Commun. Math. Phys. 161, 533-568 (1994)

Communications IΠ

Mathematical
Physics

© Springer-Verlag 1994

On "Hyperboloidal" Cauchy Data
for Vacuum Einstein Equations and Obstructions
to Smoothness of Scri
Lars Andersson 1 , Piotr T. Chrusciel2'*
1

Department of Mathematics, Royal Institute of Technology, S-10044 Stockholm, Sweden,
e-mail: larsa@math.kth.se
2
Centre for Mathematics and its Applications, Australian National University,
G.P.O. Box 4, Canberra A.C.T. 2601, Australia.
e-mail: pxc851@huxley.anu.edu.au
Received: 1 April 1993

Abstract: The relationship between the geometric properties of "hyperboloidaΓ
Cauchy data for vacuum Einstein equations at the conformal boundary of the initial
data surface and between the space-time geometry is analyzed in detail. We prove
that a necessary condition for existence of a smooth or a polyhomogeneous Scri (i.e.,
a Scri around which the metric is expandable in terms of r~J log* r rather than in
terms of r~ J ) is the vanishing of the shear of the conformal boundary of the initial
data surface. We derive the "boundary constraints" which have to be satisfied by an
initial data set for compatibility with Friedrich's conformal framework. We show that
a sufficient condition for existence of a smooth Scri (not necessarily complete) is
the vanishing of the shear of the conformal boundary of the initial data surface and
smoothness up to boundary of the conformally rescaled initial data. We also show
that the occurrence of some log terms in an asymptotic expansion at the conformal
boundary of solutions of the constraint equations is related to the non-vanishing of
the Weyl tensor at the conformal boundary.

1. Introduction
In the papers of Bondi et al. [3], Sachs [18] and Penrose [17] which laid the
foundations of our present understanding of the gravitational radiation, some rather
strong hypotheses about the asymptotic behaviour of the gravitational field in lightlike
directions were postulated. In a recent study by ourselves [1] (cf. also [2]) of the
asymptotic properties of solutions of constraint equations on spacelike hypersurfaces
intersecting "Scri" transversally it has, however, been observed that generic Cauchy
data constructed in such a setting by the "conformal method" failed to be smoothly
* On leave of absence for the Institute of Mathematics, Polish Academy of Sciences, Warsaw.
Supported in part by KBN grant #2 10479101
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extendable, after appropriate rescalings, to the conformal boundary1 due to the
occurrence of some logarithmic terms in an asymptotic expansion of the fields near
the conformal boundary. This behaviour was observed even though the "seed fields"
used in the conformal method were smoothly extendable to the conformal boundary.
The aim of this paper is to analyze in detail the obstructions to smoothness of the
solutions of the constraint equation constructed as in [1]. In order to present our
results it is useful to define two tensor fields σ ± defined on the connected component
under consideration dMί of the conformal boundary dM of the initial data surface:
A B — 1 ΛAB
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which we shall call the shear tensor of dM^ where hAB is the induced metric on
dMί, KAB is (the restriction to dM of) the extrinsic curvature (K^) of M in the
unphysical space-time (V,7), and XAB is the extrinsic curvature of dMi in (M,g).
In the case of Cauchy data constructed as described in Sect. 2, our results linking the
geometry of the boundary of the initial data surface with the geometry of the resulting
space-time can be summarized as follows:
1. Suppose that neither σ + nor σ~ vanishes. Then there exists no development of
the initial data with a smooth or polyhomogneous Scri.
2. Suppose that σ+ = 0 or σ~ = 0; changing the time orientation if necessary we
may without loss of generality assume that σ+ = 0:
(a) Suppose moreover that K^A\dM. φ 0, where K\°A denotes "the logarithmic
part" of KIA, cf. Sect. 3 for details, ΐf there exists a development with a polyhomogeneous Scri, then it is essentially polyhomogeneous, i.e., no development with
a smooth Scri exists.
(b) Suppose instead that Kl^\dM = 0.
i) Suppose moreover that Kl^\dM. Φ O ^t^ιere eχists a polyhomogeneous Scri,
we cannot exclude the possibility that it is inessentially so, i.e., that it can be made
smooth by an appropriate change of gauges.
ii) Suppose finally that we moreover have Kl^\dM. = 0. Then there exists a
development which admits a smooth conformal boundary.
It should be stressed that the results linking the log terms with the non-vanishing
of the Weyl tensor proved here show that the occurrence of shear and of at least some
of the log terms in asymptotic expansions of physical fields at Scri is not an artefact
of a bad gauge choice, including the choice of a conformal factor, or of a pathological
choice of the initial data hypersurface (within the class of uniformly bounded from
above and uniformly bounded away from zero, locally C2, conformal factors and Cl
deformations of the initial data hypersurface which fix dM): if Scri is not shear-free
(by which we mean that Eq. (3.11) does not hold), then no conformal transformation
will make it shear free. Similarly if the Weyl tensor does not vanish at dM, then no
gauge change in the above sense will make it vanish (cf. Sect. 3 for a more detailed
discussion).
1
It has similarly been observed by Christodoulou and Klainerman [6] that generic space-times
constructed by evolving "small" Cauchy data asymptotically flat in spacelike directions seem
to display asymptotic behaviour incompatible with the Bondi-Sachs-Penrose (BSP) conditions
(and this result has apparently been recently rigorously established: D. Christodoulou, private
communications). Since the Christodoulou-Klainerman theorem is proved under quite different
conditions its conclusions are, however, somewhat different from the ones obtained here
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Let us mention that results somewhat similar to those obtained here have been
recently derived in a Bondi-Sachs type setting in [7].
The overall picture that emerges from the results of [6, 1, 7] and from the results
here is that the usual hypotheses of smoothness of Scri are overly restrictive. These
results seem to indicate that the correct setup for an analysis of the gravitational
radiation is that of poly'homogeneous rather than smooth functions on the conformally
completed manifold, i.e., functions that have asymptotic expansions in terms of powers
of x and log x rather than of x only. It should, however, be stressed that even though
the fact that the physical fields (g, K) satisfy the constraint equations guarantees the
existence of some vacuum development (V, 7), it is by no means obvious that in
the case, say σ+ = 0, the existence of some kind of compactification of (M, g, K)
implies the existence of some useful conformal completion of (V, 7). The question
of existence of conformal completions of (V, 7) with three dimensional boundaries is
the most important unsolved problem of the present theory.
This paper is organized as follows: In Sect. 2 we review the results of [1]
about existence and structure of solutions of constraint equations satisfying "rough"
hyperboloidal conditions2. In Sect. 3 we study the relationship between the Weyl
tensor at the conformal boundary and some of the log terms in the Cauchy data, cf.
Theorem 3.1. We should stress that in that section we do not assume that the data
have been constructed by the methods of [1], rather we study a quite general class
of initial data satisfying boundary conditions, which are inspired by those that would
be satisfied by data constructed in [1]. Nevertheless the class of data considered is
significantly larger than that described in Sect. 2, and we have actually tried to tailor
the boundary conditions to be the weakest possible for our analysis to go through
without some significant difficulties. The argument in Sect. 3 is essentially a careful
reexamination of the argument presented by Geroch in [12] assuming a smooth Scri. In
that section we also derive some results which are necessary for further applications,
cf. Theorem 3.2. It seemed of interest to rederive the results of Sect. 3 in a more
direct manner, using directly the constraint equations: this is done in Sect. 4. In that
section we show that the rather indirect four-dimensional methods of Sect. 3 can be
replaced by an analysis which is conceptually more straightforward but much more
tedious from a calculational point of view, using 3 + 1 and 2+1 + 1 decompositions
of the fields. In Sect. 5 we address the question of existence of a time evolution of the
initial data which possesses a polyhomogeneous or smooth Scri. Theorem 5.1 is our
main existence result, while Proposition 5.1 is our main non-existence result. Various
conventions and definitions are given in Appendices A and E. In Appendix B we
show that initial data with a "shear-free" conformal boundary can be embedded in a
space-time which is asymptotically Minkowskian in light-lie directions. In Appendix
C the notion of the extrinsic curvature of a null hypersurface is shortly discussed.
Some calculational arguments needed in Sect. 3 can be found in Appendix D.
2. The Conformal Method
In this section we shall outline the Lichnerowicz-Choquet-Bruhat-York method for
constructing solutions of the constraint equations (2.1)-(2.2) of general relativity, with
2
We use the qualification "rough" for the boundary conditions of [1] to differentiate them from
those that are needed in Friedrich's evolution theorems. It is precisely the object of this paper to
demonstrate with what conditions should the "rough" boundary conditions of [1] be supplemented
to obtain data suitable for Friedrich's theorems
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asymptotic conditions appropriate to the "hyperboloidal" initial value problem [8,9],
cf. also [2, IJ.Let M be a smooth, connected, Hausdorff, compact three dimensional
manifold with boundary, set M = int M, dM = dM = M\M. Given "seed fields"
(gi:j,Ali), where g^ is any smooth Riemannian metric on M extending smoothly to
dM, and A^ is any symmetric, traceless tensor field on M extending smoothly to
dM, a solution (#, K) of the general relativistic constraint equations
R(§) = g^K^K^1 - (g{jKijΫ

,

(2.1)

where ΐ)i is the Levi-Civita connection of g-, and R(f) is the Ricci scalar of a metric
/, satisfying the condition
K = gijKlj = 3ε ,

ε = ±1,

(2.3)

can be constructed by the following procedure: Let x be any defining function for
dM, i.e. a function satisfying x e C°°(_M), x > 0, x(p) = 0 <£> p <E dM, with dx
non-vanishing at dM. Let A^ e C°°(ΛΪ) be symmetric traceless and let X be any
solution of the equation
Di [x~3 (D{Xj + DjXί - \ DkXkgij)}
define

- -D^x^A^),

2

(2.4)

2

ω

Lij = — (DiXj + DjXi - \ DkXkgij) + — Aij ,

(2.5)

where α; is a solution of the equation

satisfying ω > 0, ωx~l - uniformly bounded on M from above and uniformly
bounded away from zero, where \L\2g = g^gklLτklPl. Setting

3

ij

ij

= ω L + εg ,
one obtains a solution of (2.2)-(2.1) satisfying (2.3). Moreover when X is chosen
appropriately (cf. point 1 below) the fields (g^^K^) satisfy (in a rough way 3 ) the
asymptotic conditions appropriate to the "asymptotically hyperboloidal" setting (cf.
[9,1]). In [1] the following has been shown:
1. For any (g>A) as above one can find a unique solution X G x2C°°(M) +
x4logxC°°(M) of (2.4) such that
r

\2
ij

2

- J & = U + x log xU^ ,

i3

U , U^ G C°°(M).

Given any g there exists an open dense set (in the C°°(M) topology) of A's
for which U^ \dM φ 0 (however, there exists an infinite dimensional closed
subspace of A's for which U^\dM = 0). If U^\QM = 0, then U^ = 0 and
3

For a precise description of various conditions imposed, cf. [1]. In the smooth seed fields context
discussed here, the boundary condition on X is that x~2X be bounded; this ensures existence and
uniqueness; cf. also footnote 2
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thus x ω~ L i G C°°(M). Let us note for further reference that in an orthonormal
frame e i? as described in Appendix A, if we write, in a neighbourhood of 9M,

l

AB

where {v} are coordinates on <9M, then we have L\ = 0, while both L (v) —
D
AB
AB
D
AB
\ Lξ hCDh
and L (v) - \ L^ hCDh are freely specifiable tensor fields
on<9M.
2. For any (#, A) as above one can find a solution ω G ^phg, where ^phg denotes
the space of polyhomogeneous functions on M (cf. Appendix E), of Eq. (2.6).
More precisely there exists a sequence {N^}^ with 7V0 = Nl = N2 = N3 = 0,
NΛ = 1 and functions ωii j G C°°(M) such that
^χίlo%Jχ

(2 7)

'

(cf. Appendix E for the meaning of "^"). For an open dense set of (#, Λ)'s we
have ω 4>1 | aM ^ 0. If α;45l|aM ΞΞ 0, then ω G C°°(M).
When Llj = 0, the obstruction to smoothness of ω has been analyzed in detail in
[2]. In that reference it has been shown in particular that ω4^ dM vanishes if the Weyl
tensor of the unphysical space-time metric is bounded near dM (cf. [2] for details).
It is the object of this paper to extend that analysis to the case L^ φ 0.
3. Weyl Tensor vs. Log Terms
In this section we shall show that under some conditions the vanishing of the Weyl
tensor at dM is equivalent to the vanishing of some of the log terms in the solutions of
the constraint equations. The methods of this section do not require any understanding
of the origin of the log terms, which will be discussed in more detail in the next
section. It should be stressed that we do not assume the condition irK = const
(which has been made in [1], as described in Sect. 2). To obtain sharp results we will
consider functions which satisfy some detailed differentiability requirements near the
conformal boundary, cf. Definition 3.1 below. The reader who is not interested in
sharp results might assume that all the functions appearing in the formulas below are
polyhomogeneous, thus all the coefficients of expansions in terms of powers of x and
log x are smooth functions of the boundary variables.
Let (M,g,K) be an initial data set, thus M is an (open) manifold, § is a
Riemannian metric on M and K is a symmetric tensor field on M, with (§,M)
satisfying the constraint equations (2.1)-(2.2). We shall also assume that M = intM,
where M_ is a compact manifold with boundary, and that there exists a function
ω G C°(M) Π Cfoc(M) such that
g = ω~2g

on M ,

ω

\dM = ° >

and g is a Riemannian metric on M such that g G C°(M) Π Cj^M). If we assume
moreover that g^ G H^l(M), K13 G H{^(M)9 with some k > 2, then it follows
from well known theorems [14, 13,4, 5] that there exists a vacuum space-time (V, 7),
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with 7 £ Cfal(V), together with an embedding i:M —> V such that i*7 = g, and
Λ" represents the extrinsic curvature tensor of i(M) in (V, 7). Given an orthonormal
frame e^ ί = 1, 2, 3, for § the four vectors (eα), α = 0, . . . , 3, where e0 = 77, the unit
normal to i(M) in (V, 7), form an orthonormal tetrad for 7. Let ί? be any function
on V such that
Ω oi =ω ,
(3.1)
define

7 = j?27 .

In what follows we shall identify M with i(M) without explicitly mentioning this
fact, and we shall always assume that (3.1) holds.
Following Geroch [12] we define

,

(3.3)

where Λαb(/), R(f) denote the Ricci tensor and the Ricci scalar of the metric /; we
have [12]
where Rabcd and Cabcd are the Riemann tensor and the Weyl tensor of the metric
7α6> and

2
VCΩVC Ω
1
Sab = ~^aVbΩ +
Ω2
Ίab + — S?ab,

(S?ab = ΊacS?cb), (3.5)

CabcdVdΩ + ΩV[aSb]c = V[a(Ω~lS?b]c) - Ω-\[aS?b]dVdΩ ,
m

l

2

4

d

V (Ω- Cahcm) = -Ω~ V[a(Ω-^b]c) + Ω- Ίc[aS?b]dV Ω

(3.6)
(3.7)

(in this section4 and in Appendices A and D all indices are tetrad indices, and
are raised and lowered with 7αb = diag(— 1, 1,1,1)). If 7 is vacuum, then clearly
%>\ = o.
We wish to stress that above and throughout the remainder of this section we have
not assumed that any kind of well behaved conformal completion of (V, 7) exists, and
that Eq. (3.5)-(3.7) hold whatever the extension ί? of α; to V.
The trace of Eq. (3.5) gives

J /^

r> •—'"" '

.

ϋ ώ

V™ ^

r>2 '

«b '

u /

ΠJ 8Ί

\ °/

Let us assume that near a connected component dMi of <9M, we have
and that we have chosen Ω so that along M we have
The requirement that S = o(Ω~2) gives
lim
^

4

|Vββ = 0 ^ ω0\9Mt = ±\Dω\g\ΘM.,
'

τ

v

%

(3.9)

On the other hand it should be noticed that in Sect. 4, 5, and in Appendix B coordinate indices
are used
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where
It follows that if we wish Sab to be o(Ω~2) we need to choose the boundary value
of V0.ί?|0M. so that (3.9) holds. The trace free part of (3.5) reads
Sab - ΐ SΊab = -| [V 0 V b β - \ ΏΩΊab] + ± (¥ab - \Ίcd&cdΊab).

(3.10)

Equation (3.10) shows that if &ab = o(Ω), then a necessary condition for (V, 7) to
admit a Scri with a C2(V) metric is, that there exists on M functions CG>O,C<;QO such
that if we set
then we have
)=0.

(3.11)

By an abuse of terminology we shall refer to (3.11) as the statement, that a smooth
Scri is shear free in the "gauge" ΏΩ = 0.
Let us recall, that the couples (7, Ω) and (</>27, φΩ) determine the same physical
metric 7 = Ω~2~/. If φ is a twice differentiable function uniformly bounded from
above on M and uniformly bounded away from zero on M, then a straightforward
calculation shows that the condition (3.11) is invariant under such rescalings. As will
be seen in Proposition 3.3, if the space-time under consideration admits a Scri which
is a null hypersurface, then the geometric meaning of (3.11) is the vanishing of the
conformal extrinsic curvature of Scri, as defined in Appendix C.
We wish to show that from the Cauchy problem point of view the requirement
that Eq. (3.11) holds will lead to a constraint on the Cauchy data: a simple 3 + 1
decomposition of (3.5) gives
9

iD3Ω-\A9Ω9*
(3.12)

where Ki3 is the extrinsic curvature of M in the (unphysical) space-time (V,7),
K = gkίKkl and where Δg is the Laplacian of the metric giy Equation (3.12)
implies:
Proposition 3.1. Suppose that g G Cl(M\ ω G C2(M), K G C°(M), 2^ = o(Ω). A
necessary condition for the existence of a conformal completion V of(V,^) such that
7 G C2(V) is that
/ n n U/
, ,

c

dM

9M
ω

c —

1

1 JL^^-LX

( o {
U^|J dM

where Dτ is the Levi-Civita connection of gi3.

4-1
±1 ,

(3.13)
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It is worthwhile to analyze the co variance properties of Eq. (3.13): recall that the
quadruplets (ω,gi:J,Kij, V 0 ί2| M ) and (ώ.g^.K^, V0β|M), where
(3.14)

ώ = φω,

* - y ^Λ + (V1 y - 0-200 V

V0Ω\M = VQΩ\M + φ-lφQω,

,

(3.16)

(3.17)

with 0 E C!QC(M), 0Q E C/OC(M), determine the same physical Cauchy data set
(<?, ίf). If 0 is assumed to be uniformly bounded from above on M and uniformly
bounded away from zero on M, then a straightforward calculation shows that the
condition (3.13) is invariant under (3.14)-(3.17). Thus, (3.13) is indeed a condition
on the physical Cauchy data.
Equation (3.13) is a non-trivial condition, because it is not satisfied by generic
initial data as constructed in [1]:
Proposition 3.2. For generic (g,A) E C°°(M) Θ C°°(M), the solution of the
constraint equations constructed by the conformal method will not satisfy (3.13).
Remarks. 1. Equation (3.12) shows that S^ will blow up at & = V\V as Ω~~l when
(3.13) does not hold. This implies immediately that initial data for which (3.13) does
not hold will lead to a space-time (V, 7) which does not admit compactifications (V, 7)
with a metric 7 E C2(V). It will be seen in Proposition 5.1 below that a stronger
result holds: whenever (3.13) fails no conformal completion of the space-time with a
polyhomogeneous Scri can exist, cf. Sect._5 for details.
2. If V admits a boundary such that & — V\V is a null hypersurface with dMτ c & ,
then Eq. (3.18) below is equivalent to the vanishing of the conformal extrinsic
curvature of & on dMi (cf. Appendix C). This together with Proposition 3.3 shows
that in vacuum Eq. (3.11) is equivalent to the vanishing of the conformal extrinsic
curvature of & on <9M .
Proof. 2 + 1 decomposing (3.13) one finds
CD

(KAB -\h

KCDhAB)\d^=ε(\AB -\\hAB) ,

(3.18)

where
the indices A, B, etc. run from 2 to 3, hAB is the metric induced on dMi by g, and
XAB is the extrinsic curvature of dMτ in (M, g). As can be seen from what is said
in Sect. 2 (and is analyzed in some more detail in [1]), both sides of (3.18) assume
(independently) arbitrary values as (g, A) run over C°°(M) θ C°°(M), and the result
follows. D
In the Appendix B we show that Cauchy data for which (3.18) holds are
asymptotically flat in a quite satisfactory sense. The question whether or not and
in which sense a space-time in which (3.13) fails to hold deserves the name of
asymptotically flat and/or asymptotically Minkowskian remains to be investigated
(cf. [7] for a discussion of this question in a Bondi-Sachs framework).
In the remainder of this paper we shall be concerned with the case in which (3.13)
holds. In order to do this we need to impose on g and K differentiability conditions
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consistent with the occurrence of log terms in the solutions of the constraint equations.
In order to cover sitatuions in which finite differentiability of space-time fields is
appropriate we introduce the following:
Definition 3.1. For 0 < k G N the function f G C^C(M) Π C°(M) is said to satisfy
the k-condίtίon at dMif where dMi is a connected component of the boundary dM
of M, if in local coordinates y = (x, V A ) as described in Appendix E we have
0 < |α| < k - 1 lim d*(xk logx/) - 0 ,
z-»0

y

\a = k lim d*(

Remarks. 1. A function / satisfying
V

0<|α</c,

\d%f\ =o(x~ | a | log" 1 x),

will also satisfy the A -condition. In particular if / G Ck(M), then / satisfies the
^-condition.
2. Function displaying the above behaviour at dM% appear naturally when studying
the regularity of solutions of constraint equations near dM^ under finite differentiability hypotheses on the "seed fields" used in the conformal method (cf. [1]).
3. Note that if / satisfies the k -condition, then x f c logx/ G Ck~l(M)9 and xkf G
Ck(M}\ moreover the function xklogxf behaves under differentiation and passing
to the limits at 9Mί in a way somewhat similar as it would if / G CkM. An example
of a function which is not in Cl(M) but which satisfies the k -condition for all k > I
is given e.g. by the functions log(x)~α, with any a > 0. Functions of the form
log(x)~aφ(υ/x], a > 1, where φ is any smooth function compactly supported in a
coordinate patch on dM (with v -coordinates on a coordinate patch of dM extended
to a neighbourhood of dM in any smooth way) also satisfy the /^-condition for any
k.
4. This is a condition concerning space-derivatives of / only, no time derivatives are
involved.
Before stating the main result of this section, Theorem 3.1, we need to describe a
property of the initial data sets considered:
Proposition 3.3. Consider a Cauchy data set (M, §, K) for a vacuum space-time
(V, 7) such that
9*j
iy

=ω

~29ΐ3 >
3

t3

L =ωL ,

9ij = 9ij + z? log x$? ,
Llj = Lij + x2 log xL^c ,

K = K + x2logxKlog,
ω — ώ + x4 log xώlog ,

where
# = &,.#",

Lv=K^-*gV,

with gi3 G C3(M), ώ G C4(M), L^, K G C2(M), and ώlo§ satisfies the ^-condition,
gl°f satisfies the ^-condition, and L^ K^ satisfy the 2-condίtion at dM%. Suppose
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moreover that there exists ε — ±1 such that

,AB

λ

(3.19)

= ε(

AB

9MZ

λ = hAB\AB ,

K = hCDKCD .

(3.20)

Then:
1. TTzere exists a function Ω G C^ίF) satisfying Ω\M = ω such that

lim

2. Oft M there exist functions Rabcd G (7 (M) and Rabcd satisfying the \-condition
such that
Rabcd M = Rabcd + Ω '«§ ^a°L

(3-21)

Cabcd M = Oabcd + β log ΩCl:*cd ,

(3.22)

^α&lM ~ ^α& + ^l°g ΏS°b ,

(3.23)

(in particular

w/Y/z Cabcd,Sab G Cl(M), and C°bcd,S°b satisfy the \-condition). Rabcd and
R°bcd, respectively Cabcd and C°bcd, can be chosen to have all the symmetries
of a Riemann tensor, respectively of a Weyl tensor.
Remarks. 1. It should be stressed that we do not claim that the decompositions (3.21)(3.23) are preserved under evolution (although we find it likely that this will be the
case, at least under the conditions of Sect. 2). Thus, in all further calculations we
assume that (3,21)-(3.23) hold on M only.
2. Since we are working in a frame formalism in this section, when <^°8 = 0
the positioning of indices on e.g. L^ upstairs or downstairs does not affect the
13

l

decomposition of L into the log part and the regular part. If g °? ^= 0 (or if one uses
a coordinate formalism as in some other sections) one should use e.g. an orthonormal
frame for g in all the calculations (or use g to raise and lower indices). This will
not affect the equality of leading order part of the covariant and contravariant log
part of a tensor, but will only lead to differences between some lower order terms in
the covariant as compared to contravariant log part. Throughout this paper we shall
freely move the index "log" in the subscript or superscript position, writing e.g. ί/^8
£
tor

Λ

Λ

Lr

kl

etc

9ik9ji \0g>
In the remainder of this paper we shall assume that the choice of the extension Ω
of ω from M to V has been made in a way consistent with Proposition 3.3.
The proof of Proposition 3.3 is a straightforward 2 + 2 decomposition, and can be
found in the Appendix D. Our main result is the following:
Theorem 3.1. Suppose that the hypotheses of Proposition 3.3 hold and let (V,7) be
a Cauchy development of (M, g, K) such that 7 G C^V). Let dMi be a connected
component of dM which is diffeomorphic to S2. Then in any orthonormal frame such
that e0J_M we have
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if and only if
lim

lim

C(p) = lo

S ( p ) = 0.

(3.25)

lo

Remarks. 1. We do not assume ^ = const, in particular there might be log terms in
an asymptotic expansion of K at dM^
2. Cauchy data (g,K) such that (3.18) holds, constructed by the conformal method
from generic smooth seed fields, as described in Sect. 2, will be have near dM in a
way consistent with the above assumptions. In such a case one moreover has
L

hA\

=

(3.26)

with §*°g = 0, giά G C°°(M), I" e C°°(M\ while ώlog and L^g are "polyhomogeneous" near dM^
3. For (g,K) G H\OC(M) 0 Hl™(M) there exist vacuum developments satisfying
4. The proof below is a careful reexamination of Geroch's version of the Weyl tensor
vanishing theorem of Penrose [12].
5. The condition that (V, 7) is vacuum can be replaced by the conditions
^ab\M=o(x2),
]

(3.27)
2

(3.28)

4

(3.29)

[V[a(Ω- S?b]c]\M=o(x ),
d

(Ίc[a^b]dV Ω]\M=o(x ).

6. It should be stressed that in Theorem 3.1 we do not assume any uniform bounds
on derivatives normal to M of Rabcd, Rabcd, and R1^.
7. Our arguments below also show that for other topologies (3.25) and (3.24) are not
equivalent: from what is said here and from the results of [1] it follows that there
exist solutions of constraint equations with dMτ φ S2 which satisfy the hypotheses
of Proposition 3.3 (in fact (#, K, ω, ωQ) can even be chosen to be smooth up to dM^
and for which the space-time Weyl tensor does not vanish on dM%.
Theorem 3.1 follows immediately from Proposition 3.3 and from the following:
Lemma 3.1. Under the hypotheses of Proposition 33, the only non-vanishing components ofCabcd QM% are (up to permutations) COAOB\dMτ, CQAlB\dMι, and ClAlB\dM%;
with
lim
C
=ε
lim C
=
lim
C

^

lim

COAOB\dM is a symmetric traceless tensor field on dMί and satisfies the equation
®A(COΛOB\9Ml) = *

lim

[\Dω\gC™™} = i
^

e

^

lim

[\Dω\gS™] , (3.30)
y

&

where &A is the Levi-Civita connexion of the metric h induced by g on dMi.
Proof. Let Ω,Rabcd, etc., be as given by Proposition 3.3. From Eq. (3.6) with
α,δ = i,j and from (3.22)-(3.23), (3.28)-(3.29) one obtains
Q ? cdV d ^ = 0.
τcd

(3.31)
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Consider the Bianchi identity
- VcAo + VtRai = \VaR& -V0Sa0 +

ai

= VaS .

(3.32)

Equation (3.32) with α = j and (3.23) immediately give
VoS0j.|M = 0(logaO.
Equation (3.32) inserted in (3.6) with α = c = 0 yields

M

-0(1).
From this we can conclude that

lim

(3.33)

which implies

lim

(3.34)

Define ε - ±1 by (Vαβeα)|βMt - [|^α;|

+

ε\Dω\g\QM.\. From (3.31) we obtain
lim

M3p->dMi

lim

C 7ϋl
t?01=0,
*

C nΛ = ε

lim

(3.35)
(3.36)

Equations (3.34)-(3.35) imply
lim

Cam=ΰ.

(3.37)

C7 O A B C =0

(3.38)

ab()l

Consider e.g.

- lim
which shows that
Urn
Equation (3.36) also gives now

lim

(3.39)

The identity (A. 13) of Appendix A implies
lim

C

IAIB =

4

(3 °)
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so that one also obtains

lim

[Cα3α3] - 0
(3 41)

=* M^QM CABCD = °
Define
From (3.34)-(3.41) it follows that all nontrivial information about
contained in CAB, since the only non-vanishing components of
anc

lim

Cabcd
nhft/1 is

M3p-+dMτ

lim

M3p-+dMτ

Cabcd are

' CiAQB, CIAIB ( * appropriate permutations of the indices thereof), with

Let us also note that we have

C

=

lim

[— C0000

=

lim

C α 0 α 0 -0,
UαU

so that CAB is a symmetric traceless tensor on dMτ. From (3.7) and (3.22) it follows
lim

[ΩVa(Ω-lCaOBQ)] = a

lim

[C^0Vαβ] ,
log

α

(3.42)

since this equation does not involve derivatives of Cabcd in directions normal to M .
For p G 9Mt let 7p = 7p(s) be an integral curve of e1 with 7p(0) = p9 thus for any
function / we have — /(7(s)) = eι(/)(7(s)). From Γ Hospital rule we have
as

.

..

α0βo

Equation (3.43) shows that (3.42) does not involve derivatives of (7
in directions transverse to dM^ A somewhat lengthy but otherwise straightforward 2 + 2
decomposition of (3.43) gives

lim <{
->o

1
υ
7^7 L^ι \^4(^)) ~τ~ Vf)I/c^4 i ~r

^AB

where I^A is the Levi-Civita connexion of the metric h induced by g on dMτ. Since
lim
V i V A Ω = 0, (3.42) gives
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To finish the proof, let us note that (3.22) inserted in (3.6) gives
.

(3.45)

From the Bianchi identity (3.32) we have
so that from (3.23) one obtains

ut

(3.46)

Equations (3.45) and (3.46) give
x-flθg

I

_

^OAOlldMi —

which achieves the proof.

_J_

ς,lθg

2°\A

D

Proof of Theorem 3.1. Clearly, Eq. (3.44) shows that CAB can vanish only if <
does. If dMi ~ S2, the converse is also true because in the case the operator
LAB —-> S$ALAB which maps symmetric trace free tensors to vector fields is elliptic
with trivial kernel. D
Theorem 3.1 holds under more general conditions than those discussed in Sect.
2, since it allows for non-constant K, and for x3 log x terms in gτj moreover the
structure of the log terms in K- is much more general than that which is obtained in
the setting of Sect. 2. When gl3 G C3(M), the C^AO\dM. terms responsible for the
non-vanishing of the Weyl tensor at OMi can be related to the log terms in K- as
follows:
Corollary 3.1. Under the conditions of Theorem 3.1, suppose moreover that <^°8 = 0
(thus giό = gτj G C3(M)j, and
3!

α>0 G C3(M), LUQB satisfying the ^-condition. If we write
ω = ώ + — α;4 log α>cjlog ,

(3.48)
(3.49)

(ώ G C4(M), K{j G C!(M), cjlog satisfying the ^condition, K1^ - satisfies the 1condition), then
(3.50)
0K)\dM
thus (3.24) holds iffK$\dM.

= 0.

Proof. Inserting Eq. (3.49) into (3.5) one finds
S^\dM = -l\Dωω0Ll^]\dM.

D

(3.51)
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Theorem 3.1 and Corollary 3.1 show how the Kl^ terms affect the space-time
geometry at dM. In the remainder of this section we shall consider the role of the
other log terms. Let us start with an identity between the log terms in ω and Ki3
which holds under the conditions (3.27)-(3.29).
Lemma 3.2. Under the hypotheses of Corollary 3.1 we have the identity
Γ}°g- \K^}\QM ,

(3.52)

with ulog as in (3.48), K^ as in (3.49), and
(3.53)
Remark. Equation (3.53) is consistent with (D.ll) which gives
K = K + ^ ωQω3 log ωKl°* ,

K = 3ώ0 + ωg*3 K13 .

Thus Klog consists of the log terms in the trace of the extrinsic curvature of M of the
physical space-time metric. This implies in particular that Klog is invariant under the
transformations (3.14)-(3.17) (this can also be checked by a direct calculation under
appropriate hypotheses on φ and 00).
Proof. Equation (3.7) gives
lim

(ΩVa(Ω-lCa0cd)) = a

lim

(V^C^).
l

log

(3.54)

By Lemma 3.1 and a calculation similar to that of the proof of Lemma 3.1 one finds
that the right-hand side of (3.54) with c = 0, d = 1 vanishes identically (this holds
irrespectively of whether or not C^B\dM% = 0). From (3.54) one therefore obtains
^log \3Mτ — O

Equation (3.4) gives
On the other hand we have

From (A. 12) one obtains
ί 1 LAB olog
3Mτ - -\211
°AB T - ^ l l )\dMτ '

and (3.65)-(3.66) below give
(3.55)
Equation (3.52) follows from (3.53) and (3.55).
0§

D
log

log

Recall that the choice of c<;0 is arbitrary, so that for fixed J? the function K
is arbitrary. It follows that (3.52) imposes a relation between the functions c<;log and
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K1^ (determined by the seed fields if the conformal construction has been used)
modulo choices of gauges. If, e.g., we have Klo% = 0, we can choose α;^08 = 0 so
that Klog = 0 and then Eq. (3.55) reads
(3.56)
This last equation shows in particular, that under the conditions of Sect. 2 and with
this choice of gauges the vanishing of all log terms in X implies no log terms in ω
as well.
Theorem 3.2. Under the hypotheses of Proposition 33 let (V, 7) be a Cauchy
development of(M, g, K) such that 7 G Cfog(V); suppose moreover that gi3 G Cf3(M)
and

in an orthonormal frame such that e0_LM. Then the function ω can be extended from
M to a function Ω on V (locally of the same differentiability class as ω) such that
C*LW=0,

(3-58)

Kl°z\dMι=0,

(3.59)

K^\OM.=0,

(3.60)

if and only if

CD

(K% - I h

K^DhAB) \9Mί = 0.

(3.61)

Moreover z/(3.58) holds then we also have
(3-62)

=<>

Remark. When the topology of the boundary is spherical and (g, K) are constructed
by the conformal method starting from smooth "seed fields," as described in Sect. 2,
then the proof below shows that Ω~lC°^cd G C0(M) and is polyhomogeneous if and
only if (3.60)-(3.61) hold.
Proof. Regardless of the topology of dM it follows from Eq. (3.30) that Cl^M\dM. =
l

S \A\dM — 0 whenever (3.57) holds, so that if we choose ω to be of the form (3.48)
and ωQ to be of the form (3.47) then (3.60) will hold by (3.51). If we then choose
α;00 so that
dJnn —— ^)nn ~T
UU
UU

^

^y I

LUr\LU
U

Iθ23 LU(jJf\(\
c
UU

(jj.Όj)
^

,
'

with ώ00 G C2(M\ ωlQQ satisfying the 2-condition, then the decomposition (3.49)
inserted in (3.5) implies
(3.64)

•Ίj

<~)M»

ll-^**Ίol

^"i.1

w

ιv

τ'"ι

'

T. v~

~()

'VΊ,Ί 1 I I Λ n/r

Π 66)

V^ ^W
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Let us consider the 2 + 2 decomposed form of (3.58). From (3.4) and (A. 12) one
obtains

Equation (3.66) yields

and (3.55) shows that (3.58) with abed = IAIB is equivalent to (3.61). From (3.4),
(A. 11) and (3.66) with a little work one finds

so that (3.61) and (3.53) imply that C\°%OB\dM. will vanish if and only if (3.59) holds.
Manipulations with the Bianchi identities and Eq. (3.6) similar to those outlined at
the end of the proof of Lemma 3.1 can be used to derive the following:
\\Dω g(SAb + 2
— υA =±> Γ'08
—

^^

— cΓ'og

~ £{^

3Mτ '

C^

^

I

—υ Π

~

Calculations similar to the ones at the beginning of this proof show that all the
remaining components of C^cd\dM. vanish when (3.59)-(3.61) hold. Then Eq. (3.64)
shows that 5^1aM = 0 provided we choose
(3.68)
Similarly it follows from (3.64) that S^8|9M. = 0 will hold if we set
.

(3.69)

Equations (3.61) and (3.55) show now that the right-hand side of (3.66) vanishes
identically, and the proof is completed. D
4. A Direct Approach
Throughout this section, in contrast to Sect. 3, all indices are coordinate indices,
and not tetrad indices. In this section we shall derive, by a direct analysis of the
constraint equations, the obstructions to smoothness of the solutions of the constraint
equations. The relationship between the "log terms" and the boundary values of the
space-time Weyl tensor derived in the previous section will also be rederived here
by a straightforward 2 H- 2 decomposition calculation. We will assume that the fields
gl3,Lio,ω have the regularity described in Proposition 3.3 and that
K = 3ε,

ε = ±l.

(4.1)

(If K = constant ^ ±3 the results described below go through with trivial
modifications.) As in [2] (cf. Lemma 2.1 of [2]) it is possible to prove that the
following gauge conditions can be imposed:
Proposition 4.1. Assume that g G C°°(M), that (4. 1) holds, and that the hypotheses of
Proposition 3.3 are satisfied. We may without loss of generality choose the coordinate
system and the conformal factor so that
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1. the coordinates (x,y2, y 3 ) form a Gaussian coordinate system near dMiy and
2. trλ = Oon<9M .
The above and the scalar constraint equation imply then
ω

= x 4- O(x3)

near

dMi .

Remark. It is worthwhile pointing out that with the above conditions we have
\Dx\g = 1. Moreover we have the following useful identity on dMτ:
*AB*Bc=l2*:XhAC,

(4.2)

where we have used the notation
AB

where z/,μ are covariant 2-tensors on dM{. The identity (4.2) is easily proved using
the fact that \AB is symmetric and therefore may be diagonalized. Equation (4.2)
implies in particular
=0
(4.3)
for any symmetric trace free 2-tensors μ, v on dM^ Similarly we will use the notation
X:μ\v = \ABμBcvcA, etc.
We shall start our analysis with the vector constraint equation.

4.1. The Vector Constraint Equation
Consider the momentum constraint equation for the physical data,

Setting

with K = constant, the momentum constraint equation takes the form
i

ωD Lij-2ω^Llj = 0.

(4.5)

A 2 + 1 decomposition calculation yields
(xθx -2- x\FF)Lu + x&ALlA + x\ABLAB = o(x2),
F

A

2

(xdx - 2 - x\F )LlB + x& LAB = o(x ).

(4.6)
(4.7)

We have:
Proposition 4.2. Let the hypotheses and the gauge conditions of Proposition 4.1 hold.
According to Proposition 3.3 we can write

(4.8)
with Lτ G C2(M) and L1^8 satisfying the 2-condίtίon at dMτ. Suppose moreover that
_

ABdMi — ~

1Lflog i

^

'

(A QΛ

V 4 -^
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Then
(4.10)

Lij\βMl=0,
AC

(4.11)

c

(4.12)

dxL}l\dMt=X LAC,
9xLlB\dMt=^ LCB,

and the terms Ll°^ in the decomposition of L^ take the following values on ΘMt:
LAB + dxXABLAB + XABdxLAB)
LAB + RABLAB + XABdxLAB),

+ LBC®AXBC],

(4.13)

(4.14)

denotes the pull-back of the Ricci tensor of g- to dM^
Remarks. 1. The tensor Ll^\dM^ defined above in Eq. (4.8) differs from the trace-free
part of Kl^\QM defined in Eq. (3.49) by a normalization factor of ε/2.
2. The hypothesis (4.9) holds for solutions of the constraint equations constructed by
the conformal method starting from seed fields which are smooth up to the boundary.
Proof. The result is obtained by inserting the decomposition (4.8) in (4.6)-(4.7) and
comparing terms with appropriate powers of x. To get (4.13) one uses the identity
RAB=dxXAB+rAB+2XACXcB-XABXcc.

G

(4.15)

Note that L ^B is expressed in terms of L °f. This means that the vanishing of L^g
is equivalent to the vanishing of the three functions L^, L°A on dM^
In the remainder of this subsection we shall consider those solutions of the
constraint equations which have been constructed by the conformal method starting
from seed fields g,A,x e C°°(M), as described in Sect. 2. For simplicity we shall
only consider those -A^ 's for which we have
l

l

(4.16)

^D*x\dMτ=ΰ.

Equation (4.10) shows that any tensor L^ satisfying (4.5) necessarily satisfies (4.16).
This observation and a simple argument using uniqueness of solutions of (2.4) shows
that the space of transverse traceless tensors constructed as described in Sect. 2 is
exhausted by those tensors which are obtained from tensors satisfying (4.16).) Under
(4.16) it follows by comparing terms with appropriate powers of x in (2.4) that the
desired solution X of (2.4) satisfies
X = O(x3).

(4.17)

Equations (2.5) and (4.17) show that we have
(LAB -\hCDLCDhAB)\9Mι = (AAB - \hCDACDhAB]\dM^
CD

(4.18)

CD

(dxLAB - \ h dxLCDhAB)\ΘMι = (dxAAB - \ h dxACDhAB)\9Mt. (4.19)
It is natural to ask the question, for which seed fields will one obtain solutions of
the constraint equations such that L- G C°°(M) - as discussed in Sect. 2, this will
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occur if i °f \Qitfi — O The appropriate conditions on Ai3 can be derived by inserting
(4.18)-(4.19) into (4.13)-(4.14), they do not, however, seem to be very enlightening
in general. Some simplifications occur if in addition to (4.16) we assume that "Scri
is shear free," in the sense that
L

AB

with ε = ±1. Under these conditions the equation Ll°f\dM

= 0 can be rewritten as

ί'lTW = -&AB9XAAB + ε(®A®B\AB + RAB\ΛB)]\dMι = 0 .

(4.21)

With some work from (4.14) one finds that
L[ΪA\dMi = -®BPAB,

(4-22)

where
PAB = 9XAAB + | ε\CD\CDhAB .

(4.23)

l

From L i = 0 and from (4.20) it is simple to show that pAB is trace-free, so that
pAB is a symmetric traceless tensor on the two dimensional manifold dM^ If dMi
is a sphere, L°A\dM. = 0 implies pAB = 0; for other topologies this will, however,
not be true in general.

42. The Scalar Constraint Equation
Under the conditions of Proposition 4.1 we can write
ω = x + x3α;3 + x4 \og(x)ω4Λ + l.o. ,

(4.24)

where l.o. denotes lower order terms. Inserting the expansion (4.24) in Eq. (2.6) one
obtains
t

= Γ2 ί-48x(XFF)
2

τ

- LABLAB + R(g)] ,

F

AB

c

(4.25)
B

= Γ6 l2d x(λF ) + 2L dxLAB+4L ALc X

A

-

- dxR}

B

AB

F

(4.26)

) + 2L 3XLAB - dxR] ,

where we have used (4.3) and the fact that L^\dM. — 0 which implies that
hABLAB\dM. = 0. A 2 4- 1 decomposition of the second Bianchi identity D^ =
2DiRi3 using \FF = 0 on dMi gives the relation
d*R\θM% = WΛi - @A®B\AB + ^AB&AB)
F

B

Cχ

(4-27)
A

Note that since rAB = \rhAB, \F \dM. = 0 and \A \B c \dMτ = °'
'one finds from the identity (4.15) that A AjB .R AS dM — X:dxλ. Further, using
Rn = dx(\FF) - λ:λ we find

where we have used (4.3). Thus we get
[RAB\AB+®A®B\AB + 9xL:L]

,

(4.28)
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where in the last step we have used the fact that Q^L- = 0 and Llj\9M. — 0,
which implies hAB LAB\SMX ~ ® an<^ therefore LACLCB\dMi = ^ LCDLCDhAB. In
particular, if "Scri is shear free" in the sense that (4.20) holds, then

ε

-log
v
ll

(4.29)

This gives an alternative proof of Lemma 3.2, namely that under the present conditions
the vanishing of L°f\dM. implies that the boundary value of the log coefficient in ω
vanishes as well.

4.3. The Weyl Tensor
Throughout this section we shall assume that the hypotheses and the gauge conditions
of Proposition 4.1 are satisfied. By a transformation of the form (3.16) with an
appropriate φQ we can also achieve
K = 0,

(4.30)

and we shall also assume in this section that (4.30) holds. Due to Ein(7) — 0, ClQk°
is the negative of the Ricci trace of the spatial part of Riem(7):

where Cabcd, respectively Cabcd, denotes the Weyl tensor of the metric 7, respectively
7. Using the conformal transformation rules and the Gauss equation (A. 12) we get
the formula

Λ

J

I ^τ ^Ί~'
J
LJ \

o -^k,-^ "XnJ
3

' ^-^n
\
J
J

-^τ •"ki
J

' o
3

^klQτi ' \* 3* )
-^

By ΓHospitaΓs rule we have
- (DADBω + εL Aβ ) I

- -^λAjB + ε9xLAβ

so that, using λ Λ Λ | a M = 0, L A Λ QM, = 0 and the fact that the square of a symmetric
traceless two dimensional tensor is proportional to the metric one is led to
C

AB\dMt = RAB ~ dxλAB +εdxLAB + κhAB >

(4 32)

for some function K. Now we have C0*0i = C0αθQ! = 0, and since C0101 dM, = 0 by
5
Sect. 3 it follows that K can be determined by the requirement that the right-hand
5

This identity can of course be derived directly by a somewhat lengthy 2 + 2 decomposition
calculation
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side of (4.32) is trace-free. The embedding equation (4.15) allows us to rewrite Eq.
(4.32) as
CAB\θMτ = ε(dxLAB - \ hCDdxLCDhAB) .
(4.33)
Thus, the value of CAB on dMτ is just the trace free part of dxLAB. Equations (4.33)
and (4.22)-(4.23) give an alternative proof of the assertion, that under the shear-free
condition (4.20) the boundary values of the log terms in LIA are determined by
Cabcd dMi '
8

Let us finally mention that with some work it follows from (4.31) that CJ° takes
the form
\A

(cf. also (3.50)). We see from (4.29) and from Proposition 4.2 that under the
hypotheses of this section the fields (?|°g and 01ABB vanish identically on dMτ (cf.
also the proof of Lemma 3.2).
5. The Evolution Problem
The aim of this section is to discuss the question of existence of developments (V, 7)
of the "hyperboloidal" Cauchy data (<?, K) which admit some kind of conformal
completion (^,7). Let us start with smooth up to boundary initial data:
Theorem 5.1. Let dMi w S2, the two dimensional sphere, and let (§, K) be a solution
of the vacuum constraint equations for which there exist smooth functions ω and ω0,
with ω/x e C°°(M), such that the fields
g

=ω2gτι,

(5.1)

+ afcί "

VJ,

3ω

(5.2)

are in C°°(M). Suppose moreover that there exists ε = ±1 such that
\

A

AB

"vυ L

o

"ΆB

hCDK^n ,
^AB

(5.3)

Then
1. There exists a Lorentzian manifold with boundary (^,7) and a function Ω G
C°°(V) (defining function for dV) such that (intΫ,Ω~2^) is a development of
(M, #, K), with dMl being a smooth submanifold ofV\V.
3
2. If moreover M = B(l) (the unit ball E j, then there exists ε0 > 0 such that if
\\ω -ύ\\c*(M) + \\9zj -9ij\\ci(M} + lh)llσ7(M) + \\Rl3\\c^(M} < ε o^
2

(5 4)
2

where g- is the standard flat metric on B(l) and ώ = (1 — r )/2, then (intV, Ω~ ^)
is timelike and null future geodesically complete.
Remarks. 1. The norm in (5.4) can be considerably weakened at the price, however,
of a rather more complicated statement of the corresponding result, cf. [9] for details.
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2. Part 1 above still holds when dMi $ S2 provided one adds the assumption that
Proof. The calculation of Sect. 3 shows that VQΩ\M G C°°(M) and V 0 V 0 J?| M G
C°°(M) can be chosen so that Sab M G C°°(M), ^~ 1 C /α 6crf | M G C°°(M). Point 1
follows then from Theorem 6.5 of [8], point 2 follows from Theorem 3.5 of [9] and
from the results of [11]. D
The condition (5.3) can be rewritten in terms of the seed fields (g, A), so that from
(4.21)-(4.23), (3.56) and Theorem 5.1 one obtains:
Corollary 5.1. Let dM ~ 52, the two dimensional sphere, and let (§, K) be
constructed as described in Sect. 2 starting with smooth seed fields (g^Λ). Suppose
moreover that there exists ε = ±1 such that

ΘM

— ε AAB — -h
I

z

ACDhAB

(5.5)
dM

Without loss of generality we may choose the "gauge"
λ|0Λf t = 0
A

with x,υ - Gauss coordinates near the boundary. Suppose that moreover in this
gauge we have
A j dM — 0 >

(0XAAB - I hCDdxACDhAB) \9M = 0.
Then the fields ω, and K constructed by the conformal method are in C°°(M). Further,
ω~lCabcd is in C°°(M) and the conclusions of Theorem 5.1 hold.
Remark. It is clear from the methods of [1] that under the hypotheses of Corollary
5.1 the condition (5.4) can be replaced by the condition that (g^^A^) are sufficiently
close to (g^, 0) in some possibly higher norm.
We shall now consider the case of initial data sets for which the log terms
occur. Note first, that if K^ has log terms in its expansion at dM, then even if
we start with g^ G C°°(M) then by evolution g^ will pick up log terms at the
next moment of time. It follows that the appropriate setup to discuss the evolution
problem is that of polyhomogeneous space-time metrics 7. Before proceeding any
further, let us intrdouce some terminology. Let ^//& be an n-dimensional connected,
paracompact, Hausdorff manifold with boundary, thus ^M = int^ and d^M Ξ
d<J& = Λ&\J6 are smooth manifolds. A semi-Riemannian metric / on ^ will
be called polyhomogeneous if / G C^(^iΓ) Π C°(^) and if in local coordinates
y = (x,v) near cL^, where x is a defining function for d^> and v are coordinates
on cL^, the functions fμv = f(d/dyμ,Θ/dy")
are polyhomogeneous. Given a
polyhomogeneous metric / on Jί& it is natural to enlarge the atlas on Λ& to include all
those local coordinate transformations which preserve the polyhomogeneous character
of the metric near cL^ί.
We shall say that the initial data (M, g,K) are polyhomogeneous if M is as
described above and if there exists polyhomogeneous functions ω and CJQ, with
ω/x G C°(M), such that the fields (#, K) given by (5.1)-(5.1) are polyhomogeneous.
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We shall say that a development (V, 7) of polyhomogeneous initial data (M, #, K)
admits a polyhomogeneous Scri if
1. There exists a manifold with boundary V such that V = int V, and such that dM
is a smooth submanifold of dV\
2. There exist a polyhomogeneous function Ω e C^t/") satisfying β|5M = 0,
Vί2(p) 7^ 0 for p 6 dV, such that the metric Ω1^ is polyhomogeneous;
3. There exists a time function t defined in a neighbourhood of M in V" such that
t\M — 0, compatible with the polyhomogeneous structure, with the associated lapse
function being uniformly bounded away from zero.
It should be pointed out, that all the results described in Sect. 2 go through under
polyhomogeneity conditions on the seed fields (g,A). More precisely, if g is any
polyhomogeneous metric on M and Aτj is any uniformly bounded polyhomogeneous
symmetric tensor field on M, then there exist solutions (Jί, ώ) of (2.4) and (2.6) such
that Lτi given by (2.5) is polyhomogeneous and uniformly bounded on M, and ω/x
is polyhomogeneous, uniformly bounded, and uniformly bounded away from zero
on M.
Given a polyhomogeneous initial data set it is natural to ask the question whether
or not there exists an obstruction to the existence of a development of the initial data
with a polyhomogeneous Scri. We have the following:
Proposition 5.1. Let (M, #, K) be a polyhomogeneous initial data set with gi G
Cl(M) and Kij € C°(M). If both for ε = I and for ε =-I we have
X

h

AB ~ o AB ) I

ε

K

^ [ AB ~ ~ '

(5.6)

then there exists no development (V, 7) of(M, g, K) which admits a polyhomogeneous
Scri.
Proof. Suppose that a polyhomogeneous_Scri_ exists; therefore one can find a time
function t defined in a neighbourhood of M in V such that t\M =0, and the associated
lapse function a and the shift vector β are, in local coordinates, polyhomogeneous,
with a uniformly bounded away from zero in a neighbourhood of M. We have the
evolution equations (we use the notation of [19], in particular indices are coordinate
indices)
(5.7)

a

+ 2 (D

3|Vί2β - ΩOΩ
(5.8)

where α is the lapse function, β is the shift vector, 2S^ denotes a Lie derivative and
3
R- is the Ricci tensor of g^. Note that by hypothesis all the functions α, /?, p^ ,
j? and J^1-7 are polyhomogeneous and uniformly bounded. If (3.19) does not hold,
then the terms D1DJΩ in the trace free part of Eq. (5.8) with ij = AB will give a
contribution which blows up as Ω~l near dM, while all the remaining terms in the
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trace free part of the ij = AB equation are at most blowing up as some power of
log x, which gives a contradiction. D
Proposition 5.1 suggests very strongly, that there exists no polyhomogeneous Scri's
which are not shear free, even without the extra regularity conditions g G Cl(M)9
K^ G (7°(M) which we have imposed above. Such a result has been observed in
[7] in a Bondi-Sachs type setting. Recall that the condition (5.3) has been derived in
Sect. 3 precisely under the condition g G Cl(M\ Kij G C°(M). It is rather clear that
an analysis of (5.8) under general poly homogeneity conditions on (g, K) will lead to
an analogous "no-go" theorem, with possibly a somewhat modified version of condition (5.6).
Proposition 5.1 shows in particular that generic initial data constructed as in
Sect. 2 with smooth seed fields (#, A) will not admit a development which admits a
polyhomogeneous Scri (this will hold even when ω and L are smooth up to boundary
as long as (5.6) holds). The above "no-go" result does of course not exclude the
possibility of existence of some non-polyhomogeneous conformal completions of
0^,7).
It may be of some interest to stress that if V is a spacetime which is the maximal
development of initial data for which (5.3) holds, then in the class of polyhomogeneous
conformal completions one obtains a conformal completion V for which V\V is a
two dimensional smooth manifold, namely dM. The physical significance of such
space-times and completions remains to be investigated.
Consider now a polyhomogeneous initial data set for which (5.5) holds - if this
condition were not preserved by evolution via Einstein equations, it would follow from
Proposition 5.1 that the resulting space-time could not admit a polyhomogeneous Scri.
It is therefore natural to ask the question, whether (5.5) is preserved by evolution.
We shall show this is the case for initial data satisfying g^ G ^>phg Π Cl(M),
Kij G ΛPhg Π C°(M), and satisfying moreover the conditions

It can be shown [7] that for any polyhomogeneous metric Gauss coordinates can be
constructed, the coefficients of the transformed metric being again polyhomogeneous
in the Gauss coordinate system. In what follows we shall use this coordinate system
on M in a neighbourhood of <9M . Let nτ be the three dimensional normal to the
sets {Ω — Cj} Π {t = c2}, for some constants c l 5 c 2 , thus nl — D1Ω/\DΩ\ and
the extrinsic curvature of those sets is given by \AB = —2%nQAB^ where 3% is a
Lie derivative. From the evolution equations (5.7)-(5.8) with a little work one finds,
assuming (5.5),

^ΛB)
Let

M

''"J

with some function K. (Fortunately, as explained below, we do not need to use
(5.7)-(5.8) to evaluate K, which would require quite a messy calculation.) From
Ki:jni\^M^ = 0 it follows that
d

dn

~dt
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It should be noted that in (5.9) the lapse function a and the shift vector β are arbitrary.
We can therefore require that they are poly homogeneous, and that
α|0Mt,ί=o

= 1

rflϊ f (r v Λ l
'\ ^)\QMτ^t=0
cγι\\
Vp _J_
-r tfi')\dM

(

— uΠ
— '

t=Q —
~

(ft

5 10

»

)

fS 1 λ\
\J i J J

u
0

1?"l
\J.i£)

(^

This leads to
Λ

(5.13)
(It might be of some interest to point out that with the choice (5.12) we have

d_

dt

dMz,t=Q

so that at t — 0 the vector field —

is proportional to VΩ on dMi9 as should

be if we want the integral curves of — to follow the level set Ω = 0.) Consider now
dt
the tensor field
σ

AB =

AB

- 2

CDAB

— ε(KAB — 2 ft

By definition we have hABσAB = 0, so that
- σAB '

Since o~AB\dM

t==0

= 0 it follows that ft AB

9σ

AB

dt

= 0, which together with

the definition of σAB and (5.13) yields
CD

CD

1 d(h \CD-εh KCD)

~ 2

dt

(5.14)

Under the conditions (5.10)-(5.14) that
9σ

AB
dt

= 0.

(5.15)

Equation (5.15) shows that the requirement of preservation of the vanishing of the
shear of the conformal boundary doe not lead to any supplementary conditions on the
initial data.
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A. Appendix
For p G M let ea — eaμdμ, α = 1, . . . , 4, be an orthonormal tetrad, with
p
e

^ _ γ.μ

O

~ Ί

p
β

•>

l

μ_ H
γ,μ
—

'

μ

where η dμ is a unit timelike vector field orthogonal to M in (V, 7), and n — nμdμ
is any unit vector field tangent to M such that for p e 9Mί9 n is the inward pointing
vector orthogonal to dMi (such tetrads can easily be constructed by e.g. a GrammSchmidt procedure, with the differentiability class of eiμdμ = e,^dk, i,k — 1,2,3,
being that of g^ = 7^ •). By definition we have

ab
Ί

= 7α6; set ea = Ίabeb. Define
<Λc = <V e c e 6 , eα)7 Φ> V e α e, - ω c 6α e c ,

(A.I)

where { , ) ^ is the scalar product in the metric /, and V is the Levi-Civita derivative
operator of 7. It follows
Va(Xbeb) = Vea(Xbeb) = (ea(Xb) + ωbcaXc)eb

(A.Zj

-b '

Let g be the metric induced from (V,7) on M, let h be the metric induced from
(M, g) on <9M^ we shall denote by D^ respectively by &A, the Levi-Civita derivative
operator of g, respectively of h. As is well known (cf. e.g. [15]), the tetrad formalism
is most convenient in 3 + 1 and 2 + 1 decomposition calculations because we have

(A.3)

(A.4)

where the ω : . coefficients in (A.3)-(A.4) are the same as those appearing in (A.2).
From (A.I) we have

where K- is the extrinsic curvature tensor of M in (M, 7) (the sign conventions here
agree with those of [40] when η is chosen to be future pointing), and
AB = ωlAB = ω\BA = ( V e Λ e £?> n ) 7

X

= (DeAeB>n)9>

(A6)

where \AB is the extrinsic curvature of dMτ in (M, g) (note the unconventional sign
in (A. 6) due to the fact that n is the inward pointing normal to dMτ. This choice of
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n is convenient for our puφoses because if x is a defining function for <9M, then
n = Dx/\Dx g.) The following equations are often used:

V ί X 0 = D i X 0 + ^X j ,
ΏΩ = -Ωm + ΔgΩ + KΩ0 ,
Ωm = V 0 V 0 /2 ,
Ώ = VαVα ,

(A.9)
(A.10)

Ω0 = eϋ(Ω) ,

K = KΪ,

Δg = DίDί .

We have the following embedding equations (cf. e.g. [19])

RijkiW = R*3ki(9) + KlkK3l - KuKjk ,

(A.12)

Rabcd(f) being the Riemann tensor of a metric /. We shall need the following well
known result:
Proposition A.I. Let 7 be a conformally vacuum metric on a four dimensional
manifold. Then the Weyl tensor Cabcd 0/7 satisfies

where

. Since (A. 13) is conformally invariant without loss of generality we may
assume that 7 is vaccum. A 3 -f 1 decomposition calculation gives (cf. e.g. [19])

Ctj = Rί3(g) + I Ltj - LίkLk} + \ K29ij ,
Tζ

(gτj = 7^), while from (A. 12) one obtains
R

= 29l{kCl}3 + 29j(lCk]τ

ίjkl(9)

A ijki

=

L

e

+ Aίjkl

»

e

29i[k i]eL j + 2gj[lLk]eL i + 2Li[kLl}j - L

Tracelessness and symmetry of L- together with the identity
δikδΪLeeLf]f
imply A^kl = 0, and the result follows.

D

=0

(A.14)
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B. Asymptotically Minkowskian Coordinates
The object of this section is to show that polyhomogeneous initial data sets for which
(3.19) holds are asymptotically flat, in the sense that the Cauchy data set can be
realised by an embedding of the initial data surface in an asymptotically Minkowskian
(not necessarily vacuum) space-time. The notion of asymptotic flatness used here is
rather rough, and it is clear from the formulae below that the metric considered possess
finer properties than (B.3), we shall however not attempt to formalize that.
Throughout this section, for simplicity of calculations, we shall assume that
changing the time orientation if necessary we have

# = -3,

(B.I)

K = 0.

(There is little doubt that the results below still hold without these conditions.)
We shall say that (V, 7) is asymptotically Minkowskian in lightlike directions if
there exist constants R, Cλ, C2 and a coordinate system on V covering the set

and constants C and TV such that on (9 we have
IV "" V / l + l^τ V l < Cr~l tog^r

(B 3)

We have the following:
Proposition B.I. Let (M, §, K) be a polyhomogeneous data set (as defined in Sect. 5)
with g G Cl(M) and K G C°(M). Suppose moreover that we have <9M^ w S2, and
that (B.I) holds, and that (changing time orientation if necessary) we have
Λ

AB

hCD\ACD
n
o

Γ

L

A B ~r~ ^AB

CD

= 0.

(B.4)

Then there exists a polyhomogeneous space-time (V, 7) which is asymptotically Minkowskian in lightlike directions and an embedding ί :M —> V such that ^*7 = g, and
K is the extrinsic curvature tensor ofi(M) in (V,7).
Remarks. 1. We do not claim that (V, 7) can be chosen vacuum, though we believe
that this is indeed the case.
2. The me_thod of proof of Proposition B.I works without the conditions g G Cl(M),
K G C°(M) as long as g and K are polyhomogeneous provided that the coefficients
of the log* x in terms in KAB are related to some of the coefficients of x log2 x in

9ir
Proof. Let, as usual, hAB = gAB dM.. As is well known, there exists a conformal
diffeomorphism Φ:S2 —> S2 such that Φ*hAB = φ2hAB, where hAB is the standard
round metric on S2,
hAB = dθ2 + sin2 θdφ2 .
Let us still denote by g^ the metric obtained by pull back with the map ( x , v ) —>
(x,Φ(v)), we thus have gAβ\dM ~ Φ^AB- ^et φ denote any function on M such
that φ\dM. = φ, with dφ/dx\dM. so chosen that the extrinsic curvature of dMi
in the metric φ~2g is pure trace. Using once again the symbol g^ for the metric
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φ 2gzj we have thus obtained 9AB\dM ~ ^AB As nas been shown in [7], for any
polyhomogeneous metric Gauss coordinates near the boundary can be introduced, so
that we have gxA = g(dx, dxA) = 0, gxx = g(dx, dx) = 1 for 0 < x < x0, for some
£0. We thus have
gljdxϊdχi

= dx2 + gABdxAdxβ ,

with
n
π I
—ϊ>
9AB\dM
—
AB 5
τ

\\
\dM
~- ~
τ

1

Λ

AB

h

= 0.

It now follows from (2.6) that

f=- X

Introducing r = l / x we have
Aj»B
f~r2gABdxdx

(B.5)

= 0) =

(B.6)

Define
2

r ΞΞ t - V 1 + r ,

and set
7tt =
with

(B.7)

Xrr =

(B.8)

XrA = °

(B.9)

— SAB — r2 QAB
2

A

A

It follows that the embedding (r, X ) —^ (t — \Λ +r , r, X ) has the desired property
that 2*7 = g, for any 7 which on i(M) takes the values given by (B.6)-(B.9). To
analyze the extrinsic curvature of the slice r = 0 it is useful to pass to the coordinates
(r, r, XA) so that the metric
v

= -dtz

(B.10)

takes the form

ds2 = -dτ2 - 2 -

: dτdr -h g

The extrinsic curvature tensor of i(M) will take the desired values if we set

(B.ll)
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gχj

ij

a kί
9

ι κίJ--^κkl9υ

J (

k

dβ .

k

dβ _

f2 Γ 3

/3r = —^== = -r2 + 0(l),
13

where g

(B.14)

is the matrix inverse to g^. One easily finds
2

2

O(l/r ) - O(l/r ) ,

for some constant N (note that ^AB = O(r log r) wouldn't hold if (B.4) weren't
^
satisfied). Let finally φ e C°°(R) be any function
satisfying supp0 c (— ε,ε),
set
r =
0 < 0 < 1, 0|[_ e / 2 , e /2] = !'
^(^ ) ^ - λ/1 + r2). Define
v

= -at2 + (l-φ) [dr2 + r2(d02 + sin2 6> dφ2)]

It is easily seen that ε can be chosen small enough so that the metric 7 satisfies
(B.3) in the quasi-Minkowskian cooridnates (t,x — rsinθsinφ, y = rsinθcosφ,
z = rcosθ) on the set {r > l/x 0 ,t G (-00,00)}. D
C. The Extrinsic Curvature of a Null Hypersurface
Let (V, 7) be a Lorentzian manifold, let Λ^ be a null differentiable hypersurface in
V , i.e., Λ^ is a differentiable submanifold of codimension 1 such that for all p G ^
there exists a neighbourhood ^ of p and a vector field k defined on ^ such that
Mq G ^,, we have 0 ^ &q e T(f/l^ and 7(fc, fc) = 0. It follows that kq is defined up
to the multiplication by a non-zero number. For X, Y G Tp^ define
JV(X,r) = 7(X,V r fc).

(C.I)

It is easily seen that TV is a symmetric tensor field on Λ" satisfying
VX e TpyΓ ,

N(k,X) = 0.

(C.2)

In the space of 2-covariant symmetric tensors let us define the equivalence relation
#, ~, N2 iff V X , F e T p y Γ ,
j (X, Y)p = 0tpNl (X, Y)p,
ap e R .

(C.3)
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It follows that the equivalence class [ N ] l 9 N given by (C.I), is an object well defined by the geometry of V and by Λ^. [N]{ will be called the extrinsic curvature
tensor of jV.
Consider next a Lorentzian metric 7l on V such that 7l — 027, where φ is a
differentiable function on V\ set
N^X, Y) = 7l(X, Vlγk),

X, Y G TpJ^,

(C.4)

where V 1 is the Levi-Civita covariant derivative of the metric 7l. One finds
N^X, Y) = φ2N(X, Y) + βΊ(X, Y),
0 = -φk>Λdμφ.
In the space of 2-covariant symmetric tensors let us define a second equivalence
relation

JV,~ 2 JV 2 iff

N2(X,Y)p

= apNt(X,Y)p

\/X,YeTpΛ',

+ βpΊ(X,Y),

ap,βp£R.

(

'

)

From what has been said it follows that the equivalence class [N]2, N given by (C.I),
is an object well defined by the conformal geometry of V and by ^. [N]2 will be
called the conformal extrinsic curvature tensor of Λ/~.

D. Proof of Proposition 3.3
Consider the equation

_ \ΌΩ\\ \bΩ2
the equations
lim

[(V0Ω)2- \DΩ\2g]= 0,

(D.2)

^

(Vnβ)2 lim .. I ° ' ' - - - ' » Ίah - 2V α V 6 βI = 0,

(D.3)

U

are clearly necessary conditions for
(D.4)

,

with Sab G C^M), and S^068 satisfying the 1 -condition (we will show that they are
also sufficient). Equation (D.2) is easily satisfied by setting
V0Ω\M=ω0,

^0|aM. = ε\Dω\g\9Mt,

ε = ±1 ,

(D.5)

ωQ otherwise arbitrary, with an ε which shall be determined later. A 3 + 1 decomposition of the trace-free part of (D.3),
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gives the equations
lim

VnVπί? = -\
°

lim

lim

£>.u;0 = l

lim

3

°

lim

ϋ

(Δnω + Ku^) , (D.6)
9

-+

ϋ

(#£>, ω),
l

(D.7)

(A^V
~ 3? 4*
^
9
l

3

Equation (D.6) will be satisfied if we choose
VoV 0 β| M = "oo ,

^oo QMτ = -I (Δgω + Kε\Dω\g)\dMτ, (D.9)

CJ00 otherwise arbitrary. To analyze (D.7), recall that we have

in particular
K = ωK + 3ωQ =^ K|OM. - 3u0|aMϊ .

(D.ll)

Equation (D.10) gives
lj

ij

Kg ) = 2(K Dμ
which shows that (D.7) is automatically satisfied. A (2 + 1) decomposition of (D.8)
with i — A,j — \ gives

where ^^ is the Levi-Civita connection of the metric hΛB induced on dMi by g.
Equation (D.13) is satisfied because of (D.7) and (D.ll). To show that (D.8) with
2 = 1,^ = 1 holds, recall that we have the scalar constraint equation,
ωΔgω - I \Dω\2g + \ ω\R(g) - \L\2g) +l-K2 = 0,

(D.14)

from which it follows that

(which is consistent with (D.ll)). Applying e1 to (D.14) one obtains
(2D,D^ + XD,ω - i KD.K) \QM% = 0 ,

(D.16)

where
AB

,

with \AB - the extrinsic curvature of dMi in (M, g). With a little work from (D.16)
one finds that
j
which is precisely (D.8) with i = I, j = 1. It follows that the only non-trivial
condition imposed by (D.8) is the equation
^"'"""βM,

K =h

L

1

" V ~"

KAB

2

~~ndMi'

(D.18)
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which will be satisfied if we choose ε according to the sign occurring in (3.20). Now
the trace of (D.3) gives
(Dfl-21""9

lim

v

~u/ ) = 0

which with a little effort can be seen to hold if (D.9) holds.
We have thus shown that (D.8) will hold whenever (D.I8) holds provided we
choose LUQ and ω00 to satisfy (D.5) and (D.9). It is then elementary to show that (D.4)
will be satisfied provided ω0 and ω00 are moreover required to satisfy
_

1

Λ

0

0

'

O I

I

with α>o £ C3(M), ά>00 6 C2(M), (2>Q°8 satisfying the 3-condition, ω1^ satisfying the
2-condition. [This is easily satisfied as we have a complete freedom of choice of the
extensions of ω off M. We can e.g. choose ω0 to be any function in C^(M)ΠC3(M)
satisfying (D.5), and choose α;00 to be any function in C^(M) Π C (M) satisfying
(D.9) (with such a choice we will have α>o°8 = 0, ώ1^ = 0; some other choices might
be more convenient for some other purposes).] Now the embedding equations (A. 11)
and (A. 12) together with the condition on g and K show that

M

— -Γt^'/e/ "Ί" ^ ^S^^ijkl '

(D.20)

with RijkQ, -R^Q, JR ijM, f^ifki satisfying the appropriate conditions. Since
R.Q o - -Ri +gklRik / ,
Eq. (3.21) follows from (3.23) (which has already been established) and from
(D.19)-(D.20). D
E. Conventions, Function Spaces
The summation convention is used throughout this paper. Conventions on signature,
covariant derivatives and extrinsic curvatures can be found in Appendix A.
Let M be a compact, connected Hausdorff manifold with boundary. Thus M =
int M is a smooth, paracompact, Hausdorff manifold of dimension 3, and dM = dM
is a smooth manifold which is a (necessarily finite) sum of its connected components
dMi. Throughout this paper x will denote a defining function for dM, i.e. a function
satisfying x dM = 0, x > 0, |d#||9M > 0, and the implication x(p) = 0 => p G dM
holds.
We can always choose a finite number of coordinate charts φj'.&j —> Mn'+ =
{y E IRn \yl > 0}, j = 1 , . . . , J, covering a neighbourhood of dM such that yl = x.
When referring to local coordinates we shall implicitly assume that yl — x, and we
shall use the letter v to denote the coordinate y2, τ/ 3 ;
v

—y 7

A — 2,3.
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Thus

y = <X v).
The standard Schwartz multi-index notation is used throughout, thus if
α = (α 1 ? ... ,α n ),
then
αα _ oα _ oaq

y ~ y1 '''

~~

^an _ oα^ oα2

yn ~~

x

yi ' ''

ααn _ αα^ ftβ

yn ~ °χ °v >

where β = (α 2 ,...,α n ).
For fc G N0 = N U {0} the spaces C^(M) are the spaces of functions ktimes differentiable on M. The spaces Ck(M) are the Banach spaces of functions
differentiable A;-times on M such that / and its derivatives can be extended to
continuous functions on M, and equipped with the supremum norm.
Let fi be a sequence of functions, ji G C^(M), such that for every N G N and
for all |α| < N we have
I oα f \ < Γ<
\OyJi\

S

^si.N

^i,N X

?

for some sequence 5, /y —>• oo and some constants C, N. We shall write
'

-i

±rv^

'

if for every n, M G N there exists N G N and a constant C(n, M) such that for all
α <M
0«

f _ V^ f.

^v \ J

/

Ji

< C(n,

z=0

/ will be said to be polyhomogeneous, / G ^phg, if / £ C^(M) and if there exists
a sequence {A^}°^0, Nj € N0, and a sequence of functions / jfc G C°°(M) such that

j=0 fc=0

Let F be a function space over M. A tensor field X = (XΛβ), where A, β are some
multi-indices, |^4| = r, |/3| = 5, will be said to belong to F if in local coordinates as
described at the beginning of this section the components XAβ of X are in F. We shall
write that X G xaF when x~aX G F, etc. We shall write that x G Fl + F2, where
Fα, α = 1, 2 are two function spaces, if there exist Xa G Fα such that X = Xl+X2.
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