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Abstract: We consider the Zakharov equation in space dimension two

iu, = —Au+nu,

1
— ny = An+ Aful”.
0

We prove the existence of blow-up solutions (stable “self-similar” blow-up solutions)
for this problem and we study various properties of these solutions.

I. Introduction

In this paper, we consider the Zakharov system in space dimension two:

tu, = —Au+nu, (1.1)
1

., 7y = An+ Alul*, (1.2)
0

w0) =¢,, nO0)=ny, n(0)=n,,

where ¢, > 0, A is the Laplace operator on R?, u:[0, T)xR? — C, n:[0, T)xR? — R
and ¢,, ny, n, are initial data.

This model is often used to describe Langmuir waves in plasmas when the electric
field is one dimensional. u represents the envelope of the electric field and n is the
large scale flucatuation of the ionic density. We remark that the subsonic limit of
these equations (¢, — +00) is formally

iu, = —Au — |u|2u, (1.3)

w(0) = ¢, . (1.4)

(89
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This is the Schrodinger Equation in dimension two with critical exponent. This
power is critical in the following sense: It is the smaller power for which blow-up
occurs in finite time for some class of initial data (¢, € H').

From the mathematical point of view, little is known on equation (ICO) (with a
finite cy). The only existing results are related
— on the one hand to the local existence in time of regular solutions
— on the other hand to the limit as ¢, — 400 of uniformly bounded regular solutions
of (I).

In particular, there are no results on the existence and behavior of solutions of
equation (g,) which become singular in finite time (except some strong numerical
evidences: see Landman, Papanicolaou, C. Sulem, P.L. Sulem, Wang [10]). The aim
of this paper is to prove some existence results of singular solutions.

Existence of strong solutions for regular initial data has been investigated by
several authors (C. and P.L. Sulem [21], Schochet and Weinstein [18], Ozawa and
Tsutsumi [14]). One can show that, for initial data (¢, ny,n,) € H 2% H' x L?, there
is a unique solution (u,n,n,) in H, = H* x H' x L? on [0, T,) and
- T, = +o0 or
= u®| g2 + [n®| g1 + 0, @] 2 — +oo as t — T

This result was first obtained by C. and P.L. Sulem [21] and by Schochet and
Weinstein [18] with an extra assumption on n,:n, € H~!, where A~ is the space
of functions u such that 3v:R? — R? such that

n=-V-v and ve L?
and
lulg—1 = vl

This condition was later removed by Ozawa, Tsutsumi [14].

The question to know if this space is optimal for local existence is open. For
example the case of the energy space for the Cauchy problem [see below (1.6)—(1.8)]
H =H'"xL*x H', (oreven H = H' x [? x H™") is unknown.

For a solution of (ICO) in H, or H,, the conservation of mass gives

v, u®l2 = ol (1.5)
In addition, if n,(0) € A~ then V¢, n,(t) € A" and (1.2) may be written in the

form
n,+V-v=0,

—lfvt—i—Vn: —V|ul? (1.6)
0

In this case (n,(t) € H~"), we have an another law (Energy conservation), that is
F(t) = F(0), (1.7)
where
T = T (u,n,v)
= / <|Vu(x)]2 + n(z) |u(z))* + E}% |v(:c)|2 + %n%x)) dz . (1.8)

R2
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For large initial data, heuristic arguments and numerical simulations suggest a
finite time blow-up (Landman, Papanicolaou, C. Sulem, P.L. Sulem, Wang [10]).
Nevertheless, no rigorous results of collapse are presently available. In contrast, a lot
of work is done for the formal limit as ¢, — oo, that is the Nonlinear Schrodinger
equation with critical exponent. Unfortunately, up to now, the limit as ¢; — 400 has
been proved rigorously only for uniformly bounded solutions.

In [1], H. Added and S. Added (see also Schochet and Weinstein [18]), if the initial
data are very regular (belong to the Schwarz space) and compatible (r, + |uy|* = 0),
then (u,,, n,,) converges uniformly in time as ¢, — +00 t0 (U, —|u_|*) on compact
sets of [0,T ), where u_, is the solution of (I_) with the same initial data, and T
its blow-up time.

Since the convergence is on compact sets of [0,7 ), we do not have by this kind
of techniques any information on the singular behavior of (u,,n. ) for ¢, fixed and
large.

Equation (I_) has a unique solution in the space H' and there is 7 > 0 such that
for all ¢ € [0,T), either T' = 400 or tlirr% [u(t)| ;1 = 400 (see Ginibre and Velo [5],

Kato [8]). In addition we have for all ¢ € [0,T),

/|u(t,:c)|2dx:/|¢O(a:)|2da:, (1.9)
R2 R2

£ u(t) = % /IVu(t,:c)Izdx — % /|u(t,a:)]4da: = & (¢y) - (1.10)
R2 R2

If gy € ¥ = {|z|u € L*} N H', then V¢ € [0, T), u(t) € X and

% /|x|2|u(t,x)|2daz=4Im/ru(t,x)ﬂT(t,x)da:, (1.11)
R2 R2
d2 2 2
prel /lxl |u(t, »)|" dz = 16£(¢) , (1.12)
R2
where r = 2 and u_ = %
|z T Or

From the last two identities, Zakharov, Sobolev, Synakh [19] and Glassey [7]
derived the existence of singular solutions of (I ). That is, solutions for which there
is a T' > 0 such that

tli%lu(t)|H1 = +00.

Indeed, if the energy of the initial data &(¢,) is negative, then P(t) =
[ |z|? |u(t, z)|*dz is a polynomial in time of degree two on [0,T) such that the
R2
coefficient director is a fixed negative number. If P(t) were defined for all ¢, there
would be a t; > 0 such that P(t,) < 0, which is impossible. Therefore the solution
must blow up.

This equation has two important sets of explicit solutions:
— Periodic solutions
— Blow-up self similar solutions (with respect to a conformal invariance).
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Let us consider solutions of the form
u(t,z) = e“tV(z),

where w is a positive parameter, u(t) will be a solution of (I ) if and only if V
satisfies the following elliptic equation

WV =AV + VI’V in RZ. (1.13w)

Existence of solutions of such equations is well known (see Berestycki and Lions
[3] and also Strauss [20]). Moreover, the set of solutions of (1.13w) with w > 0 has
a “minimal” element in the L? sense which is called a ground state. More precisely,
there exists a unique radial solution in H' of the problem

V=AV+|V]*?V in R>, V>0 (1.14)

denoted @ (see Kwong [9] and the other references in [9]). If V' # 0 is solution of
(1 13w,) for some w, > O (it is easy to see by Pohozaev identity that there are no
solutions V' # 0 in H' with a “good” decay at infinity for w < 0), then
~ V2 > Q. o
— if |V|;2 = |Q| 2, then tere is x, € R? such that V(z) = Wo/ Q(wo/ (x — xp)) (see
Cazenave and Lions [4] and Weinstein [23]).

These periodic solutions yield to explicit blow-up solutions. Indeed, equation (I_,)
has a conformal invariance: if u(z,?) is a solution of (I ) then

1 el 1 x
wrrog [ T 1.15
T-¢¢ u(T—t’T—t) (1.15)

is also a solution of (I_,) (see for example Ginibre and Velo [5] and the references
therein). Thus if V' (x) is a solution of (1.13w), then

2

1 1(41_’”__#) T
(=T+t) (~T+t)/ VY 1.
T—1° Tt (110

is a blow-up solution of (I).
In particular, for 6 € S', zy, z, € R, T > 0, w > 0,

o (i o) g ((x - x‘);' (tT ~ m") (1.17)

w
Sg7wvm0’ml(t’x) - T—t
is a blow-up solution.

These solutions Sy , ;. . ~are important in the following sense. They are minimal
blow-up solutions. Indeed,
= If |yl 12 < |@Q| 2, then the solution u(t) is globally defined in time (see Weinstein

— If |¢p| 2 = |Q] 2 then u(t) blows up in finite time if and only if there are 7" > 0,
0eS', zy, z, €R:L T >0,w >0 such that u(t) = S0,00,0,2, (1-

The proof of this result has been done in two steps
— in the case where ¢, is radial and in X' (see Merle [12])
— in the general case (see Merle [11]).

How are these properties transformed for the Zakharov equation (I.,) where
¢o € (0,+00)? Clearly, the quantity [ |z|?|(u(t,x)|*dz does not anymore satisfy a

RrR2
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simple relation, which does not allow us to prove blow-up theorems for the Zakharov
equation.

The existence of periodic solutions of this form is still true. Indeed, if V(z)
is a solution of (1.13w) for w > 0, we can remark that (u(t,z),n(t,z)) =
etV (z), —|V(x)[?) is a periodic solution of equation ey

There is not conformal invariance of the equation. We can check by hand that

2

2
w z(9+":‘;§r't)_(_“%+—t)) @—z)w—-T -z,
= — - - \%
u(t, ) T te T4 ,

2 2
=) (==

is not an exact solution of (ICO), where V is a solution of (1.13w) for w > 0.
The idea is to look for the natural extension of the form

2 2
lz—z|” w _
itz = T ) p <<w_xx_>w _ xo) ,

T—1t Tt

_ w 2 (x—z)w
n(t,w)— m N _T——t— -y |,

where P:R? > R, N:R? > R.
We consider solutions with radial symmetry, that is

W (ol ), [_aw
t - _ = A-T+v) ~T+b/ p 1.18
ult,x) = =€ 77 ) (1.18)

2
7m@=<%i>N(;:>, (1.19)

where P(x) = P(|z|) and N(z) = N(|z|).
After explicit computations, we find that (u, n) is a solution of (ICO) if and only if
(P, N) satisfies the following system:

(IL,) AP-P=NP, (1.20)
A
N(r’N,, 4+ 6rN, +6N) — AN = A|P|?, (1.21)
where
N L
Cow
ow 1
and r= 'x,’ Wr = . AW = W’I‘T + - WT"
8r r

Our purpose in this paper is to study this system. That is to find a range of
parameters A (or equivalently w) such that (II ) has a solution (P,, V). Consequently

7 (0+ ﬂz_ — hl_*)
1 o VAT T T p o
coMT —t) A eMT —1))

1 : z
s = (=) ™ (=)

'Ll,e,)\(t, x) =
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will be a blow-up solution of the Zakharov equation (I, ). In this direction, we are

not able to use variational methods because of the lack of variational structure of

equation (II, ). We use a different approach: perturbation methods for A small.
Indeed, for A = 0 (or equivalently w = 400 or ¢, = +00), (I,) is reduced to

AP —-P=NP,
AN + [P =0,

that is
P = AP+ |P)*P,

NZ—IPIZ,

which is (1.13w) with w = 1.
Thus, the idea is to use a fixed point argument to find for A small solutions (P, N)
of (II,) near (V, —|V|2), where V' is a solution of the equation

V=AV 4+ |V*V (1.22)

on R? and then a contiuation argument (degree theory) to get an unbounded (in
a certain sense) branch of solutions of (1.22), under a condition of nondegeneracy
(which is only known for minimal solutions of (1.22) (that is the positive solution).
Most of the method applies for a radial general solution except for one fundamental
part of the proof: it is only known that minimal solutions of Eq. (1.14) (that is positive
solutions) are in a certain class of nondegenerate functions.

For that reason, we end up finding a branch of solutions of the system

AP —P=NP,
ary) M(@#2N,, +6rN, +6N) — AN = A|PJ?,
P>0,
where 7 = |z|, W, = Q—VK
or

We have the following results for solutions of (Ilj{). The first result is a regularity
result on solutions of system (II,).

Proposition 1. Let (P,N) € H' x L? be a radial solution of (1,) in the distributions
sense. Then for all k > 0, (P, N) € H* x H* In addition there isa 6 > 0, ¢, > 0
such that

k) -5 *) — Tk
PP @) < cpe™l, IN®(2)] < 1+ [zfHF

Remark. The space H' x L? is not optimal for elliptic theory but it is the one which is
important in terms of (u(?), n(¢)) for the time evolution problem. We say that (P, V)
is a solution of (II,) if (P, N) € H I'x I? and satisfies (II ) in the distributions sense.
From Proposition 1 we have that (P, N) € H? x H? and (P, N) is a classical solution
of (I,).

Theorem 1. i) (Existence and uniqueness property for X small). There exists AT > 0
such that for 0 < X\ < A there is a solution (Py, N,) of the system (II}\L) such that

(Py,Ny) — (Q,-Q% as A—0

in H' x L?. Moreover, for all ¢ > |Q|;2, there exists A\, > 0 such that for 0 < X\ < X,
there is a unique solution (Py, N,) of (ILY) such that |P,|;» < c.
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ii) (Existence of a branch of solutions of (II;\’) ). There is a branch of solutions of (IIj{)
(A, (Py, Ny)) for A > 0 which is unbounded in R* x (H' x L?).

Remark We do not know whether there exists a \* such that for 0 < A < \* there
is a unique solution of (ILY).

Remark From ii), there exists A* > 0 such that
— for 0 < X < \* there is a solution (Py,N,) of (II;\“)
— if A* < 400, there is a sequence (Py,,, N,,,) of solutions of (IIj\’) such that

A, = A < +oo,
[(Py,,s Na)lprix 2 — 400,

as n — +o00.
It is an open problem to know whether \* = +o00 or not. We conjecture that

2 = 400.
Remark 1In Part II [6], we give results on the behavior of solutions of (I ) uniformly
bounded in L? as A — O.

From Theorem 1, we have the following result of existence of blow-up solutions
of (I,).

Theorem 2 (Existence of Self Similar Blow-Up Solutions of Equation (I)). Let
(Py, N,) be a solution of (I1,) in H' x L?. Then VT > 0,V € S',

1 2(0+4(11—1|"2+t)__m) T

t _= —— ) - -

uo b = ST € A (co)\(T - t)) :

1 2 T
oAt ) = (co)\(T _ t)) Ny (co/\(T—t)>

is a blow-up solution of equation dg,) with the following properties-
-Vt €[0,T), Yk > 1, (u,n,n,) € H, and in particular n, € H~!

8n97/\

— ’(UQ,A,TLG’A)IHI = |’U,0,/\|H1 + |n9’)\|L2 + \W— — +OO ast— T.

g1

Remarks. i) For the existence of blow-up solutions the value of ¢, does not play
a role. Indeed, if (u(t),n(t)) is a blow-up solution of equation (ICO) then Vo, > 0,

(apuladt, o), adn(adt, ayz)) is also a blow-up solution of (ICan)'l
i) We can see that as ¢t — T,

[u® = P26,

In@®)| — |P|2Lz‘5x=0»

in the distributions sense. We will see in Part II [6] that it is in a certain sense a
general behavior for blow-up solutions at the blow-up time.

' From this result, we derive the existence of blow-up solutions of vector value Zakharov equations
by considering solutions of the form U(¢, z) = u(t, z) U, where U, is a fixed vector and w(t, x) is
complex
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ii) It is important to remark that the form
1 i(0+4(|gcT|2 25 : ) T
t - - =T+ co)\ (—=T+t) P ,

g a0 = ST ¢ A QNT — 1)

LY z
g A, 2) = (m) Ny (W)

is the stable form which is numerically observed (stability of the profil at the blow-up
with respect to the initial data, see [10, 15]). This fact points out the importance of
these solutions for Zakharov system and of the solutions of the form

1(9+_|1L S
1 o\ TET T T z
coMT — 1) N — 1))

for the Schrodinger equation which are in some sense limit of stable solutions (of
Zakharov system).

The paper is organized as follows:
— In Sect. II, we study the regularity and basic properties of a given solution of (II,).
— In Sect. III, we precise the asymptotic behavior of a solution of (II,) as ¢ — 0.
— In Sect. IV, we prove existence and uniqueness of a solution of (II:) fore > 0
small enough by a fixed point argument.
— In Sect. V, we prove the existence of an unbounded (in a certain sense) branch of
solutions of (IIY).

Ue,)\(ta z) =

II. Properties of a Given Radial Solution (P, V') of (II)

In this section, we consider a radial solution (P, N) # 0 in H' x L? satisfying in the
sense of distributions the system

) { AP -P=NP, 2.1)
M(?N,,. +6rN, + 6N) — AN = A|P?, (22)
and the associated blow-up solutions of (ICO) (solution in a weak sense)
1 o ﬁ‘T‘zTn - ?Tl_n—t)) z
WD =T =D ° r (T(T—_t)> ’

1 2 x
@) = <c0)\(T - t)) N <c0>\(T - t)> ’
where T' > 0.

Assuming existence of such solutions (we always in this section assume that these
solutions are radial), we look for their various properties. We do it from two points
of view.

— In II.1 we show properties of (P, N) from the point of view of the elliptic theory.
More precisely, we will present:

a) Equivalent formulations of (II,) and local regularity of (P, N).

b) Decay at infinity of (P, N).

¢) Various identities for (P, N).
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— In IL2 we give properties of (u,,n,) and thus of (P, N) from the point of view of
the evolution equations:

Computations of invariants, related properties and uniform lowerbound in L?
on P.

I1.1 Elliptic Properties of (P, N)

a) Local regularity of (P, N) and equivalent formulations. We first prove that if
(P,N) are solutions of (II,), then (P, N) are regular functions. We then derive a
simpler verison of (II,) where NV is an explicit function of P.

In fact, we show that (P, N) € H' x L? solution of (II ) is equivalent to (P, N)
solution of (IIly) or (IV,), where

AP — P =NP,
(L)
N2 — 1)N'(r) + 3X2rN(r) = 2P(r) P'(r), (2.3)
and
av,) AP —-P=NP,
N(r) = W / 2P(s)P'(s) \2s? — 1)'/%ds, (2.4)
1/A
where (\2z? — 1)F/2 = Nt [N22? — 1|*/2 for k = 1,2,3
[A222 — 1] i

Proposition 2.1 (Regularity of (P,N) and Equivalence of the Systems). i) Let
(P,N) € H' x L? a radially symmetric solution of (I,) in the sense of distributions.
Then P, N are C™ on R? and are classical solutions of (Il 3

ii) Let (P,N) € H' x L? radially symmetric and C*> Then systems (I1,), (II,),
(IV,) are equivalent.

Remark Therefore the degeneracy of the differential operator of (2.2) does not imply
for (P,N) € H' x L? solution of (II,) a weak singularity.

Proof of i). Consider (P, N) € H! x L? solution of (II,). Let us prove that (P, N)
are C'°°. We consider the cases outside and inside the nondegeneracy point.

1
Case |z| # X

Let us first prove L> and H?2,_ estimates of P.

loc

Lemma 2.2. Let (P, N) € H' x L* a solution of (11,)). Then P € H}_.NL* and there
exists a constant ¢ which depends only on |P|y1 and |N| 2 such that

[P <c.
Remark. The constant is independent of A.
Proof. We prove P € L*. Let us consider the elliptic problem in the unit ball B;:
AP —P=NP. (2.5
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Pisin H! and thus P is in L* by Sobolev embedding. Since N is in L? we deduce
from regularity of the elliptic problem that P is in W23?2(B,), therefore P is in
L*(B,).

For |z| > 1, we have the classical inequality:

Lemma 2.3. For u € H! radially symmetric we have

1
[u] oo 400y < ﬁ [ul g1 - (2.6)

+0o0
Proof Considering u?(r) = f 2u(s)u'(s)ds, we have for r > A,

+00 +oo
() < / u(s)| ol (5)] 5 ds < / ()] + [ ()P sds,

which yields to the result.
Therefore |P|}c0(,>1y < |ulz1 and there exists a constant ¢ which depends only

on |P|y and [N|;, such that |P| e < c.

Let us prove P € H2_.. For A > 0 we consider again the elliptic problem (2.5)
on the ball B, of radius A in R2. NP is L? on B, and then from elliptic theory
Pe HI%C. This concludes the proof of the lemma.

1

Let us show that (P, N) are C* on ]Rz\{lxl = X} using classical regularity
theory for elliptic equations. We first need regularity results for the linear operator
appearing in (II, ): Let

LP=AP-P,
L,N = X}(r’N,, + 6rN, + 6N) — AN .
Therefore system (II,) can be written
LP=NP,
L,N = AP?.

1
Lemma 2.4 (Uniform Ellipticity of L,, L, for z # X)

S| =

> =

1) L, is uniformly elliptic on compacts of R* and L, is uniformly elliptic on compacts
1
ofRz\{lx] + —}.
A
2) If P is a L*(R?) radial fucntion such that L, P € H, (R2\{|x| = }), then
1
Pef@f@%\@ﬂ:x})
3) If N is a L*(R?) radial function such that L,N € HE. (RZ\{M = }) , then
1
Nefﬁf@%\@ﬂ=x})
Proof of the lemma. 2) and 3) follows from 1) and classical regularity results. Clearly
L, is uniformly elliptic. Let us prove that L, is uniformly elliptic on the open set of
1
the form C 5 = {|z| < A} N { |z]? — svike 62}, where § > 0 and A > 0.
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By computations we have on Cy s,
N = (\}z|> = 1) AN + 5z - VN 4 6)°N

and \26% < |A?|z|* — 1] < A?X? + 1. Therefore L,N is uniformly elliptic on Cy 4.
This concludes the proof of Lemma 2.4.
Consequently,

Proposition 2.5. Let (P,N) € H' x L? a solution of (11,). We then have P,N €

(#\ (=)

1
Proof. We prove by induction on k that P, N € H; (Rz\{lml = X}) and con-
clude using Sobolev inequalities.

1
Let us prove P,N € H&C<R2\{|x| = X}) We have that P € H},
and thus AP? € L} (R?). Thus L,(N) € L. (R? and from Lemma24, N €

i o e ),

1
Let us suppose P, N € H (Rz\{m = X}) for.k > 2. We have

loc

e\ fo- 1)

Since k > 2, N, P € L2 {|x| X}) and then (NP) € H}. (Rz\{m =

\
)i (3 o = 1) i 2 >IOC(R2\{$I -3))

loc

Thus again from Lemma 2.4 N € HF?(R?\ { |z| =

)\
1
In conclusion, P, N € H;’f,c< \{|x| = }) for each k and the result follows

from the Sobolev embedding of Hf_ into CF 2

loc
Case !
= —.
A

We first show that if (P, IV) solutions of (II,) then (£, N) is solution of (III,) and
(IV,) and then conclude the proof of regularity.

We prove that (2.2) has a first integral, and in fact, that IV can be written as an
explicit function of P.

Proposition 2.6. Let (P,N) € H' x L? satisfying (I1,). Then (P, N) satisfies
1) (A\2r2 — 1) N’ +3X2rN = 2PP’ in the sense of distributions.

, 1
DN = l/fA 2P(s) P'(5) (W = D!/2ds for v # .

Proof. 1) Let
A(r) = (V2 = 1) N’ + 3X3rN — (P%).
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We remark that if (P, N) is solution of (2.2) then
10
-5 (rA0) = (AX(r’N,, + 6rN, + 6N) — AN — A|P> =0
in the sense of distributions. |
Thus 7A(r) is a constant function on R. But for r # 3 P and N are smooth

functions and in particular A(0) = 0, which leads to the result.
2) We then write N as an explicit function of P.

1
Lemma 2.7. We have for 0 <7 <r, < Y

L)
(1= N2 2 N(ry) = (1 = A2y 2 N(r)) — / 2P(s)P'(s) (1 — N2s%) 2 ds, (2.7)

71

1
and for X <r <,
]
W22 =12 N(ry) = W2 — 12 N(r) + / 2P(s) P'(s) (\?s* — D2 ds. (2.8)
71
1
Proof. Let us consider the case X < r, <r, for example. Multiplying (2.3) by
(A*r? — D'/2, we find
(W72 = 12NY =2PP' (W — 1)'/2, (2.9)
and the result follows from integration on [r,7,].
1
Therefore (2.4) (in the case r > X for example | follows from Lemma 2.7, putting

+
ry,=rand r, — \
This terminates the proof of Proposition 2.6.

We now conclude the proof of regularity at |z| = T
1
Lemma 2.8 <Regularity for |z| = X) Let (P,N) € H* x L? a solution of (II,).

Then P, N are C* at |z| = %

1 2
Proof Let I = Wl We will prove by recurrence on k the following property
on the functions P(r), N(r) (considered here as functions from [ to R)

P,N e Wke(I).
Let us prove it for k = 0. From Lemma 2.2, P € H?_(R?) and then P € W!°°(I).
We then deduce the regularity of /V:
1 1 1

N =5 (A + 1)3/2 ( 1)

A 1/2
7 /2P(s)P’(s)(As+1)l/2 <s—§) ds

1/

A
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or
1 1

A (O + 1)3/2

1 r 1\ 172
Y(T) = *I—W / Z(S) (3 — X) dS,
(7‘ — X) 1/
Z(s) = 2P(r)P'(r) \r + 1)\/2.

Whe then use the following classical regularity lemma.

N(r)= Y(r)

with

Lemma 2.9. Consider I a compact interval of R, r, € I and for v € I,

1 r 1/2
Y(r) = (_7°——r0)37 /Z(s)(s —1y) ' ds.
0
For each integer k > 0, if Z € WkI), then Y € W*(I) and there exists a
constant ¢y, ; which depends only on k and on the length of I such that
|Y|Wk’°°(1) < Ck,IIZ]Wk»OO(I)'

Proof. It follows from classical arguments and from Taylor formula.

PP € L*°() implies Z € L*°(I) and from previous lemma Y and N are in
Le°(I). Thus P, N € W%=(I) is true.

Let us suppose that P,N € W&>(I) for k > 0 and let us prove P,N €
WhktLhoo(I), We first deduce (N P) € W¥>°(I) and from

prilp_ponp,
T

we deduce P € WH+2:°°(T). Therefore Z = 2PP'(\r + 1)!/2 € W*+1.2°(]). From
1

Lemma?2.9 it follows Y and N = X(Ar + 1)73/2Y are in Wkthoo(]), and this

concludes the proof of Lemma 2.8, thus part i) of Proposition 2.1.

Proof of ii) of Proposition2.] We had shown in the proof i), that is if (P, N) €
H' x L? is a solution of (I,) then it is a solution of (III,) and (IV,). Reciprocally,
for C'* functions (P, N) satisfying

T

1
(/\27"2 . 1)3/2 /

1/

N(r) = 2P(s) P'(5) (\2s* — 1)!/2ds
we have by direct calculations
(\’r? —1)N' +3X2rN = 2PP’

and
MN(@2N,, +6rN, +6N) — AN = A|P|*.

b) Decay of Solutions of (II,) at Infinity. We have for a given solution (P, V) of
(I, ) the following decay estimates at co:
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Proposition 2.10. Let (P,N) € H' x L? a solution of (11,). Therefore exist constants
6 > 0 and c,, for k > 0 such that
Vk>0, Vz, |[PP@)<c el
N®(@z)) < —
NP (@)] < 1+ |z[F+
Proof 1) We first show the property for P, P’, P”, N.
lemma 2.11. There exist ¢ > 0 and 6 > 0 such that
|P(r)| + |P'(r)| + |P"(r)| < ce™®",
c
N <
l (7")[ =143
Proof We first show that |[N(r)| < TCM

1
Let us consider (2.8) with r, =2/ and r, =7 > I We have

Km0
N(r) = 22— 1)3/2
with
K(r)=32N@/) + / 2P(s) P'(s) (\2s* — N2 ds,
) 2/ 2 10)
IK(r)| <c+ / 2|P(s) P'(s)| Asds < ¢+ A|P|;2|P'|;2 < ¢,
1/x

that is |N(r)] < —— for r > 2. From Proposition 2.1

at 18 )< 1+T3 (0) /\ IO OpOSs1tIO .1,

c
vr, 'N(T)| < m

Let us fix A > 0 such that [N(r)| < % for r > A. We have
AP=(N+1)P

for r > A with
(N + D€ [3, 3]

We can deduce from usual techniques (see Berestycki and Lions [3], and Stauss [20])
that there exist some constants ¢,d > 0 such that

Vr, |P@r)|<ce™®".

Now, writing
(rPY =r(N+1P, (2.11)
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we first show that 7P/(r) — ¢ as r — +oo and we remark that ¢ = 0 because
P’ € L2, Thus integrating (2.11) on [r, +00), we obtain

+o0o

/ s(N(s)+ 1)P(s)ds

I

|rP'(r)| =

+
< / cse %ds < cre_‘sr,
T

that is |P'(r)] < ce™?".

/
Finally, writing P” = (N + 1) P — — and using previous estimates on P and P,
T

we conclude
|P"(r)| < ce™®".

This concludes the proof of Lemma 2.11.
2) We then conclude the proof of the proposition by proving property (#3,) by
induction on k£ > 0:

There exists c;, such that

PO < ce”® for 0<I<k+2,

7
N0 < -y for 0<I<E. )

(7p) is true from part 1). Let us assume (73) is true for k£ > 0 and let us show (73, ).
By Leibniz formula, for r > 2/,

1 (p)
INED@ <e Y <___—(/\r2—1)3/2> K@)
p+g=k+1
1
(@
< Zk | (W) K@), (2.12)
pta=k+

where K (r) is defined in (2.10). For 1 < ¢ < k+1,
[KD@)| < e[P(r) P'(r) (\r? — 13D,

S Ce—&r

by estimates on P, P, ..., P**2, Therefore
(k+1) Ck
|N r)] < T
_ pr
Let us prove the estimate on P: Differentiating the formula P/ = — + P+ NP,
T
we obtain by Leibniz formula for 7 > 1 and estimates on N, N/, ... N®+D,
1

|P*HI@)| < c[lP“””(r)l + Y {(—W) |PYD(r)| + [NP(r) |P<q><r>|}]

p+g=k+1
k+2

< CZ |PD(r)| < ce™®.
q=0
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This concludes the proof of Proposition 2.10.
c¢) Different Relations for (N, P). We give various relations for solutions (P, V) of
(II,) and in particular a Pohozaev type identity.

Lemma 2.12. Let (P, N) solution of the equation (I1,) We then have

/ |VP()*dz + / PX(z)dx = / —N(z) P*(z)dz . (2.13)
R2 R2 R2

Proof. The proof follows from multiplying Eq.(2.1) by P and from integrating
on R?,

Lemma 2.13 (Pohozaev Identity). Let (P, N) be solution of the equation (I1,) We
then have

/Pz(az)d:z: =3 /(/\2|a:|2 + DN (z)dz . (2.14)
R2 R2

Proof Let us multiply Eq. (2.2) by P’ and integrate on [0, +00). We get

+00 +oo
0= / (p"m e P’(r)) (rP'(ry)dr + / (N(r) P() (rP'(r)rdr
0 0

+oo
+ /(P(r))(rP'(r))rdr. (2.15)
0
We have
+o0
/ P () P (r)dr = [5 (rP'(r)?], 7 =0. (2.16)
0
From (2.3) and integration by parts
+oo +oo +oo
/ N(r)P(r)P'(r)r* dr = / SO —1)N(r)N'(r)r* dr+ / SN2 (ryridr,
0 0 0
+oo 400
= / (32— 1)r2)’N(r)2dr+/ SN (r)yridr,
0 0

SO+ )N (r)rdr. (2.17)

o\§

By an integration by parts,

400 +o0o

/ P(r)yr P'(ryrdr = — / PX(ryrdr. (2.18)

0 0
The result follows from (2.15)—(2.18).
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Remark. For A = 0, Eq. (II/\) reduces to (1.22). The usual Pohozaev identity [16]
gives for regular solutions in R? of (1.22),

/ PX(z)dz = 5 / Piz)dz,

R2 R2
which is the relation (2.14) with A = 0.

11.2 Properties of (uy,ny) Solution of ()

Let (P, N) be radially symmetric solution of (II,). We recall that

(=2 W
u(t, ) = o 61(4(—T+t) <—T+t>)P< rw >,

T -1 T-t
2
w wzx
= <ﬂ) N <T—t) ’
where
w = L
" A

is a solution of (I,) which blows up in H latt=T.
We have the following proposition on the regularity of (u, 7). Since equation (I, )
is time invariant, we assume that 7" = 0.

Proposition 2.14. We have Vt, Vk >0:
2
i) ?’)_? =V v, where v = v(r) — and O(r) = L:—3 rN <T7w>
In particular

on

A 1
— € H ™' and ’ =|U|L2=m|7"N|L2- (2.19)

on
ot

5
.. on () r 1 2 r—1
i) {u®),n),—w—)€H =H xL°xH " CH,.

iif) <u(t), n(t), ( )> € H, = H* x H=! x HF=2 jf k > 2.

8n(t)

o H_1—>+ooast—>0.

iv) We have |u®)| 1 + [n@)|z2 +

0
Proof i) Let us show that 8_7; = V -v. We look for a solution of the form v = 0(r) z

v must satisfy 6_n = V - v or equivalently, V¢ € C§°, ¢(z) = ¢(r) with r = |z,

/ on(z) d(z)dz / V- v(z) dlz)dr = / v(z) - V() dz . (2.20)
RZ

By direct calculation

on , [ wr w? wr\  1w? 8 [, (wr
)
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From (2.20)
oW o y ¢()
w9 (2N - gAr)
/—;t ar<rN<t>>¢(r)rdr / o(r) rdr,
0 0

+oo +oo
0 WP [, (wr) O¢(r)
/ o(r) o rdr = = r*N (T) 5 rdr
0

_ W, 8(;5(7")
0

3
Therefore 0(r) = %)3— rN < %) satisfies the previous conditions. In particular

on . w? wr\ =
E:V-v with v:t—3rN<T>;.

By definition

0 3 1 1
Sl == ()] =mls (5 ()], =g v,
Ot | -1 t t )l Ittt t ) ) |t
which concludes the proof of part i). Furthermore
w zw) 22 [? w? Tw T w Tw ) |2
V(5 (F) )G () et e ()
t t 2 t 2t t t 2
—w2VP zw\ |* +wa zw\ |*
Iz t Sl |28 t )l
_wzva W 2+1 w [ Tw Pa:w 2
_t2 t t 402 |t \ ¢ t )l
= t2 |VP|L2+4 2 ]$P|L27
that is
[Vul?, = t2 |VP|L2+4 > |zP[7, (2.21)
In addition,
w |w TWw
=—|—-N|— Nl;2. 2.22
=g |50 (%) = e @22
From i),
on
i - N
ot | 4 vl = |t| IrN|pa-

Therefore, we have that V¢ € [0,7), (u,n) is a solution of (ICO) in A , and in H,
Vk > 1.
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. . . . . on .
This equation has two invariants (smce e eH _1>:

Proposition 2.15. Vt,
1) |u(t)|L2 = |P|L2,

i) Z(t) = Z(u), n(t), v(t))

w? ) ) 1 lxlz "
=7 /|VP(:E)| dx+/N(x)P (x)dx + 3 /(2—2 + 1) N%(z)dx
2 A cow

R2
+4—;2 / |z|* P?(z)dz . (2.23)
]RZ
Corollary 2.16. Vit € [0,T),
i) H(t) = ﬁ / |z|* P?(z)dz (2.24)
]R2
2
ii) /(IVP(ac)|2 + N(z) PX(z))dz + % / (l_fclﬁ + 1> N (z)dz =0. (2.25)
0
R2 R2

Proof of Proposition2 15.

. w i(ﬁ—“’—z) wx
) o[£ ()

:’fp(ﬂ)
ot \ T

1 1
22 vA(t, x) + 2 n2(t, x)> dx.
0

=Pl
L2
ii) By definition we have

FH(t) = / (|Vu(t,x)|2+n(t,ﬂc) lu(t, z))* +

R2

rap= [ Cn (<) (2 p2(©
/n(t,x)lu(t,x)| da:—/ t2N< ; )(t) P <t>dm
R2 R2
2 2
)
t t? t t

R2

We have

w2
=5 / N(z)PX(z)dzx . (2.26)
R2

Combination of (2.19), (2.21), (2.22), and (2.26) leads to (2.23).

Proof of Corollary 2.16. Since F#(t) is time invariant <? el ‘1), Proposi-
tion 2.15 leads t(i t
-Vt () = — / |z|? P?(z)dz,
4w
R2

- / (|VP(a;)|2+J\f(m)1>2(a;))alas+l / <
R2

j[*

1z 2 _
3 ngz + 1> N*(x)dz = 0.

R2
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Remark. Relation (2.25) is a combination of the energy identity (2.13),

/ |VP(x)* dx + / PX(z)dz = / —N(z) PX(z)dz,
R2 R2 R2

and the Pohozaev identity obtained in (2.14):

/Pz(ac)d:v = % /(A2|x|2 + 1) N%(z)dz
R2 R2

1
<here we use the relation \ = —c—> Therefore Pohozaev identity can be sho
Ow

a consequence of the conservation in time of the Hamiltonian 7.
From Proposition 2.16 and from [23], we have

Corollary 2.17. We have if P £ 0 and A > 0,
/ﬁmM>/¢mm.
R2

R2

Proof. Indeed, from Corollary 2.16,

2
RrR2

2
/ (VP@) + N@) PX@)dz + ~ / (% + 1) N2 @)dz = 0.
0
]R2

Therefore,

2
/ (|VP@)* - % P*@))dz + % / (N(z) + P*(x))*dx + % / % N*(z)dz
R2 R2

PO
Thus :
£(P) =/1VP(x)|2dx — / 3 PY(x)dz < 0.
R? R?
We recall that [23]
. f P%(z)dz
2 4 <R / 2dz.
3 /P (x)dx < [C@de |VP(z)|"dz
R2 R2 R2
Therefore
J PX(z)dx
_R 2
1 [P@de /|VP($)| dz <0,
R2 R?
which implies
/ﬁwm>/¢mm.
R2 R2

wn as

(2.27)

=0.

(2.28)
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III. Asymptotic Behavior of Radial Solution of (I,) as A — 0

In this section, we consider radial solutions of system
AP —-P=NP, (G.1)

I1,)
eX(r’N,, + 6rN" +6N) — AN = A|P|?, (3.2)

where ¢ — 0 which are uniformly bounded in a weak sense. Under some assumptions,
we show that their limit points are solutions of equation (Il;).

Proposition 3.1 (Asymptotics Behavior of (P., N,) as € — 0). Let (P,, N,,) # (0,0)
radially symmetric solutions of (I, ) with g, — 0.
i) Assume that there is a constant ¢ > 0 such that

Vn, |P,|p2<c. (3.3)
Then there is a subsequence also denoted (P,, N,)) and a solution V # 0 of equations
V) V=AV + V]V
such that
(P,N,)— (V,=V% in H'xL*.
ii) Assume that for a ¢ > 0,

Vn, VYr>0, P/(r)>0 and Vn, |P,|;2<c.

The full sequence (P,, N,) then converges as n — +oo to (Q,—Q?) in H' x L?,
where (@) is the unique radially symmetric positive solution of equation

v Q=4Q+[QPQ, @>0.

Remark. i) Better convergence can be proved (see Part IL.B [6]).
ii) From an heuristic point of view, the assumption on |P,|;> is crucial since there
is an unbounded sequence in L? of solutions of equation (V).

Proof of 1). Let us assume that there is a ¢ > 0 such that |P,|;2 < c. The main
ingredients are Pohozaev identity (2.14) and identity (2.13). The proof is organized
in four steps.

Step 1. Uniform Estimates of (P,,, N,,) in H Ux L?. We have from (2.14) and (2.13),

/Pg(x)dx = /(ei|x|2 + N2 (z)dz, (3.4)
R2 R2
/ |VP,(z)*dz + / PX(z)dx = / —N, (z) PX(z)dx . (3.5)
R2 R2 R2

From (3.3) and (3.4) we have that for a ¢ > 0,

Yn >0, /Ng(x)dx <c. (3.6)

R2
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Equations (3.5), (3.6) and Gargliardo Nirenberg identities gives

1/2 1/2
/ VP, ()] dz < ( / Ng(x)dx) ( / PQ(a:)dx) +c
R2

R2 R2

1/2
</|VPn(x)|2da:> + IJ ,
R2

/IVPn(x)lzdx <ec.

and there is a ¢ > 0 such that

In conclusion there is a ¢ > 0 such that

/IVP (:v)lzda:+/P2(x)dx+ /Nz(x)da: <ec. (3.7)
R2 R2

Step 2. Compactness of (P,, N,) in H' x L? on bounded sets. From Lemma 2.2,
(3.7) implies that

IP’VL,LOO S ¢ and VA N an,HZ(B(O,A)) S CA . (38)
Proof of Lemma 2.4 then implies that
VA, Nyl miso,a) < ca
Indeed from (2.7) with r; =0 and r, =,

T

/ 2P (s)P.(s)(1 —2sH2dy.  (3.9)
0

N, (0) 1
Nn('r) = 1— 6%7’2 - (1- 527'2)3/2

1
VA, we have for »r < A and n large (sn < ﬁ)

r

! /2Pn(s)PT'L(s)(l —2sH 2 dy
0

(1 —e2r2)3/2

/|P ||P’|<c/|P’
/(IP’(A)|+/|P”|> <c(|P’(A)|+/lP"(s)|sds> <ec,

0 0

since | P, | 2504y < C
Therefore
IN,0)] — ¢ < [N, (@)] <2|N,0)] +c (3.10)
on [0, A] for large n. Since |N,,|;2 < ¢ we have |N,,(0)| < ¢ and then from (3.10)
|Nn|L°°<B(0,A)) <ec
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We then conclude easily. From (2.3) and (3.7),
Vr <A, IN'(0)] < e(|N,(0)] + 2| P, (r) P (n)]) < e(1+ |Pr(r)

and
Vn, N, lgse,a) < Ca-

Using compactness arguments and subtracting a sequence also denoted (P,,, N,,),
there is a (P, N) € H' x L? which is radially symmetric such that

P,—P in H' (3.1
N, — N in IL*. (3.12)

Step 3. Let us prove that P = V, N = —V?2 where V is a H' solution of (V).
Because the functions are radial, a classical compactness theorem implies that

P,—P in L, Vre(2,+o0). (3.13)
Therefore, in the distributions sense we have
AP? — AP?,
N,P, — NP,
and passing to the limit as £, — 0, we obtain in the distributions sense that
(P,N) e H' x L? is solution of
AP=P+ NP, (3.14)
AN +PH=0. (3.15)

Since N, P? are in L?, (3.15) implies that N = —P?. We thus have that P = V,
N = —V?, where V satisfies equation (V) in R2.

Step 4. Conclusion: Let us show from (3.11)—(3.12), energy (3.5) and Pohozaev
identities (3.4) that

(P,N,)— (V,-V* in H'xL?*. (3.16)
a) P, — V in H'. We have Vn,

[1ves [r= [nr
R2 R2

Rr2

/IVV|2+/V2=/V4.
R2 R2 R?2

We first have from (3.13) that
P2 -V?* in L% (3.17)

and

Indeed,
(PP -V < (P, —V)*(P, +V)*

1/2 1/2
|P,%—V“ngc(/1pn-V|4> (/P;§+/V4> —0.
R2 R2 R2

and
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From (3.17) and the fact N, — —V? in L?,

_/Mma/w.
R2 R2
/|VPn|2+/P§—»/V4:/|VV|2+/V2
R2 R2 R2 R2 R2

P,—V in H'.

Therefore

and

This implies that

P,—V in H'. (3.18)
In addition, from Corollary 2.17 Vn, [ P2 > [ Q* we have
/sz/cf;éo. (3.19)
R?2 R2
b) N, — —V?in L. We have
N, — —V? in L*. (3.20)
From (3.20)
(/V“) <111§+12£</N2) . (3.21)
R2

The Pohozaev identity for system (II, ) gives (3.4). Therefore

/Ngngpz
R2 R2

lim sup / N? < 2limsup / P:=2 / V2. (3.22)

n—+oo n——+00

and

By Pohozaev identity for equation (V) (V is radially symmetric in H'! thus has
exponential decay at infinity — see [3])

2/1/2:/1/4. (3.23)
R2 R2
From (3.22), (3.23),

/ (V*? > lim sup / N2 > liminf / N2 > / (V2y?
n—+oo n—+too
R2 R2 R2 R2
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/Nfl - /V4. (3.24)
R2

R2

and

Finally, from (3.21), (3.22), and (3.24),
N, ——V? in L* as n— +oo.
This concludes the proof of Proposition 3.1 i).

Proof of ii) of Proposition3.1.
We now assume
P,>0 and |P,|;2<c. (3.25)

Let us show that
(P,,N,) = (Q,—Q% in H'xIL* as n— +oo.

From part i), we know that there is a subsequence [also denoted (P, , INV,,)] such
that
(P,,N,)— (V,-V*» in H'xIL?,

where V' is a solution of (V) and V is radially symmetric. Letting n — +o0 in (3.25),
we have V' > 0 and from (2.27) V # 0. From the uniqueness theorem of radial
solutions of (V*) (Kwong [9]), we deduce that V = Q.

Since the result is true for all subsequences, it is true for the full sequence and
Propositon 3.1 ii) is proved.

IV. Existence and Uniqueness Property of Solutions of (II1) for ¢ Small
€

We want to construct solutions of system (II,) for € > 0 and small. From the previous
section, up to a subsequence, for (P,, N,) solution of (IL,), (P,, N,) — (V, —V?)in
H' x L? as € — 0, where V is a solution of equation (V).

The idea is to construct for a given V' solution of equation (V) a branch of solutions
(P., N,) of (IL,) such that (P_, N,) — (V, —V?) as € — 0 using fixed point theorem.
The fact that these methods are linear implies that V' must satisfy in some sense a
nondegeneracy condition. For that reason, we assume that

V=0,

where ( is the unique radially symmetric solution in H' of (V*) where nondegeneracy
results are known.

The plan of this section is the following:
— in IV.1, we obtain a crucial fixed point formulation of the system (II.) near @)
— in IV.2, by a continuity method we show that the branch of solutions (P., N,)
constructed in IV.1 is such that Ve >0, P, >0
- in IV.3, we show uniqueness property of solutions of (II}) for £ > 0 small from
Sect. IIT and the fixed point formulation near Q).
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1V.1 Introduction to the Fixed Point Method near QQ
We consider A = € small and P, = (J+h,, N, solution of system (IL,) or equivalently
of (IVY), that is

AQ+h)=N+1D(@Q+h,), 4.1)

/ 2(Q(8) + h () (Q'(8) + hL(s)) (€*s* — 1)'/?ds. (4.2)
1/e

Let us define the linear operator

1
NS(T) = (827‘2 _ 1)3/2

T

. 1 /
() (r) = Er—ta / u'(s) (€28 — 1)'/%ds 4.3)

1/e
(1)
wr)—u( —
€

62
-1  (@rr-1p2
1

or

rou(s)—u <§>
/ - sds. (4.4)
/e
One can write then Egs. (4.1)—(4.2),
AQ + Ah, = (J(@Q +h)) + D@+ hy),
N.(z) = J(Q+h)).

From (V') and expanding the previous relation with respect to h_ we obtain

Ah, + b, +3Q%h, = J(Q + k) (@Q+ k) + @ + 3Qh,

and Ah, — b +3Q*h, = C. +1.(h,) + q.(h) + k_(h.) 4.5)
with

C. = @H+QQ, (4.6)

1.(h.) = 2((Qh,) + Qh)Q + (JIAQ%) + Q) h,, 4.7)

q.(he) = SQh ) h, + I (D) Q, 48)

k.(h.) = A (h2)h, . (4.9)

Thus the problem is to find h, in a suitable space such that (4.5) is true.
Define
H' = {u € H' (R, u(z) = u(r), where r = |z|}

and H? = H*(R?* N H} with the norm
fufps = /([Au|2 + [Vl + fuf).
R2
Proposition 4.1 (Nondegeneracy Condition). For u € H} there exists a unique

v € H? such that
Av—v+3Q%w =u. (4.10)
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Define v = Fu, where
F=(A-1d+3QH)7".
% is a bounded operator of H! and there exists a constant ¢, such that for u € H],
|-Z W) g2 < elulp2. 4.11)
Remark The uniqueness property of v solution of (4.10) is not true for non-radial
function. Indeed, the null space in H' of the operator %~ ! = A — Id+3Q?1d is
0
<—Q, 8—Q> (see [22] and references therein).
Oz, Oz,
@+ h,IUQ+ h.)?)) is a solution of (IL.) if and only if h, is a fixed point of
the operator
T.(h) =Z(C, +1.(h)+q.(h)+ k. (h,)). (4.12)

Indeed, a solution of (II.) is always in the space HE (see Proposition 2.1). We
do not consider H the natural space in order to simplify the control of term on the

1
boundary |z| = % Let
B={ue H2 Julp < 8},

where §; > 0 is a fixed constant. We prove that for ¢ > 0 small enough and &, > 0
small enough, T, is contraction mapping of the set B and therefore find solutions
of (IL,).

Theorem 4.2 (Fixed Point Theorem for T, for € Small Enough). There exists €, > 0
and a constant &, > 0 such that for 0 < € < g,, T. is a contraction mapping of the
set B. Therefore there is a unique h, € B such that

heB={u€ H? |ulg: <&} and T.(h)=h,

Moreover
— there exists a constant ¢ such that for 0 < € < &y, |h.| 2 < ce?.
— the map € — h,_ is continuous in H?.

Corollary 4.3 (Existence of Non Trivital Solutions of (IL,) for € Small). There exists
g, > 0 such that for 0 < € < ¢, there is a non-trivial solution (P.,Q.) of (IL.)
continuous in H' x L? with respect to € such that (P., N_) — (Q, —Q?) in H' x 2

Proof of Corollary4.3 Let us fix 0 < g, < g, such that for 0 < € < ¢,, the solution
h. given in Theorem 4.2 satisfies

|hel 2 < 1Qlp2 -
Thus (P, N,) = (Q + h,,.J(Q + h€)2)) is a solution of (II_) in H' x L? such that
|P5|H2 > ]Q|H2 - lhsle >0 and Pe ?—é 0.
Corollary 4.3 follows from the following lemma.

Lemma 4.4. We have equivalence between the following properties:

i) There is a continuous application in H* : € — h,, where h, = T.(h,) is such that
hy = 0.

ii) There is a continuous application in H' x L? : ¢ — (P, N_), where P. = Q + h,
and N, = J(P.) is such that (P, Ny) = (Q, —Q%)

Proof. i)=-ii). We have to show that ¢ — N, is continuous in L? at &’ > 0.
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Case ¢/ =0 It follows from Proposition 3.1 in Sect. III.
We have that P. — P, in H' as € — 0. Let us show that

1>
Ne — —P¢ in L%
Indeed, from Sect. III, up to a subsequence
P.—V in H' and N.— -V? in L* as e—0.

Therefore V = P, and N, — —P?2 in L? as ¢ — 0.

Case £ > 0.
— We first have from the integral formula

Vr, N.(r)— N.(r) as e—¢. (4.13)
— We claim there is a ¢ such that

C
veele'/2,2¢],  INOI< 15 414

From (4.13) and (4.14), the convergence dominated theorem allows us to conclude
that N, = N_, in L?> as e — ¢/,
We will see in Lemma 4.8 that N, = .J_(P?) is such that

IN.| oo < P52 <c. (4.15)

We then estimate N_(r) for r > 4/¢’. From the relation (2.7) with r; = 4/¢’ and
T, = 1 We have
1 ™
/ / 2.2 1\1/2
N_(4/¢ )+_—(52r2—1)3/2 /2P€($)P€(s)(£ s°—1)"/7ds.
4/e!

_ (52(4/8/) _ 1)3/2
N ==z

We first have

/ 2P.(5) Pl(s) (e*s* — 1)!/?ds

4/e!

< / 2P_(s)| |Pl(s)|esds < ce.

4/e!

Thus for 7 > 4/¢" and € € [¢//2,2¢"], N.(r) < r% and (4.14) follows.

ii)=1). We assume that (P.,N,) — (P.,,N.) as € — ¢’ in H' x L?, we have to
show that P, — P_, in H?.

It followg directly from Lemma 2.2 and the equation

AP.=(N_+ 1)P..
Indeed we have N, € L* and |P.|; < c from the regularity theory and
Lemma 2.2. Thus
|AP, — AP,|;» = |N,P. — N P, +P.— P,
< lpe - PE’|L2 + I(Ne - Ns’)PeILz
+|N(P.— P2 —0 as e—¢e.

Therefore P. — P., in H? as £ — &' or equivalenty h_ — h_, in H?> as € — ¢’.
This concludes the proof of the lemma and the corollary.
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We prove Theorem 4.2 in different steps.

In subsection a), we reduce in IV.2 the estimates in norm H? of T, to some
estimates of ./, in norm L? using the regularity of the operator %.

In the two next subsections b) and c), we estimate terms appearing in the different
components of the operators 7.
d) We conclude the proof of the fixed point theorem.

a) Nondegeneracy condition. In this section, we prove Proposition 4.4 essentially
using results of Weinstein [22] on the linearized of the nonlinear Schrodinger equation
near Q.

Let

(u,v) = /u(x)v(x)dx and L=-A-3Q*+1.
RZ

Proposition 4.5. [22].
i) Vue H, Lu=0=u=0.
i) If (u, Q) = 0, then (Lu,u) > 0.
iii) Let M = {u € H] such that (u,Q) = (u, Q|z|*) = 0}. Then there is ¢ > 0 such
that
Yue M, (Lu,u)> c[ulfq1 )
iv) There are o, € H* and 9, € H? such that Lo, = Q and Lo, = |z|*Q.

Proposition 4.5 has been proved in [22] under the assumption that there is a unique
radial positive solution of u = Au+|u|?u. Since this result had been proved by Kwong
(see [9]), we have Proposition 4.5.

Let us show now Proposition 4.1.

Proof of Proposition4.1. We first claim that:
Lemma 4.6. Let f € H]. There is a unique v € H}! such that Lu = f.

Proof 1t follows directly from classical arguments, the theorem of Lax Milgram and
Proposition 4.5. Let f € H/. The uniqueness of u is given by Proposition 4.5 i). Let
us show the existence of u. Consider

f=fi+aQ+pBlz*Q, with f €M.
We have by direct calculations
[filrz +lal +18] < el fl2- (4.16)

By Lax Milgram Theorem applied to II,0L: M — M, where II,, is the orthogonal
projection on M, there exists u, in M such that

Lu, = f, +Q + f'2]* Q. 4.17)
In addition we have
cluy G < Ly, uy) = (Fuy) < [filp2 uy e

and
[uyl g < elfilp2 (4.18)
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Furthermore
(LQ,u) = a'(@Q,Q) + B[z, Q), 4.19)
(Lizl? Q,u) = /(22 Q, Q) + B/l Q, |2 Q). (4.20)
Since ||22]Q|;2 Q]2 > (@, |2]>Q)? (Cauchy-Schwarz) we have from (4.19)~(4.20):
o] + 18] < el fl 2 .21

Let u = u, + (o — &) g, + (8 — ') 0, Equation (4.17) and the definition of o,, 0,
give

Lu=f+aQ+plzfQ={,
and from (4.16), (4.18), and (4.21)
lulg < el flp2-

The lemma is proved.
Let us conclude now the proof of Proposition 4.1. We claim that |u|2 < ¢|f|,2.
Indeed, we have
—Au4u—-3Q*u=f.

Thus
|Aulpe < [flp2 + Julpe + BQPule < ellflge + lulr2) < elfla
b) Estimates of | £ (J (uv)w)| 2.
Proposition 4.7. We have the uniform estimate for u and w in H? as € — 0:
|2 (A woyw)] g2 < cful g o] g2 [w] g2 -
Proof From (4.11) we have
| Z (A (w)w)| 2 < eV (wo)w)| 2 < eI (uv)| oo W] 2 . (4.22)

Therefore we only need to estimate |/, (uv)| . This is the object of the following
lemma:

Lemma 4.8. We have the following uniform estimates for € small.
i) There is a ¢ > 0 such that for u,v,w in H?,

M)l peo < clulpz|v]ge
ii) There is a 6 > 0 such that
O (o £3) = Ml (1) Pl (f11523)

I/]/;'(UQ)ILOO({IszL}) <ce ¥ )y .

Proof of Lemma4.8. We consider 3 different cases: z near 0, x far from 0 and 1/¢,
x near 1/e, that is

1
-~z €N, = {]x] < Z}’
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-—T€S, = {|:1c| > 21—5 and ||z| — él > 1},
‘55693,5:{ |x|—é}<1}.

Let

Auv) (r) = Ni(r) + Ny(r), (4.23)
where
1 1
u(r)v(e) — u(;) v (E)
Nl (T) = (827’2 — 1) )
) T u(s)v(s) — u<l> v <l>
€ € €
N(r) = @ 1k / @2 1)1 sds.
1/e

We first estimate V;, then N, in L° and conclude the proof.

Step I We have the following uniform estimates as € — 0:

INilLoog, ) < cltfpoo [Vl oo, (4.24)
N reecss,o S vl ({1ags 2 1) Wi ({ra15. L) @2
INilLoo(a, ) < clulprg, ) vln2e, ) - (4.26)
Let us write
u(r)v(r) — u(r)v <1> u(r)v <l> —u <l> v <l)
Ny (r) = ST+ e Lol

1
i) Proof of (4.24). For 0 < r < 5o we have (212 — 1) € [2, 2] and we deduce

[N < clulpoo [v] oo -

ml(‘:

1 1 1
ii) Proof of (4.25). For — < r < — —1 or —+1 < r, we have (22 — 1)~!
and from (2.6), €

C
[N < 2 [l oo (Lo 1) IU[L"O({|9¢|>—2‘; )
S Al (fois 2 1) P ({o £1)
iii) Proof of (4.26). We write

1
1 u) v(r)—v(E)

eer+1 r—1/e

1
N = —
1) € er+1 r—1/e
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Thus for

1
7'——|<1,
€

C
INi(M] < = (ul ooy, V| Loocay ) + 1 Loy o [l oo, )
< Clule(Q&E) IU|H2(03,E) .

This concludes Step 1.

Step2 We have the following uniform estimates as € — O:

Nalgescay o < A3 Lo ol 4115 24) P (15.2))

+ |U'H2(Q3)E) IUIHZ(QLE))v 4.27)
Nolzeei@n < € (1o £ 1) Pl ({11 £1)

+ lulHZ(Q&E) ]UIHZ(Q&E))» (4.28)
INs| ooy ) < Cltl 2oy ) 02005 ) - (4.29)

i) Proof of (4.29). Let us write

—€ 1
(er + 1)3/2 (r — 1/)3/2

T u(s)v(s) —u (1) v (—1—> 12
x/ €/ A\ (es+1)1/25(s-g> ds.

Ny(r) =

€252 — 1
1/e

1 1
That is from (4.26) for - I<r< p +1,
ce 1 1/2d
|N,(m)] < m |U|H2(9318>llez(QS’E)(l/e) s — R s

1/e

< clulm g, o 1ola2a, ) -
1
ii) Proof of (4.28). From (4.25) and (4.26), for r > 2
N, < .
| 1(T)| = C(|U|H1({|z|>i}) |U|H1({|x[>%€}) + |u|H2(93YE)IU|H2(Q3’6))

Therefore
ce’ r 2.2 1/2
[N, ()] < m /]NI'LOO({[xb%})(g s —1)/“sds,
1/e

that is

N2l ooy o) < C<I“'H‘({lz|>i}) lle‘({lzl>ﬁ}) + [ul g2y o [Vl H20; ) -
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iii) Proof of (4.27). We write

5 1/2¢ y(s)v(s) — u <1> v <l>
€ / € €

Nz(’f‘) = a_ 827‘2)3/2 = 5232)1/2 sds
(3/4)3/2
A= a2yl N,(1/2¢).
We then have for r < i
2¢e
1/2¢
IN,(r)| < cé? / lu(s)| |v(s)| sds
o RQIPG)
C £ e
(1 — e2r2)3/2 / (1 — e252)1/2 sds +c|[N,(1/2¢)],

T

that is

[N,(r)] < c(ezlu{Lz |vlp2 +

1 1
and (4.27) follows from (4.28).

Step 3. Conclusion. The estimates of |./(uv)| ;. of Lemma 4.8 follows directly from
(4.24)—(4.29) and from definition of the norm in H2.
Finally, we remark that if v = @, from the estimate (see [3])

QW ()] < ¢ el (4.30)

we have
INW@)| oo (2, 003 ) < ce”lulya

and this proves Lemma 4.8.

¢) Estimates of [ Z((J(uQ) + uQ)v)| 2.

Proposition 4.9. We have the uniform estimate as € — 0 for u,v € H?,
|Z(JQu + Quv)l g2 < c&”lul 2 [v] g2 -

Proof. Let u,v € Hf. We first have from (4.11),

[Z(J(Qu) + Qu)v)| g2 < |(J(Qu) + Qu)v| 2
< |JAQu) + QU)”|L2(QL€) + |(I(Qu) + QU)U|L2(92,€)

+ [(AAQu) + QU)UIL2(93’E) . (4.31)
By Lemma 4.8 and (4.30) we have for a § > 0,
(A2Qu) + Quv| g, ) = OE ™) ulgz vl 2 (4.32)

((JQw + Qu)v|2q, ) = O€™*) [ulga 0] 2 (4.33)
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Therefore we only have to estimate |(/.(Qu) + Qu)v| L2 o)

We write
1 1
Q@)u(x) — Q (g) U <g>
+ Q@) u(z) + N,(z),

e2z)? — 1

where N,(z) is defined by (4.23). By estimates (4.27) and (4.30),

Aw@) (z) + Q@) u(z) =

ol % i + ey (1)

X lQlHl ({lx|>i}) + |u|H2(Q3’E) |QIH2(Q3’E))
< ce?lulpy2 .

Direct computations give

1 1 1 1
Qe —Q <E> v (E> , PQ@u@) <€> § <E)

+ Qx)w(z) =€

?

e2z)2 -1 elzl> — 1 ezl —1
and
[(A(Qu) + QU)U|L2(QI,E)
< o2 | 2P Q@ u@) v@)
= ez =1 g,
+ QU /o [u(l /)| [Vl 20, + 0 lul 2 V] 20, - 434
In addition,
: lxlzgﬁf OU@D] <o af Q) u @) e < ol ol
L2 )

and
QL /&) |u(l/e)| |UIL2({21)E) < C6_6/6|U[HZ vl g2 < 052|“|H2 V] g2 -

Therefore from (4.34), we find
[(12Qu) + Quvl g, ) < clulpa v]y2 (4.35)
and (4.31)—(4.35) conclude the proof of Proposition 4.9.
d) Proof of the fixed point theorem. Let
B ={ue€ H,ulg <6},

where ¢, > 0 is a constant to be chosen later.
Let us prove T, is contraction mapping of the set B for a constant §, > 0 and for
€ > 0 small enough. From the definition of T,

ITE(U’)IH2 < iC'eIL2 + lle(u)le + lqs(u)IL2 + Ike(U)IL2
and
1T (w) = T,(0)| g2 < [l.(w) = 1.()] 12 + g (w) — ¢, (V)| 12 + |k (w) — k (V)] 2,
where C,, I, q., k. are defined by (4.6)—~(4.9).

€
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1) The constant term: From Proposition 4.9, we have
Celg = |Z(IIQH + @)l 2 < e
2) The linear term: From Proposition 4.9, we have
W2 = 2(7Qu) + Qu)Q + (J(Q, Q) + QM) ul 2 < c’lul

and
ll.(w) — 1.(0)| ;2 < ce|u —v|g2

3) The quadratic term: From Proposition 4.7, we have
lg. (W) 2 = [Qu)u + 4 (uH) Q|2 < cluliﬂ ,
|q£(u) - qs(v)le < ((IU|H2 + IUIHZ) Iu - UIHZ .
4) The cubic term: From Proposition 4.7, we have
k2 = W@ulp < cluljp,
k() = k. ()| 12 < (ulh + [v32) [u = v] g2 -
Therefore there exist constants €, > 0, ¢ > 0 such that for 0 < ¢ < ¢, and u,v
in H?,
T )] g2 < (€ + Jul gz + %),
T (w) — T (v)| 2 < e + (lu] g2 + v g2 + |u|§{z + |'ul§{2)) |lu —v|g2 -
We then deduce that for u,v in B,
IT.(W)| g2 < (& + (€2 + 8+ 6)69) »
IT.(u) — T.(0)| g2 < c(€* + 28y + 282) [u — v 2 -
Let us fix §;, > 0 and 0 < €, < ¢, small enough such that for all 0 < € < ¢,
o(e? + 26 +263) < 3,
c(e? + (€ + 26y + 288) 8y) < 56,

We then have for 0 < € < ¢; and w,v in B,

>

%
2 b)
ITo(u) = T.)] 2 < 5 lu— 0|2

ITE(U’)IH2 g

Therefore T, is a contraction mapping of the set B for 0 < € < g, and there is
existence and uniqueness of a fixed point h, € B of the operator 7 in B.
From the fact that

|h£ - TE(O)IHZ = |Te(h'£) - TE(O)I < % ’h'a - OIHz,

we deduce that .
2 |h.5|H2 < ITE(O)|H2 < 082 .
We finally show that h_ in a continuous function of ¢ in H? from classical fixed
point arguments and the following lemma:

Lemma 4.10. The function (¢, h) — T.(h) is uniformly continuous Rt x H? — H?
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Proof. We recall that from (4.12),
T.(h) = ZIIAQ +h) (@ +h) + Q@ +3Q°A].

The uniform continuity of 7, follows form standard arguments and the two following
properties:
— From Proposition 4.7, for all a > 0 there exists a constant ¢, > 0 such that

Ve € [0,a], Yu,v,we H?, | LI uw)w)|y < cylulye |[vlge oy . (4.36)

— For fixed u,v,w € H?, the function ¢ — £ (A (uv)w)
is continuous Rt — H2. (4.37)

It is a consequence of the dominated convergence theorem and Lemma 4.8. Indeed,
we have from Lemma 4.8 and Proposition 4.7 that for o > 0 there exists a constant
¢, such that for 0 < e < @, 0 < ¢’ < a, Yu,v,w € H?,

|- Z (S (uv)w) — L (A (uwv)w)| 2 < ey |(So(wv) — Ao (uw) w2

and
M) peo < colulp [ulg - (4.38)

Therefore from (4.38) and the fact that
Vo, Aduv)(x) — So(uv)(z) as e — e,

property (4.37) follows from the dominated convergence theorem. This concludes the
proof of Lemma 4.10.

Therefore, h_ is a continuous function of ¢ in H?2. This completes the proof of
Theorem 4.2.

IV.2 Positivity Properties of the Solutions near Q)

We prove that the solutions (P_, N,) of (II,) we find in Part IV.1 are in fact solutions
of (ITf). That is,
Ve, Vr, P.(r)>0.

Proposition 4.1. There is a €, > 0 such that for 0 < € < g, there exists a solution
(P, N,) of (I}).

Proof. Let (P, N,) the solution of Corollary 4.3. We then have
(P,,N) = (@, -Q) in H'xIL? (4.39)

and from Theorem 4.2,
P.—-Q in H*. (4.40)

£

We first prove some uniform estimates of [V, with respect to ¢ at infinity and then in
fact that P. > 0.
We have the following lemma

Lemma 4.12. There exists €, > 0 and 1, > 0 such that for 0 < e < ¢,,

Vr <y, IN.(r) < (4.41)

1
5 .
Proof. We recall that

N_(r) = S (P (1),
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.. . . 1
where ./, is defined by (4.3). From equality (2.8) with 7, = r and 7; = % we have

for r < 2
/ 3/2 1/2e
B/ 1 1 , 2 2:1/2
Ng('f‘) = ————(1 — 627‘2)3/2 Ns (Z) + m / 2P€(S)P6(S)(1 —e°s%) '/ ds.
T
. 1
That is from (2.6) for r < %

1/25

( )l [ 2 |P;<s>|ds>
(5] + 2 1R 442)
% . .
Moreover, Lemma 4.8 gives

2

Therefore (4.42), (4.43) yield

|N.(r)| < <

1
Vr>0, uv<7~>|<c(|P|Hz({|| })+;IPEPH]). (8.44)

Since (4.40), we have
Vr>0, |[N.(r)|<c (0(5) + %)

and Lemma 4.12 follows.

Let €, and r, defined in Lemma4.12. From (4.40), we have that P, — @ in
L*(r < ry). Since Vr < 1y, Q(1) > Q(ry) > 0, there is 0 < ¢5 < €, such that for
0<e<e,,

Vr <r,, P.(r)>0.

From Lemma 4.12, we have for 0 < € < g3,
Vr<r, (I+N.()e ]33]

Since
AP, —(1+N,)P. =0,

P (ry) >0 and P(+00)=0

we deduce from the maximum principle that P_(r) > 0 for r > r.
This concludes the proof of Proposition 4.11.
IV 3 Uniqueness Property of Solutions of II}) for € > 0 Small

We show the uniqueness of the solutions (P_, N,) of (II}) given in Proposition 4.11
under a condition of boundedness.
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Proposition 4.13 (Uniqueness of Solutions of (IL) for € Small). For all ¢ > 0, there
exists €, = €o(c) > 0 such that for all 0 < € < g, there exists a unique solution
(P.,N,) of (II}) such that |P.|;2» < ¢
Proof. 1t follows from fixed point theorem and from Sect. III. Let (£, IV,) solution
of (IY) with ¢ — 0 such that |P.|;> < c. Then (P., N,) — (Q,—Q% in H' x L? as
e — 0. We claim that P, — Q in H?.

€
We consider a sequence (P, N, ) of (Hjn) with €, — 0. From Sect. III and

Lemma 2.2 we have
(P,,N,)—(Q,—-Q» in H'xIL* as n— +o0 (4.45)

and
\/n, |Pn|Hl +|Nn|L2+|Pn|L°° SC. (446)

Since AP, = (1 4+ N,,) P,, we deduce that |P, |, < c and there is a subsequence
[also denoted (P, N,,)] such that

AP, — AQ in L[* as n— +oo. (4.47)
From Eq. (4.47), we have

/|Apn|2 = /PnAPn-i—/(NnPn)APn.
R2 R2 R2
From (4.45), (4.46) we have that P, — @ in L? and (N, P,) — —@Q* in L. Indeed,
IN, P+ Q2 <IN, + Q) P, |12+ | — Q*(P, — Q)2
<IN, + Q12 +|P, — Ql2).

Therefore

/ AP, 2 — / QAQ + / (-QHAQ = / 1AQP2, (4.48)
R2 RZ ]R2 R2

and then from (4.47), AP, — AQ in L?. Thus, P, — Q in H? as n — +oo0.
Therefore P. — Q in H? as € — 0. In particular for ¢ > 0 small, if (P, N,) is a

solution of (II}) then k, = P. — Q € H? is such that T.(k,) = k, and |k_| ;2 < &,

where 4, is defined in Theorem 4.2. Since from the fixed point theorem there is a

unique solution h, € H? such that T.(h.) = h_ and |k_|gz2 < &, we have that

k. = h, and P, = Q + h,. Thus P, is unique and [V, is unique from Propositon 2.6.
This concludes the proof of Proposition 4.13 and also part i) of Theorem 1.

V. Existence of an Unbounded Branch (A, Py, IN,) of Solutions of (II:*\')

In this section, we show using index theory that the branch of (), P, N,) solutions
of (II,) for 0 < A < ¢, constructed in Sect.IV can be extended to a connected
component £ of the set

{O\, Py, N,); (Py, N,) solution of (II7)}

in R* x (H} x L2) which is unbounded. This fact will be a crucial element in the
proof of the main theorem of Part II [6].
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As in Sect. IV, it is more convenient to consider a different formulation of the
problem (II,).

Let %, be the connected component of (\, Py, N,) in R* x H} x L2 of solutions
of (II,) containing (0, @, —Q?).

Let %, be the connected component of (A, hy) solutions of (VI,) containing (0, 0)
in R* x H?, where

(VL) h =Ty (h)
and T, is defined by (4.12). We have the following relation between %] and %;.

Proposition 5.1.
i) & ={(\ hy);h, =P, —Qwith (\,P,,N,) € &}.
ii) %, is unbounded in R* x H? if and only if %, is unbounded in R™ x H' x L?
iit) If (A, Py, N,) € &, then (Py, N,) is a solution of (Hj\’): Vr, Py(r) > 0.
Proof 1) follows from the fact that (P,, N,) is a solution of (II,) if and only if
hy = Ty\(hy), where P, = h, + @, N, = .J5(P?), Lemma4.4 and topological
arguments.
ii) #, unbounded implies &, unbounded. We have to prove that if (P,,NN,) in
H' x L? is unbounded, then h, is unbounded in H2. From Pohozaev identity (2.14),
|Nylz2 < |Py\lp2 and | Py |z is unbounded. Thus |k, | g2 = | Py — Q| g2 is unbounded.

%, unbounded implies %] unbounded. It is sufficient to show that if h, is
unbounded in H? then (P,, N,) is unbounded in H' x L. Assume that |P, |1 +
|Ny|z2 < ¢ then |Py| 00 < c(Lemma 2.2) and form the fact that AP, = N, P, +P,,
|Py| g2 < ¢ which is a contradiction.
iii) Consider

gt ={(\,P,N)€ %,P>0}.
We claim that #," = #]. Indeed, we show that %" is closed, open and non-empty
set in &].
-0,Q,-@he 7t
- %t is closed. Let (\,,, P, N,)) € #* such that
M\, P,,N)— (\PN) in RP' x H xL* as n—+oo and P, >0.

We have from Corollary 2.17,

|Palre > 1QlLa -
Thus P > 0 and P # 0 from the fact |P, |2 > |Q|,2. Since

the strong maximum principle yields P > 0 and (\, P, N) € Z*.

— Z* is open. It is sufficient to show that, if (\, P, N) € #/* and (\,,, P,, N,)) € &,
M P,y N,) — (A, P,N) in R* x H' x L2, then (\,,P,,N,) € % for n large
enough.

Case A = 0. Then (P, N) = (Q, —Q?) (from Kwong [9]) and the result follows from
Propositions 4.11 and 4.13.

Case A > 0. Let us show that there is a r,, such that

Vr>ry, [N, < % )
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. 1
From relation (2.8) with r; = T and r, = r, we have

n

/ 2P, (s)Pl(s) (\2s* — 1)!/%ds,

1/An

1
Nn(r) = ()\%T’Z _ 1)3/2

2
that is for r > r| = max{—,n > O}
)\'ﬂ

c c
[N, ()| < 3 / 2|P ()| |PL(s)|ds < 3 (5.1)
1/2n
Therefore there exists r, > 0 such that Vr > ry, Vn, [N, ()| < % In addition,

since P, — P in H', P, > 0 on [0, ry] for n large. We then can conclude the proof
as in Proposition 4.11 using the maximum principle.

We now claim from degree theory that %, is unbounded in R* x H. This will
conclude the proof of Proposition 5.1 and the proof of part ii) of Theorem 1.

Theorem 5.2. %, is unbounded in R* x H?.
It follows from Rabinowitz [17] and following propositions.
Proposition 5.3. The application
(A, h) € (0,+00) x H2 — T\ (h) € H?,
where T\ is defined by (4.12) is continuous and compact.
Proposition 5.4. There exists ey > 0 and 6y > 0 such that
Z,N1[0,e0] X B={(g,h,), for 0 < e < ¢y},

where h, is the unique solution in B = {h € H?,|h|y2 < &,} of equation h, = T.(h,)
and €, 6, are defined in Theorem 4.2.

Indeed, assuming Propositions 5.3 and 5.4 and following the method of Rabinowitz
in [17], let us prove Theorem 5.2.

Proof of Theorem5 2. Let us argue by contradiction: assume that the connected
component &, is bounded. We define

T ={(\, hy) € RT x H2, hy =T\ (hy)}.

From Propositions 5.3 and 5.4, %, is a compact set and there exists a bounded open
¢ such that
% C@ and 00NT =0.

Moreover, we can choose 7 such that
@N[0,e0] x H? = [0,e4] x {h € H, |h|;2 < &} (5.2)

We then consider %, = {h € H? such that (A, h) € @}. Therefore the homotopy
invariance property of degree yields

deg(Id — Ty, %) =c, VYA>0. (5.3)
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— @, = () for \ large since (7' is bounded, therefore
degd - T,,64,)=0. 5.4
— For 0 < € < g, small enough, we claim that
deg(ld—-T.,4,)=1. (5.5)
Indeed, since % is bounded in R+ x H?, from (5.2), Proposition 5.4 and Theorem 4.2,
Ve e [0,50], TN ={h} and |h|g <ce*. (5.6)
Furthermore the Fréchet differential of h — T_(h) [defined by (4.12)] is for h, k € H, 2,
dT(h) (k) = (1 (k) + dg,(h) (k) + dk_(h) (k) ,

where

dq.(h) (k) = S QR k + S (QK)h + 21 (kh)Q
dk_(h) (k) = J(h*)k + 20, (hk)h.

Therefore from estimates on ./, and |h,| 2 [Proposition 4.7 and (5.6)], we deduce
AT, (he) W)z < ekl
and for € > 0 small enough
deg(id—T,,0)=1.

Thus, we have a contradiction from (5.3)—(5.5). This concludes the proof of
Theorem 5.2 and Part ii) of Theorem 1.

Proof of Proposition5 3 The continuity follows from Lemma 4.10. Let us prove that
the operator
A, h) = T\ (k)

is compact on (0, +00) x H?. Let a bounded sequence (\,,, h,,) of (0, +00) x H? such
that
Ay = A>0 as n— +4oo.

We have to show that the sequence
kn = Tz\n (hn)

is relatively compact in H?. Writing (P,,, N,)) = (Q + h,,,.J5 _((Q + h,,)*), we have
from the definition of the operator T, = that

k, = %(P,N, +3Q*P, — 2Q*).

From the property of £ (Proposition 4.1) it is sufficient to show that the sequences
P, N, and 3Q*P, are relatively compact in L.
From the estimate |h, |52 < cand h,, = P, — Q,

and the sequence 3Q*P, is relatively compact in L?.
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Furthermore, from Lemma4.8 we have |N, |, < ¢ and using estimates (5.1),
there exists a constant ¢ > 0 such that

Vn, Vr, [N, (r)|< (5.8)

&
14737
From (5.7) and
27 — )N (r) + 3X*r N, (r) = 2P, (r) P.(r),
we deduce that there exists a subsequence of (P, IV,)) such that
P,—P in H. and (P,,N,)— (P,N) ae. (5.9)

From (5.7)-(5.9) we derive that P, N, converge to PN in L? as n — +o0. This
concludes the proof of Proposition 5.3.

Proof of Proposition 5.4 1t follows directly from parts 1), ii) of Proposition 5.1 and
Proposition 4.13.
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