H4]. On the other hand, for any Z-graded vector space
V - U V(n} and any graded subspace W of V, we have a (multilinear) endomorphism
partial pseudo-operad 3%vw defined as follows (see [HL1, HL2]): For any j G N the
set β&vw(j) is the set of all multilinear maps from VJ' to V = Y[ V^ such that
n<ΞZ

Wi is mapped to W = f| W(ny (It is understood that V° = W° is the one-element
nez
set, so that the set β$vw(0) is equal to W.) The identity Iv w is the embedding map
from V to V. The symmetric group 5 acts on 3$vw(j) in the obvious way. To define
the substitution (composition) maps, we first define a contraction operation on
Given / G 3$v w(k) and g G J$v w(j) ( k , j £ N) and a positive integer s < k, we say
that the contraction of f at the s-th argument and g at the zeroth argument exists if for
any vλ, . . . , vk+^_l G V and υ' G V, the series

converges absolutely, where Pn : V —> V(n} is the projection operator. In this case
the (well-defined) limits for all vl, . . . , vk+j_l G V, v1 G V define an element
fs *0 g of 3%yW(k + j — 1), the contraction. More generally, given any subset of
{1, . . . , k} and any element of (J 3&yW(j) for each element of the subset, we have
the analogous contraction, defined using the appropriate multisums, when they are
absolutely convergent. The substitution map
Ίv,w : 3&v,w(k) x ^v,wOΊ)x
X

X ^WO'/e) ^ -^V,wOΊ +

(/; 9ι , - - - , ^) ^ 7y,w(/' Pi »

* * + 3k)

> ^fc)

2 32

(

)

is defined by this procedure, using the whole set {1, . . . , k}. The family of sets
^vw(j),j G N, equipped with the substitution maps 7Vw, the identity Ivw and
the actions of S- on ^y^/0), j G N is a partial pseudo-operad and is denoted
*^yw. A vertex associative algebra with central charge c is a Z-graded vector space
V = ]J V(n) such that dim T/(n) < oo, n G Z and a morphism of partial pseudo-operads
from i^c to ^VίW satisfying certain meromoφhicity axioms [HL1, HL2, H4]. It has
been established [HI, H2, HL1, HL2, H4] that the category of vertex operator algebras
with central charge c is isomorphic to the category of vertex associative algebras with
central charge c. In particular, for any vertex operator algebra V, there is a projective
action of the partial operad K. See [HL1] and [HL2] for more detailed descriptions.
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These discussions can be generalized to graded vertex operator algebras without
any difficulty. Given a Z x Z-graded vector space V (graded by weights and fermion
numbers) and a Z x Z-graded subspace W, we can define the graded endomorphism
partial pseudo-operad ^v^w in the same way as in the preceding paragraph except that
the left actions of the symmetry groups are defined such that for any / G <J%ίv w(j) and
σ
ι ί+\ ^ Sj which is the transposition permuting i and i + 1,

for any ι> l 5 . . . , vj G V with homogeneous ferrnion numbers. Using this graded
endomorphism partial pseudo-operad, we can define graded vertex associative algebra
in the same way as that defining vertex associative algebras. Then the proof in the case
of vertex operator algebras can be adopted to show that the category of graded vertex
operator algebras with central charge c is isomorphic to the category of graded vertex
associative algebras with central charge c. In particular, given any graded vertex operator
algebra, there is a project!ve action of the partial operad K.
The partial operad K has several important partial suboperads. The two which
are useful in the present paper are K = {K(j)\j G N}, where K(j} consists of
those conformal equivalence classes whose members are conformally equivalent to
C U {00} with the negatively oriented puncture oo, the positively oriented punctures
Z j , . . . . zj9 and with the standard local coordinate at oo, the standard local coordinates
multiplied by nonzero complex numbers as local coordinates at z l 5 . . . , z j ? and K
which is the same as K except that the local coordinates at zl, . . . , z3 are also standard.
The family K is also an associative analytic C x -rescalable partial operad and K is
a partial suboperad of K. For any graded vertex algebra V, there is an action of the
partial operad K. In fact this action can be written down easily. Let P G K(j).
Then P can be identified with (z 1 ? . . . , z3\ α l 7 . . . , op G F^C) x (C X ) J , where
FJ(C) = {(z{, ..., Zj) G Cj\zk / zt, I < k < I < j}. For convenience, we call
z}. . . . , z3 the punctures of P and α } , . . . , α^ the local coordinates of P. Let V be a
graded vertex algebra and W - 0. In this case -^V 0 0) = Hom(I^®J. V). We define

V(P) G .^V.oO') t>y

v(P}(v{ 0

(8) v3)

\~L(0) Vi, xΛ\
= v((/->
y((α,)
I
1'
I'
vv

/

~\f((n
Y ((a •)\~HQ}nv,
^-^

js

,χ. JMl
)' l \Xι-Z\,...,£.j-Zj
L_r
,r -y

J'

n

/i
Q/iλ
(2.34)
^

J

when z} > ••• > z^ . When this inequality does not hold, we can change the order of
the vertex operators or use the iterations of the vertex operators or use analytic extension
to define v(P). We have
Proposition 2.1. The maps v : K(j) —> -^v^(j\ j € N give a morphism of partial
pseudo-operad such that the image is a partial operad. In particular, the maps v give a
morphism of partial op erads from K to its image.
The proof of this proposition uses only (2.13) and the duality properties of graded
vertex algebras.
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Definition 2.2. A graded meromorphic K -associative algebra isal^x 1^-graded vector
space V of the form (2.1) together with a morphism v of partial pseudo-operads from
K to β&VQ such that for any υ G V^,
K(0;α))v = a~nv

(2.35)

x

1

where (O α) G F^C) x C - K(\) and such that for any vλ, . . . , vj G V, v G V =
LI

and /or P G

{?/, z/(P)(f 1 , . . . , ^)) <2s <2 function of zl, . . . , ^ w meromorphic on F^C
^ = zk, ί < k, and zi = oo as the only possible poles, and for fixed vlΊvk G V there is
an upper bound for the orders of the pole zτ = ^ of the functions (f 7 , z/(P)(i7 l5 . . . , v^)}
for all υ^ . . . , ^_1? vi+1 , . . . , ^_ p v fc+1 , . . . , v G V, v' G V .
Part of the proof of the equivalence theorem for graded vertex operator algebras in
fact proves the following equivalence theorem for graded vertex algebras:
Theorem 2.2. The functor given by (V, Y, 1) —» (V, ϊ^) w an isomorphism from
the category of graded vertex algebras to the category of graded meromorphic Kassociative algebras.

3. The Meromorphic Forms Constructed From a (Weak, Strong)
Topological Vertex Algebra
Now we would like to see what kind of topological and geometric information the
extra data and axioms in the definitions of (strong, weak) topological vertex algebra
give. Let V be a weak topological vertex algebra. We define a holomorphic form ω^ G
valued in the space ^VQ(J) for each j G N. Since holomorphic
forms valued at a point are multilinear skew-symmetric maps from products of the
holomorphic tangent space at this point of C, we first have to discuss the holomorphic
tangent space of K(j). Recall that K(j) can be identified with F (C) x (C X ) J whose
elements are denoted (zl, . . . , z^a^ . . . , a3). Therefore a holomorphic tangent vector
XP at the point P = (^, . . . , z

al, . . . , a •) G K(j) can be written in the form

d

4°
where <

(3-1)
. Let

_c
~

(3.2)

Then

(3.3)
We denote the space of holomorphic tangent vectors at P e K(j) by

the subspace of TP(K(j)) spanned by —aτ

9

Tp(K(j)),

and -a^P by 1™(K(j)\
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i = 1, . . . , j. Then dimc Tp(K(j)) = 2j, dimc T$\K(j))
dimc means the complex dimension. And we have
Tp(K(j))

j
= φ Ίf(K(j))

= 2, i = 1, . . . , j, where

(3.4)

.

i=l

Let T(K(j)) be the holomoφhic bundle over K(j) whose fiber at P G K(j) is TP(K(j))
and Tp^/ίCj)), £ = 1, . . . , j, the holomorphic bundles over K ( j ) whose fibers at
P G jKXj) are ^p^-^Ό))- Then we also have a decomposition
(3.5)

Any holomoφhic section J£w of T^\K(j)) for ί = 1, . . . , j> is of the form

-«-*-'' *•*•-•
*•*•(
where c_!
and CQ} are analytic functions on K(j). For any holomoφhic section X of

T(K(j)\ from (3.5) we have a decomposition
(<)

,

(3.7)

where X ( l ) ,i = 1, . . . , j, are holomoφhic sections of T(l\K(j))9 i = 1, . . . , j,
respectively. We denote the spaces of holomoφhic sections of T(l\K(j)\ i = 1 , . . . , j ,
and T(K(j)) by Γ(T(i\K(j))), i = 1, . . . , j, and by Γ(T(K(j)))9 respectively. Then
by (3.7),
Γ(T(K(j)))

=

Γ(T(ϊ\K(j)))

.

(3.8)

We can discuss the holomoφhic tangent vector space Tp(K(j)) at P e K(j\ the
holomoφhic tangent bundle T(K(j)) and the space Γ(T(K(j))) of holomorphic sections
of T(K(j)) for each j G N in the same way. In particular, we also have Tp\K(j)) and
T(^(jFΓ(j)), 1 < z < j, j G N defined in the obvious way. All these vector spaces and
vector bundles can be embedded naturally in the corresponding vector spaces and vector
bundles for K(j).
We define 4j operators #ω(0), #ω(-l), L(ί\0) and L ω (~l), i = 1, . . . , j, on V®3
by

(3.9)

(3.10)
(3.11)
(3.12)
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From these definitions and the formulas (2.1 1), (2.17)-(2.20), we see that they satisfy

,
(3.13)
= δkl(p = δkl(p -

+ g) ,
}

For a fixed z, 1 < i < j, let
θ
replacing — aτ
and -αΓ —
da.

(3. 14)

p, g = 0, -1 .

(3.15)

(

3

. We define the operators g(X £) on V® by

(ΐ)
in X(p by g ω(0) andg (-l), respect

J

define the operators L(X^p) on

p, g = 0, - 1 ,

by replacing

a

1

and — α" -^—

mXl

'"^
^ we define
by Lw(0) and Lw(-l), respectively. For XP G TP(K(j)) ofp the form (3.3),

(3.16)
(3.17)
For holomorphic sections X(i) of T(i](K(j)) and X of T(K(j))9 we can define
p(X), L(X(ί)) and L(X) in the obvious way. Using (2.12) and the definition of v(P),
we have
Xv(P) = v(P)L(X) .
(3.18)
Given Xl P, . . . , Xn P G TP(K(j)), we use the following notation:

)Λ

. Λ ff(XnιP) = 1

(3.19)

'

We are ready to define the form u^ . For any nonnegative integer n, we define a
holomorphic form ω^ n of degree n by

Λ

n,p

(XnιP)

ff

,

(3.20)

where P G K and X j P, . . . , Xn P are tangent vectors at P. From the definition, ω^n
is skew- symmetric and is holomoφhic in P. Thus it indeed gives a holomoφhic form. It
is obvious that ω^n = 0 for n > 2j = dimc K(j). The holomoφhic form ω is defined
to be the sum of ω^ n for all n, that is,

n=0
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From the definition and (2.35) we have
for any v G V(n).
The differential forms ω^j G N, have three important properties. The first is its
meromorphicity .

Proposition 3.1. For any integers m, ί 1 ? . . . , im, jλ, . . . , jn_m satisfying 1 < ra < n,
1 < iλ <
< im < j, 1 < jl <
< jn_m < j, and/or any vv . . . , vj e V>' G

(3.23)
as a function ofP is meromorphic on F^ (C) wz'fft z^ = zk,ί < fc, an J ^ =
possible poles, and for fixed vz,vk eV there is an upper bound for the orders of the pole
z% = zk of the functions (3.23) for all v^ . . . , vt_lt vl+l , . . . , ^_j, v fc+1 , . . . , vj G K
7
;
i; G T/ .
Proof. This proposition follows directly from the definition of ω^ n, Definition 2.2 and
Theorem 2.2. D
The second property concerns the exterior derivatives of these meromorphic forms.
Before stating the second property, we have to define the action of the operator Q on the
space j^yo(j). The fermion number grading on V induces Z-gradings on V®i and V.
These Z-gradings induce a Z-grading on Hom(V®j , V) = ^V,oO') We still call these
gradings the fermionjτumber gradings. The operator Q on V extends to an operator
(still denoted Q) on V. For any vl, . . . , υ} e V with homogeneous fermion numbers,
we define
3

Qv^(v\ ®-'®Vjϊ

= T(-l)^l + - + ^-il vλ (8) - (8) Qvτ (8) -

(8) υ3 .

(3.24)
=

Using the linearity we extend Qv®j to an operator on V®i . Let h G .^yoO')
Hom(F^ , V) with fermion number n. We define Q7^ Q h G 3&ViQ(j) = Hom(V®j , F)
by

(υι ®

® ^))

(3.25)

Using (2.21), the formula
[Q,L(0)] = 0

(3.26)

(a consequence of (2.15)) and the definition of z/, we have
Qz/(P) = v(P)Qγ& .
(mι)

r(m

)

(3.27)
(mι+m2)

-1

From the condition that Y maps F
0 V 2 to V
[[x,x ]] and the
definition of z/, we see that the fermion number of z/(P) for any P G A" is 0. Thus
(3.27) is equivalent to
(3.28)
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Proposition 3.2. The differential form ω3 satisfies the following equation:

<H =ίW^)

(3 29)

Proof. The formula (3.29) is equivalent to
dω
J

,n = ^,0Kn+1)

(3.30)

for any n > 0. Since when evaluated at P <E K(j\ both sides of (3.30) are multilinear
n
skew-symmetric maps from (TP(K(j))) to C, we need only to show

for ^

fc)

(i

G Γ(T k\K(j))\
r\

k = 1, . . . , n + 1, 1 < ^ < - - < 2 n+1 < j, equal to

r\

1

( k

either -α," ^^— or -aτ -— . Since dimc T p \K(j))
9

= 2, k = 1, . . . , n + 1, both

9α

sides of (3.31)
are zero if three
" ^fc
^ of i{ , . . . , in+l are the same. Thus we can assume that
there are at least two different numbers in any three of il , . . . , in+ί. Using the definition
of the exterior derivative and the definition of ω^n, we have

n+1

Σ

fc=l

Σ

/
(-1

^—'

Σ

σ(k)-l
/ -y(V(n+2)—1 )
5Ί A σ(n+2)-l

n!
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For convenience we introduce the following notation: Since we assume that 1 <
i\ <
< 2 n+1 < j and that there are at least two different numbers in any three of
ίl, . . . , in+l , for any given fc, 1 < k < n + 1, there are at most two of z u . . . , ίn+l
including ik equal to ik and if there are two of il , . . . , in+l equal to ik, these two must
be successive. Let jl, . . . , jq satisfying 1 < jl < - - < jq < j be the distinct numbers
in {il, . . . , in+l }. For any m, 1 < m < q, if jm is equal to only one number ik in
fc)

(

2

j

{ * ! , . . . , i n+1 }, we let 0ϋm),ι - 0(Xfc ) and g ^ the identity operator on V® \ if
jm = i fc = i f c + 1 , we let 0ϋm),ι

=

#(^f }) and ^m),2 = 0(χ£*+1 ^ . We also define

another bracket of two operators A and B of homogeneous fermion numbers by
( A

B

[A, B\ = AB- (-I) \ \\ \-VBA .

(3.33)

th

Then using (3.13), the /c term in the first sum of the right-hand side of (3.32) is equal
to: (i)

(3.34)

(where ^ means that the factor is omitted) if ik is the only number in {il, . . . , ίn+l }
equal to jm; (ϋ)
(3.35)

(3.36)

if jm = ik__l - ik. Since Xfl\ I - 1, . . . , n + 1, are equal to either -α"1 ^— or
Q

ή

.
^
and ^^r)'2, r = 1, . . . , q, are constant as functions on K(j) by the

~il~β,— >
ή
definitions. Therefore, using (3.18), we have: (i)
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if ik is the only number in {il , . . . , in+l } equal to jm; (ii)

(3.38)

(3.39)
^ Jm = *fc-ι
is equal to

=

ϊfc Using(3.15) we see that the fcth term of theright-handside of (3.32)

/yOΊ),'

(3.40)

in the case (i), is equal to
ΓnOΊ).' 0OΊ),2]

(3.41)

2
in the case (ii) and is equal to
Γ 0 Ul),l

(3.42)

2

in the case (iii). Using the axioms (2.15) and (2.16), we have

V®J ,

(3.43)
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where Qv®j : V^ -> V®j is defined by (3.24). Thus the kih term of the right-hand
side of (3.32) is equal to

σ

Oι),ι

2
9(*k

2
~
9(jm),l/0
^v®3
π

Om),l

α

Om),2Ί

Γ σ O'9),l

σ

Og),2]

(3.44)

in the case (i), is equal to

Q

Oι),l

2

/•>

'•V

g(jrn)ΛQv®3g(jrn^2

\

/

"

V

/

'-

Λ

(3.45)
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in the case (ii) and is equal to

v

2

'

2

gO^Qvwg^' '-

2
11

j

(3.46)
in the case (iii).
We prove that

2

2

for any m such that i f c _ 1 = i fc = jm. Using (3.43), we have

[9

Γ/iO'm),!

Γ (jm),l
->90m),2]\\~\y
->
Λ

Λ

(^\ T
k ) L k - \
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Γ/,0'm),l

[9

ι9

O'm),2]

Γ Λ Om),l ^O'm),2] Γ) ^ .

\ ~ [9

-i9

li^v®!

(3.48)
\

'"

/

\

"

'

/

\

"

/

\

"

'

/

Since

T ί γ(ikΛnί γ(ik~l

-

L

A

A

- ~ ^ /c
(ik

+ Λ / ^ ^ Λ r ( γ(lk
+

J^^ fc-l

Λ

J ^^ fc-l

^

(i

-- ~\r(γ Λ)^(n fk
γ ^)\
Λ]
L x

x

T

L

\

we have

/

\

/

\

/

L

or

L

\

/c-l

fc-l

T f ΛV^k-lΛ +, L T Λ
( γ(ikϊ\ n( y^fc-l)
\ k-l )
\ k )9\*k~l

L

\

Thus

/

\

/

-L(\

^k-l

(3.53)
Using (3.43), the right-hand side of (3.53) becomes

\

-Qvw

T

~

+

T

a

Qv««

(3-54)
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Substituting (3.54) into the right-hand side of (3.48), we obtain (3.47).
l
Now we calculate the second sum in the right-hand side of (3.32). Since X^ \
o

o

l

/ = l , . . . , n + l a r e equal to either -a~ -— or — α^ -— ,

(3.55)

0

if il ^ ik. Therefore we need to consider only those terms in the sum such that il - ίk,
that is, / = k — 1 and ik_{ = ik = jm for some m, 1 < m < q. From (3.15), we have

(3.56)
L

\

"

/

J

Thus these terms are of the form

2
i

^V'^l^^f^^

2
ff n+1

2

° -ϊfll

_

Substituting (3.44)-(3.46) and (3.57) into (3.32) and using (3.47), we obtain

(3-57)
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σ<Ξ5n+ι
/
v

v(p)

^τ

/

ι\sgnσ
,
δ
-

'' σesn+l

Σ

ι\n+2 7 . /

(-1)

K

The third property describes how the partial operad K (or K) acts on α;^ , j G N. In
fact it is this property which characterizes the three classes of topological vertex algebras.
LetP0 G K(k\Pl G ^OΊ), . . . , Pk G ^Ofc). Assume that 7^(P0;P1, . . . , Pfe) exists.
Since there is a natural isomorphism from TpQ(K(k)) Θ TP{ (K(j} )) θ - θ Γpfc (K(jk))
to T(PO

(K(k) x ^ΓOΊ) x ••• x K(jk))

Pk]

K(k)xK(j{)x
),

(the holomorphic tangent space of

- xK(j A; )at(P 0 , . . . , Pfc)),theholomoφhictangentspacesTpo(K(/c)),
, TPk (K(jk)) can all be embedded in Γ(PO?
0)

Pfc)

(£(fc) x K0\) x - - - x

(/c

e denote these embeddings by e^ , . . . , e \ respectively. For convenience
we sometimes use the notation j'0 = k. Let JY^ G TPι(K(jL)), ί = 1, . . . , n z ,
/ = 0, . . . , fe. Then (7^);}c(e(^)(XH)), ί = 1, . . . , nt, I = 0, . . . , fc, are elements of
T7^(Po;Pι
p ^XOΊ + +j fc )).Forany vectorbundleJ5, we use ^"(P) to denote the
direct sum of all tensor powers of B. Then the maps e^l\ I = 0, . . . , k, and (7^)* can be
extended naturally to maps from^(T(K(j^)) to^(T(K(k) x AΓOΊ)x ' ' 'x ^0/c)))and
χ
χ
amapfrom^(Γ(^(A;)x^O\)
^O'fe)))to^(Γ(XO'ι + +jfc))), respectively,
and we still use e^ , I - 0, . . . , fc, and (7^)^ to denote these maps. Let e(0) + + e(fc) be
the map from ^(T(K( J0))) x - - x f(T(K(jk))) to ^(T(K(k)xK(j{)x
xK(jk)))
(ί
(0)
(fc)
defined by taking sum of the images of e \l = 0, . . . , k. Then (7^)* o (e + + e )
is a map from f(T(K(jJ)) x - ^x F(T(K(jk))) to ^(T(K(j, + - . - + jfc))). It is
easy to see that the family {^(T(KΌ'))) | j G N}, equipped with these maps, the zero
r
vector in the fiber of .^ (Γ(K(l))) at the identity I of K and the obvious actions of the
symmetry groups, is a partial operad. We denote this partial operad by ^(T(K}\
The manifold K(k) x K ( j λ ) x
x K(jk) has natural fibrations whose fibers are
obtained by fixing certain punctures and the corresponding local coordinates of the
projection images of its elements to K(k), K(j\), . . . , K(jk). We call these fibrations
coordinate fibrations. We also have fibrations of K(k) x K ( j { ) x
x K(jk) whose
fibers are obtained by fixing certain punctures and the corresponding local coordinates
of the images of its elements under the map 7^ : K(k) x K(j{) x
x K(jk) —>
K(Jι +
+ jk). We call these fibrations pull-back coordinate fibrations.
We also denote the space of holomorphic functions on a complex manifold M by
Hol(M).
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Proposition 3.3. Let V be a strong topological vertex algebra and 7^ be the
substitution map (composition map) for the endomorphism partial pseudo-operadβ&VQ.
Then the forms ω^ , j G N, define a morphismfrom ^"(T(K)) to 3$vj0. More precisely,
we have

- n fe
X

e

X

( knk)))\Ίκ(P0

P1,...,,Pk)

= 7*Vι0 (<"*,««, (40)(*oι),

, 40)(*θn0)) I/V

(3.59)
/or P, 6 #, / = 0, . . . , k, andXu e TPl(K(j{j), i = 1, . . . , n;, / = 0, . . . , k, and
(3.60)

) = ω\σ(P

for any element σ of the symmetry group SfJ and any element P of K(j}. If V is a
topological vertex algebra, then there exist maps

h,a : (Γ(T(K(k) x

-* -^v,oOΊ +

+

where a is a sum of maps which are ho lomorp hie forms when restricted to certain tensor
factors of

e K(jkm®(no+'"+nk}

(Γ(T(K(k) x #0'j) x

and are exact form when these holomorphίc forms are restricted to fibers of certain
coordinate fibrations or pull-back coordinate fibrations of K(k) x -ftΌ'j) x
x K(jk),
such that modulo Q % o h and a, the forms <^>j,j 6 N, is a morphism as in the case
of strong topological vertex algebras. More precisely, in this case (3.60) and

+ α((7^)*(ef (X01)).

(

fc)

. (7?)*(e * (Xfcnfc)))|(fb, ..., Pfc)

(3-61)

hold. Moreover,
h = 0 when n0 = 0 or nλ = -

- nk = 0

(3.62)

and
a = 0 when n0, nl , . . . , nk = 0, 1 .

(3.63)
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If V is a weak topological vertex algebra, (3.59) holds when n0 = 0 or n{ =
nk = 0 and (3.61) and (3.63) hold for Pl G K, I = 0, . . . , k and Xh G T^(]?(^)),
i - 1 , . . . , HI, I - 0, . . . , k.
Proof. In all three cases, property (3.60) follows from the fact that z/ is a morphism of
partial operad.
We first prove (3.59) for strong topological vertex algebras. For convenience we use
the notations YLi = e^ (X^), ί - 1, . . . , n ; , / = 0, . . . , fc. Also in the proof below,
weregardP 0 , . . . , Pk as variables and omit the symbols |PQ , . . . , | p , | 7 ^ ( p o ; p ] } ^p^
and

I(P0, ..., pkγ B Y the definition of ωj}+...+Jk , no+ ... +nfc , we have

7ί?(Po; Λ ,

. Pfc))s((7ί?)*0oι)) Λ

Λ

S«7j?)*(nnfc))

(3 64)

Since for strong topological vertex algebras, g((7£)*(^s)) and
anticommute with each other for s = I, . . . , n,, t = 1, . . . , nm,l,m = 0, . . . , k,
the right-hand side of (3.64) can be written as

(3.65)
On the other hand,
.n^3^!'

' y fcn f c »

fc))-

(3.66)

To prove that (3.65) is equal the right-hand side of (3.66), we need only to prove

)

^fcn,))

(3-67)

To prove (3.67), we first note that the bracket formulas of <?(0), p(— 1) with vertex
operators and with L(0),L(— 1) are the same as those of L(0), L(— 1) with vertex
operators and with L(0),I/(— 1) themselves, except suitable signs coming from the
difference between the fermion numbers of #(0), #(— 1) and of Z/(0), L(— 1). Therefore
if we can prove
, -

, -Pfc))L((7κ)*0"o.))
(Y0ί)
L(Y0no);
,,)

L(YίΏ\ . . . , KPfe)I(y fcl )

L(YknJ)

(3.68)
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without using the bracket formulas for L(0) and ' L(— 1), (3.67) will be a consequence.
To prove (3.68), we first use (3.18) and the fact that v is a morphism of partial pseudooperads to obtain

; PI, - - , Pfc»

= <7j?)*(y0ι)

0

("(Po)> "(pι)>
Note that as differential operators
differential operators as du. Then

L(yl nl nι),

, "(Pfc»

(3-69)

)' s are the same as Y/^'s. We denote these

(3-70)

where we have used (3.18) and
(3.71)
This proves (3.59). Note that the proof above also proves that (3.65) is equal to the
right-hand side of (3.66) even for weak topological vertex algebras.
To prove the case for topological vertex algebras, we first notice that from the
definition that

z = 1, . . . , nt. Thus by (3.13) g((^)^(Yu)) and ^((7χ)*(^mz)) anti-commute with
each other if / ^ m and /, m i 0. We take X Zi to be in Γ(T(p)(^0'ί))) for some p,
1 < p < nt. Then if there exist / and p such that more than two of Xti, i - 1 , . . . , nl9
are in Γ(T(p)(K(jz))), both the left-hand side and the first term in the right-hand side of
(3.61) are zero. Thus we can define the values of h and α on these tangent vector fields
to be zero. The formula (3.61) holds in these cases. Thus we can assume that for any /
and any p there are at most two of Xh,i = 1, . . . , n z , in Γ(T(p)(K(j^))). In these case
the left-hand side of (3.61) can be written as a sum with suitable sign of terms of the
form
- A^+~ +ι*> ,
(3.72)
where A^q\ q - 1, . . . , j{ + - - - + jk, are operators on V'®C?ι + +7fc) equal to the skewsuch that at most
symmetrization of the product of at most four of
two of Xft are in the set {XQi \ i - 1, . . . , n0} and at most two of Xti are in the set
= 1, . . . , k}. We need the following lemma.
{Xu I i - 1,
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Lemma 3.4. For any q satisfying 1 < q < jλ + - +jk, we can write q = jl + - - - jL_ λ +i
for some l,ί satisfying I < I < k,l < i < jlf respectively. Then A^ can be written
as a sum of three terms: the first term is the product of the skew-symmetrization of
(g)
the product of those ^(((7^);)<(yms)) )^ with Xms's in {Xol
5 = 1 , . . . , n0} and
(9)
the skew-symmetrization of the product of those ^(((7^);}ί(yms)) )'5 with X ms 's in
{Xis\s = 1, . . . , rij, I = 1, . . . , k}; the second term is Q-exact; and the third term
satisfies the property that the composition o/z/(7^(P0; Pj , . . . , Pk)) with it is an exact
form evaluated at those tangent vector fields defining A^ on any leave of the βbration
of K(k) x jKΌΊ) x * x K(jk) obtained by fixing all punctures and local coordinates
of elements o//ί(jm), ra = 0, . . . , k, except the lΐh ones of elements of K(k) and the
ith ones of elements ofK^^.
Proof. For simplicity, we prove only the case that A(q} is the skew-symmetrization of
the product of three of g(((^-^)^,(Yms))^ with only one of them obtained from a tangent
vector field on K(k). Let Pm = (zml , . . . , zmjni α m l , . . . , α mjτn ), ra = 0, . . . , fc. We
assume that the corresponding three Xms ' s are — aol -— , -αl z~l -— and —ati -— . The
oz

(
(

\

r\

/

\

r\

r\ \
—α0/—— ),
9a
oιJ

-αΓ 1 -— ) ande^f - α, -— J b y y o ι , y π and y,2, respectively. It is easy to
dz
da
hJ
\
hJ
see that

Z

0k

+a

Qkzk\ >

' ' ? Z0k
α

α 0 1 α n , . . . , α 0 ι ij! >

+ a

Qkzkjk>

> aokak\ι -

> aθkakjk^ ?

(3.73)
(3.74)

= S(ς)(-l),

(3.75)

= ί?<9)(0) .

(3.76)

Let

-

-

DJJ,

.

(3 77)

(3.78)
Also for topological vertex algebras, we fix a choice of UQ 0 in (2.25). Let U_{ _γ, UQ__{
and U^Q be the operators on V®(j}+'"+Jk ) equal to U_l l9 U0 1? respectively, acting
on the gth tensor factor. For topological vertex algebras, the bracket [g(Zl)^g(Z2)] is
Q-exact for any tangent vectors ZlΊZ2 £ T (P .p
+
+ jfc)). The
P ^ (K(j{
K
(r)
bracket [g(Zl)^g(Z2)] can be written as a linear combination of [g (— 1),^^ — (1)],
[#(r)(0),#(r)(-l)] and [^(r)(0),^(r)(0)], r = 1, . . . , jl +
+ jk. For any such Z1
and Z2 we define an operator Uz z on y^Oi+ +jfc) by replacing [^(r)(-l),^(r)(-l)],
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(r)

(r)

[^ (0)^ (-l)]and[^(0),^ (0)],r - 1, . . . , jl + • . .+j f c , in the linear expansion
of [g(Zl , g(Z2)] by ί/l^ , U^_{ and U$, respectively. Then
[g(Z^g(Z2)]

= [Qv®ϋ1+...+,fc) ,tf Z l > Z 2 ]

by (2.25), (2.27) and (2.28).
We have
(q}
(q
(q)
(<?)
(<?)
A = (zug \-l) + g m Λ # (-l) Λ # (0) .

3 79

(

>

(3.80)

where the right-hand side is the skew-symmetrization of

It is a straightforward calculation to obtain
(q

(zlί9 \-\)

(9)

(-1)] .

(3.81)

Now from (3.80), (3.81), (3.77), (3.78), (3.74)-(3.76), (3.43) and (3.79) we obtain
Λ 5(13)(-1)

To prove the lemma in this case, we need only to show that the sum of the last three
terms in (3.82) composed with v(^(PQ; Plt . . . , Pk)) is an exact form on the fibers of
the fibration described in the lemma evaluated at
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We define a 2-form β on K(k) x #ΌΊ) x - x K(jk) by:

if X, e Γ(T(K(jl)))X2

=0

(3.83)

Q

(3.84)

e Γ(Γ(JOm))), ί,m = 1, . . . , fc;

if Xl G Γ(T(K(k))\ X2 G Γ(T(K(jt))\ I = 1, . . . , jfe. Using the facts that
-X\,X 2 ^ Γ(T(K(k) x -KΌΊ) x ••• x K(jk)y) can always be expanded as linear
combinations of those tangent vector fields occurred in (3.83), (3.84) and (3.85) and
that β should be skew-symmetric, (3.83), (3.84) and (3.85) give a well-defined form.
Now we restrict β to fibers of the fibration of K(k) x ΛΓ(Jι) x
x K(jk) given by
zms - constant, ams = constant, m ^ 0, 1 or m = 0, s ^ I, s ^ i. On such a fiber, we
have

(d/?χy01.rn,rί2)

0^!, - . . , n))^wy01))t(7-),(yπ),(7^(yί2)].

(3-86)

Thus we see that composed with z/(7^(P0; P{, . . . , Pfc)) the sum of the last three term
in (3.82) is equal to — ^dβ(YQl, Yn, Y12). This proves the lemma in this case. D
Using this lemma, we can write (3.72) as a sum of terms of the following types:
the composition of ι/(7gr(P0;Pl5 . . . , Pfc)) with the product of the first terms of all
A(q\ q = 1, . . . , j j +
+ jk\ the composition of z^(7^(P0; P1? . . . , Pfc)) with the
product of the Q-exact terms of all A(q\ q = 1, . . . , jl +
+ jk\ compositions of
z/(7j^(P0; Pj, . . . , Pfc)) with products of some of the A^'s and the Q-exact terms of
the other Λ(ςί)'s; compositions of z/(7^(P0; Pλ, . . . , Pfc)) with products of terms in the
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(q)

(q

A 's such that at least one of them is the third term in some A \ Recall that the lefthand side of (3.61) is a sum of expressions of the form (3.72) with suitable signs. Adding
terms of the first type for all expressions of the form (3.72) with the signs, we obtain
(3.65). The proof for the case of strong topological vertex algebras shows that this is
equal to the first term of the right-hand side of (3.61). The sum of all the terms of the
second type with the signs gives a Qj^ -exact operator. Using the same method used
in the proof of Proposition 3.2, it is easy to show that the sum of all the terms of the
third type is a sum of Q ^γ -exact operators and maps from

(Γ(T(K(k) x £oΊ) x

x £ϋ'fc)))®(no+

+nfc)

to

evaluated at Xms, 5 = 1 , . . . , n m , m = 0, . . . , k, satisfying the property that when
fixing some of J£ms's and viewed only as functions of the remaining ^ms's, these maps
are holomorphic forms on K(k) x K(j{) x
x K(jk) and when restricted to fibers of
certain pull-back coordinate fibrations of K(k) x K(jλ) x
x K(jk), these forms are
exact. The sum of all terms of the fourth type, by definition and Lemma 3.4, is a sum of
maps from

(Γ(T(K(k) x
to

^v,oOΊ +

+

Jfc) ® Hoi(K(k) x

evaluated at Xms, s = 1, . . . , n m , m = 0, . . . , fc, satisfying the property that when
fixing some of X m s 's and viewed only as functions of the remaining X ms 's, these maps
are holomorphic forms on K(k) x K(jv) x
x K(jk) and when restricted to fibers
of the coordinate fibrations of K(k) x K(j{) x
x K(jk) described in Lemma 3.4,
these forms are exact. Thus we see that the sum of all the terms of the second, third and
the fourth typed gives h and a.
This concludes the proof of (3.61) in the case of topological vertex algebras. The
identities (3.62) and (3.63) are obvious. The proof for weak topological vertex algebras
is the same as that for topological vertex algebras. D

4. The Operadic Formulation of (Weak, Strong) Topological Vertex Algebras
and the Equivalence Theorem
In Sect. 5, we will see that the meromorphic forms u; and their three properties give all
the nice topological properties. Therefore it is natural to introduce the following notion
of (weak, strong) topological K-associative algebra in terms of meromorphic forms and
the three properties:
Definition4.1. A topologicalK-associativealgebra isaZxZ-gradedspace V (graded
by weight andfermion number) together with a differential Q offermion number 1 on
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V, that is, an operator Q of fermion number 1 on V satisfying Q2 = 0, and with a
HomCy®-7', V)-valued holomorphic form ω^ on K(j)for every j £ N satisfying (3.22),
Proposition 3.1, (3.29), (3.60)-(3.63). Weak topological K-associative algebras and
strong topological K-associative algebras are defined in the same way except that the
axiom (3.61)-(3.63) are replaced by the corresponding statements for weak and strong
topological vertex algebras in Proposition 3.3, respectively.
We denote a (weak, strong) topological K-associative algebra by (V, Q, ω), where V
is the underlying Z x Z-graded vector space, Q the differential on V and ω - {ωj \ j £
N}. Obviously, a topological K-associative algebra is a weak topological K-associative
algebra and a strong topological K-associative algebra is a topological K-associative
algebra.
Proposition 4.1. Let (V, Q, {ω^ \ j £ N}) be a weak topological K-associative
algebra. The pair (V, {α;

0

j' £ N}) is a graded meromorphic K-associative algebra.

Proof. The proposition is an immediate consequence of (3.22), Proposition 3.1, (3.61)
in the case n0 = 0 and (3.60). D
As expected, the notion of (weak, strong) topological K-associative algebra is
equivalent to the notion of (weak, strong) topological vertex algebra introduced in Sect. 2.
The precise statement is the following theorem:
Theorem 4.2. The category of (weak, strong) topological K-associative algebras and
the category of (weak, strong) topological vertex algebras are ίsomorphίc.
Proof. We already know that the category of graded meromorphic K-associative
algebras and the category of graded vertex algebras are isomorphic. The results in the
previous section can be summarized as saying that given a (weak, strong) topological
vertex algebra, we can construct a (weak, strong) topological K-associative algebra
using the graded meromorphic K-associative algebra corresponding to the graded vertex
algebra underlying the original (weak, strong) topological vertex algebra. Thus we need
only the show that given a (weak, strong) topological K-associative algebra we can find
operators Q, g(0) and #(—1) on the corresponding graded vertex algebra such that the
corresponding graded vertex algebra together with these operators is a (weak, strong)
topological vertex algebra, and to show that the procedure to obtain a (weak, strong)
topological K-associative algebra from a (weak, strong) topological vertex algebra and
the procedure to obtain a (weak, strong) topological vertex algebra from a (weak, strong)
topological K-associative algebra are inverse to each other.
Given a weak topological K-associative algebra (V, Q, ω), let (V, Y, 1) be the graded
vertex algebra corresponding to the graded K-associative algebra (V, {^0 | j £ N}).
We already have the differential Q. The operator g(0) and #(— 1) are defined by

"^"i.'(-"'£) I,'

• Γ'£)
dzj j ,

(4J)

<«)
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where / is the identity of the partial operad K. From
(4.3)

we obtain

d

-a,-—ωλ

= άωλ1,01
Λ[ ~
— ααΓ

_d_
1

[

da,

9ch
+ω

α

l.l

~ lΈΓ- }Q

(4-4)

But from the definition of L(0) for (V, Y, 1) we have
QJΛ

_

UJ

1,0

(4.5)

= ω1,0 /L(0) = L(0).

Thus (2.15) is proved. Similarly we can prove (2.16). The formula (2.21) follows
immediately from Q^γQ(ω2j0) = 0. To prove (2.22) we let P = (z, 0; 1,1) G K(2) and
from (3.61) in the case n0 = 0 we obtain

f?

V,0

'2/7
Γ\

dz,
+ (JUΊ

+ HM -α

11

da,

(4-6)

,,olp

When both sides of (4.6) acting on f l 01>2 we obtain
Y((gφ)

. = 0(0^(^,2^2

(4.7)

which is exactly (2.22). The formula (2.23) can be proved similarly. The formulas
(2.17)-(2.20) can also be proved similarly using / instead of P. Thus we have proved
that (V, y, 1) together with Q, g(0) and #(—1) is a weak topological vertex algebra. If
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(V, Q, ω) is a topological K-associative algebra, then by (3.61) and (3.63) we have

^2,1 (ΊK)*

— aλ
9

l

l

Λ

'^

(4.8)

It is easy to see that

d

(4.9)

Thus we left-hand side of (4.8) is zero and we conclude that the first term in the righthand side of (4.8) is Q^ (= Q)-exact. From the definition of g(0) and 7^ , we see
that this (Q-exact) first term in the right-hand side of (4.8) is equal to (ρ(0))2. This proves
that (<?(0))2 is Q-exact and thus (V, Y, 1) together with Q, g(0) and g(— 1) is a topological
vertex algebra. If (V, Q, ω) is a strong topological vertex algebra, then (4.8) holds with
h = 0. Thus the same argument shows that (#(0))2 = 0 and thus (V, Y, 1) together with
Q, g(0) and #(—1) is a strong topological vertex algebra.
Beginning with a (weak, strong) topological vertex algebra we obtain a (weak,
strong) topological /ί-associative algebra using the construction in the previous section.
From this (weak, strong) topological AΓ-associative algebra we obtain a (weak, strong)
topological vertex algebra using the construction above. Theorem 2.2, the construction
of u)j and (4.1), (4.2) imply that this (weak, strong) topological vertex algebra is the
same as the original one. Beginning with a (weak, strong) topological /ί-associative
algebra we obtain a (weak, strong) topological vertex algebra. From this (weak, strong)
topological vertex algebra we obtain a (weak, strong) topological ^-associative algebra
using the construction in the previous section. Using axioms in Proposition 3.3 and
the fact that K is generated by K(0), K(l) and K(2), this (weak, strong) topological
jFί-associative algebra is the same as the original one. D
Remark 4.1. The above theorem in fact shows that for (weak, strong) topological
vertex algebras, the forms ω^n must be of the form (3.20). Thus we have a conceptual
interpretation of the definition of ω^n.
A natural question is whether (weak, strong) topological vertex algebras are in
fact algebras over a certain operad. The answer is affirmative for strong topological
vertex algebras. The category of strong topological vertex algebras is isomorphic to
the category of algebras over the differential graded partial operad of the differentiable
chain complexes of K(j), j £ N, satisfying a certain meromorphicity axiom. Since this
meromorphicity axiom is much more complicated to formulate than the (equivalent) one
for the forms ω , j E N and since the notion of strong topological K-associative algebra
is conceptually simple, we will not try to give this meromorphicity axiom and therefore
we will not give the complete further reformulation of the notion of strong topological
vertex algebra in this paper. But for the topological application in the next section, in
the rest of the section we prove a proposition which in the case of strong topological
vertex algebras says that a strong topological vertex algebra has the structure of an
algebra over the differential graded partial operad of the differentiable chain complexes
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We need the notion of graded (partial) operad and differential graded (partial) operad.
A graded operad is an operad in the category of Z-graded vector spaces. A differential
graded operad is a graded operad W - { W($) j G N} together with an operator 6 of
degree -1 on each W(S) such that δ2 = 0. Graded partial operads, graded partial
pseudo-operads, differential graded partial operads and differential graded partial
pseudo-operads are defined in the same way. Let (W\, δ^) and (£ξ, 52) be two differential
graded operads. A morphism from (Wλ, δ { ) to (£ξ, <52) is a morphism ψ from the operad
^ to the operad W2 such that δ2ψ - ψδl. Morphisms for differential graded partial
operads and for differential graded partial pseudo-operads are defined in the same way.
We consider the family of the differentiable chain complexes Cs(K(j)), j G N with
coefficients in C. The natural chain maps
C : Cs(K(k)) ® Cs(£(j,)) <g>
-» Cs(K(k) x K(jJ x

® Cs(K(jk))
(4.10)

x K(jky)

(see, for example, [Mas] for details) composed with the (partial) maps
(7χO* : Cs(K(k) xK(j{) x

x K(jk))

s

-H. C (^(K(k); #OΊ), . . . , K(jk)))

(4.11)

give (partial) chain maps

Cs(K(jk})
))

(4-12)

We have
Proposition 4.3. The family CS(K) = {C5(KO')) | j G N} together with the maps
ΊCS(K) and ^e boundary operator d is a differential graded partial operad.
Proof. The proposition follows easily from the definition and properties of ζ (see, for
example, [Mas]) and the fact that 7^ are substitution (composition) maps for the partial
operad K. D
Since CS(K) is a differential graded partial operad, the homology H^(K) is a graded
partial operad.
Let (V, Q,ω) be a weak topological K-associative algebra. We consider the endomorphism partial pseudo-operad ^VQ = {Hom(VΘj, V) \ j G N}. The following
proposition is obvious:
Proposition 4.4. The endomorphίsm operad partial pseudo-operad 3$v 0 together with
the negation ofthefermion number grading and the differential Q_^v is a differential
graded partial pseudo-operad.
Let In be the unit n-cube in R n and T : In —> K(j) a differentiable singular n-cube.
We define
T

T

/

"j,n

(4 13)

n

It is obvious that for degenerate differentiable singular n-cube T, φ(T) = 0. From the
definition of Cs(K(j)\ we see that (4.13) can be extended to obtain a homomorphism
φ : Cs(K(j)) —> ^YQ(J) of vector spaces for every j G N.
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Proposition 4.5. Let (V,Q,ω) be a weak topologίcal K -associative algebra. The
homomorphism φ is an S^-equivariant chain map from Cs(K(j)) to ^γ^(j)for every
j G N. If(V, Q, ω) is a strong topologίcal K -associative algebra, the homomorphisms
φ is a morphism of differential graded partial pseudo-operads from CS(K) to ^VQ. In
particular, in this case, V is a Cs (K)- algebra.
Proof. We first show that φ is a chain map. Let s be any differentiable singular chain in
C%(K(j)). Then using (3.29) and the Stokes' theorem, we have
J
s

(4.14)

= ίdω
dω
= ί ωn = φ(ds).
j>n
n=
J

J

ds

The Sj equivariance of φ follows easily from (3.60): Let 5 be any differentiable
singular chain in C%(K(j)) and σ G Sj. Then by (3.60)
σ(φ(s)) = jI σ(ω
σ(ωjtn
= j\ ω
ω^
= φ(σ(s)).
ifj) =
q^n =

(4.15)

σ(s)

This proves the first assertion of the proposition. To prove the second assertion, let
T0 : /no -> K(k) and Tt : Γ^ -> K ( j t ) , I = 1, . . . , k be differentiable singular
cubes. For convenience, we let j0 = k. For weak topological K-associative algebras,
we consider only those TJ such that the images of 7] are in K(j{), I = 0, . . . , / , We
denote by [Tt] the elements of C%ι(K(Jι)), / = 0, . . . , fc, containing Tz, ί = 0, . . . , fc,
respectively. From these differentiable singular cubes we obtain another differentiable
singular cube
T - 7— o (T

x T ) : Ino+'"+nk

x

_^ K'ϋj +

+ jfc)

(4-16)

when the right-hand side exists. If we denote the chain containing T by [T], then by
definition

Let -—,
ί = 1. . . . , n/, / = 0, . . . , fe, be the vector fields on Rnι parallel to the i-th
syγ
axis, where we use xLi to denote the coordinates of R n z . Then
Φ([Tl]) =
T*/ >
I

ί

3ι ^' ' "^

"

' '''' ~

- j "n,nι (CΦ* (^ ) l
ιnι

"

1aιLn
/7^r
'

' ' '

^-rJ

aj

"

(Γ«)* (^-))ώπ
nι

dx

^

^4 18)
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for / = 0, . . . , k. We have

,

,

-

01

fcnfc

... + n f c

/

"V-Λ- **"-*
+n fc

rl
ω

h+ +JkW +nk

/
•

, (71?)* e* ((Ip* ( -z— )))))
\

\

\υ

L

(4.19)

dxm ... dxknk .

knk/////

For the topological application in he next section, we use (3.61) for an arbitrary
topological vertex algebra instead of (3.59) only for strong topological vertex algebras
to obtain that the right-hand side of (4.19) is equal to

,...,(T 0 ),|
ιno+

+n

k

1

^n

I

9
^ VχQnr)

I

knk
/v

k

kn

xm... dxknk .

(4.20)

For convenience let
ί
J

(4.21)
knk

Topological Vertex Algebras

139

dx( 01
e(*fe) a*),,

—

dxol

. dxkn .

(4.22)

Using (4.18), (4.21) and (4.22), (4.20) is equal to

L

/

n0

Ol

y/
7 n /fc

), . . . , φ([Tk})) + Q

X

y

) +a .

(4.23)

For strong topological K- associative algebras, the last two terms of the right-hand side
of (4.23) are zero. Thus from (4.19), (4.20) and (4.23) φ is a morphism of differential
graded partial operads. This finishes the proof. D

5. Cohen's and Getzler's Theorem and the Gerstenhaber
or Batalίn-Vilkovisky Algebra Structure
In this section we give an application of the results obtained in the previous two sections.
We first recall the definition of Batalin-Vilkovisky algebras and Gerstenhaber algebras,
results on these algebras and other related concepts and results. In particular, we state
Cohen's and Getzler's theorem which describes Gerstenhaber and Batalin-Vilkovisky
algebras using the operads of the holomogies of the little disk operad and the framed
little disk operad, respectively. Then by using Getzler's theorem (or Cohen's theorem)
and Proposition 4.5, we show that the cohomology of a topological vertex algebra (or
of a weak topological vertex algebra) has the structure of a Batalin-Vilkovisky algebra
(or of a Gerstenhaber algebra).
Definition 5.1. A Batalin-Vilkovisky algebra is a graded commutative algebra A
together with an operator Δ of degree —1 satisfying Δ2 = 0 and
α

Λ(abc) - Δ(ab)c + (-l)
- (Δa)bc - (-l)|α|α(Z\6)c - (-1)H + I 6 I ab(Δc)

(5.1)

for any homogeneous elements α, 6, c of A.
In [LZ], Batalin-Vilkovisky algebras are called "coboundary Gerstenhaber algebras."
In his study of the cohomology theory of associative rings and algebras [Ger],
Gerstenhaber first discovered the following algebraic structure:
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Definition 5.2. A Gerstenhaber algebra is a graded commutative algebra A together
(n
(rn
+m
with a bracket [-,-] : A <g> A -> A such that [A \A ^] C A^ ~^ (where
(n)
(m
A , A \ n, m £ Z, are homogeneous components of A), satisfying
1)

[6,α],
[α, [6, c]] - [[α, 6], c] + (-i)(\«\-WW-U[b,
[α, 6c] - [α, b]c + (-l)

|α|(|6|

,

[α c]] ?

1}

" 6[α, c]

(5.2)
.
(5 3)
(5.4)

for any homogeneous elements α, 6, c o/ A
(In [Get], Gerstenhaber algebras are called "braided algebras.") In fact a BatalinVilkovisky algebra is a special type of Gerstenhaber algebra. We have the following
proposition proved by Getzler [Get] and Penkava and Schwarz [PS] :
Proposition 5.1 (Getzler, Penkava-Schwarz). A Batalin-Vilkovisky algebra is a
Gerstenhaber algebra A equipped with an operator A of degree — 1 such that Δ2 = 0
satisfying the following relation between the bracket and A:
[α, b] = (-l) |α| Z\(α&) - (-l) |α| (Az)6 - a(Δb) .

(5.5)

Furthermore in a Batalin-Vilkovisky algebra, A satisfies the formula
Δ[a,b] = [Δa,b] + (-l)M-l[a,Δb].

(5.6)

Gerstenhaber algebras and Batalin-Vilkovisky algebras can also be described using
certain operads. For Gerstenhaber algebras we consider the little disk operad & =
{&(j) 1 .7 £ N} of Boardman and Vogt [BoV] (see also [May]) where ^(j) is the space
of all maps from the disjoint union of j copies of the unit disk D to the unit disk such that
on each copy of the disk they restrict to a composition of a translation and multiplication
by a positive number and such that the images of different copies of the disk are disjoint.
Using the Kϋnneth theorem it is easy to see that the homology of a topological operad
is a graded operad. Since the little disk operad is homotopically equivalent to the family
of configuration spaces {F^(C) | j G N} = K, the homology of the little disk operad
and the homology of this family of configuration spaces are isomorphic. In [C] Cohen
proves the following theorem without stating it explicitly:
Theorem 5.2 (Cohen). The category of algebras over the operad {H^(¥j(C)) \ j <E
N} = H*(K) (or the category of algebras over the operad of the homology of the little
disk operad) is equivalent to the category of Gerstenhaber algebras.
For Batalin-Vilkovisky algebras, we have to consider the framed little disk operad
& ~ {^(j) j G N} (see [Get]), where d^(j) is the space of all maps from the disjoint
union of j copies of the unit disk D to the unit disk such that on each copy of the disk
they restrict to a composition of a translation and multiplication by an element of C x
and such that the images of different copies of the disk are disjoint. In [Get], Getzler
proves the following theorem based on Cohen' s theorem above (Getzler and Jones also
have another proof of Cohen's theorem):
Theorem 5.3 (Getzler). The category of algebras over the operad H% (&) is equivalent
to the category of Batalin-Vilkovisky algebras.
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Note that every element of &(j) is determined by the centers zl , . . . , Zj of the images
of the j copies of the unit disk and the j positive real numbers al , . . . , α^ multiplied to
the j copies of the unit disk and similarly every element of &(j) is determined by the
centers z1 , . . . , ^ of images of the j copies of the unit disk and the j nonzero complex
numbers al , . . . , α^ multiplied to the j copies of the unit disk. Therefore & can be
x

j

embedded in &>(j) and &>(j) can be embedded in K(j) = F^C) x C ) . The proof of
the following proposition is a direct verification:
Proposition 5.4. The little disk operad & is a suboperad of the framed little disk operad
Sj . The framed little disk operad 3? is a suboperad of the partial operad K.
s

S

If we define the composition maps for the families C (&) and C (£P) of the
s
s
differentiable chain complexes C (i$(j)),j £ N, and of C (3^(j)),j £ N, in the
S
same way as that for C (K), by Proposition 5.4 we have
s

S

Corollary 5.5. The families C (^) and C (S^) are differential graded suboperad of
the differential graded partial operad CS(K).
Now we consider a topological Jf -associative algebra (or a weak topological Kassociative algebra) (V,Q,{ωj \ j £ N }). By Proposition 4. 5, we have an ^-equi variant
chain map φ from Cs(K(j)) to ^v)00) f°r every j £ N. These maps composed with
the morphism Cs(3?) -> CS(K) (or Cs(&) -> CS(K)) induced from the embedding
of £P (or of &)) in K give 5 -equivariant chain maps φ\^ (or φ\@) from Cs(^(j))
(or Cs(&(j))) to 3$y$(j), j £ N. Except for strong topological vertex algebras, these
maps are not morphisms of partial pseudo-operads. But we have
Proposition 5.6. Let (V,Q,ω) be a topological K -associative algebra (or a weak
topological K -associative algebra). Then the graded vector space H*(V) has the
structure of an algebra over the operad H^(^) (or over the operad H*
Proof. We only prove the case for topological K-associative algebras. The proof for
weak topological /ί-associatived algebras is similar. From (4.19), (4.20) and (4.23), we
see that for any differentiable singular cycles sl in Cf (K(jι)), I = 0, . . . , fc, we have

+
where fe, a e ^V)00ι +
Jk) anc^ S is a sum of integrals of functions over the
image of s0 x
x sk where, when restricted to fibers of certain coordinate fibrations
or pull-back coordinate fibrations of K(k) x K^j^) x
x K(jk), these functions to
be integrated are exact forms evaluated at the projections of the tangent vector fields on
5 x
o ' "x sk to tne tangent space of thefibers.Since Cs(&) is a suboperad of CS(K\
for any sl G C^ (^), / = 0, . . . , fc, we have

(5.8)
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where h and a are the same as in (5.7). From [Get] we know that the operad H^(^) is
generated by H^(S^(\)) and H^(9^(2)). Using this fact and induction, it is easy to show
that we can always find cycle 50, . . . , 5^. homologous to s0, . . . , s fc , respectively, such
that the cycle SQ x
x 5^. is a sum of cycles which when intersected with fibers of any
coordinate fibration or pull-back coordinate fibration of K(k) x K(j{) x
x K(jk)
are cycles with dimensions equal to the 'degrees of the exact forms on these fibers given
by Proposition 3.3. Thus if we use 50, . . . , 5^. instead of 50, . . . , s fc in (5.8), the term a
is zero. Passing to the homology and using the fact that SQ, . . . , 5^. are homologous to
50, . . . , s fc , respectively, we obtain

where [50], . . . , [5fc] are the homology classes containing 50, . . . , 5fc respectively.
Therefore (φ\ ^s^)* is a moφhism of partial pseudo-operad from H* (S^) to H* (J^/,o)
It is easy to see that the graded partial pseudo-operad H^(^VQ) is isomorphic to the
endomorphism graded partial pseudo-operad ^Ή*(V) o °f me cohomology H*(V) of
V. Thus we can identify ^ff*(V) ow*m ^*(^vo) From (2.15) we see that elements
of H*(V) in fact can be uniquely represented by elements of V^0). This implies that
the endomorphism graded partial pseudo-operad ^ff*(V) o *s ^n ^ac^- e(lual t° the
endomorphism graded operad <^#*(y) and we have a morphism O^l^s^))* of graded
operads from H^) to ^H*(V). Thus H*(V) is an algebra over H^\ D
Combining this proposition and Theorem 4.2 with Getzler's theorem (Theorem 5.3)
or Cohen's theorem (Theorem 5.2), we obtain:
Theorem 5.7. Let V be a topological vertex algebra (or a weak topological vertex
algebra). The cohomology H*(V) ofV has the structure of a Batalin-Vikovisky algebra
(or of Gerstenhaber algebra).
We now would like to derive the concrete expressions of the operator A, the product
and the bracket on H*(V). We only discuss the case for topological vertex algebras.
For weak topological vertex algebra, the discussion is similar. From [Get] we see that
the operator A is given by the image of the generator of 11^(^(1)) under ψ and the
product is given by the image of the unique element of £Γ0(F2(C)) C HQ(^°(2)) under
the morphism ψ. Thus from the definition of ψ we see that A = g(0). Since any element
of F2(C) is a cycle representing the unique element of #0(F2(C)), we can take the cycle
to be of the form P = (z,0). Let u,v G V and [u], [υ] G J3"*(V) the cohomology
class containing u, v, respectively. Then the product [u] [υ] of [u] and [v] is [Y(u, z)v]
which is the cohomology class containing Y(u,z)v G V. Since elements of H*(V)
can be represented uniquely by elements of V^0), we can assume u and v have weight
0. Since Y(u,z)v = ]ζ unvz~n~l and wtunv - wtu — n — 1 + wtv = —n — 1,
nez
[unv] - 0 forn ^ — 1. Thus [Y(u, z)v\ - [u_lv]. Since the bracket can be obtained
from A and the product, we have recovered the construction of Lian and Zuckerman
completely.
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Note added in proof. In [KSV], Kimura, Stasheff and Voronov give a conceptual construction of the
homotopy Lie algebra structure on the state space of a topological conformal field theory based on
the geometric formulation of topological conformal field theory and the existence of string vertices
proved by Zwiebach. Combining their result and the geometric formulation of strong topological
vertex algebras, we obtain a homotopy Lie algebra structure on the underlying graded vector space
of a strong topological vertex algebra or on the tensor product of the underlying graded vector space
with itself of a strong topological vertex algebra.
[KSV] Kimura, T., Stasheff, J.D., Voronov, A.A.: On operad structure of moduli spaces and string
theory. Preprint, hep-th/9307115, 1993
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